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ABSTRACT
DEBABRATA MUKHERJEE: Determinants of the hypergeometric period
matrices of an arrangement and its dual.
(Under the direction of Alexander Varchenko.)

We fix three natural numbers k,n, N, such that n +k + 1 = N, and introduce the
notion of two dual arrangements of hyperplanes. One of the arrangements is an arrange-
ment of N hyperplanes in a k-dimensional affine space, the other is an arrangement of
N hyperplanes in an n-dimensional affine space. We assign weights aq, ..., ay to the
hyperplanes of the arrangements and for each of the arrangements consider the associ-
ated period matrices. The first is a matrix of k-dimensional hypergeometric integrals
and the second is a matrix of n-dimensional hypergeometric integrals. The size of each
matrix is equal to the number of bounded domains of the corresponding arrangement.
We show that the dual arrangements have the same number of bounded domains and
the product of the determinants of the period matrices is equal to an alternating prod-
uct of certain values of Euler’s gamma function multiplied by a product of exponentials

of the weights.
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Chapter 1

Introduction

Let V be a real affine space of dimension k. Let F = { f/ : j € J} be a finite set of
degree one polynomials defined on V. For j € 7, let H? be the hyperplane in V given
by the zero-set of f/. Consider the affine hyperplane arrangement A = { H’ : j € J }.
Assume that a positive number «; is assigned to each hyperplane H-.
A bounded connected component of V \ UjesH? is called a bounded domain of A.
Let Ch(.A) be the set of bounded domains of A and  the number of bounded domains.
A logarithmic differential k-form associated to F is a k-form of the type

B dfjl dfj2 dfjk
¢ — Zajlh---jkﬁ N ij ARERRA fjk

with a;, j, .j, € R. The form is regular on V \ Ujc s H/.

If F is ordered, then, using constructions from [DT] and [V1], one obtains
e an ordered set ® = {¢*, ¢?, ..., ¢} of logarithmic differential k-forms,
e an order on Ch(A) = {Ay, Ay, ..., Ag},

e an orientation of each A € Ch(A).

Counsider the multi-valued function

v =TI

jeJ

Fix a uni-valued branch of each function (f7)® on each bounded domain of the ar-

rangement. This determines the uni-valued branch of the function U* on each bounded



domain. The g x [-matrix

PM(A,a):(/ Uagzﬁt), s, t=1,2,...,0,
A

is called the period matriz of the weighted ordered arrangement.

Example 1. Let a; < as < a3 be real numbers. Consider the set of polynomials
F={fl=z—-a; : j=1,2,3}

defined on R. Then the arrangement A = {H' H? H3} is the set of three points
ai,as, a3 in R. Let a; be the weight of H7, j = 1,2, 3.

There are two bounded domains: Ay = (a1, a2), Ay = (az,a3). The set of 1-forms is

dx dx
‘b:{¢1:@2 ,¢2:Ot3 }
T — Q2 r — as
Consider the function
U = (z—a1)"(z — ag)®*(x — az)™® .

Fix a uni-valued branch of each function (z — a;)* on each interval A;. The period

matrix is

3 . 3 )

Jol eIl (@ — a2 [P as [T (z — ay) 25
3 . 3 )

faagg Q2 Hj:l('r - aj)a] xixag fa(lgg as Hj:l(x o aj>aj xia;g

In [V1] and [DT], the determinant of the period matrix was computed in terms
of critical values ¢ ((f7)*,A) of the chosen branches of the functions (f7)* on the
bounded domains and a certain function, called the beta function of the weighted ar-
rangement, see Sections 4.3.2 and 4.3.1. The beta function is an alternating product of
values of Euler’s gamma function whose arguments are appropriate linear combinations
of the a;’s. It is proved in [V1] and [DT], that the determinant of the period matrix is

given by the formula:

det (/A U%f) = B(A, ) - c((f)%,A),
s A€ Ch(A)
JjET



where B(A, a) is the beta function of the weighted arrangement.

Example 2. The beta function of the arrangement in Example 1 is

F(Oél + 1)F(012 + ]_)F(O./g + 1)
[C(ar +ag +az +1) '

B(A, a) =
The product of the critical values is
(FOR, (a2) - (FOR, (az) - (F)R (ar) - ()R (as) - ()R (a1) - (F)R (az)

where (f7)y is the chosen branch of (f7)* on A,, and (f7)y (a;) is the value of that

branch at a;.

In this paper, we introduce the notion of dual arrangements. We fix natural numbers
k,n, N such that

Ek+n+1=N, 3< N, 1<kn<N-2,
and consider the vector space RN*! and its dual space. Let {ei,..., ey11} be the
standard basis of R¥*! and {e!, ..., e "1} the dual basis of the dual space. We denote

RN+ by X and the dual space by X'. Set J ={1,...,N,N +1} and J = {1,...,N}.

Let W C X be a vector subspace of dimension k+1. Let W' C X’ be the annihilator
of W. The subspace W’ is of dimension n + 1. We assume that for any a,b € J, a # b,
the functions e®|yw and €|y are not proportional, and the functions e,|w and ey|y are
not proportional.

The pair 7 = (X, W) with this property will be called an admissible pair in X.
Similarly, the pair 7/ = (X, W’) with this property will be called an admissible pair in
X'. The pairs 7 and 7" will be called dual.

Let V = P(W) be the projective space associated with W and ¥V C V the affine
space defined by the condition eV T |y # 0. The spaces V and V are of dimension k.
The functions e/ /eN*1 j € J, define on V a set of degree one polynomials f7 and an
arrangement of hyperplanes denoted by A[7].

Similarly, let V' = P(W’) be the projective space associated with W' and V' C V'
the affine space defined by the condition ey1|w: # 0. These are spaces of dimension
n. The functions e;/en+1, j € J, define on V' a set of degree one polynomials f; and
an arrangement of hyperplanes denoted by A[7'].

The arrangements A[7] and A[7'] will be called dual. These are arrangements of



N hyperplanes in affine spaces of dimensions k and n, respectively. We prove that the
number of bounded domains of A[7] is equal to the number of bounded domains of
A|[7'] and study other combinatorial similarities between the dual arrangements.

Fix positive numbers {o; : j € J}, then arrangements A[r] and A[7’] become
weighted arrangements. Let PM (A[7], o) and PM (A[7'], &) be their period matrices.
The period matrices depend on the choice of uni-valued branches of the corresponding
functions on the corresponding bounded domains. In this paper, we give a construction
of the choice of branches so that the determinants of the period matrices become related.

For our choice of branches we prove that

T B
Hjej ™% I(aj + 1)
F(Zjejozj+1) ’

det PM (A[r],@) - det PM (A[7],a) =

see Theorem 4.5.1. This formula relates the determinants of matrices of k-dimensional
and n-dimensional hypergeometric integrals and shows that the product of determinants
of period matrices of dual arrangements is a combinatorial quantity, not depending on
the size of the bounded domains or angles between hyperplanes. Theorem 4.5.1 is the

main result of the paper.

Example 3. For the arrangement in Example 1, the dual arrangement is also an
arrangement of three points on the real line. The points H;, Hs, H3 of the dual ar-

rangement are given by the zero-sets of the polynomials

a9 — ag 1 a3 — ap 1
flz T — ) f2: T — ’ f3:$7
a; — as as — aq a] — ag as — ap

respectively. According to Theorem 4.5.1, the product of determinants of the period

matrices of the arrangement of Example 1 and its dual is equal to

2
o2 (a1 -+az-+as) {F(al +1) (g 4+ 1) I'(as + 1)] ‘
Mg +as+as+1)

The paper has the following structure. In Section 2 we discuss combinatorics of
an arrangement of hyperplanes. In Section 3 we introduce the notion of dual arrange-
ments and compare the combinatorics of dual arrangements. Section 4 is about period
matrices. The section contains the statement of the main result of the paper, Theorem
4.5.1. In Section 5 we prove Theorem 4.5.1. In Appendix A, we introduce the notion

of weak duality and show that natural constructions with dual arrangements lead to



weakly dual arrangements. In Appendix B, we formulate a statement which helps to
determine if two given arrangements are dual.

The author thanks E. M. Rains for citing the paper by A. L. Dixon [D], published in
1905, in which certain hypergeometric integrals of different dimensions were equated;
see an elliptic version of Dixon’s identity in [R]. E. M. Rains suggested that there might
be similar identities for determinants of periods of suitable arrangements of different
dimensions.

A future direction of research would be to investigate if Dixon’s result would lead
to the understanding of other arrangements of hyperplanes in different dimensions and

related objects.



Chapter 2

Preliminaries

This chapter introduces the basic notions, definitions, and relevant results of arrange-
ments of hyperplanes and the theory of matroids.

The concept of a matroid generalizes the notion of linearly independent subsets of a
set of vectors (Section 2.2). The Tutte polynomial of a matroid is a polynomial in two
variables (see Section 2.2.2). This polynomial and its recursive properties lend easily
to the definitions of several quantities associated to a matroid, see Section 2.2.2. These
quantities defined with the aid of the coefficients of the Tutte polynomial assume great
significance when specialized to the case of matroids associated to arrangements. These

notions are the subject of discussion in the Sections 2.3—2.6.

All vector and affine spaces in this paper are over the field of real numbers. For a
vector space U, P(U) denotes the projective space of one-dimensional vector subspaces
of U.

2.1 Arrangement and edges

Let W be a vector space and ¥ = {u/ : j € J} a finite collection of nonzero vectors in
the dual space of W. For j € J, denote by E/ C W the hyperplane {z : v/(2) = 0} and
by H? = P(E?) C P(W) its projectivization. Then A = {H7 : j € J} is an arrangement
of hyperplanes in P(W).

A non-empty intersection of some of the hyperplanes of the arrangement is called
an edge. A verter is a zero-dimensional edge.

To an edge L, we associate two arrangements:

o AL ={HJ:L C H’}, the localization of A at L,



e Ap={H'NL:L¢ H’}, the induced arrangement on L.

An arrangement A = {H’ : j € J} is called central if the intersection L = Njc;H’
is not empty.

For a central arrangement, consider the projective space P;, whose points are the
(dim L + 1)-dimensional projective subspaces of P(W) containing L. Any hyperplane
in P(W), containing L, determines uniquely a hyperplane in P;. Thus, the central
arrangement determines an arrangement of hyperplanes in P, called the projectivization
of the central arrangement.

The projectivization of the central arrangement A” is called the projective localiza-
tion of L and denoted by P(AL).

Let L be an edge. Let a,b € J, a # b. We say that L is parallel to H* in the
affine space V' \ H®, if H* does not coincide with H® and L does not intersect H® in
the affine space. In that case we also say that the triple (L, H%, H?) is a parallelism in

the arrangement A.

2.2 Matroids

This section introduces definitions and constructions from matroid theory. For more
on matroid theory see [O] and [B].

Let J be a finite set and Z a collection of subsets of J. The pair M = (J,7) is
called a matroid if the following properties hold.

1. D e T.
72. f XisinZ and Y C X , then Y is also in Z.

7Z3. If X and Y are in Z and | X| > |V, then there is an element x € X \ Y such that
YU{z}isin Z.

The set J is called the ground set of the matroid and elements of Z are called the

independent sets of the matroid.

Example 2.2.1. Let ¥ = {u? : j € J} be a finite collection of vectors in a vector space.
Define the collection Z of subsets of J: a subset S C J belongs to Z if and only if the
vectors {u’ : j € S} are linearly independent. This defines the matroid of the collection

of vectors.



Ezample 2.2.2. Let W be a vector space. Let ¥ = {u’ : j € J} be a finite collection of
nonzero vectors in the dual space of W. The collection defines the arrangement A of
hyperplanes in P(W). The matroid of ¥ is called the matroid of the arrangement.

The arrangement defines vectors of ¥ up to multiplication by nonzero numbers.
This multiplication does not change the matroid of . Hence, the matroid of the

arrangement does not depend on the choice of the collection of vectors.

Let M = (J,Z) be a matroid. A maximal (with respect to inclusion) element of
7 is called a basis. The axiom (Z3) implies that all bases have the same cardinality.
More generally, for any subset X of J, the maximal independent subsets of X all have

the same cardinality. Define

e rank,; X to be the cardinality of the largest independent subset of X,
e corank,; X = rank,;J — rank;; X,
e nullity,, X = |X| — ranky X,

e rank M = rank,;J.

2.2.1 Tutte polynomial

The Tutte polynomial of a matroid M = (J,Z) is the polynomial in = and y, given by

the formula

T(M, x, y) — Z (ZIZ’ o 1)c0rankMX (y o 1)nullityMX'
XcJ

Theorem 2.2.1 (B). Let M be a matroid on the ground set J. Let T(M;z,y) =
S by

o If|J]| > 2, then b1} = 1Y}.

o If|J] > 1, then 133 =

2.2.2 Contraction and deletion

Let M = (J,Z) be a matroid. For asubset X C J, denote by X = J\ X its complement.

For a non-empty subset X C J, |X| < |J|, define the matroid M/X = (X,IM/X)
called the contraction of X. A subset I C XisinZ, wmyx if and only if for some maximal
independent subset Y of X in M, the set I UY is independent in M.



For a non-empty subset X C .J, | X| < |J|, define the matroid M — X = (X, Zy_x)
called the deletion of X. A subset I C X is in Zy_y if and only if I is independent in
M.

An element j € J is called a loop if it is not contained in any basis of M. Dually,

an element j is called an isthmus if it is contained in every basis.

Theorem 2.2.2 (B). If j is neither a loop nor an isthmus, then
T(M;z,y) =TM — {j};z,y) + T(M/{j};2,y).
If j is an isthmus, then
T(M;x,y) = 2 T(M/{j};z,y).
A non-empty subset X C J is called a flat if for every y € J \ X,
rank X U {y} > ranky X.
For a flat X, define its discrete length, width, volume as the numbers

IMX = b]l\f)[/X s WMX = b}\?[,j( 5 VOIMX = IMXWMX,

respectively. We say that a flat is spacious if it has a nonzero discrete volume.

Let X be a flat. Let a,b € J, a # b. The triple (X, a,b) is called a parallelism in M
if a,b ¢ X, ranky{a,b} = 2, and ranky, X U {a, b} = ranky X + 1.

Let (X, a,b) be a parallelism. Denote by X (a,b) = J\ (X U{a,b}) the complement
of X U{a,b} in J.

For a parallelism (X, a,b), define its discrete width, volume as the numbers

WM(X,CL,b) = b%\?—f((a,b) s VOIM(X, a, b) = IMX : WM(X,CL, b) s

respectively.

2.3 Matroid of an arrangement

Let M be the matroid of an arrangement A = {H’ : j € J} of hyperplanes in a

projective space V. The flats in M are in one-to-one correspondence with edges of A.



If L is an edge, then X = {j: L C H’} is a flat.
Let L be an edge and X the corresponding flat. Let ALY and A; be the localiza-
tion and induced arrangements, respectively. Let M[AL] and M[A;] be the matroids

associated to the arrangements A" and Aj, respectively. Then

A~

M[AY] = M - X, M[AL] = M/X .
Let P(A%) be the projective localization of L. Then the matroid of A” is also the
matroid of P(AL).

Lemma 2.3.1. If rank M = dim V' + 1, then rank M/X = dim L + 1. U

2.4 Edges and parallelisms in an arrangement

Define the discrete length, width, and volume of an edge L as the discrete length, width,

and volume, respectively, of the flat X,
AL = Difia,) » wal = by voluL = 14L -wulL,

cf. [V1]. An edge will be called spacious if it has a nonzero discrete volume.

Let L be an edge and a,b € J. The edge L is parallel to H* in V \ H®, if and only
if the triple (X, a,b) is a parallelism in the matroid M.

Define the discrete width and volume of a parallelism (L, H®, H®) in A as the discrete
width and volume of the parallelism (X, a,b) in M. That is,

wa(L, H*, H*) = wp (X, a,b), volu(L, H*, H) = 14L - wa(L, H*, H").

2.5 Bounded domains of an arrangement

Let A= {H’:j € J} be an arrangement of hyperplanes in a projective space V. The
connected components of the topological space V' \ UjesH? are called domains. For
j € J, a domain is called bounded with respect to the hyperplane H’ if the closure of

the domain does not intersect the hyperplane.

Theorem 2.5.1 (Z). Assume that rank M = dim V + 1. Then for j € J, the number
of domains of A bounded with respect to H’ is equal to bYS. In particular, the number

of bounded domains does not depend on the choice of j.

10



If rank M = dim V' + 1, then the discrete length and width of an edge L are the
numbers of bounded domains in the arrangements Ay and P(A%), respectively. See
Lemma 2.3.1, Theorem 2.5.1.

2.6 Geometric interpretation of the discrete vol-

ume of a parallelism

Assume that H* # H®. In the affine space V = V \ H’ consider the arrangement
of hyperplanes A = {H’ : j € J\ {b}}, where H/ = H’ N'V. A domain of the
arrangement A is called bounded in V if it is contained in a suitable ball in V.

Let A be a bounded domain and A its closure. Consider the subset S C A of all
maximally remote points from the hyperplane H®. This subset is the union of some
open faces of A. The unique face I' C S of highest dimension is called the H*-external
supporting face of A.

Let I' be of dimension m, then there is a unique m-dimensional edge L of the
projective arrangement A which contains I'. The edge L is called the H®-external

supporting edge of A. The triple (L, H%, H®) is a parallelism in A.

Lemma 2.6.1. Let (L, H%, H®) be a parallelism in A. Then the number of bounded
domains with H®external supporting edge L is equal to the discrete volume of the
parallelism (L, H®, H®).

The lemma is proved in Section 5.1.

11



Chapter 3

Dual admissible pairs, associated

arrangements and matroids

In this chapter we start with the notion of admissible pairs (Section 3.1) and introduce
the notion of duality between two admissible pairs. To each of these admissible pairs we
associate the following objects: an arrangement of projective hyperplanes in a projective
space of appropriate dimension, a finite set of degree one polynomials defined on an
affine space of the same dimension, and an arrangement of affine hyperplanes defined by
the zero-set of these polynomials. We also associate to each admissible pair a matroid
(Section 3.2). The corresponding objects (projective arrangement, set of polynomials,
affine arrangement, and matroid) associated to two admissible pairs that are dual are
also called dual.

The notion of dual matroids, which is basic to matroid theory is examined in Section
3.5 in the context of the definitions given in Chapter 2.

Important geometric and combinatorial consequences of duality between arrange-

ments is examined in Sections 3.6 and 3.7.

3.1 Admissible pairs

Let N be a natural number, N > 3. Let k, n be natural numbers such that k+n+1 =N
and 1 <k,n <N —2.

Consider the vector space RV*! and its dual space. Let {e1,..., enyi1} be the
standard basis of RN*! and {e!,... e¥*1} the dual basis of the dual space. Denote

RYN*! by X, denote the dual space by X'. Denote J = {1,..., N + 1}.



Let W C X be a vector subspace of dimension k+1. Let W' C X’ be the annihilator
of W. The subspace W’ is of dimension n + 1.

The set of linear functions {€’|w : j € J} spans the dual space of W. Similarly,
the set of linear functions {e;|lw : j € J } spans the dual space of W'.

Assume that for any a,b € J, a # b, the functions €|y and e’|w are not propor-
tional, and the functions e, |w: and ep|w are not proportional.

The pair 7 = (X, W) with this property will be called an admissible pair in X.
Similarly, the pair 7/ = (X', W’) with this property will be called an admissible pair in
X'. The pairs 7 and 7" will be called dual.

3.2 The arrangements and matroid of an admissible

pair, dual arrangements

Let 7 = (X, W) be an admissible pair. For j € J, denote £/ = {x € W : e/(z) =0}.
These are vector subspaces of W of codimension one.

Denote

o IV =P(W), the projective space of dimension £,

e HI =P(E’), j € J, projective hyperplanes in V,

e Alr]={H’ : j € J}, the arrangement of projective hyperplanes in V.

Denote
J = {1,...,N} = J\{N+1}.

For j € J, the rational function f7 = e/ /eN*! restricted to W is regular on W\ EV*!
and homogeneous of degree zero. Thus, f7 is a well-defined degree one polynomial on

the affine space
V\HY = P(W)\P(EN) .
Denote

o V="V\ H"*L the affine space of dimension k,

e H'={z€V : fi(x)=0}, j € J, affine hyperplanes in V,

13



o Al7] ={H’ : j € J}, the arrangement of affine hyperplanes in V.

Observe that H/ = H' NV, j € J.
The set Flr] = {7 : j € J} of degree one polynomials on V will be called the

arrangement of polynomials associated to 7.

For dual admissible pairs 7 and 7/, the corresponding pairs of objects: A[r] and
Alr'], A[r] and A[7’], F[r] and F[r'] - will be called dual.

Introduce the matroid of T, denoted M|r], as the matroid of the collection of vectors
{€|w : j € J} in the dual space of W.

Observe that the matroid of 7 is the matroid of the arrangement A[r].

3.2.1 The values of polynomials defining an arrangement at

the vertices of the arrangement at a vertex

Let P € V be a vertex of the arrangement A[7] and let X be the flat associated to P
in the matroid M|[7]. Let Y = {ji,...,Jx} C X be a maximal independent subset. Let

7 € J. Consider two vectors
v= (e N2 N Aedk ANy, V= (e NN ANeTt A )|y

of the one-dimensional vector space /\]~C+1 W*, where W* is the dual space of W. The

first vector is nonzero. Let ¢ € R be the coefficient of proportionality: v = cv.

Lemma 3.2.1. The value of the polynomial f7 at P is equal to c. O

3.3 A coordinate description of dual arrangements

Let 7 = (X, W) and 7" = (X', W) be dual admissible pairs.

Let wy, ..., Wk, Wki1, Wgaa, ..., wyy1 be any basis of X such that wy, ..., wg, w1
is a basis of W. Consider the dual basis w!, ..., w* w* w2 ... w"N*! of X'. Then
wh2 . wNt s a basis of W'.

Let w; = Yt ble; and w = STVt el for i = 1,2,..., N 4 1. Denote B = (b}),
€ = (c!). We have € = (BT)71.
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Introduce the (k+ 1) x (N + 1)-matrix B and the (n + 1) x (N + 1)-matrix C' by

bl b2 e b{ c BN pNHE
bl b2 e bé c b phHt
B =
br b? e bi; by bff“
bllc—i—l bﬁﬂ T bi+1 T b{cv—i—l b;cv—:_ll
and
k2 k2 C§+2 ek Ci;\;fl
3 b C§+3 o CI;V+3 Cijf\;fl
C =
N P e -\
N+ N+ C§V+1 N c%ﬁ

The matrices B and C are parts of the matrices B and €, respectively. Clearly,
rank B =k + 1 and rank C' =n + 1.

Let z',..., 2" : W — R be the coordinate functions with respect to the basis
Wy, .. Wi, 2(wy) =08, 4,5 =1,...,k+ 1. Observe that for any j =1,...,k+1,

we have 2/ = w/|w. Then for any j € J, we have
lw = bzt + -+ b2

Similarly, let x1,..., 2,11 : W — R be the coordinate functions with respect to the
basis w2, ..., wNt 2 (Wbt = /) 5 = 1,...,n + 1. Observe that for any

j=1,...,n+1, we have x; = wyy;41|w. Then for any j € J, we have
k42 N+1
ejlw = ¢ Ty 4+ Ty

Thus, the columns of B and C' describe the coordinates of the functions €’ |y and e;|vw:.

Denote by Blj1,J2, - - -, jer1], the determinant of the (k + 1) x (k + 1)-submatrix of
B formed by the rows 1,2,...,k + 1 and columns j; < jo < -+ < jri1. Denote by
Clly,lay ..., lys1], the determinant of the (n + 1) x (n + 1)-submatrix of C' formed by
the rows 1,2,...,n+ 1 and columns [} < ly < -+ < l,y;1.

15



The values of functions f7, j € J, at the vertices of the affine arrangement, A[7] in

Y can be computed in terms of the minors of the matrix B as follows.

Lemma 3.3.1. Let P = H7* N--- N H'* be a vertex of the arrangement A[7] lying in
V,j1 < - <Jg Let j € T\{J1, .-, Jk}- Assume that j; < -+ < Jp < J < Jny1 <
-+« < jg where m < k. Then

B[jla'"7jmaj7jm+1>"'7jk]

j — (_1\ktm
F(P)=(=1) Blji, - e N +1]

A similar statement holds for the arrangement A[7'] and matrix C.

3.4 A result on determinants

Theorem 3.4.1 (M, pp. 165-169). Let 1 <j; <--- < jrr1 < N +1 be a subset and
let 1 < Jpyo < -+ < Jny1 < N + 1 be the complementary subset. Then

Blj1,- -y k1) = (—=1)7 - det B - Cljgs2, - - -, jn+1)

where
o=142+4+-+(k+ 1) +j1+jo+ -+ Jrs1 -

3.5 Dual matroids

Let M = (J,7) be amatroid. A subset X C J belongs to Z if and only if X is contained
in at least one basis of M. In this way, a matroid is characterized by its collection of
bases.

The dual of M is the matroid M’ on the same ground set J, whose bases are the
complements in J of the bases of M. Evidently, (M) = M.

Theorem 3.5.1 (O, B). Let M and M’ be dual matroids. Then
o For any subset X C J, coranky; X = nullityM,X,
o T(M;a,y) =T(M"y,x).
Lemma 3.5.2. Let M and M’ be dual matroids, |J| > 2. Then b} = b19,. O

The lemma follows from Theorems 2.2.1 and 3.5.1.
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Lemma 3.5.3. Let M and M’ be dual matroids. Let X C J, |X| < |J|. Then the
matroids M/X and M’ — X are dual.

The lemma is proved in Section 5.2.

Theorem 3.5.4. Let X be a spacious flat in M, 1 < |X| < |J| — 1. Then the comple-
ment of X, the set X=J \ X, is a spacious flat in M'. Furthermore,

® IMX = WM/X,
[ WMX = lM/X,
® VOlMX = VOIM/X.

Theorem 3.5.4 is proved in Section 5.4.
Recall that for a parallelism (X, a,b) in M, we denote by X (a,b) the complement
of X U{a,b} in J.

Theorem 3.5.5. Let (X,a,b) be a parallelism in M, |X| < |J| —2. Assume that

A

corankys(J \ {a,b}) = 0. Then (X(a,b),a,b) is a parallelism in M'. Furthermore,
o 1y X =wy(X(a,b),a,b),
o wi(X,a,b) =1 X(a,b),
o voly (X, a,b) = volyy (X (a,b),a,b).
Theorem 3.5.5 is proved in Section 5.5.

Lemma 3.5.6. Let 7 and 7’ be dual admissible pairs. Then the matroids M|r] and
M][7'] are dual. 0

The lemma is a corollary of Theorem 3.4.1.

3.6 Bounded domains, edges, and parallelisms of

dual arrangements

Lemma 3.6.1. The number of bounded domains of the arrangements A[r] and A[7’]

are equal. O

The lemma follows from Theorem 2.5.1 and Lemmas 3.5.2, 3.5.6.

For dual admissible pairs 7 and 7/, write
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o Alfl={H’:jeJ}, Alfl={H;:je ]},
o Arj ={H’:jeJ}, Alrl={H;:jeT}

o Flr|={f":5€ T}, Fir'l={fj:7€J}

Let L be a spacious edge of the arrangement A[r] and X the associated flat in the
matroid M|[r]. Denote by L the edge N,ex Hj of the arrangement A[7'].
Lemma 3.6.2. Let L be a spacious edge of A[r]. Assume that L is not a hyperplane.

Then L is a spacious edge in A[r']. Furthermore,

o Lyl = wapL,

o wap L = lapL,
[ VOIA[T]L = VOlA[T/}f/. O

The lemma follows from Theorem 3.5.4.

The edges L and L will be called dual.

Let (L, H%, H®) be a parallelism in the arrangement A[7]. Let X be the flat in the
matroid M|r] associated to the edge L. Denote by L(H®, H®) the edge Njex(apH; n

the arrangement A[7'].

Lemma 3.6.3. Let (L, H*, H®) be a parallelism in A[r]. Then (L(H®, H), H,, H,) is

a parallelism in A[7']. Furthermore,

* IA[T]L = WA[T’](i(Ha7Hb)>Ha>Hb)7
o Wapr) (L, H® H") = Ly L(H*, HY),

o vola (L, H% H®) = volap(L(H®, H®), H,, Hy). O
The lemma follows from Theorem 3.5.5.
The parallelisms (L, H*, H?) and (L(H*, H®), H,, H,) will be called dual.

3.7 Relation between the values of polynomials defin-

ing dual arrangements

Lemma 3.7.1. Let (L,H’,H ™) be a parallelism in A[r] and
(L(H7, HN*Y), H;, Hy41) the dual parallelism in A[7/]. The product of the value of
f7on L\ HN*' and the value of f; on L(H7, HN*')\ Hy , is —1.

Lemma 3.7.1 is proved in Section 5.6. Also, see Section 2.6.
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Chapter 4

Determinant formula

Several constructions from the works [V1] and [DT] on the definition of the period
matriz and the evaluation of its determinant are restated in brief in the Sections 4.1—
4.3, ending with Theorem 4.3.1 evaluating the determinant of the period matrix in
terms of the beta function and critical values (Section 4.3).

The Sections 4.4 and 4.5 focus on the definition of associated period matrices of dual
arrangements finishing with the statement of the main result of the paper (Theorem
4.5.1) on the evaluation of the product of determinants of associated period matrices

of dual arrangements.

4.1 Weighted arrangements

Let A= {H’:j € J} be a projective arrangement. A set of numbers o = {«; : j € J}
with the property ZjeJ a; = 0 will be called a set of weights, where o is the weight of
H’. The pair (A, ) will be called a weighted arrangement.

The weight of an edge L of A is the sum, a(L), of the weights of the hyperplanes
that contain L.

Let Alr] = {H’ : j € J} and A[r'] = {H; : j € J} be dual arrangements. Let
a = {a; : j € J} be a set of numbers with the property > ;a; = 0. Then (A[r], )
and (A[7'], a) will be called dual weighted arrangements.

Let (A[7], @) be a weighted arrangement. For j € J, the number «; is also called
the weight of the affine hyperplane H’. The associated affine arrangement A[7] with
weight a; assigned to the hyperplane H? for any j € J, will be called the associated
weighted affine arrangement and denoted (A[7], a).



We always assume that for any j € J, the weight «; of the hyperplane H’ is a

positive real number.

4.2 Period matrix of a weighted arrangement

Let (A[7], @) be a weighted affine arrangement. We have A[r] = {H’ : j € J}, where
J ={1,...,N}. Consider J as an ordered set with the standard order.

In [DT], for an ordered affine arrangement, a collection Skbc(A[7]) of ordered
k-tuples B = (H’',’H%, ..., H'*) is defined. For any tuple of that collection, the in-
tersection NF_,H7 is a vertex. The number of tuples in that collection is equal to the
number 3 = [(A[7]) of bounded domains of the affine arrangement.

Elements of the collection are called Skbc-bases. The collection itself is ordered
lexicographically, fkbe(A[7]) = {By, ..., Bs}.

4.2.1 Logarithmic k-forms
For B = (H/', H”, ..., H*) € Bkbc(A[r]), define the associated flag of edges
EB)=(LYclyc---clh=V),

where Lty = HI+t N HI+2 0 - N H*% and dim LY = 1.
Let F[r] = {f’ : j € J} be the polynomial arrangement associated to 7. Let L C V
be an edge of A[7]. Assign to L the differential 1-form

4, LCHI

Assign to every B = (H7', H’2, ... H*) the differential k-form
¢(B) = w(Lp) Aw(Lp) A+ Aw(LE) .
Thus, we get an ordered set of differential k-forms

U= {¢'¢%. .., 0"},

where ¢' is the form corresponding to the i-th element of the collection Skbc(A[7]).
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4.2.2 The fkbc-enumeration of bounded domains

Let £ = (L° C L' C --- C L) be a flag of edges of A[r] with dim L = j for all j. Let
A be a bounded domain of A[r] and A its closure. The flag ¢ is said to be adjacent to
A, if dim (L N A) = j, for all j.

Denote by Ch(A[7]) the set of bounded domains of the arrangement A[7]. In [DT],
a bijection

C': fkbc(A[r]) — Ch(A[r])

is defined such that for any B € Skbc(A[7]), the associated flag £(B) is adjacent to
the bounded domain C(B).

Thus, one has Ch(A[7]) = {A1, Ag, ..., Ag}, where

This is called the Skbc(A[r])-ordering of the bounded domains of A[7].

4.2.3 Orientation of bounded domains

Let A = C(B) and £(B) = (L° € L' C --- C L*). The flag £(B) is adjacent to the
domain A = C(B) and defines the intrinsic orientation of A, see Section 6.2 in [V2].

The intrinsic orientation is the orientation of the unique orthonormal frame
{v1,v9,...,v;} where v; is the unit vector originating from the vertex LY in the di-
rection of L' N A.

4.2.4 The period matrix

Let (A[7],a) be a weighted affine arrangement and F[r] = {f’ : j € J} the associated

polynomial arrangement. Consider the multi-valued function

v =[] () v—cC.

JjET

Fix a uni-valued branch of each (f7)* on each bounded domain A. The 3 x B-matrix

PM (A[7],a) = </ASUa¢t)
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is called the period matriz of the weighted affine arrangement (A[7], ). In this matrix
the differential forms are ordered as in Section 4.2.1, the domains are ordered as in
Section 4.2.2, the domains are oriented as in Section 4.2.3, and in each integral of the
matrix the uni-valued branch of U® is chosen since the branches of each of its factors
were chosen.

Denote the determinant of the period matrix by D(A[7], «).

Remark. The ordered set of differential k-forms described in Section 4.2.1, the order
on the set of bounded domains as in Section 4.2.2, the orientation on bounded domains

as in Section 4.2.3 will be called canonical.

4.3 Determinant of the period matrix

4.3.1 Beta function

Let £_[7] be the set of all edges of A[r] lying in HV™ and L, [r] the set of all other
edges. The beta function of the weighted affine arrangement (A[1], ) is defined in [V1]

as

BAlr], ) = MeeanT(@() + 1)
T, &) = )
[ice g T(=a(L) + 1)vham®)

where I' is Euler’s gamma function.

4.3.2 Critical values

Let A be a bounded domain of A[7]. Let j € J. Let X be the H’-external supporting
face of A. The value of the chosen branch of (f/)* on ¥ is called the critical value of
(f7)% on A and denoted by ¢ ((f7)%,A).

4.3.3 Evaluation of the determinant

Theorem 4.3.1 (V1, DT). The determinant of the period matriz is given by the fol-

lowing formula:

D(A[r],a) = B(A[rl,a) - J] ()™, 0).
Aejcehil[ﬂ
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4.4 Special choice of branches

The definition of the period matrix PM(A[7], @) involves the choice of branches of each
(f7)% on each bounded domain of A[r|. In this paper, we choose the branches as
follows.

Let (L, HY, HN*1) be a parallelism in A[r]. On all bounded domains of A[r] whose
H/-external supporting edge is L, choose the argument of f/ to be the same.

Then for any two bounded domains A and A’ with the same H7-external supporting
edge L, the values ¢ ((f7)™,A) and ¢ ((f7)™,A’) will be equal. Denote this common
value by ¢ ((f)™, L).

Repeating this process for all parallelisms (L, H7, HN*1) in A[r] gives a choice of
branches of each (f7)% on each bounded domain of A[r].

Such a choice of branches will be called special.

Lemma 4.4.1. For a special choice of branches, construct the period matrix

PM(AJ7], ). Then its determinant is given by the formula:
D(A[r],a) = B(Alr],a) - [ [ e ()", Ly elamBHH0
where the product is taken over all parallelisms (L, H/, HV+1), O

The lemma follows from Lemma 2.6.1 and Theorem 4.3.1.

4.5 Associated period matrices of dual arrangements

Let (A[7],«) and (A[7],«) be dual weighted affine arrangements. For each of them
we can define period matrices and calculate their determinants. The period matrices
depend on the choice of branches of functions (f7)% and (f;)* on bounded domains
of those arrangements.

In this section we define the associated choices of branches in such a way that the
determinants of period matrices will be related.

Consider J = {1,..., N} with the standard order. Then we have the canonical
ordered set of differential k-forms associated with A[7], ordering on the set of bounded
domains of A[7], and orientation on each bounded domain. We also have the canonical
ordered set of differential n-forms associated with A[7'], ordering on the set of bounded

domains of A[7’], and orientation on each bounded domain.
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Take an arbitrary special choice of branches of the functions (f?)% on bounded
domains of the arrangement A[7]. We will define now the associated special choice of
branches of functions (f;)* on bounded domains of the arrangement A[7’].

Let (L, H?, HN*') be a parallelism in A[r] and (L(H7, HN*Y), H;, Hy,) the dual
parallelism in A[7']. Suppose that in the definition of PM(A[7], ), € is the chosen
argument of f/ on a bounded domain with H7-external supporting edge L. On each
bounded domain of A[7’] with H,-external supporting edge L(H7, HN*1), choose the
argument of f; to be —0 + 7, see Lemma 3.7.1.

With this choice of branches, define the period matrix, PM(A[7'], ), of (A[7'], a).

The period matrices PM(A[7], @) and PM(A[7'], &) will be called associated.

The main result of this paper is the following theorem.

Theorem 4.5.1. The product of determinants of the associated period matrices is given

by the formula:

[cs e™ il (o + 1) 7

P jes i +1)

Y

D(A[7], @) - D(A[r],a) = [

where [ is the number of bounded domains in A[T].

Recall that the number of bounded domains in A[7] is equal to the number of
bounded domains in A[7'].

The theorem is proved in Section 5.7.
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Chapter 5

Proofs

The topic of this chapter is the proof of all the results that were postponed hitherto.
The chapter ends with the proof of the main result of this paper.

5.1 Proof of Lemma 2.6.1

Let (L, H*, H®) be a parallelism of the arrangement A in a projective space V. Let ¥ be
a domain of the induced arrangement Ay on L, bounded with respect to the hyperplane
H’N L. Tt is enough to show that the number of bounded domains with H%-external
supporting face ¥ is wa(L, H?, H®), the discrete width of the parallelism (L, H?, H®).

Denote by X the flat associated to L in the matroid, M, of the arrangement A. By
definition, wu (L, H*, H®) = b}\g_x(a’b).

Suppose that L is a vertex. Then, by Theorem 2.5.1, b}\g—)?(a " is the number of

bounded domains formed by the set of hyperplanes
ALHSEY) — (HT G e X U{a,b}} .

Clearly, bounded domains of the arrangement 4 with H*-external supporting face ¥ are
in one-to-one correspondence with bounded domains formed by A(&H*H ", Thus, the
number of bounded domains with H®%external supporting face X s
wa(L, He, H®).

If L is not a vertex, consider a subspace V' C V, dim V'’ = codim L, such that V'
intersects L transversally. Then V' also intersects H® and H® transversally. Consider
the induced arrangement {H? NV’ : j € X U{a,b}} on V'. Each bounded domain of

A with H%external support ¥ determines a unique bounded domain (with respect to



the hyperplane H> NV’) of the new arrangement. The number of which is b}\g_ R(ap) by

Theorem 2.5.1. 0

5.2 Proof of Lemma 3.5.3

Let B C X be a basis of M /X . Then there exists a maximal independent subset Y of
X such that BUY is a basis of M. We want to show that X \ B is a basis of M’ — X.
That is, X \ B is a maximal independent subset of X in M.

Since BUY is a basis of M, (X \ B)U (X \ Y) is a basis of M’. Hence, X \ B
is independent. Now, |B| = corank, X = nullity,, X = |X| — rank,,X. Therefore,
|X \ B| = rank,;X. This shows that X \ B is maximally independent in X in M.

Conversely, let B be a basis of M’ — X. Then B is a maximal independent subset
of X in M’. Hence there exists an independent subset Y of X in M’ such that BUY
is a basis of M’. Thus, (X \ B)U(X \Y) is a basis of M. Hence, X \ 'Y is independent
in M. It remains to show that it is maximal independent.

Since BUY is a basis of M’ and B is a maximal independent subset of X in M,
Y| = corank, X = nullity,, X. Hence, | X \ Y| = | X| — nullity,,, X = rank X. O

5.3 Flats of the dual matroid

Lemma 5.3.1. Let M = (J,Z) be amatroid. Let X C J be asubset, 1 < |X| < |J]|—1.
Then X is a flat in the dual matroid M’ if and only if the deletion M — X does not

have an isthmus.

Proof. Suppose that M — X does not have an isthmus. Then for every e € X,
rank,, ¢X \ {e} = rank,, ¢X. Hence, for every e € X, ranky X \ {e} = rank,/X.
That is, for every e € X, nullity,,X \ {e} = nullity,,X — 1. Thus, for every e € X,
corank, X U {e} = corank,sX — 1. Then for every e € X, rank,sX U {e} =
rankM/X + 1. This shows that the subset X C J is a flat in M.

The converse follows by tracing the arguments backward. O]

5.4 Proof of Theorem 3.5.4

Lemma 5.4.1. Let X be a spacious flat in M, 1 < |X| < |J]| — 1. Then the deletion

M — X does not have an isthmus.
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Proof. Let e be an isthmus in the matroid M-X. By Theorem 2.2.2, T(M—X; x,y) =
e T((M — X)/{e};z,y). Hence, wy(X) = b o= By Theorem 2.2.1,

(M-X)/{e}’
b(()z?/[—)%) g =0 (since |X| > 2). This contradicts our assumption that the flat X is
spacious. Hence M — X does not have an isthmus. O

Proof of Theorem 3.5.4. Let M and M’ be dual matroids. Let X be a spacious flat in

M, 1< |X| < |J|—1. It follows from Lemmas 5.3.1, 5.4.1 that X is a flat in M’
Furthermore, 1,,X = b}\f}/x = b0 = war X by Lemmas 3.5.2, 3.5.3. Hence,

VOlMX = VOlM/X. ]

5.5 Proof of Theorem 3.5.5

Lemma 5.5.1. Let (X, a,b) be a parallelism in M, |X| < |J| — 2. Then the deletion
M — X(a,b) does not have an isthmus. O

The proof is similar to the proof of Lemma 5.4.1.

Proof of Theorem 3.5.5. Let (X,a,b) be a parallelism in M, |X| < |J] — 2,
volys (X, a,b) # 0 and coranky (J \ {a,b}) = 0. It follows from Lemmas 5.3.1, 5.5.1
that X (a,b) is a flat in M.

Clearly, a,b ¢ X(a,b) and ranky;{a,b} = 2.

Since (X, a,b) is a parallelism, rank,; X U {a,b} = ranky; X + 1. So, coranky X =
coranky, X U {a,b} + 1. Thus, nullity,, X (a,b) U {a, b} = nullity,, X (a,b) + 1. Hence
rank; X (a,b) U {a,b} = rankyp X (a,b) + 1. This proves that (X (a,b),a,b) is a paral-
lelism in M’.

Furthermore, 1), X = b}\g/x = b0 = wyr(X(a,b),a,b) by Lemmas 3.5.2, 3.5.3.

A

Hence, voly (X, a,b) = volyr (X (a,b),a,b). O

5.6 Proof of Lemma 3.7.1

Lemma 5.6.1. Let (L, H%, H) be a parallelism in A[r] and let P = H/* N---N H’* be
a vertex on L\ H? for some I = {j1,...,jx} C J. Let I(a,b) = J\ (I U{a,b}). Then
[I(a,b)] =nand P = Njci(apHj 18 a vertex on L(H®, H")\ Hy in the dual arrangement
Alr'].

Proof. Since coranky;/ = 1and a ¢ X, rankyj/U{a} = rank M. Thus, nullity (/U
{a,b} =1 and hence CorankM[T]f(a, b) = 1. So, P is a vertex on L(H®, H).
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It remains to show that P ¢ H,. Assume that P € H,. Then nullityM[T,]f(a, b)+1=
nullityM[T,]f(a, b) U {b}. Thus, coranky,/ U {a,b} + 1 = coranky/ U {a}. But,

corankys;1/ U {a} = 0. This is a contradiction. O

Proof of Lemma 3.7.1. Let (L,H7, HN*') be a parallelism in A[r] and
(L(H’, HN*Y), H;, Hy41) the dual parallelism in A[7/]. Let P and P be vertices on
L\ HN*' and L(H7, HN*)\ Hy.1, respectively, as in Lemma 5.6.1. We want to show
that f7(P) - f;(P) = —1.

Let I be as in Lemma 5.6.1. Assume that I = {ji,jo,. .-, Jk}, J1 < Jo < -+ < Jk,
and f(j, NA4+1) = kst Jkants Jrr1 < -+ < Jran. Let m and m’ be the number of
elements less than j in I and I(a, b), respectively. Then m +m’ = j — 1.

By Lemma 3.3.1,

I(P) = (—1)Fm e =

and C[ . . . . . ]
» ! Jk+1s - o5 Je+m/s Js Je+m/+15 - -+ 5 Jk+n
(P) = (=1)"t™ - , )
fj( ) ( ) C[]k+17"‘7jk+n7N+]‘]
By Theorem 3.4.1, f7(P) - f;j(P) = (—1)U+N+DFttm)+nam’) — 1, O

5.7 Proof of Theorem 4.5.1

Lemma 5.7.1. Let M and M’ be dual matroids. Let X be a flat in M, | X| = 1.
e If X is also a flat in M, then 1, X + 1,/ X = b}Y.
e If X is not a flat in M’, then 1, X = b19.

Proof. Suppose that X is a flat in both M and M’. Then 1, X = b}\E}/X and 1,/ X =
bax = Dar—x- Hence, Iy X + 1Ly X = by, + big_x = byy, by Theorem 2.2.2.

Let X be a flat in M. Suppose that X is not a flat in M’. Then the matroid
M — X has an isthmus by Lemma 5.3.1. Hence, b}J_y = 0 by Theorem 2.2.2. Hence,
bat/x = Dags by Theorem 2.2.2. That is, 1y X = b O

Theorem 5.7.2. Let (A[r],a) and (A[7'],a) be dual weighted affine arrangements.
Then 5
[Tjes Doy +1)

F(Zjej aj + 1)

B(A[r], a) - B(A[r],a) = [
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Proof. Let L be a spacious edge of A[r] that is not a hyperplane. By Lemma 3.6.2, the
dual edge Lis spacious in A[7’]. Furthermore, voluj; L = vol A[T/]i.
Clearly, if L € £_[r], then L € £,[7] and if L € £ [r], then L € L_[r']. We also

have a(L) + a(L) = 0.
If L € £y[7], then

F(a(L) + 1)v01A[T]L — F(—a(f/) + 1)V01A[T/]ﬁ '
If L € £_[7], then
I'(—a(L) + 1)volA[T]L _ F(Oz(f/) + 1)volA[T/]L .

Hence, by Lemma 5.7.1,

Hj'v=1 oy + 1)1A[T](Hj) T(ay + 1)ta(H5)

T(—anit + DRI T (—apy g + 1)l

LT+ )]
(Y oy +1)

=1

B(A[7], @) - B(A[T], @)

as desired. -

Proof of Theorem 4.5.1. Let (L(H’, HN*Y), H;, Hy,1) be the parallelism in A[7'] dual
to the parallelism (L, H/, H¥*1) in A[r]. Then

(1Y, L) - c((f;), L(HT, HNTY)) = e
For each j € J, there are (3 critical values of (f7)%. Hence

[T c™.a) - T cl(f)®,a)=em S,

JjET JjET
A€ ChA[7] A’e ChA[T']
The theorem now follows from Theorem 5.7.2 O
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Appendix A

Weak duality

In this chapter we formulate the notion of weak duality starting with the definition of
a weakly admissible pair. We associate to a weakly admissible pair an arrangement of
projective hyperplanes in a projective space of appropriate dimension, and a matroid.
The matroids associated to weakly dual pairs turn out to be dual. The corresponding
projective arrangements are called weakly dual.

The Theorems A.1.1 and A.1.2 show that weakly dual arrangements arise out of

natural constructions using dual arrangements.

A.1 Statement of results

Let X, W and X', W’ denote the same spaces as in Section 3.1. Assume that for any
j € J, the functions e’|w and e;|w are not identically zero. The pair 7 = (X, W)
with this property will be called a weakly admissible pair in X. Similarly, the pair
7 = (X, W) with this property will be called a weakly admissible pair in X'. The pairs
7 and 7" will be called weakly dual.

Clearly, any dual pairs 7 and 7’ are weakly dual.

Let 7 = (X, W) be a weakly admissible pair. As in Section 3.2, define the following
objects. For j € J, denote E? = {x € W : e/(x) =0}. These are vector subspaces of
W of codimension one.

Denote

o IV =P(W), the projective space of dimension k,

e H/ =P(E7), j € J, projective hyperplanes in V,

e Alr]={H’ : j € J}, the arrangement of projective hyperplanes in V.

For weakly dual pairs 7 and 7/, the corresponding projective arrangements A[7] and
A[7’] will be called weakly dual.
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For a weakly admissible pair 7, introduce the matroid of 7, denoted M|r], as the
matroid of the collection of vectors { e/|w : j € J} in the dual space of W.

Let 7 and 7' be weakly dual pairs. Then the matroids M|[r] and M|[7'] are dual.

Theorem A.1.1. Let A[r] and A[7'] be dual projective arrangements. Let L be a spa-
cious edge of Alr] and L the dual spacious edge of A[r']. Then the induced arrangement
on L, denoted by A[7|L, is weakly dual to the projective localization of A[T'] at L, de-
noted by P(A[r]L).

We will prove a more general result. To formulate the result we need the notion of

the projective localization of a sub-arrangement.

Let A={H’ : j € J} be a projective arrangement of hyperplanes. For a subset
I C J, the set of hyperplanes { H? : j € I} will be called a sub-arrangement of A.

Let I C J be such that Nje;H? # (. Then the projectivization of the central
arrangement { HY : j € I} will be called the projective localization of the sub-
arrangement { H? : j € I}, see Section 2.1.

Theorem A.1.2. Let Al[r| ={H’ : je J} and A[7'| ={H; : j€ J} be weakly
dual arrangements. Let L be an edge of Alr] and let X = {j € J : L C H’} be the
flat associated to L in the matroid M[r]. Assume that | X| < |J|.

Let N;cxH; = 0. Then the induced arrangement on L, A[r|r, is weakly dual to the
sub-arrangement { H; : j € X } of A[].

Let N;cx H; # (). Then the induced arrangement on L, A[7|L, is weakly dual to the
projective localization of the sub-arrangement { H; : j € X } of A[r'].

A.2 Proof of Theorem A.1.2

Let 7 = (X, W) and 7/ = (X', W) be the weakly dual admissible tuples.

For j € J, denote FV = {e¢/ =0} C X and F; = {¢; =0} C X".

Consider the vector space Njecx F7 with the basis e;, j € X. Then X'/ Njex Iy may
be identified with the dual space of N;cx ¥ with the dual basis ¢/ + NiexFj, 7 € X.

The classes of the elements of W’ in the vector space X'/ N iex Fj form a subspace
of X'/ N,cx Fj. Denote this subspace by W'/ N, ¢ Fj.

Consider the tuples

g = (ijXFj 5 mjeXEj)a OJ = (X// mjeX Fj ) Wl/ mjef( FJ) '
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Remark. To make sense of the definitions of o and ¢’ the following identifications are

required.

e The element e’ + NjexFj € X'/ N Fy defines a linear function on Njex F° I given
by (¢/ + N3 Fj)(x) = e/ () for every = € Njex 7.

e The element ¢; € N, ¢ F}, j € X, defines a linear function on X' /N iex Fj given
by ej(z’ + N5 Fy) = e;(2'), for every 2’ € X',

Lemma A.2.1. The tuples o and ¢’ are weakly dual.

Proof. We first show that o and o' are weakly admissible. For i € X,
(€ + NjexFj)lnyexes = 0 implies that e'|n g = 0. Thus, NjexE’ C E'. This
contradicts the assumption that X is a flat.

For any i € X, ei|w /NexFs is a nonzero function since e;|yw is a nonzero linear
function. This shows that o and ¢’ are weakly admissible tuples.

The space W'/ N._¢ Fj clearly annihilates Njex E.

We have dim Njex E? = dim W N (NjexF?) = coranky;)X. Hence the annihilator
of NjexE? in X'/ N, 5 Fj has dimension 1X| — corank /X = 1X| — nullityM[Tq)A( =
rank (X

Observe that the spaces W'/ N, F; and W'/ N,_¢ E; are isomorphic. Hence,
dim W’/ Njex Fj = dim W — dim Njex Bj = rank M([7'] = coranky;;1 X = ranky 1 X.

This shows that W'/ N, ¢ Fj is the annihilator of Njex £7 in X'/ N, Fj. Hence, o
and o’ are weakly dual. ]

Lemma A.2.2.

(i) The arrangement A[o] is the induced arrangement A[7]y.

(i) If N;cxH; = 0, then the arrangement Alo'] is the sub-arrangement
{H; : je X} of A[T'].

(iti) If N;cxHj # 0, then the arrangement A[o’] is the projective localization of the

sub-arrangement {H; : j € X} of A[r].

Proof. Statement (i) is clear.
Let U C W’ be a subspace such that U@ N, ¢ E; = W'. Consider the isomorphism

Uﬁwl/mjeXFjW U = u—'—mjeXFj'
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For every j € X, the subspace E£; NU C U corresponds to the subspace E;/ Niex Fj C
W'/ Ncx Fj. The arrangement of hyperplanes P(UN E;) C P(U), j € X, in the
projectivization P(U) is the arrangement described in part (i), if N;cxH; = 0, and
is the arrangement described in part (iii), if N;_ ¢ H; # 0. Statements (ii) and (iii) are

proved. O

Theorem A.1.2 is a corollary of Lemmas A.2.1 and A.2.2.
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Appendix B

Plucker coordinates of dual

arrangements

We formulate a statement which helps to determine if two given arrangements are dual.
Let k,n, N denote the same natural numbers as in Section 3.1.

Let P(k 4+ 1, N + 1) be the real projective space of dimension (NJrl

k+1
projective coordinates (Ar) are labeled by subsets L = (Iy, ..., l;+1) such that 1 <y <

i<l < N 41
Similarly, let P(k + 1, N 4+ 1) be the real projective space of (the same) dimension

) — 1, whose

(1;]:11) —1, whose projective coordinates (juy/) are labeled by subsets M = (mq, ..., m,41)
such that 1 <my < --- <myu.1 < N+ 1.
Let
 : Pk+1,N+1) - Pm+1,N+1), X — p=0),
be the isomorphism, where for any M = (mq, ..., my,11), we set py = (—1)7 A, where

L = (ly,...,lxs1) is the subset complementary to M in {1,...,N + 1}, and 0 =
14244+ k+14+L+ -+l

Let X and X’ denote the same spaces as in Section 3.1. Let Gr denote the Grass-
mannian of all k + 1-dimensional vector subspaces of X and Gr’ the Grassmannian of

all n + 1-dimensional vector subspaces of X'. Let
7m:Gr - Pk+1L,N+1), W — (Ar)=n(W),
be the Plucker imbedding, () = (ef* A--- A elk+1|y). Let
G’ - Pln+1,N+1), W — (uy)=7rW),

be the Plucker imbedding, (par) = (€my A=+ A €y [wr)-

Lemma B.0.3. For W € Gr and W’ € Gr’, the subspace W’ is the annihilator of the
subspace W if and only if 7'(W’) = §(7(W)).
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The lemma follows from Lemma 3.3.1.
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