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ABSTRACT

INDRANI RAO: Stability of noncharacteristic boundary-layers for the compressible

nonisentropic Navier-Stokes equations

(Under the direction of Professor Mark Williams)

In this dissertation, we prove the stability of noncharacteristic viscous boundary layers for
the compressible nonisentropic Navier-Stokes equations subject to no-slip suction-type
boundary conditions.

These boundary conditions correspond to the situation of an airfoil with microscopic
holes through which gas is pumped from the surrounding flow, the microscopic suction
imposing a fixed normal velocity while the macroscopic suface imposes standard temper-
ature conditions as in flow past a (nonporous) plate. This configuration was suggested by
Prandtl and tested experimentally by G. I. Taylor as a means to reduce drag by stablizing
laminar flow. It was implemented in the NASA F-16XL experimental aircraft program
in the 1990’s with reported 25% reduction in drag at supersonic speeds.

In [8], existence and stability of noncharacterisitic viscous boundary layers for the com-
pressible Navier-Stokes equations has been proved for pure Dirichlet and pure Neumann
boundary conditions.

In this dissertation, our boundary conditions are mixed Dirichlet-Neumann and we es-

tablish stability in this case.
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CHAPTER 1

Introduction



Our goal in this thesis is to establish the stability of noncharacteristic boundary layers

for the following compressible, nonisentropic Navier-Stokes equations:

2

(1.0.1) AU+ > Aj0)05(U) =€ Y 9;(Bp(U)OkU) = 0,

.77k:1

where U = (p,u,v,T), where p is density, u and v are velocities in the x and y directions
and 7' is the temperature,

subject to the no-slip suction-type boundary conditions:

Ujy=0 = J1 (tv :U)
V=0 = 92(t, x) < O(outflow)

aT\y:O =0

and separately to the boundary conditions

Ply=0 = hi(t, x)
Uly=0 = hQ(tu I)
Vjy=o0 = hs(t, ) > O(inflow)

Ily—0 =0

converging to the hyperbolic problem:



(1.0.2) AU, + i A;(U)9;(U) = 0,

as viscosity goes to 0, with boundary conditions to be determined.

It turns out that these boundary conditions are given in terms of C-manifolds which exist
if profiles are transversal.

These boundary conditions correspond to the situation of an airfoil with microscopic
holes through which gas is pumped from the surrounding flow, the microscopic suction
imposing a fixed normal velocity while the macroscopic suface imposes standard temper-
ature conditions as in flow past a (nonporous) plate. This configuration was suggested by
Prandtl and tested experimentally by G. I. Taylor as a means to reduce drag by stablizing
laminar flow. It was implemented in the NASA F-16XL experimental aircraft program
in the 1990’s with reported 25% reduction in drag at supersonic speeds.

Here v corresponds to the component of the velocity of the air that is being sucked
into the microscopic holes normal to the boundary of the airfoil and wu is the component
tangential to the boundary.

It has been verified in that the NS equations satisfy the hypotheses (H1) - (H5) (Assump-
tion 3.0.1) provided the normal velocity of the fluid is nonvanishing on  and the normal
characteristic speeds (eigenvalues of A(u,v)) are nonvanishing on 4 as in Chapter 2.
These hypotheses are required in the following main results from [7]:

(i) Assuming the uniform Lopatinski condition and transversality of layer profiles(Definitions
1 and 11), arbitrarily high-order approximate boundary-layer solutions matching an inner

boundary-layer profile to an outer hyperbolic solution have been constructed.



(ii) Assuming uniform Evans stability and using results of [2] [10] the existence and
stability of exact boundary-layer solutions close to the approximate solutions has been
shown and consequently the convergence of viscous solutions to solutions of the residual
hyperbolic problem in the small viscosity limit has been shown.

(iii) Uniform Evans stability of small-amplitude boundary layers is equivalent to uniform
Evans stability of the associated limiting constant layer.

Chapters 2 through 5 review these results in detail.

The spectral stability condition on layer profiles is expressible in terms of an Evans
function(Definition 5.0.13). In this thesis we focus on determining the Evans stability
condition for the following four cases:

(a) Subsonic, outflow, (b) Subsonic, inflow, (¢) Supersonic, outflow and (d) Supersonic,
inflow.

We obtain stability in cases (a) and (c) as has been verified experimentally. Stability
fails in (d) and is still undetermined in (b).

Before we verify the stability of boundary layers we need to make sure that C-manifolds
exist and that the inviscid problem is well-posed. The first follows from [8] by checking
that the profiles are transversal and the second follows from Lopatinski condition.

We explicitly do the calculations for (a). For this purpose, we divide frequencies into
three ranges: Low frequency

Medium frequency and

High frequency.

The low frequency Evans condition is obtained using Rousset’s theorem.



In [8], it has been proved that high frequency Evans condition holds for NS equations
under hypotheses™ either for full Dirichlet or full Neumann conditions. Since our bound-
ary conditions are mixed Dirichlet-Neumann conditions, we modified the proof by noting
the following:

By [8], we know that the uniform Evans condition holds for profiles of (1.0.1) if and only

if they hold for profiles of

(1.0.3) AU — B2U" — (B2 + B2)nU' + n*B2U =0

We then observe that these equations can be decoupled as follows:

1

(a) Au— % _ im(u:n)v’ + 77%(2/;4-?7)“ -0

_ @uAn” im (e mipe
(b) \v p p + = 0

(c) AT — 222 4 BT —
We then apply the method for pure Dirichlet conditions in [8] separately to (a) and (b)
and that for pure Neumann conditions to (c).
For the medium frequencies we can’t do any such decoupling as we cannot use (6.3.7)

here. We also observe that our proof for the Evans condition works for low frequencies

as well and thus we don’t really need to use Rousset’s theorem here.



CHAPTER 2

Overview



The aim in this thesis is to establish the stability of non-characteristic boundary layers

of the full Navier-Stokes equation.

2.1. The Navier Stokes equations
Consider the equation
(a) pi+ (pu)z + (pv)y =0
(b) (pu)s + (pu)e + (puv)y + pa = (24 + N)thaw + ity + (1 + 1)y
(€) (pv)e + (puv)s + (pv%)y + Py = Was + (20 + M)vyy + (1 + 1)tlys
(d) (pE)¢ + (upE)s + (vpE)y + (pu)e + (pv)y = £T0e + KTy, +
(20 + vy + pv(vy + uy) + nuoy)  +

(21 + ooy + pu(ve + uy) + mmz)y

on [T, T] x £ where Q = {(z,y)|y > 0},

subject to the boundary conditions

Uly=0 = J1 (ta I)
V=0 = 92(t, z) < O(outflow)

Ty—0 =0

and separately to the boundary conditions



Ply=0 = hi(t, x)
Uly=0 = hQ(tv .CL’)
Vjy—o0 = hs(t, ) > O(inflow)

OTly—0 =0

where p is density, u and v are velocities in the x and y directions, p is pressure, and e
and F = e+ % + % are specific internal and total energy respectively. The constants
> |n| > 0and k > 0 are coefficients of first and second viscosity and heat conductivity.
More specifically, 3 constants, fi, 77 and & such that u = efi, n = en and k = €k.

Finally T is the temperature and we assume that the internal energy e and the pressure

p are known functions of density and temperature: p = p(p,T), e = e(p,T). Also here,
The boundary conditions on the velocities correspond to an airfoil with microscopic
holes through which gas is pumped from the surrounding flow, the microscopic suction
imposing a fixed normal velocity while the condition on the temperature corresponds to

an insulative condition.

The above equations can be written in the form:

(2.1.1) Ao(U)U, + iAj(U)aj(U) —e > (Bu(U)oU) =0,



where U = (p,u,v,T). We assume the splitting U = (U',U?) € R x R3 and as observed

in Chapter 5, we obtain the block structure:

A0
(2.1.2) Ag(U) =

A2 A2

0 O
(2.1.3) Bjp(U) =

0 B2

where we have suppressed U in the entries on the right hand side for convenience.

Later we will be using the following notation:

We set,
(2.1.4) Ay = Ag' A, Bjx = Ay B,
2 2

(2.1.5) Alu, &) = ZSjAj(U) and B(u,§) = Z & Bik(U).

j=1 j.k=1
Let

2

H(U) == A(U)U; + Y A;(U)9;(U) and

(2.1.6) -

2

EWU) = 9(Bi(U)0U) =0

jk=1

We want to find exact solutions U of H(U)—e£(U) = 0 which: (i) converge to solutions of

the hyperbolic problem H(U) = 0 with suitable boundary conditions (to be determined)



as € — 0 and (ii) exhibit boundary layers satisfying (i). The first step in constructing such

exact solutions is to construct high order approximate solutions with the same property.

2.2. Approximate solutions

In particular, we look for an approximate solution of the form

(2.2.1) uq(t,x,y) = Z W (t, g) + MM 2 ).
0<j<M ¢

where

(2.2.2) (¢, x, %’) = Vi(t,x, %) Ut 2, y)

and the V7 (¢, z, z) are boundary layer profiles constructed to be exponentially decreasing
to 0 as z — oo, where z = £.

We will from now on until later in Chapter 5 focus only on the outflow case.

Define W (t,z,z) = U%(t,z,0) + VO(t,z, 2). Denoting W = (pw, uw,vw, Tw), we then

expect the boundary condition on W to be:

(uw)jy=0 = g1(¢, )
(vw)ly = 0 = ga(t, ) < O(outflow)

a(Tw)‘y:() — 0

and observe that W (t,z,z) — U°(t,z,0) as 2 — oo.

Substituting u, in equation (2.1.1), we obtain the left hand side as:

10



M
(2.2.3) > EFI(ta,2) + M ROM (1, 1)

j=—1

where we separate F7 into slow and fast parts

(2.2.4) Fl(t,w, 2) = Fi(t,x) + G'(t,m, 2)

and the G’ decrease exponentially to 0 as z — oo.

We then set £V and G7 to 0. In particular, setting G~ and F° to 0 gives

d
(2.2.5) Ay (W)W, — E(ng(W)Wz) =0
and
(2.2.6) H(u’) =0
respectively.

2.3. Profiles and C - manifolds

The equation (2.2.5) is referred to as a profile equation.

This motivates the following definition.

DEFINITION 2.3.1. A solution of (2.2.5) satisfying

(2.3.1) lim W(z)=u

Z—00

11



is called a layer profile.

Let

(2.3.2) Cy(t,x) = {u | 3 a layer profile W satisfying 2.2.5 and 2.3.1}.

In certain cases, Cy4(t, ) turns out to be a manifold.

This gives the boundary condition for the aforementioned inviscid problem which can

now be stated as:

H(U) =0 on [—TQ,T()] x
(2.3.3)
U(t,z,0) € C(t,z) on [Ty, Ty] x 00

For (t,z,0) € [Ty, Ty] x 09, we freeze a state p := U°(t,x,0) and define

(2.3.4) H(p, ) == —As(p) H ((iT +7) Ao(p) + im A1 (p))

We assume here that C(¢, x) is a manifold. So let

(2.3.5) Y R — RV+

be a defining function for C(t,z) near p, i.e., C(t,z) = {u : Y(U) = 0}, with V¢ of
full rank N, . Then the residual boundary condition may be expressed, locally to p, as

T,es(U) := 9(U), hence the linearized residual boundary condition at p takes the form

12



(2.3.6) Toes(p)U =0 & ' (p)U =0 U € T,C(t, z).

REMARK 2.3.2. Suppose W(z) is a solution of the profile (2.2.5) converging to p =
U%t,2,0) € C(t,z) as z — oo. Let us write the linearized equation of (2.2.5) around

W(z) as

(2.3.7) L(t, z, z,0.)W = 0,Ty(W,W?) = 0.

The fact that the tangent space T,C(t,z) may be characterized as the set of limits at
z — 00 of solutions to (2.3.7) follows readily from the definition of C(¢, x); see [15], Prop.

5.5.5.

DEFINITION 2.3.3. 1) The inviscid problem (2.3.3) satisfies the uniform Lopatinski

condition at p = u(t, z,0) provided there exists C' > 0 such that for all { with v > 0

(2.3.8) | DLop(p, Q)| := [ det(E™(H (p, (), ker [res (p))| = C.

where for a matrix A, E~(A) is the stable space of A, that is the generalized eigenspace
of A corresponding to eigenvalues with negative real part.
2) The inviscid problem (2.3.3) satisfies the uniform Lopatinski condition provided

(2.3.8) holds with a constant that can be chosen independently of (¢, x,0) € [Ty, To] x 9SQ.

Here by a determinant of subspaces we mean the determinant of the matrix with sub-
spaces replaced by smoothly chosen bases of column vectors, specifying Dy, up to a
smooth nonvanishing factor.

The following theorem ([8], Theorem 1.17) gives well-posedness of the inviscid problem.

13



THEOREM 2.3.4. Given a smooth manifold C as in Assumption 12, consider the hy-
perbolic problem (2.3.3)
under hypotheses (H1) - (H5).
Let s > 2 + 1 and suppose that we are given initial data v°(z) € H*T(Q) at t = 0
satisfying corner compatibility conditions to order s —1 for (2.3.3). Suppose also that the
uniform Lopatinski condition is satified at all points xo € 052, t = 0. Then there exists a

To > 0 and a function U%(t,x,0) € H*([0, Ty] x Q) satisfying (2.3.3) with

(2.3.9) Uj—g = 0",

and so that the uniform Lopatinski condition holds on [0, Ty] x OS2.

The hypotheses (Hn) are given in the next Chapter.

14



CHAPTER 3

Layer profiles and transversality



The results from the GMWZ literature used throughout this treatise uses the following
assumptions in their hypotheses. By inspection, we know that our system of equations
actually satisfies these assumptions.

We first define the high-frequency principal part of (2.1.1) by

Ut + AU, 0)U* =0,
(3.0.1)
QU? — eB2(U,0)\U* =0

We assume the existence of an open set U in the state space such that the following

hypotheses hold for all U € 4.

AssumpTION 3.0.1. (H1) The matrices A; and Bj, are C*°4 x 4 real matrix-valued
functions of the variable U € . Moreover, for all U € 4, det Ao(U) # 0.
(H2) There is ¢ > 0 such that for all U € 4 and & € R?, the eigenvalues of B*(U,¢)
satisfy Reu > c|¢]2.
(H3) For all U € $land ¢ € R?\ {0}, the eigenvalues of AL(U, ) are real, semi-simple and
of constant multiplicity. Moreover, for all U € 4, det A (u,v) # 0, all positive (inflow)
or all negative (outflow), where v = (0, 1).
(H4) For all U € 4 and £ € R?\ {0}, the eigenvalues of A(U, &) are real, semisimple, and
of constant multiplicity. Moreover, for U € 4, det A(u,v) # 0, with number of positive
(negative) eigenvalues of A(u,r) independent of U € 4.

(H5) There is ¢ > 0 such that for U € { and ¢ € R?, the eigenvalues of iA(U, &) + B(U, €)

€12
1+[g]2-

satisfy Reu > ¢

16



REMARK 3.0.2. Hypothesis (H4) is a hyperbolicity condition on the inviscid equa-
tion Lo(U) = 0, while (H2), (H4) implies hyperbolic-parabolicity of the viscous equation
L(U) = 0 when ¢ > 0. (H3) is a hyperbolicity condition on the first equation in
(3.0.1). The conditions on the normal matrices in (H3)-(H4) mean that the boundary is
noncharacteristic for both the inviscid and the viscous equations. Hypothesis (H5) is a

dissipativity condition reflecting genuine coupling of hyperbolic and parabolic parts for

Ued

DEFINITION 3.0.3. The system (2.1.1) is said to be symmetric dissipative if there
exists a real matrix S(U), which depends smoothly on U € 4l such that for all U € U and
all £ € R?\ {0}, the matrix S(U)Aq(U) is symmetric definite positive and block-diagonal,
S(U)A(U,€) is symmetric, and the symmetric matrix ReS(U)B(U, £) is nonnegative with

kernel of dimension 1.

DEFINITION 3.0.4. A symmetric-dissipative system satisfies the genuine coupling con-

dition if for all U €  and £ € R?\ {0}, no eigenvector of 3~ Aj&; lies in the kernel of

ZM Bjréi&.

Hypothesis H4'. For all £ € R?\ {0}, the eigenvalues of A(U,¢)are real and are
either semisimple and of constant multiplicity or are totally nonglancing in the sense of
[10], Definition 4.3. Moreover, for all U € 4 we have det A(U) # 0, with the number of
positive (negative) eigenvalues of A(U) independent of U € l.

Notations. With assumptions as above, N, (constant) denotes the number of

positive eigenvalues of Ay(U) := A(U) and NI the number of positive eigenvalues of

17



ALNU) := AM™(U). We also set N, = 3+ N1 is the correct number of boundary condi-

tions for the well posedness of (2.1.1).

AssumpTION 3.0.5. (H6) Ty, Ty and T3 are smooth functions of their arguments

with values in RV, R3" and RY" respectively, where N € {0,1,2,3}. Moreover

the equation for a layer profile w reads

As(w)0,w — 0,(Bag(w)0,w) =0,z > 0,
(3.0.2)

T (w,0, 82w2)‘2:0 = (¢q1(t,x), g2(t, ), 0).
The profile equation (3.0.2) can be written as a first order system for U = (w, d,w?),

which is nonsingular if and only if Al! is invertible, (H3):

azwl — _(Aél)flA%Zw?),
(3.0.3) O.w* = w?,
0.(Bo2w®) = (A3? — ASH(Ay') M AW’

and the matrices are evaluated at w = (w', w?).

Consider now the linearized equation of (3.0.2) about w(z), written as a first-order system

(3.0.4) DW= Ga(2)W = 0,2 > 0,

(3.0.5) TyW.—o =0

18



in W = (', 2, w?), where

00 (A ap
(306)  Gafoo) = lim Go(z) = | 0 0 I )
0 0 (B3)"(45" — A3 (Ay) 145
LEMMA 3.0.6. ([10], [14]). Let N? denote the number of stable eigenvalues Rep < 0
of Go(00), N the number of unstable eigenvalues Rep > 0, S the subspace of solutions of

(3.0.4) that approach finite limits as z — oo, and Sy the subspace of solutions of (3.0.4)

that decay to 0. Then, (i) N2 + N? = N’ and
(3.0.7) Ni+ N2 =N,:=N'+ N,
(i) profile w(.) decays exponentially to its limit U as z — oo in all derivatives, and

(iii) diimS = N + N? and dim S = N2.

DEFINITION 3.0.7. The profile w is said to be transversal if

i) there is no nontrivial solution w € Sy which satisfies the boundary conditions
o (), 0:10%).=0 = 0,

ii) the mapping w — I's(w, 0,10%) .= from S to CM has rank N,.

The following assumption is the starting point for our construction of exact boundary

layer solutions to (2.1.1).

AssuMPTION 3.0.8. Fix a choice of (g1, ¢2) as in the boundary conditions. We are

given a smooth manifold C defined as the graph
(3.0.8) C={(t,zC(tx)):(tz0) € [-T,T] x 00},

19



where each C(t,x) defined in Chapter 1, is now assumed to be a smooth manifold of

dimension N — N, . In addition we are given a smooth function
(3.0.9) W :[0,00) x C — R*

such that for all (¢,x,q) € C, W(z, t, X, q) is a transversal layer profile satisfying (3.0.2)
and converging to ¢ as z — oo at an exponential rate that can be taken uniform on

compact subsets of C.

This assumption is hard to check in general. We will later use a proposition which
gives necessary and sufficient conditions on boundary operator in order for the above

assumption to hold in the small-amplitude case.

20



CHAPTER 4

Construction of Approximate Solutions



In this chapter, we give the construction of approximate solutions, following the
method used in [8]. Here we obtain approximate solutions on the half space Q = {(z,y) €
R?|y > 0}.

We seek high-order approximate solutions to

(4.0.1) L(U) =AU+ > A;(U)0;(U) — € > 0;(Bj (U)oU) = 0,

subject to the boundary conditions

Uly=0 = 1
Vjy=0 = 92
/ JR—
ly=0 —

as mentioned in the previous chapter,

which converge to a given solution UY(¢, z,y) of the inviscid hyperbolic problem:

(4.0.2)

H(U) =0 on [—Tp, To)xQU (t,z,0) € C(t,x) on [Ty, To] x9N

where C(t, z) is the endstate manifold defined in Chapter 1.

As mentioned in Chapter 1, we look for an approximate solution of the form

(4.0.3) uq(t,x,y) = Z W (t, g) + MM 2 ).
0<j<M ¢

22



where

(4.0.4) Wt,a, L) = Vitte, L) + Uit )
€ €
Here U° satisfies (4.0.2) and VY is given by
(4.0.5) VOt x,2) = W(z, t,2,Ut,x,0)) — U, x,0),

for a profile W(z,t,x,U°(t, z0)) as in Assumption 11.

The V7(z,z,t) are boundary layer profiles constructed to be exponentially decreasing to
0 as z — oo. For the moment we just assume enough regularity so that all the operations
involved in the construction make sense. A precise statement is given in Proposition 13

below.

4.1. Profile equations

We substitute (4.0.3) into (4.0.1) and write the result as

M
(4.1.1) S It x,2) | + MRt ),

-1

where we separate F7 into slow and fast parts

(4.1.2) Fi(t,m, 2) = Fi(t,x) + G (t,m, 2),

and the G’ decrease exponentially to 0 as z — F00.

23



The interior profile equations are obtained by setting the FV, G’ equal to zero. In
the following expressions for GY(t,z, z), the functions U’ (¢, z) and their derivatives are

evaluated at (¢,x). With W = (W (z,t,z,U%(t,z,0))) set

L(t,x, z,0,)v := Ay(W)v, + (dyAs(W) - )W, — C%(BQQ(W)UZ)
(4.1.3)
(- duBamyW),

the operator determined by linearizing the profile equations about W, and

2
(4.1.4) Lov = Ag(U%)v, + > A;(U")00.
j=1
We have
Flt,z)=0
(4.1.5) )
Gt x,2) = Ay (W)W, — %(B2Q<W)Wz)>

FO(t,z) = HU®
(4.1.6)
Go(t,x, z) =Lt z, z, 82)1/{1 — Qo(t,x, ),

where QY decays exponentially as z — 400 and depends only on (U?, V°). For j > 1 we

have

Fi(t,z) = LU? — P77\ (t,x)
(4.1.7)
Gj(t, x,z) =Ltz z, 8Z)Uj+1 — Qj(t, x,z2),

24



where ()7 decays exponentially as 2 — +o00 and P7, ()7 depend only on
(U*, VF) for k < j.
In writing out the boundary profile equations, we note first that the boundary conditions

are equivalent for € > 0 to

Uly=0 = J1

Vjy=0 = 92

el =0
ly=0 —

With U7 (t, z,y,2) = (p/,u?,v?, T?) and their derivatives always evaluated at (¢, z,0), the

boundary profile equations at order €/ take the form:

0 _
Upy=0 = 91
0 _
Yy=0 = 92

(9ZT|2,:0 =0 (order ")

1 —
Uy=o =0
1 —
Uy=0 =0

8ZT|11/:0 =0 (order €')

25



u‘lyzo =0
U‘Iyzo =0
(‘)ZTﬁy:O =0 (order €, j > 2),

4.2. Solution of the profile equations

The solution of the profile equations given below assumes transversality of W (z, U°(t, z, 0))
and the uniform Lopatinski condition, as well as the existence of a K-family of smooth
inviscid symmetrizers.

1. The interior equations G=! = 0 and F° = 0 and the boundary equation for order €"
are satisfied because of our assumptions about U° and

W(z,t,2,U%¢,x,0)).

2. Construction of (U, U'). We construct the functions U (¢, z, z) and U'(¢, x) from
the equations G = 0, F! = 0, and the boundary equation for order €!. U! will be a sum

of three parts

(4.2.1) UMt 2, 2) = U + UL + UL, where Ui (t, 7, 2) = ULt z) + Vil (t,z,2), k = a, b, c.

First use the exponential decay of Q° to find an exponentially decaying solution V!(t, z, 2)

to

L(t,z,2,0.) V! =Q"(t,x,z) on £z >0
(4.2.2)
VI 0as 2z — 400,

a
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and define U} (¢, z) = 0. This problem is easily solved after first conjugating to a constant
coefficient ODE using the operators WV defined in Lemma 14.
Next, for U} fixed as above, use part (ii) of the definition of transversality (Definition

10) to see that we can solve for U} (t,z, z) € S satisfying

L(t,x,2,0.)Uf =0on z >0

(U,; + Ué)‘yzo =0
(4.2.3)

(Ui + U;)\?FO =0

0.((T) + 1)) jy=0 = O(order €, j > 2),

Recalling the definition of S from Lemma 9, we see that U has limits as z — co.

Define

Ul(t,x,0) := lim Uy (t,x, 2),

(4.2.4)
Vi (t, @, 2) = Uy (t, 2, 2) = Uy (t,2,0),

and let U} (¢,x) be any smooth extension of U} (t, z,0) to [—Tp, To] x €.

Finally, for an appropriate choice of Ul (¢, z,0) we need Ul (t,z, z) to satisfy
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L(t, 2, z,0.) Ul =0
(ui)\y=0 =0

(4.2.5) (V)jy=0 =0

aZ (Tcl)‘y:() =0

lim Ul (t,x,2) = ULt z,0).

zZ—+00
According to the characterization of T,C(t, ) given in Remark 2, this is possible if and
only if U}(t,2,0) € Tyo.,0)C(t,z). Thus, we first solve for U] (t,x) satisfying the lin-

earized inviscid problem

LoUl = P — LyU}
(4.2.6)
Uc1 (t7 ZL') < TUO(t,:E,O)C(t7 ZE)

This problem requires an initial condition in order to be well-posed. The right side in
the interior equation of (4.2.6) is initially defined just for ¢ € [=Tp,Tp]. With a C*
cutoff that is identically one in ¢ > —Tg/2, we can modify the right side to be zero in
t < —Ty + 9, say. Requiring U! to be identically zero in ¢t < —Tj + §, we thereby obtain
a problem for U} that is forward well-posed since U° satisfies the uniform Lopatinski

condition. Thus, there exists a solution to (4.2.6) on [—2, Ty]. This allows us to obtain

Ul (t, z, z) satisfying (4.2.5) and to define

(4.2.7) Vit z,2) = Ut 2, 2) — UMt x,0).
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By construction, the functions (4!, U') satisfy the equations G° = 0, F' = 0, and the
boundary conditions for order e!.

3. Construction of (U7, U7), j > 2. In the same way, for j > 2, we use the
equations G'~! = 0, FV = 0, and the boundary conditions for the order ¢/ to determine
the functions (U?,U7). The corrector eMT1UM*! is chosen simply to solve away an
O(eM*1) error that remains in the boundary conditions after the construction of ™.
In the next Proposition we formulate a precise statement summarizing the construction
of this section. The regularity assertions in the Proposition are justified as in [2], Prop.

5.7. Regularity is expressed in terms of the following spaces:

DEFINITION 4.2.1. 1. Let H® (resp. H}) be the standard Sobolev space on [—Tp, Tp] x
Q (resp. [—T(),To] X 89)
2. Let H® be the set of functions V(t,z,z) on [Ty, Ty] x 0Q x Ry such that V €

C=(R, H*([-Tp, To] x 09Q)) and satisfies

(4.2.8) 08V (t, x, 2)

Hp S Ck,xe_élz‘ for all k
for some § > 0.

PROPOSITION 4.2.2. (Approximate solutions.) Assume (H1)-(H6) (with (H4’)
replacing (H4) in the symmetric-dissipative case). for given integers m >0 and M > 1

let

7 d+1
(4.2.9) So>m+§+2M—|—%.
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Suppose that the inviscid solution U° as in (4.0.2) satisfies the uniform Lopatinski
condition and that the profiles W (z,U%(t,z,0)) are transversal. Assume U € H* and
UO|6Q € Hso.

Then one can construct u, as in (4.0.3) satisfying:

Tt
(4210) ‘Ceua = EMRM(t, l') on [—?0, To] x
We have
(4.2.11) U (t,) € H ™, VI(t,x,2) € HO™,

and RM(t, ) satisfies

(a) (D4, D, €0.)*RM |12 < Cy for |a] < m + L

(b) (0, Op, €0.)*RM| 1 < C, for |a] < m.
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CHAPTER 5

Evans function



Fix a point (¢,z) and consider again the viscous problem (4.0.1). Consider a planar

layer profile

(5.0.1) U(t,z,y) = w(y/e)

as in Definition 1, which is an exact solution to (2.1.1) on y > 0 when the coefficients
and boundary data (g1, g2, 0) are frozen at (¢, x,0).

Taking z = ¥, we sce that d, = 29.. So equation (2.1.1) becomes

eAg(U)OU + €A (U)0,U + Ay(U)0,U — €20,(B11(U)3,U)
(5.0.2)
—€0,(B12(U)0.U) — €0.(By1 (U)0,U) — 0.(Bgw(U)0.U) = 0.

Write the linearized equations of (2.1.1) about w:

(5.0.3) c(0) = f, Y(U,0,U%,0.U%) y=0 = §.

Performing a Fourier-Laplace transform of (5.0.3) in (¢, z), with frequency variables de-

noted by v + i7 and 7 respectively, yields the family of ordinary differential systems

(5.0.4) L(z,y+ir,in,0,)U = f, | =y

0,T

|z=0

where,
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(5.0.5) L= —B(2)0>+ A(z,0)0. + M(z,(),

with coefficients given by

(5.0.6) B(2) = Bas(w(2))

(5.0.7) A(z,¢) = Az(w(2)) — in(Biz + Ban )(w(z)) + Ea(2)

(5.0.8)  M(2,¢) = (it +7)Ag(w(2)) + in(Ar(w(2)) + E1(2)) + 1B (w(z)) + Eo(2).

The E), are functions independent of ¢ which involve derivatives of w and thus converge

to 0 at an exponential rate when z tends to infinity. Moreover, we note that

5.0.9 EM =0, ER? =0 for k> 0.
k k

From the given NS equations, we also remark that M'? does not depend on 7 and ~.

The problem (5.0.4) may be written as a first order system

(5.0.10) 0.U —G(z,Q)U = F, I'(¢)Up=0 = G,

where U = (U,0,U?) = (U',U?,U?) € C" and ¢ = (7,7,7). The components of G(z, ()

are given below.
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gll gl2 g13
(5.0.11) G= o o 1d |-

g31 g32 g33

where,

gll — _(./411)—1./\/1117 g31 — (B22)—1(A21g11 +M21),
(5012) ng — _(.,411)71./\/{127 g32 — (322)*1(.,421@12 + '/\/122)7
g13 — —(All)_1A12, g33 — (322)_1(A21913 +A22).

A necessary condition for stability of the inhomogeneous equations (5.0.10) is stability
of the homogeneous case F' = 0, G = 0, i.e., nonexistence for v > 0, { # 0 of solutions U
decaying as z — oo and satisfying I'(()U(0) = 0. These may be detected by vanishing

of the Evans function

(5.0.13) D(() := det(E™(¢), ker I'(€)),

X7

where E = {U(0)[0.U — G(2,¢)U = 0 and U decays at z = co}.
Let G(z,(,p) be as in (5.0.10), a frequency-dependent matrix arising from linearization
around a profile w(z) such that for some positive constants C', (3, uniform with respect

to model parameters p,

(5.0.14) lw(z) — w(oo)| < Ce ™,
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and also p — (w, d,ws)(.,p) is continuous as a function from p to L>°(0,00). Thus also,
(5.0.15) 1G(2,.) — G(o0,.)| < Ce 2,

and G(.,(,p) is continuous as a function from p to L>(0, 00).
The following lemma which is called the conjugation lemma is useful in converting a
first-order system like (5.0.10) to one where G(z) is replaced by the constant coefficient

matrix G(00).

LEMMA 5.0.1. [13], Lemma 2.6. For all ( € R® with~y > 0, there is a neighborhood
w of (p,¢) and there is a matriz VW defined and C* on [0,00) x w such that

i) Wt is uniformly bounded and there is 6 > 0 such that

(5.0.16) W(z,p,¢) — Id| < Ce™

ii) W satisfies

(5.0.17) W = G(2)W(2) — W(2)G™.

Observe that U satisfies (5.0.10) on z > 0 if and only if V' defined by U = PV satisfies

(5.0.18) 9.V = G(c0)V + PT'F,TP(0)V,o = G

This implies that the decaying space E~({,p) as in (5.0.13) is exactly the image under
P(0, ¢, p) of the stable subspace of G(00, (, p), denoted E_ (¢, p). Thus, by the calculation
of [10], Lemma 2.12, E~(({, p) has dimension N, = rank[ for v > 0, ( # 0. The Evans

determinant (5.0.13)
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(5.0.19) Dy(C) = det(E™ (¢, p), ker I'(¢, p)),

now denoted with additional dependence on model parameters p, is then well-defined on
v >0, ¢ # 0 and depends smoothly on ¢ and continuously (in all ¢ derivatives) on p.
For high frequencies |(| > R > 0, we also define a rescaled Evans function D*¢(().

By [10], the maximal stability estimate for (5.0.10) for high frequencies is

L+ DN 2@y + AU 2y + 10U 2y + (1 +7)2|U0)]

1 _1 _
(5.0.20) FAZU2(0)] + A72|0.U%(0)] < O f M 2@y + A2 2 es)
+O((1+7)2 9| + AZ|g?) + A3 |g)),

where C' is an independent constant and A is the natural parabolic weight

(5.0.21) A(Q) = (72 + 7 + )",

Taking f = 0 in (5.0.20) yields the necessary condition

(1+7)2[ut] + A2 [u?] + A2 |u?] < C((1 + )3Tyl
(5.0.22)
FAZ[Tou?| + A2 [T3(0) (u?, u®)))

V¢ € RE[¢] > R, YU = (u!,u?,u?) € E_(¢). This can be reformulated in terms of

a rescaled Evans function. Introduce maps defined on C” and C? respectively by
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‘]C(ulﬂ u27 US) = ((1+ ’Y)%ul, A%UQ, A_§u3)
(5.0.23)
Jlg g% 9%) = (1 +7)hg" g A~ Eg?)

Note that J.I'(Q)U = I'*°J.U with

(5.0.24) U = (Iyu', Tou?, Kyu®).

Thus (5.0.22) reads

(5.0.25) YU € JE(C) : U] < Ol Letal(¢)J1U| = CITU|.

Introducing the rescaled Evans function

(5.0.26) D*(C) := [det(JET(C), Je ker I'(())| = [ det(JE™(C), ker *(C))],

and using Lemma 15 below, we see that this stability condition is equivalent to the

following definition.

LEMMA 5.0.2. ([10], Lemma 2.19). Suppose that E C C" and I : C* — C™, with
rankl’ = dimE = m. If |det(E,ker')| > ¢ > 0, then there is C, which depends only on

c and |T*(TT*)~Y| such that

(5.0.27) |U| < C|TU| for all U € E.
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Conversely, if this estimate is satisfied then |det(E,ker")| > ¢ > 0, where ¢ > 0

depends only on C' and |T'|.

REMARK 5.0.3. By Lemma 15, the uniform Evans condition |D(¢)| > C' > 0 on some

subset S of frequencies is equivalent to
(5.0.28) |U| < C|T'U| for all U € E™(()

for some constant C' > 0 independent of ¢ € S.

DEFINITION 5.0.4. (a) Given a profile w, the linearized equation (5.0.3) satisfies the
uniform Evans condition for high frequencies when there are ¢ > 0 and R > 0 such that
|D*(¢)| > c for all ¢ € RT™ > R.

(b) The linearized equation (5.0.3) satisfies the uniform Evans condition when there are

¢ >0 and R > 0 such that

(5.0.29) |D(C)| > ¢ for |¢| < R and |D*(()| > ¢ for |¢| > R.

We use the Evans condition to establish a version of Theorem 1.30 from [8]
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CHAPTER 6

Stability of the non-characteristic boundary layers



Our aim in this chapter is to establish the stability of non-characteristic boundary

layers of the full Navier-Stokes equation.

6.1. The Navier Stokes equations

Consider the equation

(@) p + (pu)s + (pv)y =0

(b) (pu)e + (pu?)a + (puv)y + po = (20 + M)thae + pttyy + (1 + 1)y

(€) (pv)e + (puv)s + (pv®)y + Py = se + (200 +n)vyy + (0 + 1)ttys

(d) (pE): + (upE)y + (vpE)y, + (pu)y + (pv)y = KT + KTy +
(20 4 n)uug + po(vy + uy) + nuoy)  +

(241 -+ m)ovy + (v, +w,) + nou,),

subject to the boundary conditions

Uly=0 = J1
Vjy=0 = 92
T"y =0=0

where p is density, u and v are velocities in the z and y directions, p is pressure, and e
and £ = e+ % + % are specific internal and total energy respectively. The constants
> |n| > 0and k > 0 are coefficients of first and second viscosity and heat conductivity.
Finally T is the temperature and we assume that the internal energy e and the pressure

p are known functions of density and temperature: p = p(p,T), e = e(p,T). Also here,
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We want to write it in a matrix format to assist in our calculations. The above equations

can be written in the form:

(6.1.1) AU, + >~ Aj(U)0;(U) — € > 95(Bi(U)0RU) = 0,
j=1 g k=1

where U = (p,u,v,T). We follow the notations established in the first two chapters.

Below, we evaluate all the matrices.

1 0 0 O
v p 0 O
Ao(U) =
v 0 p 0
E pu pv pc,
U p 0 0
u* +p, 2pu 0 pr
Al(U) =
uv pv pU 0
uE +up, pE+u’p+p upv upc, + upr
v 0 p 0
uv pv pu 0
Ay (U) =
v+p, 0 2pv pr

vE +p,v vpu pE+ v p+p vpce, + pro

0 2u+n 0 0
BH(U) -

0 2u+nu w kK
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Bgl(U> -
0 0 0 0
0O v pu O
0 0 0 0
0 0 0 0
Bm(U) -
O w+n 0 0
0O w nu O
0 0 0 0
0 u 0 0
BQQ(U) -

0 0 2u+n 0

0 pu 2u+nv kK
The following result from [7] reduces the problem of proving existence and nonlinear
stability of boundary-layer solutions to verification of the uniform evans condition.

We rewrite our NS equations with our boundary conditions in a compact form below:

2

AU, + >~ Aj(U)0;(U) — € > 9;(Bi(U)0xU) = 0,

J,k=1

(6.1.2)
Y (U, 0y, 0.) = (g1, 92,0) on [0, Tp] x O

where Q = {(x,y) € R?|y > 0}.

It turns out that our system is symmetric dissipative.
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THEOREM 6.1.1. ([7], Theorem 1.25).Consider the viscous problem (6.1.2) under
assumptions (H1) - (H6)(with (H4’) replacing (H4) in the symmetric-dissipative case).
Given an inviscid solution U° € H*([0,Ty] x Q) as in Theorem 4, suppose that the
uniform Evans condition holds on [0,Ty x 0L2]. Suppose the constants k, M, and so

satisfy

3 7 d+1
(6.1.3) k>§+4,M>k+2,so>k+§+2M+%.

Then there exists ey > 0, an approximate solution u, as in Chapter 3 satisfying

1£e(ug)]

e (om0 < CeM

(6.1.4)
T(uz7amuz€17azu2> = <g17g270) on [OaTO] X aQu

and an exact solution U¢ of (6.1.2) such that for 0 < e < ¢:

U = uf |lwroe (o xey < CeF,

(6.1.5) |U = U°|| 2o,y < Ce/?,
U —U" = O(e) in L2.([0, Ty] x Q)

where Q° denotes the interior of Q. Moreover, the linearized equations about either

uf, or u satisfy mazimal stability estimates.

6.2. The four cases of the problem

The following result from [7] reduces the problem of proving existence and nonlinear

stability of boundary-layer solutions to verification of the uniform Evans condition.
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We divide the problem into the following four cases and attempt to verify the Evans

condition in each of the cases:

(1) Subsonic, outflow,
(2) Subsonic, inflow,
(3) Supersonic, outflow,

(4) Supersonic, inflow.

DEFINITION 6.2.1. (Small amplitude profiles). Let il be as defined in Chapter 1.
For € > 0 and any compact set D C i, the set of e-amplitude profiles associated to D is
the set of functions w(z) = w(z,w) for which there exist u € D such that:

a) As(w)0,w — 0,(Be2(w)0,w) =0 on z > 0,
b) w(z,u) — u as z — o0,
¢) [l(w, w?) — (u,0)]| L= (0,00) < €.

When € is small we refer to such profiles as small amplitude profiles.

Thanks to the following theorem from [7], our job of verification of Evans condition is

greatly simplified.

THEOREM 6.2.2. ([7], Theorem 1.28). For any compact subset D C i, there exists
an € > 0 such that the uniform FEvans condition is satisfied for the set of e-amplitude
profiles associated to D if and only if it is satisfied for the set of constant layers {w(z,u) :

w=u for all z >0 and u € D}.

First we fix some notation :
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uv

Ajl = v +p,

vE +wvpe, + ppu

pu pu 0
AZ=1 o 2pv pr

puv pE + pv® +p  pvc, +vpr

Ju 0 0
Bi=10 2u+n 0

pu (2u+nv kK

By our assumption on y, 7 and k, we see that B33 is invertible and

L0 o0
w
22\—1 __ 1
(BQ2> m
—v v 1
pv 0 0
AP-AWTAL = 0 pem gy

puv  pv* +p—pp, puc, + vpr

We now turn our attention to verifying the uniform Evans condition for constant profiles

for all frequencies which we divide into:
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i) Small frequencies: i.e. ¢ such that || < r for a sufficiently small r > 0

ii) Medium frequencies: i.e. ¢ such that r < |(| < R for r as above and R > 0

iii) Large frequencies: i.e.  such that |(| > R for R > 0.

6.3. Subsonic, outflow

Subsonic means |v| < speed of sound through the respective fluid. Outflow means
v < 0. For our boundary conditions N” =1
We will first establish the uniform Evans condition for low frequencies. For this purpose,

we use Rousset’s theorem from [10].

LEMMA 6.3.1. (]10] Theorem. 2.28). Assume (H1) - (H6) (with (H}’) replacing
(H4) in the symmetric dissipative case), and consider a layer profile w(z) — p as z —
0o. The uniform Evans condition holds for low frequencies, that is, there exist positive

constants r, ¢ such that
(6.3.1) |D(Q)| = ¢ for [¢] <,

if and only if w is transversal and the uniform Lopatinski condition holds at p for the

residual hyperbolic problem.

Since we intend to verify the uniform Evans condition at constant profiles, in the above
lemma, we have w = p and we have to verify transversality and the uniform Lopatinski

condition at p.
6.3.1. Low frequency.
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6.3.1.1. Transversality at p. Recalling that N} is the number of positive eigenvalues of
A3t and that AJ' = (v), we see in this case that N = 0.

So N, = 3 is the correct number of boundary conditions in this case.

Let Gy = (BR)™ (AP — A3'(A))~ AR),

We use the following proposition which gives an equivalent condition for transverality of

a constant layer p.

PROPOSITION 6.3.2. ([7], Proposition 2.4.(a)). The constant layer p is transver-

1,6y
sal if and only if (i) the 3 X 3 matrix s injective on E_(G1(p)), and
Ky

(ii) Ky is of full rank = 1 on E_(G2(p)).

RS
o
o

pv®—ppp  _pr

Gy =
0 (2utn)v  2p+n
P VPCy
0 K K

We first verify that G5 is indeed invertible.

Suppose we have a 4 x 4 matrix A, of the form

A X
a, Y
ay 2
as W

where XY, Z, W each are row vectors in R?® and X # 0, ay, as, as are scalars.
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CrLAM 6.3.3. If we assume that A is invertible then the 3 x 3 matrix, say

Y -3X
B = Z—“f
W—-2X

is also invertible.

Proof. Assume the contrary. Then we have three scalars, a,b,c not all zero s.t. a(Y —

LX) +b(Z - RX) +c(W - %2X) = 0. This implies that the 1 x 4 matrix

a<a1—v—; Y—%X>+b<a2—A“—f Z—%X>+C<a3—)\“§ W—“TSX):O

i.e.

(o V) oo z)ve(m w) -5 (0 x) o
a<a1 Y)+b(a2 Z)+c(a3 W)—(aaﬁbjﬁcag)(A X)

is a linear combination of the four rows of A which we have assumed to be linearly

But

independent (A is assumed to be invertible). Therefore, a = 0, b = 0, ¢ = 0. This proves

the claim. O

Since A2% — A2Y(ALY)71AL? is of the same form as B above, and

Gy = (B3;) (A3 — AN (Ay) T AY),

we conclude that G4 is invertible.

Next we verify (i) of Proposition 23.
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Since Gy is invertible, det(Gs) # 0. We observe that

£0 0
vp
(G )*1 — L
2 T det(Gy) | U R
0 k3 Kky
for some values of *q, kg, %3, *4.
In our case To(u,v,T) = (u,v). So
) 1 00
Tz —
010

and

oo

Let a = det(G2). Now note that the 3 x 3 matrix

o U%a 0 O
Tf =0 2=
2 0 0 1
Also observe that *x; = ”25% which is clearly nonzero owing to the assumption that
v, p, ¢, are all nonzero.
Thus
1,65
Ky
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is injective as an operator on R? and hence is injective on E_(Gs)

profile satisfies (i) of Proposition 23.

1 0 0 0
_u 1 0 0
AEI(U) — P P
_v 0 1 0
p p
E u? v?2 u v 1
e Toee Toer Ther Ther pe
Thus,

v p 0 0

Po 4 0 Bz

/Il(U): P P

0O 0 uw O

0 2 0 u

PCv
v 0 p O
B 0 v O 0
Ay (U) =

oo gy pr

p p

0 0 & w

The characteristic polynomial f()\) of the matrix A, is given by
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det()\[ — Ag) =

Thus the eigenvalues of Ay, counted with multiplicities are: v, v, v + , /2L + p, and

pPeCy
_ ppT
v \/ p?co + Pp-

Since we are assuming that v < 0 and by subsonicity we have that |v] < ppfc =+ Dy,

we see that A, has only one positive eigenvalue, viz., v + , /;’5—07; + p, and three negative

eigenvalues..”. N, = 1. Also we have A," has no positive eigenvalues = N = 0.

S N?2=N,—N; =N +N! - N, =34+0-1=2. Thus dimE_(G») = 2.

Next we verify (ii) of Proposition 23.
CLAIM 6.3.4. K, is injective on E_(Gy).

Proof. Suppose not. That would mean that every element in E_(G5) C R is of the form

x (42)x
v2—
(,9,0). Now for (z,,0) € E_(Ga), G2 |y | = | (G=e)y|-
0] (2)y

But E_(G?) is invariant under Gy. Hence (£)y =0 = y_: 0 = E_(G>) is at most

one dimensional which is a contradiction. This proves the claim. 0J
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This shows that our profile satisfies condition (ii) of Proposition 23. Thus constant
profiles in this case are transversal.

6.3.1.2. Lopatinski condition. Next we want to establish the Lopatinski condition. We
use the result from [7] that says that maximal dissipativity of I',.s implies the Lopatinski
condition. Thus in order to verify Lopatinski condition, we first check for maximal
dissipativity of I',.s defined later.

We first note that our system is symmetric dissipative with the corresponding sym-

metrizer S given by

%00 0
010 0

S =
001 0
0 0 0 Pre
p

DEFINITION 6.3.5. T, is said to be maximally dissipative, if S A, is negative definite

on the kernel of T',...

By Remark 2, the tangent space to the C-manifold of states ¢ near a constant layer p,
Cp is CB = {(¢",¢®) : W(z,(¢",¢?)) is a solution of the linearized profile problem (3.0.4),

(3.0.5) with (wy(2),w9(2)) — (¢*, ¢*) as 2 — oo}

By Prop. 5.5.5 of [15], we know that C, = ker ;..

Consider the linearized profile equation (3.0.4) at p with

W - (wlaw27w3)'
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By part 2. of Lemma 4.6 of [7], for any (¢!, ¢*) € R*, equation 3.0.4 is integrated to yield

a solution with (wy(2),w9(z)) — (¢*, ¢*) as z — oo:

w1(Z) = _(Aél)_1A§QGZGz(B)(GQ(B))_1T2 + q.l
we(z) = esz(g)(GZ(g))flrz 4§

ws(z) = eZGQ(B)TQ, where 12 € E_(Gz(l_?))~

In particular take an arbitrary (¢*, ¢*)
Also we have T1(p) = 0 and Yo(u,,T) = (0, 7).
Setting Y (p')w;(0) = 0, T5(p?)1z(0) = 0 and Yj5(p?)w3(0) = 0, we get the following.
By the definition of T; and Y5, we see that ¢' and the last coordinate of ¢* could
be arbitrary whereas the first two components of (Go(p)~')r? + ¢* should be 0 where
r? € E_(Gy(p)). This implies that the first two components of ¢* should be equal to
=T5(p*)(Ga(p)) "%
We know that E_(G5(p)) has a basis of the form {(1,0,0), (0,y, z)} where z # 0. So for
a typical 72 € E_(Gs(p)), we would have 72 = (a, by, bz) for some real constants a and b.
Since T4(p*)w3(0) = 0, we have Y5(p?)r? = 0.

= bz=0.Butz2#40 = b=0.

= r?=(q,0,0).

= that the second coordinate of ¢? is 0.
In conclusion, we have

CB ={(z,9,0,2) : z,y,z € R}.

Thus, ker['y.es = {(2,9,0,2) : z,y,z € R}

53



Lo 20
p p
_ 0 v O 0
SA; =
o rT
p P
0 O pr vpTCy
p P
Let (a,b,0,c) € G,
Then,
a 2fe
p
I ) bv
(6.3.2) SA, =
app | zpr
0 raREs
c cvprey
P

Then <SA2(p, u,0,T),(p,u,0, T)> = ﬂ% + b2+ c%p;@.

VPp vpTCy }

Since v < 0, the coefficients of a?, b? and ¢? are all negative. Let C' = max{ v, L

So C < 0.
Thus <S[12(a,b,0,c), (a,b,O,c)> < C{(a,b,0,c¢),(a,b,0,c)) for all (a,b,0,c) € Cp. Thus
[',es is maximally dissipative.

This establishes the uniform Evans condition for low frequencies.

6.3.2. High frequencies.

upp  Pp
= 0 O
- Pp u 0 pr.
SAl — P P
0 0 w O
0 pr 0 upTCy
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With A\ = i7 4+ v we consider the Fourier-Laplace transformed problem with coefficients

evaluated at the constant layer p:

(633) )\AQU + Agu/ + Z'Amlu — BQQU/” - i(BQl + Bu)’thl + T]%BHU =0

To make the system (6.3.3) symmetric-dissipative, we shall multiply (6.3.3) by the sym-

metrizer SA; . We'll first compute Bj’s.

0 0 0 0
0 2t g 0
By = g
0O 0 £ 0
P
0O 0 0 =
PCv
0 0 0 0
_ 0 0 =7 0
Bl2—
0 0 0 0
0 I _m
PCu PCov
0 0 0 0
- 0 0 0 0
321:
0 &1 0 0
P




BQQ =

So

SZ?H_::

AS2§21::

Lo 0

P

0 22
P

0o 0 =
pPCv

0 0 0

0 £ 0
P

0 0 p%“
0 0
0 ptn

P
0 0
prnv. __ priu

P> p?

0 0

0 0
s/} 0

prnv  prnu
2

p p

0 0 0

L0 0

P

0 22
P

0 0 &z
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P00
P
) 0 10 0
S2 =
0 01 0
PTCv
0 00 ¥
_pP
£ 00 0
o1 0 10 0
0 01 0
\/f)
0 00

Thus multiplying (6.3.3) by SA;" we get
(634) ASu + SAQU, + sz_lmlu — SBQQU” — Z(SBQ]_ + SBlg)mu' + U%SBHU =0

where now S is symmetric, positive definite and block diagonal and SA; and SA, are
symmetric and the SBj;’s are dissipative.

We now want to keep all the properties of the coefficient matrices intact except that we
want to be able to assume that S is the identity matrix. So we multiply each of the

coefficient matrices on the left and right by S ~2 to obtain
(6.3.5)
A4 S2ApS 2w +iSEAS 2 — S2 BopS 2w — iS2 By S™2 + S2 BiaS imud
+77%S%B1157%u =0
For convenience, let us denote S 1PS2 by P for any 4 x 4 matrix P.
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We can now rewrite (6.3.5) as

(636) AU + AQU/ -+ 2A1771U — BQQU” — i(BQl -+ B12)771U/ + U%BHU =0
u /Py O 0
N VAT =
A=
0 0 u O
VPPT
0 NG 0 U
v 0 P 0
- 0 v 0 0
Ay =
VL
VPPT
0 O NG v
0 O 0 O
3 0 2t 0 0
Bll - P
0O 0 £ 0
P
0 O 0o =
PCv
0 0 0 0
5 0 0 L/
By = ’
0 0 0 0
nuy/PT  —NU\/PT

)

Py/DPCv P+/PCo

58



0 0 0 0

5 0 0 0 0
BQIZ
0 k& 0 0
P
0 _UU\/E nu\/ﬁ
PVPCu p\/PCo
00 0 0
_ 05 0 0
822—
0 0 21
14
00 0 =

Given (£1,&) € R such that (&1, &) # (0,0),

S 4 58 66 (150) 0
2
DGEEE = as(n  grigim) o
j.k=1
0 0 (& +8)=

pCo

For later reference we record the first and second components of (6.3.6):

(a) (T +v)p+vp + /D +imu(p+ /p,) =0

/PT)T
u A K
) (r+7) [v|+imp| 0o | +im uv +0' |, /Dp
u\/PPT
p 0 NG + ul
o pu” (utm)’ (2ptn)u
p P P
+ | oo + WD | — | @ute” [ — gy [ ek’ | 4 o
pey p P P
PPV’ ' KT KT
P\/a + UT PCy 0 PCy
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For now we will consider the part of 6.3.6 that corresponds to (3.17)(b) from [8]. So we
consider:

the equation
(6.3.7) \U — BEU" —i(B2 + B2ynU' + ?B2U =0

Now let’s write (6.3.7) as three separate equations.

(a) Au— %” _ im(u;rn)v’ + n%(2/;+n)u -0

Qe im(ptme’ | mimv
(b) v > p +2== 0

wT" 2T
(¢) AT — 522 4 1T g

Observe that (a) and (b) are decoupled from (c). By a modification of Proposition 3.8

from [7] we get that the uniform Evans condition holds for high frequencies.

PROPOSITION 6.3.6. Consider a layer profile as in (5.0.1) and the linearized equations
about w(z) given by(5.0.10). The uniform high-frequency Evans condition is satisfied for

our Navier-Stokes equations with the boundary conditions:

Uly=0 = J1
Vjy=0 = 92
T"y =0=0

Proof. By Corollary 3.7 from [5] and Remark 17, the uniform high-frequency Evans

condition in the case of the given boundary conditions is equivalent to the estimate

(6.3.8) [/ (0)] + [v'(0)] + [T°(0)| < C(Ju(0)] + [v(0)] + [T7(0)])
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for decaying solutions of (6.3.7) where the coefficients are evaluated at w(0) with the

boundary conditions

Uly=0 = J1
Vjy=0 = 92
Tly=0=0

where the constant C' in (6.3.8) is independent of (\,n) in the positive parabolic unit
sphere, v > 0, [A| + 77 = 1.
Taking the real part of the inner product of (u,v) with equations (a) and (b), we obtain

after integrating w.r.t z from 0 to oco:

(v +n)) (lull® + [Jof*) + 12 + [ ]]* < C (i [u(0)][v(0)] + [u(0)]|u'(0)]
(6.3.9)

+Hv(0)[[v'(0)])

Similarly, taking the real part of the inner product of —(u”,v"”) with (a) and (b), we

obtain:

(v + i) (/17 + [0 + [l + {1 < CA] + n7) (1’ (0)]u(0)]
(6.3.10)

+[(O)[[o(0)]) + [mlu'(0)[[v'(0)])
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Using the Sobolev bound, we get
[/ (0)* + v/ (0)* < [Jo/[[[Ju"[| + o' [[[[0"[| < Cs([lw'[* + [[o"[|*)
+o([lu"|* + [lo"]1%)
(6.3.11)
< C(Cs(mu0)|[v(0)] + [u(0)][u'(0)] + [u(0)[[v'(0)])

(Al + 07 (1 (0)[[u(0)] + v (0)[[w(0)]) + [mu [ (0)[[v"(0))
Since (A, n;) lie on the positive unit parabolic sphere, we can conclude that there exists

C > 0 such that

(6.3.12) [/ (0)] + [v'(0)] < C(|u(0)] + |v(0)])-

Taking inner product of (c¢) with 7" and integrating by parts as above, but now taking
both real parts and imaginary parts separately and then combining them, we get a C' > 0

such that

(6.3.13) (AL +m)IITI + 1T < CIT(0)]|T7(0)]

Similarly, pairing —7" with (c), we get,

(6.3.14) (AL +m) T + 1771 < CIT )| T"(0)]-

As above, using the Sobolev embedding,

(6.3.15) T < |77
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we get a C' > 0 such that

(6.3.16) IT(0)] < CIT'(0)].

Combining (6.3.12) and (6.3.16), we get that there exists C' > 0 such that (6.3.8) holds.

O

6.3.3. Medium frequencies. By Remark 17, the uniform Evans condition is:

(6.3.17) p(O)]+ [T(O)] + [ (0)] + [v'(0)] < C(ju(0)] + [v(0)] + [T7(0)])

Pairing (6.3.6) with U, we get,

(6.3.18)
PAD + puop’ + p POV — ipmuop — ipm/pou + Al + vouu! — iny 4 [Poup — inruouii—

0

0 ~ - - 9 _ - -
m Ly + imu + Doy + 7 ks o + Avo + 4/ pOvp’ + vovv'+
Poy/Cuy Po Po Po
/m0n0 Q1+ B 3 o
ﬂUT’ — 1N UGVT — uvv” + imﬂ——i_nvu’ + nfﬁm’) + \TT+
Poy/Cug Po Po Po

/00 - /00 _ _ _
NPT gy 7T — i Y2 PT P — i TT — 21T 27T = 0
Por/ Cuo Por/Cug P0oCvy P0oCvy

Rewriting (6.3.18) we get,
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(6.3.19)

App + vopp + \/PYpv" — inruopp — iy /POt + Auti + voun! — iy /pSup — inuouii—

\/ - 2 - - -
i uT — Muu”—km por w’ +n? u+nuﬂ+)\v®+ 1/p2vp’—|—vovv’—l—
pO\/Cvo Po Po Po
/00 -
MUT’ — 1N UGVT — 'M——H?vv” + M s B Wty o Ly + AT+
P0+/Cvo Po Po Po
[0 ~ /0 ~ ~
VPPr o T — i VPP o T — T 4 2T =0
Po+/Cug P~/ Cug P0oCyqg P0oCyqg
That is,
(6.3.20)

A p? + vopp + \/ POV’ — imuo|p|? — i1 4 [phpu + Aul? 4 vound — iny 4 [ pSup—

0,,0 _ _ _ 2 + _ _
imuolul? — im LT — Py 4 iy B 77%%“42 + Al 4y [pSup+
0

P04/ Cug Po £o
N . 2 : +
ot + YLy imuo|v)? — I im B + 772 K |v|2 + T2+
P04/ Cug £o
/00 ) 0,0
NPT g 4w T — iy YLy — iy | T2 -~ 42— T2 =
pO\/ CUO pO () pOC’UO pOC'UO
That is,
Mpl? + [ul® + [o? + |T1?) + vo(pp’ + w + v’ + TT") + /5 (pv" + vp') =
/p0p%
inuo (oI + [ul® + [0]* + |T1?) — iy /(i + up) — i ~——L (uT + Ta)—
pO\/ Cuy
(6.3.21)

H o — 2t Do — TT" + z'm'u + 77(uﬁ’ + o) + anu Rl

Po £o P0oCuy Po Po

Vpop% & ) 2 M 2 2 K 2
—UT,—I—TU/—f— — U +7’]—T =0
0 ;—CUU( ) UN 0| | 1 Ocv0| |

Taking the real part of (6.3.21), we get,

|ul*+
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2u+n 7 K
Y(pl* + [u* + o] + |T*) + nf=—— o Jul* + nfglvf + ?ffp—!T|2+

0Cvg

(uv’ + vu'))+

L o N
(6.3.22)  voR(pp’ + ut/ +vv' +TT') + 4/ POR(pv" +vp') + %(zmﬂp 7
0

0,0 B _ _ 2 - a
VD pTE)‘{(UT’ +TV) — ﬂm(uuu) 2t 7]9({@1)//) _ R(TT") =0
00 /_Cvo L0 Lo P0Cuy

Taking integral of (6.3.22) w.r.t. z from 0 to oo, we get,

(6.3.23)

2u+n

Y(lolze + lullzz + ollz: + I1T172) + ni ITIIZ+

2 2 Hoy2 2 R
U +ni—|v +n
Jul il + i

0Cwvg

0 _ B 3 0 _ - + 0 _
voi)‘i/ (pp +uu +ov" +TT") + 4 /pgi)‘i/ (pv" +vp') + ‘ﬁ(mlup 7 / (uwv' +vu'))+
0 0

0 0
VP C2ptng [T S
TS)%/ (vT" + Tv') 9%/ 9%/ (vv)—
Po 0

PO\/ Cuy
", / (TT") =0
P0Cug 0

That is,
(6.3.24)
fmw;+mmﬁww;+MMa+ﬁ”+ﬁum+ﬁ%mﬁﬁ
np%Hﬂm+wwp+wwy+Mwm—immmﬁ+mwﬁ+wwﬁ+me%
09 (p(0)070)) — R(im, "oy — Vi
/AR (p(0)2(0)) Wi = Hu(0)p(0) - L @Hﬁﬁum<»+
LR (000 0)) + LR OT0)) = 0

That is,



(6.3.25)

20+
VU122 + 22T

w K 1
lelize +ni—lollze +mi——I|ITlz= + [|Us]lz= — 500l UO)]° =
Po Poc

0Cwvg

0 — gt V1'pr pT Ty, M ;
\/sz%(p(o)v( ) — R(im o u(0)v(0)) — PoJew (v(O)T<0))+%9%(u(0>u< )+

K

21 Nog (4(0)7(0)) +

- S RITOT0) =0

Thus, 3 a constant C' > 0, such that

YUNZe + 0017 + (U517 + [U(0)]*

BN vy o VPP g v TroT)
\f R(p(0)0(0)) + R(im _u(0)e(0) + =L \/C_voﬂ%( (0)T(0))
(6.3.26) pﬁ%(u(O)m) _ 2”:’79%@(0)1;« ) - p’z R(T(0)T'(0)))

< C(lp(0)[v(0)] + [u(0)[[o(0)] + [(O)IT(0)] + [u(0) [’ (0)] + [v(0)[|v"(0) |+
T(O)IIT(0)1)

Thus we have,

WNUNZ2 + nE|Ual72 + [U21172 + [U0)]* < C(|p(0)[[0(0)] + [u(0)][v(0)]
(6.3.27) +[v(0)[[7°(0)]

+u(O)[[w' (0)] + [(O)[[v"(0)] + [T ()T (0)])

Thus we get,
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MUz + nZl| U272 + [ Usl|72 + 1U0)* < C(Ju(0)* + [0(0)[* + |T7(0)[*)+
(6.3.28)
([ (0)* + [v'(0)[*)

for o > 0 sufficiently small.

So we have,

1p(0)[* + [u(0)[* + [0(0)|* + |T(0)]* < C([u(0)]* + [v(0)]* + |T"(0)[?)
(6.3.29)
+5([u'(0)]* + [v'(0)[?)

Also by (4.25) from [8], we know

(6.3.30) [p(O)]* + [ (O)* + [ (O)* + |T"(0)]* < C(|lu(0)]* + [v(0)[* + |T(0)[*)

From (6.3.30), we get

(6.3.31) [/ (0)* + [ (0)* < C(Ju(0)[* + [v(0)* + [T(0)[)

Combining (6.3.29) and (6.3.31) we have,

(6.3.32) [p(0)[* + |T(0)]* < C(Ju(0)[* + [v(0)[* + T"(0)]*)

Adding (6.3.29) and (6.3.31),
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(6.3.33)
10(0)[* + [u(0)]* + [0(0)]* + [T(0)]* + [/ (0) * + [v'(0) | < C(|u(0)* + [v(0)[* + |T"(0)[*)

+6(|u'(0)]* + [0/ (0)[?)

Combining (6.3.31) and (6.3.33),

(6.3.34)
1(0)]* + [w(0)|* + [0(0)]* + [T(0)* + [/ (0)* + [v'(0)|* < C(Ju(0)[* + [v(0)[* + T"(0)[)

+0([u(0)]* + [0(0)* + |T(0)*)

Thus,

1(0) [ + [u(0)]* + [0(0)]* + [T(0)[* + [ (0)[* + [v'(0)[* < C(Ju(0)[* + |v(0)[*+
(6.3.35)
T'(0)[)

Thus,

1p(0)* + [w(0)|* + [0(0)]* + [T(0)* + [/ (0)* + [v'(0)]* < C([u(0)[* + [0(0)]*+
(6.3.36)
T'(0))

Thus,

(6.3.37) [p(O)]* + [ (O + [V (O)* + |T(0)[* < C(Ju(O)* + [v(0)[* + T7(0)[*)

This establishes the Evans condition for all frequencies.

Thus we have also proved the following corollary:
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COROLLARY 6.3.7. For our system of Navier Stokes equations with the given bound-
ary conditions, under hypotheses (H1) - (H6), but with (H4’) replacing (H4), we have
the following:

Given a smooth global assignment of states p(t,x), there exists a C manifold satisfying
Assumption 12 with p(t,z) € C(t,x) C W for all (t,z), and associated small amplitude
profiles W (z,t,x,q) satisfying the uniform Evans condition on [T, T]| x 9. The man-
ifold C defines a residual hyperbolic boundary condition.

Given initial data v° satisfying appropriate corner compatibility conditions for the hyper-
bolic problem, there erists an inviscid solution U°, an approzimate solution uS, and as
exact boundary layer solution u® satisfying all the conclusions of Theorem 19 for constants

So, k and M as described there.

6.4. Subsonic, inflow

Just like in the previous case, we will check for Uniform Evans condition for all
frequencies for constant profiles.
Consider G5 as before. We need to determine if in this case, (i) and (ii) of Proposition

23 hold in order to establish transversality.

' A1
Y2G3

When we showed that is injective on E~(G3), we didn’t use subsonicity or
K

outflow in the proof. Thus in this case too, we can conclude that (i) of Proposition 23

holds.

pprT
p2cy + Pp

We know that the eigenvalues of Ay, counted with multiplicities are: v, v, v+

andv—dé’%’; + -
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Now inflow implies that v > 0 and subsonic implies that |v| < \/%. This means
that Ny = 3. Also N} = 1.

S N?2=N,—N; =N +N! - N, =3+1-3=1. Thus &imE_(G,) = 1.
By the third equation of (4.54) of [7] we know that whichever o works should have its
last coordinate = 0. Since v is positive in this case and E~(G3) is one dimensional and

invariant under Gy, we have that E_(G2) should be generated by a vector (0,y, ).
Cramv 6.4.1. (0,1,0) ¢ E_(Go).

Proof. If not, then since dimE_(Gy) = 1 and E_(G3) is invariant under G, we would
get the second column of Gy to be a multiple of (0,1,0) which is a contradiction since

the (3,2)th entry of G is £ which is known to be non-zero. This proves the claim. [

Thus z # 0. This proves that K5 is of full rank on E_(G3). Thus (ii) of Proposition 23
holds and we have that constant profiles are transversal in this case as well.
Also, we get that the only 75 that works in (4.54) in [7] is (0,0, 0).

Now Ni =1 = N, =4 and the boundary conditions are

p(0) =g
u(0) = g2
v(0) = gs
(6.4.1) 7'(0) = 0
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Thus by the definition of v; and vy in this case, we get that ¢g; = 0 and the first two
coordinates of ¢ are both 0. But since there is no restriction on the last coordinate of
(2, we get that C,,,, = Spang{(0,0,0,1)}.
To verify maximal dissipativity of residual boundary conditions for constant profiles, we
need to check for the negative definiteness of SA, on C,,,p.
For (0,0,0,7) € Gy, (545(0,0,0,T),(0,0,0,T)) = “L=T? —
C((0,0,0,7,(0,0,0,7)) where C = %Tz which is positive due to our assumption that
v > 0. Thus we see that in this case, the residual boundary condition is not maximally
dissipative.
Since maximal dissipativity is stronger than the Uniform Lopatinski condition, we still
don’t know if the Uniform Lopatinski condition fails.
Thus we need to find a C' > 0 independent of p such that for all { with v > 0,

| det(E_(H (p, (), ker ves(p))| = C.
We attempt to check whether Uniform Lopatinski condition fails at { = (), 0). Fix such
a (, then the Lopatinski determinant for this ( is
| det(E_(=AA;") ker Tyey (p))].
Since v > 0, E_(=AA;') = E, (AA;Y).
Since A, is invertible and v > 0, E; (A A;') = E, (4y).
By inspection, we see that (0,1,0,0), (1/p,, 1,0, —1/pr) and
(p,0,¢,p/(pc,)) form a basis of E,(Ay). We also note that (0,0,0,1) ¢ E, (Ay).
By continuity of the Lopatinski determinant,3C' > 0 and 36 > 0 such that for |n| < 4,

| det(E_(H(p, (), ker I'ves(p))| = C.

But H(p, () being linear in ¢, we see that for any a > 0,
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| det(E_(H (p, aC)), ker I',es(p))| > C for the above C and ¢ with |n| < 6.
Thus the Lopatinski condition holds for some (. But we still don’t know if it does for all

the ( required in the definition of the Lopatinski condition.

6.5. Supersonic, outflow

As we saw in the last section we already know that (i) of Proposition 23 holds in this
case as well. So in order to determine the transversality of a constant profile, we only

need to establish (ii).

In this case, outflow implies that v < 0 and supersonic implies that |v| > ﬁfg; + -
This means that N; = 0= N..

S N2=N,— N =N +N! -~ N, =34+0-0=3. Thus dimE_(G») = 3.
Now since (1,0,0) € E_(G;3) we know that K, must be of full rank on E_(G3). This
shows that constant profiles are transversal in this case.
In order to determine the uniform Evans condition for low frequencies we need to de-
termine maximum dissipativity which in turn would imply that the uniform Lopatinski
condition holds.
In this case we get that the tangent space to the C-manifold is 4 dimensional and hence
is R*. But maximal dissipativity holds just as it does for the subsonic outflow case. Thus

low frequency Evans condition holds in this case as well.

The proof for verification of Evans condition is similar to that in the subsonic case.
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6.6. Supersonic, inflow

As we saw in the last section we already know that (i) of Proposition 23 holds in this
case as well. So in order to determine the transversality of a constant profile, we only

need to establish (ii).

In this case, inflow implies that v > 0 and supersonic implies that |v| > \/m. This
means that N, =4 and that N} = 1.

S N2=N,—N, =N +N.-N, =3+1-4=0. Thus dimE_(G5) = 0. Thus
K is not of full rank on E_(G3). Thus transversality fails in this case and thus uniform

Evans condition does not hold.
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