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ABSTRACT

Merrick Brown: Saturation problem for affine Kac-Moody algebras
(Under the direction of Shrawan Kumar)

This thesis is a study of the saturated tensor cones of the affine Kac-Moody algebras Agl) and

AéZ). We show that the occurrence of certain components in the tensor product of two highest
weight integrable representations implies the occurrence of other components. For Agl) and A§2), we
are able to prove the occurrence of enough components to explicitly determine the saturated tensor

cone and saturation factors. Moreover, in these two cases, we show that the saturated tensor cone

is given by the inequalities conjectured in [2].
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INTRODUCTION

For an affine Kac-Moody algebra g with Cartan b, the integrable weight modules with a highest
weight are in bijective correspondence with the set of dominant integral weights P, C h*. As such,
for a dominant integral A € P, we write the integrable, highest weight (irreducible) representation

with highest weight A as L(\). Define the tensor product semigroup to be the set

T:={(\pv)eP}|Lv)C LA ® L(u)} .
Define the saturated tensor cone as
I':={(\p,v) € P} |3N € Zo such that (NX\, Ny, Nv) € T'}.

We say that an integer d > 0 is a saturation factor (for g) if for any (A, u,v) € T’ such that
A+ pu—v € Q, where Q is the root lattice of g , then (d\, du,dv) € T.

The genesis of this work was the question: Do saturation factors exist for affine Kac-Moody
algebras? For semisimple Lie algebras, the answer is affirmative, and for any given simple g, some
saturation factors are known. One part of this thesis is the computation of saturation factors for
the Kac-Moody algebras Agl) and Ag). The original question is still open, but these results are the
first saturation factors known for any infinite dimensional Kac-Moody algebra.

Our method for determining the saturated tensor cone of an affine Kac-Moody algebra is as
follows: For an affine Kac-Moody algebra g, the decomposition of L(A) ® L(u) with respect to the
derived subalgebra g’ gives a formally simple answer, although the multiplicity of each g’-submodule
may be infinite. Each of these "multiplicity spaces” - Homg (L(A) ® L(u), L(v)) - is an unitarizable
representation of the Virasoro algebra. Using basic properties of these Virasoro representations, one
finds that the occurrence of a g-submodule implies the occurrence of others. Hence, as we show,
determining the saturated tensor cone relies on proving the occurrence of components that we call

d-maximal components.



We then use the Kac-Weyl character formula to write the multiplicity of a component as a
complicated alternating sum of power series. Determining the set of J-maximal components requires
a delicate analysis of these sums of power series, in particular, one must determine their lowest degree

term. For the affine Kac-Moody algebra Agl)

, this is possible because cancellation in the low degree
terms can be controlled (cf 4.1.11). For A§2), cancellation in low degree terms can be controlled only
when the highest weights of the representations are large enough sums of the fundamental weights.
In either case, enough §-maximal components can be ascertained to fully compute the saturated
tensor cone and saturation factors. In higher rank, Agl) for instance, cancellation is unavoidable,
thus some other method for determining é-maximal components must be brought to bear.

Finally, in the cases above, we give a geometric interpretation of the results. Let G Kac-Moody
group (cf. [7, ch.6]) associated to g. Let B be the standard positive Borel subgroup of G. Write
X :=G/B. For g = Agl), Ag) we show that I' C Pi is cut out by an infinite collection of linear
inequalities, and that these inequalities are indexed by certain products in the singular cohomology

ring H*(X). Moreover, we show that there is a subset of inequalities that suffice to determine I'.

This smaller set is analogous to those in the finite case, as described in [1].



CHAPTER 1: AFFINE KAC-MOODY ALGEBRAS

This chapter outlines the definition, structure, and representations of affine Kac-Moody algebras.
All algebras are assumed to be over C, unless otherwise noted.

1.1 Definition, root space decomposition, and Weyl group

Fix E a simple Lie algebra. Consider the invariant bilinear form (-, ->S on S normalized so that
(0, 9>3 = 2, for 6 the highest root of El Define the untwisted affine Kac-Moody algebra associated to
El as
g:= (Clt.t7")2 8) ® Cdo Ce

with the Lie bracket

[tm ®x + pud + ze, t" ®a:’+,u'd+z'c] =
(1.1)

g 2] 4+ 't @ 2 — mt" @ @+ MO/ (T x/>ac.

We call a Kac-Moody algebra affine if its generalized Cartan matrix is positive semi-definite and
has corank 1. Fix [)CS a Cartan subalgebra of El Define h :=h &Cd @ Ce. Write h* =h* $C  CAy,

here § is defined by d(d) = 1, d|. =0 and Ag by A =1, Aglo =0. If {oy Y
where § is defined by 6(d) = 1, 8. = 0 and Ag by A(e) = 1, Aol fai} ({ay})

C
o

is the set of simple roots (coroots) of @, then {§ — 6,a1,...,ap} are the simple roots of g and

{c=0Y,aY,...,a)} are the simple coroots. Write ag := ¢ — 6 and oy :=c — 6".

o o
Write A to mean the set of roots of §. We have that g decomposes as a h-module with respect

to the adjoint action as:

g=ho P <tm®8>@ P (o).

mezZ\0 mEZ,,BE&

Hence, A, the set of roots of g, is

A={0}U{md|meZyU{mé+B|meZbeAl.



Thus, we have the triangular decomposition of g,

g=n &bhon, (1.2)
where
n:= (tC[t]@ S) @ @ Sﬁ
Ben+
N o= (fl(l[t’l]@ 5) e @ os.
Ben+
We write b to mean h dn and b~ := h d n~. Set the root lattice Q := Zf:o Za} and Q4 :=

Zf:o Zsoc;. Fix a partial order < on h* by p < Aif A — p € Q4.

Definition 1.1.1 The Weyl group of g, W C GL(b*), is the group generated by {s;}¢_,, where

si(x) = x — x(&})au. (1.3)

Forw e W, let {(w) := min{k|s;, - - s;, = w}.

Fix a symmetric bilinear form (-,-) on g by:

pRT,qRY) = f (t~'pq) (=, y>3, for z,y €9 and p,q € (C[t,t_l] , (1.4)

(Ce® Cd,C[t,t™Y® 8) = (¢, c) = (d, d) =0, (e,d) = 1; (1.5)

where [ : C[t,t7!] — C is the C-linear map which sends a Laurent polynomial to its ¢t~ coefficient.
By [7, 13.], this is indeed an invariant form on g. Note that (-, '>’S><§ = (- ->E, henceforth we will
denote both by (-, ). In addition, (-,-), which by above is clearly nondegenerate on h, may be carried
to a W invariant form on h* via the isomorphism v : h — b*, v(h) : B’ — (', h).

Let I/IO/ and Q" be the Weyl group and coroot lattice, respectively, of E{ Recall [7, 13.1.7], that

° o o
W is isomorphic to W x QY. Moreover, for 8 €QV, denote its image in W by T, then

Ty x0m x4 x(8) — (X() + 5(8.8)x(0)) 6 € GL). (16)



Fix a real subspace hr C b such that the following hold:
1. br ®r C b,

2. {ogf,... o/} C b, and

3. aj(hr) CRfori=0,... 4

Define the dominant chamber Dg C by := Homg (hyr, R) by

Dg :={\ € by | M) > 0 for all i}.

The Tits cone C, is defined as the union the W translates of Dg. By [7, 13.1.E.8.a],

C=RsU{X€bh*|A(c) >0} (1.7)

1.2 Integrable highest weight representations

In this section, assume that g is affine. For a vector space V' and a linear operator ¢ € End(V),
we say that ¢ acts nilpotently on v if In € Z~¢ such that ¢"(v) = 0 and that ¢ is locally nilpotent
if ¢ acts nilpotently on each v € V. We say that a g-module V is a weight module if V decomposes
into the sum of finite dimensional h weight spaces, that is, V = @ e V), as an h-module, where
Vi={veV|h-v=XAh)vforall h€bh}and dimV, < co. V is a highest weight module of highest
weight X if it is a weight module where there exists v € V' such that nv =0, V = U(n™)v, and
h-v = Ah)v. A weight module V is called integrable if each e; and f; act as locally nilpotent
operators on V.

For a weight module define the formal character of V., ch V := 3" dim V,e#. We think of ch V'

neb*
as an element of a certain unital, commutative, associative algebra over Z such that e#!-e#2 = eHf1TH2
and €¥ = 1.

Define the set of dominant integral weights to be Py :={\ € b* | N(o)) € Z4 for i = 0,...,(}.
For each A € P4, there exists a unique integrable, highest weight representation. Moreover, such a

representation is irreducible. We denote this representation by L(\).

We recall the Weyl-Kac character formula [7, 2.2.1], which we will need.



Theorem 1.2.1 (Weyl-Kac character formula) Let p € b* satisfy the property that p(a)) =1

fori=0,...,0. Forw e W and p € b* write w p:=w - (u+ p) — p. Let A € Py,

chL(\) = (Z (—1)“10)@1”“) I - e dimee (1.8)

weW aedt

Since L(0) is the trivial 1-dimensional g-module, we have the following identity:
Corollary 1.2.2
e 3 (L1 @ere = T] (1 e eytimee 19)
wew acdt

By (1.3), 6 is W fixed, hence ch L(A + nd) = ™ ch L(\).

Proposition 1.2.3 (Weights of integrable, highest weight representations) For A € P,
define P()), the set of weights of L()\), by

P(A) = {1 € b | L(A), # O}.

Then by [3, Proposition 12.5],
@« PO)=W - {ue Py [n< A},
b P(\) = (A+ Q) N convex hull of W - X, and

¢ P(\) lies in the paraboloid

{n € br [ (mr(p), mr (1)) + A(e) (1 Ao) < (A A); Ale) = ple)}

where TR : b —b*R is dual to the embedding hg— hr. Moreover, P(X) intersects the boundary

of the paraboloid precisely at the points W - .

Define P°()\) as the set of -maximal weights of L(A), i.e.,
P°(A) ={pneb”|pe P(X) but p+nd ¢ P(A) for any n > 0}. (1.10)

Let 6 = Zle h;a; be the highest root of E; (with respect to a choice of the positive roots),



written as a linear combination of the simple roots {aq,...,ap} of E; Let

V4
S = {Z nic |m; >0 for anyi and0 < n; < h; for some 0 < i < ¢},
i=0

where hg := 1.

Proposition 1.2.4 Let g be an untwisted affine Kac-Moody Lie algebra as above. Then, for any
A € Py with X(c) >0,
PPN+ = S(\) N P,

where P°(A\)4 == P°(A\)N Py and S(A\) ={\—p: 5 €S}

Proof Take p € S(\). Then, for any n > 1,

A—(p+nd) = <anaz>—n5— ng—nozo—l—z i — nh;)a,

since ag := § — . Now, the coefficient of some «; in the above sum is negative, for any positive
n, since p € S(A). Thus, u + nd could not be a weight of L()\) for any positive n. Therefore, if
w € P(A)NS(A), then it is é-maximal.

By 1.2.3.a, if A(c) # 0, then S(\) N Py C P(A). Therefore, S(A) N Py C P°(\)+.

Conversely, take u € P°(A);. Then, p € P(A)N Py and p+ § ¢ P()\). Express p =

A — noog — Zle njoy, for some n; € Z. Then,

14

ptd=X=(ng—1)ag— Y _ (ni — hi)os.
=1

Again applying 1.2.3.a, u+d ¢ P()) if and only if p+ 6 £ A, i.e., for some 0 < ¢ < ¢, n; < h;. Thus,

€ S(A). This proves the proposition.



CHAPTER 2: THE VIRASORO ALGEBRA

We recall the definition of the Virasoro algebra and its basic representation theory. We prove
some basic facts about the weight spaces of unitarizable representations which will be used crucially

later on.

2.1 The Virasoro algebra and its unitarizable highest weight representations

The Virasoro algebra Vir has a basis {C, L,, |n € Z} over C and the Lie bracket is given by

[Lin, Lp) = (m —n) Lyt + 1—12(7723 — m)0m,—nC and [Vir, C] = 0.

Let Virg := CLg & CC. Then, a Vir module V is said to be a highest weight representation if
there exists a Virg-eigenvector v, € V' such that L,v, = 0 for n € Z~q and U(,,.o CLn)vo = V.
Such a V is said to have highest weight A € Virg if Xv, = A(X)v,, for all X € Virg. (It is easy to
see that such a v, is unique up to a scalar multiple and hence A is unique.) The irreducible highest
weight representations of Vir are in 1-1 correspondence with elements of Viry given by their highest
weight. Denote the basis of Virj dual to the basis {Lg,C'} of Virg as {h,z}. For any u € Virg,

denote the p-th weight space of V' by V), i.e.,
Vi={veV:X v=pX)v VX e Virg}.

Define a Vir module V' to be unitarizable if there exists a positive definite Hermitian form (-, -)
on V so that (Ly,v, w) = (v, L_pw) for all n € Z and (Cv, w) = (v, Cw). It is easy to see that if
M is a Vir-submodule of V, then M+ is also a submodule. Hence, any unitarizable representation

of Vir is completely reducible. Note that for a unitarizable highest weight Vir-representation V'



with highest weight A, if v, is a highest weight vector, then

0< (LfnU07 Lfn'Uo)
= (LnL—nUOu Uo)

= (2n\(Lo) + %(n3 —n)AC)) (v, vo) (2.1)

for all n > 0. Therefore, both A(Lg) and A(C') must be nonnegative real numbers.

Lemma 2.1.1 Let V' be a unitarizable, highest weight (irreducible) representation of Vir with
highest weight .

(a) If A(Lg) # 0, then Viynn # 0, for any n € Z.

(b) If A\(Lop) = 0 and A(C) # 0, then Vyynn # 0, for any n € Zsq and Vyyp, = 0.

(c) If N(Lop) = M(C) =0, then V is one dimensional.

Proof If A\(Lg) # 0, then by the equation (2.1) (since both of A(Ly) and A(C) € Ry), L_pv, # 0,
for any n € Z4.

If AM(Lg) =0 and A(C) # 0, then again by the equation (2.1), L_,v, # 0, for any n € Z~1. Also,
L_qv,=0.

If A\(Lo) = A(C) = 0, then (by the equation (2.1) again), L_,v, = 0, for any n € Z>;. This

shows that V is one dimensional.



CHAPTER 3: TENSOR PRODUCT DECOMPOSITION

3.1 A general method for tensor product decomposition for affine Kac-Moody

algebras

Let A € P, and consider L(A). For any A\ € P°(A) (cf. 1.10), define the -character of L(A)
through A\ by

CAN = Z dim L(A)x4ns e,
nez

Since ¢ is W-invariant,

CAN = CAw), for anyw € W. (3.1)

Moreover, P°(A) is W-stable. It is obvious that

chL(A)= > cane (3.2)

AEPO(A)

By (1.7), for any A € P(A’) and A” € P, A” + X\ + p belongs to the Tits cone. Hence, there exists
v € W such that v=}(A” + X\ + p) € P.. Moreover, if A” + )\ + p has nontrivial W-isotropy, then
its isotropy group must contain a reflection (cf. 7, 1.4.2.a]). Thus, for such a A € P(A'), i.e., if

A" 4+ X\ + p has nontrivial W-isotropy,

D e(w)er ™M) = g, (3.3)
weW
Define

For any m € Z,, let
P™ = {A € Py : A(c) = m},

10



and let

P .= P, npP™.

Then, Pim) provides a set of representatives in Pim) mod (P N Co).
For any A, A, A" € P, define

T;\\/’A” = {)\ e PO(A/) : 31)/;7/\//7)\ € W and SA,A”,A € Z with

A4+ AN+ p=uvpar A(A+p) + Saa7 0}

Observe that since A + p+nd € Py for any n € Z, such a vy o7\ and Sp p» » are unique by [7,

1.4.2.a-b] (if they exist). Also, observe that
Tf\\/’AN =), unless A(c) = A'(c¢) + A"(c) and A"+ A" — A € Q. (3.4)
Proposition 3.1.1 For any A’ and A" € Py,

Ch (L(A/) ®L(A”)) = Z Ch L(A) Z 8(1}/\71\//7)\)CA/V)\eSA,A”,A‘S7

Aep™ j—

where m := A (c) + A (c).

Spar A0

Moreover, Z)\ETA”AH (VA A7 A)CA NE 1s the shifted character of a unitary representation
A

m

(though, in general, not irreducible) of the Virasoro algebra Vir with central charge ZE”/ + z;n” -z,

[}
where 2™ := mdimg

f e ,m’ = N(c),m” :=AN'(c) and g := p(c). In fact, the multiplicity space

M(A; A, A"y := Homy (L(A') @ L(A"), L(A))

is a coset-module representation of the Virasoro algebra (cf. [4, Proposition 10.3]), where g’ is the

derived subalgebra of g

11



Proof By (1.8) and the identity (3.2), for any A, A" € Py,

( > 5(w)e“’p) ~ch L(A') - ch L(A")

weW

= Z CA/,,\e)‘ : (Z E(w)ew(A”J“p))

AePe(A) weWw
"
= > enn Y e(w)e ™)y (3.1)
AEP°(A) weW
= Z Z CA’ A Z E(w)ew(vAvA”,A(A+p))+SA,A”,)\5’ by (33)
AeP{™ xery ! wew
= 3 Y e Y c)elvana)er et
AeP™ xerh A wew
- Z Z E(w)ew(A+p) Z E(vA,A//7)\)CAI,)\CSA,A”)\(S.
Aep{m weW rert A

Thus,
Ch (L(A/) X L(A//)) = Z Ch L(A) Z €(UA’A//7)\)CA/’>\QSA,A”,)\5'

Aepi™ Aerd A

To prove the second part of the proposition, we apply [4, Proposition 10.3]:

3 e dim Homg(L(A') @ L(A”), L(A — nd)) = ¢"2 " 037 ¢ dim M(A; A, A")gy,
nez geC

where
war (N 4200 (A +20,0")  (A+2p,A)

AT 2(m! 4 g) 2(m” + g) 2(m+g)

This proves the proposition.

If we combine this theorem with Lemma 2.1.1 we get the following useful fact:

(3.5)

Corollary 3.1.2 Suppose L(v) is a submodule of L(X\) ® L(p), then for any n € Z~1, L(v — né) is

also a submodule of L(\) ® L(u).

Remark By [5], Homy (L(A") @ L(A"), L(A)) # 0 if and only if A € (A + A” + Q + C8) N Py,

o o
where @ is the root lattice of g.

12



CHAPTER 4: SATURATED TENSOR CONE FOR A"

4.1 Computation of /-maximal components for Agl)

In this section, we consider g = Agl) = (®nEZ Ct" ®@sly) @ Cc @ Cd. In this case h* =

Ca ® Cd ® CAg, where « is the simple root of sl and Ag =0 and Ag(c) = 1. Then, Ag is a

heCd
zeroth fundamental weight. The simple roots of sls are ag := § — a and «ay := a. The simple coroots

are of := ¢ —a’ and af = a”. It is easy to see that an element of h* of the form mAy + %a
belongs to Py if and only if m,j € Z; and m > j.

Specializing Proposition 1.2.4 to the case of g = A](Ll) , we get the following.

Corollary 4.1.1 For g = Agl) and A = mAy + %oz € Py,

k,l € Zy and
P°(AN)y=<¢A—ka, A—1(0 — ) . (4.1)
k<g i<y

Proof The corollary follows from Proposition 1.2.4 since miAg + “2a + m3é belongs to Py if and

only if my,ms € Z+ and m; > mo.
Let m be the projection h* = CAg @ Ca @ Csd — CAg @ Ca.
Lemma 4.1.2 For A = mAy + %a € Py (i.e., myj € Zy and m > j) such that m > 0,

7(P°(A) = {A + ka : k € Z}. (4.2)

Moreover, for any k € Z, let ny be the unique integer such that A+ ka+nid € P°(A). Then, writing
k=qgm+1r,0<r <m, we have:

ng =y — gk +7+ ). (4.3)

Proof The assertion (4.2) follows from the identity (4.1) together with the action of the affine Weyl

13



group W ~ W x (Za") on b*, where W is the Weyl group of sly and Za" acts on h* via:
Tpov (1) = p+ np(c)o — [nu(a") + n?u(c)]s, forn € Z,u € b*. (4.4)

Since P°(A) is W-stable, the identity (4.3) can be established from the action of the affine Weyl

group element 7" v on A + ka + ny6.

The value of n, for 0 < r < m can be determined from the identity (4.1) by applying T,v, T,y - $1
to A — ka and applying 1,T,v - s1 to A — I(§ — «), where s7 is the nontrivial element of W. We

record the result in the following lemma.

Lemma 4.1.3 With the notation as in the above lemma, the value of n,. for any integer 0 <r < m
s given by

-, for0<r<m-—j
m—j—2r form—j<r<m.
Lemma 4.1.4 Toke the following elements in Py :

j j/ j//
A =mAy+ Qa, AN =m/Ayg + 504, A" =m"Ag + 5047

where m := m/ +m” and we assume that m’ > 0. Then,

where M := m + 2. In particular, by the equation (3.4), T//\\/’A/I is nonempty if and only if
= e Z.

Moreover, for A = AN + ka +nid € T//\\/’A”,

ka%(jfjlfj/’)ava ka = %(.7 - j/ _j”) mod M
VAN N = M

9T iyeyemn o FE=E =50+ +5") =1 mod M,
M

14



where Thov is defined by the equation (4.4). Further,

k’—l Y k—i—l i 1
SA,A",Aan+( 20— ]))(]\4 3 U7 +357) )

Proof Follows from the fact that W =} xZa" and that p =2\ + a.

We have the following very crucial result.

Proposition 4.1.5 Fiz A, A’ and A" as in Lemma 4.1./ and asume that # € Z and both of

m',m"” > 0. Then, the mazimum of
A/ A//
{SAJ\//,)\ D AE TA ’ and E(’UA’A//’)\) = 1}

is achieved precisely when w(A) = A+ 3 (j — 7' — j") cv.

Proof By Lemma 4.1.4 and the fact that ell(T,ov) = 2|n|,

A e TN |e(upnnn) =1} = {N + k|l € Z},

where M := m + 2 and k; := # +IM. Take A\ = AN + ko e (T/I\V’A”> for [ € Z. Write

ki = qm' +r; for ¢ € Z and 0 < r; < m/. Then, by Lemmas 4.1.2, 4.1.3 and 4.1.4, for A = A’ + kj«

(setting J := #),

J+5 +IM+r)(J+IM - .
S an)( " 1AM 14 )

M M(i— 4" s SN2 2
212M<1—,)+l<1+j— (]/J))_(J ])/ j
m

m 4m

SAA N =Ny —

where

15



Let P = P, j : R — R be the following function:

_m )2 -/ , .
%—(ZWZ,Q, if ‘s—%k‘g%forsomekEQZ
P(s) = )
) M e O if ‘s — ﬂ,k‘ < ™= for some k € 27 + 1
m/ am/ 2 - 2 :

Let ks € Z be such a k. (Of course, ks depends upon m’ and j'.)
Claim 4.1.6 P(s) = p(s — %’) for s e % +Z.

Proof Clearly, both of P and p are periodic with period m’/. So, it is enough to show that
P(s) = p(s — %), for s — % equal to any of the integral points of the interval [—j',m’ — j']. By

Lemma 4.1.3 and the identity (4.3), for any integer —j" < r <0,

p(r) = —r(r+ ),

and for any integer 0 < r < m/ — 7/,

From this, the claim follows immediately.

Fix m’ > 0. Let

./ "o - 5 0 S]I < m/, 1< m",
I:= (t7]7m ) 7])€R
0<7"<m", 0<j<m/ +m”

Define F : I — R by

F:(t,j,m" ", j) — M (1 - m,> +1 [J (1 - m,) +1+ m,]”}
(") =G —-4")7

Y/
+ y +P<(g ])—i—tM).

Thus, F' is a continuous, piecewise smooth function with failure of differentiability along the set
-/ "o - 1 . -/ -1 /
{5 m".j"5) el 5(G+5 —j") +tM e m'Z}.
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Claim 4.1.7 Let A(t) = A(t,5',m",j",j) = F{t+1,5/,m", 5", 5) — F(t,j/,m",j",j). Then, on I,
1. A is a nonincreasing function of t
2. A 1s increasing with respect to 7"
3. A is nonincreasing in j
4. A(0) is decreasing in m”
5. A(—1) is nondecreasing in m”.

Proof We compute and give bounds for the partial derivatives of A, where they exist.
M _ M M
At) = 2tM (1 — m,) + ((g + M) (1 - m,> +1+ m,]”)
.. ..
+P (tM+ M + 5(] —g”)) - P <tM + 5(3 —g”)) .
Hence,
M / 1 . N
OA(t) = 2M(1—— |+ M-P tM+M+§(j—] )
m

—M - P (tM—i— %(j —j”))

M M / i
= oM (1- = ) rom (= Doy Dogg
m/ m/ 2 2

= 2M(1—k1_k0>,
2

where ki := k‘(tH)MJr%(j_ju) and ko := k:tMJr%(

i) Since 2 < k1 — kg, we see that 9;A <0,

wherever 0;A exists. Since A is continuous everywhere and differentiable on all but a discrete set,

A is nonincreasing in t.

NOE % - % [p’ <tM + M+ %(j —j”)> _P (tM + %(j —j”))] .

Now, [P/| <1,s0 4 4 1>9,A>M 1 =m+25

m’ m
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For (3):

A(t) = 1m/+;[P’<tM+M+;(jj”)>P’(tMvL;(jj"))]

(4) and (5) follow from the following calculation:

M M 1,, .

+ (t+1)P (tM + M + %(j - j”))

1
—tP’ <tM + 5(j —j”)> :

Hence,
M1, . 1.
O A(0) = 1_2W+W(]”_])+P, <M+2(]—j”)>
"
< 1—27/4‘7/4-1
"
-m" —4
= mm, <0,
and
M M 1, ., .

e (—M F ol j”))

M 1 1
— _1 27 i /A P/ o s g
t2 5+ 00 =0+ ( M+ 5~ ))
1

M L, . M . 11
= —1‘*'2@4‘@(] —J)—Qﬁ‘i‘ﬁ(]—])—ko

= —1— k.

Note that kg < —1 since _0—273'”) -M< —%/. Thus, 0, A(—1) > 0.

Claim 4.1.8 The mazimum of F = F(—,j',m",j",j) : Z — R occurs at 0.
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Proof We show that A(—1) > 0 > A(0). Since A is nonincreasing in ¢, it would follow that
F(0) > F(t) for all t € Zy.
Let us begin with A(—1). By the previous claim 4.1.7, A(—1) is as small as possible when

m” =1, 7" =0,and j =m' + 1. So, let us compute with these values:

= £+1+ (3m' + 5 — 3m'k) (24 3m' + 5 + 3m’ko)
= = / /
m m 2
mT/ - % if kg odd, k1 even
T 90 if k1 — ko even
% - mT/ if k1 odd, ko even.

Note that for m’ > 5, the possible values of (ki, ko) are (1,—1); (1,—-2); or (2, —2). So, the result,
that A(—1) > 0, is established by considering such pairs directly and by cases for smaller m’.

For A(0), we take m” =1, j” =1, and j = 0.

=33+ m) 3+m 1 1
A = _ 41 P(=+2 N —P(—=
(0) ( — +1+ — + (2+ +m') ( 2)
!
— 1_M+P 1_~_2+m/ —_ P _1
m/ 2 2
26w | (r2ew bwk)’ (b bk’
m/ m/ m/

mT _ % if ky odd, k1 even
+ 0 if k1 — ko even

y .
L — T if ky odd, ko even.

For m’ > 5, the possible values of (k1, ko) are (3,—1); (3,0); or (2,0). So, again the result, that

A(0) < 0, is established by considering such pairs directly and by cases for smaller m/.
This completes the proof of the proposition.

Remark We have shown that F(l, 5/, m”, j", j) = Sy a» x for integral values of . If [ is not an
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integer, then \; := A’ 4+ (IM + J)a may not be in W(TII\V’A”), in which case Sp a» )y, is not defined.

AI’A//

On the other hand, if \; € 7(T), "™ ), we note that the equality F'(l,j’,m",j",j) = Sa.a» , holds,

as can be seen by letting k; = IM — %(] + 7'+ 7”) — 1 in the above proof.

Now, let us apply the same analysis to the case that e(va a»)) = —1. By Lemma 4.1.4, this
corresponds to k; = —% (j+7 +7")—1+1IM. For A = A" + kjo, let us denote the function Sy ar x
by Gz(l) = Gz(l,j/,m//,j//,j). Thus, Gy 7 — 7.

Lemma 4.1.9 Define the function G = G(—, 7' ,m"”,7",7) : R - R by

+ 1
G (thjlam//?j//aj) =F (t_ ‘7];7.7‘/7mﬁaj//7j> .

Then, Gz = Gz.

Hence, Sy a7 x has a mazimum when [ =0 orl = 1.

Proof By the proof of Proposition 4.1.5 and Remark 4.1, Sy xv st (j+1)a = F (1), for A = A"+ k.
Since A = A+ (=3 (j + j/ + j”) — L +1M)a, by Proposition 4.1.5, Sy an = F(I—Zt1). This proves

the lemma.

Lemma 4.1.10 Suppose

1
A — (5 (G474 +7") + Da+nié

and
1
A'—|—§ (=7 —3")a+nad

are 6-mazimal weights of L(A"). Then the following are equivalent: nqy = ng, ny = ng =0, and
j"+2<4 = (4.5)

Proof Fix an integer n and consider the set P, = {v € P(A')|v — A = ka +nd, k € Z}. We
give a description of P, N P°(A’). Clearly, P, = {\ A —a,..., A — (\,a")a} for some A = \,
and that A\ is uniquely determined by n. Suppose that some p € P, is not §-maximal, then
none of {u,...,u — {u,aV)a} are d-maximal, since if u + ké € P(A’), then the whole string

{p+ko,...,;n+kd —(u,a"Ya} C P(A). In particular, if A — o is §-maximal, then so is A\. Hence,
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g5—aL(A)y = 0 and goL(A")y = 0. Therefore, A is the highest weight A’. Thus, P, N P°(A’) is
either empty, the set {\, s1A}, or A = A’ (in the case that n = 0).
If P, N P°(A) contains A’ — (1 (j + 4"+ j”) + 1)a+nd and A+ § (j — j' — 5”) a+ nd, the first

two possibilities are impossible. From this and 4.1.1 the lemma follows easily.

From Lemma 4.1.9 and the definition of F', it is easy to see that

G (t.g'\m", 3", 7)
1
— G (1 _ t, m/ —j/,m,/7m// —j”,m/ +m// _]) + 5(]l +j// _j), (46)

for any t € R. Hence, if the maximum of Gz occurs at 1, it is equal to
1
G (07 m/ _ j/, m//’ m// o j//7 m/ + m// o j) _|_ 5(j/ + j// o ]) (47)
We also record the following identity, which is easy to prove from the definition of F'.

F(0,5',m", 5", j)

. . . .., . .
= F (0,m' —j',m", m" —j" m" +m" —j) + S 3" =) (4.8)

As a corollary of 4.1.5 and 4.1.9, we get the following ‘Non-Cancellation Lemma’.

Corollary 4.1.11 Let A,A’, A" be as in Proposition 4.1.5 and let

! 1 ! "
uﬁ AT max {SA,A”,,\ P WS T//\\ AT and e(vaar ) = 1} ,
! 1 ! 1"
ﬂﬁ AT max {SAVA//)\ P WS TIZX\ AT and e(vaar ) = —1} .
i 1" I 1"
Assume that uﬁ AT = ,aﬁ AT Then,
A// A/ _A// A/
127N 7N

Proof We proceed in two cases:
Case I. Suppose the maximum /jﬁl’A” occurs when
TA) =N — (3G +7+75") + 1a, (cf. Lemma 4.1.9). This means that the d-maximal weights

of L(A) through A’ — (3 (j + j/ + j”) + 1)a and through A’ + 1 (j — 5/ — j) @ have the same §
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coordinate (cf. Proposition 4.1.5). By Lemma 4.1.10, we know that this occurs if and only if

LG+ +1<L

’ "

Case II. Suppose the maximum ji, " occurs when 7(A\) = A’ — (3 (j + 4/ + ") + 1 — M)a.
Then, by the identities (4.7) and (4.8), we get

G(O,m, _j/,m”, m// _ j,/,m, + m// _]) — F(O, m/ _j/, m//’m// _j”, m/ _|_ m// _ ])‘ (4'9)
So, from the case I, we get in case II, uﬁ/’AN = /jﬁ/’A” if and only if
1 1
5 (" +m" =)+ (m" = ") +1 < S(m = 7). (4.10)

So, if either of the inequalities (4.5) or (4.10) is satisfied, then none of them can be satisfied for the

triple (A, A’; A”) replaced by (A, A”, A’). This proves the corollary.

Definition 4.1.12 Let A’ € P{™) A" € P and A € PU™ ™). Then, we call L(A + nd) the
d-mazimal component of L(A") @ L(A") through A if L(A+nd) is a submodule of L(A") ® L(A"”) but

L(A 4+ md) is not a component for any m > n.

Theorem 4.1.13 Let A', A", A be as in Proposition 4.1.5 . Then, L(A + nd) is a d-mazimal
component of L(A") ® L(A”) if n = min(ny, na), where ny is such that A — A" +n15 € P°(A') and
ng 1s such that A — A’ + nyd € P°(A").

Proof This follows immediately by combining Propositions 3.1.1, 4.1.5 and Lemma 4.1.4.

4.2 Saturation factor for Agl)

Lemma 4.2.1 Fiz a positive integer N. Let A € Py and let A\ € A + Q, where Q is the root lattice
Zo & 75 of AV, Then, NA € PO(NA) if and only if X € P°(A).

Proof The validity of the lemma is clear for A € P°(A); from Corollary 4.1.1. But since P°(A) =

W - (P°(A)4), and the action of W on h* is linear, the lemma follows for any A € P°(A).

Definition 4.2.2 A positive integer d, is called a saturation factor for g if for any A, A', A" € P,
such that A — A" — A" € Q and L(NA) is a submodule of L(NA") @ L(NA"), for some N € Z~y,
then L(d,A) is a submodule of L(d,A") @ L(d,A").
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Corollary 4.2.3 Any d, € Z~1 is a saturation factor for Agl).

Proof If A’(¢) =0 or A”(¢) =0, then
L(NN) @ L(NA") ~ L(N(A' + A")),

for any N > 1. Thus, the corollary is clearly true in this case. So, let us assume that both of
A'(c) > 0 and A”(¢) > 0. Let L(NA 4 nd) be the d-maximal component of L(NA") @ L(NA")
through L(NA), for some n > 0. For any ¥ € Py, let ¥ € P, be the projection 7(¥) defined just

before Lemma 4.1.2. Applying 4.1.13 to A’, A”, A, and observing that
L(V + ké) ~ L(V) ® L(kS) (4.11)

and L(k0) is one dimensional, we get that there is a J-maximal component L(A+nd) of L(A")® L(A”)
through L(A), for some (unique) n € Z.
Again applying Theorem 4.1.13 to NA’, NA”, NA, and observing (using Corollary 4.1.1) that

P°(NW) D NP°(¥), (4.12)

we get that L(NA + Nnd) is the d-maximal component of L(NA’) ® L(NA”) through L(NA). Thus,
n = Nn. In particular,

n>0. (4.13)

Let

Z 6(U]\’A//A)CA/’)\CS]\’A””\5 = Z e M=k (4.14)
A/,A” keZ
AETY +

for some ¢ € Zy with ¢y nonzero. By Proposition 3.1.1, this is the character of a unitarizable
Virasoro representation with each irreducible component having the same nonzero central charge.
Thus, by Lemma 2.1.1, for any k& > 1, we get ¢ # 0.

By the above argument, L(d,A + d,nd) is the d-maximal component of L(d,A’) ® L(d,A")
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through L(d,A). If n =0, we get that
L(d,A) C L(d,A") ® L(d,\").

If n > 0, then d,n being > 1, by the analogue of (4.14) for d,A’,d,A” and d,A, L(d,A) C
L(d,\") ® L(d,A"). This proves the corollary.

Remark We note that L(2Ag—0¢) is not a component of L(Ag)® L(Ao) (cf. [3, Exercise 12.16]). But,
of course, L(2A¢) is a J-maximal component. By the identity (4.14), we know that L(2d,A¢ — dyd)
must be a component of L(d,Ag) ® L(d,Ap), for any d, > 1. So d, can not be taken to be 1 in

Corollary 4.2.3.

4.3 Saturated tensor cone for Agl)

Theorem 4.3.1 Let g = Agl). Let N, A" A € Py be such that ' + A" — A € Q and both of N (c)
and A"(c) are nonzero. Then, the following are equivalent:

(a) (N',A" A) €eT.

(b) The following set of inequalities is satisfied for all w € W and z; € b, such that oij(x;) = 9, ;

fori,7=0,1:

N (x;) + N (wz;) — AMwz;) >0, and

N (wz;) + A (z;) — AMwz;) > 0.
Proof By Lemma 4.1.2, there exist (unique) nq,ng € Z such that
A—A"+m6e P°(A), and A — A +nsd € PO(A").

Let n := min (n1,n2). By our description of the é-maximal components as in 4.1.13 applied
to A/, A” A and using the identity (4.11), we see that L(A + né) is a é-maximal component of
L(A) ® L(A"). Thus, by the (4.12), for any N > 1, L(NA + Nnd) is a J-maximal component of
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L(NA')® L(NA"). In particular, by 3.1.1 and 2.1.1,

L(NA) C L(NA) @ L(NA") for some N > 1 if and only if n > 0. (4.15)

By 1.2.3, if a weight v + k§ € P(A’) (for some k € Z, ), then v € P(A’). Thus,

n >0 if and only if A € (P(A") +A”) N (P(A") + /). (4.16)

We next show that

P(N) = (N + Q)N Ch, (4.17)
where C\ :={y € b* : A'(z;) — y(wz;) > 0 for all w € W and all z;}. Clearly,
PAN)Yc (AN +Q)nC.

Since A’ + Q and C' are W-stable, and A’ 4+ @ is contained in the Tits cone (by [7, 13.1.E.8.a]),
(N+Q)NCy=W- -(AN+Q)NC| NPy).

Conversely, take v € (A" + Q)N C) N Py. Then, (A" —~)(x;) > 0 and (A’ —~)(c) = 0 and hence
N —~ € & Ziaj, ie., N >~. Thus, by 1.2.3, v € P(A’). This proves (4.17). Now, combining
(4.15), (4.16) and (4.17), we get L(NA) C L(NA') ® L(NA") for some N > 1 if and only if for all

weWandi=0,1,

N (z;) + (A = A)(wz;) >0, andA”(z;) — (A — A)(z;) > 0.

This proves the equivalence of (a) and (b) in the theorem.
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CHAPTER 5: SATURATED TENSOR CONE FOR A

5.1 The algebra Ag)

Let AéQ) be the Kac-Moody algebra with generalized Cartan matrix [7, ch.1]

Fix a realization of Agz): h:=Cc® Ca¥ @ Cd and h* = Cw; & Ca @ C§ where a(a¥) =2, §(d) =1,
wo(c) =1, and all other combinations 0. We have simple roots {ag := § — 2, @1 := a} and simple
coroots {ay = c—3a",ay := a"}. Equivalently, by [3, ch.8], AgQ) is isomorphic to the subalgebra of

the untwisted affine Kac-Moody algebra associated to sl3 which is fixed by the order 2 automorphism
@+ pd+ ze — (=1 @ 7(x) + pd + zc,

where 7 € Autresl3 is the nontrivial diagram automorphism. Write the fundamental weights of
Ag) as wo and wy; = %wo + %a and therefore the dominant weights of a fixed level m are precisely
the weights with a coordinate between 0 and m (inclusive) so that the level and a coordinate
are equivalent modulo 1. This easily allows one to compute the dominant §-maximal weights. If

A = mowg + miw; is the highest weight of an integrable representation, by 1.2.3,
P°ANNPy={A—ja, \+kQa—9), \+a—3+12a—9)|jk,l € Z>o} NPy

and P°(\) = W(P°(\) N Py).
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Let T} := (s0s1)¥, then by a simple computation:

Ti(mwo + ja + nd) = (s051)"(mwo + jo + nd)
= mwo + (2km + j)a + (n — mk* — jk)§

= mwo + ja + nd + 2kma — k(km + j)0.

5.2 Computation of some )-maximal components for Ag)

We proceed in a very similar manner to the Agl) case. First we must compute

T = X e PY(A) | A+ A"+ p e W(A + p) mod C5} .
Note that p = %wl + %a. We decompose W as Ty LI s1T7. Hence, let
T = {Ne PP(N) | A+ A" + p € Tz(A + p) mod Cd},

and

TEA" — IN € PO(AN) | A+ A + p € Tys1(A + p) mod C} .

)

We have that

! 1" 1
Ty = {A € PON) | A=A+ ka+nagd, k€ =2 (mh +mf —my) + <2m+3>z}

/ " 1
T//\\lA Z{)\GPO(A’) A=A+ ka+npypd, k€ —Q(m’1+m’1’—|—m1)—1+(2m+3)Z}.

)

Claim 5.2.1 Assume \ € TIQI’AH. Write A = A + ka +nd. Then

(ANES—— ifk=—4(my +m/ —m;) mod (2m +3)
UA,A“,/\ = 2m+3 .

Tt yimt 4mttsmper St k= —3(mh +m{ +m1) — 1 mod (2m + 3)
2m+3

Now we can compute Sp a» x, for 05y v x = A" + A+ p—vp av A(A+ p), keeping the same notation

as above we get:
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(k+1(m) +mf —m1))(k+1+L(m) +m] +mi))

SSh Ay = AN+ N — n (A =
AN +A+p—vaara(A+p)=n+ 2(2m + 3)

Using the fact that P°(A") = WPg, ., let us compute the n above. Let A € PYmax . Write
A =mwi + (2m'q + r)a + g0, 0 < 7 < 2m’. Now, n, is known for 0 < r < m/. P(A') is W
invariant, so by 1.2.3.b, we can write nj in the following way:

ko
2m/

k+mj
2

( )+ P(k)

ng —

where P(k) is a periodic function with period 2m’. Moreover, we have essentially computed P(k)
when we determined the dominant - maximal weights, since the dominant weights along with their
images under s; gives a fundamental domain for the action of the translational part of the Weyl
group on the set of weights of L(A’).

First, consider the case that A € T' /‘(\:jrA”.

Let k = IM — £(m} +mf —my) = 2gm’ + 1 — %’1 where M = 2(m/ +m”) + 3, then

IM — Z(mf +m} —mq) IM = S(m{ —m} —mq)_  I(IM+1+m)

SAnA = B om’ ( 2 )+ 2
1
+P(IM — §(m'1 + m'll —my))
12 M. 1 M(my—mf),  (mi—m{)*— (m))?
— “M(1— ‘0 - -
M= )+ 50 +m o) 16m/
1
+P(IM — §(m'1 +mf —mq))

To use the method applied to the Agl) case, a suitable piecewise smooth function must be
introduced. The simplest way to do this in the case at hand is to use 2 piecewise quadratic functions.

The upper function PT is given by

s+im/—m/z)? r2 . ’
( ey ) — Tok if [s + 2m/ — m/z| < 5L for some z € 27
PT(s) = " "
(s+3m/—m'z)?  (mj—2m/)? . 1 , 2m’ —m/,
— — if [s + 5m’ —m/z| < = for some x € 2Z + 1

the lower function is given by
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(s—&-%m’—m’x)z my2

/
if [s 4+ 4m’ —m/z| < 5L — 1 for some z € 27

_ am/ T I6m/ 2
P (8): 1,/ 1.0\2 / "2 4 !
(S+§1Z;,m 9 _ (mllggf/” — 1 if s+ Im/ —mlz| < 2m 5L +1 for some x € 2Z + 1
Let
t2 M t M(my—my), (m1—m})?— (m))?
FT(t)=—M(1 - 201 _ 1)y _ 1 1
(1) =5 MO =55+ 5L+ m T 16m/
1
+ P+(tM — i(mll +m! —mq))
and
_ 12 M t M(my — m) (mq — m’l’)2 (m’1)2
F(t)= = M(1— ‘i . _
(0) =M =g 5)+ 50 +m o) 16m/
1
+ P (tM — i(mll +mY —my))
Then
AT(t)=FT(t+1)— F(t)
M M ” 1+M+m
=M1 =5 5) = g (M +m =) 4 =5

1 1
+PY(tM + M — §(m'1 +my —my)) — PT(tM — §(m'1 +mf —mq))

Hence the derivative of A1 (t), where it exists, is equal to

M 1 1
AT () =M(1 — o) T M(PY (tM + M — 5 (i +mf —my)) — PH (M — 5 (i +mi —m)))
M M + m/ko — m’k1
=M(1— 5—)+ M( )
2m/ 2m/

=M (1 + 5(ko — k1))

The final quantity must be non-positive since M > 2m’ and k; — kg > 2. The identical
computation holds for A~ (t).

Extend the values of some of the parameters: m” € [3,00), m{ € [0,2m"], and m; € [0,2m/ +
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2m”]. We shall denote the set of these parameter values as I C R3, therefore we may write

AT :RxT— Rand A%(t) = Ai‘{t}x[' Thus A* are continuous and piecewise smooth on R x 1.

Claim 5.2.2 A*(0)achieves its mazimum on I when mj =1,m; =0,m” = 3. A*(—1) achieves

it’s minimum when mY{ = 0,m” = 3, my =2m’ + 1.

Proof We compute and give bounds for derivatives, where they exist.

M 1 1 1 1
Oy AF = - §Pi/(tM + M — §(m/1 +my —my)) + §Pi,(tM - §(m’1 +m} —mq))
Now, |Pi’| < %750 4%, —l—% > O A > 4%/ _%:% > 0.
For (2):
M 1 1 1 1 1
Om, AT = a3 §P+(tM + M — §(m/1 +m} —my)) — §P+(tM - 5(m’1 +m] —mq))
1 1 m’ko—m’kl
g 7+ e —
2 2 2m/
1 ko—h
= (1 <0
S+ <

Now let us specialize to when m{ = 2m” and m; =0 and ¢t = 0.

M 14+ M
AE(0) = — (M —2m") + 5

4m/
1 1
+ PH(M — 5(m’1 +2m’)) — P+(—§(m’1 +2m"))
om' +2m” + 3

= T(2m’+3)+m’+m”+2

1 1
+ PE@2m/ +m" 43 — §m’1) - Pi(—imll —m')
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Now take the derivative of the above expression with respect to m”, we get

3
2m/
1 1
+ P 2m +m" +3 - imll) + Pj[/(—§m’1 —m")
3 N 2m’' + 3 — kym! — kom/

2m/ 2m/

:2m’ —kym/ — kgm/ 1 k1 + ko <
2m/ 2 -

0

Indeed, k1 + ko > 2 and 0 < m) < 2m/.

For AT(—1) let mj = 0,m; = 2m’ + 2m".

M ) M
4m/

1 1
+ P+(—§m'1 +m' +m")) — P+(—§m’1 —m/ —m" - 3)

AT (-1)=—M(1—-

o (2M —3)+ M —1

Taking derivative with respect to m”

3
2m/
- P+’(—%m’1 +m' +m") + P+/(—%m’1 —m/ —m” —3)
1 ki + k
=gy (TR’ = kom') = —% =0

Since k1 + kg < 0.

So let us consider the case when A*(—1) is a small as possible, that is when m} = 0, m; = 2m’ + 1,
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—

and m” =

At(-1) z% + %
+ P*(% +m' — %mi) - P*(—; -m' - %mi)
= — 14+ W(m,kl —m'kg —1—2m’) — gko
(0 k1 — kois even
+ 4™ kyeven and kgodd
\ m 4_m/ koeven and kjodd
A= (~1) z% + %

1 1 7 1
+P (5 m = ) — P (— =l — omf)

2 2 2
=—1+ W(m'kl —m'ko—1—2m') — %ko
0 k1 — kois even
+ % kieven and kgodd
), —m/ —

% koeven and kjodd

\

For A" we have k1 = 1 provided 2m’ # m/jand kg = —1 when m} < 2m’ — 7 and kg = —2

otherwise. If 2m’ = m/ then k; = 2. ForA~, k; is always 1.

® klzl,koz—l

A% (-1)

v
N |

® klzl,kQZ*Q

At (-1)

vV
v
N | —

1
2—|—Z(m'1—2m'—|—1)
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L] k1:2,/€0:—2

AT (—1) > 2

An upper bound for AT(0) is computed as follows:mf = 1,m; = 0,m” = §
M 1 + M +my
+
A (O)——4m,(M—|—m1—m'1’)+ 5
1
P = (=) — P (o — )
3
< 1"
< -y
7T m) 1 m
Prom + - - Ly —pr(—= -
+PTEm 4 5 - 25) (=5 =35
=2 (ko +k Pk (kg — 1
2 ( 0+ 1) 4 9 1 ( 1 )m
0 k1 — kois even
+ mlzmll kieven and kpodd
™ 4_m/ koeven and kjodd

<0

Indeed, kg + k1 > 0, k1 — kg > 0, and k1 > 2.
This tells us that the

Now, suppose that A € T [/X\ILAN. We have

IM = 3(my+m{ +m) =1 IM+1(m) —m{ —mi)—1_ (M —my — 1)l

Saarn = — om’ ( 2 )+ 2
1
+P(IM — §(m'1 +my +mq) —1)
So let
" IM = 3(m) +m{ +m) =1 IM+1(m) —m{ —mi)—1_  (IM—my — 1)l
= - 2m/ ( 2 )+ 2

1
+PE(IM — i(mll +my +mq) —1)
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It is easy to see that F=(I) = GF(I + ™). This means that Sy s~ is maximized when
A=A — (G(m) +m{ +m1)+1)a or when A=A — (A (m) +m] +m1) +1 - M)a

Lemma 5.2.3 Non-Cancellation Lemma: Suppose that A"+ A" + A € Q such that that my,mY # 1

and m',m"” > 2, then if cancellation occurs at the head of ZAeT""A” 6(UA,A//7)\)CA/7)\€SA7A”v’\a, then
A

cancellation does not occur at the head of Z)\GTA"’A, S(UA’A/)\)CA//’)\GSA,A’,A‘S_
A

Proof Suppose
A/ A// A/ A//
max{SA,A//7>\| AE TA B 8(1)/\7/\//7)\) = —1} = maX{SA7A//7>\| AE TA S E(UAJ\N)\) = }

. We proceed in cases:

e Suppose the maximum of {SA,A”,,\| e(vaar ) = —1} occurs when

A=A = (z (mi+m) +mf) +1)a mod Cd.

N |

This means that the §-maximal weights of L(A’) through A’ — ( (m1 +m} +m/) + 1)a and
A+ 3 (m1 — m} — m{) a have the same § coordinate. By our knowledge of the §-maximal

weights of L(A’), we know that this occurs only if

myp 1 1 m}
— Sgmopmi< g
/ /
my 1 1, mj
O S - Imf -1 < 2L
5 < T5M 5™ <
or
1 " 1 !
§(m1+m1)+1—§(m1—m1)+0,

where C' can be 0,1, or —1. The latter is impossible unless C' = 1, m; = 0, m} = 1, which is
ruled out by the hypotheses of the Lemma. Note that if the two inequalities hold, then they
do not if (m’,m}) is interchanged with (m”, mf). To see this, simply add one inequality to

the other with (m/,m}) and (m”, m!) swapped.
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e Suppose the maximum of {SA,A”,)\‘ e(vaar ) = —1} occurs when

A=A — (5 (mi+my+mf)+1—M)a mod Cd.

N |

We describe a necessary condition for cancellation as follows: the line joining the J-maximal
weights through A’ — (3(m} +m} +m1) + 1 — M)a and A’ + & (m1 — m} — m/) o must have
direction 2ac — 0. Since we know the d-maximal weights of L(A’), we can write this in terms of

the inequalities:

1
0< —5(—m1 +mf +m)) <2m’ —m)

1
O§2m'—|—2m"+2—§(m1+m'1'—|—m'1)§2m'—m’1

or, in the case that —m/{ +my =mj —2, 2m” —2 — m; — Im{ < —im/ + 1 (Note that this
case implies that m” < 1, which is explicitly ruled out by the hypotheses). There may be

cancellation if m’ — %ml + %m’l’ =m +2m" +2— %ml — %m’l’ , but this is clearly impossible,

since mf < 2m/”.

e This is the case that covers the possibility that {SA,A//7>\| e(vaar ) = —1} occurs when
A=A — (1 (m1+m) +m)+1)a mod C§ but that {Sa s x| e(va,an) = —1} occurs when

A=A~ (3 (mi+m)+m])+1— M)a mod C§. For this to happen, it is necessary that

0§§m1—§m’1'+§m'1§m'1

1 1 1
0§—§m1—§m’1’—1+§m’1§m3

and

1 1 1
0< 3™~ §m'1' — im' <2m” —mf
1 "

1 1
0§2m'+2m"+275m175m175m&§2m"7m’1'

These inequalities are incompatible, since %ml + %m’l’ +1-— %m’l < 0, adding this inequality

to the last inequality yields 2m’ + 3 —m/} < —m/, which is impossible because 2m’ —m/} > 0
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and mf > 0.

Theorem 5.2.4 Let A, A", A satisfy the hypotheses of 5.2.3 . Then, L(A + nd) is a §-mazximal
component of L(A") @ L(A") if n = min(ny,nz), where ny is such that A — A” +n16 € P°(A’) and
ng is such that A — A" 4+ n9d € P°(A”).

Proof This follows immediately by combining 5.2.3 and 3.1.1.

5.3 Saturation factor for A§2>

Lemma 5.3.1 Fiz a positive integer N > 1. Let A € Py and let A € A + Q, where Q is the root
lattice Za ® 720 of Ag). Then, NA € P°(NA) if and only if A € P°(A).

Proof The validity of the lemma is clear for A € P°(A)4 from (5.1). But since P°(A) = W-(P°(A)4),

and the action of W on h* is linear, the lemma follows for any A € P°(A).
Corollary 5.3.2 4 is a saturation factor for Ag).

Proof If A’(¢) =0 or A”(c) =0, then
L(NA)® L(NA") ~ L(N(A" + A")),

for any N > 1. Thus, the corollary is clearly true in this case. So, let us assume that both of
A(c) >0 and A”(c) > 0.

Suppose that L(NA+nd) is a d-maximal component of L(NA")Q L(NA”) and that A—A’—A" € Q.
By 5.2.3, provided that N > 4, n = min(ny, ny), where nq is such that NA — NA” +n16 € P°(NA')
and ny satisfies NA — NA' +ngd € P°(NA”). Since A— AN e A"+ Q,any A— A" +n10 e N+ Q.
Thus, by 5.3.1, A — A” +n16 € P°(A’) if and only if NA — NA” + Nn1d € P°(NA'). Clearly then
Nny = nq, and likewise Nnig = na. Applying 5.3.1 again, A — A” +n16 € P°(A’) if and only if
4N — AN" + 416 € P°(4A) and A — A"+ npd € P°(A”) if and only if 4A — 4A" + 4npd € P°(4A).

Clearly, 4A, 4A’, and 4A” satisfy the conditions of 5.2.3, so by 5.2.4if N >4and A—A' —A" € Q,
then L(4A + 4nd) is a 0-maximal component of L(4A") ® L(4A") if L(NA 4+ Nnd) is a §-maximal
component of L(NA") ® L(NA").
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Let

Z 5(U47\,4A”,/\)C4A/,)\€S47\’4A"’>‘6 = Z cpe MM AFAR=k)d (5.1)

4N/ AN kEZ 4
AeT )

for some ¢, € Zy with ¢y nonzero. By 3.5, this is the character of a unitarizable Virasoro
representation with each irreducible component having the same nonzero central charge. Thus, by
Lemma 2.1.1, for any k& > 1, we get ¢ # 0.
By the above argument, L(4A + 4n¢) is the j-maximal component of L(4A’) ® L(4A”) through
L(4A). If n = 0, we get that
L(4A) C L(4N') @ L(4A").

If n > 0, then 47 being > 1, by the analogue of (5.1) for 4A’,4A” and 4A, L(4A) C L(4A") ® L(4A").

For the case that N < 4, we use the fact that I is a semigroup. This proves the corollary.
By virtue of 5.2.4, the proof of the following is identical to that for the Agl).

Theorem 5.3.3 Let g = Agz)_ Let N, A" A € P, be such that A" + A" — A € Q and both of N (c)
and A"(c) are nonzero. Then, the following are equivalent:

(a) (M,A" A) €eT.

(b) The following set of inequalities is satisfied for allw € W and z; € by, such that aj(z;) = d; ;
fori,7=0,1:

N (x;) + N (wz;) — AMwz;) >0, and

N (wz;) + N (z;) — Alwz;) > 0.
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CHAPTER 6: A GEOMETRIC INTERPRETATION

In [2], we show that the saturated tensor cone (for an arbitrary symmetrizable Kac-Moody
algebra) is contained in a set cut out by inequalities indexed by certain products in the cohomology
ring of the corresponding full flag variety. In this chapter, we will show that in the Agl) and A§2)
cases, this set is equal to the saturated tensor cone. Moreover, we show that a much smaller set of
inequalities suffice to determine I', and we directly show that they are analogous to certain sets of

inequalities in the case that g is finite dimensional.

6.1 Necessary inequalities for I'

To state the result of [2], we must explain some notation. Let G be the Kac-Moody group
associated to g, as defined in [7, ch.6], let B C G be the standard positive Borel subgroup and
P D B a standard parabolic subgroup of G. Write X* := G/P (X := G/B, and further, if B = P,
we omit P in the notation). For w € WF, let CL := BwP/P and X} := CP ¢ XP. By [7, 11.3.2],
the singular homology of X with integer coefficients H,(X") = @, cyyr Z-[X L], where [X]] is the
homology class of X' In other words, {[X[]},,cr forms a Z-basis for H,(X?). Let {el},cnr
be the corresponding dual basis of the singular homology of X* H*(XT), with respect to the
standard pairing between homology and cohomology. We refer to {e£'}, cir as the Schubert basis

of H*(XT).

Theorem 6.1.1 [2] Suppose that g is any symmetrizable Kac-Moody algebra. Let (A, A", A) € T.

Then, using the notation above, for any uy,...,us,v € W such that ny, ,, # 0, where

ul | u2 _ § : w w
£ g = Nyt s g,
w

we have

A (urz;) + A (ugw;) — Avwi) 2 0, for any x;,

where x; € § is dual to the simple roots of g.
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Ifg= Agl), Ag), the sufficiency of the above inequalities is readily apparent from Theorems

4.3.1 and 5.3.3 along with the triviality that for all w € W, ng,, = ny . = 1.

6.2 Calculation of H*(X) and H*(XT) for Agl) and AéQ)

We begin by computing H*(X): Recall [6] to determine the structure coefficients n All

ul,u2”

rank 2 infinite type Kac-Moody algebras have isomorphic Weyl groups - they are all the infinite
dihedral group by [7, 1.3.11 and 1.3.21] - and moreover, all have the same Coxeter presentation.

Thus we will parametrize the Schubert bases for Agl) and Ag) by the same formulas. For n € Z>,

5271 = 6(5150)n 62n+1 = 850(5150)n (6.1)

Oop +— 6(5031)n O2n+1 = 681(5081)"' (6.2)

Lemma 6.2.1 Let g = Agl). The structure constants for H*(X) are as follows:

S (” * m) S (6.3)
n
G Gy = <n + m) S (6.4)
n
1 1
m n

Forg= Ag), the structure constants are

On - Om = egin (n + m) Ontm (6.6)
' n
n
1 m+n-—1 n+m-—1
On Om=26€,"1m Ontm + €nm—1 Ontm- (6.8)
, m n

where en m = 1 if either n or m is even and ey m = 2 if both n and m are odd.

Proof Let (—2b ") be the generalized Cartan matrix of a (rank 2) Kac-Moody algebra. The
corresponding algebra is infinite dimensional if and only if ab > 4 (cf [7]). The structure constants

in the rank 2 infinite type case are determined by a pair of integer sequences, c¢; and d;, given by
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the following rule:

co = do == 0, Cl1 = dl == 1, (69)
Ci+1 :adj — Cj—-1, (610)
dj+1 :ij — aj—-1- (6.11)

By [6], the cup product satisfies the following identities:

01O = dm+15m+1, 01 -Om = 5m+1 + dmam, (6.12)

01 0Om = Cm+10m+1, 01 Om = Om+1 + Cm5m+1- (613)

Consider the “generalized binomial coefficients” for the the sequences d; and ¢;, that is, for

n,mec Zzo,

dpsmdnym—1...d1 Cn+mCn+m—1--.C1
D = = . .14
(n,m) dpdp—1 ... d1dmdm—1 . ..d1 Cln,m) CnCn—1 - --C1CmCm—1 - - - C1 (6.14)

Then, by repeated application of (6.12),

On - Om = C(n,m)0ptm (6.15)
O - Om = D(n,m)0p+m (6.16)
On - 0m =D(n—1,m)onqm+C(m—1,n)0p4m. (6.17)

For the Agl) case, a = b = 2, so the sequences ¢, = d,, = n satisfy (6.9), and the result follows.
For AgQ), a = land b = 4. The sequences co, = n, Ccop+1 = 2k + 1; dop, = 4k, dog41 = 2k + 1

solve the recurrence.

Let 7% : H*(XT) — H*(X) be the injective homomorphism on cohomology induced from the
canonical projection 7p : X — X, Let P; be the maximal parabolic such that «; is not a root of the
Levi of P;. Then, by [7, 11.3.3], np, (H*(X™)) = @,,c5>0 Z6n and 7p (H* (X)) = @B, c50 Zon.
Let us compare our results for Agl) and Agz) with the following theorem, valid in the finite case.

This result, as part of a survey of the general theory in the finite dimensional case, can be found in
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[8].

Theorem 6.2.2 Let g be a simple Lie algebra and G the corresponding complex algebraic group.

Then the following are equivalent:

(a) A\, p,v) €l

(b) For each mazimal parabolic P C G, and every (ui,us,v) € (W) such that n?, . =1, the

uy,u2

following inequality holds:
Murzp) + p(ugxp) — v(vaep) > 0,

where xp is dual to the root not in the Levi of P.

v

For A(ll), we apply 6.3 to see that Nt g = 1 implies u1 = e and ug = v or u; = v and ug = e.

For Ag), applying 6.6, n,, ,, = 1 implies u1 = e and uz = v, w3 = v and uz = e, or u; = sy,
ug = s1 and v = sgs1. The first two cases give us all the inequalities in 5.3.3. The last case yields

A(s121) + p(s1w1) — v(spsix1) > 0. This inequality is, in fact, redundant:

A(s121) + pls121) — v(sos1z1) = A(@1) + p(@1) — v(z1)

= (AMay) + plaf) = v(ay) — 4v(af))

so it is enough to show that another inequality insures that () + u(ay) — v(ay) — 4v(ay) < 0.

Indeed, any other inequality will give that \(c) 4+ u(c) = v(c), by varying x;. Hence

Ma) + play) - v(a}) — (o)
=2 (e~ qat) 4t~ jaV) — vle— gal) + ) )

= =2 (Mag) + plag) —v(ag) +2v(ay)) = =2 (Mag) + plag) + v(ag)) <0,

Since (A, pu,v) € P3. Thus in these cases, (a) and (b) are equivalent, since the corresponding

inequalities are precisely what we compute for I'.
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In the finite dimensional case, Belkale-Kumar [1] show that using a deformed product ®¢ for

H*(XT) reduces the number of required inequalities.

Definition 6.2.3 (Deformed product) Let G be a connect simple algebraic group. Let P be a
standard mazximal parabolic. Define a product ©g on H*(XT) by fizing structure constants with

respect to the Schubert basis:

551 ©o 552 = Z d%,ugeia (6.18)
weW?r
where
» 0if (up'p+uy'p—wtp—p)(zp) #0
sz = (6.19)
Moy uy OtheTwise.

Belkale-Kumar [1] prove the following theorem for finite type g:

Theorem 6.2.4 Let g be a simple Lie algebra and G the corresponding complex algebraic group.

Then the following are equivalent:

(a) (M p,v) €l

(b) For each mazimal parabolic P C G, and every (u1,ug,v) € (WF)3 such that di, .., =1, the

ul,u2

following inequality holds:

Murzp) + p(ugzp) — v(vaep) > 0,

where xp is dual to the root not in the Levi of P. Moreover, as proved by Ressayre, this set of

inequalities is irredundant.

We will “formally” apply this theorem when g = Agl), Agz)' In the Agl) case, Ny, ., = 1 if and
only if dy, ,,, = 1, so we get no fewer inequalities. For Ag), the triples (w, e, w) and (e, w,w) are

S0S1

relevant for the deformed product as well. Let us compute dg0%

.- A simple computation yields

s1p + s1p — s180p — p = —ag + 3a1,

so d30%, = 0. In both cases, selecting only those (u1,uz,v) such that d;, ,, = 1 yields an irredundant

set of inequalities.

42



REFERENCES

[1] P. Belkale and S. Kumar. Eigenvalue problem and a new product in cohomology of flag varieties.
Inventiones Math., 166:185-228, 2006.

[2] M. Brown and S. Kumar. A study of saturated tensor cone for symmetrizable Kac-Moody
algebras. Math. Annalen, 2014.

[3] V. Kac. Infinite Dimensional Lie Algebras. Cambridge University Press, 3rd edition, 1990.

[4] V. Kac, A. Raina, and N. Rozhkovskaya. Bombay Lectures on Highest Weight Representations
of Infinite Dimensional Lie Algebras, volume 29 of Advanced Series in Mathematical Physics.
World Scientific, 2nd edition, 2013.

[5] V. Kac and M. Wakimoto. Modular and conformal invariance constraints in representation
theory of affine algebras. Advances in Math., 70:156-234, 1988.

[6] N. Kitchloo. On the topology of Kac-Moody groups. PhD thesis, MIT, 1998.

[7] S. Kumar. Kac-Moody Groups, their Flag Varieties and Representation Theory, volume 204.
Birkhauser, 2002.

[8] S. Kumar. Additive eigenvalue problem (a survey). Preprint, 2013.

43



