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Abstract

BRIAN ADAM PIKE: Singular Milnor Numbers of Non-Isolated Matrix Singularities

(Under the direction of Professor James Damon)

In this dissertation we obtain formulas to describe the local topology of certain non-isolated
matrix singularities. We find free divisors in various vector spaces of matrices which include the
hypersurface of singular matrices as a component, and use these to express the singular Milnor
numbers of matrix singularities in terms of the codimensions of groups of equivalences. On the
spaces of symmetric and all n x n matrices, these free divisors arise through representations of
finite dimensional solvable Lie groups; on the space of skew-symmetric matrices, we extend a

finite-dimensional representation of a solvable Lie algebra to an infinite-dimensional one.
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Introduction

In this dissertation, we investigate the topology of matrix singularities. A matrix singularity
may be defined by a matrix (a;i;(2))i, j=1,..,m of holomorphic functions defined on an open neigh-
borhood of zp € C". The matrix may be of a special type, such as symmetric or skew-symmetric
(with m even). The set in C™ where this matrix is singular defines a local hypersurface ¥ near
zg € C". Equivalently, we may view this matrix as a holomorphic function f from an open
neighborhood of zyp € C" to a vector space of matrices M. Then ¥ is formed by f~!(V), where
V' is the determinantal variety consisting of the singular matrices in M. Matrix singularities
typically inherit non-isolated singularities from V.

Since the 1960’s, Milnor, Hamm, Greuel, Brieskorn, Arnol’d, and many others have made
significant progress in the study of the topology of isolated singularities, especially isolated
hypersurface and complete intersection singularities. This is partly due to the fact that for such
isolated singularities the Milnor fiber, a smooth fiber of the function defining the singularity in a
neighborhood of the singularity, has a simple topology. It is homotopy equivalent to a bouquet
of spheres with dimension equal to the dimension of the variety. The number of spheres is
called the Milnor number of the isolated singularity. For non-isolated singularities, including
most matrix singularities, the Milnor fiber may have nonzero homology in many dimensions
and its topology is essentially not computable.

In this work we study the topology of matrix singularities by replacing the Milnor fiber
with a “singular Milnor fiber” obtained through a deformation f; of f, where for t # 0, f;
is transverse to V. Although the singular Milnor fiber is not smooth, by results of Damon
and Mond [DM91, Dam96a] it again has the homotopy type of a bouquet of spheres with
dimension equal to the dimension of the matrix singularity. The number of spheres is called the
“singular Milnor number.” In this work we develop a method for computing singular Milnor
numbers of matrix singularities by combining the Thom-Mather approach to singularity theory

with the representation theory of solvable linear algebraic groups.



Fundamental to our method are a class of hypersurfaces introduced by Saito called “free
divisors.” These arise as discriminants of versal unfoldings, hyperplane arrangements, and
bifurcation sets. If the determinantal variety V' was a free divisor, then the singular Milnor
number of matrix singularities could be calculated as the codimension of f for a group of
equivalences, which in turn is the dimension of a module when considered as a complex vector
space. However, V is almost never a free divisor.

Instead, we find free divisors of the form V U W, where W is also a free divisor. The
singular Milnor numbers of nonlinear sections of V, W, and V U W are related. This provides
an inductive process for computing the singular Milnor numbers of matrix singularities.

To find such free divisors, we study representations of connected complex algebraic groups
having an open orbit, particularly when the dimensions of the group and the vector space
agree. Mond first observed that such representations may be combined with Saito’s criterion
to find free divisors. He and Buchweitz ([BMO06]) found free divisors associated to irreducible
representations of certain reductive groups. In contrast, we study representations of solvable
groups which have a complete flag of invariant subspaces.

Our motivating families of representations come from real matrix factorization results in
numerical linear algebra (LU, Cholesky factorization of symmetric matrices, and a Cholesky-like
factorization for skew-symmetric matrices). The complex analogues of these factorizations may
be interpreted as statements describing the open orbits of associated representations. We show
that the union of all the non-open orbits, the “exceptional orbit variety,” is either a free divisor
or a weaker non-reduced free* divisor. Although representations having open orbits have been
studied before by Sato and Kimura as “prehomogeneous vector spaces,” our approach is quite
different from theirs.

For representations of solvable linear algebraic groups, the Lie-Kolchin theorem ensures a
complete flag of invariant subspaces. We define “block representations,” which are representa-
tions with a partial flag of distinguished invariant subspaces and associated normal subgroups.
The structure of a block representation allows us to make an associated matrix of coefficients
block lower triangular. From this form, we are able to identify the exceptional orbit variety

explicitly and apply Saito’s criterion to conclude that it is a free divisor. Weaker “non-reduced



block representations” have exceptional orbit varieties which are only non-reduced free* divi-
sors. Our families of representations yield “towers of representations” whose exceptional orbit
varieties often form a “tower of free divisors.”

Although computing the singular Milnor numbers of free* divisors is possible, it is compli-
cated by the appearance of “virtual singularities.” As the LU factorization and Cholesky-like
factorization for skew-symmetric matrices only yield free* divisors, we modify these represen-
tations to obtain free divisors. For the modified LU representation, we introduce a different
solvable group. For the skew-symmetric matrices, we extend a finite-dimensional representation
of a solvable Lie algebra by nonlinear “Pfaffian vector fields” to obtain an infinite-dimensional
solvable Lie algebra; we study this representation using the underlying ideas of the block rep-
resentation, to again obtain free divisors.

Then we apply an inductive process, using the free divisors to obtain formulas which com-
pute the singular Milnor numbers of matrix singularities. We give formulas for spaces of matrices
of small size which are valid for source spaces of arbitrarily large dimension n. There appears
to be a general inductive process, yet to be determined explicitly, for computing the singular
Milnor numbers of matrix singularities.

The dissertation is structured as follows. In Chapter 1, we describe the classical Milnor
number for isolated singularities, the singular Milnor number, and several useful formulas which
compute the singular Milnor number in terms of the codimensions of groups of equivalences.
We also describe the work of Goryunov and Mond [GMO5] on the Milnor numbers of isolated
matrix singularities, which motivated this study. In Chapter 2, we describe representations of
complex algebraic Lie groups having open orbits, using three matrix factorizations as motivating
examples. In Chapter 3, we describe our theory of block representations. In Chapter 4, we
apply the theory of block representations to the examples of Chapter 2. Since two of these only
yield free* divisors, in Chapter 5 we develop our modified representations and show that these
yield free divisors. We also describe a general extension mechanism for block representations
and their free divisors which applies even to certain reductive groups. In Chapter 6, we use
our free divisors to obtain formulas for the singular Milnor numbers of matrix singularities.
The Appendix contains Lie bracket calculations used in Chapter 5 for the infinite-dimensional

solvable Lie algebras.



CHAPTER 1

Background

In this first chapter, we summarize work which is relevant to the problem of studying the
singular Milnor numbers of matrix singularities.

Although matrix singularities are generally highly non-isolated, we begin with a discussion in
sections 1 and 2 of the classical Milnor fibration and the Milnor number for isolated hypersurface
and complete intersection singularities. If f: C™ 0 — CP,0 defines such a singularity, then the
Milnor fiber is a regular fiber of f in a neighborhood of the singular point. In both cases, the
Milnor fiber is homotopy equivalent to a bouquet of spheres. The Milnor number is then the
number of spheres and can be computed algebraically as the length of one or more modules.

For hypersurfaces or complete intersections with non-isolated singularities, the Milnor fiber
is much more complicated because in general it loses connectivity by the dimension of the
singular set; in section 3, we sketch what is known in this area. This historical perspective
allows comparison with corresponding results for nonlinear sections of free divisors and free
complete intersections.

For non-isolated singularities which arise as a nonlinear section f~1(V) of a hypersurface or
complete intersection V', a different approach is used to avoid the complexity of the Milnor fiber.
We explain in section 4 how a singular Milnor fiber is obtained using a nonlinear section of V'
under a stabilization of f. The stabilization is described via transversality to the singular variety
V. In a neighborhood of the singularity, the singular Milnor fiber again has the homotopy type
of a bouquet of spheres and the number of such spheres is the singular Milnor number.

Unlike the situation for isolated singularities, there is no known universal algebraic formula
for the singular Milnor number. In the important cases where V is a free divisor or free complete
intersection, there are analogous algebraic formulas as in the isolated singularity case. These
formulas are given as extended codimensions for various equivalence groups (in the sense of
Thom and Mather). In section 5, we describe these equivalence groups and in section 6, we

state several known formulas for the singular Milnor number.



Finally, we discuss in section 8 the notion of matrix singularity, its importance, and work
previously done on understanding the Milnor number of isolated matrix singularities. In partic-
ular, a paper of Goryunov and Mond, [GMO5], provided the original motivation for considering

the singular Milnor number for non-isolated matrix singularities.

1.1. The Milnor number

1.1.1. The Milnor fiber. In [Mil68], Milnor studied the local topology of a holomorphic
germ defining a hypersurface (we sometimes use analytic as a synonym for holomorphic). Let
(V,0) C (C™*1,0) be the germ of a hypersurface defined by the vanishing of an analytic germ
f:C"1 0 — C,0. There are several related locally trivial fibrations associated to this situation,
each called “the Milnor fibration.” Let Sc(z) (respectively, B¢(x)) be the sphere (respectively,
open ball) of radius e centered at x € C"*1.

The original fibration studied by Milnor was the map ¢; : Sc(0) \ V — S! defined by

f(z)
f (@)

Milnor showed that there exists an ¢y > 0 so that if 0 < € < €, then ¢ is a smooth fiber bundle

o1(x) =

(see Theorem 4.8 of [Mil68]). Since S! is compact, all of the fibers are homeomorphic (even
diffeomorphic).

We may also define two other functions which are simply restrictions of f. Let

¢2: f71(Bs(0) \ {0}) N B(0) — B5(0) \ {0}

and
¢3: f1(Bs(0) \ {0}) N B(0) — B5(0) \ {0}

be restrictions of f. As above, there exists a ¢y > 0 so that if 0 < € < ¢y, then there exists
0 < ¢ < € so that ¢9 and ¢3 are locally trivial fibrations (see [Dim92], p. 69).

In fact, the fibers of ¢; and ¢9 are diffeomorphic ([Mil68], Theorem 5.11), and the generic
fiber of ¢3 is a manifold with boundary whose interior is a fiber of ¢3. Up to homotopy
equivalence, the fibers of ¢1, @2, or ¢3 are all the Milnor fiber. As a generic Milnor fiber is
smooth, we can think of the Milnor fiber as a local smoothing of a hypersurface f~1(0) as

depicted in Figure 1.1.



FIGURE 1.1. A diagram of the Milnor fiber.

Milnor showed that the Milnor fiber has the homotopy type of a finite CW complex of real
dimension n ([Mil68], Theorem 5.1). Additionally, the link SNV is always (n — 2)-connected.

1.1.2. Isolated hypersurface singularities. Now assume that the analytic hypersurface
germ (V,0) C (C™*1,0) has at worst an isolated singularity at 0. This means that if V =
f71(0) for a holomorphic germ f : C**1 0 — C,0, then the gradient of f does not vanish on
some punctured open neighborhood U \ {0} of 0. In this situation, (V,0) is called an isolated

hypersurface singularity (IHS).

REMARK 1.1.1. Whether V = f~1(0) is an IHS depends on f and not merely V' considered as
aset. If f is a reduced defining equation, so that f generates the ideal I(V') of functions vanishing

on V, then V is an IHS if and only if V' is a manifold on a punctured open neighborhood of 0.

For an THS (V,0) C (C**!,0), Milnor showed that the Milnor fiber F is (n — 1)-connected
([Mil68], Lemma 6.4). By the Hurewicz Theorem and the earlier result that F' has the homo-
topy type of a finite CW complex of real dimension n, it follows that Hy(F,Z) = 0 for k ¢ {0,n}
and H,(F,Z) ~ m,(F) is free abelian. Using Whitehead’s Theorem it is possible to construct
a homotopy equivalence between a bouquet of n-spheres and F' (see [Mil68], Theorem 6.5).

Moreover, there is a simple formula for the number of such spheres.

THEOREM 1.1.2 ([Mil68], Theorem 7.2 and p.115). Let (V,0) C (C**1,0) be a germ of an
IHS defined by a germ f : C*1,0 — C,0. Then the associated Milnor fiber has the homotopy



type of a bouquet of u n-spheres, where
(1.1) p=dim¢ (ﬁCn+1,0/Jf) ,

Ocnt1 18 the ring of analytic function germs C"1 0 — C and Jy is the Jacobian ideal, the

ideal of Ocn+1 o generated by g—;}, 2L

Y Oz °

The number y is called the Milnor number of f, or of (V,0), and is often written u(f),
u(V), or u(V,0).

If f:C"1 0— C,0is an analytic germ for which f~!(0) is not an isolated hypersurface
singularity, then the quotient module in (1.1) will have infinite dimension over C. As a result,
for any germ f we need only calculate (1.1) in order to determine whether f~!(0) is an IHS

and, if it is, to find its Milnor number.

EXAMPLE 1.1.3. For f : C — C defined by f(z) = 2*, k € N, the Milnor fiber B.(0)N f~1()

I/k < €. But a set of k points is a bouquet

will consist of the kth roots of § as long as 0 < |J]
of 4 = k — 1 copies of S°. The ideal J ¢ is generated by 2#=1 and the complex dimension of
R = ﬁ(clvo/(Zkil) is k — 1, as R is generated over C by 1,2', ..., 272 Note that the IHS in

this Example have non-reduced defining equations; this can only occur in C!.

EXAMPLE 1.1.4. Fix p,q € N, and consider the function f : C2 — C defined by
fla,y) =P + 9%

Then % = pzP~! and % = qy?7!, so that Jy = (1,497 1). Then R = Oz o/ (2P~ 1, y? 1) is
generated over C by all 2'y7 for 0 <i < p—2and 0 < j < ¢— 2, and it is also clear that this
is the minimal number of generators. As a result, the Milnor fiber has the homotopy type of a

bouquet of = (p — 1)(g — 1) copies of S!.

ExaMPLE 1.1.5. More generally than the previous two examples, we may consider the case
where f: C"! — C is a weighted homogeneous polynomial of weighted degree d with weights

wo, . .., W, € N so that

FE 020, W 2y, ot 2) =t (20, .. . s 2n)



for all zp, ..., 2, and ¢t. Milnor and Orlik showed [MO70] that in this case, the Milnor number

depends only on the weights and is given by

n

M(f)IHd_wi-

Ws
i=0 ¢

EXAMPLE 1.1.6. The hypersurface V C C"*! defined by
2o 2n =20

is not an IHS for n > 1. It is singular on the intersection of any two coordinate hyper-
planes. The Jacobian algebra in (1.1) has infinite complex dimension: for example, the elements

1, zg, z%, zg, ... are all linearly independent.

1.2. Isolated complete intersection singularities

In [Ham71], Hamm proved that the class of “isolated complete intersection singularities”
also have a Milnor fibration whose fibers are homotopy equivalent to a bouquet of spheres of

the same dimension.

DEFINITION 1.2.1. (V,0) C (CP,0) is a complete intersection germ (of dimension r) if there
exists a complex analytic germ f : CP,0 — CP~",0 so that f~!(0) = V and such that each

irreducible component of V' has dimension 7.

REMARK 1.2.2. We do not require the ideal I(V') defining V' to be generated by f1,..., fp—r,
although the radical of the ideal they generate is I(V'). Our definition is sometimes called a

“geometric” complete intersection (e.g., [Loo84], p.4).

DEFINITION 1.2.3. A complete intersection (V,0) C (CP,0) is an isolated complete in-
tersection singularity (ICIS) if the germ’s singular set is {0}, i.e., if (V,0) is defined by
f:CP,0 — CP7" 0, then df is a submersion at all points of V' \ {0} in some open neigh-
borhood of 0.

ExXAMPLE 1.2.4. Any hypersurface is a complete intersection defined by a single function.

Any isolated hypersurface singularity is an isolated complete intersection singularity.



EXAMPLE 1.2.5. In C*, the union of the two planes {z; = z2 = 0} and {z3 = 24 = 0}
is not a complete intersection (see, e.g., [Dim92], p.81). Not all algebraic sets are complete

intersections.

1.2.1. Milnor fibration. Let (V,0) C (CP,0) be an ICIS of dimension r defined by a holo-
morphic germ f : CP,0 — CP~",0. Let D(f) C CP~" be the discriminant of f, the image under
f of the set of critical points of f. Let X = B.(0) N f~1(Bs(0) \ D(f)), an open neighborhood
of 0 € CP, and let f = f|x : X — Bs(0) \ D(f). Then Hamm showed

THEOREM 1.2.6 ([Ham71], 1.7 or, e.g., [Loo84], (5.10)). There exists an ¢y > 0 so that if
0 < € < €y, then there exists 0 < § < € so that f is a locally trivial fibration and each fiber of f

is homotopy equivalent to a bouquet of (p — r)-spheres.

A fiber of f is called a Milnor fiber of (V,0), and the number of spheres is called the Milnor
number of the ICIS (V,0) and is denoted by wu(V), u(V,0), or u(f).

ExaMPLE 1.2.7. These definitions agree with our earlier definitions for THS. If f: C™,0 —

C, 0 defines an IHS, then D(f) C {0}.

REMARK 1.2.8. Theorem 1.2.6 was proven more generally in the case where f is a function
on an ICIS (W,0) with (f~!(0) N W,0) again an ICIS. This process of building an ICIS was
later used to inductively obtain formulas for the Milnor number. This is an important recurring

technique.

1.2.2. Formulas for the Milnor number of ICIS. As a result of Hamm’s discovery, several
workers found formulas to calculate the Milnor number.

There is a general formula for the Milnor number given by Greuel [BGT75, Gre75] as the
length of a relative deRham cohomology module for the fibration (see, e.g., 8.20 of [Loo84)).
However, it is difficult to compute directly.

There is a more computable formula known as the Lé-Greuel formula. It requires inductively
computing the Milnor number of various ICIS of successively increasing codimensions. Let
(V,0) C (CP,0) be an ICIS of codimension r defined by f1 =--- = f, =0. Fori =1,...,r,
let V; be defined by fi =--- = f; = 0. Let X; = V; N B(0) N fz-:_ll(B(;(O)), an open subset of
V. Let fir1 = fir1lx, : Xi — Bs(0), a smooth function on V; \ {0}. We may choose f1,---, f;



so that each (f1,...,f;) : CP,0 — C%, 0 defines an ICIS. Then there is a formula for a “relative

Milnor number” for f;;; on X; which is similar to (1.1).

THEOREM 1.2.9 (Lé-Greuel formula; [Lé 74] 3.7.1, 3.7.2). With the above notation,

(Vi) + u(Vig1) = dimc(Oce 0/ 1),

where I; is the ideal generated by f1, ..., fi and the maximal minors of the Jacobian of (f1,..., fit1) :
C" — C'*L. Thus )
p(V)y = (1) dime(Gcr o/ ).
i=0

The proof of this formula by [Lé 74| involves taking an unfolding of the function defining
the ICIS, showing that a certain sheaf is Cohen-Macaulay, and that the unfolding splits the

critical point into Morse singularities which are then counted.

ExaMPLE 1.2.10. For an isolated hypersurface singularity, the above formulas reduce to the

formula given by Theorem 1.1.2.

EXAMPLE 1.2.11. Analogous to Example 1.1.5, Greuel-Hamm [GH78]| found a formula for
the Milnor number of a weighted homogeneous ICIS. This is an ICIS defined by f = (f1,..., fr) :
CP,0 — C",0, where weights may be assigned to each coordinate so that each f; is weighted
homogeneous of weighted degree d;. Then the Milnor number may be found using only the

weights.
1.3. The topology of non-isolated singularities

The preceding results for the Milnor fiber only applied to isolated singularities. There is a
good reason for this: for non-isolated singularities, the Milnor fiber does not necessarily have
the homotopy type of a bouquet of spheres. Recall that for an IHS the Milnor fiber of a function
C"*t10 — C,0is (n—1)-connected so the homotopy groups below dimension n vanish. For non-
isolated singularities, Kato-Matsumoto [KIM75] showed that the Milnor fiber loses connectivity

and hence will generally have non-vanishing homology in a large range of dimensions.

THEOREM 1.3.1 ([KMT75], Theorem 1). For f : C"t1,0 — C,0 a germ of a holomorphic
function, let ¥ = {z|f(x) = 0,grad f(x) = 0} be the critical set of {f = 0}, and let s be the
dimension of ¥ at 0. Then the Milnor fiber F' of f at 0 is at least (n — s — 1)-connected.

Moreover, there are examples where this is sharp.

10



However, there are large classes of interesting non-isolated singularities. For instance, in
this work we are interested in matrix singularities which almost always have non-isolated sin-
gularities. There has been much work done trying to develop analogues of the results for IHS
and ICIS for non-isolated singularities.

One approach was to continue to require functions to have “isolated singularities” in an
appropriate sense, but to allow the spaces on which which they are defined to have singularities.
This idea perhaps originated with Lé’s proof of the formula for the Milnor number of an isolated
complete intersection ([Lé 74|, Theorem 1.2.9), where he inductively computes the Milnor
number for a function defined on an isolated complete intersection. In [Lé 79|, he showed
that the local topology of the intersection of a germ of a complete intersection (perhaps with
complicated singularities) with a generic affine hyperplane has the homotopy type of a bouquet
of spheres. He subsequently defined [Lé 87] the notion of an “isolated singularity” on an
analytic space, and commented that when the analytic space is a complete intersection, then
the Milnor fiber has the homotopy type of a bouquet of spheres. When the analytic space is
not a complete intersection, Tibar has more recently shown [Tib96] that the Milnor fiber is
homotopy equivalent to “a bouquet of repeated suspensions of complex links of strata” of X.

Another direction was to attempt to understand the Milnor fiber by gradually increasing
the dimensional of the critical set. Siersma [Sie83, Sie87] studied the Milnor fiber for germs
whose critical set Y is a 1-dimensional isolated complete intersection and showed that the Milnor
fiber has the homotopy type of a bouquet of spheres of at most two different dimensions. He
used results of Pellikaan [Pel85] to deform the defining function, simplifying the singularities
involved. The Dutch group led by Siersma has continued [Pel90, MS92, dJ90, dJdJ90] to
study this problem. Others [Zah94, Ném99] have studied the Milnor fiber for germs whose
critical set is a 2-dimensional isolated complete intersection. In later work, [Sie91] proves that
under certain conditions, certain fibers of the deformation of a function defining a singularity
have the homotopy type of a bouquet of spheres.

Mond and Marar [Mon87, MMS89| noticed that certain weighted homogeneous finitely
a/-determined germs fy : C2,0 — C3,0, the “vanishing Euler characteristic” of images of sta-
bilizations of fy equals the .@7.-codimension of f;. The images of such germs C",0 — CP,0,
2 < n < p have non-isolated singularities and the images of their stabilizations are called dis-

entanglements. This was proven to hold for weighted homogeneous germs by Pellikaan-de Jong

11



(unpublished), by de Jong-van Straten [dJvS91] using a deformation theory for normalizations,
and later by Mond [Mon91]. (Others, notably Houston [Hou97, Hou02], have continued to
study disentanglements.)

Damon-Mond [DM91] discovered that Mond’s result for C2,0 — C3,0 had a generaliza-
tion to finitely «7-determined germs f : C*,0 — CP,0, n > p, provided that the image is
replaced with the discriminant. Using results of Lé, they proved that the discriminant of the
stabilization has the homotopy type of a bouquet of spheres, and they called the number of
spheres the discriminant Milnor number up(f). They prove a pup(f) > “-codim(f)-type re-
sult, with equality for weighted homogeneous f in Mather’s “nice dimensions,” using a relation
between .o7-equivalence and the equivalence of nonlinear sections of the discriminant of the
stable unfolding of f.

Damon later realized [Dam96a, Dam96b]| that their methods apply more generally to
allow one to define the singular Milnor number for nonlinear sections of complete intersections.
In this form, the singular Milnor number is a straightforward generalization of the classical

Milnor number for isolated singularities.

1.4. The singular Milnor number

We now generalize the Milnor number of IHS and ICIS to non-isolated singularities of the
form f=1(V), for (V,0) C (CP,0) a (non-isolated) hypersurface or complete intersection and
f:C" 0 — CP,0 a germ transverse to V off 0 € C". We define the singular Milnor fiber and
state its basic property, that it has the homotopy type of a bouquet of spheres. To state the
hypotheses under which the singular Milnor number is defined and to define stabilizations, we
describe two notions of transversality to a (possibly) singular (V,0) using modules of vector

fields associated to a germ (V,0) C (CP,0) and its defining function.

1.4.1. Modules of vector fields. Let (V,0) C (CP,0) be a germ of a complex analytic set.
Let I(V') C Ocr o be the ideal of germs vanishing on V. We may define the module of germs of

complex analytic vector fields which are “tangent to V”:
Derlog (V') = {n € p|n(h) € I(V) for all h € I(V)},
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where 6, is the Ocr g-module of germs of complex analytic vector fields on CP at 0. In fact,
Derlog (V') extends to a coherent sheaf Derlog(V') consisting of vector fields tangent to the
smooth points of V' (see [Sai80]). Derlog (V) is the stalk of Derlog(V') at 0.

REMARK 1.4.1. Derlog (V) is closed under the Lie bracket of vector fields and so is a Lie

algebra.

Now consider the case where V = f~1(0) is a hypersurface defined by a reduced germ

f:CP.0— C,0. The ideal I(V) contains f. We may define a submodule of Derlog (V') by

Derlog (f) = {n € 0,n(f) = 0}.

In contrast to elements of Derlog (f) are Euler-like vector fields, n € 6,, for which n(f) = f.
Euler-like vector fields do not always exist. However, if f is weighted homogeneous of degree d

with weights a1, ..., ay, then
1 & 9
d2- g
i=1
is an Euler-like vector field.

If V = f~1(0) and there is an Euler-like vector field 7 for f, then we call f a good defining

equation for V. If V has a good defining equation f with FEuler-like vector field 7, then
Derlog (V') = Derlog (f) & Ocr,0{n}

by Lemma 3.3, [DM91].

If a hypersurface V = f~1(0), f : C?,0 — C, 0, does not have a good defining equation, then
there is a simple procedure to obtain one: consider instead V' x C defined by ¢ : C? x C, (0,0) —
C,0, g(x,t) = et f(x). The vector field % is an Euler-like vector field for g, giving V x C a
good defining equation. Though we are interested in nonlinear sections F~!(V) of V under
F:C"0 — CP,0, F~Y(V) = (F x {0})"%V x C) and by Proposition 3.10 of [DM91] the
singularity-theoretic properties of F' as a nonlinear section of V are equivalent to those of
F x {0} : C™,0 — CP*1 0 as a nonlinear section of V x C. We will thus assume the existence

of a good defining equation.

1.4.2. Transversality to singular sets. We may now define several notions of transversality

to a singular set; the degree to which these agree are measured by various “codimensions”.

13



Let (V,0) C (CP,0) be a germ of an analytic set. Let n1,...,m, be a set of generators for
Derlog (V). Let f:C" 0 — CP,0 be an analytic function.

DEFINITION 1.4.2. We shall say that f is algebraically transverse to (V,0) at o € C™ if
dfay (T2 C") + (Derlog (V) £ (40) = Tr(20)C"s
where for y € CP we define

(Derlog (V)), = C{m(y),--..nm(y)} C T,C".

If there exists a punctured neighborhood of zero U = B.(0)\ {0} € C" so that f is algebraically
transverse to (V,0) at all z € U, then we will say that f is algebraically transverse to (V,0) off
0, and write ,
f Plﬁg V.
Proposition 1.5.1 will show that f is algebraically transverse off 0 to V' if and only if f has
“finite codimension” for a particular group.
A different notion of transversality comes from a Whitney stratification of V. Let X be the

canonical Whitney stratification of V. It makes sense to say that f to transverse to all strata

of X at x € C"™.

DEFINITION 1.4.3. We will say that f is geometrically transverse to (V,0) off 0 and write

0
fhv

geom

if there is a punctured neighborhood U = B.(0) \ {0} C C" so that f is transverse to all strata

of Xatallz e U.

By Proposition 3.11(i) of [DM91], all n € Derlog (V) are tangent to all strata of the
canonical Whitney stratification X of V. If V has a good defining equation H and x € V;, a

stratum of X, then we have the inclusions
(1.2) (Derlog (H)),, € (Derlog (V)), C T..V;.
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Note that (Derlog (H)), is independent of the choice of good defining equation by Lemma 2.1 of
[Dam96a], and that (1.2) implies that algebraic transversality implies geometric transversality.
They are not equivalent, however.

We may or may not have equality at each inclusion of (1.2). If the right inclusion is an
equality for all points on all strata, then we say that V is holonomic; if both inclusions are

equalities for all points on all strata, then we say that V is H-holonomic.

EXAMPLE 1.4.4. V = {0} C C defined by H(z) = z is H-holonomic with Derlog (H) = {0}.
Then a holomorphic germ fy : C"*,0 — C,0 defines a hypersurface f; vy = fo 1(0) with an
isolated singularity at 0 € C" if and only if fy is geometrically transverse to V off zero. Since

V' is holonomic, this is equivalent to fy being algebraically transverse to V off zero.

If an algebraic set is not H-holonomic, we define a codimension to describe the degree to
which this property fails. Call a stratum V; of the canonical Whitney stratification X of V'
H-holonomic if (Derlog (H)),, = T,V; for all € Vj. Define

h(V) = max{k : all strata V; of codimension < k are H-holonomic},

the codimension of the largest dimensional stratum which is not H-holonomic. If V is H-

holonomic, then write 4(V) = oo.

1.4.3. Stabilizations. We may now define the notion of stabilization of a nonlinear section.

Let fo : C",0 — CP,0 be a holomorphic germ, and let (V,0) C (CP,0) be a germ of
a complete intersection of dimension k. Let f : (C" x C,(0,0)) — CP be a l-parameter
holomorphic unfolding of fy defined on a neighborhood U x T' C C" x C. Let fi(x) = f(z,t).

We define two related notions of a “stabilization” of fj.

DEFINITION 1.4.5. Assume that fy is algebraically transverse off 0 to V. Then we call f a

stabilization of fo with respect to V if for all ¢ € T'\ {0}, f; is algebraically transverse to V' on
U.

A stabilization thus has the property that at any (z,t) € U x T with (z,t) # (0,0),

d(ft)(:c) (Tz(cn) + <Der10g (V)>ft(gc) = Tft(x)(cp'
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DEFINITION 1.4.6. Now assume that fy is geometrically transverse to V off 0. Then we
call f a geometric stabilization of fy with respect to V if for t € T \ {0}, f; is geometrically

transverse to V on U.

A geometric stabilization has the property that at any (z,t) € U x T with (z,t) # (0,0),

either fi(z) € V or fi(x) € V;, a Whitney stratum of V', with
d(fe) (@) (TaC") + Ty Vi = Tpy )"

Since being algebraically transverse is stronger than being geometrically transverse, ev-
ery stabilization is also a geometric stabilization. When V is holonomic, the two notions of

transversality, and the two notions of stabilization, are equivalent.

ExaMPLE 1.4.7. Recall from Example 1.4.4 how fy : C",0 — C, 0 is geometrically transverse
off 0 to V= {0} c Cif and only if f 1(V) has an isolated singularity at 0, i.e., fy has an isolated

critical point at 0. Then f; = fy — t gives a stabilization of fj.

REMARK 1.4.8. If fp : C",0 — CP,0 is transverse off 0 € C" to (V,0) C (CP,0) and fy
has finite J#y/.-codimension, then a geometric stabilization of fy always exists. For, fy has a
J#y-versal unfolding F : C* x C*, 0 — CP, 0 which must be geometrically transverse to V. Since
F is transverse to a Whitney stratified set, a parameterized version of Thom’s transversality
lemma shows that the set of parameters which correspond to maps C* — CP geometrically
transverse to V is open and dense in C¥. As a result, there is a curve in C¥ which yields a

stabilization of fy. If V' is holonomic, then this geometric stabilization is also a stabilization.

1.4.4. The singular Milnor number. We are now able to define the singular Milnor number

using the stabilizations defined above.

THEOREM 1.4.9 (Theorem 4.6 in [DM91], Lemma 7.8 in [Dam96a]). Let fp : C*,0 —
CP,0 be a holomorphic germ and let (V,0) C (CP,0) be a germ of a k-dimensional complete
intersection. Suppose that fo is geometrically transverse to V' off zero. Let f : C* xC,0 — CP 0
be a geometric stabilization of fy with respect to V and let fy = f(-,t). Then there exists an

e>0and a0 <d < e sothat if 0 < [t| <,
(1.3) (V)N B(0)
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has the homotopy type of a bouquet of spheres of real dimension n — p + k, and the number of

spheres is independent of the choice of stabilization, t, and €.

We refer to f;1(V) N Bc(0) as the singular Milnor fiber of fo with respect to V (or of

£y 1(V)), while the number of spheres is called the singular Milnor number and is written

pv (fo)-

SKETCH OF PROOF. For a stabilization f;, let g = (f;,t) : C" x C — CP x C. Let X =
g Y (V xC)and let 7 : X C C" x C — C be projection on the second term. Under the given
hypotheses, X is a complete intersection, it follows from the definition of geometric stabilization
that 7 has an isolated singularity at (0,0) in the sense of Lé (see (2.7) of [Lé 87]), and for
0 < [t| < €, 7 1(t) N B.(0) is the singular Milnor fiber. Then by a result of Lé (see (4.4) of
[Lé 87]), 7~ 1(t)N B.(0) has the homotopy type of a bouquet of spheres of the given dimension.

a

EXAMPLE 1.4.10. In Example 1.4.7 we showed that a stabilization (relative to {0} C C)
of fo : C",0 — C,0 defining an isolated hypersurface singularity was f; = fo —t. Then the

singular Milnor fiber is

ftfl(v) N BE(O) = f(;l(t) N BG(O)

for 0 < |t| < €, which is the same as the usual Milnor fiber (specifically, ¢; of §1.1). In
particular, the singular Milnor number is a generalization of the classical Milnor number for

IHS.

ExaMPLE 1.4.11. More generally, suppose fo : C*,0 — C"~", 0 defines an ICIS of dimension
r. Then D(fp), the discriminant of fp, is an analytic subset of C"~" of pure dimension n—r —1
(see (2.8) of [Loo84]). Then we may find v € C"" so that for ¢ small enough, ¢t — tv intersects
D(fo) only at 0. It follows that f; = fo — vt is a stabilization of fy relative to V.= {0} Cc C"~".

The singular Milnor fiber is
[T (V)N B(0) = f5 (vt) N Be(0)

for 0 < |t| < e. This is the same as the usual Milnor fiber because vt ¢ D(fy). In particular,

the singular Milnor number is a generalization of the classical Milnor number for ICIS.

17



1.5. Equivalence of germs via groups of diffeomorphisms

The singular Milnor number as defined by Theorem 1.4.9 involves a hypersurface or complete
intersection germ (V,0) C (CP,0), a germ f mapping into (C?,0), perturbations of f, and the
interaction between V' and perturbations of f. A formula for the singular Milnor number must
measure the interaction between these analytic sets and a function’s perturbations.

This will be accomplished using the Thom-Mather approach to singularity theory which
uses the action of groups of germs of diffeomorphisms acting on both germs of mappings and
their unfoldings. The codimension of a germ can be viewed as the dimension of a normal section
to its orbit in the space of germs. For example, if any “small” perturbation of f lies in the
same orbit as f under the group action, then conceptually we may imagine that the orbit of f
contains an open neighborhood of f and so the codimension at f of the group action is zero. (In
reality, there is no good topology on the space of germs and so there is no actual neighborhood
of f. “Nearby” germs to f should be understood in terms of unfoldings of f.)

The formulas of Milnor and Lé-Greuel for the Milnor number of an isolated singularity can
be viewed as codimensions for certain equivalence groups. This will also be true for the singular
Milnor number.

For an analytic germ f : C",0 — CP,0, define the Oc» p-module

p
o) =Oena{ 5}

i=1

the module of “vector fields along f,” representing the space of possible infinitesimal deforma-
tions of f. Elements of 0(f) are thought of as germs 7 : C*,0 — T'CP,0, where n(x) € T},CP
for all . 6(f) may be identified with the tangent space to the space of germs C" 0 — C!

without fixing the target.

1.5.1. The contact equivalence group, % . Since the groups we will use are subgroups of
the classical contact equivalence group %, introduced in [Mat68, Tou68], we first describe
this group and its action on the space of analytic germs C™ 0 — CP,0. Although the definition
of J depends on n and p, these numbers are always understood from the context and omitted

notationally.
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J consists of the set of germs of analytic diffeomorphisms of C™ x CP which fix zero and
which send graphs of functions to graphs of functions. Specifically, it consists of germs of ana-
lytic diffeomorphisms ® : C**P, 0 — C"™*P, 0 for which there exists a germ of a diffeomorphism
¢:C" 0 — C" 0 so that if i : C* — C"*? is the inclusion i(z) = (z,0) and 7 : C* x CP — C"
is projection on the first factor, then

(o3}

cr —— e L
Lo
cr Y, cntp cr %, n

commute. The first diagram can be understood as the requirement that ® transforms C™ x {0}
exactly as ¢ transforms C", so that ® sends the graph of the zero function to the graph of the
zero function. The second diagram can be understood as the requirement that ® move fibers of
7 to fibers of m according to ¢. As fibers of 7 represent the possible values that a function can
take at a particular point, ® sends the graph of a germ C" 0 — CP,0 to the graph of another
germ.

An element ® of JZ acts on a germ f: C", 0 — CP,0 via

graph(® - f) = ®(graph(f)).

If w3 : C" x CP — CP is projection on the second factor and graph; = idce X f is the function
whose image is the graph of f, then since ® - f = m o ® o graphy, the action of any ® €
preserves analyticity.

For a germ f : C™,0 — CP,0, we obtain the extended tangent space of & at f

(1.4) TH.- =0, or” + [ (Mer o) O o0
. e J =0cn0 9z |, cr0)Pcn0 By j:1,

a submodule of f(f). Here, we use coordinates {z;} on C" and coordinates {y;} on CP, Ac» g is
the maximal ideal, and f* : Ocr g — Ocn g is the ring homomorphism given by composition with
fo I f=_(f,...,[fp), then 8% denotes the element 25:1 %c’%j of O(f). Then the extended
K codimension at f is

He—codim(f) = dimc (0(f)/TH: - f),

the dimension of the quotient module as a complex vector space. This can be understood as

the dimension of the space of nontrivial deformations of f.
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1.5.2. Contact equivalence preserving a subvariety, .#;,. We may now define a subgroup
Hy of ', which depends on an analytic set (V,0) C (CP,0). This group was introduced by
Damon in [Dam87].

Let £, denote the subgroup of JZ consisting of those germs of diffeomorphisms which
preserve C" x V:

Hy={® e #|BC" x V) CC" x V).

Ay is a “geometrically defined subgroup of £ in the sense of [Dam84], so that all the usual
theorems of singularity theory apply: finite determinacy, existence of versal unfoldings, etc.
Let {n;}L; be a set of generators for Derlog (V). Then the extended %y tangent space at
f:C*"0—CP,0is

af " m
(1.5) THye  f=0Ocnp {3:1{ } + Ocno{njo f}j:1 )
tJ4=1

a submodule of (f). Then the extended %, codimension at f is the dimension of the J#y

normal space to f

Hye-codim(f) = dim¢ (0(f)/T Hv.e - f).

Calculating the extended #j, codimension of a germ f in fact also checks whether f is

algebraically transverse to V off 0.

PrOPOSITION 1.5.1 (Proposition 2.2, [Dam87]). For a germ f:C",0 — CP,0 and a germ
(V,0) C (CP,0) of an analytic set, f has finite Hy o-codimension if and only if f is algebraically

transverse to V' off zero.

Note that each of these is equivalent to f being finitely %7 -determined (determined, up
to the action of #y, by a Taylor polynomial of sufficiently large degree) by standard finite

determinacy results ([Dam84]).

1.5.3. Contact equivalence preserving level sets, #7;. The second group which we will
define, #z7, is a subgroup of #j, when (V,0) C (CP,0) is a complete intersection germ defined
by an analytic germ H : C?,0 — C",0. Instead of considering diffeomorphisms which preserve

V = H~1(0), we consider diffeomorphisms which preserve all level sets of H.
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For now, let H : C?,0 — C",0 be an analytic germ. Let my : C" x CP — CP be projection

on the second factor. Then 7 is defined by
{® e H|Hompo® = H oms},

and the extended i -tangent space at f : C",0 — CP,0 is the dimension of the £z normal

space to f

0 " m
(1.6) TL%/H,E - f= @Cn,o { / } + ﬁ(C”,O {77j % f}j:l )

8.%‘ i=1
where now {n;}7, is a set of generators for Derlog (H) (not Derlog (V). Again, T #p. - f is

a submodule of 0(f), and the extended 5 codimension at f is
K e-codim(f) = dimc (0(f)/T Hue - f)-

As with J#y, 7y is a “geometrically defined subgroup of J#” in the sense of [Dam®&4], so that
the usual theorems of singularity theory apply.
Similar to Proposition 1.5.1, having finite 7 .-codimension is equivalent to a transversality

condition.

PROPOSITION 1.5.2 (p.228, [DM91]). For analytic germs f : C",0 — CP,0 and H : CP,0 —
C,0, f has finite Hp .-codimension if and only if f is algebraically transverse to V.= H~1(0)

off zero where we only use generators for Derlog (H) instead of all of Derlog (V).

Again, this is equivalent to f being finitely #-determined by standard finite determinacy
results ([Dam84]).

All known formulas for the singular Milnor number involve the #7 .-codimension and apply
only when our germs have finite %7 .-codimension. Our formulas will thus hold under the above

transversality condition.

REMARK 1.5.3. If V. = H~1(0) is H-holonomic, then by definition (Derlog (V)), and
(Derlog (H)), agree at any point v € V. Then the two forms of transversality given by Propo-
sitions 1.5.1 and 1.5.2 will agree, and f has finite J#,. codimension if and only if it has finite
1 codimension. This happens, for example, when H is reduced and H and f are weighted

homogeneous for the same weights (see Lemma 3.4 of [DM91]).
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1.6. Formulas for the singular Milnor number

By Theorem 1.4.9, the singular Milnor fiber has the homotopy type of a bouquet of spheres
of a specific dimension and the number of such spheres is the singular Milnor number. We
next describe several important classes of hypersurfaces and complete intersection singularities
(V,0) for which py (fo) is given by a computable formula. These are analogous to the formulas

of Milnor and Lé-Greuel for isolated singularities.

1.6.1. Free Divisors. The key formula for (V,0) a hypersurface applies when (V,0) is a free

divisor, a notion originally due to Saito ([Sai80]).

DEFINITION 1.6.1. A hypersurface germ (V,0) C (CP,0) is a free divisor if Derlog (V') is a

free module.

For a free divisor (V,0) C (CP,0), Derlog (V') necessarily has rank p. If additionally V' has

a good defining equation f, then Derlog (f) is free of rank p — 1.

EXAMPLE 1.6.2. The simplest free divisor is {0} C C, where Derlog ({0}) is generated by

zg,.

REMARK 1.6.3. If the germ (V,0) C (C",0) is a free divisor and we choose a representative
V on an open neighborhood Uy of 0 € C", then by coherence of Derlog(V') there exists an open
neighborhood Uy C Uj of 0 so that (V,v) is a free divisor for any v € V N Us. This is the reason

we are so interested in the stalk of Derlog(V') at 0.

There are many important classes of examples of free divisors, including

(1) Free hyperplane arrangements, arrangements of hyperplanes which are free divisors,
have been studied by Terao [Ter80a, Ter80b], Orlik [OT92]|, and others. For exam-
ple, f = [[;_, i defines a free hyperplane arrangement V on C" where Derlog (V) is
generated by vector fields of the form xia%i. The previous example is a special case of
this one.

(2) Saito showed [Sai80] that the discriminant of the versal unfolding of a function defining
an isolated hypersurface singularity is a free divisor. Looijenga [Loo84| showed that
the same is true for an isolated complete intersection singularity. Van Straten showed
[vS95] that the discriminant of the versal unfolding of a reduced space curve is a free

divisor.
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Terao [Ter83] and Bruce [Bru85] independently showed that the bifurcation set of
the versal deformation of an isolated hypersurface singularity is a free divisor. This was
extended to finitely determined germs C",0 — CP, 0 for a range of (n,p) by [Dam98].

More generally, Damon showed [Dam98] that any discriminant or bifurcation set
for a ¢-versal unfolding is a free divisor, where ¢ is any “geometric subgroup of &7 or
7 which is “Cohen-Macaulay and generically has Morse-type singularities.”
Buchweitz-Mond [BMO06| showed that the complements of the open orbits of certain
rational representations of connected complex algebraic Lie groups are “linear” free

divisors.

DEFINITION 1.6.4. Call a free divisor (V,0) C (C",0) linear if there exists a set of
n linear vector fields &1, ..., &, which generate Derlog (V'), where a linear vector field

is homogeneous of degree 0 using the natural grading of vector fields.

Buchweitz and Mond studied examples coming from quiver representations of finite
type. Their examples considered and obtained free divisors using irreducible represen-

tations of reductive groups.

We shall now discuss the formula for py(fop) in the case where (V,0) C (CP,0) is a free

divisor with a good defining equation H. We must strengthen the hypotheses of Theorem
1.4.9 by requiring fy (and f;) to satisfy the stronger algebraic transversality conditions and by
requiring fop to have finite # -codimension. (In fact, Proposition 1.5.2 shows that the finite

codimension requirement implies the transversality condition.)

The following Theorem combines several results from the literature. Although the version

in [DM91] (Theorems 5, 6) requires fo : C*,0 — CP,0 and H to be weighted homogeneous
for the same weights, this restriction may be removed with the same conclusion, provided that

n < h(V).

THEOREM 1.6.5 ([DM91] Theorems 5, 6; [Dam96a] Theorem 4.1). Let (V,0) C (CP,0) be

a free divisor with a good defining equation H, let fo : C",0 — CP,0 be an analytic germ which

is algebraically transverse to V' off 0, and suppose Hy o-codim(fy) < co. If n < h(V),

pv (fo) = K e-codim(fo).
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When V' is H-holonomic, then h(V) = oo and the singular Milnor number is given by the
Hh e-codimension. If n > p(V'), then there are correction terms needed similar to those we will
encounter in Theorem 1.6.13.

The proof involves showing that a certain sheaf is Cohen-Macaulay and that the unfolding
splits the singularity into Morse singularities which are then counted. This is the same technique

used by Lé [Lé 74] to prove the Lé-Greuel formula.

ExAMPLE 1.6.6. If V' = {0} C C is our free divisor, then by Example 1.4.4 f, : C",0 — C,0
is algebraically transverse to V off 0 if and only if f; ! (V') has an isolated hypersurface singularity
at 0. In this case, the singular and classical Milnor fibers agree. Use coordinates {x;} on C™ and
y on C. Since Derlog (V) is free of rank 1, generated by the Euler vector field ya%, Derlog (y)

only contains the zero vector field. Thus

_ dfo 0 dfo O 0
THre - fo= ﬁcn’o{%@""’M@}+ﬁC"’0 {an}

0
N P
fo 8y’
where Jy, is the Jacobian ideal of fy. Since 6(fo) = Ocn o - a%, the formulas given by Theorems

1.6.5 and 1.1.2 agree.

EXAMPLE 1.6.7. There is again an expression in terms of the weights for the singular Milnor
number when V' and fy are weighted homogeneous for the same weights (see §6 of [Dam96a]

or [Dam95)).

1.6.2. Almost free divisors. The class of almost free divisors is the class of hypersurface
singularities obtained as pullbacks of free divisors under maps algebraic transverse in the com-
plement of a point. The singular Milnor number of certain nonlinear sections of almost free
divisors may be calculated (under restrictive hypotheses) by reducing to Theorem 1.6.5 (see
Corollary 4.2 of [Dam96a]). Almost free divisors may be thought of as an analogue of ITHS,

where we replace local smoothness with local freeness.

1.6.3. Almost free complete intersections. One can similarly study the intersections of
almost free divisors. Call two analytic sets (V7,0), (Va,0) C (CP,0) in algebraic general position

off 0if, for all z € V1N Va, & # 0, we have (Derlog (V1)), and (Derlog (V2)), in general position.
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The class of almost free complete intersections include almost free divisors and the inter-
section of almost free complete intersections which are in algebraic general position off 0 (see
Proposition 7.6 of [Dam96a]). All almost free complete intersections arise as the pullback of
the direct product of free divisors under a map algebraically transverse in the complement of a
point. In many ways, these are analogues of ICIS.

There is a formula for the singular Milnor numbers of almost free complete intersections.
We state a slight generalization of this result for the intersection of two hypersurfaces which is

more suggestive of things to come.

THEOREM 1.6.8 (Theorem 2 of [Dam96al). For i = 1,2, let (V;,0) C (CP,0) be hypersur-
faces, with (Vi N'Va,0) a complete intersection. If f is algebraically transverse of 0 to Vi, Va,
ViUVa, and Vi NVa, then

(1.8) vinvs (f) = i (f) + i (f) — mviove (f)-

When Vi, Vo, and V; UV, are free divisors, then this Theorem together with Theorem 1.6.5
allows the computation of uy;nv, (f). Moreover, f~1(V1), f~1(V3), and f=1(V3 UV4) are almost
free divisors.

This type of result and its method of proof, using combinatorial results for computing Euler

characteristics, motivate our approach in Chapter 6.

1.6.4. An ICIS on an almost free divisor. Let f; : C",0 — CP*,0 define an ICIS (V7,0)
of dimension n — py. Let fa : C*,0 — CP2,0 be algebraically transverse off 0 to the free divisor
(V,0) C (CP2,0), so that Vo = f, }(V) is an almost free divisor. Let f = (f1, f2) : C*,0 —
CP1*P2 (). Then

(1.9) SO x V) =Vin g,

and we may wish to compute piyoyxv(f). If V4 and V; are in algebraic general position off 0,

then V; N V5 is a complete intersection.

REMARK 1.6.9. A sufficient condition for f; to define an ICIS, fy to be algebraically trans-
verse off 0 to V, and for Vi and V5 to be in algebraic general position off 0 is that f be
algebraically transverse off 0 to ({0} x CP2 UCP! x V), (see Lemma 7.2 of [Dam96a]).
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There exists a formula for the rank of the (n — p;)st relative homology group of the Milnor
fiber of (V1,0) and the singular Milnor fiber of (1.9). This formula for the “relative singular

Milnor number” is a generalization of the Lé-Greuel formula (Theorem 1.2.9).

THEOREM 1.6.10 (Corollary 9.6, (9.1) of [Dam96a], or Theorem 4.2 of [DamO1]). Let Vi,
Vo, and f : C",0 — CP1*P2 0 be as above, with V, and Vs in algebraic general position off 0.
Let H : CP> — C be a good defining equation for V and let (1,...,(p,—1 be a set of generators
for Derlog (H). Let M be the quotient Oy, g-module given by

M = (ﬁVLO)pl—i_pQ/(ﬁVlvo {883{‘1, ceey gxf’<1 o fg, .. -7(}72—1 o fQ}) .

There is the following formula involving the Milnor number of the ICIS (V1,0) and the singular
Milnor number of f for {0} x V:

(V1) + ppoyxv (f) = dim ¢ (M).

1.6.5. Free* divisors. We may weaken the notion of free divisor but still compute singular

Milnor numbers by using a weaker free* divisor structure.

DEFINITION 1.6.11. For a hypersurface germ (V,0) C (CP,0) with p’ = p+ m > p, we may
let V! =V xC™ c CP'. Then a free* divisor structure for V defined on C?' is an ﬁ((cp/ 0)—module

&£ C Derlog (V') such that

(1) Zis a free O¢y 5) module of rank P/, and

(2) supp (0, /L) = V', where supp denotes the support of a sheaf.

For example, when m = 0, a free* divisor structure for V is a free submodule ¥ C
Derlog (V') of rank p, for which the p generators of £ are linearly dependent exactly on V.
However, this may define V' with non-reduced structure. A free* divisor structure is non-
unique and not necessarily closed under the Lie bracket; when a free* divisor is closed under

the Lie bracket, we will make note of it.

EXAMPLE 1.6.12. A germ (V,0) C (C3,0) of the Whitney umbrella is defined by the equation

yw? — 22 = 0. A Macaulay 2 calculation ([GS]) shows that Derlog (V) has four generators:

&1 =2y +24 G =wl 422

o) 2 0 0 0
53:2z8—y+w$ §a =25, tywy;.
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(V,0) is not a free divisor. But (see, e.g., [DamO03], Example 1.6) the module .Z generated by
€1, &4, 263+ w3y is a free module of rank 4 for which the generators are linearly dependent only

on (V,0); thus (V,0) has £ as a free* structure.

The usefulness of a free* structure . C Derlog (V') for computing the singular Milnor
number of a nonlinear section f : C",0 — CP,0 of (V,0) C (CP,0) depends on how close
dim¢((-Z),) is to the dimension of the canonical Whitney stratum containing y, for all y €
V. We must calculate a correction term for each wirtual singularity v that arises when fy is

geometrically transverse to V at v but fj is not algebraically transverse for %, i.e.,

d(f0) () (TvC") +{2L) () 7 Tpo(0)C-

Virtual singularities may arise unavoidably when we find a stabilization of fj relative to V.
The correction terms for uy(fo) are given in terms of “codimensions” of fy. Let H be
a good defining equation for (V,0), with free* structure .. We may then define an extended
K -codimension for fo just as we do for #p, except using generators for £y = 2 NDerlog (H)
instead of Derlog (H). This may not correspond to the codimension of any group of equivalences.

The version of Theorem 1.6.5 with correction terms becomes

THEOREM 1.6.13 ([Dam03], Theorem 5). Let (V,0) C (C?,0), £, and H be as above. Let

fo: C*" 0 — CP,0 have finite %ﬁ7e—codimension. Then for fi a stabilization of fy,

pv (fo) = K .-codim(fo) — Z Hip o-codim( fy, ),

€Sy

where Sy is the (finite) set of virtual singularities of fi in C" for a sufficiently small t, and

where A7 ~codim(fy, x) denotes the 7, codimension of the germ fi : C",x — CP, fi(z).

It can be difficult to use this Theorem to calculate the singular Milnor number because we
must determine the set of virtual singularities in a stabilization and calculate a codimension

for each. Where possible we will find and use free divisors.

1.7. Matrix singularities

While important classes of highly non-isolated singularities such a discriminants, bifurcation

sets, and hyperplane arrangements are free divisors, this is not the case for matrix singularities,
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our principal objects of consideration. We first define this term and review some work from the

literature regarding the classical Milnor numbers of isolated matrix singularities.

1.7.1. Families of matrices. Bruce and Tari in [BT04] study parametrized families of square
matrices up to equivalence by a group action. They define a group which, when acting on a
family A : C* — Hom(V,W) with V.~ W =~ CP, allows parametrized linear changes of
coordinates for both V and W as well as diffeomorphisms of the parameter space C*. Up to
equivalence of such families under this group action, they classify such families until moduli
appear (the “simple families”).

Similarly, Bruce classifies in [Bru03] the simple families of symmetric matrices up to a the
action of a group which allows parametrized linear changes of coordinates for the source space
(which equals the target space). Haslinger in [Has01] has studied the same problem for the

space of skew-symmetric matrices.

1.7.2. Matrix singularities. For any of the cases listed above, we shall call an orbit of the
group’s actions on a family of matrices a matriz singularity. Goryunov and Mond [GMO5]
showed that in each case the tangent spaces of the groups used by Bruce, Tari, and Haslinger
are equal to the J4, tangent space, where V' is the variety of the singular matrices in each case,
and therefore the orbits of the groups on families of matrices agree (see §2 of [GMO5]). Thus

the following is an equivalent definition of matrix singularity.

DEFINITION 1.7.1. Let M be a vector space of matrices, and let V' C M be the determinantal
variety, the hypersurface consisting of singular matrices. A matriz singularity is an orbit in the

space of germs C", 0 — M, 0 under the action of .

Note that the codimension of Sing(V') in V is 2, respectively 3, respectively 5, for the case
of symmetric, respectively general k x k, respectively even skew-symmetric matrices. Hence,
so will matrix singularities defined from them when n > codim(Sing(V')). By results of Kato-
Matsumoto (Theorem 1.3.1), the regular Milnor fiber may have homology in dimensions greater

than or equal to 1, respectively, 2, respectively, 4.

1.7.3. Goryunov-Mond. One possibility is to consider only isolated matrix singularities
where n < codim(Sing(V')). This is the approach taken by Goryunov-Mond [GMO5]. They

studied deformations of holomorphic germs of the form f o F, for fixed f : C",0 — C,0, and
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F :C™0 — C" 0 may vary. Their goal is to relate the Milnor number of f o F with the
deformation theory of F' as a nonlinear section of f~!(0). They take free resolutions of the
Ocn p-modules Ocn o/ Jr and Ocn o/ (f) + Jy, for Jg the ideal generated by the first partials of
f, and by homological algebra obtain exact sequences which have zero terms when f o F' has
an isolated singularity at 0 € C™. By taking the alternating sum of the ranks of the modules

involved, they obtain the following Theorem.
THEOREM 1.7.2 ([GMO5], Theorem 1.5). If f o F' has isolated singularity, then
Hfecodim(F) = u(f o F) = By + B1,
where [3; = rank Tor?cn’o(ﬁ@n,o/Jf, Ocm ) and p(f o F) is the Milnor number.

Their main interest is where f is the determinant or Pfaffian function on a vector space
of square matrices (symmetric, skew-symmetric, or general k x k). They find explicit free
resolutions in the literature for these cases and when m is small are able to make conclusions
about Gy and ;. For example, when f is the determinant function on the space of symmetric
matrices and m = 2, they show g = 81 < 00, so that #} .-codim(F) = pu(foF') (their Corollary
4.4).

1.7.4. Our approach. Our goal in this dissertation is to compute the singular Milnor number
of general matrix singularities. Since we allow n > codim(Sing(V')), our matrix singularities
may be highly non-isolated. Although the variety V of singular matrices is not a free divisor,
motivated by (1.8) we embed it as a component of a free divisor, express uy (f) in terms of
other singular Milnor numbers, and use Theorems 1.6.5 and 1.6.10 to compute these auxiliary

singular Milnor numbers.
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CHAPTER 2

Lie group representations with open orbits

In Example 3 of Chapter 1, we pointed out that certain rational representations of connected
complex algebraic Lie groups with open orbits have a free divisor as the complement of their
open orbit. Free divisors which arise in this way and are contained in a space of matrices will
enable us to calculate the singular Milnor number of certain matrix singularities.

This chapter will serve as an introduction to representations of Lie groups with open orbits.
In the first section we recall a number of basic results for a rational representation p : G —
GL(V) of a connected complex algebraic Lie group G with Lie algebra g. Any element A € g
gives rise to a vector field £4 on V, and the map A — £4 can be given the structure of a Lie
algebra homomorphism. Calculations involving a basis of this finite-dimensional Lie algebra of
vector fields allow us to determine if p has an open orbit and, if it does, to obtain an explicit
description of it. Any open orbit must be Zariski open, and when dim¢(G) = dim¢(V) the
complement of the open orbit is a hypersurface. In Chapter 3 we will see that such hypersurfaces
are either free divisors or free* divisors.

In section 2 of this chapter, we see how several classical matrix factorization results (LU,
Cholesky, and a variant of Cholesky factorization for skew-symmetric matrices) can be viewed
as statements about the open orbit of a rational representation of a connected complex algebraic
Lie group. These matrix factorizations generally factor a matrix into a product of lower and
upper triangular matrices. The original factorization results in the real case are used heavily
in computational linear algebra.

The observation that all of the groups in the classical factorizations are solvable leads to a
short discussion in section 3 of the properties of solvable algebraic Lie groups, primarily the Lie-
Kolchin Theorem. We shall use these properties freely to develop our “block representations”

in Chapter 3.



Since representations with open orbits have been studied before as “prehomogeneous vector
spaces,” we summarize the basic theory in section 2.4. It is interesting to view our theory from

this other perspective, a task we will continue in the later portions of Chapters 3 and 5.

2.1. Representations of Lie groups and the Lie algebra of vector fields

Let G be a connected complex algebraic Lie group with Lie algebra g. Let V be a complex
vector space and let p : G — GL(V) be a rational representation, so that G x V. — V is a
rational map.

For any A € g we may define a holomorphic vector field £4 on V by

(2.1) £a(2) = L (plexp(t - 4))(x) o

By the naturality of the exponential function (see, e.g., I (3.2) of [BtD85]), we may rewrite

this as
d
() = L (plexp(t - 4)) (@) o
22) = % (explt - dpiey( ) @) s
= dp(e) (A)(ZL‘),

where dp(.)(A) € End (V). Each {4 is a “linear” vector field in two senses: first, evaluation of
&4 at a point is given by evaluating a linear map V' — V; and also that, after choosing vector
space coordinates, all of the coeflicient functions of £ 4 are either 0 or homogeneous of degree 1.

We might expect that A — &4 is a Lie algebra homomorphism. This is true, with the
caveat that we must use the negative of the usual Lie bracket! for vector fields, an arbitrary
choice anyway (see §1.7 of [Akh95]). This is a convention we use throughout the rest of this

dissertation.
PROPOSITION 2.1.1. The association A — &4 is a Lie algebra homomorphism.

PROOF. Since dp(c) is a linear map, (2.2) indicates that A — 4 is linear.

Fix y € V and A, B € g. The flow related to any {x for X € g is

(z,t) = plexp(tX))(x),

1For us, the usual Lie bracket is [, &]u(f) = n(€(f)) — £(m(f)).
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for t small enough. Denoting by [, ], the usual Lie bracket and recalling a formula for the

usual Lie bracket of vector fields ([Spi05], pages 162, 176), we have

€ €6luly) = - (plexp(—VEB)) o plexp(—VEA)) o plexp(VEB)) o plexp(VEB)())|

—dt
_4a
o dt

t=0

(o (exp(~VEB) - exp(—VEA) - exp(VEB) - exp(ViB)) () )

t=0

Using the Baker-Campbell-Hausdorff formula several times, we see that
exp(—VtB)-exp(—V1tA) - exp(VIB) - exp(ViB)
— exp(—ViB — ViA — %t[A, B+ )exp(ViA + ViB — %t[A, Bl+--)
— exp(—ViB — ViA - %t[A, B+ ViA + ViB - %t[A, B]
+ 5 (-VEA VB + [-VEB,ViA) + )
=exp(—t[A, B] +---),

where - -+ is used to denote terms of order greater than one in ¢. Thus

€A €81u(w) = % (plexp(—t[A, B + ) ())les

~dt
= dpe)(—[A, B])(y)

= —dpey([A, B))(y)-

As a result, using the negative of the usual Lie bracket makes A +— &4 a Lie algebra homomor-

phism. O

We thus have a natural commutative diagram

g 2 q(v) —— #-0,

(2.3) expl expl expl

G —2— GL(V) — Diff(V,0)
where 7 is the natural inclusion, Diff (V,0) is the group of germs of diffeomorphisms on V fixing
0, A is the maximal ideal in Ocn o, and p and 4 are the Lie algebra homomorphisms coming

from p and i, respectively.

REMARK 2.1.2. We are interpreting the commutativity of the square on the right in terms

of 1-parameter subgroups: For X € gl(V), the curve v(t) = tX in gl(V) maps to I'(t) = (v —
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etX . v) under 7 o exp, where we use the matrix exponential. But I' : R — Diff(V,0) is a group

homomorphism with I'(0) = (v — X - v) = (X)), justifying the diagram.

The image of g under the composition 40 is a finite dimensional Lie algebra which generates
an Ocn g-module L, where L is also an infinite-dimensional Lie algebra. When we have a finite
collection of vector fields on C" which generate a Ocn g-module L C 6,, which is also an infinite-

dimensional Lie algebra, we will call L a holomorphic Lie algebra.

2.1.1. Representations with open orbits. Let Ay,..., A, be a basis for g. The vector
fields €4,,...,&4, obtained via (2.1) give a great deal of information about the infinitesimal
action of G on V. The following basic result will be of repeated use to us (for a proof, see §1.7

of [Akh95]).

PROPOSITION 2.1.3. Let p: G — GL(V) be a rational representation of a connected com-

plex algebraic Lie group. For any v € V, the tangent space to the orbit of v is spanned by
{€a,(0),...,€a, (v)}. The subsets

Ey ={v e V|dim(G-v) < k}
= {v € Vlrank {4, (v),...,€a, (v)} < k}

are analytic. If G has an open orbit ) in V', then the open orbit is unique, connected, Zariski

open, and G acts transitively on ; moreover, the complement to ) is Egiy, o (v)-

ExaMPLE 2.1.4. Let G be the group of upper triangular 2 x 2 matrices whose lower right
entry is equal to 1. Consider the representation p : G — GL(M(1,2,C)) on the space of 1 x 2
matrices where

p(A) (M) = MAT.

Using coordinates (x y) on M(1,2,C), the vector fields as in the Proposition are g, , = —m%

and &g, , = —xa% which are linearly dependent whenever z = 0. By the Proposition, Fy =
{x = 0} is the complement of the open orbit. Note that in this example, det(¢g, ;,¢r, ,) = —z?

does not give a reduced defining equation for Fj.

EXAMPLE 2.1.5. Consider the representation p : GLy(C) — GL(M (2,2,C)) on the space of
2 x 2 complex matrices, where

p(A) (M) = AM AT,
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The dimension of the group and the vector space agree and ker(p) = +1 is discrete. However,
this representation does not have an open orbit. After choosing coordinates, vector fields as in

the Proposition may be chosen to be

0 0 0
€y, = 29611%11 + T2g + TG + 0@
0 0 0 0
{py, = (T12 + 1621)63611 + 22 021s + 22 Don + 063322
0 0 0 0
§Eyy = 059611 + " s + R - + (212 + 9621)W22
§pyy = 08511 + x12 8:?12 + @91 3521 + 2$228;?22'

There is a relation between these vector fields:

— (712 + 221)8Ey , + 270118E, , — 27228 B, + (P12 + 721)EE,, = 0,

so that they are linearly dependent. Equivalently, the matrix formed by the coefficients of the
vector fields has determinant 0. The rank as in the Proposition is always < 4 and the isotropy
subgroup at any point of M (2,2, C) has positive dimension. Thus information about the kernel
of a representation is not enough to show it has an open orbit.

An interpretation of this example is that there are an infinite number of (not necessarily
symmetric) bilinear forms which are distinct, even allowing a change of basis. Note that p is

reducible, with M(2,2,C) ~ Sym,y(C) @& Sks(C), and that p has open orbits on each component.

It will be useful to test if a particular point lies in the open orbit. A criterion for this is

easiest to state by using the following notation.

NOTATION 2.1.6. For a representation ¢ : H — GL(W) and w € W, we will use the
notation " : H — W for the holomorphic function ¢"(h) = ¥ (h)(w).

Note that £4(v) = d(¢?)()(A). Then for a rational representation p : G — GL(V) of a

connected complex algebraic group,
COROLLARY 2.1.7. The orbit of v € V' under p is open if and only if d(p")) is surjective.

PROOF. If the orbit of v € V under p is open, then v ¢ Egip, (v by Proposition 2.1.3 and

so d(p”)(e) is surjective. If d(p”)(c) is surjective, then p” is a submersion at e and a corollary
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of the implicit function theorem says that the image of p¥, the orbit of v, contains an open

neighborhood of v. But then the orbit of v is open. O

ExaAMPLE 2.1.8. Irreducibility is also not enough to ensure that a representation has an open
orbit. For example, the adjoint representation Ad : G — GL(g) for a semisimple connected

complex algebraic Lie group G is irreducible. For any X € g,

A 0 (X) = 5 (Ad(exp(tX))(X)) lo
— [X,X] =0.

Since dim ¢(G) = dim ¢(g), each d(AdX)(e) is not surjective. Thus by Corollary 2.1.7, no X € g

has an open orbit.

It is possible that the complement Egyy, () of the open orbit is reducible with components

of different dimensions.

EXAMPLE 2.1.9. Let GL2(C) x GL1(C) act on C3 = C? x C by
X
(A, N) - .zl =1A DY

It is clear that
Es = {(x7yvz)|z = 0} U {(‘T’% Z)|.CU =Y = 0}

consists of two components of dimensions two and one, respectively.

Notice, however, that this example has a 5-dimensional group acting on a 3-dimensional
vector space. If we require the group and its vector space to have the same dimension, then all

components of the complement of the open orbit will have the same dimension.

PrOPOSITION 2.1.10. Let p : G — GL(V) be a rational representation of a connected
complex algebraic group with Ai,..., A, a basis for g. If the representation has an open orbit

Q and n = dimc(G) = dimc(V), then we may define an analytic function h, : V — C by

(24) hp = det(EAla cee 7514”)’

in which case the complement

O° = B, = {h, = 0}
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is a hypersurface.

REMARK 2.1.11. By (2.4) we mean: choose coordinates 1, ..., x, for V, write each vector

field in terms of these coordinates as

- 0
&= Zaij%a
i=1 ¢

form a matrix M whose (4, j)th entry is the coefficient function «;;, and let h, be the function

formed by taking the determinant of M.

PROOF. As each column of M consists of the coefficients of a single vector field, h,(v) = 0 if
and only if the columns of M (v) are linearly dependent, i.e., rank {€4, (v),...,€a, (v)} < n. By
Proposition 2.1.3, this happens if and only if v € E, = Q°¢. Thus Q¢ is defined by the vanishing

of a single function and is a hypersurface. O

DEFINITION 2.1.12. We call the analytic set described in Proposition 2.1.10 the exceptional

orbit variety of the representation.

DEFINITION 2.1.13. We say that a rational representation of a connected complex algebraic
Lie group is equidimensional when the complex dimensions of the group and the vector space

agree and the representation has an open orbit.

In particular, the kernel of an equidimensional representation is discrete.
We are ultimately interested in understanding the structure of the exceptional orbit variety.

Each vector field 4 is tangent to the exceptional orbit variety.

LEMMA 2.1.14. Let p: G — GL(V) be an equidimensional representation, with exceptional

orbit variety &. If A € g, then £4 € Derlog (&).

PRrROOF. The integral flow 6 : (R x C",(0,0)) — (C",0) for &4 is given by 0(t,z) =
plexp(tA))(z). Since, by definition, & is the union of all non-open orbits, 0(¢t,z) € & for
all t and z € &. If h is any analytic function vanishing on &, then (ho)(¢,2) = 0 when z € &,

so that £4(h) is again a function vanishing on &. O

Consequently, if & is the exceptional orbit variety of an equidimensional representation and
L is the holomorphic Lie algebra generated by its finite-dimensional Lie algebra of vector fields,

then L C Derlog (). We need not have equality as exhibited by Example 2.1.4.
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2.2. Matrix factorizations

In this section we will see how several classical matrix factorizations can be seen as state-
ments precisely describing the open orbit of a representation on a space of matrices. We shall
state and prove all of our results over C, although the corresponding results over R are more

often used for applied numerical linear algebra.

2.2.1. LU decomposition. The classical LU decomposition of a real square matrix M factors
M into the product of a lower triangular matrix and an upper triangular matrix (see [Dem97],
Theorem 2.2.4). In numerical linear algebra, it is used to calculate the determinant of a matrix,
to find the inverse of a matrix, or to solve a linear system of equations. These operations are
all very easy for upper or lower triangular matrices; by computing the LU decomposition it is
possible to break a difficult problem into two easy problems.

There is the following LU decomposition for complex matrices.

THEOREM 2.2.1 (Complex LU Decomposition). Let M be an n x n complex matriz. Let
M®) denote the upper left k x k submatriz of M for k = 1,...,n. Then det(M(k)) % 0 for
all k=1,...,n if and only if there exists a unique invertible lower triangular matriz L and an

upper triangular matriz U with ones on the diagonal so that M = LU.

PRrooOF. The result clearly holds in the 1 x 1 case. To show that the decomposition exists

and is unique, assume there are unique factorizations for (n —1) x (n— 1) matrices whose upper

My M,
left submatrices are nonsingular. Let M = , with M7 a (n — 1) X (n — 1) matrix.

Mz My
By the induction hypothesis, there exists unique matrices of the form described in the theorem

so that My = L,U;. We wish to find Lo, L3 and Us so that

Ly 0 Uy Us LUy L,Us
(2.5) =

Ly L3 0 1 LoUy LUz + L3
is equal to M. The unique possibility is to let Uy = LflMg, Lo = M;),Uf1 and L = My — LoUs,,
choices which guarantee that M = LU. To see that Ls is nonzero, it is sufficient to note that U

and M are invertible, so that L must be as well. We have thus shown existence and uniqueness

of the LU decomposition for n x n matrices.
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To show the other direction, let M = LU be an LU decomposition. For any £k =1,...,n,
(2.5) implies that M®*) = LU ®) Since the right side is nonsingular, det(M *)) # 0. O

REMARK 2.2.2. The LU decomposition is sometimes defined as having ones on the diagonal
of L and allowing nonzero entries on the diagonal of U. We could also define a unique “LDU”

decomposition, where both L and U have ones on the diagonal and D is diagonal and invertible.

Theorem 2.2.1 can also be seen as a statement about the orbit of the identity under the
action of the group consisting of pairs of lower triangular matrices and upper triangular matrices
with ones on the diagonal. Let L,(C) denote the group of lower triangular matrices and let
N, (C) denote the group of upper triangular matrices with ones on the diagonal. Consider the

representation of L, (C) x N, (C) on the space M(n,n,C) of n x n matrices by
(2.6) (A,B)-M = AMB™".

Then Theorem 2.2.1 can be rephrased as a statement about the open orbit of this representation.

It will be helpful to first give some useful notation.

DEFINITION 2.2.3. By a generic matriz for a vector space W of matrices, we mean a matrix

S whose entries are holomorphic functions W — C so that for any M € W, S(M) = M.

The entries of S are usually coordinates on W but may be 0 or a constant multiple of a

coordinate.

EXAMPLE 2.2.4. For example, the generic 3 x 3 skew-symmetric matrix (using the standard

coordinates) is

where .T”(M) = (M)l]

COROLLARY 2.2.5. The action defined by (2.6) of L,,(C) x Ny,(C) on the space M(n,n,C) of
nxXn complex matrices has a Zariski open orbit 2, whose complement consists of those matrices

which, for some k =1,...,n, the upper left k x k submatriz is singular. If S is a genericn xn
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matriz, then Q° is the algebraic hypersurface defined by
] det(s®) =o.
k=1

Thus, we have identified the exceptional orbit variety of this equidimensional representation.

2.2.2. Cholesky factorization of symmetric matrices. The Cholesky factorization is an
analogue of LU factorization for symmetric matrices, except that the two triangular matrices
are transposes of each other (see, e.g., [Dem97] Proposition 2.2.2). In numerical linear algebra,
it enables problems involving positive definite real symmetric matrices to be solved in half the

time and half the storage space of a problem involving an arbitrary square matrix.

THEOREM 2.2.6 (Complex Cholesky factorization). Let M be an n X n symmetric matriz.
Let M*®) denote the upper left k x k submatriz of M for k = 1,...,n. Then det(M®) % 0
for all k = 1,...,n if and only if there exists an invertible lower triangular matriz L so that
M = LLT. L is unique up to multiplication on the right by a diagonal matriz whose diagonal

entries are +1.

PRrROOF. To show that the factorization exists we use the LU decomposition. By Theorem
2.2.1, there exists a lower triangular matrix L; and an upper triangular matrix U; with ones
on the diagonal so that M = L1U;. There exists a unique diagonal matrix D consisting of the
diagonal entries of L1 so that Ly = LoD, for Lo a lower triangular matrix with ones on the
diagonal. Then M = LoDUj, and by Remark 2.2.2, Lo, D, and U; are unique. Since M is
symmetric,

M =M" = (U0)" D" (Ly)" = (U1)" D(Ly)",

and the uniqueness of the LDU decomposition implies that U{ = L. We may then find a
diagonal matrix E so that E? = D; such a matrix is unique up to multiplication of the diagonal

elements by +1. But then
M = (LyE)(EL}) = (L2E)(L2E)T,
giving the decomposition.

39



Given a Cholesky factorization M = LL”, there is a unique diagonal matrix D and a lower

triangular matrix L; with ones on the diagonal so that L = L1 D. Then
M = L,D(L,D)T = (L,DD)LY

is an LU decomposition for M, so that by Theorem 2.2.1, det(M(k)) #0fork=1,...,n. This
also shows that the L chosen for the Cholesky factorization is unique up to multiplication by a

diagonal matrix D whose square must be the identity. O

Cholesky factorization can also be seen as a statement about the orbit of the identity
matrix under the action of the lower triangular group. Consider the action of L, (C) on the

space Sym,, (C) of n x n symmetric matrices by
(2.7) A-S=ASAT.
Then Theorem 2.2.6 can be seen as a statement about the open orbit of this group action.

COROLLARY 2.2.7. The action defined by (2.7) of L,(C) on the space Sym,(C) of n x n
complex symmetric matrices has a Zariski open orbit ), whose complement is made up of those
matrices which, for some k = 1,...,n, the upper left k X k submatriz is singular. If S is a

generic symmetric n X n matriz, then Q° is the algebraic hypersurface defined by
n
I det(s®) =o.
k=1
We have again identified the exceptional orbit variety of this equidimensional representation.

REMARK 2.2.8. Although over C all non-degenerate symmetric bilinear forms can be writ-
ten as the standard symmetric bilinear form by a change of coordinates, Theorem 2.2.6 and
Corollary 2.2.7 indicate that not all of these can be written as the standard symmetric bilinear

form if we only allow “lower triangular” changes of coordinates.

REMARK 2.2.9. Although the equations which define the algebraic sets in Corollary 2.2.5 and
Corollary 2.2.7 appear identical, they are different because their generic matrices are different.

For example, in the 2 x 2 case they are, respectively,
z11(z22211 — T12221) =0 and z11 (292211 — (712)%) = 0.
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2.2.3. Cholesky-type factorization of skew-symmetric matrices. Benner et al. ((BBFT00])
found an analogue of the Cholesky factorization which factors a real skew-symmetric matrix
into a product of a lower triangular matrix L, a particular skew-symmetric matrix, and L. The
middle term is needed to make the product skew-symmetric. Define the standard (2¢) x (2¢)

skew-symmetric matrix by

J 0 0
e 0 0 1
Jau=1| ' where J = ,
0 0 --- J

and the standard (20 4 1) x (2¢ + 1) skew-symmetric matrix by

Jor 0
0 0

Jorr1 =

A complicating factor is that any skew-symmetric matrix of odd dimensions is singular, so
that a direct analogue of the LU factorization or Cholesky factorization (Theorems 2.2.1,2.2.6)
is not possible. The correct statement is essentially that all of the upper left submatrices which
can be nonsingular should be so.

We have the following complex analogue of the Cholesky-like factorization for skew-symmetric

matrices found by Benner et al. (Theorem 2.2 of [BBF*00]).

THEOREM 2.2.10 (Cholesky-like factorization for complex skew-symmetric matrices). For

n = 2¢, let V,, be the group of invertible lower triangular matrices with 2 x 2 blocks of the form

A
, reCr
0 A

along the diagonal. For n = 20+ 1, let V,, be the group of invertible lower triangular matrices
with 2 X 2 blocks of the above form along the diagonal, except the lower right diagonal entry is
1.

Let M be a skew-symmetric n x n matriz. Let M®) denote the upper left k x k submatriz

of M for all k =1,...,n. Then forn =20 orn =20+ 1, det(M@*)) £ 0 fork=1,...,0 if
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and only if there exists a L € V,, so that
M = LJ,L".

L is unique up to multiplication on the right by a diagonal matriz D in V,, whose 2 X 2 diagonal

blocks are £1s.

PROOF. The result clearly holds in the n =1 and n = 2 cases.
We shall first show the existence and uniqueness of the factorization for even n by induction

on n. Assume the result holds for n X n matrices with n = 2¢. We shall show it holds for

M, M

(n +2) x (n + 2) matrices; let M be such a matrix and write M = ' 1 for Ms a
—-MI M

2 x 2 skew-symmetric matrix.

A calculation shows that
T
28) Ly 0 Jo 0\ (L1 © LyJ, LT LyJ, LY
Ly Ls 0 J) \Ly L3 Lodo LT LoJ, LT + L3JLY

We want (2.8) to equal M; choose L1 according to the induction hypothesis so that Ly J, LT =

M;. In order for (2.8) to equal M, we need
LoJ,L{ = —Mj ,

so we must let Ly = —MJ (LT~ gt = MI (L)1 J,.

We also want the lower right entry of (2.8) to equal Mj3. Since the space of skew-symmetric
2 x 2 matrices has dimension 1, we know that M3 = nJ and LanLg = ud. If we choose
L3 = \-I, where I denotes the identity and A € C* is as yet undetermined, then LsJLLI = \2J.
We must therefore have

pJ + 02T = (u+N)J = My =nJ

for (2.8) to be satisfied. We must let A = £,/ — p, in which case (2.8) is satisfied.

To show that L3 is invertible, we only need to examine the equation LJn+2LT = M. Since
the right-hand side is invertible by hypothesis and L is invertible if and only if L3 is invertible,
L3 must be invertible. Moreover, for a given L, L3 is unique up to multiplication by 4+1Is on

the right.
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Regarding the uniqueness, suppose that we had used instead L) = L;D;, where D; is a
diagonal matrix with 2 x 2 diagonal blocks of the form +I5. Then L, = M (DILT)"1J, =
MQT(LF{)*lDl_lJn. The particular form of Di means that DqJ, = J,Di and Dy = Dl_l, SO
LYy = LoDyt = LyDy. Since LoJ, LY = L4 J,(L4)" as D} = I, the possible choices for Lj are
the same as the choices for L3. Thus, from any solution L, we may reach any other solution L’

by multiplying on the right

Ly 0 Dy 0 LDy 0
LQ L3 0 D2 L2D1 L3D2

by a suitable matrix D as described in the statement of the theorem.
To show the existence of the factorization in the n = 2¢ 4 1 case, let M be a (204 1) X
(20 + 1) skew-symmetric matrix satisfying the hypotheses in the theorem. Write M as M =
My My
-MI 0

the result for the even-dimensional case, M has a factorization M; = L1J2L;L1T. Let Ly, =

for My a (2¢) x (2¢) skew-symmetric matrix and Ms a column vector. By

—MI(JpeLT)~t. Examining the calculation
T
2.9) Ly 0) (Joe O) (Ly 0\ [LiJoL{ LiJoLy\ [ M Mo
Ly 1 0 0/ \Ly 1 Lodog LT LoJoy LT ~MI LodoL¥

shows that we have almost completed the factorization with no choice in choosing Ls. But
LQJ%LQT is a skew-symmetric 1 x 1 matrix and therefore equals 0. We have thus found a
factorization of M; uniqueness follows from the uniqueness in the even case and, given L1, the
uniqueness of Lo.

To show that such a matrix with a factorization must have its upper-left submatrices non-
singular, suppose we had a matrix M and its factorization M = LJ,L”, where n = 2¢ or
n = 2{+ 1 and L is as given in the theorem. Let k = 1,...,¢. Then we may rewrite this

equation in block form as

My M Ly 0 Jog 0 Li O
—MQT M35 Lo Ls 0 Jy_ok Ly Ljs
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where L; and M; are 2k x 2k matrices. A calculation shows that the upper left entry of the
right-hand side will be LyJox LT, an invertible matrix which must equal M; = M (2K) . Thus

each M2k is nonsingular for k =1,..., 7. O

As in the previous two cases, this theorem can be seen as a statement about the orbit of
Jpn, under the action of the group V,, (as in the theorem). Let V,, act on the the space Sk, (C)

of n x n skew-symmetric matrices by
(2.10) A-M=AMAT.

Then Theorem 2.2.10 says that this action has an open orbit.

COROLLARY 2.2.11. Choose { so that n = 2¢ or n = 2{ + 1. The action defined by (2.10)
of V,, on the space Sk, (C) of n x n skew-symmetric complex matrices has a Zariski open orbit
Q, whose complement is made up of those matrices M which, for some k =1,...,¢, the upper
left 2k x 2k submatriz is singular. If S is a generic n X n skew-symmetric matriz, then € is

the algebraic hypersurface defined by
¢
(2.11) I det(s®9) =o.
k=1

We have identified the exceptional orbit variety of this equidimensional representation.

However, (2.11) is not a reduced defining equation for this hypersurface.

REMARK 2.2.12. Recalling that the determinant of a square skew-symmetric matrix can
always be written as the square of the Pfaffian Pf, we may define the algebraic hypersurface in

(2.11) by

l
[T Pts®)) =o.
k=1

2.3. Properties of solvable linear algebraic groups

All of the representations we have discussed in Corollaries 2.2.5, 2.2.7, and 2.2.11 have
been representations of solvable groups. Neither solvable groups nor their representations have
been classified. For us, this is an advantage: there are many examples of equidimensional
representations of solvable linear algebraic groups. We begin by pointing out a crucial property
of solvable Lie groups: for any rational representation of a solvable connected linear algebraic

group there are many invariant subspaces.
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THEOREM 2.3.1 (Lie-Kolchin Theorem, e.g., Theorem I11.10.5, [Bor69]). Let p : G —
GL(V) be a rational representation of a solvable connected complez linear algebraic group G on

a finite-dimensional vector space. Then p(G) leaves invariant a complete flag of subspaces
{0} =VhcWVicC---CV,=V,
where dim (V;) = 1.
We will use invariant subspaces to analyze equidimensional representations.

ExaMPLE 2.3.2. Consider the 2 x 2 lower triangular matrices acting on the space of symm-
etric 2 x 2 matrices by A- M = AMAT. The calculation
T
a 0 Ty a 0 a’x abr + acy

b c¢) \y z) \b ¢ abr +acy b*x + 2bcy + c*z

is invariant.

0 =*
NoTATION 2.3.3. We shall often use notation like to denote a matrix where * can
k *

be replaced by any complex number so that the resulting matrix makes sense in context (for
example, we may require that the resulting matrix be symmetric). Let Of denote the k x k zero
matrix, I denote the k x k identity matrix, and *; denote any k x k matrix. We may use these
to express a block matrix of a particular type, where now * can be replaced by any submatrix

of the appropriate size such that the resulting matrix makes sense in context. For example, the

I,
set of n X n matrices is the group consisting of matrices whose entries are all zero

0 I
except the diagonal entries are ones and the upper right k x (n — k) submatrix can be anything.

2.4. Prehomogeneous vector spaces

In this section we will review the theory of prehomogeneous vector spaces, originally intro-

duced by Sato, Kimura, and others (see [Sat90, KimO03]) for the purpose of studying harmonic
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analysis. This theory studies all representations with open orbits in general, while we are in-
terested in only the equidimensional case. In particular, the representations corresponding to
the various matrix factorizations (LU, Cholesky, Cholesky-type for skew-symmetric matrices)
are examples of prehomogeneous vector spaces. For such representations, there is a surpris-
ing connection between the components of the exceptional orbit variety of a representation

p: G — GL(V) with an open orbit and the characters of G.
2.4.1. Definition.

DEFINITION 2.4.1. Let V be a complex vector space and let p : G — GL(V) be a ra-
tional representation of a connected complex linear algebraic group G. We call (G,p,V) a

prehomogeneous vector space if G has an open orbit in V.

By Proposition 2.1.3, the open orbit is unique, connected, and Zariski open, and the com-
plement of the open orbit is an algebraic set S defined by a rank condition (our “exceptional
orbit variety”). This set is not necessarily irreducible, nor are its irreducible components all of

the same dimension, although this occurs with equidimensional representations.

2.4.2. Relative invariants. The structure of S is closely related to the group of characters

of G.

DEFINITION 2.4.2. Let f be a rational function on V (defined on V \ S) which is not
identically zero. Then f is a relative invariant of (G, p,V) if there exists a rational character

X : G — C* so that for all v € V'\ S and g € G we have

in which case we write f < x.

Relative invariants play an important role in understanding the geometry of prehomoge-
neous vector spaces. For example, it is immediate from the definition that a relative invariant f
has the property that the hypersurface X defined by f = 0 is invariant under p, so that X C S.

From the following Proposition, we see that the relative invariants associated to a particular

character are unique, up to a constant.

PROPOSITION 2.4.3 (e.g., Proposition 2.2 of [KimO03]). Let (G,p,V) be a triplet with p :

G — GL(V), for G a connected complex algebraic group. Then the following are equivalent:
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(1) (G,p,V) is a prehomogeneous vector space.
(2) Any relative invariant f with f < 1 is constant.

(3) If f < x and g < X, then there exists a constant ¢ with f = cg.

The “uniqueness” of (3) of the Proposition goes in the other direction as well. Let f be a
relative invariant of a prehomogeneous vector space, and fix vg € V' \ S with f(vg) # 0. Then

by the definition of relative invariant,

f(p(g)(v0))

x(9) = F(wo)

must define the unique character with f < .
Relative invariants of prehomogeneous vector spaces must be homogeneous rational func-

tions.

EXAMPLE 2.4.4. We continue Example 2.1.9, where GL2(C) x GL;(C) acts on C* = C? x C

x
(A N) - 2zl =1A Az,
Y Yy

and the exceptional orbit variety has two components defined by z = y = 0 and z = 0. Note that
X1(A,\) = det(A) and x2(A, A) = A are multiplicative characters. The function fo(x,y,2) = 2
is clearly a relative invariant for yo, so that fo < xo.

However, x1 does not have a corresponding relative invariant. Suppose that f; < x1 is a

rational function on C2. f; must be independent of z since 1 has no dependence on \. Pick

a c
a nonzero vector v; = where f; does not have a pole or a zero. Pick a vector vo =

b d
linearly independent from v;. For all u € C*, there exists an A, € GL2(C) so that v; and vo

are eigenvectors with eigenvalues of 1 and pu, respectively. Then
Ji(v1) = f1(Apvr) = det(Ay) fi(v) = pfi(vr),
yielding a contradiction.

This example demonstrates that relative invariants are related to only the codimension 1
components of the exceptional orbit variety. For equidimensional representations, all compo-

nents of the exceptional orbit variety have codimension 1.
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ExaMPLE 2.4.5. Consider the prehomogeneous vector space corresponding to the Cholesky
factorization (Corollary 2.2.7), where the group L, (C) of n x n lower triangular matrices acts
on Sym,,(C) by A-M = AMAT. For any matrix let M) denote its upper left k x k submatrix.

For k=1,...,n,let
xe(A) = det(A®)2  and  fr(M) = det(MP)
be, respectively, a character of L, (C) and a function on Sym,, (C). Note that
fe(A M) = fr(AMAT) = det(AW) det(M ™) det((AT)W) = xi(A) fi(M),

so that fi < xx. By Corollary 2.2.7, each hypersurface defined by fi = 0 is a codimension one
component of the exceptional orbit variety.

Although each x}; = (A — det(A®)7), r € N, is a multiplicative character of L, (C), r must
be even to be a character of p(L,(C)) as ker(p) = {£I}. Although x2* = (xx)* < (fx)’, the

generator xj holds the most interest for us.

2.4.3. Characters. Let X (G) be the group of rational characters on G. If a set of r elements
of X (@) generates a free abelian group of rank r, call that set multiplicatively independent. Tt
is clear that X (G) is closely related to the structure of the relative invariants: if f; < x1 and
fo < xo, then fi - fo and % are relative invariants with f; - fo < x1 - x2 and % — % The

relative invariants, in turn, are related to properties of the complement of the open orbit of p.

THEOREM 2.4.6 (e.g., Theorem 2.9 of [KimO03]). Let (G, p,V) be a prehomogeneous vector
space, and let S be the complement of the unique open orbit. Let S; = {x € V|fi(x) = 0},
i=1,...,r, be the distinct irreducible components of S of codimension one in V. Then the ir-
reducible polynomials f1, ..., f, are relative invariants and algebraically independent. Moreover,

any relative invariant can be uniquely written as
cf™ - ceC*,m; €.

We will call f1,..., f, from the theorem the basic relative invariants of (G, p, V). Suppose

that f; < x; for ¢ =1,...,r; then clearly
C :’[n/Llf;nrHXTIXTT
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Let X1(G) denote the subgroup of X (G) consisting of characters which have corresponding
relative invariants. The above observation combined with the uniqueness of the Theorem and
of the correspondence between relative invariants and their characters implies that X;(G) is a
free abelian group of rank r generated by x1, ..., Xr-

There is a more surprising interpretation of X;(G). Let v € V be in the open orbit, and let
G, be the isotropy subgroup of p at v. G, is independent of v up to conjugation by an element
of G. Let G; be the subgroup of G generated by G, and [G,G], the commutator subgroup of
G.

PROPOSITION 2.4.7 (e.g., [KimO03], Proposition 2.12). Let (G, p,V) be a prehomogeneous
vector space, with G1 defined as above. Then G does not depend on v (the choice of an element

of the open orbit), and we have an isomorphism
Xl(G> ~ X(G/Gl),

so that the rank of X (G /G1) as a free abelian group equals the number of basic relative invariants

and the number of irreducible components of S of codimension one in V.

ExXaMPLE 2.4.8. We continue Example 2.4.5 related to the Cholesky factorization. Since
fi,..., fn are irreducible polynomials and have distinct degrees, they must be basic relative
invariants. Although the description of the exceptional orbit variety given by Corollary 2.2.7
indicates that fi,..., f, are all of the basic relative invariants, we may also prove this using
Theorem 2.4.6.

The isotropy subgroup of L,(C) at I € Sym,(C) is G; = L,(C) N O,(C), the diagonal
matrices whose diagonal entries are +1. The commutator of the group of lower triangular
matrices is the group of lower triangular matrices with ones on the diagonal. As a result, G

is the subgroup of the lower triangular matrices where all diagonal entries are either +1 or —1.

Then

G/Gr~ (C)"/({£1})" ~ (C)",
so X(G/G1) has rank n as a free abelian group. Thus fi,..., f, is a set of basic relative
invariants.

REMARK 2.4.9. The terminology used here is similar to other terms commonly used in

mathematics. For a prehomogeneous space, the open orbit €) is a homogeneous space, a set
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on which the group acts transitively. An invariant, as in invariant theory, is a function which
is constant on the orbits of a group action. Relative invariants weaken the requirement of

constancy but add the requirement that the function be rational.

2.4.4. Classification. An obvious first step in an attempt to classify prehomogeneous vector
spaces would be limit one’s focus to irreducible prehomogeneous vector spaces (G, p, V'), where
p is irreducible. But there is a general way to obtain a prehomogeneous vector space from
another one.

Let p: H — GL(V) be a finite-dimensional rational representation. Let p* : H — GL(V™*)
denote the associated contragredient representation, p*(h)(¢)(v) = ¢(p(h=1)(v)), another ra-

tional representation. Let 2 : GLi(C) — GLg(C) be the canonical representation.

THEOREM 2.4.10 (M. Sato, Theorem 7.3 of [KimO03]). Let m = dim (V) > n > 1. Then

the following are equivalent:

(1) (H x GLy, p® 2,V & C") is a prehomogeneous vector space.
(2) (H x GLy—p, p* @ Qup—p, V@ C™ ") is a prehomogeneous vector space.

The idea of the proof of this theorem is that both (1) and (2) induce actions on subsets of the
Grassmannian (n-planes in C™, and (m — n)-planes in C™*, respectively) and prehomogeneity
is equivalent to these actions having open dense orbits. But the spaces can be identified to
show that the conditions are equivalent.

By taking a prehomogeneous vector space (G,p,V) and writing G as a direct product
involving a general linear group (even GLj), we can use the Theorem repeatedly to obtain
other prehomogeneous vector spaces. Often one can obtain infinitely many examples in this

way, although these will almost never be equidimensional.

EXAMPLE 2.4.11. Let n > 1, and let p : L,(C) — GL(Sym,,(C)) be the prehomogeneous
vector space from Example 2.4.5. Define the subgroups H C L, (C), consisting of elements
whose upper left entry is 1, and D C L,(C), consisting of multiples of the identity. Then
L,(C) ~ H x D, and L,(C)/ker(p) ~ L,(C)/{£I} ~ H x D/{£1}. By examining p and
noticing that D/{#+1} ~ GL;(C), we observe that we have a representation of H x GL;(C) on
Sym,,(C) ~ Sym,,(C) ® C! of the type given in Theorem 2.4.10. By the same Theorem, we
obtain a prehomogeneous vector space of H X GL( )_I(C) on Sym, (C)* ® c(z)-1,

n However,
2
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GL(n)il(C) o~ SL(n)il(C) x GL;1(C), and we can use Theorem 2.4.10 to obtain a prehomoge-

2 2

neous vector space of even larger dimension. We can continue this process indefinitely.
DEFINITION 2.4.12. If (1) and (2) in Theorem 2.4.10 are prehomogeneous vector spaces,

then we will call them castling transforms of each other. If, for two prehomogeneous vector

spaces (G, p,V) and (G', p/, V'), one can be reached from the other by a finite number of castling

transforms, we will call them castling equivalent.

Of all the prehomogeneous vector spaces one can reach through castling, there is a “smallest”
one. We will call a prehomogeneous vector space (G, p, V) reduced if, for any castling transform

(G0, V") of (G,p, V), dim (V) < dim (V).

THEOREM 2.4.13 (Sato and Kimura [SK77]; [KimO03], Theorem 7.50). There ezists a list
of reduced irreducible prehomogeneous vector spaces such that any irreducible prehomogeneous

vector space is castling equivalent to one of them.

For us, this classification is not particularly useful except as a source of basic examples.
We will be mainly interested in reducible equidimensional prehomogeneous vector spaces. In
particular, for solvable groups the only irreducible rational representations have dimension 1

by Theorem 2.3.1.
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CHAPTER 3

Linear free and free* divisors via representation theory

In this chapter we develop a framework to determine when the exceptional orbit varieties
of equidimensional representations are free or free* divisors. Mond first observed that Saito’s
criterion may be applied to this case. He and Buchweitz [BMO0G6] used this criterion to study free
divisors arising from irreducible representations of reductive groups corresponding to quivers
of finite type. We review this criterion, and then show that all exceptional orbit varieties of
equidimensional representations which are not linear free divisors have the structure of a linear
free* divisor. Because the representations identified in Chapter 2 are of solvable linear algebraic
groups and hence not reducible, we must use an alternate approach.

We introduce the notion of a block representation. Such representations have invariant
subspaces with certain desirable properties which enable us to inductively analyze our repre-
sentation by studying a series of related equidimensional representations of smaller dimensions.
The exceptional orbit varieties of the smaller representations constitute a portion of the ex-
ceptional orbit variety of our original representation, and each of the smaller representations
also have the structure of a block representation. We give in Theorem 3.2.14 a sufficient con-
dition for the exceptional orbit variety to be a free divisor, or that a weaker non-reduced block
representation yields a free* divisor. In our examples, we frequently encounter families of rep-
resentations which form an infinite tower of representations and of free divisors. In Proposition
3.2.18, we show how a block structure for the tower leads to an inductive construction of their
free divisors. In Chapter 4 we will use the theory of block representations to study the infinite
families of representations involved in the matrix factorizations in Chapter 2 (LU, Cholesky,
Cholesky-like factorization for skew-symmetric matrices); these provide examples of inductively
defined infinite families of linear free and free* divisors.

Determining whether the exceptional orbit variety of an equidimensional representation is a

free or free* divisor requires checking whether a polynomial defining it is square-free. In section



3.3, we prove several statements which provide sufficient conditions for polynomials defining

determinantal varieties to be irreducible.

3.1. Linear free and free* divisors from representations

We shall first review Saito’s criterion, which ensures that a hypersurface singularity is a
free divisor. We use it to explain why certain exceptional orbit varieties are free divisors, and
then show that all exceptional orbit varieties of equidimensional representations have at least

a free* divisor structure.

3.1.1. Saito’s criterion. Let (V,0) C (C™,0) be a germ of a hypersurface. In the same paper
([Sai80]) in which Saito defines the notion of a free divisor (Definition 1.6.1), he gives two

criteria for (V,0) to be a free divisor.

THEOREM 3.1.1 (Saito’s criterion, [Sai80], Theorems 1.8(ii), 1.9).

(1) Let (V,0) C (C",0) be defined near 0 by a reduced germ f: C",0 — C,0. Let {x;}]_,
be local coordinates for (C™,0). Then (V,0) is a free divisor if and only if there ex-

ists n_elements 0%, --- 8" € Derlog (V) with § = 3" aij(z)% such that the germ

j=1
det(aij(2))ij=1,..n 15 a unit multiple of f. In this case, o, --. 6™ form a free basis
for Derlog (V).
(2) Let 6%,--- 6™ be germs of vector fields on (C",0), with § = Py aij(z)a%j, so that

[6°,69] € Ocn {6, ,6"} for all i,5. Suppose that h = det(a;;(z)) = 0 defines a
reduced hypersurface (V,0). Then (V,0) is a free divisor, each §* € Derlog (V), and
§t,--- 8™ form a free basis of Derlog (V).

We are primarily interested in applying Saito’s criterion to the case where (V,0) is the
exceptional orbit variety of an equidimensional representation p : G — GL(C"). Let Ay,..., A,
be a basis of the Lie algebra g of G, and let £4,,...,&a, be the associated vector fields on
C". Consider Theorem 3.1.1 where §° = £4.. In this situation, we already know that each
€4, € Derlog (V) (Lemma 2.1.14), that the module generated by £4,,...,£4, must be closed
under the Lie bracket (Proposition 2.1.1), and that (V,0) is the subvariety where 4,,...,&a, are
linearly dependent (Proposition 2.1.10). Let 4, = >°7_; aij(z)(%j and h = det(a;;(2))ij=1,..n-
Then by Theorem 3.1.1(1) or (2), (V,0) is a free divisor if & is reduced.
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3.1.2. Analogue of Saito’s criterion for free* divisors. Since a “free* divisor” is a weaker
version of “free divisor,” one might expect that there is a criterion for free* divisors analogous

to Saito’s Criterion. The following is similar to Theorem 3.1.1(1).

PrROPOSITION 3.1.2. Let (V,0) C (C"*,0) be a hypersurface germ. If there exists n vector
fields 61, --- 6™ € Derlog (V) with §* = > i aij(z)aizj such that for g = det(ai;(2)ij=1,..n) we
have g~1(0) =V, then £ = Ocn o{61,--- , 6"} is a free* structure for V. In particular, g need

not be reduced.

PROOF. .Z is clearly a submodule of Derlog (V). If .Z is not free, then there is a relation

among the generators 6, ...,8" of .Z of the form
n .
(3.1) > fi' =0,
i=1

with at least one f; # 0. Pick representatives for each f; and each 4’ on some open neighborhood
U of 0 € C". Let X be the analytic subset of U where all f; vanish, whose complement U’
is necessarily nonempty and Zariski open in U. Evaluating (3.1) at any z € U’ shows that
{61(2),...,8™(2)} are linearly dependent, so that g(2) = 0 and z € V. Since g = 0 on a dense
subset of U, g is identically zero, so V = C" is not a hypersurface. Thus .Z is free.

We must now show that 6,, /. is supported on V. Note that v € V if and only if g(v) = 0, if
and only if 6 (v), ..., 8" (v) are linearly dependent, if and only if span{s*(v),...,8"(v)} # T,C".
If v ¢ V, there exists an open neighborhood U of v with UNV = (). We may write any germ of a
vector field € at v in terms of 8, ..., ", which are linearly independent everywhere in U. Thus
v ¢ supp (0,/%). If v € V, then span{d'(v),...,6"(v)} # T,C", so (&), # (0n), = T,C". In
particular, the stalks £, # (6,,), and v € supp (6,,/-Z). O

v

3.1.3. Exceptional orbit varieties as free or free* divisors. We may now use these
criteria to show that the exceptional orbit variety of an equidimensional representation is either

a free divisor or a free* divisor.

COROLLARY 3.1.3. Let p: G — GL(C") be an equidimensional representation of a connected
complex algebraic Lie group, with V the complement of the open orbit. Let Ai,..., A, be a
basis for g, let a,,...,&a, be the associated vector fields (as defined by (2.1)), and let f =
det(€a,,...,€a,) (as in Remark 2.1.11). Then V = f=1(0) has a free* divisor structure & =
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Ocno{€a,,...,€a,} which is closed under the Lie bracket. If f is square-free, then (V,0) is a

free divisor.

ProoF. First, V = f~1(0) by Proposition 2.1.10. Let & = Ocno{€a,,---,€a,}. These
vector fields are closed under the Lie bracket since A — {4 is a Lie algebra homomorphism by
Proposition 2.1.1. Each €4, € Derlog (V) by Lemma 2.1.14, so .2 C Derlog (V) is a submodule,
closed under the Lie bracket.

Applying Proposition 3.1.2 shows that V' has a free* structure given by .. If f is square-
free, then by (2) of Saito’s Criterion (Theorem 3.1.1), V' is a free divisor and ¢ = Derlog (V).

a

EXAMPLE 3.1.4. Let p: GL;(C) x GL2(C) — GL(M (1,2,C)) be defined by p(A, B)(M) =
AM B~ Use coordinates (1; y) for M(1,2,C). The vector fields arising from this represen-

tation include

0 0

€(E11,0) LE% + y67y
0
é(O,Elz) = _:Caiy
0

and g(O,EQQ) = _y87y

Restrict p to the 2-dimensional subgroup G whose Lie algebra is spanned by (Ej1,0) and
(0, Eq2), similar to the group involved in the LU decomposition (Corollary 2.2.5). Then f =
det(&(g1,,0) §(0,E10)) = —22. As a result, these two vector fields only define a free* divisor
structure for the linear subspace (V,0) defined by x = 0. While (V,0) is a free divisor, this

representation only defines it as a free* divisor. Note that (V,0) is not a linear free divisor, as

8% € Derlog (V) is not a linear vector field.

EXAMPLE 3.1.5. If p is as in the previous example and G is instead the subgroup of GL; (C) x
GL2(C) whose Lie algebra is spanned by (£11,0) and (0, Eaz), then f = det(§(g,,,0), §(0,E00)) =
—xy, which defines a free divisor. Restricting a particular representation to different subgroups

can give quite different exceptional orbit varieties.

A main challenge in applying this Corollary is to factor f and determine whether it is
square-free. Although in principle it is possible to find f by direct computation, in practice

it becomes difficult to compute and factor f even when using a computer on relatively small
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dim (G); we will also be interested in infinite families of representations whose dimensions
become arbitrarily large. Moreover, this brute-force approach provides no insight the role the

Lie algebra structure is playing.

EXAMPLE 3.1.6. Let D,,(C) denote the group of diagonal n x n invertible matrices. Consider
the representation p : G — GL(M (n,n+1,C)) of the reductive group G = GL,(C) X (D,,+1(C)N

SL,+1(C)) on the space of n x (n + 1) complex matrices defined by
p(A,B)(M)=AMB™.

Using quiver representations, this was shown to be an equidimensional representation whose
exceptional orbit variety is a linear free divisor defined by the product of the n x n minors of
the generic n x (n + 1) matrix (Proposition 7.4 of [BMO06] or Example 5.3 of [GMNRSO09]).

If we try to show this directly when n = 2 by applying Corollary 3.1.3, we find that

r11 T21 0 0 —T11 0

12 T22 0 0 0 —X12
r13 223 0 0 @3 213
f=det
0 0 @11 w1 —x21 O

0 0 r12 T922 0 —x22

0 0 x13 w23 w23 @23

defines the exceptional orbit variety of p. Although f factors as

f=—=3(z11722 — x12721) (T112723 — T13%21) (T12T23 — T13T22),

this is not obvious. Direct computation in the n = 4 case, which involves taking the determinant

of a sparse 20 x 20 matrix of polynomials, is not feasible even for a computer.

3.2. Block representations

In this section we will describe a new approach to identifying the exceptional orbit variety &
of an equidimensional representation p : G — GL(V'). We shall identify certain special invariant
subspaces which allow us to decompose p into pieces via quotient representations. Each piece
will provide partial information about &. Such a p with these invariant subspaces will be called

a block representation.
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3.2.1. Characteristics of the Cholesky-type factorizations. All of the matrix factoriza-
tions of Chapter 2 (LU, Cholesky, Cholesky-type factorization for skew-symmetric matrices)
share a number of interesting properties when viewed as statements about the open orbit of an
equidimensional representation. As these properties motivate our definition of a block repre-
sentation, we begin by identifying them in the case of the Cholesky factorization.

The Cholesky factorization for symmetric matrices is a statement about a series of related
representations. For each k € N, let ¢y, : L (C) — GL(Sym,(C)) be the representation of the

lower triangular matrices on the space of k X k symmetric matrices given by
Gi(A) (M) = AMAT,

Fix n € N, and consider ¢,,. By Theorem 2.2.6 the exceptional orbit variety of v, includes all
of the components of the exceptional orbit varieties of the v, for 1 < k < n. By understanding
the relation between 1, and 1, we may focus on the differences. Fix 1 < k < n.

In fact, we may recover 1, as a quotient representation of ¢,,. Let Z be the vector subspace
of Sym,,(C) consisting of the symmetric matrices whose upper left k x k submatrix is 0. Then
Z is a ,-invariant subspace by the following calculation:

T
A 0 O Mo A 0 Op =

B C (Mlg)T MQQ B C * *

Consider the quotient representation v,, : L,(C) — GL(Sym,(C)/Z) induced from v,. A

calculation shows that K, the connected component of the identity of ker(1),,), is

+I; O
K= € L,(C)

* *

Then Sym,,(C)/Z ~ Sym,,(C), L,(C)/K ~ Li(C), and may be checked that the representation
L,(C)/K — GL(Sym,,(C)/Z) induced from ,, is isomorphic to vy.

We shall see that L,,(C)/K — GL(Sym,,(C)/Z) is a “simplification” of 1, whose exceptional
orbit variety will form part of the exceptional orbit variety of 1,,, while the rest of the exceptional

orbit variety of v, can be determined from v, |x.
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Note that for both 1, and L,(C)/K — GL(Sym,,(C)/Z) to be equidimensional represen-
tations requires dim¢(K) = dim¢(Z). This is a strong restriction on acceptable invariant

subspaces.

A 0
0 Ink

REMARK 3.2.1. Note that if we define the inclusions i : Ly(C) — L, (C), A —

i

M
and § 5 Symy(©) = Symy(©) M~ | z . then j(4(A)(M)) = 16 (i(a)) (G(M)) for all

A€ L,(C), M € Sym,,(C). Moreover, composing with the quotients gives an isomorphism of

representations
(L (C), Symy(C)) — (Ln(C), Sym,,(C)) = (Ln(C)/ K, Sym, (C)/Z).

As this behavior is a property of a collection of representations, we shall not require this of a

block representation.

3.2.2. Coeflicient determinants. Let ¢ : H — GL(V) be a rational representation of a
connected complex algebraic Lie group. We will give a condition for there to exist a function

on V which defines the set of v where d(y")(,) fails to have maximal rank.

PROPOSITION 3.2.2. Let W C V be a v-invariant subspace of dimension dim¢c(H) so that
the induced representation H — GL(V /W) is trivial. Then there exists a polynomial f on V,
well-defined up to multiplication by a nonzero constant, so that f(v) # 0 if and only if d(¥")(e)

has mazximal rank. If f # 0, then f is homogeneous of degree dim ¢ (H).
We first give a geometric meaning to the kernel of a quotient representation.

LEMMA 3.2.3. If W C V is an invariant subspace for ¢ : H — GL(V) and h € ker(H —
GL(V/W)), then h leaves all affine subspaces of the form v+ W C V invariant.

PROOF. The quotient representation ¢ : H — GL(V/W) is defined by ¥ (k)(v + W) =

(k)(v)+W. Since h € ker(¢)), we must have v+W = ¢(h)(v)+W € V/W, or ¢(h)(v) € v+W.
a

PROOF OF PROPOSITION 3.2.2. Let n = dim¢(H), let h be the Lie algebra of H, and let

Ai,..., A, € b beabasis of h. Then £4,,...,&a, are linear vector fields on V. For all v € V,
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the derivative of ¥V : H — V has a matrix representation in terms of these vector fields when

we use the appropriate bases:

A0 = (ea,0) - €4,0)-

Choose a basis eq, ..., e, of W and extend to a basis f1,..., fx,e1,...,e, of V. By Lemma
3.2.3, all &4, are tangent to all v + W. Thus for each ¢ we may write {4, = Z?Zl aj;ej where
each oy; is zero or homogeneous of degree 1 on V. (Note the absence of any f; components.)
Let A = (aj;), an n x n matrix of functions on V, and let f = det(A). Let A(v) denote A
evaluated at v. Then with respect to the bases fi,..., fx,e1,...,e, for V and Ay,..., A, for

b, we have for all v € V,

(3-2) d(P°)(e) =
A(v)

Then f(v) # 0 if and only if A(v) is invertible, if and only if d(1)")) has maximal rank. If
f #£0, then f is homogeneous of degree n, the dimension of A.

Fix the above bases, and consider the dim (V') x dim (H) matrix d(w('))(e) whose entries
are functions on V. Let I be the ideal generated by maximal minors of d(w('))(e) in the ring of
polynomials on V. By the above argument and the form of (3.2), the only nonzero maximal
minor is det(A) = f, so that f generates I. Finally, observe that different choices of bases will
give another generator of I. Since [ is principal, the generator is unique up to multiplication

by a unit. O

DEFINITION 3.2.4. We will call the function f constructed in Proposition 3.2.2 the relative
coefficient determinant of v for the invariant subspace W. If dim (H) = dim (V'), we shall call

f the coefficient determinant of 1.
A relative coefficient determinant may not be irreducible or square-free.

REMARK 3.2.5. The coeflicient determinant of an equidimensional representation p : G —
GL(V) defines the exceptional orbit variety of p. For example, the process given in Proposition

2.1.10 gives a coefficient determinant.

3.2.3. Block representations. We will now introduce the notion of a block representation.

Let p: G — GL(V) be a rational representation of a connected complex linear algebraic group
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with dim ¢(G) = dim ¢ (V). Assume that p has a sequence of invariant subspaces
(3.3) {O}ZW()CWlC"-CWl:V.

For each j =0,...,l, let p; : G — GL(V/Wj) be the representation induced from p, and let K
be the connected component of the identity of ker(p;). Since K; is a normal subgroup of G, we

have a sequence of normal subgroups
KocKicCc---CK =G.

For j = 0,...,1, let p; : G/K; — GL(V/Wj) be the representation obtained from p;. For
Jj = 0,...,1 — 1, restrict p; to obtain 7; : K;41/K; — GL(V/W;) with invariant subspace
Wiy1/Wj. By assuming that dim¢(K;) = dimc(W;) for each j, 7; has a relative coefficient
determinant f; : V/W; — C. By composing with the quotient V' — V/W;, we may consider f;

to be a polynomial on V.

DEFINITION 3.2.6. We say that the rational representation p is a candidate block represen-
tation (with invariant subspaces Wy, ..., W) if
(1) There is a sequence of invariant subspaces as in (3.3) with corresponding normal sub-
groups K so that
(2) for each j =0,...,[, dim (K;) = dim (W;), and
(3) for each j =0,...,0 — 1 there exists an orbit of 7; in V/W; whose generic projection
onto Wj1/W; is Zariski open.
If also

(4) each f; is reduced and {f;} are relatively prime,

then we will call p a block representation. If (4) does not hold for a candidate block decompo-

sition p, we will call p a non-reduced block representation.
Note that our assumption that dim ¢(G) = dim ¢ (V) follows from (2).

REMARK 3.2.7. If p: G — GL(V) is an equidimensional representation with an open orbit,
then p always has a trivial candidate block representation structure with invariant subspaces
{0} C Vi pg=p, p1 =0, Ky =ker(p), K1 = G, and the open orbit of pin V = V/Wy = W1 /Wy

is the same as the open orbit of 79. However, this trivial candidate block representation structure
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provides no information about the exceptional orbit variety of p. By contrast, we seek to find

block representations in which the relative coefficient determinants are irreducible.

3.2.4. The matrix of a block representation. The exceptional orbit variety of a candidate
block representation p : G — GL(V) is defined by the determinant of a matrix of polynomials
(a “coefficient matrix”) as in Proposition 2.1.10. In this section, we will show that we may use
the block representation structure to make this matrix block lower triangular; the determinant
of the diagonal blocks give the relative coefficient determinants.

For j=1,...,1, let nj = dimc(W;/W;_1) = dim¢(K;/K;_1). Choose a basis egl), .. .,e%ll)
of Wi. Then for each j, extend the basis of W;_;1 to a basis of W; by choosing additional
vectors egj), e ,eg.), so that {el(-k)|1 <k<j1<i< nk} is a basis for W;. Similarly choose a
basis for ¢1,..., ¢ so that {Xi(k)\l <k<j,1<i< nk} is a basis for £;, with each Xi(j) €ty

We may write each of the vector fields ¢ () on V' in terms of the basis of V' and use the
coefficients to form a matrix A where the rowsl correspond to the basis for V' and the columns

to the various vector fields; this matrix will have 2221 n; rows and Zé-:l n; columns, so that

we may subdivide A into blocks:

6/ 1 €1/%
~~ SN
Wi /Wi Aig - Ay
Wi/Wo {\ A1 - Ay
where A;; is a mj_jp1 X ny—;jy1 matrix. The entry (A;;)pq is the coefficient of ez(gl_iﬂ) in

é-X(l—jJrl). We will call A the coefficient matriz of the candidate block representation p.
q

LEMMA 3.2.8. If1 <i < j <1, then A;; =0, making A a block lower triangular matriz.

Proor. Consider an arbitrary column corresponding to Xél_j ) Since Xq(l_j i

€8 _ji1,

it follows from Lemma 3.2.3 that £, u-;+1) is tangent to each affine subset v + W;_; 1 of V.

x{
Thus £Xt(1l—j+1) can be written only in terms of our basis for W;_;,4, i.e.,
I—j+1 nyg
by = 3 Dmsnae
x{—ith = 9ij.k,qC "

k=1 =1

61



In particular, the coefficient of any egfiﬂ) when | —i+1>1—j+11is zero. Thus (4;;)pq =0
whenever ¢ < j, i.e., the gth column of all blocks above A, ; are zero. O

Since all of the diagonal blocks of A are square,
!
(3.5) det(A) = ] det(4:,)
i=1
is a partial factorization of the function defining the exceptional orbit variety of p.

ExaMPLE 3.2.9. Consider the equidimensional representation corresponding to the Cholesky
factorization for 3 x 3 symmetric matrices. With respect to appropriate bases, the coefficient

matrix is
211 0 0 0 0 0

Ti2  T11 T12 0 0 0
0 2$12 21722 0 0 0
13 0 0 11 T12 T13

0 T13 X233  T12 T2 T3

0 0 0 2:E13 21‘23 2.’E33
A has 3 square diagonal blocks. The product of the determinants of the diagonal blocks defines

the same exceptional orbit variety as in Corollary 2.2.7.
We are now able to relate the coefficient determinants to the diagonal blocks of A.

ProProsITION 3.2.10. Up to multiplication by a unit, the coefficient determinant f; of 7; :

Kj1/K; — GL(V/Wj) equals det(A;—j;—;), where Aj_j;—; is given in (3.4).

Before proving this statement, we first prove a Lemma which compares the vector fields on
V' arising from p and on V/W; arising from p;. Let 3:V — V/Wj and a : G — G/Kj be the

quotient maps.
LEMMA 3.2.11. For X € g,
dBw) (Ex (v) = &day,, (x)(B()).

ProoF. Note that §(p?(g)) = pf(v)(g) = ﬁf(v)(a(g)) forall g € G, v € V. By differentiating

the case where g = exp(t - X), we obtain the result. O
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NOTATION 3.2.12. In what follows, we will denote the point 5(v) by T, the subspace 8(W;41)
by W11, and the affine subset 8(v + W41) by 0+ Wji1.

Proor or 3.2.10. We shall follow the proof of Proposition 3.2.2 which defines f;. Re-

call that 7; leaves W4y invariant. In fact, 3(e JH)), . ,ﬁ(en]]i ) is a basis of W41 and
{megw j<k<lL1<i< nk} is a basis of V/W;. Similarly, dae(XU™), .. dag (XE1D)

is a basis of £;41/€;. Since each of the vector fields are tangent to all T+ W41, we may write

Jj+1 np

X(J+1) = Z Z Yi,p,q€q p)

p=1g¢=1

But by Lemma 3.2.11,

Sda<e>(X§””)(ﬁ(U)) = dB(v) (5X§j+1>(v))
j+1 np
=3 Gipa(0)dB) (€P)
p=1 g=1

- Zgz,]Jrl,q dﬁ ( ]+1))
qg=1

It follows that each g; ;41,4 factors through 3, and is zero or a homogeneous polynomial of
degree 1 on V/W;. Then in the notation of the proof of Proposition 3.2.2, ay; = ¢; j+1,4 In

(j+1)

comparison, (A;_j;—;j)x, is the coefficient of e; in fX(j+1), Gij+1k- Thus Aj_j;—; = (o),

and f; = det(A4;—;i—;)- O
As a corollary of the proof, we obtain

COROLLARY 3.2.13. The entries of A;_ji—; factor through the quotient V. — V/W; to be

polynomials on V/Wj.

3.2.5. The exceptional orbit variety of block representations. For a candidate block
representation, the coefficient determinants define the exceptional orbit variety. We thus have

a condition for when a block representation gives a free divisor.

THEOREM 3.2.14. Let p be a candidate block representation with coefficient determinants

fo,- -, fi1- If p is a block representation, then its exceptional orbit variety is a linear free

63



—_ =S —

> > >
< » 7.
<« <« <«
«— <« <«

P
~

N
/

FiGURE 3.1. A diagram of vector fields on V/W; coming from 7;. There may
not exist a ¥ € W41 whose orbit has the correct dimension. However, the
generic projection onto W ;41 of the orbit of a generic point may be Zariski open.

divisor defined by

-1
(3.6) [[#=0
=0

If p is a non-reduced block representation, then its exceptional orbit variety is a linear free*

divisor defined with non-reduced structure by (3.6).

PROOF. (3.6) defines the exceptional orbit variety of p by Proposition 2.1.10, (3.5), and
Proposition 3.2.10. Then apply Corollary 3.1.3. O

For our examples we will carefully choose bases so that the diagonal blocks of the coefficient
matrix take a nice form, making the coefficient determinants and the exceptional orbit variety

straightforward to find.

3.2.6. Equivalent formulations. We now explore several alternate formulations of condition
(3) of Definition 3.2.6. In particular, we will eventually show that it is equivalent to the condition
that p has an open orbit.

We first give equivalent conditions for property (3) for a particular 0 < j <[ — 1. Figure

3.1 illustrates the situation.

PROPOSITION 3.2.15. Assume that properties (1) and (2) of Definition 3.2.6 hold. Let
0 <j<l-—1. Then the following are equivalent:
(a) Property (3) of Definition 3.2.6 holds for ;.
(b) There exists a point v € V/W; where d(7)(e) : &j+1/€ — To(V/W;) has mazimal rank.
)
)

(c) f; #
(d) 75 has an orbit in V/W; of dimension dim ¢ (K1) — dim c(Kj).
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REMARK 3.2.16. To prove this proposition, we will use the fact that the statements given in
Chapter 2 for rational representations of connected complex algebraic Lie groups (Proposition
2.1.1, Proposition 2.1.3, Corollary 2.1.7, Proposition 2.1.10, and Lemma 2.1.14) in fact hold
more generally for any connected complex algebraic Lie group acting rationally on an irreducible
complex space. In particular, the statements hold for 7; acting on an affine subset of the form

5+WJ‘+1 C V/Wj, where Wj+1 = Wj+1/Wj.

PROOF OF PROPOSITION 3.2.15. (a) = (b): Suppose that the orbit O of v € V/W;
under 7; has the property that its generic projection onto W41 is Zariski open. By Lemma
323, 0 C v+ Wjy1 C V/W; and the image of d(17) ey lies in Ty(T + W+1). Choose a
projection 7 : V/W; — Wi such that m(O) is Zariski open and ker(w) is transverse to

W1 C V/Wj. For such a projection, (7|
Since 7(0) = 7

E+Wj+1) 1V A+ Wj-H — Wj_i,-l is a biholomorphism.

E+Wj+1(0) is Zariski open, O is open in ¥ + W;11. Applying Corollary 2.1.7
and Remark 3.2.16 shows that the image of d(7})( equals T(v + W), ie., d(77)(e) has
maximal rank.

(b) = (a): Conversely, if d(7])() has maximal rank then it follows from Lemma 3.2.3
that the image of d(Tf)(e) must equal T5(v + Wjt1). Then by Corollary 2.1.7 and Remark
3.2.16, the orbit O of v in ¥ + W41 C V/W, under 7; must be Zariski open in o + W 1.
Picking any projection 7 : V/W; — W11 whose kernel is transverse to W1 C V/W; gives a
biholomorphism from v+ W11 C V/W; to W;41. Thus 7(0) = (W|5+Wj+1)(0) is Zariski open
in W,s1 C V/W;.

(b) <= (c): These are equivalent by the definition of coefficient determinant: f;(v) # 0 if
and only if d(7
(b) <= (d): By Proposition 2.1.3 and Remark 3.2.16, the dimension of the orbit of 7 under

)(e) has maximal rank.

7j is described by the rank of d(77) ). -

We are now able to provide several alternate characterizations of a candidate block repre-

sentation.

PROPOSITION 3.2.17. Let p : G — GL(V) be a rational representation of a connected
complex algebraic Lie group. Assume that (1) and (2) of Definition 3.2.6 hold with invariant

subspaces
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Then the following are equivalent:

(1) p is a candidate block representation, i.e., (3) of Definition 3.2.6 holds.

(2) p has an open orbit.
(3) [T=h f5 2 0.

PROOF. 1 <= 3 by Proposition 3.2.15, parts (a) and (c).

2 <= 3 follows from Proposition 2.1.10 and (3.5). O

3.2.7. Quotients. We can always form a quotient of a block representation to obtain another

one.

PROPOSITION 3.2.18. Suppose p : G — GL(V) is a candidate block representation with
associated invariant subspaces {0} = Wy C --- C Wy =V, and fir 0 < j < 1. Then p; :
G/K; — GL(V/W;) is a candidate block representation with invariant subspaces {0} ~ W, C

- C W, =V/Wj. With respect to the correct bases, p;’s coefficient matriz is

Aja o A

where A is the coefficient matriz of p, subdivided as in (3.4).

PROOF. By assumption, the subspaces W; for j < i < [ are p; invariant. Let j <7 <.
The kernel of (p;)i—j : G/K; — GL((V/W;)/W;) ~ GL(V/Wj;) is the quotient of the kernel of
pi by Kj; thus dim (ker((p;);—;)) = dim (K;/K;) = dim (W;). Thus (1) and (2) of Definition
3.2.6 hold.

Now consider the blocks. If a: G — G/K; and : V — V/W; are the quotient maps, then
use

e =gy and TP = dag, (x )

(3 7

as bases for the subspaces and Lie algebras, respectively. Then Lemma 3.2.11 identifies the
relation between vector fields on V' arising from p and on V/W arising from p;- As in the proof
of Proposition 3.2.10, because we chose bases using the invariant subspaces, df,)({x(v)) will
merely delete some terms from £y (v); the remaining coefficients are already functions on V/W;

by the same argument used in the proof of Proposition 3.2.10 to prove Corollary 3.2.13. O
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3.2.8. Towers of block representations. The structure of a block representation does not
address the features of the matrix factorizations in Chapter 2 which involve inclusions of repre-
sentations which may be recovered by quotients (see Remark 3.2.1). We will now define a few

terms which capture this behavior.

DEFINITION 3.2.19. A tower of Lie groups is a collection of Lie groups with inclusions:
{e}ZGoCGlc-" .

Such a tower has a corresponding tower of representations if there is a collection of vector

spaces with inclusion maps so that

where we require that each Vj is a representation of G; and that (G;j—1,V;-1) — (G;,Vj) is
a homomorphism of representations (i.e., homomorphisms of groups and vector spaces which

commute with the group operations).

Now consider when each representation in a tower is a block representation. We shall require

the block representations to be compatible.

DEFINITION 3.2.20. A tower of representations of Lie groups is a tower of (non-reduced)

block representations if, for all j > 0,
(1) Each Vj is a (non-reduced) block representation of G; via the subspaces and subgroups
(0y=W]cw/c-..cw]_, cw=y
{e}y=K}CcK|c---CK] ,cKl=a,,

with KZJ the connected component of the identity of ker(G; — GL(V;/ Wf )). Further-
more,

(2) For each j, the composition
(Gj1,Vim1) = (G, V3) = (Gy/ K, Vi /W)
is an isomorphism of representations.
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Conceptually, a tower of block representations is a sequence of (non-reduced) block repre-
sentations where at each step we expand the group and the vector space, and where we can
recover previous representations by applying Proposition 3.2.18. For each j, let &; be the ex-
ceptional orbit variety of (Gj,V;). In a tower of block representations, the free divisor &;_ is
included as a component of the free divisor &: if 7 : V; — V;/ Wf — V;_1 is the quotient map
composed with the inverse of the isomorphism of (2) above, then by Proposition 3.2.18, the
free divisor W*I(é}_l) constitutes a portion of &;. The relationship between these free divisors
gives useful relations between their singular Milnor numbers.

All of the families of (non-reduced) block representations which we shall consider form

towers of (non-reduced) block representations.

REMARK 3.2.21. For each j in a tower of (non-reduced) block representations, G; is iso-

morphic to the semidirect product of K { and G;_1.

3.3. Irreducibility of polynomial components

In order to show that we have a free divisor, it is necessary to prove that a collection of
polynomials are all irreducible and distinct (f # Ah for some ). Most of the polynomials of
interest have the special property that they take the form of a determinant of a matrix M of

polynomials where one variable occurs in only the lower right entry:

arp(x) -+ arp-1(x)  ara(w)
f =det
anfl,l(x) cee anfl,nfl(l') anfl,n(x)
an,l(fv) T an,nfl(w) Y

Not only is g = g—i a function only of z, but ¢ is the determinant of the upper left (n—1) x (n—1)
submatrix of M. In this section we will show that if g is irreducible and f # Agy, then f is
irreducible.

We will first prove the following Proposition.

PROPOSITION 3.3.1. Let R = Clzy,...,x,]. If f € Rly] and g € R with g # 0, %5 =g, and
ged(f,g) = 1, then f is irreducible in R[y].
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PRrROOF. First recall that the content of a nonzero F' € R[y], denoted cont(F'), is the greatest
common divisor of the coefficients of F' written as a polynomial in y (see, e.g., [Lan02], IV,
§2). The content is well-defined up to multiplication by a unit in R.

The hypotheses imply that f takes the form f = gy + h for h € R. Then

(3.7) 1 = ged(f, g) = ged(gy + h, g) = ged(h, g).

In particular, (3.7) implies that cont(f) = 1.
If f factored as f = fife in Rly], then Gauss’ Lemma (e.g., [Lan02], IV, Theorem 2.1)

states that
cont(f) = cont(fi)cont(fz)

in R. Since cont(f) is a unit, both cont(f;) and cont(f2) must be units in R. Since f = gy +h
has deg,(f) = 1, one of fi or f has deg, = 1 and the other has deg, = 0. We may assume

without loss of generality that
fi=ay+b and fo=c¢,

where a,b,c € R. But ¢ = cont(f2) is a unit in R and thus in Ry|, so f is irreducible in R]y].

O
If we know the factorization of g, then it is easy to prove that f is irreducible.
COROLLARY 3.3.2. Let R = Clxy,...,xz,], [ € R[y|, with % =g€R. Ifg=9g1 - Gm 18
a factorization of g into irreducible components and for each i = 1,--- ,m there exists a point

(z0,y0) € C" x C so that gi(xg) =0 and f(xo,yo) # 0, then f is irreducible.

PRrROOF. The g; are the irreducible components of g in R. Evaluation at the points shows
that no g; divides f. Thus g and f have no common factors and ged(f,g) = 1. By Proposition
3.3.1, f is irreducible. O

For us, g itself is usually irreducible. We state this case separately.

COROLLARY 3.3.3. Let R = Clz1,...,x,), f € R[y], with %Jz: =g € R. If g is irreducible
and there exists a point (zo,yo) € C" x C so that g(xo) = 0 and f(zo,yo) # 0, then f is

irreducible.
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ProoF. Apply Corollary 3.3.2 with m = 1.
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CHAPTER 4

Representations for Cholesky-like factorizations as block

representations

In this chapter we will use the block representation structure developed in the previous
chapter to study the representations of Chapter 2, which correspond to matrix factorizations.
The exceptional orbit varieties of these representations provide examples of families of free
divisors and free* divisors in spaces of matrices.

Since our groups and representations all come from two basic representations, corresponding
to change of bases for linear transformations and bilinear forms, we initially study the proper-
ties of these basic representations. As we are primarily interested in the case where our group
is solvable, we restrict ourselves to “triangular” changes of bases. For each of these basic repre-
sentations, we identify the main elements for a block representations: the invariant subspaces,
the kernels of the quotient representations, the associated vector fields, and the orderings used
to obtain a candidate block representation.

We then study the representations of Chapter 2 on spaces of symmetric, general n x n, and
skew-symmetric matrices as specializations of these two basic representations. For each case we
apply the criteria of Chapter 3 to identify the exceptional orbit variety as either a free divisor
or free* divisor.

For the symmetric representation, we also give a classification of the orbits. This will be
used in Chapter 6 for the computation of singular Milnor numbers.

Because several exceptional orbit varieties are only free* divisors, in Chapter 5 we shall
modify the representations so that their exceptional orbit variety is a free divisor which still

contains the variety of singular matrices.

4.1. The linear transformation representation

We first study linear transformations under triangular changes of bases. Let L, (C) denote

the group of n x n invertible lower triangular matrices, let T,,(C) denote the group of m x m



AN AN A

E{[ 0 0 =«
kE—kK{| 0 * *
n—k{ * * *

FIGURE 4.1. The type of matrices which form the subspace M(n,m,C);; N
M (n,m,C)y p in p’s invariant flag. Here we have assumed I’ > [ and k > k'.
upper triangular matrices, and let M (n, m,C) be the space of n x m complex matrices. Define

the representation p of L, (C) x T,,,(C) on M(n,m,C) by
(4.1) p(A,B)(M)=AMB™.

We will study p’s invariant subspaces, the kernels of the induced quotient representations, the
vector fields which arise from p, and also motivate the orderings of bases which we will use in

our block representations.

4.1.1. Invariant Subspaces. Since p is a rational representation of a solvable connected
complex algebraic Lie group, by the Lie-Kolchin theorem (Theorem 2.3.1) p has an invariant
flag of subspaces. These invariant subspaces are easy to determine.

Fix coordinates {x;;} on M(n,m,C) so that for M € M (n,m,C) and any (i,7), x;;(M) =
(M);i;. Let M(n,m,C)y,; denote the subspace of M(n,m,C) consisting of the matrices whose

upper left k x | submatrix is zero.

PROPOSITION 4.1.1. The representation p on M(n,m,C) given by (4.1) leaves invariant

the subspaces M(n,m,C)y, for all k, 1.

PRroOF. Consider the product
—1
(4.2) A 0O My Mo Ui Uiz _ Ay My ULt o+
Agy Az ) \ My Moo 0 U * *

where Mj; is a k x [ submatrix. Then (4.2) shows that when Mj; = 0, AHMHUﬁl =0. O

REMARK 4.1.2. In fact, there exists a p-invariant flag where each subspace in the flag takes
the form

M(n, m, (C)/M N M(n, m, (C)k’,l’
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(see Figure 4.1). For example, when n = m = 2 such a flag is given by

4.1.2. Kernels of quotient representations. A p-invariant subspace W C M (n, m, C) used
in a block representation must have the property that the kernel of the quotient representation
L,(C) x T,,(C) — GL(M (n,m,C)/W) induced from p has dimension dim ¢(W) (this is (2) of
Definition 3.2.6). We therefore study the kernels of these quotient representations to identify
the useful invariant subspaces.

For each 0 < k < n, 0 <1 <m, define the quotient representation
P Ln(C) x Trn(C) — GL(M (n,m,C)/M(n, m, C)k,)

induced from p.

ProposIiTION 4.1.3. For k,l > 0,

AT O AL %
ker(p,1) = ) € Ly,(C) x T, (C)

* * 0 *

PRrROOF. By (4.2), such elements lie in ker(py ;).

For the reverse inclusion, a calculation as in (4.2) shows that

A 0 Ui Uiz
7 € ker(py,)
A21 A22 0 U22

if and only if Ay3 Mq1(Ur1)~! = My for all k x [ matrices M11. As a result, we need only show
that if L is a k x k lower triangular matrix and B is a [ x [ upper triangular matrix for which
LMB = M for all k x [ matrices M, then L = \[;; and B = A\"1I].

When M is an elementary matrix F,s, by assumption we have
(4.3) (LE;sB)ij = 6rids;
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for all 4, j. Taking into account that L and B are triangular, the left side can be calculated to

be

i L)i(B)s; whenr <iands<j
(4.4) ZZ(L)z’p(Srp‘ssq(B)qj = ) (B) - -

p=1g=1 0 otherwise

Combining (4.3) and (4.4) yields that, for » <i and s < j, (4.3)
(45) (L)’LT(B)S] = 57”i68j‘

When r =i and s = j, (4.5) yields (L);(B);; = 1 for all 4, j; thus all diagonal elements of L
equal a common A € C* and all diagonal elements of B equal % When r < i and s = j, (4.5)
yields (L) (B);; = 0, so that (L) = 0 for all » < i; L is thus diagonal. When r =i and s < j,
(4.5) yields (L)i(B)sj = 0, so that (B)g; = 0 for all s < j; B is thus diagonal as well. O

REMARK 4.1.4. For p itself, ker(p) is a 1-dimensional torus, {(AI,\)|A € C*}. To obtain
an equidimensional representation of the form p|g, for H a subgroup of L, (C) x T,,(C), we
must choose H so that dimc(H Nker(p)) = 0. For example, the LU decomposition (Theorem

2.2.1) achieves this by requiring the upper triangular matrices to have ones on the diagonal.

4.1.3. Vector fields. We now obtain explicit descriptions of the vector fields coming from
p. The vector fields {%H <i<n,1<5< m} serve as a basis for the vector fields on
M(n,m,C). Denote the Lie algebra of L,(C) x T,,,(C) by g. For (A,B) € g and M €

M (n,m,C), the vector field {4 p) associated to (A, B) evaluated at M is given by

€M) = L (p(exp(tA), exp(tB))(M))],_,

dt

d
= = (exp(tA)M exp(~tB)) |,y
=AM — MB.

In coordinates, if S is the generic n x m matrix with (5); ; = x; j, we may write this as

0
(4.6) §a,B)(S) = Z (AS — SB)i,j‘axij'
1<i<n ’
1<j<m

Especially useful will be the case where only one of A or B is nonzero and equal to an elementary

matrix.
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PROPOSITION 4.1.5. For the representation p given by (4.1), the vector fields associated to
the Lie algebra of L, (C) x T,,(C) are
0 0
f(Ep,q,o)(S) = Z N and f(o,Ek,l)(S) = Z —Tika -
- ox - 0z,
1<j<m P 1<i<n ’
ProoF. This is just a calculation starting with (4.6). For (E,4,0) € g, we obtain

0
§By00)(S) = > (Ep,qs)i,j%

1<i<n
1<<m

n 0
-y Z(EP,Q)i,k(s)k,jW
1”]

1<i<n k=1
I<j<m

n 0
= Zéi,péq,k(s)k,jaTM

1<i<n k=1
1<j<m

Similarly, when (0, E} ;) € g we obtain

Eomn(S) = > (=SEw)ij-—

m 0
=y Z(—S)z‘,f&c,f&ldaTM

a

4.1.4. Orderings. As discussed in §3.2.4, to analyze a block representation we must choose
orderings for a basis of g and a basis of our vector space. An appropriate choice of bases and
orderings will let us determine the structure of the exceptional orbit variety. We shall choose
the order of these elements so that the diagonal blocks of the coefficient matrix have easily
understood determinants. Surprisingly, we may often choose orderings so that the diagonal

blocks are (perhaps transformed) submatrices of the generic n x m matrix S.
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First suppose we choose M (n, m,C)y; C M(n,m,C),_1,; to be two adjacent invariant sub-

spaces in a block representation. Then 0 0

Bupar o Doy 8@ basis for a subspace complementary

to M(n,m,C)y; in M(n,m,C),_1;. Proposition 4.1.3 shows that (Ej1,0),...,(Ekk0) € g
is a basis for a subspace complementary to the Lie algebra of ker(ps;) in the Lie algebra of
ker(pr—1,;). By using these ordered bases for such a “vertical expansion,” certain diagonal

blocks of our block representation take the form of the transpose of a submatrix of S.

PROPOSITION 4.1.6. The matriz M of vector field coefficients, where the rows represent the

o)
Oz,

coefficients of %, e and the columns represent the vector fields §(g, | 0y, s &(By 1,0)5

is equal to the transpose of a contiguous submatriz of the generic matriz S':

11 ot Tk

T1l o Thy

)

PROOF. M is alxk matrix where (M), s is the coefficient of a%’r in (g, ,0)- By Proposition

415, (M)ys = g O

REMARK 4.1.7. For p|y, some (Ej;,0) may not be in the Lie algebra h of H. However, the
subgroups H we use will typically have a basis of h consisting of elementary matrices, so we

may still use the above result by deleting the appropriate columns.

Now consider M (n,m,C),; C M(n,m,C);;—1 as two adjacent invariant subspaces in a

0 0

block representation. Then Bur 0 Dang

and (0, E11),...,(0,Ep;) € g are bases for subspaces
complementary to M(n,m,C);; in M(n,m,C);;—1 and complementary to the Lie algebra of
ker(pi,;) in the Lie algebra of ker(py;—1), respectively. By using these orderings for such a
“horizontal expansion,” some diagonal blocks of our block representation take the form of the

negative of a submatrix of S.

PROPOSITION 4.1.8. The matriz M of vector field coefficients, where the rows represent the

coefficients of 8%”, s 6%1 and the columns represent the vector fields §o g, ), 1 &(0,5,,),
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equal to the negative of a contiguous submatriz of the generic matriz S':

—Z1,1 o T2

—Tg1 o Tk
PROOF. M is a k x 1 matrix where (M), ¢ is the coefficient of Bxiz in §(o,g, ,)- By Proposition

415, (M)ys = —2yps. O

Based on these observations, for each of our block representations we will use a sequence of

invariant subspaces of M (n, m,C) where each step takes the form
(4.7) M(n,m,C)y; € M(n,m,C)g_1; or M(n,m,C)y; C M(n,m,C)x;—;.

We will then use the above bases and orderings to construct the coefficient matrix of our block

representation.

4.2. The bilinear form representation

We will now repeat the steps of the previous section for a representation which models
bilinear forms under triangular changes of coordinates. Define the representation 6 of L, (C)

on M(n,n,C) by
(4.8) O(A)(M) = AMAT,

We will examine the invariant subspaces of 6, the kernels of the quotient representations, the
vector fields arising from the representation, and the orderings we will use for our block repre-

sentations. The results for 6 are quite similar to the results for p.

REMARK 4.2.1. In fact, 6 is related to p in a simple way. Consider the injective Lie group
homomorphism ¢ : L,(C) — L,(C) x T,,(C), A — (A,(AT)™1). Then § = po. This

observation indicates why the properties of 6 are similar to those of p.

REMARK 4.2.2. 0 does not have an open orbit for dimensional reasons. However, we will
be interested in restricting 6 to subgroups of L, (C) and subspaces of M (n,n,C) so that the

restriction has an open orbit. We are particularly interested in restrictions to the #-invariant
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subspaces Sym,, (C), the space of symmetric matrices, and Sk, (C), the space of skew-symmetric

matrices.

4.2.1. Invariant Subspaces. As in the previous section, fix coordinates {z;;} on M (n,n,C)

and let M (n,n,C);; be the subspace of matrices where the upper left k x [ block is zero.

PROPOSITION 4.2.3. The representation 6 on M(n,n,C) defined by (4.8) leaves invariant

the subspace M(n,n,C)y; for all k,1.
Proor. This follows from Remark 4.2.1 and Proposition 4.1.1. O

REMARK 4.2.4. Again, intersections of such subspaces provide the building blocks for an

invariant flag on M (n,n,C).

4.2.2. Kernels. As above, only some of these subspaces will be useful for block representa-
tions, depending on the kernel of an associated quotient representation. For 0 < &k, < n, define

the quotient representation
01 - Ln(C) — GL(M (n,n,C)/M(n,n,C)g,)
induced from 6.
ProPOSITION 4.2.5. For k,l > 0,

:tlmax{k:,l} 0

ker(ﬁkyl) = S Ln(C)

* *

Proor. By Remark 4.2.1, 0 ; = pg; 0 9, so that

ker(&k,l) = w_l(ker(pkyl)).

But A € ¢~ (ker(pg,)) if and only if (A, (AT)™1) € ker(pk,), and Proposition 4.1.3 identifies
ker(pr;). Thus A € ker(fy,) if and only if there exists a A € C* so that A®) = X[, and

(AT) O = AL, ie., AO = L1, But A = L if and only if A = +1. 0

Unlike p from the previous section, ker(6) = {£1I,,} is discrete.
Proposition 4.2.5 has interesting consequences for the invariant subspaces we will use in our

block representations. We use subspaces of the form M (n,n,C); as these are the smallest
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invariant subspaces with a particular kernel. Thus we use transitions of the form
M(na n, (C)kJrLkJrl - M(?’L, n, C)k,k

at each step of our block representations.

4.2.3. Vector Fields. We now obtain concrete descriptions of the vector fields coming from
0. The vector fields {%ﬁ]l <i,j< n} serve as a basis for the vector fields on M (n,n,C).
Denote the Lie algebra of L, (C) by g. For A € g, the vector field {4 associated to A evaluated
at M € M(n,n,C) is given by

EA(M) = & (B(exp(t4)) (M) o<y

= 9 (exp(tA) (M) (exp(t4)T)

dt ‘t:()

= % (exp(tA)(M) eXP(tAT))

=AM + MAT.

=0

In coordinates, if S is the generic n X n matrix, we may write this vector field as

0
_ Ty, .
(4.9) €a(S) = E (AS +547)i oy’
1<i<n §
1<j<n

It will be useful to compute this explicitly when A is an elementary matrix.

PROPOSITION 4.2.6. For the representation 0 given by (4.8), the vector fields associated to
the Lie algebra of L, (C) are

0 0

€, (8) = ) T g T > Til g —

1<j<n Jo1<i<n i,k
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Proor. This is a calculation which starts with (4.9) where A = Ej;:

0
€, (8) = D (BraS+ SEik)iig, —
1<i<n Li,j
1<j<n
- 0
= Z Z((Ek,l)i,p(s)pd + (9)ip(Etk)p,s) O
1<i<n p=1 v
1<5<n
& 0
= > (ribip(S)ps + (5)ipdp0k.;) Ere
. _ 1,]
1<i<n p=1
1<5<n
0 0
= 1<Z< xl’ji&rkd + 1<Z< :L“i,liami’k.
S)sn <i<n

a

4.2.4. Orderings. As for p, we wish to order our vector fields and coordinates so that we
obtain a matrix of coefficients which are (perhaps transformed) submatrices of the generic
n X n matrix S.

Suppose we use the adjacent subspaces

M(n,n,C)pr C M(n,n,C)r_1 -1

in a block representation. First, %, e % is part of a basis for a subspace complementary

to M(n,n,C)g in M(n,n,C)i_1x,—1. By Proposition 4.2.5, E}1,...,Ey) € g is a basis for

a subspace complementary to the Lie algebra of ker(f ;) in the Lie algebra of ker(fy—1 x—1).

. ) ) .
Consider the Barn Daen components of the corresponding vector fields.

PROPOSITION 4.2.7. The matriz M of vector field coefficients, where the rows represent

o)
) a.l‘k,k

the coefficients of %, e and the columns represent the vector fields §g, 1, ,EEy, ., 1S

equal to a submatrixz of the generic matrix S, except the last row is different:

Z1,1 s T1k
M =
Tk—1,1 ce LTk—1,k
Tp1+ X1k 0 Tkt Thk

PRrROOF. Note that M is a k x k matrix. (M), is the coefficient of % in {g,,. By

Proposition 4.2.6, (M), s = 6, kZs i + Tr s O
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Except for the last row, this is a submatrix of S. Note that the last row will not appear for
Sk, (C), while for Sym,,(C) the last row will be a row of S multiplied by 2. In either case, this

matrix of coefficients is easily understood provided we use the orderings described above.

4.3. The symmetric and skew-symmetric bilinear form representations

We now study the restriction of # to the invariant subspaces Sym,, (C) and Sk, (C) and prove

results which are analogous to those for 6.

4.3.1. Symmetric bilinear form representation. Let ¢ : L,,(C) — GL(Sym,,(C)) be the
restriction of € to Sym,(C). Define Sym, (C);r = Sym,(C) N M(n,n,C)yy, the space of
symmetric matrices whose upper left £ x k submatrix is zero. Proposition 4.2.3 immediately

identifies Sym,, (C) 1 as an invariant subspace.
PROPOSITION 4.3.1. ¢ leaves Sym,,(C)  invariant.

For each 0 < k < n, define the quotient representation v, : L, (C) — GL(Sym,,(C)/Sym,,(C)s.)

induced from 1. Proposition 4.2.5 is not sufficient to completely identify ker(ty).

PROPOSITION 4.3.2. For k > 0,

ker (i) = € L,(C)

We first prove a Lemma.

LEMMA 4.3.3. Suppose that A is a n x n matriz so that ASAT = S for all symmetric
matrices S. Then A = +1.

PRrooFr. Substituting E;; + Ej; for S, we may calculate that

(A(Ei; + Eji)A Z Z Vo (Eij + Eji)pg (AT g
p=1q=1
= Z Z(A)kp(sip(sjq lq + Z Z kp(sjp(szq lq
p=1qg=1 p=1qg=1

= (Ari(A)j + (A (A)i-
On the other hand,
(A(Eij + Ej) AT ) = 861 + 016,
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so that for all ¢, j, k,l we have
(4.10) (A)ri(A)ij + (A)rj (A = Sindi; + jx0u-
When ¢ = j and k =1, (4.10) gives

(A)iz = Oik;

thus (A)g; = 0if ¢ # k and (A); = 1, making A diagonal. When k =i # j =1, (4.10) gives
(A)ii(A)j; +0=040;5 +0,

so that (A);;(A);; = 1. Since all diagonal entries are £1, all diagonal entries are equal. O

PROOF OF PROPOSITION 4.3.2. Proposition 4.2.5 shows that such elements lie in the ker-
nel. By a computation analogous to (4.2), any element A of the kernel must have the property
that (ASAT)R) = AR SE) (ARNT = (k) for all S (in particular, all S*)). By Lemma 4.3.3,
AR = 41, O

Now choose coordinates {z;;|1 < i < j < n} on Sym,(C) so that for M € Sym,(C),
(M) = (M)ij = (M)i.

REMARK 4.3.4. These are not the same coordinates we used on M(n,n,C) in §4.2. Let

{ij} be those coordinates. Then for i < j, 25 = Tjj|sym, (c) = Tjilsym, (c) and on Sym,,(C),

o _ o=+ g i
8$z’j 8% ifiZj

A vector field £ on M(n,n,C) tangent to Sym,,(C) has the property that the coefficients of

8%_]_ and % are equal on Sym,(C). If £ =3, fij% is such a vector field, we thus have

o)
Elsym, (©) = 2i<j fijlsym, (© 7, -
This observation allows us to easily translate our explicit calculation of the vector fields

from M (n,n,C) to Sym,,(C).

PROPOSITION 4.3.5. Let S be a generic n X n symmetric matriz. For the representation
¥ : L,(C) — GL(Sym,,(C)) given by restricting 0, the vector field associated to the Lie algebra
of L,(C) is

0 0
€p () = ) (S)liiaxk‘ + > (Das—
7
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ProoF. By Remark 4.3.4 and Proposition 4.2.6, we have

. 0 . 0
€p, () = ) Tiilsym, @ 5.~ + > Tlsym, ©

0xii
k<i<n k 1<i<k ik

But each Zij|gym, (c) = (5)ij, whether or not i < j. O

Similarly, we have an analogue of Proposition 4.2.7.

PROPOSITION 4.3.6. The matriz M of vector field coefficients, where the rows represent the
o)

coefficients of %, Y and the columns represent the vector fields {g,, ;... ,8p, ,, S
x1,1 T1.k
M =
Tik—-1 - Tk-1k
21’17]6 s 2.%']%],C
PRrROOF. Apply Remark 4.3.4 to Proposition 4.2.7. O

4.3.2. Skew-symmetric bilinear form representation. Define o : L, (C) — GL(Sk,(C))
to be the restriction of 6 to Sk, (C). Define Sk, (C)xr = Sk,(C) N M(n,n,C)kk, the space of
skew-symmetric matrices whose upper left £ x k submatrix is zero. Proposition 4.2.3 immedi-

ately identifies Sk, (C)j 1 as an invariant subspace.
PROPOSITION 4.3.7. o leaves Sky,(C)y  invariant.

For each 0 < k < n, define the quotient representation oy, : L,(C) — GL(Sk,(C)/Skn(C)g k)

induced from o.
PROPOSITION 4.3.8. ker(c1) = Ly, (C). ker(o2) = {A € L, (C)| det(A®?) = 1}. Fork >3,

+I; 0
ker(oy) = € L,(C)

* *

We first prove a Lemma.

LEMMA 4.3.9. Suppose that A is a n x n lower triangular matriz so that ASAT = 8 for all
skew-symmetric matrices S. If n > 3, then A = £I. If n = 2, then A € Lo(C) N SLy(C). If
n =1, then A€ Li(C).
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PROOF. The result for n = 1 or n = 2 follows from a straightforward calculation.
Assume n > 3. A calculation analogous to one in the proof of Lemma 4.3.3 shows that, for

all i, j k. I,
(4.11) (A)ki(A)j — (A (A = dird15 — djk0ir-
When i =k # j =1, (4.11) gives

(A)ii(A)j5 — (A)ij(A)ji =1 +0,

but either A;; or Aj; is zero as A is lower triangular and 7 # j. Thus (A);(A);; =1ifi # j. In
particular, the diagonal entries of A are nonzero, (A);; = (A11) " fori > 1, and (A)j; = (Any) ™"
for j < n. Since n > 3, all diagonal entries are the same and thus all equal to +1. (If n = 2,
we could have (4)11 = A, (A)2 = .)

When i =k < j, (4.11) gives

(A)ii(A)j +0 =65+ 0,

so that (A);; = 01if j > 4 and j # [. Thus the triangle below the diagonal and to the right of
the ¢th column is zero.

When i =k > [, (4.11) gives
(A)ii(A)j +0 =26 +0,

so that (A);; = 0if I < i and [ # j. Thus the triangle below the diagonal and above the ith
row is zero.

Since n > 3, all entries below the diagonal are contained in one such triangle, with the
exception of (A),1. But evaluating (4.11) with I =n, j =1, and k =i ¢ {1,n} (possible since
n > 3) gives

(A)ii(A)p1 +0=0+0,

so A=41. O

PROOF OF PROPOSITION 4.3.8. By a computation analogous to (4.2), A € L,(C) lies in
the kernel of oy, if and only if (ASAT)*) = AK) SK)(AFNT = §) for all skew-symmetric S (in

particular, for all skew-symmetric S (k)). Lemma 4.3.9 then identifies A®). O

84



Now choose coordinates {z;;|1 < i < j < n} on Sky,(C) so that for M € Sk, (C) and i < j,

zii(M) = (M) = —(M);s.

REMARK 4.3.10. Just as with the symmetric bilinear form representation, if {Z;;|1 < i,j <
n} are the coordinates we used for M(n,n,C) in §4.2, then when 1 < i < j < n, x;; =
TijlSka (€) = ~Tilsk,(c) and on Sk (C),

0 0 0

A vector field £ on M (n, n, C) tangent to Sk, (C) has the property that, on Sk, (C), the coefficient
of %Tj is the negative of the coefficient of %. If¢= Zz j fij% is such a vector field, we thus
have &lsi, ) = 2ic; fij|Skn((C)a%j-

Thus we may translate our vector field calculations to Sk, (C).

PROPOSITION 4.3.11. Let S be a generic n xn skew-symmetric matriz. If Ey; is an element

of the Lie algebra of Ly, (C), then

0 0
S) = S)i=— S)i=—.
gEk,z( ) Z ( )lz 02 + Z ( )zl EY
k<i<n 1<i<k
Proor. By Remark 4.3.10 and Proposition 4.2.6, we have
_ 0 _ 0
5, (S) = D Tiilsi, (o) 5o T > Tillska(©) 5,
k<i<n C1<i<k ik
But (S)U = Tij’Skn((C) for all 4, j. a

Similarly, we have an analogue of Proposition 4.2.7.

PROPOSITION 4.3.12. The matriz M of vector field coefficients where the rows represent the

coefficients of am{i PERRRE 8wi1 - and the columns represent the vector fields {g,, ;... ,8p, ,, S
0 1.2 e T1k-1 Tik
—T12 0 cee o Togp—1 Tag
M =
—T1g—1 —Tok—1 *°° 0 Th—1k

ProoF. Note that M is (k — 1) x k. Apply Remark 4.3.10 to Proposition 4.2.7, omitting

the last row. O
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4.4. The Cholesky representation for symmetric matrices

We now consider the representation which corresponds to the complex Cholesky factoriza-
tion of symmetric matrices (Corollary 2.2.7). In fact, this is the representation ¢ : L,(C) —
GL(Sym,,(C)) defined by

$(A)(M) = AMAT
that we studied in §4.3.1. Though we already know the exceptional orbit variety V of this
equidimensional representation, we shall show that 1 is a block representation and V is a
free divisor. In particular, our approach shows how the invariant subspaces and Lie algebras

contribute to the structure.

4.4.1. Candidate Block Representation. The results we need to develop a block represen-
tation were shown in §4.3.1. In particular, we shall use the coordinates {z;;|1 <1i < j < n}

defined there for Sym,,(C).

PROPOSITION 4.4.1. The representation v : L,(C) — GL(Sym,,(C)) has the structure of a

candidate block representation with n diagonal blocks and subspaces
Wj = Symn((C)n_j,n_j, ] = 0, B N
For appropriate choices of bases, the jth diagonal block, 1 < j < n, is

TLL o T

2zj1 oo 2T

PRrROOF. We shall use the notation of Definition 3.2.6. By Proposition 4.3.1, all Sym,,(C)

are t-invariant. Thus we have a partial flag
{0} = Wy = Sym,,(C),,, C --- C Sym,(C) =W,

of invariant subspaces. Since dim¢(W;) = (”;rl) - ("_gﬂ), we have dim ¢ (Wjq1/W;) =n —j.
Alternatively, {E; n—j + En—j; € Sym,,(C)|1 <i <n—j} will complete a basis of W; to a basis
of Wjy1.

Now let K; be the connected component of the identity of the kernel of the quotient rep-

resentation L, (C) — GL(Sym,,(C)/W}) induced from . This quotient representation is just
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Yn—j, so by Proposition 4.3.2,

Since dim ¢ (K;) = (”;rl)—("_gﬂ), dimc(Kj11/K;) = n—j. Alternatively, {E,—;;|1 <i<n—j}
will complete a basis of the Lie algebra of K to a basis of the Lie algebra of K.

Since dim¢(K;) = dim¢(W;) for j = 0,...,n, we have verified (1) and (2) of Definition
3.2.6. Now fix 1 < j < n, and consider the jth diagonal block A; ; of the matrix A of coefficients,
as described in §3.2.4. A, ;’s rows and columns correspond to ordered bases of Wy, _j1/Wj_;
and the Lie algebra of K,,_j;1/K,_j, respectively. We may use 3%1,1’ ey 3%3',3' and Ejq,...,E;;
in the Lie algebra, respectively. By Proposition 4.3.6, the jth block is as claimed.

Finally, at I € Sym,,(C), each A, ; is nonsingular. Thus each f,,_; is nonzero and we have

a candidate block representation by Proposition 3.2.17. O

EXAMPLE 4.4.2. For n = 3, the coefficient matrix A obtained using the orderings above is

2211 0 0 0 0 0
T12 Tl %12 0 0 0

0 2x19 2x99 0 0 0
13 0 0 r11  Ti2  T13

0 T13  T23  T12 T2 T3

0 0 0 2x13 2193 2T33

The three diagonal blocks are as in the Proposition.
Let f;, 7 =0,...,n — 1, be the coefficient determinants as in §3.2.

COROLLARY 4.4.3. Let S be a generic n x n symmetric matriz. Let S*) be the upper left
k x k submatriz of S. Then for j =0,...,n—1, f; = det(S™=9)) up to multiplication by a

nonzero constant.

PRroOF. f; is equal to the determinant of A,_;,—; by Proposition 3.2.10. By Proposition
441, Ap_jn—jis S(m=3) with the last row multiplied by 2. Thus up to a unit fi= det(S(=9)),

|
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The complement of the open orbit is given by the product of the f; by Theorem 3.2.14.
In particular, we have deduced the complex Cholesky factorization for symmetric matrices

(Theorem 2.2.6) in a non-constructive manner.

4.4.2. Irreducibility of polynomials. To further show that the exceptional orbit variety is
a free divisor we must show that H?;()l fj is square-free. We will show that each f; is irreducible

and then deg(f;) =n — j implies that this product is square-free.
COROLLARY 4.4.4. Each f; is irreducible, j =0,...,n — 1.

PrOOF. To simplify notation, let g; = det(SU)) for j = 1,...,n, so that f; = g,—;. We
shall show that each g; is irreducible for j = 1,...,n. We proceed by induction on j. g1 = 1,1

is irreducible. Now assume that g; is irreducible. By expanding the determinant which defines

gj+1 along the last column it is clear that % = gj, and that g; does not depend on
Tj41,j+1- Since
I
0 1
10

is an example of a (j+1) x (j + 1) symmetric matrix where g; vanishes and g;41 does not, g; 41

is irreducible by Corollary 3.3.3. O

4.4.3. A free divisor. Since fy, ..., fn—1 are reduced and relatively prime, p is a block rep-

resentation. Applying Theorem 3.2.14 shows that the product defines a free divisor.

THEOREM 4.4.5. Let S be a generic n x n symmetric matriz. Let S) denote the upper left

k x k submatriz of S. Then the hypersurface in Sym,, (C) defined by

1$ a free divisor.

This result was previous obtained by different reasoning by [GMNRSO09] (their Example
5.1) and [BMO6] (their Example 2.1).

4.4.4. Tower of symmetric representations. In fact, this example gives a tower of free

divisors in the sense of §3.2.8. Let G; = L;(C), V; = Sym,(C), and define the representation
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pi : Li(C) — GL(Sym;(C)) by pi(A)(M) = AMAT. Then the inclusion of spaces V; — Vi;1,

M 0 A0
M — and of groups G; — Gjy1, A — , gives an inclusion of representations

0 0 0 1
by a simple calculation, e.g., (4.2).

Each of these representations is a block representation by Proposition 4.4.1, where the last

block corresponds to the subspace

07;,1 *
Wi = C Sym,(C)
* %
and the Lie algebra of the subgroup
. i1 0
K] = C L;(C).
* %

But L;(C)/Ki ~ L;_1(C) and W;/W{ ~ W;_1, so that the inclusion and then quotient of

representations is an isomorphism of representations. Thus we have a tower of free divisors.

4.4.5. Structure of the orbits. For the calculation of singular Milnor numbers in Chapter
6, it will be useful to know that the number of orbits is finite and hence the free divisors of
Theorem 4.4.5 are holonomic. In Chapter 6 we will prove the following Theorem and use it to

show that the free divisors satisfy the sharper condition that they are H-holonomic.

THEOREM 4.4.6. Let L, (C) act on Sym,,(C) by
L-S=LSL".

Then for any S € Sym,,(C), there is an L € L,(C) so that the columns of L - S are either zero
or a standard basis vector, so that (by symmetry) the rows and columns are either entirely zero

or have a single nonzero entry which is a 1. We will call such a matriz a “normal form” for S.

4.5. The Cholesky-like representation for skew-symmetric matrices

Now consider the representation o : L,(C) — GL(Sk,(C)) on the space of n x n skew-
symmetric matrices defined by

o(A) (M) = AMAT.
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We previously studied this representation in §4.3.2. Since dim ¢ (L, (C)) > dim ¢(Sk,(C)), we
must restrict ¢ to various subgroups to obtain equidimensional representations.
We will show that o restricted to the group used in the Cholesky-type factorization of skew-

symmetric matrices (Corollary 2.2.11) has the structure of a non-reduced block representation.

4.5.1. Candidate block representation. The results we need to develop a candidate block
representation have already been shown in §4.3.2. In particular, we shall use the coordinates
{xj|1 <i < j < n} defined there for Sk, (C).

Recall that the groups V,, we used for the Cholesky-like factorization of skew-symmetric
matrices (Theorem 2.2.10) consist of lower triangular matrices with 2 x 2 diagonal blocks which
are multiples of the identity when n is even, and when n is odd have the same diagonal blocks
with the lower right diagonal entry equal to 1. To obtain a block representation we will use a
slightly different group which has smaller blocks and the same open orbit (a candidate block
representation structure for V,, requires using transitions of the form Skn(C)z(k+1)72(k+1) C

Sky(C)ak,2k; we can do better). Let G,, be like V,, but with 2 x 2 diagonal blocks of the form
1

0 A

. As before, let J,, denote the skew-symmetric matrix with 2 x 2 diagonal blocks equal

0 1
to J = , with a 0 in the lower right entry if n is odd.

-1 0
These two groups have the same open orbit under o.

PROPOSITION 4.5.1. Let M € Sk, (C). Then there exists a A € V,, so that M = AJ, AT if
and only if there exists a B € G, so that M = BJ,B”.

PRroOOF. First note that

v 0 0 1 v 0 0 1
1) \-1 0/ \o ! -1 0/
v 0
so that if D € G, is a diagonal matrix with 2 x 2 diagonal blocks of the form N then
¥
(4.12) DJ,D = DJ,DT = J,.
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Note also that

A0
0 A

0 1 0
A 0 M

(4.13)

S =

Fix M € Sk, (C). If there exists A € V,, with M = AJ, AT, then let D be a diagonal matrix
1

A0
if the ith diagonal block of A is . Then by

where the ith diagonal block is A
0 A 0 A

(4.12) and the hypothesis,
M = AJ,AT = ADJ,(AD)T;

by (4.13), AD € G,.

Conversely, if there exists a B € V,, with M = B.J,B”, then let D be a diagonal matrix

. v 0 . 10
where the ith diagonal block is if the ¢th diagonal block of B is and v = V.

0 3 0 A
Then by (4.12) and the hypothesis,
M = BJ,BT = BD.J,(BD)T;
by (4.13), BD € V,,. O

We now show that o|g, has the structure of a candidate block representation.

PROPOSITION 4.5.2. The representation olg, : Gn — GL(Sk,(C)) has the structure of a

candidate block representation with n — 1 diagonal blocks and subspaces

For1 < j<n—1 and appropriate choices of bases, the jth block is

N 2 ¥
—r2 0 e @y .
(4.14) for j even
—r1 —x25 - 0
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and

0 Ti2 v X151 T4l
—z12 0 - mai1 254 .
(4.15) for 7 odd.
_xlmj _:'I:Qy] T _$]_17] x]7]+1

PrOOF. We shall use the notation of Definition 3.2.6. By Proposition 4.3.7, each Sk,,(C)

is o|q,-invariant. Since Sk, (C) = Sk, (C)1 1, have a partial flag

{O} =Wy = Skn((c)n,n cC---CW,q1= Skn(C)

of invariant subspaces. Since dimc(W;) = (3) — (",7), we have dim ¢(Wj41/W;) =n—j — 1.
Alternatively, {E;,—j — En—j; € Skn(C)|1 <i < n — j— 1} will complete a basis of W; to a
basis of Wj 1.

Now let K; be the connected component of the identity of the kernel of the quotient rep-
resentation G,, — GL(Sk,(C)/W;) induced from o|g,. But the quotient representation is just

On—jla,, so by Proposition 4.3.8 (considering the j =n — 1, j = n — 2 cases separately),

e G,

Let £; denote the Lie algebra of K;. Because of the unusual structure of G, a basis for the
Lie algebra of ¢;,1/¢; will depend on the parity of n — j. When n — j is even, a basis is
En_ji1,.. s En_jn—j—2, En_jn—j (this includes the diagonal element), while when n — j is odd,
a basis is Ey—j1,..., Ep—jn—j—1. In either case, dim¢(Kj41/K;) = dimc(8j41/¢) =n—j—1.

Since dim ¢ (K;) = dim¢(Wj), 7 =0,...,n — 1, we have verified (1) and (2) of Definition
3.2.6. Fix 1 < j < n—1, and consider the jth diagonal block A; ; of the matrix A of coefficients,

as described in §3.2.4. A, ;’s rows and columns correspond to ordered bases of Wy, _j 1 /Wy _;

and &, jy1/€,—;, respectively. For j odd, we may use Dur 0 O and Fj1,...,Ej;_1 €

€,_j11, respectively. For j even, we may use 8;91’]_ e axja—l,j and Ejq1,...,Ejj o2, Ej; € 8,11,
respectively. In either case, the identification of A; ; follows from Proposition 4.3.12, omitting

the appropriate column.
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Finally, we show that each A;; has a nonzero determinant. In fact, evaluated at J, €
J];Q 0

0 1
Thus each f,_; is nonzero and we have a candidate block representation by Proposition 3.2.17.

Sk, (C), all A;; are nonsingular: for even j, A;; = J;, while for odd j, 4;; =

a

ExaMPLE 4.5.3. For n = 4, the coefficient matrix A obtained using the orderings above is

12 0 0 0 0 0
0 0 =z 0 0 0
Tog —x12 O 0 0 0
0 0 0 0 T12 T4
T4 0 0 —z19 0 T4

0 x4 X4 —T13 —T23 T3

The three diagonal blocks are as in the Proposition.

Let f;, 5 =0,...,n — 2, be the coefficient determinants, as in §3.2.

COROLLARY 4.5.4. Let S be a generic n x n skew-symmetric matriz. Let M) represent

the upper left k x k submatriz of a matriz M. For j =0,...,n— 2,

5 Pf(S(n=i—1))2 forn —j odd
J= ) . J
Pf(S=I)Pf(S=I=2))  forn —j even

up to multiplication by a nonzero constant.

PROOF. Let M, , denote M with its rth row and sth column removed.

By Proposition 3.2.10, f; is the determinant of A,,_1_;,—1—; as there are n — 1 diagonal
blocks. Proposition 4.5.2 identified these diagonal blocks. For n — j odd, n — j — 1 is even. By
(4.14), f; = det(S"77Y), which equals the square of the corresponding Pfaffian. For n — j
even, n — j — 1 is odd. By (4.15), f; = det((S™),,_jn_j—1). Then, it is a classical result
(see, for example, [MM30], §406-415 or also Proposition 5.2.9) that this determinant factors

as a product of the given Pfaffians. O
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The complement of the open orbit is defined by the product of the f; by Theorem 3.2.14.
Hence, we have again proven a matrix factorization (equivalent to Theorem 2.2.10) in a non-

constructive manner.

4.5.2. Irreducibility of polynomials. In light of Corollary 4.5.4, the product of the f; will
not be square-free. Since we will later need the fact that the Pfaffian of a generic matrix is
irreducible, we will prove it now. We may also describe the number of components in the
exceptional orbit variety.

Let S be a generic n x n skew-symmetric matrix. Let g; = Pf(S(29).
COROLLARY 4.5.5. Each g; is irreducible.

PROOF. g1 = z12 is clearly irreducible. Now assume that g; is irreducible for some j > 1,

with 2(j +1) < n (so that g;41 is defined). By Proposition 5.2.7 /S5 U +g;. Define a

? 0T2j41,25j+2

n X n skew-symmetric matrix by

0 0 1
0 Jy; O
M, = 2
-1 0 0
On—2j—2
Then g;(M;) = 0, while gj+1(M;) # 0, so that gj;1 is irreducible by Corollary 3.3.3. O

4.5.3. A free* divisor. Since the f; are not reduced nor relatively prime, ol|g, is only a
non-reduced block representation. Applying Theorem 3.2.14 shows that the product defines a

free* divisor.

THEOREM 4.5.6. Let S be a generic nxn skew-symmetric matriz, wheren = 20 orn = 20+1.

Then the hypersurface in Sk, (C) defined by
é .
H Pf(S3)) =0
j=1
is a free* divisor whose free* structure is generated by the vector fields associated to o|q,, .

In the next Chapter, we will find a free divisor in the space of skew-symmetric matrices

which includes the singular skew-symmetric matrices as an irreducible component.
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4.6. The LU representation

We now consider the representation which corresponds to the complex LU factorization
(Corollary 2.2.5). Let N,,,(C) be the group of invertible upper triangular matrices with ones on
the diagonal, and let G = L, (C) x N,,(C). Then the representation of interest is p|¢ : G —
GL(M (n,m,C)) defined by

p(A,B)(M) = AMB™*,
where p is the representation studied in §4.1. We shall be interested in the case where m = n

(the case addressed by the LU factorization) or m = n + 1. We will construct a non-reduced

block representation to show that the exceptional orbit variety of p|g is a free* divisor.

4.6.1. Candidate block representation. The results we need to develop a candidate block
representation for p|g were shown in §4.1. For example, we will use the coordinates {z;;|1 <

i <n,1 <j<m} defined there for M(n,m,C).

PROPOSITION 4.6.1. The representation p : G C L,(C) x T,,(C) — GL(M (n,n,C)) has the

structure of a candidate block representation with 2n — 1 diagonal blocks and subspaces

M(n,n,C)p_pn_ ifj=2¢
w, = M Chnene 4 . =021
M(nv n, C)n—@—l,n—@ Zf] =20+1

Let S be a generic n X n matriz. For appropriate choices of bases, the jth diagonal block,
1<j<2n-1, is

—5® when j = 240

or

(ST when j = 20 + 1.

ProOF. We shall use the notation of Definition 3.2.6. By Proposition 4.1.1, all M (n,n,C)x,

are p|g-invariant. Thus we have a partial flag
{0} =Wy Cc M(n,n,C)p—1, C--- C M(n,n,C); 1 C M(n,n,C)
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of p|g-invariant subspaces. Note that dim¢(W;) = n? — (n — £)? for j = 2¢ and dim ¢(W;) =
n? —(n—40)(n—£—1) for j =20+ 1, so that

n—t  ifj=20

dim ¢(Wj41/W;) =

n—f—1 ifj=20+1
Alternatively, {E,—¢; € M(n,n,C)|1 < i < n — £} (respectively, {E; ¢ € M(n,n,C)|1 <i <
n —{ — 1}) completes a basis of W; to a basis of W1 when j = 2¢ (respectively, j = 2+ 1).

Let K; be the connected component of the identity of the kernel of the quotient repre-

sentation G — GL(M (n,n,C)/W;) induced from p|g. But the quotient representation is just
Pn—tn—t|c (vespectively, p,—¢—1n—¢|G) when j = 2¢ (respectively, j = 2¢+1), so by Proposition
41.3,

(

, eG when j = 2/
K;=
, €Gp whenj=20+1

Since dim ¢(K;) = n? — (n—£)? for j = 2¢ and dim ¢(K;) = n?— (n—£0)(n—£—1) for j = 20+1,
we have dim ¢ (K;) = dim¢(Wj) for all j.

We have thus verified (1) and (2) of Definition 3.2.6. Now fix 1 < j < 2n—1, and consider the
jth diagonal block A; ; of the matrix A of coefficients, as in §3.2.4. A; ;’s rows and columns corre-
spond to ordered bases of Way,_1—j+1/Wan—1—; and of the Lie algebra of Kop—1—j11/Kon—1—5,

. . o) o
respectively. For j = 2{, we may use T Pmee and (0, By ¢41),---,(0, Eppy1), Te-

spectively. Proposition 4.1.8 then identifies A;; as —S®. For j = 20+ 1, we may use
ﬁm’ e WZH and (Ey411,0), ..., (Er1,041,0), respectively. Proposition 4.1.6 then iden-
tifies A;; as (ST

Finally, note that each A; ; is nonsingular at I € M (n,n,C). Thus each fo,—1—; is nonzero

and we have a candidate block representation by Proposition 3.2.17. O
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EXAMPLE 4.6.2. For n = 3, the coefficient matrix A obtained using the orderings above is

11 0 0 0 0 0 0 0 0
12 —x11 O 0 0 0 0 0 0
0 0 T11 21 0 0 0 0 0
0 —z91 Z12 To9 0 0 0 0 0
13 0 0 0 —z11 —x12 O 0 0 )
0 0 Ti3 Xo3 —To1 —x92 O 0 0
0 0 0 0 0 0 T11 T2l 31
0 —z331 0 O 0 0  x12 w2 w32
0 0 0 0 —x31 —x32 213 T23 233

with five diagonal blocks as given by the Proposition.

Let f;, 5 =0,...,2n — 2, be the coefficient determinants as in §3.2.

COROLLARY 4.6.3. Let S be the generic n xn matriz. Let S®) represent the upper left k x k
submatriz of S. Then for j =0,...,2n — 2,
det((S=NT)  ifj =20
j = ;
det(—S==1y fj=2041
so that f; = det(SLCn=9)/2Dy wp to multiplication by a nonzero constant, where |-| is the floor

function.

PROOF. f; is equal to the determinant of Ag,_1_;2,—1—; by Proposition 3.2.10. By Propo-
sition 4.6.1, A2, _1_j2,—1—; is as stated above when j = 2¢ and j = 2¢+4 1. Up to multiplication
by a nonzero constant, neither the transpose nor the negative will affect the determinant. Fi-
nally, one may check that for both cases, the formula given in terms of the floor function is

correct. O
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The complement of the open orbit is defined by the product of the f; by Theorem 3.2.14.

By splitting the product into even and odd terms, using the Corollary, and reindexing, we have
2n—2 n—1 n—2
II 7= <H fzz) : <H f2z+1>
§=0 £=0 £=0
n—1 n—2
= <H det(sm—@)) : (H det(sm—f—l)))
£=0 (=0

In particular, this recovers the LU factorization (Theorem 2.2.1) in a non-constructive manner:
A € M(n,n,C) lies in the open orbit (and can be written as A = BCT for (B,C) € G) if and

only if the above product is not zero at A.

4.6.2. Irreducibility of polynomials. We will show that each f; is irreducible. For ease of

notation, let S be the generic n x n matrix and let g, = det(S®) for k =1,...,n.
COROLLARY 4.6.4. FEach gy is irreducible, k =1,...,n.

PROOF. We proceed by induction on k. For k = 1, g1 = x11 is irreducible. Assume that g

Ogi11

is irreducible. By expanding the determinant along the last column we see that P

= Gk-

gk is irreducible by induction hypothesis and by definition does not depend on 1 x41. Since

I

On—k—l

is an n x n matrix where gi(A) = 0 and gx+1(A) # 0, gg+1 is irreducible by Corollary 3.3.3. O

4.6.3. A free* divisor. Since fy,..., fon_2 are reduced but not relatively prime, p is a non-
reduced block representation. Applying Theorem 3.2.14 shows that the product defines a free*

divisor.
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THEOREM 4.6.5. Let S be a generic n x n matriz. Let S®) denote the upper left k x k
submatriz of S. Then the hypersurface in M (n,n,C) defined by

T det(5®) =0
k=1

is a free* divisor whose free* structure is generated by the vector fields associated to the LU

representation.

In the next Chapter we find a family of linear free divisors on M (n,n,C) which includes

the singular matrices.

REMARK 4.6.6. Each time the size of the matrices increases by one, we get two additional
blocks in the non-reduced block representation for p|g. By Proposition 3.2.18 we may remove
the last block and obtain a non-reduced block representation for L, (C) x N,4+1(C) acting
on M(n,n + 1,C) by (A,B)-M = AMB~'. The exceptional orbit variety is defined by
[T, det(S®™) = 0, where S is the generic n x (n + 1) matrix. Thus we obtain an LU-like
factorization for n x (n + 1) matrices.

More generally, there is an LU-like factorization for n x m matrices, n < m, where the

group

a1V * L € Lo(C),U € N,(C)
0 Inm—n
acts on M(n,m,C) by (A,B) - M = AMB~!. The exceptional orbit variety is defined by
[T, det(S ()) = 0, where S is the generic n x m matrix. To find a group element which takes
M to ([n 0) € M(n,m,C), the LU decomposition is used to determine L and U based on the
leftmost n columns of M, and the rest of the group element is determined by column-reducing
M. Conversely, if there is such a group element then there is an LU decomposition for the

leftmost n columns of M.

Such a representation has a non-reduced block representation: we begin with subspaces
{0} = M(n,m,C)ym C M(n,m,C)pm-1C -+ C M(n,m,C),p,

and then add the subspaces used for the LU block representation.
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CHAPTER 5

Free divisors for the general and skew-symmetric matrices

In the previous Chapter, we showed that the representations corresponding to the LU
factorization for general n x n matrices and the Cholesky-type factorization for skew-symmetric
matrices only yield free* divisors (Theorems 4.6.5, 4.5.6). The computation of singular Milnor
numbers of nonlinear sections of free* divisors is complicated by virtual singularities. In this
Chapter we identify infinite towers of free divisors which arise from modifications of these
representations, and will later be used to compute singular Milnor numbers.

In §5.1, we modify the group used for the LU factorization (Corollary 2.2.5) for general
n X n matrices to obtain a block representation whose exceptional orbit variety is a linear free
divisor (Theorem 5.1.4). We also show that there is a related block representation on the space
of n x (n + 1) matrices which also yields a linear free divisor.

In contrast, we have been unable to modify the group used for the representation corre-
sponding to the Cholesky-like factorization of skew-symmetric matrices (Corollary 2.2.11) to
obtain a representation whose exceptional orbit variety is a linear free divisor. Even for the
4 x 4 case we conjecture that it is impossible. Instead, we introduce in §5.2 a very different
approach by replacing the representation of the solvable group with a representation of an
infinite-dimensional “solvable” holomorphic Lie algebra. We obtain this infinite-dimensional
Lie algebra by extending a finite-dimensional solvable Lie algebra using generators which are
nonlinear Pfaffian vector fields. We identify where these vector fields are linearly dependent
in exactly the same way as with the method of block representations, and then apply Saito’s
criterion. The resulting free divisors (Theorem 5.2.21) are remarkably similar in form to our
other free divisors.

In §5.3, we extend the idea of the block representations beyond solvable groups. We prove
several criteria for the expansion of an equidimensional representation, we which use to obtain
a number of new infinite families of linear free divisors which are a mix between the solvable

and reductive.



5.1. A modified LU representation for n x n and n x (n + 1) matrices

We will now modify the group used for the LU factorization to obtain a block representation,

while using the same invariant subspaces as before. Define the subgroup

1 0
Hn(C) = Ae Tn_l(C)
0 A

of T,,(C), the upper triangular invertible matrices. Define the representation of G = L, (C) x
H,(C) on M(n,n,C) by
(A,B)-M = AMB™!.

This is the restriction to G of the representation p studied in §4.1. The intersection of the

0p =
subspace g in the Lie algebra of T, (C) with either the Lie algebra of H,(C) or
0 =

the Lie algebra of the group of upper triangular invertible matrices with ones on the diagonal
have the same dimensions for all k. We thus might expect p|g also to have a candidate block

representation, provided it has an open orbit. We shall next establish that this is the case.

5.1.1. Candidate block representation. The results we need to develop a candidate block
representation for p|¢ were shown in §4.1. We shall use the coordinates {z;;|1 < 4,5 < n}

defined there for M(n,n,C).

PROPOSITION 5.1.1. The representation p|g : G — GL(M(n,n,C)) has the structure of a

candidate block representation with 2n — 1 diagonal blocks and subspaces

M(n,n,C)p_yn_ if j =20
W; = ( Jn-tn-t i j=0,....20 1.

M(na n, C)n—ﬁ—l,n—f Zf] =20+1
Let S be the generic n x n matriz. Let S®) denote the upper left k x k submatriz of S and
let S(WK) denote the upper left k x k submatriz of S', the matriz obtained by deleting the first
column of S. For appropriate choices of bases, the jth diagonal block, 1 < j < 2n —1, is given
by

—50 when j = 20

and

(ST when j = 20 + 1.
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PRrROOF. We shall use the notation of Definition 3.2.6. By Proposition 4.1.1, all M (n, n, C)x;

are p|g-invariant. Thus we have a partial flag
{0} =Wo c M(n,n,C)p—1,, C--- C M(n,n,C)11 C M(n,n,C)

of p|g-invariant subspaces. Note that dim¢(W;) = n? — (n — £)? for j = 2¢ and dim ¢ (W;) =
n? —(n—4€)(n—£—1) for j =20+ 1, so that
n—t  ifj=20

dim ¢(Wj11/Wj) =
n—0—1 ifj=20+1

Let K be the connected component of the identity of the kernel of the quotient representa-
tion G — GL(M (n,n,C)/Wj;) induced from p|g. This quotient representation is just pn—rn—¢|c

(respectively, pn—r—1n—¢|c) When j = 2¢ (respectively, j = 2¢ + 1), so by Proposition 4.1.3,

1 0 0
Lo 0
|1 0 In—Z—l * S G when ] =2/
* *
% \ 0 0 *
=
1 0 0
Iny1 O .
| 0 In—@—l * eG when ] = 20 +1
* *
0 0 *
\

Since dim ¢(K;) = n? — (n—¢)? for j = 2¢ and dim ¢(K;) =n?—(n—€)(n—£—1) for j = 20+1,
we have dim ¢ (K;) = dim¢(Wj) for all j.

We have thus verified (1) and (2) of Definition 3.2.6. Now fix 1 < j < 2n—1, and consider the
jth diagonal block A; ; of the matrix A of coefficients, as in §3.2.4. A; ;’s rows and columns cor-
respond to ordered bases of Wa,,_1_j41/Wap—1—; and of the Lie algebra of Kop—1—j11/Kon—1—5,

and (07 E27€+1)7 ey (07 E@+1,Z+1), re-

respectively. For j = 2¢, we may use 8m1az+1""’ 3“8“1

spectively. Proposition 4.1.8 then identifies A;; as —SID . For j = 20 + 1, we may use
ﬁm, e Wiul and (Ey411,0), ..., (Er1,041,0), respectively. Proposition 4.1.6 then iden-

tifies A;; as (ST

Finally, for j odd, Aj;; is nonsingular at I € M(n,n,C); for j even, A;; is nonsingular

0 I,—

at et € M(n,n,C). Thus each fa,—1—; is nonzero and we have a candidate block
1 0

representation by Proposition 3.2.17. O
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EXAMPLE 5.1.2. For n = 3, the coefficient matrix A obtained using the orderings above is

11 0 0 O 0 0 0O 0 0
12 —x12 0 0 0 0 0 0 0
0 0 T11 X2l 0 0 0 0 0
0 —z99 Z12 To9 0 0 0 0 0
13 0 0 0 —212 —x13 0 0 O
0 0 Ti3 Xo3 —Toa —x93 O 0 0
0 0 0 0 0 0 T11 T2l 31
0 —z3 0 O 0 0  x12 w2 w32
0 0 0 0 —®32 ®33 13 Z23 X33

The five diagonal blocks are as in the Proposition.
Let fj,7=0,...,2n — 2, be the coefficient determinants as in §3.2.

COROLLARY 5.1.3. Let S be the generic n x n matriz. Let S®) denote the upper left k x k
submatriz of S and let SVF) denote the upper left k x k submatriz of S', the matriz obtained
by deleting the first column of S. Then for j =0,...,2n — 2,

det(S™=9) ifj =20

j - 9
det(Sn==1)) 4f j =20 41

up to multiplication by a nonzero constant.

PRrROOF. f; is equal to the determinant of Aa,_1_;2,—1—; by Proposition 3.2.10. By Propo-
sition 5.1.1, Aop_1—j2n—1—; is (S("_z))T when j = 2¢ and —§n=t=1) when j=2¢4+1. Upto
multiplication by a nonzero constant, neither the transpose nor the negative affect the deter-

minant. O

5.1.2. Irreducibility of polynomials. The complement of the open orbit is defined by the
product of the f; by Theorem 3.2.14. Each f; is the determinant of a generic matrix and thus
irreducible by Corollary 4.6.4. In fact, these functions are distinct: only each for_1 and fo

have the same degree, n — ¢, but foy_1(I,) = 0 while for(l,) = 1.

5.1.3. A free divisor for the n x n matrices. As each f; is reduced and {f;} are relatively

prime, we have a block representation and thus a free divisor.
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THEOREM 5.1.4. Let S be the generic n x n matriz. Let S denote the upper left k x k
submatriz of S and let S(5F) denote the upper left k x k submatriz of S', the matriz obtained
by deleting the first column of S. Then the hypersurface in M(n,n,C) defined by

n n—1
(H det(S(k))> : (H det(S(l’k))> =0
k=1 k=1

18 a linear free divisor.

Proor. First we need to show that the product of the f;’s is the function stated in the

Theorem. But by Corollary 5.1.3,
2n—2 n—1 n—2
II #i= <H f2e> : (H fzz+1>
§=0 £=0 £=0
n—1 n—2
= (H det(sm—f))) : (H det(s@vn—f—l)))
£=0 £=0
n n—1
= (H det(S(k))> : (H det(S(l’k))> .
k=1 k=1

Since all terms are irreducible and relatively prime, by Theorem 3.2.14 we have a linear free

divisor. O

5.1.4. A free divisor for the n x (n+1) matrices. Each time n increases we add two blocks
to the block representation of Proposition 5.1.1. We may quotient the block representation of
Ly+1(C) x Hy11(C) — GL(M(n + 1,n 4+ 1,C)) defined by (A,B) - M = AMB™! by its last
block using Proposition 3.2.18 to obtain a block representation (and thus a free divisor) on
M(n,n + 1,C). The underlying representation is isomorphic to L,1(C) x H,(C) acting on
M(n,n+1,C) by (A,B)-M = AMB~1.

THEOREM 5.1.5. Let S be a generic n x (n+ 1) matriz. Let S®) denote the upper left k x k
submatriz of S and let SVF) denote the upper left k x k submatriz of S', the matriz obtained
by deleting the first column of S. Then the hypersurface in M(n,n + 1,C) defined by

(f[ det(S(k))> : (ﬁ det(S(l’k))> =0
k=1 k=1

18 a linear free divisor.
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PRrOOF. The representation L,41(C) x Hp11(C) — GL(M(n+1,n+1,C)), (A,B) - M =
AMB™!, has the structure of a block representation by Proposition 5.1.1. The last block
corresponds to the subspace M (n + 1,7+ 1,C),, 41 and kernel

I, 0
s Int1 | € Ln41(C) X Hpy1(C)

* *

The last block’s coefficient determinant equals the determinant of the generic (n+1) x (n+1)
matrix, up to multiplication by a nonzero constant.

We may quotient the block representation by Proposition 3.2.18 to obtain a candidate block
representation for a representation isomorphic to the representation claimed. The exceptional
orbit variety will be the same as that given by Theorem 5.1.4 on M(n + 1,n + 1,C), except
without the determinant of the generic (n + 1) x (n + 1) matrix; this is exactly the product
claimed. As this product is reduced, we have a block representation, so that the exceptional

orbit is a free divisor by Theorem 3.2.14. O

5.1.5. A modified LU factorization for n x n and n x (n + 1) matrices. That these
representations have open orbits implies that we have matrix factorization theorems. Define

the n X n matrix

1100 0
0110
0 011
Jon =10 0 0 1 )
11
0 o0 1

k) is upper triangular with ones

perhaps the simplest matrix where no f; vanish: each (Jnm)(
on the diagonal, while each (Jnm)(l’k) is lower triangular with ones on the diagonal. Thus J,, ,,

is in the open orbit of this representation.

THEOREM 5.1.6. Let M be a n x n complex matriz. Then det(M®) £0 fork=1,....n
and det(M(l’k)) #0 fork=1,...,n— 1 if and only if there exists an n x n invertible lower

triangular matriz L and a nxn upper triangular matriz U whose first row equals (1 0o --- 0)

so that M = LJ,,U.
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PROOF. Proposition 5.1.1 defines a block representation for a representation on M (n,n,C)
whose exceptional orbit variety is defined by the product in Theorem 5.1.4. The open orbit of

the representation is the complement of this hypersurface and thus contains J,, . O

We obtain a similar factorization theorem corresponding to the representation on the space

of n x (n 4 1) matrices. Define the n x (n 4 1) matrix

1100 - 0
0110
0 011
Jnnt1 = | . ‘ aE
1 1 0
0 - 0011

an element of the open orbit of this representation.

THEOREM 5.1.7. Let M be a nx (n+1) complex matriz. Then det(M®*)) #0 fork=1,...,n
and det(M(l’k)) #£0 fork =1,...,n if and only if there exists an nxn invertible lower triangular

matriz L and a (n+1) x (n+1) upper triangular matriz U whose first row equals (1 0 --- ())
so that M = LJ,, ,+1U.

PrROOF. The proof of Theorem 5.1.5 defines a block representation for a representation on
M(n,n+ 1,C) whose exceptional orbit variety is defined by the product in the same Theorem.
The open orbit of the representation is the complement of this hypersurface and thus contains

Jn,n+1- u

5.1.6. Structure of the orbits. For each of the modified LU factorizations for n x n and
n X (n + 1) matrices, we would also like to know that the number of orbits is finite. This will
imply that the free divisors of Theorems 5.1.4 and 5.1.5 are holonomic. The next Theorem
classifies the orbits of our representations. It will be proven and used in Chapter 6 to show that
these free divisors satisfy the sharper condition that they are H-holonomic.

We first define what we mean by a “normal form.”
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DEFINITION 5.1.8. Let N = (Nl N2> be a n x m matrix with m =n or n+ 1, and Ny a

column vector. Let
A = {i|the ith row of N; is nonzero} and B = {i|the ith row of Ny is nonzero}.

We say N is a normal form for the n x n or n x (n + 1) matrices if:

(1) All entries of N are either 0 or 1.

(2) Each column and row of No may have at most one nonzero entry.

(3) |A\ B| <1, i.e., there may be at most one row where N is nonzero and Ny is zero.
Furthermore, if |[A\ B| = 1, then the only element of A\ B equals max(A). Thus, the
row where N7 is nonzero and Ny is zero must be the last row where N; is nonzero.

(4) The rows of Ny corresponding to AN B all take the form ef, for some 1 < j <m — 1.
Suppose that AN B = {i1,...,4}, with i; < --- <, and let the i;th row of Ny equal

e;‘g. Then we require that
J
kq <k2<'”<kl,
so that these particular rows of Na are “increasing”.

EXAMPLE 5.1.9. Here is a listing of the 24 normal forms in the 2 x 3 case:

N; Ny

o\ | fo o) (o 1\ (o o\ (1 0\ (1 0\ {0 0\ (01
0/ 1\o o/ \o o)/ \o1/ Voo \o1/"\1 o \1o
1\ | fo o\ [o 1\ (o o\ (1 0\ {1 o) [0 0\ (o1
o/ 1\o o/ \o o/ \o 1/ Voo \o1/"\1 o \1o
o\ | fo o) [o 1\ (o o\ (1 0\ (1 0\ {0 0\ (01
1)1 %o o/ \o o/ \o 1)/ Voo \o 1/ \1 0o/ \1o0
1 1o\ (o 1\ (10

1 o0/ \o o \o1

Note in particular that 01 is not a normal form.
110

Each orbit of this representation contains a normal form.
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THEOREM 5.1.10. Let G = L,(C) x Hp,(C) act on M(n,m,C), where m =n orn+1, by
(L,U)-M = LMU™".

Then for all M € M(n,m,C) there exists an element g € G so that g - M is a normal form

according to Definition 5.1.8

5.2. A free divisor for skew-symmetric matrices

We now pursue a free divisor on the space of n x n skew-symmetric matrices which, when n
is even, includes the Pfaffian zero matrices as a component. To obtain such a free divisor, the
determinant of our coefficient matrix cannot have the determinant of a generic skew-symmetric
matrix as a factor; such a determinant is either non-reduced or zero. As our previous examples
of free divisors incorporate a repeated product of determinants of upper-left submatrices of
a generic matrix, any example we obtain in the skew-symmetric case must be substantially
different.

Our initial strategy was to find a connected complex algebraic subgroup G C GL,(C) of
dimension () so that G — GL(Sk,(C)), A- M = AM A", has an open orbit and its exceptional
orbit variety is a linear free divisor. Even for n = 4, however, we have neither been able to find
such a group nor show that one does not exist. We do not even have a strategy for proving
that such a subgroup does not exist.

Instead, we use a different approach. We identify a solvable subgroup G of L,(C), and
obtain a representation of its solvable Lie algebra of vector fields on Sk, (C). It will have
dim¢(G) < dim¢(Sk,(C)). Then, using Pfaffian vector fields, we define an extension to an
infinite dimensional holomorphic Lie algebra of vector fields on Sk, (C) which has dim ¢ (Sk,,(C))

generators. We then apply Saito’s criterion (Theorem 3.1.1) to show that we have a free divisor.

5.2.1. Properties of skew-symmetric matrices and their Pfaffians. We first review
a number of useful properties of Pfaffians and determinants of certain submatrices of skew-
symmetric matrices. We will always view Pfaffians as polynomial functions on Sk, (C) using
the standard coordinates.

5.2.1.1. Pfaffian identities. It is useful to have a source of identities involving Pfaffians. First

we define some notation.
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NoTATION 5.2.1. For a generic n X n skew-symmetric matrix and any non-empty subset
I C {1,...,n}, let S(I) denote the Pfaffian of the skew-symmetric submatrix obtained by

deleting all rows and columns not indexed by I. By convention, let S(0)) = 1.

We denote S({1,...,n}) by the standard notation Pf. Note that if |I| is odd, then S(I) =0

as the Pfaffian of a k x k skew-symmetric matrix with & odd is 0.

NoOTATION 5.2.2. If I’s contents are described by a range of variables, then for conciseness
we often omit the braces or commas typical of set notation. For example, if a = 1, b = 4,
c=6,d=28,and I ={1,2,3,4,6,8} ={a,...,b,c,d}, we write S(I) as S(a---bed). We will
always write these numbers in increasing order. If e = 3, we may write S(a---é---bed) for

S({1,2,4,6,8}).

ExXAMPLE 5.2.3. On Sky4(C),

S({1,2}) = z12
S({4,3}) = 234
S({1,2,3})=0
S({1,2,3,4}) = Pf = z1ow34 — 213224 + T23714.

Dress and Wenzel were able to prove a large collection of useful Pfaffian identities.

THEOREM 5.2.4 ([Wen93|, [ DW95]). Fiz a space of skew-symmetric matrices Sk, (C), and
let M ={1,...,n}. Let Iy, Iy C M be subsets of odd cardinality. Letiy,...,i; € M be elements
with i1 < g < -+ < 4y and {i1,42,...,4} = [1AIy (symmetric difference). Then we have the
following Pfaffian identity:

l

(5.1) > (-1 S AL} S(LAir }) = 0.

=1
REMARK 5.2.5. As any i, is either an element of I; or is not,

\LA{i-}| = || + 1.

Thus Theorem 5.2.4 also holds if either I; or I has even cardinality, but in that case all terms

of (5.1) vanish.
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EXAMPLE 5.2.6. Let n =4, I = {1,2,3}, and I = {4}. Then (5.1) gives
—5({2,3})S({1,4}) + S{1,3})5({2,4}) - S{1,2})S({3,4}) + S(1---4) = 0,

ie.,

—X93%14 + T13T24 — 12234 + (T12234 — T13%24 + T23214) = 0.

5.2.1.2. Derivative of the Pfaffian. As a useful application, Theorem 5.2.4 may be used to

calculate the derivative of the Pfaffian.

PROPOSITION 5.2.7. Let 1 <1 < s <m, so x,s is a coordinate on Sk,(C). Then

9S(1--n)

o :(_1)r+s+15(1...7a...§...n).

PrOOF. Let M = {1,...,n}. Let I} = M \ {s} and Iy = {s}, so [1Al, = M. Applying

Theorem 5.2.4, we obtain

o §--n)S({r,s}) + (=1)°S(M)S(0)

|
—_
N~—
~‘
o
—_
>

+ 3 (17857 m)S({s, 7)) = 0.

s<Tt<n
Examining the first sum shows that only the 7 = r term will depend on z, , while in the second
sum no terms will depend on z,, (we have deleted either the rth row or the sth column).

Differentiating (5.2) with respect to x, s gives

. dS({r,s}) dS(1---n)
1S §eeen) T () — ().
(-)"S(--7---8---n) D s +(-1) 07
But %:’j}) = 1; solving the equation for the derivative of S(1---n) finishes the proof. |

REMARK 5.2.8. We may apply Proposition 5.2.7 more generally using the chain rule: if M
is a skew-symmetric n x n matrix whose entries are functions with (M), = z, s for some k < [,

r < s, and no other entry of M depends on x, s (except (M), ), then

OPEM) i
83:7’,5 _( 1) Pf(N>7

where N is the skew-symmetric matrix obtained by deleting rows r, s and columns r, s from M.
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5.2.1.3. The determinant of certain submatrices of generic skew-symmetric matrices. Surpris-
ingly, the determinants of certain submatrices of generic skew-symmetric matrices factor as a

reduced product of Pfaffians.

PROPOSITION 5.2.9 (See, e.g., sections 406-415 of [MM30]). Let S be a generic n x n skew-
symmetric matriz. For 1 < r,s < n, r # s, let S5 denote the (n — 1) x (n — 1) submatriz

obtained by deleting row r and column s of S. Then

S n)S(1---5---n) ifn odd

det(S, ) = .
(5ra) Pf(S)S({1,...,n}\{r,s}) if n even

ExXAMPLE 5.2.10. For the generic 4 x 4 skew-symmetric matrix

0 T2 T13 T4
—Z12 0 T2z T4

S = ,
—x13 —x23 0 w34

—x14 —To4 —x34 O

the determinant of S 3 factors as

0 T12  T14
det | —z13 —xo3 w34 | = PE(S)S(14).

—x14 —x24 O

5.2.2. Non-linear free divisors on the space of skew-symmetric matrices. We now
develop our free divisors on the space of n x n skew-symmetric matrices. We shall assume that
n > 3.

5.2.2.1. Linear vector fields. We begin by considering the solvable subgroup

A0 0
G = 0 XN 0| €Ln(C)|L e L,—2(C)
0 0 L

of the lower triangular invertible matrices. Let G act on Sk, (C) by A- M = AMAT. This is
the restriction of o : L, (C) — GL(Sk,(C)) from §4.3.2.
Note that o|c does not have an open orbit because dim ¢(G) < dim ¢(Sky,(C)). However, G

is solvable, has a partial flag of invariant subspaces, and we may construct a coefficient matrix
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just as we do for block representations. The vector fields corresponding to the Lie algebras
of the kernels of the quotient representations will still be tangent to the corresponding affine
subsets. Thus, the resulting coefficient matrix will be “block lower triangular,” except the
“diagonal blocks” may not be square.

We shall use results and the coordinates {z;;|1 <i < j < n} for Sk,(C) from §4.3.2. Let g
be the Lie algebra of G.

PROPOSITION 5.2.11. The representation o|g : G — GL(Sk,(C)) has invariant subspaces

Sk, (C ifj=n—2
W; = © /3 ) j=0,....,n—2.
Skn(C)p—jn—j otherwise
By choosing bases for g and Sk, (C) correctly, the matriz A of coefficients of the corresponding

vector fields is “block lower triangular” with n — 2 diagonal blocks. The first diagonal block is

r12 T12 0
I13 0 13 )

0 o3 w3

and for 2 < j <mn — 2, the jth “diagonal block” is the (j + 1) x j matriz

x1,3 T1,4 s T1,5+2

2,3 T2.4 o 2542

(5.3) 0 3.4 s T3542
TE3 G411 T4 1 L1542

Proor. We shall use the notation of Definition 3.2.6. By Proposition 4.3.7, we have a

partial flag
{0} =Wy C Skp(C)p—1,n—1 C -+ - C Sky(C)3,3 C Sk, (C)

of o|g-invariant subspaces.
Let K; be the connected component of the identity of the kernel of the quotient represen-

tation G — GL(Sk,(C)/W;) induced from o|g. When j < n — 2, the quotient representation
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is just op—jn—jlG. Since in this case n — j > 3, by Proposition 4.3.8,

K; = eG,, j<n-—2

Now fix 1 < j < n—2, and consider the jth diagonal block A; ; of the matrix A of coefficients,

as in §3.2.4. A;;’s rows and columns correspond to ordered bases of Wy,_o_j11/Wy_a_; and

0 0

of the Lie algebra of K, _o_jt1/Kp—2_j, respectively. For j = 1, we may use Bors’ Jors’ Tims

and E11, Foo, E33 € g, respectively. Then Proposition 4.3.11 shows that A;; is as claimed.

For 2 < 57 <n—2, we may use am18j+2 - and Eji03,...,Ej12 j10, respectively, and

T Ozt 42

Proposition 4.3.12 (deleting the left two columns) shows that A, ; is as claimed. O

ExXAMPLE 5.2.12. For the 4 x 4 skew-symmetric case, the matrix of coefficients given by the

Proposition is

Tr12 T12 0 0 0
13 0 T13 0 0

0 To3 I923 0 0

A= ,
iy 0 0 =3 x4
0 g 0 1203 94
0 0 T34 0 T34
where the rows correspond to 72—, 02—, 90— 0 0 0 Note that if we add a column

0x12? Ox13’ Ox23’ Ox14’ Ox24’ O34

on the right for a vector field of the form h%, then the resulting matrix will be block lower

triangular with 3 blocks of size 3 x 3, 2 x 2, and 1 x 1.

5.2.2.2. Nonlinear Pfaffian vector fields. Besides the %(n2 —3n+6) linear vector fields obtained
from ol|q, we will use n — 3 nonlinear Pfaffian vector fields to yield @ total vector fields.
For each 1 < a < b < n, define the Pfaffian vector field

0
0pg

(5.4) Ty = S{a,a+1,....b,p,q})

b<p<g<n

(Recall that we may write the coefficients as S(a---bpq).)
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If {a,...,b}| is odd (equivalently, b — a is even), or b > n — 1, then 7, = 0. Define the

function

1 if bis even
e(b) =
2 if bis odd

Then the n — 3 nonlinear Pfaflian vector fields we will use are

(55) Ne(2),25 + + + 5 Ne(n—2),n—2>

having coefficients of degrees 2,2,3,3,...,[%], respectively. (The degree of the coefficients of
Tewyp 1 [5) +1.)

5.2.2.3. Calculation of the bracket. To use Saito’s criterion, we will need to show that the
Osx,, (c),o-module M generated by the linear and nonlinear Pfaffian vector fields is closed under
the Lie bracket. The bracket of pairs of linear vector fields arising from g will yield another linear
vector field arising from g as g is a Lie algebra and A — £4 is a Lie algebra homomorphism.
We must worry only about the brackets of a linear vector field and a nonlinear vector field, and

the bracket of two nonlinear vector fields.

PROPOSITION 5.2.13. Let 1 <k <a <mn,be {1,2}, andb <l <n. Ifk < a, we also
require that b < k. Then
-y ifk=aandac{b,... I}

(€8, ] =
0 otherwise

Note that the linear vector fields of g always satisfy the hypotheses of this Proposition: if
Eq.r € g and k < a, then £ > 3, while b € {1,2}. Beyond the hypotheses of the Proposition,

the answer is not nearly as simple.

PROPOSITION 5.2.14. Let a,b € {1,2} and choose k <1 so that a <k <n and b <l < n.
Then

1
[Na k> Mo 1) = _§<5a,b +i—-k—-1)SHa,...,k}) - my.

The proofs of these statements are not conceptually difficult, but they involve many tedious
cases. They make extensive use of the derivative of the Pfaffian (Proposition 5.2.7), and the

Dress-Wenzel Pfaffian identity (Theorem 5.2.4). See Appendix A for the proofs.
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PROPOSITION 5.2.15. For the collection of linear vector fields coming from g and the n — 3
nonlinear vector fields as defined by (5.4), the bracket of all pairs of vector fields lie in the

module they generate.

PROOF. As described above, the linear vector fields form a Lie algebra. The bracket of
two nonlinear vector fields is computed in Proposition 5.2.14. The bracket of a linear and a
nonlinear vector field is computed in Proposition 5.2.13. The result of the brackets clearly lie

in the module. O

5.2.2.4. Augmented Coefficient Matriz. We form a coefficient matrix A by inserting columns

into A for each Pfaffian vector field n¢) , 2 <k <n — 2.

PROPOSITION 5.2.16. By ordering columns correctly, A is block lower triangular with 2n—5
diagonal blocks. Let T denote the matriz obtained by deleting the first two columns of the generic

n x n skew-symmetric matriz. Then the determinant of the jth diagonal block of A is

12223713 if =1
det(T¢+1) ifj=20>2 ;
S(e(0)---(0+3)) ifj=20+1>2

up to multiplication by a nonzero constant.

PROOF. Form A by inserting into A a column for 7y, immediately to the right of (A)pp,
for b= 2,...,n —2. This leaves A1 ; unchanged, and a calculation shows that the determinant
is as claimed.

Otherwise, fix 2 < k < n—2. The uppermost nonzero entry in the column of A corresponding

o)

t0 7)¢(x),x appears in the row corresponding to F Ty

WL the last row of (A)j x, with an entry of

S(e(k)---(k+2)). Thus by Proposition 5.2.11, the (k+ 1) x (k + 1) matrix obtained from the

(k +1) x k matrix A with an added column for 7, becomes block lower triangular, with
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blocks of size k x k and 1 x 1 containing T*+Y) and S(e(k)--- (k + 2)):

13 T14 R A ) 0

2,3 T2.4 R ) ) 0

(5.6) 0 x3,4 Crr T3 k2 0
—T3 41 Tkl 0 Thrlks2 S(e(k)--- (b +2))

Finally, this kth diagonal block is split into the j = 2(k — 1) and 7 = 2(k — 1) + 1 diagonal

blocks of A, so that in either case k = £ + 1. Thus the determinants are as claimed. O

ExaMPLE 5.2.17. To Example 5.2.12 we will add the vector field

0

The resulting A is block lower triangular with determinant

det(A) = .1‘12.%'131‘23(1‘13.1‘24 — :B14.%'23)S(1 cee 4).

PROPOSITION 5.2.18. Let T denote the matriz obtained by deleting the first two columns
from the general n X n skew-symmetric matriz, n > 3. Then, up to multiplication by a nonzero

constant,

n—2 n
(5.7) det(A) = (H det(T(k))> : (H S(e(k)--- k)) .
k=1 k=2

PROOF. We need only use Proposition 5.2.16 and observe that xj9z93213 = S(12) - S(23) -
det(TM). O

5.2.2.5. Irreducibility of polynomials. To use Saito’s Criterion (Theorem 3.1.1(2)) to show that
the product in (5.7) defines a free divisor, we must show that the product is reduced. We showed
in Corollary 4.5.5 that the generic Pfaffian is irreducible. We now show that each det(T®)), as

in Proposition 5.2.18, is irreducible.
COROLLARY 5.2.19. Each g = det(T®) is irreducible for k=1,...,n — 2.

PrOOF. We induct on k. For k = 1, g1 = z13 is irreducible. Now assume that g is

irreducible. It is clear that &E@% /-
k+1,k+3

OTg 11 k43

= g (and = 0) because j41 k43 is the lower
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right entry of () and appears nowhere else. Consider the matrix M € Sk, (C) formed by taking
the generic skew-symmetric matrix and setting x; ;41 = 1for j =2,...,k+1, 21 443 = 1, and

all other variables equal to zero. M takes the form

-1 0
M =
0
-1
0
Evaluating T+ at M gives a matrix of the form , where L is unit lower triangular.

L 0
Thus gpy1(M) = £ det(L) # 0. Since the first row of T*) evaluated at M is zero, gi(M) = 0.

Thus gx1 is irreducible by Corollary 3.3.3. O

PROPOSITION 5.2.20. The product in (5.7) is reduced and is factored into irreducible poly-

nomials.

PRrROOF. We need only show that all of the terms in the product are distinct (not constant
multiples of each other), as we have shown they are irreducible in Corollary 4.5.5 and Corollary
5.2.19. S(1---k) and S(2---(k + 1)) are distinct because the latter depends nontrivially on
T k+1 while the former does not. These are the only Pfaffian terms of the same degree. All of
the T®) terms have distinct degrees.

Moreover, all Pfaffians are distinct from the T terms. For the skew-symmetric matrix
Jn € Sk, (C) (asin the Cholesky-like factorization of skew-symmetric matrices, Theorem 2.2.10),
all S(1---(20)) take the value 1 while det(7®)) takes the value 0 (the top row of T®) evaluated

at J, is zero). For S(2---(2¢ + 1)), we may apply the same reasoning to the skew-symmetric
0

n X n matrix . O
Jnfl
5.2.2.6. A free divisor. We are now able to show that the product in Proposition 5.2.18 defines

a free divisor.
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THEOREM 5.2.21. The product in (5.7) defines a free divisor on Sk, (C) for all n > 3.

PROOF. The determinant of the matrix A we formed by taking the coefficients of these
vector fields is the product in Proposition 5.2.18. This product is square-free by Proposition
5.2.20. The bracket of the vector fields is contained in the module they generate by Proposition

5.2.15. Applying Saito’s Criterion, Theorem 3.1.1(2), proves the Theorem. O

REMARK 5.2.22. Tt is interesting to note that we may use Proposition 5.2.9 to express
the hypersurface defined by the product in Proposition 5.2.18 as the zero set of a polynomial
made up of determinants of certain minors of .S, just as in our other examples. To do this, we
must use some factors from Proposition 5.2.18 multiple times, defining the hypersurface with

non-reduced structure.

5.3. Extensions of equidimensional representations

In this section we will use our method of block representations to prove several extension
results for equidimensional representations and linear free divisors. This approach recovers all
of the linear free divisors obtained elsewhere in this dissertation, as well as a number of new

linear free divisors which are hybrids between the solvable and reductive.

5.3.1. Symmetric matrices. We first consider extensions on the space of symmetric matri-

ces. Let p, : GL,(C) — GL(Sym,,(C)) be the representation defined by
pn(A)(M) = AM AT,

the same action we studied in section 4.2. By Sylvester’s theorem, p, has an open orbit whose
complement is exactly the variety of singular matrices. Thus any restriction of p, to a subgroup
and a subspace which gives an equidimensional representation must have the property that the
exceptional orbit variety includes the variety of singular matrices. For

Here we take a different approach: suppose that a restriction of p, to a subgroup and a
subspace is an equidimensional representation. Then are there corresponding subgroups and

subspaces for p, 17 How are their exceptional orbit varieties related?

PROPOSITION 5.3.1. Let Gy, be a connected complex algebraic subgroup of GL,(C). Let V,, C

Sym,, (C) be a vector subspace which is py|q, -invariant. Suppose that p,|q, : Gn — GL(V,) is
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an equidimensional representation with coefficient determinant f, so that its exceptional orbit

variety is defined (perhaps with non-reduced structure) by f = 0. Define the group
A0
Gpy1 = € GL,(C)|Ae G, p,

and the vector space

M x
Vi1 = € Sym, (C)|M €V,
*  x

If Vi, contains an invertible matriz, then ppi1|G : Gpt1 — GL(Vp41) is an equidimensional

n+1

representation whose coefficient determinant is f - g, where g is the restriction to V11 of the

determinant function on Sym,,(C).

PrOOF. Let 6 = ppiila : Gpy1 — GL(V,41). First note that G,4; is a connected

n+1

complex algebraic Lie subgroup of GL,,+1(C). By the calculation

T
A0 M Mo A0 AMAT AMbT+AM120

boc) \Miy Mn) \b ¢ bMAT + My AT bMBT 4 20Miac + ¢ Moy
0 leaves V41 invariant. Thus 6 is a well-defined representation. Moreover, 6 is the restriction

of a rational map (pp+1) to a subvariety (G,+1) and thus rational.

We will show that € has the structure of a candidate block representation. Let W; =

0, =*
" € Vot1 o By (5.8), Wi is invariant under 6. Thus we have a partial flag

* %

{0} = Wg C W1 C W2 = Vn+1

of G41-invariant subspaces.
Now let K; be the connected component of the identity of the kernel of the quotient rep-
resentation Gp41 — GL(V,41/W;) induced from 6. Clearly Ky = G,41. For Ky, (5.8) shows

that

0
€ ker(Gpy1 — GL(Vq1/Wh))

b ¢
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if and only if A € ker(py|q,, ). Since pn|qg, is an equidimensional representation, its kernel is

discrete. Thus

I, 0
K, = c#0
b ¢
I, 0O
Finally, consider Ky. Since Ko C K, any element of Ky must take the form
b ¢

By (5.8), an element of Kj must have MbT + Mise = My for all M € V,, and all M. In
particular, when My = 0, then MbT = 0 for all M € V,. Since V,, contains an invertible
matrix, b = 0. By (5.8), it follows that ¢ = +1. Since Kj is the connected component of the
identity, Ko = {41}

Since dim¢(W;) = dim¢(Kj) for j = 0,1,2, we have verified (1) and (2) of Definition
3.2.6. Now consider the matrix A of coefficients, as described in §3.2.4. A;;’s rows and

columns correspond to ordered bases of Ws_;/Ws_; and the Lie algebra of €3_;/€2_;, respec-

tively. Use any basis of Wo/W; and &/¢;. For Wi /Wy and & /¢y, use 63361717 ey % and

Enn,...,Ey,, € ¥, respectively. By Proposition 4.3.6, the determinant of As 5 is g, up to mul-

tiplication by a nonzero constant. Note that g # 0: if A € V,, has nonzero determinant, then

A
g # 0. By Proposition 3.2.18, the determinant of A;; is the coefficient determinant

0 1
of Gpy1/K1 — GL(V,41/Wh), but this representation is isomorphic to py|a, : Gn — GL(V,).

Identify V,,+1/W; and V,, and consider f to be a function on V;, ;. Then by Theorem 3.2.14,
0 has the structure of a candidate block representation, f - g = 0 defines the exceptional orbit

variety, and by definition f - g is the coefficient determinant of 6. O

As a result, we have the following criterion for extending free divisors.

COROLLARY 5.3.2. Suppose pyla, : Gn — GL(V,) is an equidimensional representation
whose coefficient determinant is f1--- fr. Define pni1|g,.1 : Gny1 — GL(Vag1) and g : Vg1 —
C as in Proposition 5.3.1. If f1--- fr = 0 is a reduced equation defining a linear free divisor on

Vi, Vi contains an invertible matrixz, and

(5.9) fioifrog=0

is reduced, then (5.9) defines a linear free divisor on V1.
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PrOOF. By Proposition 5.3.1 and Theorem 3.2.14, (5.9) defines the exceptional orbit variety
of the candidate block representation pni1|G,,, : Gny1 — GL(Vy41). By the same Theorem,

since (5.9) is reduced it defines a linear free divisor. O

This Corollary enables us to find a number of new linear free divisors.

ExAMPLE 5.3.3. Fix m € N. Define G,, to be the subgroup of diagonal matrices in GL,,(C)
and V;,, to be the subspace of Sym,,(C) consisting of diagonal matrices. Then py,|q,. : G —
GL(V},) is clearly an equidimensional representation whose exceptional orbit variety is defined
by [~ x; = 0. This is a free divisor by Corollary 3.1.3.

For all n > m, define G,, C L,(C) and V;, C Sym,(C) as in Proposition 5.3.1. Each
V,, contains the identity matrix, so the Proposition shows that each p,|q, : G, — GL(V},)
is an equidimensional representation. We will show that the exceptional orbit variety of each
pnla, : Gn — GL(V,,) is a free divisor defined (with non-reduced structure) by the product of

the determinants of the upper left square submatrices of

T1,1 T1,m+1 ce T1n

(5 10) Tm,m Tm,m+1 ce Tm,n
Tim+1  Tmm+l Tmt+lm+l " Tm+ln

T1n cee Tm,n Tm+1,n cee Tn,n

First, we will show that the determinant h,, of (5.10) is irreducible when n > m. For hy,,11,
#m = [[", ®i;. Moreover, x;; 1 hpmy1: define M € Vi,qq by (M);; =1 for j # i,

(M)im+1 = (M)m+1, = 1, and let all other entries of M be zero. Then z;;(M) = 0 while
hm+1(M) # 0. By Corollary 3.3.2, hy,41 is irreducible.

Now assume that h,,_q is irreducible for some n —1 > m. Then azﬁ”n = h,_1 is irreducible,
and for
In—2
01
P = € Vi,
10

Iy n

we have h,(P) # 0 and h,_1(P) = 0. By Corollary 3.3.3, h,, is irreducible.
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With irreducibility proven, it follows that each
(5.11) x11~--$mm-hm+1'hm+2"'hn:()
is reduced. By Corollary 5.3.2, (5.11) defines a linear free divisor on V,, for each n > m.

REMARK 5.3.4. When m = 1 in the above Example, we recover the linear free divisors of

Theorem 4.4.5.

ExXAMPLE 5.3.5. Consider

0 * =x*
*1 O
Gg = S GL3<(C) and Vg = x *x x| € Symg((C)
O *9
* * *

A calculation using Corollary 3.1.3 shows that p3|g, : Gz — GL(V3) is an equidimensional

representation whose exceptional orbit variety is the linear free divisor on V3 defined by
2.\(9 2 2 —0
($22$33 - 3323)( L12T13223 — L13L22 — $12$33) =VU.

Using Proposition 5.3.1 to build G4 and Vy, we see that the additional component is irreducible,
giving a free divisor on Sym,(C). As in the previous Example, we may repeat this process to

give a tower of free divisors on Vj, Vs, etc.

EXAMPLE 5.3.6. Similarly, we could start with the connected subgroup G3 C GL3(C)

whose Lie algebra is spanned by Fi1, Eo21, Foo, E31, E33 € gl3(C) and the vector space V3 =

0 * =*
x x x| € Symg(C) ». Then ps3|g, : Gg — GL(V3) is an equidimensional representation

* ok X

whose exceptional orbit variety is the linear free divisor defined by

2 2
712713(2212713T23 — T73T22 — T15733) = 0.

Once again, we may expand this linear free divisor to Vy, Vs, etc., obtaining a tower of free

divisors.

5.3.2. General n x m matrices. We can similarly find expansion criteria for representation

and linear free divisors on the space of n x m matrices. Define p;, , : GL,(C) x GL;,(C) —
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GL(M (n,m,C)) by
pn,m(AvB)(M) = AMB_I,

the same action we studied in §4.1. This is a rational representation of a connected complex

algebraic Lie group. For any 0 < p < m, define the subgroup L},(C) of GL,,(C) by
*p 0
L7,(C) = € GLn(C) ¢,

consisting of block lower triangular matrices.
We consider when we can expand an equidimensional representation from M (n,m,C) to

M(n,m+1,C).

PROPOSITION 5.3.7. Fiz n,m with p = (m + 1) —n > 0. In particular, p < m. Let Gy m
be a connected complex algebraic subgroup of GLy(C) x L5, (C). Let Vi m € M(n,m,C) be a
vector subspace which is pnm|aG,.,-invariant. Suppose that ppmlc,.. @ Gnm — GL(Vim) is
an equidimensional representation with coefficient determinant f, so that the exceptional orbit

variety is defined (perhaps with non-reduced structure) by f = 0. Define the group

B 0 0
B 0
Gromi1 = Alc D E € GL,(C) x L¥ . (C)| | A, €Gnm ¢
cC D
0 0 F

where B isp xp, D is (n —1) x (n — 1), and F is 1 x 1, and the vector space
Vamin = { (M, My) € M(n,m + 1,@)‘ Mi € Vo }

If Vy m contains a nxm matriz whose rightmost n—1 columns have full rank, then py m+1 |Gn,'m+1 :

Gnm+1 — GL(Vim+1) is an equidimensional representation whose coefficient determinant is
f - g, where g is the restriction to Vy i1 of the determinant of the rightmost n columns of

M(n,m+1,C).

PRrROOF. Let 6 = ppm+ilc : Gpmt1 — GL(Vim41). First note that Gy myq is a

n,m+1

connected complex algebraic subgroup of GL,,(C) x LY, (C). We will write elements of V;, ;41
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as (M1 Moy Mg), where M7 is n x p, My is n x (n— 1), and M3 is n x 1. By the calculation

-1

B 0 0
(5.12) <A> <M1 My M3) cp E|l =
0 0 F

(A(MlB* — D1CB~'M;) AM,D~!' A(~M,D-'EF~!+ M3F*1)) ,

0 leaves V;, ;11 invariant. Thus 6 is a well-defined representation. Moreover, 6 is the restriction
of the rational map p, m+1 to a subvariety and is thus rational.

We will show that 6 has the structure of a candidate block representation. Let W; =
{(0 0 *) € Vn7m+1}. By (5.12), W} is invariant under 6. Thus we have a partial flag

{O} = W() CWy C Wy = Vn,m+1

of Gy, m+1-invariant subspaces.
Now let K; be the connected component of the identity of the kernel of the quotient rep-
resentation Gy i1 — GL(Vy m41/W;) induced from 6. Clearly Ko = Gy, my1. For Ky, (5.12)

shows that
B 0 0
A lC D E € ker(Gnm+1 — GL(Vim41/Wh))
0 0 F
if and only if
B 0
A, = ker(pn,m|gnﬁm).
C D

Since pp,mla,.,, is an equidimensional representation, its kernel is discrete. Thus

I, 0 0
Kl = Ina 0 In,1 * € Gn,erl
0 0 *
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Finally, consider K. Since Kg C K1, any element must take the form

I, 0 0
IL,|0 I, E
0 0 F

By (5.12), this element lies in ker(#) if and only if —MsE+ M3 = M3F for all (Ml M,y M3> €
Va,m+1. By setting My = 0 and M3 # 0, we see that F' = 1. If M> has maximal rank, then
M>E =0 if and only if E = 0. Thus Ko = {(I, Im+1)}

Since dim ¢ (W;) = dim¢(Kj) for j = 0,1,2, we have verified (1) and (2) of Definition
3.2.6. Now consider the matrix A of coefficients, as described in §3.2.4. A;;’s rows and
columns correspond to ordered bases of W3_;/Ws_; and the Lie algebra of €3_;/€2_;, respec-
tively. Use any basis of Wy /W7 and 3¢;. For Wi /Wy and € /8, use Wamﬂ, ol ﬁ and
0, Eptim+1)y---5 (0, Eppg1.m+1) € 81, respectively. By Proposition 4.1.8, the determinant of
Ay 5 is g, up to multiplication by a nonzero constant. Note that g # 0: if (M;M3) € V, p is
such that Ms has maximal rank, then we can easily choose M3 so that g ( M, M, M3> =
det (M2 M3) # 0. By Proposition 3.2.18, the determinant of A; ; is the coefficient determi-
nant of Gpnmi1/K1 — GL(Vimy1/W1), but this representation is isomorphic to ppmla, .,
Gnm — GL(Vy, ). Identify Vi, ;my1/Wi and V;, ,, and consider f to be a function on Vj, .
Then by Theorem 3.2.14, 6 has the structure of a candidate block representation, f-g = 0
defines the exceptional orbit variety, and by definition f - g is the coeflicient determinant of 6.

a

There is a criterion analogous to Corollary 5.3.2 for extending a linear free divisor.
We can also consider the expansion of a representation from M (n,m,C) to M (n+1,m,C).

For any 0 < q < n, define the subgroup 77/ (C) of GL,(C) by
*q
T3(C) = € GLn(C) ¢,

consisting of block upper triangular matrices.

COROLLARY 5.3.8. Fiz n,m with ¢ = (n+ 1) —m > 0. In particular, ¢ < n. Let Gpm
be a connected complex algebraic subgroup of Tr(C) x GLy,(C). Let Vi m € M(n,m,C) be a

vector subspace which is pnm|aG,.,-invariant. Suppose that ppmlc,... @ Gnm — GL(Vim) is
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an equidimensional representation with coefficient determinant f, so that the exceptional orbit

variety is defined (perhaps with non-reduced structure) by f = 0. Define the group

A B 0
. A B
Gntim = 0 C 0],F|eT,,(C)xGL,(C) JE 1 €eGum g,
0 C
0 D FE

where A is ¢ X q, C is (m —1) x (m — 1), and E is 1 x 1, and the vector space

M,y
Vistm = e M(n+1,m,C)| M € Vi
Mo

If Vi m contains a n X m matriz whose bottom m — 1 rows have full rank, then Pn+17m‘Gn+1,m :

Gn+1,m — GL(Vig1,m) is an equidimensional representation whose coefficient determinant is

f - g, where g is the determinant of the bottom m rows of M(n+ 1, m,C) restricted to Vi1 m.

PROOF. Take the transpose of all matrices and groups involved and apply Proposition 5.3.7.

EXAMPLE 5.3.9. We can recover the free divisors associated to the modified LU factor-
izations (Theorems 5.1.4 and 5.1.5). Start with G;; = {(x,1) € GL1(C) x GL;(C)} and
Vip = M(1,1,C) and alternately apply Proposition 5.3.7 (where p = 1) and Corollary 5.3.8
(where ¢ = 0) to move from M(n,n,C) to M(n,n+1,C) to M(n+ 1,n+ 1,C). We only need
to check that the components are irreducible, accomplished by Corollary 4.6.4, and distinct,

demonstrated with some example matrices.

ExaMPLE 5.3.10. More generally, one can start with a variant of Example 3.1.6, where
for a fixed m € N, Gpmy1 = GLy(C) x ({1} x Dy, (C)) € GLp(C) x GLyp11(C) acts on
M(m,m +1,C) by (A,B) - M = AMB~!. This is an equidimensional representation whose
exceptional orbit variety is a free divisor defined by the product of the maximal minors of the
generic m x (m + 1) matrix. Alternately applying Corollary 5.3.8 and Proposition 5.3.7, we
obtain equidimensional representations (and free divisors) on M (n,n,C) and M (n,n+1,C) for

any n > m. Specifically, for n > m and r = n or n + 1, consider the restriction of p,, to the
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group

1 0 0

10 D % € GL,(C) x GL,(C)|L € Ly,—m(C), D € Dy, (C),U € Tp—m—1(C)
x L
0 0 U

Let S be the generic n x p matrix. Then the exceptional orbit variety of this representation is a
linear free divisor defined by the product of the maximal minors of the upper left m x (m + 1)
submatrix of S, det(S®)) for m < k < n, and det(S(*) for m < k < p — 1. At each step we
only need to check irreducibility (Corollary 4.6.4) and that all terms are distinct.

Note that the previous Example comes from the case m = 1.
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CHAPTER 6

The vanishing topology of matrix singularities

Determinantal varieties of singular matrices are not free divisors. Thus we cannot directly
apply any of the results from Chapter 1 to calculate the singular Milnor numbers of nonlinear
sections of determinantal varieties.

We present in this Chapter a new method to calculate singular Milnor numbers of nonlinear
sections of hypersurfaces which are not free divisors, applying our method to determinantal
varieties. We observe that many of the free divisors found in Chapters 4 and 5 are the union
of the determinantal variety V and a free divisor W. Although V N W is generally not a
complete intersection and thus has no associated singular Milnor number, its vanishing Fuler
characteristic is related to the singular Milnor numbers of V., VUW, and W. We adapt methods
from Chapter 1 to write the vanishing Fuler characteristic of VNW in terms of singular Milnor
numbers of nonlinear sections of free divisors and products of {0} with free divisors, which may
be computed algebraically using Theorems 1.6.5 and 1.6.10, respectively. The resulting formula
expresses the singular Milnor number of V' in terms of algebraically computable singular Milnor
numbers.

We apply this approach to derive formulas for the singular Milnor numbers of nonlinear
sections of determinantal varieties on the spaces of 2 x 2 and 3 x 3 symmetric matrices, 2 x 2
general matrices, and 4 x 4 skew-symmetric matrices. (Nonlinear sections for the 1 x 1 matrices
correspond to isolated hypersurface singularities.) Although the complexity of the calculation
increases with the dimensions of the vector space, we see no obstacle for further formulas to be
obtained using our method.

To apply the formulas from Chapter 1, we show in sections 6.3.2 and 6.3.4 that the free
divisors given by the Cholesky factorization and the modified LU factorization are H-holonomic

(see Theorem 6.2.2).



6.1. Vanishing Euler characteristics of unions and intersections

In this section we develop the necessary tools to study relations between various singular
Milnor numbers. We begin by defining the vanishing FEuler characteristic.

Let fo: C",0 — CP,0 be a holomorphic germ which has finite #y; .-codimension for some
finite collection {V;} of complete intersections in CP. Then there exists a common stabilization
fr of fo relative to all V; (see Remark 1.4.8). We may fix ¢ > 0 and 0 < [t| < € so that
f 1 (Vi)NB,(0) is the singular Milnor fiber for each i. Then for any algebraic set (W, 0) C (CP,0),

we define the vanishing Fuler characteristic of (W,0) by

(6.1) xw(fo) = x(fi H(W) N Be(0) — 1.

(This term has also been applied to the absolute value of the right side of (6.1) under additional
hypotheses.) Since f; may not be transverse to W, our vanishing Euler characteristic may
depend on the particular stabilization, ¢, and e chosen above.

Note that the Euler characteristic on the right side of (6.1) is defined: by results of Hamm
[Ham86], the analytic set f,'(W) has the homotopy type of a CW complex of dimension
< n — codim(W).

When W is one of the complete intersections V; that we used to obtain a stabilization, then
fY(W) N B.(0) has the homotopy type of a bouquet of spheres of dimension n — r, where
r = codim(W). Directly from the definitions of the Euler characteristic and the singular Milnor

number (see Theorem 1.4.9), we have the following simple relationship:

(6.2) xw(fo) = (=1)""" pw (fo)-

We next explain combinatorial relations between the vanishing Euler characteristics of

unions and intersections of algebraic sets.

PROPOSITION 6.1.1. Let (A;,0) C (CP,0), 1 <i <k, be algebraic sets. Then

(1) X a,(f) = > (DI04, (fo) and

0#4jC{1,....k}
(2) Xur 4 (f) = > DI R a,(fo)-
OAIC{L,....k}

PROOF. Lemma 8.1 of [Dam96a] uses the Mayer-Vietoris sequence repeatedly to obtain

(1) and (2) for the Euler characteristic. The only thing left to show is that when x is replaced
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by x + 1, the constants cancel. The constants cancel by the binomial theorem:

> o=y (Hae

a

We shall often apply Proposition 6.1.1 when k = 2, where the relation given may be stated

(6.3a) Xans(fo) = Xa(fo) + XB(fo) — XauB(fo),
(6.3b) Xaus(fo) = Xa(fo) + x5(fo) = Xans(fo),
(6.3¢) or  Xa(fo) = Xaur(fo) + Xans(fo) — XB(fo)-

We will often cite these equations to explain the operation we are performing.
We single out a particularly useful case. After choosing a particular stabilization, ¢, and e,

we begin the derivation of each formula by citing the following Lemma.

LEMMA 6.1.2. Let (V,0) and (W,0) C (CP,0) be hypersurfaces. Suppose that fo : C",0 —
CP,0 is algebraically transverse off 0 to V., W, and V UW. Then

v (fo) = pvuw (fo) — pw (fo) + (=1 'Svew (fo)-

PROOF. Choose a common stabilization f; : C",0 — CP of fy with respect to V., W, and
V UW. Choose € and t so that f; (V) N B.(0), f; *(W) N Bc(0), and £, *(V UW) N B(0) are
singular Milnor fibers. In particular, they each have the homotopy type of a bouquet of spheres

of dimension n — 1. Then by (6.3c), we have

(6.4) xv (fo) = xvow (fo) + xvaw (fo) — xw (fo),
XU V)N B(0)) =x(fi (VUW) N B(0)) + X(f; '(V N W) N B(0))

= X(f7H (W) N B(0)).
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We may use (6.2) to replace three of the vanishing Euler characteristics of (6.4) with singular

Milnor numbers to obtain

(6.5) (=" v (fo) = (=D pvow (fo) + Xvew (fo) — (=1)" " uw (fo)-
Multiplying (6.5) by (—1)"~! and rearranging terms finishes the proof. O

6.2. The singular Milnor numbers of matrix singularities

In this section, we find formulas to compute singular Milnor numbers of nonlinear sections
of the variety V of singular matrices in a space of matrices (identified with C?). We found in
Chapters 4 and 5 free divisors W so that V U W is again a free divisor. We call this a free
completion of V. For a germ fy : C*,0 — CP, 0 which is algebraically transverse off 0 to V', W,
and V UW, Lemma 6.1.2 gives

(6.6) v (fo) = pvuw (fo) — pw (fo) + (=1)" 'vew (fo),

provided we use an appropriate stabilization, €, and t. Since VU W and W are free divisors,
both pyuw (fo) and puw (fo) may be computed algebraically as lengths of modules by Theorem
1.6.5.

The remaining term on the right side of (6.6), xvnw (fo), is more difficult to compute.
However, V' N W is typically a union of algebraic sets, and we may write Xyvnw (fo) in terms
of other vanishing Euler characteristics using (6.3b) (or more generally, Proposition 6.1.1(2)).
For each of the resulting terms, we may either: find a “free completion” and apply (6.3c), write
the set as an intersection and apply (6.3a), or write the set as a union and apply (6.3b).

Eventually, we reach a situation where all terms are the vanishing Euler characteristics of
either free divisors, or the direct product of {0} ¢ C¥" C C? with a free divisor in C*~?'. Under
the assumption that f; is also a stabilization with respect to these sets, the vanishing Euler
characteristics are singular Milnor numbers which may be computed algebraically by Theorem

1.6.5 (for sections of free divisors) or Theorem 1.6.10 (for almost free divisors on an ICIS).

REMARK 6.2.1. Since the determinantal variety is invariant under various transforma-
tions (e.g., unitary transformations of the underlying vector spaces), we can assume by the
parametrized transversality theorem that a germ equivalent to a given fj is transverse to these

auxiliary varieties by composing fo with such a transformation. Our formulas may be applied to
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this modified fy, and the resulting singular Milnor number will be the singular Milnor number

of fo.

The formulas given by these Theorems simplify a great deal when the free divisors are H-
holonomic (for example, the former formula is given by a single %} .-codimension). It is thus

useful to know that a number of free divisors we will use are H-holonomic.

THEOREM 6.2.2. The following free divisors are H-holonomic.

(1) The exceptional orbit variety of the representation L,(C) — GL(Sym,(C)), A-M =
AM AT corresponding to the Cholesky factorization (see Theorem 4.4.5).

(2) The exceptional orbit variety of the representation L,(C) x H,(C) — GL(M (n,n,C)),
(A,B)-M = AMB™!, corresponding to the modified LU factorization for nxn matrices
(see Theorem 5.1.4).

(3) The exceptional orbit variety of the representation L, (C) X Hyp41(C) — GL(M (n,n +
1,C)), (A,B) - M = AMB™!, corresponding to the modified LU factorization for n x
(n+ 1) matrices (see Theorem 5.1.5).

We prove this statement in §6.3.2 and §6.3.4.

Our formulas will be written more concisely using the following notation.

NOTATION 6.2.3. For g1, ..., g, functions from CP to C, let V(g1,...,gx) be the algebraic

set W in CP defined (set-theoretically) by g1 = -+ = gx = 0. Thus we write

XV (g1,.s90) (f0) = Xw (fo),

and

BV (g1,..nng) (f0) = w (fo)-

6.2.1. 1-dimensional spaces of matrices. Since {0} C C! is an H-holonomic free divisor,
Theorem 1.6.5 provides a formula for matrix singularities coming from 1 x 1 matrices and the
2 x 2 skew-symmetric matrices, provided that fy : C™",0 — C,0 is algebraically transverse off
0 € C" to {0}. In fact, the singular Milnor number here is just the classical Milnor number of

an isolated hypersurface singularity (see Example 1.4.10).
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6.2.2. 2 x 2 symmetric matrices. Consider the space of 2 x 2 symmetric matrices using the

coordinates
a b

b ¢
We want to calculate the singular Milnor number associated with nonlinear sections of the

determinantal variety V (ac — b?) using the program described above.

THEOREM 6.2.4. Suppose fy : C",0 — Sym,(C), 0 is algebraically transverse off 0 to V (ac—
v?), V(a(ac — b?)), and V(ab). Then

(6.7) B (ac—12) (f0) = By (a(ac—b2)) (f0) = v (ap) (fo) — v (a)(fo),

or equivalently,

(6.8) 1V (ae—12) (f0) = By (a(ac—p2)) (fo) + v ) (fo) — 1y () (fo)-

All terms on the right of (6.7) or (6.8) are computable using Theorems 1.6.5 or 1.6.10, and all

free divisors are H-holonomic.

PROOF. Let f; be a common stabilization of fj relative to all algebraic sets in (6.7) (or
(6.8)). Choose ¢ > 0 and then ¢t # 0 so that f;'(Z) N B.(0) is the singular Milnor fiber of
Z, where Z is any algebraic set in (6.7) (or (6.8)). Then V(a(ac — b?)) is a H-holonomic free
completion of V (ac — b?) by Theorem 6.2.2. By Lemma 6.1.2,

(6.9) 11y (ae—12) (o) = 1y (a(ac—12)) (o) = v (@) (fo) + (=)™ ' v (aac—p2) (fo)-

Note that V(a,ac — b?) = V(a,b). Since this is a complete intersection of codimension 2, by

(6.2),

(6.10) XWan (fo) = (=1)" v (an (fo)-

Substituting (6.10) into (6.9) finishes the proof of (6.7).
For (6.8), note that V' (ab), V(a), and V(b) are free divisors and V' (a,b) is a free complete

intersection. By Theorem 1.6.8,

(6.11) 1 (ap)(fo) = v (a)(fo) + vy (fo) — 1y (ap) (fo)-
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Substituting (6.11) into (6.7) gives (6.8). O

EXAMPLE 6.2.5. Consider the map F : C? — Sym,(C) defined by

First note that piy(gc_p2)(F) is defined: since H#y(qe_p2)-codim(F) < oo, F' is algebraically
transverse off 0 to V (ac — b?) by Proposition 1.5.1. Since 2 < codim(Sing(V (ac — b%))) = 3,
the hypersurface defined by det(F(z,y)) = 2% — y? = 0 has an isolated singularity at (0,0) and
its stabilization will miss Sing(V (ac — b?)) and will thus be smooth. Hence, the Milnor fiber of
this THS agrees with the singular Milnor fiber of F' for V(ac — b?). Since the Milnor number
of this IHS is (6 — 1)(2 — 1) = 5 by Theorem 1.1.2 and Example 1.1.4, we should find that
1 (ac—b2) (F') = 5.

Since 4 (q(ae—p2)),e-cOdim(F) < oo, F is algebraically transverse off 0 to V(a(ac — b?)).
Since (a,b) o F' = (z,y) and bo F' = y are submersions, F' is fully transverse to V(ab) and V' (b)

and so their singular Milnor numbers are 0. Thus by (6.8) and Theorem 1.6.5,
:U'V(ac—b2)(F) = BV (a(ac—b2)) (F) + Ky (b) (F) — KV (ab) (F)
= Hg(ac—v?),e-codim(F'),
by which we mean the ¢ .-codim(F) for H the function defined by H = a(ac — b?). A

calculation shows that 1y (qe_p2)(F) = H(ge—p2),e-codim(F) = 5.

EXAMPLE 6.2.6. Now consider F': C* — Sym,(C) defined by

U w4+ 0%+ w? + 22
F(u,v,w,z) =
u + 02 4+ w? 4 22 v

Note that g = det oF = uv — (u3 + v? + w? + 22)?, so that

0
g9 = v —6(u® + v + w® + 2%)u?
Ou
0
875 =u—4(u® +v* +w® + 2
0
% = —4(u?® 4 v? + w? + 2%)w
0
and 8—9 = —4(ud +v* +w? + ¥
x
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Since the singular set includes u = v = w?+22 = 0, g~1(0) does not have an isolated singularity.
Nevertheless, fiy(qc—p2)(F') is defined. First note that F' is algebraically transverse off 0 to
V(ac — b?) since JHy (qe—p2) -codim(F) < oo. F is fully transverse to V(a) since ao F = u
is a submersion; thus py(4)(F) = 0. Although F' is only algebraically transverse off 0 to
V(a,b), we can easily compute jiy(4)(F) by finding the Milnor number of the ICIS defined
by (a,b) o F = (u,u® + v> + w? + 22). Since this ICIS is also defined by (u,v? + w? + x2),
v (ap)(F) = p(V (u,v* +w? + %)) = 1. By (6.7) and Theorem 1.6.5, we have

MV(ac—bz)(F) = :U’V(a(ac—bZ))(F) — KMV (a,b) (F) - MV(a)(F)
= Hy(ac—b?),e-codim(F) — 1,
provided this codimension is finite.

It only remains to compute this codimension. Using the Cholesky representation we can

show that Derlog (a(ac — b?)) is generated by

0 0 0 0 0
m = Qa—a —b— —4dc— and e = a% + Qb&.

The Oca g-module T' Ay . - F' is generated by the following “vector fields along F”:

ou a7 o
OF o 0

v Tob e
OF _, 0
ow b
o _,,0
ox 0b
3,2 2, 20 9
moF =2u— — (v’ +v°+w +x)%—4v%

_ 0 3,2, .2 20
ngoF—u%—i-Q(u +v +w —i—x)%

Then J;(4c—p2),.-codim(F) is the dimension over C of the quotient module formed by quo-

tienting Ocig {12,15,12} by THpy. - F. It follows that (e _p2) ~codim(F) = 2 and

/LV(acfb2)(F) =L
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Thus, for example,

U u3+v2+w2+m2—t
F; =
w v+ w4 —t v

is a stabilization of F; for appropriate t and €, V (uv — (u? 4+ v2 + w? + 22 — )?) N B(0) has the

homotopy type of a single 3-sphere.

6.2.3. 2 x 2 general matrices. Consider M (2,2,C), using coordinates

a b
c d

We want to calculate the singular Milnor number of nonlinear sections of the determinantal

variety V' (ad — bc).

THEOREM 6.2.7. Suppose fo : C",0 — M(2,2,C),0 is algebraically transverse off 0 to
V(ad — be), V(ab(ad — be)), V(abe), and V (abd). Then

BV (ad—be) (f0) =1V (ablad—be)) (fo) = v (ab) (f0) = v (ape) (fo)
(6.12)

= 1 (b,ad) (f0) + v (a,p)(fo)-

All terms on the right of (6.12) are computable using Theorems 1.6.5 or 1.6.10, and all free

divisors are H-holonomic.

PROOF. Let f; be a common stabilization of fy relative to all algebraic sets in (6.12).
Choose € and t appropriately. Since V(ab(ad — bc)) and V' (ab) are H-holonomic free divisors

by Theorem 6.2.2(2) and (3), we may apply Lemma 6.1.2 to obtain

(6.13) 1V (ad—be) (f0) = 1 (ab(ad—bey) (f0) — v ap) (fo) + (= 1)" " Xv (ab.ad—be) (fo)-
Since V' (ab, ad — be) = V (a, be) UV (b, ad), by (6.3b) we have

(6.14) XV (abad—be) (f0) = Xv(ape) (f0) + XV (b,ad) (f0) — Xv (ap) (fo)-

Applying (6.2) to (6.14) and multiplying by (—1)""! gives

(6.15) (=)™ Xv (absad—be) (f0) = =1V (ape) (f0) = v (bad) (fo) + 1y (ap) (fo)-
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Substituting (6.15) into (6.12) finishes the proof. 0

We may also obtain a formula which uses only H-holonomic free divisors.

COROLLARY 6.2.8. Under the assumptions of Theorem 6.2.7, we may alternately write

6.16) 1V (ad—be) (f0) =1V (ab(ad—be)) (f0) + v (be) (f0) — Ky (abe) (fo)
+ v (aa)(f0) = 1v (aba) (fo)-

All terms on the right are the singular Milnor numbers of H-holonomic free divisors, computable

using Theorem 1.6.5.

PROOF. Let f; be a stabilization of fj relative to all of the algebraic sets in (6.16). Choose

€ and t appropriately. By the proof of Theorem 6.2.7,

1V (ad—be) (f0) =1 (abad—bey) (fo) + (=1)" 2 (Xv(ab) (o) = X (a,e) (fo0)
(6.17)
— XV (bad) (o) + Xv(ap)(f0))-

Since V (a,bc) = V(a) NV (bc), V(b,ad) = V(b) N V(ad), and V(a,b) = V(a) NV (b), by (6.3a)
we have

XV (a,be) (f0) = Xv (@) (f0) + Xv(be) (fo) = Xv(abe) (fo)
(6.18) XV (b,ad) (f0) = Xve) (fo) + Xv(ad) (f0) = Xv (aba) (o)

XV (a,b) (f0) = Xv(a) (f0) + Xv () (fo) — Xv(ap) (f0)-

Substituting (6.18) into (6.17) and cancelling yields

1V (ad—be) (J0) =1 (ab(ad—bey) (fo) + (=1)" 7> ( = Xv (ve) (fo) + Xv (abe (fo)
(6.19)

— XV (ad) (J0) + Xv (aba) (f0))-

Since the vanishing Euler characteristics are the vanishing Euler characteristics of hypersurfaces,

applying (6.2) to (6.19) and simplifying signs finishes the proof. 0

EXAMPLE 6.2.9. Now consider F : C° — M (2,2, C) defined by

u v
F(U,’U,U},]},y) =
w24y u? 40?4 w?
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Then detoF = u(z3 + y3 + u? + v? + w?) — vw defines a hypersurface which does not have
an isolated singularity at 0. However, fiy (gp—cq)(F) is defined. F' is algebraically transverse
off 0 to V(ab — cd) because Hy (qh—cd),e-codim(F) < co. Since (a,b,c) o F' = (u,v,w) and
(b,c)o F = (v, w) are submersions, F' is fully algebraically transverse to V (abc) and V (bc), with
By (ve) (F) = pv(abey(F) = 0. A calculation analogous to that in Example 6.2.6 but using the

vector fields in Derlog (ab(ad — be)) given by

m=a - —Cc —2d—

0 0 0
T]Q—b%—QC%—d%
= e od

shows that ;4 (ad—pe),e-codim(F) = 16. Since V (ad) and V (abd) are coordinate hyperplane ar-
rangements, Derlog (ad) and Derlog (abd) are generated, respectively, by {a% —d%, %, %} and
{a% — d%, b% —d%, %}. Using these vector fields, a calculation shows that J#;q .-codim(F') =
8 and Hgpq -codim(F') = 16.

Thus F is algebraically transverse off 0 to V(ab(ad —bc)), V(ad), and V (abd). By Corollary

6.2.8 and Theorem 1.6.5, the singular Milnor number is
BV (ad—be) () = By (ab(ad—be)) (F) + v (aay (F) — 1y (aba) (F)
= Hab(ad—be),e-cOdM(F) + Hgq e-codim(F) — Hgpg c-codim(F)
=16+8—-16
= 8.

6.2.4. 3 x 3 symmetric matrices. Consider the space of 3 x 3 symmetric matrices, using

coordinates
a b c
b d e
c e f
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We want to calculate the singular Milnor numbers of nonlinear sections of the determinantal

variety V' (D), where

a b ¢
D=det|p d e :—62d+2bce—a62—b2f—|—adf.
c e f

It will be convenient to also define the functions

0 b c
Dyo=det | b d e | =—cd+ 2bce — b2f
c e f
a b c
and Dy=det|p d e :—c2d+2bce—ae2,
c e 0

on Symgz(C). Note that V(D,) and V(Dy) are diffeomorphic via a diffeomorphism which inter-

changes the first and third coordinates and so swaps b with e and a with f.

THEOREM 6.2.10. Suppose fo : C",0 — Symgz(C),0 is algebraically transverse off 0 to all of
the algebraic sets appearing in (6.20). Then
v(p)(fo) =1v(atad—p2) D) (fo) = 1y (abepa) (f0) + v (aped) (fo) + v (achr) (fo)
— KV (a,b,c) (fO) + MV(a,bc)(fO) — KV (a) (fO) + MV(ach)(fO)
(6.20)
— MV (a,bc(2be—cd)) (fO) KV (c,ae) (fO) + Hv (a,c) (fO) — KV (ac) (f(])

— W ((ad—2)D;) (fo)-

Except perhaps for V(beD,), V(acDy), and V ((ad—b*)Dy), all of the varieties are H-holonomic.
If fo additionally has finite K .-codimension for H defining these three free divisors, then all

terms on the right of (6.20) are computable using Theorems 1.6.5 or 1.6.10.

PROOF. Let f; be a common stabilization of fj relative to all algebraic sets in (6.20). Choose
¢ and t appropriately. Then V(a(ad — b*)D) and V (a(ad — b?)) are H-holonomic free divisors
by Theorem 6.2.2(1). By the proof of Lemma 6.1.2,

(6.21)  py(py(fo) = Bv(a(aa—v2)p) (f0) + (=1 " (=X (a(ad—t2)) (J0) + X (a(ad—2),0)(f0)) -
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We shall find a way to express Xv (a(ad—t2),0)(fo) in terms of computable singular Milnor numbers
and one copy of Xv(a(ad—p2))(fo). Since V(a(ad—b?), D) = V(a, D)UV (ad—b?, D) and V (a, ad—
b?, D) = V(a,b,cd), by (6.3b) we have

XV (a(ad—b2),0) (f0) =XV (a,0)(f0) + XV (ad—v2,0)(f0) = XV (a,ad—12,0)(f0)
(6.22)

=XV (a,0)(f0) + Xv(ad=b2,0)(f0) = XV (ab,ed) (f0)-

Since V' (a, b, cd) is a product of {0} with a free divisor, nonlinear sections of it are “almost free
divisors on ICIS.” Thus to compute (6.22), we must only find ways of computing Xy (4,p)(fo)
and Xv (ad—2,0)(f0)-

First consider Xy (q,p)(fo). Since V(a, D) = V(a, D), we have Xy (4,0)(fo) = Xv(a,0.)(f0)-
We now use a “free completion” by combining V' (a, D,) with V (a, bc); V(beD,) is a free divisor
by Example 5.3.6. By (6.3c) we have

(6.23) Xv(a,0)(fo) = Xv(a,0.)(f0) = Xv(abeDa) (f0) + XV (ape,D0) (f0) = XV (ape) (fo)-
Since V(a,be, Dy) = V(a,b, Dy) UV (a,c, Dy) = V(a,b,ed) UV (a,c,bf), by (6.3b) we have
(6.24) XV (a,b¢,D0) (f0) = XV (ab,cd) (f0) + XV (arenf) (f0) = XV (ap,e) (fo)-

Substituting (6.24) into (6.23), we obtain

(6.25) Xv(a,0)(f0) = XV (apeDa) (f0) T XV (ap,ea) (f0) + XV (asebf) (f0) = XV (abie) (f0) = XV (aspe) (fo)-

We next compute Xy (q4—s2,0)(f0). Since V(ad—b* D) = V(ad—b* Dy), we have XV (ad—p2,0)(fo) =
>~CV(ad—b2,Df)(f0)- By Example 5.3.5, V((ad — b2)Df) is a free divisor. Since V(ad — b?, Dy) =
V(ad — b*) NV (Dy), by (6.3a) we have

(6.26)  Xv(ad—t2,0)(f0) = Xv(ad—12,0,)(f0) = Xv(aa—2)(fo) + Xv (D) (fo) = Xv((aa-2)D;) (o)
We found a free completion of V (ad — b%) in the proof of Theorem 6.2.4; by (6.3c) we obtain

(6.27) XV (ad—v2) (f0) = Xv(a(ad—12)) (fo) + Xv(a,p) (f0) = Xv(a) (f0)-

Returning our attention to (6.26), we now use a free completion of V(Dy) by combining it with

V(ac). V(acDy) can be shown to be a free divisor in a manner similar to Example 5.3.6. By
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(6.3c) we have

(628) XV (Dy) (fO) ach)(fO) + XV (ac Df)(fO) (ac) (fO)

Now V(ac,Dys) = V(a,Ds) UV (c,Dy) = V(a,c(2be — cd)) UV (c,ae). By (6.3b) we have

(629) )ZV(ac,Df)(fO) = XV(a,c(%e—cd))(fO) + )ZV(c,ae)(fO) - )ZV(a,c)(fO)‘

In turn, we use a “free completion” of V' (a, ¢(2be —cd)) by combining it with V' (a,b). V' (bc(2be —
cd)) is diffeomorphic to the H-holonomic free divisor given in Theorem 6.2.2(2). By (6.3c), we

have

(630) XV(a c(2be—cd) (fo) (a,be(2be—cd)) (fO) + )ZV(a,b,cd) (fO) - >~<V(a,b) (fO)
Substituting (6.30) into (6.29) and the result into (6.28) gives

(6.31) Xv(D;) (fo) =Xv(acny) (fo) + Xv (a,be(@be—cd)) (o) + XV (ap.ea)(fo) = Xv(ap) (fo)
6.31
+ XV(c,ae) (f()) - )%V(a,c)(f()) - )ZV(ac) (fO)

Substituting (6.27) and (6.31) into (6.26) and cancelling terms gives

Xv V(ad—b2,D) (fU) V(a(ad—b?) (fO) V(a) (fO) + )NCV(ach)(fO) + XV(a,bc(Zbefcd))(fO)
(632) + >~<V(a,b,cd) (f()) + )ZV(c,ae) (fO) - )ZV(a,c) (fO) - )ZV(ac)(fO)
= XV((ad—t2)D;) (Jo)-

Finally, substituting (6.25) and (6.32) into (6.22) and cancelling gives

XV (a(ad—b2), (fO) XV(a,bCDQ) (fO) + >~<V(a,b,cd) (f()) + )ZV(a,c,bf) (fO) - XV(a,b,c) (fO)

= XV (ape) (f0) + XV (a(ad—12)) (o) = Xv(a)(f0) + XV (acD;) (f0)
(6.33)

+ XV(a,bc(%e—cd))(fO) + )ZV(c,ae)(fO) - XV(&,C)(fO) - XV(ac)(fO)

— XV((ad—t2)D;) (Jo)-
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All of the vanishing Euler characteristics on the right side of (6.33) (except perhaps V (a(ad —
b%))) correspond to singular Milnor numbers by assumption. Applying (6.2) to (6.33), multi-

)nfl

plying through by (—1 and simplifying signs, we find that

(="' (a(ad—12),0) (fo) =
— Wy (abeDa) (fo) F v (ap.ea)(fo) + v (aepr) (fo) = v (ap.e) (fo)
(6.34) + v (ape) (f0) + (= 1) X (a(ad—b2)) (fo) = v (a) (fo) + 1v(ac,) (fo)
— Wy (abe(2be—cd)) (f0) = 1 (cae) (f0) + 1y (a,e) (f0) = v (ac) (f0)
— BV ((ad—b2)D;) (fo)-
Substituting (6.34) into (6.21) and cancelling terms yields (6.20).
The only matter left to address is that all of the algebraic sets which appear in (6.20) are

free divisors or the direct products of {0} C C*" with free divisors. The only terms we have not

already addressed are free hyperplane arrangements. O

Note that the free divisor V' (beD,) is not H-holonomic, as the vector fields which form a
basis of Derlog (bcD,,) fail to generically have the necessary rank on V (b, ¢). In a sense, we have
chosen the wrong “free completions” in the proof of Theorem 6.2.10; there are likely different
free completions which lead to a more computable formula than (6.20). We have not given such
a formula because we are not aware of any systematic method (other than classifying the orbits
of a group action with a finite number of orbits) for checking whether a given free divisor is

H-holonomic.

6.2.5. 4 x 4 skew-symmetric matrices. On the space of 4 x 4 skew-symmetric matrices, we

shall use the coordinates

0 a b c
—a 0 d e
b —d 0 f
—c —e —f 0

We are interested in the singular Milnor numbers of nonlinear sections of the determinantal

variety V(Pf) defined by the Pfaffian function

Pf=af — be+cd.
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THEOREM 6.2.11. Suppose fo : C",0 — Skq(C),0 is algebraically transverse off 0 to all of
the algebraic sets appearing in (6.35). Then
pv (pe) (fo) =1y (abd(be—cayPr) (f0) — By (abd(be—cd)) (f0) — BV (bad(af-+ed)) (fo)
+ v (b,a,ed) (fo) + 20y (b.d,ap) (f0) = 200 (b,a,a)(fo)
(6.35) + 11y (b,ad) (fo) = v (@ ablaf—be)) (fo) + 1y (d,a,be) (f0)
+ 1y (d,ab) (fo) + 1v(ag) (fo) + By pdbe—ca)) (fo)
— v (abdf (be—cd)) (J0) + v (b,ap) (fo) + v (dar) (fo)-

If fo has finite #p e codimension for appropriate H'’s, then all terms on the right of (6.35) are
computable using Theorems 1.6.5 or 1.6.10, and all free divisors (except perhaps for V (abd(be —
cd)Pf)) are H-holonomic.

PROOF. Let f; be a common stabilization with respect to the algebraic sets in (6.35).
Choose ¢ and t appropriately. A free completion of V(Pf) is V(abd(be — ¢d)Pf) by Theorem
5.2.21. Note that V(abd(be — cd)) is also a free divisor: V' (bd(be — cd)) is a H-holonomic free
divisor by Theorem 6.2.2, and by taking the product-union with V' (a) we obtain V (abd(be—cd)).
By Lemma 6.1.2,

(6.36) sy (pr)(fo) = 1v (abd(be—caypr) (f0) — B (abd(be—cd)) (fo) + (= 1) " S (abd(be—ca) Pty (fo)-

Note that V' (abd(be—cd), Pf) = V(a, Pf)UV (b, PI)UV (d, Pf)UV (be—cd, Pf). By Proposition
6.1.1(2), we have
XV (abd(be—cd),Pf) (f0) =Xv(a,pt) (o) + Xvb,pr) (fo) + Xv(a,p) (o)

+ Xv (be—ca,pt) (f0) = Xv(a,p,pf) (f0) = Xv(a,a,pt) (f0)
— XV (abe—ed,Pt) (o) = Xv(b,a.pe) (fo) = Xv (b pe—cd,pr) (f0)

(6.37)
= Xv(dpe—cd,Pt) (o) + XV (ab,d,pf)(f0) + Xv(a,ppe—ca,pr)(fo)
+ XV (a,d,be—cd,pt) (f0) + XV (b,d,pe—cd,Pf) (fo)
— XV(ab,d,be—cd,Pf) (fo)-

Many of the expressions in (6.37) define the same algebraic sets in different ways. For instance,

V(a,b,d,be — cd,Pf) = V(a,b,d) = V(a,b,d,Pf), V(a,Pf) = V(a,be — cd) = V(a,be — cd, Pf),
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V(a,b,Pf) = V(a,b,cd) = V(a,b,be — cd, Pt), V(a,d,Pf) = V(a,d,be) = V(a,d,be — cd, Pf),
and V(b,d,Pf) = V(b,d,af) = V(b,d,be — cd,Pf). After making these cancellations, (6.37)

becomes

(6.38) XV (abd(be—ed),Pf) (fo) =Xvo,pr) (fo) + Xva,p) (fo) + Xv(be—ca,pr) (fo)
6.38
= XV (bbe—cd,Pt) (f0) = XV (d,pe—cd,pr) (f0)-

Simplifying the Pfaffians in (6.38), we obtain

(6.39) XV (abd(be—cd),Pf) (o) =Xvviaf+ed) (f0) + Xv(dar—be) (f0) + Xv(afbe—ca) (f0)
6.39
= XV (bedaf)(fo) = Xv(dpe,ar) (fo)-

We shall find ways to expand the first three terms on the right of (6.39) in such a way that

the remaining terms will cancel. When combined with (6.36), this will allow us to calculate

v pe) (fo)-
For the first term, we use a “free completion” of V' (b, af+cd). Since V (b, af+cd)UV (b, ad) =
V(b,ad(af + cd)), by (6.3c), we obtain

(6.40) XV (baf+ed) (J0) = Xv (bad(af+ed)) (f0) + Xv(bad,af+ed) (f0) = Xv (b,aa)(fo)-

Since V(b,ad,af + c¢d) = V(b,a,cd) UV (b,d,af) by (6.3b) we have

(6.41) XV (badaf+ed) (f0) = XV (ba,ed)(f0) + Xv(bdar)(fo) = Xv(bad) (fo)-
Substituting (6.41) into (6.40), we obtain

(6.42) Xv (b,af+cd) (o) =XV (bad(af+ed)) (f0) + XV (b,a,ed) (fo) + Xv(v,dar)(fo)
6.42

= XV (ba,d) (fo) = Xv(b,aa)(fo)-

For the second term, we use a “free completion” of V(d,af — be). Since V(d,af — be) U
V(d,ab) = V(d,ab(af — be)), by (6.3c) we obtain

(6.43) XV (daf—be)(f0) = Xv(dabaf—be)) (f0) + XV (dabaf—be) (f0) = Xv (d,ab) (f0)-

Since V(d,ab,af — be) = V(d,a,be) UV (d,b,af), by (6.3b) we have

(6.44) XV (dabsaf—be) (o) = Xv(d,ape) (f0) + Xv(dpar) (fo) = Xv(d,ap)(fo)-
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Substituting (6.44) into (6.43), we obtain

(6.45) XV (daf—be) (f0) =Xv(d,ablaf—be)) (fo) + Xv(dape) (f0) + Xv(dp,ar)(fo)
6.45
— Xv(da,p) (o) = Xv(d.ab) (f0)-

For the third term, we use a type of “free completion” of V(af,be — cd). Since V (af,be —
cd) UV (af,bd) = V(af,bd(be — cd)), by (6.3c) we have

(6.46) XV (afpe—cd) (o) = XV (afpdbe—ca)) (fo) + XV (afpdbe—cd) (f0) = Xv(afpa)(fo)-

Although no terms in (6.46) are directly computable as singular Milnor numbers, we can easily
reduce each to singular Milnor numbers. Since V (af, bd(be —cd)) = V (af) NV (bd(be — cd)), by
(6.3a) we have

(6.47) XV (af.bd(be—cd)) (f0) = Xv(af) (o) + Xv(bd(be—cay) (f0) = Xv (abdf (be—cay) (fo)-

Note that all algebraic sets on the right side of (6.47) are free divisors. Since V(af,bd,be—cd) =
V(b,af,ed) UV (d,af,be) and V(af,bd) =V (b,af) UV (d,af), by (6.3b) we have

(6.15) XV (af bdpe—cd) (f0) =Xv baf.ed) (fo) + Xv(dafbe)(fo) = Xvv,dar) (fo)
6.48
and Xy (arpd)(f0) =XV (b,ar)(f0) + Xv(dar) (f0) = Xv(bdar) (f0)-

Substituting (6.47) and (6.48) into (6.46) gives us

XV (af be—cd) (o) = (Xv(ap) (f0) + X (bd(be—cd)) (f0) = XV (abdf (be—cay) (o))
+ (Xvv,af,ed) (fo) + Xv(dafpe) (fo) = Xvbdar)(fo))
— (Xvb,af)(fo) + Xv(a,af)(fo) = Xvibdar) (f0))
(6.49)
= Xv(af)(fo) + Xv(bd(ve—cdy) (f0) = Xv (abdf (be—cd)) (fo)
+ Xv(baf,ed) (o) T Xv(dafse) (fo) = Xvbar) (fo)

— Xv(daf)(f0)-
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Having now found ways to evaluate the first three terms on the right of (6.39), we substitute

(6.42), (6.45), and (6.49) into (6.39) and combine like terms to obtain

XV (abd(be—cd),Pf) (f0) =XV (bad(af+ed)) (fo) + Xv(baea)(fo) + 2Xv (b,d,a5)(fo)

= 2Xv (bya,d) (f0) = Xv(b,ad)(f0) + XV (d,ablaf—be)) (fo)

(6.50) + Xv(d,a,be) (f0) = Xv(d,ab) (f0) + Xv(af)(fo)
+ XV (bd(be—cd)) (f0) = Xv (abdf (be—cd)) (f0) = Xv(b,ar)(f0)
= Xv(daf)(f0)-

Applying (6.2) to (6.50), multiplying through by (—1)"~! and simplifying signs gives

(= )" 'Xv (abd(pe—ca),pr) (f0) = = v (bad(af+ed) (o) + Bv(b.aca (fo) + 20v b .aar (fo)
= 2uv (ba,d) (o) + 1V (bad) (o) = BV (d,ab(af—be)) (f0)
(6.51) + 1y (d,a,pe) (f0) + v (d,ab) (f0) + v (ap) (f0)
+ 1y (bd(be—cd)) (o) = v (abdf (be—cd)) (f0) + v (b,ap) (fo)
+ v (a,af) (fo)-
Substituting (6.51) into (6.36) gives (6.35), as desired. The holonomicity of most of the free

divisors (except for V (abd(be — cd)Pf)) follows from Theorem 6.2.2(2). O

We have not been able to check whether V (abd(be — ¢d)Pf) is H-holonomic.

6.3. The Cholesky and modified LU free divisors are H-holonomic

In this section we will show that the free divisors corresponding to the Cholesky factorization
of symmetric matrices and the modified LU factorization of n xn and n x (n+1) matrices are H-
holonomic. For each, we first classify the orbits of the underlying representation p : G — GL(V).
We identify a subgroup H of G which preserves all level sets of a function defining the free
divisor. By studying the isotropy subgroups of representatives of each non-open orbit of p, we
show that H acts transitively on all non-open orbits of p. From this it follows that our free

divisor is H-holonomic.

6.3.1. Structure of the orbits of the Cholesky factorization. Recall the representation

p: L,(C) — GL(Sym,,(C)) associated to the Cholesky factorization for symmetric matrices
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(Corollary 2.2.7). We now prove a fact, stated as Theorem 4.4.6, that any symmetric matrix
can be put in a “normal form” under this representation. Since there are a finite number of

normal forms, the representation has a finite number of orbits.

THEOREM (4.4.6). Let L,(C) act on Sym,,(C) by
L-S=LSL".

Then for any S € Sym,,(C), there is an L € L,(C) so that the columns of L - S are either zero
or a standard basis vector, so that (by symmetry) the rows and columns are either entirely zero

or have a single nonzero entry which is a 1. We will call such a matriz a “normal form” for S.

Note that if S is a normal form, then we may partition {e1,...,e,} = X UY so that
span(X) = ker(S) and span(Y’) = image(S). We use this fact several times.
First we prove two lemmas which show that certain elements of L, (C) are in the isotropy

group of certain symmetric matrices.

LEMMA 6.3.1. Suppose that the jth column of S € Sym,,(C) is zero. Then if

Ii;y 00
A= 0 X 0 ;
0 * In_

with A € C, X # 0, then ASAT = §.

PROOF. For any T € M, (C) we have (1), = eXTe;. It is easy to check that

e{ ifk<j
ek A=13 Ael ith=j
el + (A)kjeJT itk>j
and
€l ifl<y
ATer =< Ae; ifl=j

e+ (A)jlej ifl >3
Since Se; = eI'S = 0, it follows that el AS = el .S and SATe; = Se;, whence it follows that
J J k k

el ASATe; = el Se; for all k, 1. O
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LEMMA 6.3.2. Suppose that S € Sym,,(C) has Se; = e; and Sej = e;, for a pair of integers

1< j. If Ais a diagonal matriz

Iy
A
A= I i
1
by
I
with A € C, A # 0, then ASAT = S.
ProoFr. This is a straightforward calculation. O

PROOF OF THEOREM 4.4.6. The statement clearly holds for 1 x 1 matrices.
Let A be an (n —1) X (n — 1) matrix, ba 1 x (n — 1) row vector, and ¢ a scalar. Then

(6.52)
A0 Sy S AT T AS AT AS10T + ASye

b ¢ Sg S3 0 ¢ bS; AT + CSZTAT bS16T + 2¢bSs + %S5

We proceed by induction on n. Suppose that, by the induction hypothesis, S is already in
its normal form.

First consider the case where Sy lies in the image of Sy, i.e., rank (Sl 52) = rank (57).
(Note that this case includes the open orbit situation.) Let A = I. Choose by so that S; bg = 5.
Let b = —cby, with ¢ € C* to be determined, so that S;b7 = —cSy. Then S1b7 + Saoc =
—cSy + Sac = 0, guaranteeing that the upper right block of (6.52) will be zero. The lower right
block (a scalar) will be

bS1bT 4 2¢bSy + 2S5 = (—cby)S1(—cbl) + 2¢(—cby)Sa + 23
= 02(b051bg — 2bp Sy + Sg)
= (S5 — bpS1bY).

Notice that Sg — boSlbOT = 0 is equivalent to the last row being in the row span of (51 5’2),

i.e., rank (S) = rank (5’1 52).
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If S3 — bpS1b% = 0, then the lower right block of (6.52) will be zero regardless of ¢. Thus
we may choose ¢ = 1, for example. Note that the resulting matrix satisfies the criteria in the
theorem.

If S3 — bgS1bd # 0, then we may choose ¢ # 0 so that the lower right block of (6.52) will
be 1; this satisfies the criteria in the theorem.

Now consider the case where S5 is not in the image of Sy, i.e., rank (5’1 5’2> > rank (57).
Since Sy # 0, there is a least i so that e; ¢ image(S;) and elSy # 0 (the ith entry of So
is nonzero). By the induction hypothesis, e; € ker(Sy). Write So = v1 + Ae; + vo, where
vy € span{ey, -+ ,€;_1}, vy € span{e;+1, - ,en}, and A # 0. By the way we chose i, vy is in
the image of S, so there exists a b{ with SlblT =v1. Ase; € ker(51), Sl(b{ +ne;) = vy for any
n € C.

Let B be the invertible lower triangular matrix with Be; = e; for j # ¢ and Be; = Ae; + va.
Let A= B! Let b= —b; —nel, where n = 55 (—b151b7 — 2\bre; — 2bvo + S3).

Note first that the ith column of 57 is zero, so that by Lemma 6.3.1, BS;BT = S,. Since
B is in the isotropy subgroup, A must be also so that AS; AT = 5.

The upper right position of (6.52) will be
A(S1bT 4 Sac) = BTHS1(—bT —ne;) + (v1 + Aeg + v2))
= B_l(—vl —04v1 + Ae; +v32)
=B ' (\e; + )
= €;.
The lower right position of (6.52) will be
bS1bT + 2¢bSs + 2S5 = blSlb{ +2(—by — neiT)(Sl(b?‘lF +ne;) + Ae; + va) + S
= b1S1b] +2(—b1 —ne] )(S1b] + Ae; +v2) + S
= b1S1bT — 2615167 — 2Abre; — 21wy — 2nel 56T — 2pAele; — 2nel vy + Ss.
Note that e;-rei =1, eiTsl =0, e;fpvg = 0, so we may simplify this to
= b1 S1b7 — 2b1S16] — 20bre; — 2bjva — 20\ + S3

= —blslb{ — 2Xb1e; — 2bjva — 29\ + Ss.
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Finally, we have chosen 7 so that this quantity is zero.
Since the ith row and column of S7 are zero, the resulting matrix satisfies the criteria of

the theorem. O

COROLLARY 6.3.3. L,,(C) acting on Sym,,(C) has a finite number of orbits. If (ay) is given

by the recurrence relation
a1 = 2,a0 = 5, ar = 2ai—1 + (n — 1)ag_s,
then the number of orbits is less than a,.

PrROOF. We need only count the number of normal forms. The 1 x 1 and 2 X 2 case can be

easily verified by hand.

S1 Sy
Now consider the kth case, where S = is a normal form. First we count the

ST S;
forms where Sy = 0; then either S35 = 0 or S3 = 1, and each of these options gives a bijection

between the normal forms in the kK — 1 x k — 1 case and certain k x k normal forms. If Ss # 0,
then Sy = ¢; for some i € {1,--- ,k — 1} and S3 = 0. Notice that the ith row and column of
S1 must be zero. Thus eliminating rows ¢ and k and columns ¢ and k gives a bijection between
the normal forms in the £ — 2 x k — 2 case and certain k X k normal forms; but this happens

for each i, yielding the above recurrence relation. O

As a first step, we may now show that the exceptional orbit variety of p is holonomic.
COROLLARY 6.3.4. The free divisors of Theorem 4.4.5 are holonomic.

PROOF. Since this representation has a finite number of orbits (Corollary 6.3.3), the orbits
form a Whitney stratification of Sym,,(C) (see, e.g., [Dim92], p.7). Removing the open orbit
still yields a Whitney stratification of the exceptional orbit variety V', where if v € V;, a stratum

of V', then
(Derlog (V)), = d(p”)(¢)(9) = T Vi-

As a result, V is holonomic. O

6.3.2. The Cholesky free divisors are H-holonomic. We will now show that the free
divisors associated to the Cholesky factorization of symmetric matrices are H-holonomic (earlier

stated as Theorem 6.2.2(1)). Fix an n € N, and recall from Theorem 4.4.5 that the free divisor
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in Sym,,(C) is the exceptional orbit variety of p : L,,(C) — GL(Sym,,(C)), p(A)(M) = AM AT.
If S is the generic n x n symmetric matrix and g = det(S®*)), then f = [15—; gr defines this
free divisor. We will identify the subgroup of L, (C) which generates Derlog (f) and show that
this subgroup acts transitively on all non-open orbits of L,,(C).

Let Gy, be the subgroup of L, (C) consisting of matrices A where

k

(6.53) T (1], | =1
k=1

J=1

PROPOSITION 6.3.5. Gy, is a connected complex algebraic Lie subgroup of L, (C) which leaves

invariant all level sets of f.

PROOF. G, is clearly a complex algebraic Lie subgroup of L,(C). We will show that G,
is connected. Let L € G, and let Ly € G, be the diagonal matrix consisting of the diagonal
entries of L;. As (6.53) depends only on the diagonal entries, there is a path in G,, connecting
Ly to Ly. Then for j=1,...,n—1,let v; : [0,1] — C\ {0} be a curve from (L3);; to 1. Since
Ay, 5, has an exponent of 1 in (6.53), define v, : [0,1] — C\ {0} by

n k
I I[wo| =1
k=1 \j=1
Then define I": [0,1] — G, by
() 0 0
0 t 0
r(r) — Y2(t) |
0 0 Yn(t)

which gives a path from Lo to I € G,,. Thus G,, is connected.
We will now show that G,, leaves invariant all level sets of f. Notice that, for any S €

Sym,,(C) and A € L,(C),

n n n k
1(ASAT) = [T gu(ASA") = [T an($)(an(A)* = £(8) [ [T 1145 |
k=1 k=1 k=1j=1
so that G,, moves points of Sym,,(C) on level sets of f. O
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Consequently, the vector fields associated to the Lie algebra of G, annihilate f and lie in

Derlog (f).

COROLLARY 6.3.6. Let S € Sym,,(C), and let L be a lower triangular matriz as in Theorem
4.4.6 so that LSLT = N is in normal form. If S is in the exceptional orbit variety, then there
exists an invertible diagonal matriz D with (DL)S(DL)T = DLSLYDT = DNDT = N, and

DL € Gy; thus Gy, acts transitively on all non-open orbits of L,(C).

PRroOOF. First consider the case where N is diagonal. Since S is in the exceptional orbit

variety, N is not the identity so there is some e; € ker(NN); the ith column of N is zero. Let

1 ifp#1
(D)pp = )
A ifp=i

with A € C* to be determined. Then
n q n q
H H DL)yp = (A" i1 H H
g=1p=1 g=1p=1

since n — i+ 1 > 0, we may choose X\ # 0 so that this product is 1 and DL € G,. By Lemma
6.3.1, DNDT = N, proving this part of the corollary.
If N is not diagonal, then there exist nonzero entries off the main diagonal and we may find

1 < j so that Ne; = e¢; and Ne; = e;. Let

1 ifp#£iand p #j
D)y =94 X ifp=i ,
/X ifp=yj

with A € C* to be determined. Note that for ¢ < i and ¢ > j, we have ngl(DL)pp =
Hg:1(L)pp5 in the former case, A\’s do not appear, while in the latter case, the A and % cancel.

There are j — i other cases, so

n q

H H(DL)pp = ()‘)j_i H H(L)pp

g=1p=1 q=1p=1
since j — 7 > 0, we may choose A so that this product is 1 and DL € G,,. By Lemma 6.3.2,
DNDT = N, finishing the corollary. O
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PROOF OF THEOREM 6.2.2(1). Corollary 6.3.6 shows that on any non-open orbit O of
L, (C) acting on Sym,,(C), the group G,, acts transitively on O. Thus at any = € O, the span
of the vector fields associated to the Lie algebra of G, is equal to T,O. All of these vector fields

lie in Derlog (f) by Proposition 6.3.5, so that
(Derlog (f)), = T:0.

But Corollary 6.3.4 showed that O is a stratum of the Whitney stratification of V. O

6.3.3. Structure of the orbits of the modified LU factorization. We now prove a fact,
stated as Theorem 5.1.10, that any n x n or n X (n + 1) matrix can be put in a normal form
under the representation associated to the modified LU factorization (Theorems 5.1.6,5.1.7).
Since there are a finite number of normal forms (see Definition 5.1.8), there are a finite number
of orbits. This is the first step in showing that the free divisors found in Theorems 5.1.4 and
5.1.5 are H-holonomic.

We will now prove this theorem:

THEOREM (5.1.10). Let M (n,m,C) be the space of n x m complex matrices, and let G be
the subgroup of Ly, (C) x T,,,(C) consisting of all invertible lower triangular matrices and those
invertible upper triangular matrices whose first row is (1,0,---,0). Let G act on M(n,m,C)
by

(L,U)-S=LSU™
If either m = n or m = n+ 1, then for all S € M(n,m,C) there exists an element g € G so

that g - S is a normal form according to Definition 5.1.8

REMARK 6.3.7. Compute calculations suggest that the normal forms of Definition 5.1.8 are
in bijective correspondence with the orbits. We will only prove, however, that the normal forms

map surjectively to orbits.

PrROOF OF THEOREM 5.1.10. The statement is clearly true in the 1 x 1 case, where we

have

(i) (s11)(1) = (luas11),
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and the normal forms are (0) and (1). For the 1 x 2 case, the normal forms are

(0 0),(0 1),(1 0),(1 1),

and clearly any matrix can be put into one of these forms by the action of G:

1 0
(ln) (811812> = <511811 511U22312> .
0 oo

It is then enough to show that the n x n case implies the n x (n+1) case and the n x (n+1)

case implies the (n + 1) x (n + 1) case. We shall tackle these two steps in Propositions 6.3.11
and 6.3.12. O

First, we prove a few lemmas which show that certain elements of our group will lie in the

isotropy subgroup of certain points of our spaces.

LEMMA 6.3.8. Suppose the ith column of the n x m matrix S is zero. Let

I, 1 0 0
T = 0 *x * )
0 0 I,

an upper triangular m X m matriz. Then ST = S.

PRrooF. This is a straightforward calculation. O

LEMMA 6.3.9. Suppose that the jth row of the n x m matrix S is zero. Let

Ii_y 0 0
L= 0 * 0 ,
0 * In_j

a lower triangular n X n matriz. Then LS = S.

PRrROOF. This is just the transpose of Lemma 6.3.8 with different notation. O
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LEMMA 6.3.10. Suppose that the jth row and kth column of the n x m matrix S are zero,

except perhaps for (S);r. Let A € C* and let

L.y 00 Lii 00
L= 0O X 0 and U= 0 % 0 ,
0 0 Infj 0 0 Im—k

both be diagonal matrices. Then LSU = S.

Proor. LS will only multiply the jth row of S by A, while LSU will only multiply the kth
column of LS by %, so that LSU = §. O

PROPOSITION 6.3.11. When n > 2, the n xn case of Theorem 5.1.10 implies the n x (n+1)

case of Theorem 5.1.10.

PROOF. Note that

1 0 O
(6.54) (L) <511 S12 513> 0 Uh U, :<LS11 LS1U L(512U2+513U3))'
0 0 U;

Here, S11 and Si3 are n x 1 column vectors; Us is a (n — 1) x 1 column vector; Us is a scalar;
and L, Sy2, and U; are matrices with Sjo n x (n — 1), Ln xn,and Uy (n—1) x (n —1). By
our induction hypothesis, we may already assume that (Sll 512> is in its normal form.

First consider the case where Si3 € image(Si2), so S12b = S13. Let L=1,U; =1, Uy = —b,
and Us = 1. Examining (6.54) shows that the leftmost column will be S11, the middle block

will be Si2, and the rightmost column will be
L(S12Us + S13U3) = —S12b + Si3
= =513+ 513
=0.

The resulting matrix clearly satisfies Definition 5.1.8.

Next consider the case where Si3 ¢ image(S12). Let v; be a column vector with

(513)]' if €;j S image(Slg)
(v1); = :
0 otherwise
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so that v; = Sy2b for some n — 1 x 1 vector b. Since S13 ¢ image(Si2), there exists a smallest i

so that A\ = (Slg - 1)1)1' 75 0. Finally, let Vg = Slg - ‘/1 - )\ei so that
S13 = v1 + Ae; + vo.

(1) Consider the case where (S11); = 0. Let

Ii_1 O 0
T = 0 A 0 )
0 v I

a lower triangular matrix with 7'S1s = Si2 and T'S1; = S11 by Lemma 6.3.9 and
Te; = Xe; +vy. Let L =T71, so that LSy; = Si1, LS12 = S12, and L(Xe; + v2) = e;.
Let Uy = I, Uy = —b, and Us = 1. Examining (6.54) shows that the leftmost column
will be LS11 = S11, the middle block will be LS1oU; = St9, and the rightmost column
will be

L(S12Uz + S13U3) = L(—5S12b + S13)
= L(\e; + v2)
= e;.
Since the ith rows of S1; and S92 are zero, the resulting matrix is a normal form.
(2) Now consider the case where (S11); # 0, and so by the normal form, (S11); = 1. Since

the ith row of Si2 is zero, by our definition of normal form, S1; will be zero below the
ith row.

(a) If vo = 0, then let L = I, Uy = I, Uy = —3b, and Us = }. Examining (6.54)

shows that the leftmost column will be S11, the middle block will be S72, and the

rightmost column will be

1 1
L(SI2U2 + SlgUg) = ——S19b+ =513

A A
— Ly = Suob)
- 2\ 13 12
1
= X}\ez
= €;.
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Because S11 is zero below the ith row, the resulting matrix is a normal form.
(b) If v # 0, then there exists a least j > i so that (Ae; + v2); = (v2); # 0. Let

n = (v2);, and v3 = vy — ne;j, so that
Si3 = vy + Ae; + ne; + vs.

Let Uy =1, Up = —%b, Us = %, and let T" be the identity except that the ith
column should equal e; + {e; + %Ug and the jth column should equal —{e; — %Ug.
Then T is invertible, lower triangular, with 7'S12 = Si2 (analogous to Lemma
6.3.9; the ith and jth rows of Si» must be zero), T'(e; + e;) = e;, and Te; =
e + tej + %vg. Let L = T, so that LSis = S12, LS11 = S11 + €; (note that
(S11); = 0), and L(e; + Lej + fvs) = e;.

Examining (6.54) shows that the leftmost column will be LSi; = Si1 + ¢, the

middle block will be LS15U; = S12, and the rightmost column will be

1 1
L(S12Us + S13U3) = L <—/\S12b + 513/\>

1
= XL(SB — Slgb)
1
= XL(/\ei + ne; + Ug)

1
= L(e; + gej + XU3)

= €;.

In the resulting matrix S’ = ( St Sb), the ith row of (S7,]S513) will have
the rightmost 1 so that Definition 5.1.8 part 4 (the “increasing” requirement) is
met. S7; will now have a 1 in the jth row and the jth row of ( 1 13> will
equal zero, but the last nonzero entry in Sj; appears in the jth row. As a result,

S’ is a normal form.

PROPOSITION 6.3.12. . When n > 1, the n X (n+ 1) case of Theorem 5.1.10 implies the
(n+1) x (n+1) case of Theorem 5.1.10.
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PRroOOF. Note that

(6.55) Ly 0 S11 Si2 1 0 L1511 L1S512U
Ly L3 Sa1 Sao 0 U LyS11 + L3S21  L2S12U + L3S2U

where L1, S12, and U are n X n matrices, Lo and Sog are 1 X n row vectors, and Si; isan x 1
column vector, and Ls, S2;1 are scalars. By our induction hypothesis, we may already assume
that (511 512) is in its normal form.

Let v; be a 1 x n row vector with

(S22); if eJT € Rowspan(Si2)
(v1); = ,
0 otherwise

so that v; = bSio for some 1 x n row vector b. Fix i to be the smallest number so that
(522 — 1)1)1' # 0, and fix A = (SQQ — Ul)i; if Sop9 —wv1 = 0, then let ¢ = 1 and A\ = 0. Let
vg = S99 — V] — )\GZT, so that

Soo = vy + )\6? + vo.

First consider the case where there exists a j so that (S11); # 0 but the jth row of (Si2)
is zero, so that 6?512 = 0 and 6?511 = 1. Because of our definition of normal form, we must

force the lower left entry of (6.55) to be zero. Then either A =0 or A # 0.

(1) If A = 0, we also have vo = 0, and Syy = v; = bSi2, so S22 € Rowspan(Sy2). Let
Li=U=1,Ly=—-b+ (bS11 — Szl)e?, and L3 = 1. It is clear that the upper blocks
of (6.55) will be S11 and Sio, the lower left will be

LySi1 + L3Sa1 = —bS11 + (bS11 — Sa1)e] S11 + S
= —bS11 + bS11 — S21 + S21
=0,
while the lower right will be
L3S15U + L3S3U = —bS1s + (bS11 — Sa1)e; S1a2 + Saz
=—v; +0+4+ Sy
=0.

Our result will thus be a normal form.
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Let T

>l

(2) If A # 0, then let Ly = I, Ly = 5(=b+ (bS11 — Sar)el), Ly =
Ii_1 O 0
0 1 %1}2 be an upper triangular matrix. Since e; ¢ Rowspan(Si2), the ith col-
0 0 I,—;
umn of e; is zero, so that by Lemma 6.3.8, S157T = S12. Note also that eiTT = eiT—i— %vg.
If we let U = T71, then U is upper triangular, S12 = S1oU, and el = (el + %vz)U.
Examining (6.55) show that the resulting matrix will have Si; as its upper left block,

S12U = S19 as its upper right block, the lower left block will be

1
(=b+ (bS11 — Sa1)e] ) S + 521

L2511+ L3S = \

S = > =

((—=bS11 + (bS11 — S21) + S21)

I
L

and the lower right block will be

1 1
LoS19U + L3SooU = X(—b + (bS11 — Sgl)ef)slgU + XSQQU

1

= X (—b512 + (5511 — 521)0 + 522) U

= % (—01 + 522) U

:iQJ+wﬂf

= <62T + :)L\UQ> U

iy

Note that the product will be in a normal form, since the ith column of Si5 is zero.
Alternatively, we must have for all j, if (S11); # 0 then the jth row of Si2 is not zero. In
this case, we may end up with the lower left entry of (6.55) being either 0 or 1. As above, we
break into cases.
(1) First consider the case where A = 0, so that vo = 0, Seo = v; = bS12, and Sy €
Rowspan(Si2). Note that (521 522) € Rowspan (5’11 ,5'12) if and only if So1—bS11 =
0. Let Ly =U =1,

1 if So1 —bS511 =0

L3 - ’
(So1 — bS11)™t if So1 —bS11 # 0
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and Ly = —L3b. It is clear that the upper left and upper right blocks of (6.55) will be
S11 and S12. The lower left block will be

LaS11 + L3So1 = —L3bS11 + L3Sz
= L3(S21 — bS11),
either 0 or 1, and the lower right block will be
L2S12U + L3S2U = —L3bS12 + L3S22
= L3(S22 — bS12)
=0.

The result is a normal form.
Next consider the case where A # 0 and for all j =1,...,n, if e;‘-FSlg = e;‘g with k& > 1,

then (S11);1 = 0. As above, we will pay attention to Sa; — bS11. Let Ly =1,

1 if 521 — bSH =0
L3 = ’
(821 - bSll)_l if 521 - bSll 75 0
L1 0 0
and Lo = —Lgb. Furthermore, let T = 0 ALs Lsvy |, an upper triangular
0 0 I,_;

matrix; since the ith column of Si9 is zero, Lemma 6.3.8 implies that S121 = Sio.
Additionally, eiTT = L3<)\€;-T +vg). Let U = T~ so that S;o = S12U and eiT =
Liz(Ael + v9)U. Examining the blocks of (6.55) shows that the upper left block will
be S11, the upper right block will be S12U = S19, the lower left block will be

L2511 + L3S91 = —L3bS11 + L3S

= L3(S21 — bS11),
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either 0 or 1, and the lower right block will be
LoS19U + L3SoU = (*Lnglg + L3522) U
= L3 (522 — bSlg) U

= L3 (Xe] +v2) U

_ T
=e;.

Because of our hypotheses on S1; and Spo in this situation, the resulting matrix is a
normal form; we are consistent with Definition 5.1.8 part 4, the “increasing” require-
ment.

Finally, consider the case where A # 0 and there exists a j = 1,...,n and a k > ¢ with
e;*-FSlg = e;‘g and (Sn)jl # 0. In fact, 6?511 = 1. In order to satisfy the “increasing”

requirement of Definition 5.1.8, we must force the lower left block of (6.55) to be zero.

Iiq 0 0
Let Ly = I, Ly = 5 (=0+(bS11—S2)e] ),and Ly = 5. Let T= | 0 1 ef + Loy + L(bSy; — Sy,
0 0 In—;

an upper triangular matrix with S197 = Si2 (by Lemma 6.3.8) and with e;fFT =
eiT + %Ug + %(bSH — Sgl)eg = %()\eiT + v9 + (bS11 — Sgl)eg). Note that we have used
the fact that & > i to construct an upper triangular 7. Let U = T—!'. Examining
(6.55), we see that the upper left block will be S11, the upper right block will be
S12U = 519, the lower left block will be

1 1
LoS11 + L3So1 = X(_b + (bSll — 821)6?)511 + XSzl
= le + l(bS S )1 + lS
- \ 11 2 11 21 b\ 21

=0,
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and the lower right block will be

LyS19U + L3SyU = i(_b + (bS11 — 521)6?)512U + %SﬂU
= % (=bS12 + (bS11 — Sa1)e] Sia + Sa2) U
— % (Saz — bS12 + (bS11 — Sa1)ei ) U
— % (/\elr + vy + (bS11 — 521)65) U
= el

The resulting matrix is clearly a normal form.

6.3.4. The modified LU factorization free divisors are H-holonomic. We will now
prove Theorem 6.2.2, that the free divisors found in Theorems 5.1.4 and 5.1.5 are H-holonomic.
Consider the space of n x m matrices, m € {n,n+ 1}. Let S be the generic n X m matrix.
Let
fre = det(SH) and g1 = det(SHY)

fork=1,...,nand [ =1,...,m — 1. Then the free divisors from the theorems are defined by

(1) (I)

Let G C L,(C) x T,,,(C) be the group consisting of pairs (A, B) of upper triangular and
lower triangular matrices, where the first row of B is (1 0 --- 0). Recall that G acts on
M(n,m,C) by (A,B) - M = AMB™'. Define the subgroup K of G consisting of (4, B) € G
such that
n m—1 n m
(6.56) <H<<A>n->"“—"> (H((Am-)m—i) (H((BW("“—”) (H((Bm-)—(m“-“) =1
i=1 i=1 =2 =2

In the square case where m = n, (6.56) is equivalent to

Toomamasn ) (1L VO
(6.57) <i:1((A)”) ) (1212 (( B)n,) =1.
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In the non-square case where m = n + 1, (6.56) is equivalent to

n ‘ n+1 2(n—i+1)+1
o (i) i)

i=1 =2

PROPOSITION 6.3.13. K is a connected complex algebraic Lie subgroup of G which leaves

wvariant all level sets of h.

PrOOF. K is clearly a complex algebraic Lie subgroup of G. The proof that K is connected
is essentially the same as in the proof of Proposition 6.3.5, due to the fact that (6.57) can be
solved for (A)y, and (6.58) can be solved for (B),41,n+1-

Let (A, B) € G. Since

B1 B - (Bl)_l —(Bl)_lBQ(BS)_l

0 Bz 0 (B3)~!
(A, B) - S takes the form

Ly 0 S11 Sz (B1)™! —(B1) 'Ba(B3)! L1S11(B1)™t «
LQ L3 521 522 0 (Bg)fl * *

where L1, S11 and By are all k x k matrices. Thus
k k
fe(ASB™Y) = f1(S) (H(A)z‘z) <H((B)z‘z‘)1> :
i=1 i=2
Note that in the £ = 1 case we interpret the rightmost product as a 1.

Similarly we have

1 0 0 1 0 0
0 DBy DBas =10 (Ba2) ! —(Ba2) 'Bas(Bs3)™ ! |
0 0 Bss 0 0 (B33>71
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o (A, B) - S will take the form

1 0 0
Ly 0 S11 Sz Si3 . . .
0 (Ba2)™" —(Ba2)” "Ba3(Bs3)~
Ly Ls So1 Saz S .

0 (Bs3)™

L1S11 L1S12(Bag)™t

* * *

where S11 is a column vector and Ly, Si2, and Byo are k X k matrices. Therefore,

k k+1
g(ASB™Y) = g,(S) <H(A)“> (H((B)u)_1> )

i=1 =2

As a result, h(ASB™) equals
n k k m—1 k k41
(H fr(S) (H(Am) (H((Bm—l)) 9k (S) (H(A)n) ( <<B>ii>—1>>
k=1 i=1 =2 k=1 i=1 =2
n m—1 k n m—1 k m—1k+1
- ( 2o Il gk<s>) (H H<A>u~) (HH . ) ( 1w ) ( I H«Bml)
k=1 k=1 k=1i= ; k=1 i=1
n m—1 n m
= h(S) (H((A)z‘z‘)”+”> ((A)u‘)mi> (H((B)”)(MH)) (H((B)ii)(’"*“)) :

i=1 =1

k=1 i=2

Thus K moves elements of M (n,m,C) along level sets of h. O

In particular, the vector fields associated to the Lie algebra of K lie in Derlog (h).
We shall now show that K acts transitively on the non-open orbits of the exceptional orbit

variety in each of these cases.

COROLLARY 6.3.14. Let S € M(n,m,C), (m € {n,n+1}) and let (L,U) € L,(C) x T),(C)
(with the first row of U equal to (1 0o --- 0)) as in Theorem 5.1.10 so that LSU™! = N
is a normal form. If S is in the exceptional orbit variety, then there exists a pair of invertible
diagonal matrices D1, Dy with (D1L)S(DyU)™! = DiN(D3)™! = N and (D1L,D2U) € K, so

that K acts transitively on the non-open orbits of G.

PROOF. First note that the statement is correct in the n = m = 1 case. Assume, then, that

m > 1.
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Write S = (511 512) and N = (Nn N12)» where S1; and Ny are column vectors. Note
that

() (v i) (7 ) = (vma aerav),

where M is lower triangular, V' is upper triangular, and 77; is a column vector.

First consider the case where there exists an i € {1,...,m — 1} with e/ ¢ Rowspan(Ni2),

1 0
so that the ith column of Nyg is zero. Let D1 = I and Dy = , with D3 equal to the
0 Ds

identity, except with (D3); = A € C*, a number yet to be determined. From Lemma 6.3.8,
we know that N12D51 = Nig, so that DlNDg1 = N and (D;L)S(D2U)~! = N. Considering
the left-hand sides of (6.57) and (6.58) with A = DL and B = DU, it is clear that (in either
case) we will obtain a nonzero number times % raised to a nonzero exponent. We may clearly
then choose A € C* so that (6.57) or (6.58) holds so that (D1L, D2U) € G.

Otherwise, we will have ef,... el | all in Rowspan(N12), so that the n x (m — 1) matrix

S12 must have maximal rank.

(1) Suppose there exists a j € {1,...,m — 1} with (N11);1 =0, i.e., N1 has a zero row.

(a) If the jth row of Nja is zero (this is possible only in the square case, where
Nig is n x (n — 1)), then let Dy = I and let D; be the identity except with
(D1)j; = A € C*, a number yet to be determined. By Lemma 6.3.9, we know that
D1Ny; = Dy and D1 Njs = Nig, so that DiN(Dg)™! = N and (D1L)S(D2U) ! =
N. Considering the left-hand side of (6.57) with A = D;L and B = DU =U, it
is clear that we will have a nonzero number times A raised to a nonzero exponent.
We may then choose A\ € C* so that (6.57) holds, so (DL, D3U) € G.

(b) If the jth row of Njg is e%, then let Dq be the matrix which is the identity except

1 0
for (D1);; = A € C* and let Dy = , with D3 equal to the identity except
0 Ds

with (D3)gr = A, where X is yet to be determined. Note that D;Ni; = Nij by

Lemma 6.3.9 and D1 Nijo D3t = Nyp by Lemma 6.3.10. As aresult, DiND, ' = N,

so (D1L)S(D2U)~! = N. Considering the left-hand side of equations (6.57) and

(6.58) with A = DL and B = DU, we see that in either case we shall have a
1

nonzero number times A raised to a nonzero power times y raised to a nonzero

power. Since in either cases the sets of exponents do not match (one is odd, one
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is even), we will not have cancellation and may choose A € C* so that (6.57) or
(6.58) are satisfied.

(2) Finally consider the case where Nj; has all ones. Since Nj2 has maximum rank and

I
N is a normal form, the n x (m — 1) matrix Ny must be either | in them =n
0

case or [, in the m = n + 1 case. But in either case, N (and S) lie in the open orbit,

which is not considered by the Corollary.

a

PROOF OF THEOREM 6.2.2(2),(3). Corollary 6.3.14 shows that on any non-open orbit O
of G acting on M(n,m,C), m € {n,n + 1}, the group K acts transitively on O. Thus at any
x € O, the span of the vector fields associated to the Lie algebra of K is equal to 1, 0. All of

these vector fields lie in Derlog (f) by Proposition 6.3.13, so that
(Derlog (f)), = T:0.

By Theorem 5.1.10, G has a finite number of orbits. Thus O is a stratum of the Whitney

stratification of V. O
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APPENDIX A

Calculation of Lie brackets of certain vector fields

In this appendix we will calculate the Lie brackets of the vector fields involved in the free
divisor on the space of skew-symmetric matrices which we develop in §5.2.2. The bracket of two
of the linear vector fields coming from g, the Lie algebra of G as used in §5.2.2 will of course
give another linear vector field coming from g. Thus we need only calculate the brackets of the
linear vector fields with the nonlinear and the nonlinear vector fields with each other.

We will heavily use Proposition 5.2.7 with Remark 5.2.8 (the derivative of the Pfaffian of
a skew-symmetric submatrix of a generic skew-symmetric matrix) and especially the Pfaffian
identities generated by Theorem 5.2.4. The calculation is made more difficult because of the
complicated sign present in the derivative of the Pfaffian; depending on the sign, we either have

cancellation or not. Each calculation takes the following form:

(1) Break into a number of cases based on the possible orderings of variables. For example,
when calculating [1), k, 71|, where are a, b, k, and [ in relation to one another? Knowing
this will allow us to find the sign present in the derivative of the Pfaffian.

(2) For each case, we

(a) Write the bracket as a sum of terms involving derivatives of Pfaffians;

(b) Simplify the derivative of the Pfaffian, using the correct sign;
(c) Use the Pfaffian identities to simplify our expression;
)

(d) Simplify, often canceling a number of terms.

Though these calculations are simple conceptually, the execution of them is rather tedious.

REMARK A.0.1. For the calculations and results in this Appendix only, we use the “usual”
Lie bracket.
A.1. Calculation of the bracket of two nonlinear vector fields
We will now prove Proposition 5.2.14, restated here in terms of the usual Lie bracket.

PROPOSITION (5.2.14). Let a,b € {1,2} and choose k and 1 so that a < k <mn, b <l <n,

and k <1. Then
1
[Naks Mo,1) = 5(5a,b +l—-k—-1)S{a,...,k}) m,.



For this section it will be useful to let a(z) = S({a---k,z}A{1}) when z ¢ {a,...,k}, and
B, x,y) = S(({b,-- 1 U{z, y})A{1}).

PROOF. If ey =3_,, qu%pq and Mo =30 Ipage 836 , then we can write their bracket in

the form

8g 0 fpq 0
[Nak> Mo1) = fii =2 | — Gij —
2o 12 g 2955, | | g

p<q i<j i<j
We will consider the coefficient of %pq, and break it into the difference of two quantities, as
indicated by the parentheses.
Calculation of the first component. Consider

(A1) > gy s

Ois
i<j Y

We must have [ < p in order for g, , to be nonzero. Thus if p <1, (A.1) is zero. Assume now
that p > [, so that k <! < p < ¢q. Note that f;; is only nonzero when i > k. As a result, (A.1)

is equal to

05(b---lpg)
O0xij

(A.2) > Sla---kij)

k<i<j
To simplify (A.2), we must break the sum into pieces, each consisting of all summands of a

particular type. Observe that under the given hypotheses, b < k.

(1) When {4,5} € {b---lpq}, then the variable z;; does not appear in S(b---Ipgq), so that
the derivative (and each term) is zero.
(2) When {i,5} C {b---1}, then notice that the only nonzero terms will be where k < i <

j <. By applying Proposition 5.2.7, we can see that the sum of all terms of this type

equals
Z S(a---kij)M
- 831@'
k<i<j<l
= S S(a-kig)(~1)-EDHIC-DLG(G G S pg)
k<i<j<l
= Z (=) S (a- - kif)S(b---i---]---Ipq).
k<i<j<l
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By Lemma A.1.1, this is equal to
(1= da) (=1)*"a(p)B(b, b, q) + (~=1)* " a(q) B(b, 0, p))
(l—k+dp—2)S(a---k)S(Ob---lpg) + S(a---kpqg)S(b---1).

(3) When i € {b---1} and j = p, then k < ¢ <, j = p. Using Proposition 5.2.7, we can

see that this portion of the sum can be written as:

— Z S(Q...kip)M

k<i<l Oxip
Z S(a---kip)(—1)0~b=DFU=C=D+D+1g(p. 5. .. 1q)
k<i<l
= ) (-1)"'S(a- - kip)S(b---i---lq).
k<i<l

Applying Lemma A.1.3 shows that this is equal to

(=11 = 6ap)(p) B(b, b, q) + S(a - k)S(b-- - Ipg) — S(a-- - kpg)S(b---1).

(4) When i € {b---1} and j = ¢, then k < i <, j = q. Using Proposition 5.2.7, we can

see that this portion of the sum can be written as:

= Z S(au-kiq)M

k<i<l Oziq
Z S(a- - kig)( )(i (b=1))+(—(b— 1)+2)+1S<b_.f_“lp)
k<i<l
- Z (=) S(a- - kig)S(b---i---lp).
k<i<l

Applying Lemma A.1.4 shows that this is equal to

(—1)F(1 = Gap)(q) B(b, b, p) — S(a- - kpg)S(b---1) + S(a---k)S(b---Ipq).

(5) When ¢ = p and j = ¢, then there is exactly one term which appears:

dS(b---1lpq)

= S(a---kpq)(—1)-O=DFDHI=b-D+2)+1g(p .. .)
0xpq

S(a---kpq)

= S(a--kpq)S(b---1).
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Finally, we combine each of these cases: (A.1) is equal to the sum of cases (1)-(5). Thus

(A.1) is equal to
=(1 = 8) (=1 a(p)B(b,b, ) + (~ 1)+ a(g)5(b,b,p))
—l—%(l—k—i—dab—3)S(a---/~c)S(b---lpq)
+S(a--kpg)S(b---1) + (1)1 = 64)a(p) B(b, b, q) + S(a--- k)S(b- - Ipg)
—S(a--kpg)S(b---1) + (=) (1 = dap)x(q) B(b, b, p) — S(a-- - kpg)S(b---1)
- +S(a--k)S(b---Ipg) + S(a- - kpg)S(b-- 1)
=(1 = ) (=) a(p) 80,5, @) + (—1)a(g) B(b,b,p) + (~1)a(p)A(b,b.q)
+ (=) a(q)8(b, b,p)) - % (1—k+3up—3+4)S(a---k)S(b---Ipq)

1
zi(l—k+5ab+1)S(a---k)5(b---lpq)

Calculation of the second component. The second component of the coefficient of awipq is

.‘aqu
Z gw 821?1'3' .

i<j

When p < k, we have f,; = 0, so that the second component is zero. Thus assume that p > k.

The only g;;’s which are nonzero occur when [ < 7, so the sum above is equal to

) .aqu
Z gl] al'ij '

I<i<j<n

Substituting the coefficients gives

S 51220 k)
— O0w;j
I<i<j<n

For all of the summands, k < | < i < j so that the only way i,j € {a,--- ,k,p,q} is if i = p,
j = q. As we are only interested in the terms appearing in the sum, we must have [ < i = p.
Thus if p < I, the second component will be zero. Assume then that [ < p. Then the sum of

interest will only have one nonzero term, and applying Proposition 5.2.7 will give
(A.4) Sb---Ipg)(—1)F= (e DD+ b=+ g(q ... k) = S(b-- - Ipg)S(a-- - k).

Conclusion. We must now combine the two components to calculate the coefficient of a%pq.
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If p <, then the first and the second components are zero, so the coefficient of %pq is zero.

If p > [, then the coefficient of %pq will be the difference of (A.3) and (A.4), i.e.,

%(z et bup + 1)S(a- - k)S(b--Ipg) — S(b- - Ipg)S(a- - )
:%(z—kwab— 1)Sa--k)S(--- Ipg).
Thus
oo = 50—+ b= DS(a- k) 3 S(b--lpa) 5
l<p<q<n pq
= %(l — k46w —1)S(a---k) my,
as desired. O

LEmMMA A.1.1. If {a,b} = {1,2}, k <l < p < q, and #{a,--- ,k}, #{b,--- ,1} are even
then

Z (1)1 S(a- - kif)S(b---i------Ipq)
k<i<j<l

=(1 = 8w) (=1 a(@)B(b,b, )+ (~1)**1a()5(b,b,p))

+-(l—k+0mp—3)S(a---k)Sb---lpg) + S(a---kpg)SD---1).

N | =

PROOF. Notice that if we replace the requirement that ¢ < j with the requirement that

1 # j we will obtain two copies of every term in the sum. Thus we can rewrite the sum as

(A5) % Z(_l)i+1 Z (—1)jS({CL,'-',k,i,j})S({b,"',’Z,"‘,j,'“,l,p,q}).

k<i<l k<j<l,ji

We will apply the Dress-Wenzel identity to the inside sum. Applying Theorem 5.2.4 with
L={a---ki}, Io={b---i---Ipq}, we have LA, = {k+1,---,1,p,q} (U{1} if a # b), so that

(1= dw)a(@)B(i,pa)+ Y (=17 7"S(a-- kij)S(b---i---j-- Ipq)
k<j<l,j#i

(A.6) (1) FS(a- - k)S(b- - Ipg) + (1) F LS (- kip)S(b---i---1q)

+ (_1)l—k+25(a .. kiq)S(b~ R S lp) =0.
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Multiplying (A.6) through by (—1)¥, solving for the second term, and substituting in (A.5)

shows that our sum of interest equals

% > ()T (1= 0)a(i)BG, pra) + (~1) 7" S(a- - K)S(b- - Ipg)
(A.7) k<i<l

+ (=) S kip)S(b---i---lg) + (1) F2S(a- - kig)S(b-- i ~lp)>.

Note that after distributing signs, the S(a---k)S(b---Ilpq) term of (A.7) has no ¢ dependence.

Thus we may rewrite (A.7) as

S0 R)S(a RS- 1pg) + 51— ba) 3 (<1 ali)50.p.0)

k<i<l
(A.8) 4+ = Z 1+l+15 - kip)S(b-- .;...lq)
k<z<l
+ = Z D*S(a---kig)SOb---1---1p).
k<z<l

Note that the first sum of (A.8) takes the form handled by Lemma A.1.2, the second sum takes
the negative of the form handled by Lemma A.1.3, and the third sum takes the negative of the
form handled by Lemma A.1.4. Applying these Lemmas to (A.8) and simplifying, we find that

our sum of interest equals

(1= 8w) (=1 a(p)B(b, b, ) + (~1)* 1T a(q) (b, b,p)
1

(1= Fs+ 60— 3) Sa -+ K)S(b-+1pa) + S(a- - kp)S(b- 1),

[\ \

as desired. O

LEmMMA A.1.2. If {a,b} = {1,2}, k <l < p <gq, and #{a,--- ,k}, #{b,--- ,l} are even
then

> (1)t a(i)B(i,p,q) = — S(a---k)S(b---Ipg) + (—1)" Fa(p) B(b, b, )

k<i<l
+ (1) a(q)B(b, b, p).

PROOF. If a = 1, b = 2, then we are interested in

(A.9) > (1)HFS(2 - ki)S(L- i - Ipg).

k<i<l
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If we apply Theorem 5.2.4 with Iy = {2,--- ,k}, Ir = {1,---,l,p,q}, then [[AI, = {1,k +
1,---,1,p,q}, so we obtain the identity

A~

(=1)°S(1---k)S(2---Ipq) + Z (-1)"*5(2-- - ki)S(---i---1pq)
(A.10) h<isl

+ (=) RS2 kp)S(1---g) 4+ (—1) 282 kg)S(1---Ip) = 0.

Multiplying (A.10) through by (—1)% = 1 and solving for the sum shows that the sum in (A.9)

equals
(—1)2+ (5(1 < k)S(2- - Ipg)+(=1)"FS(2- - kp)S(1- - - 1g)
+ (=)' TF2S(2- k) S(1---1p)),

which also equals the desired quantity.

If a =2, b =1, then we are interested in
(A.11) S (-D)FS(L - ki)S(2---i- - Ipg).
k<i<l

If we apply Theorem 5.2.4 with Iy = {1,--- |k}, I = {2,--- ,l,p,q}, then [ AL, = {1,k +
1,---,1,p,q}, so we obtain the identity

A~

(=1)°S(2---k)S(1---Ipq) + Z (=1 kS ki)S(2---1---Ipq)
(A.12) h<ist

+ (=)!FLS( - kp)S(2---lg) + (D)8 kq)S(2- - - Ip) = 0.

Multiplying (A.12) through by (—1)2* = 1 and solving for the sum shows that the sum in (A.11)

equals
(1PH (S RS- ) +(~1) 1S (1 kp)S(2- -+ g)
+ (=1 TS kg)S (2 lp)),

which also equals the desired quantity. O

LEMMA A.1.3. Ifa,be{1,2}, k<l <p<gq, and #{a,--- ,k}, #{b,--- ,1} are even then

> (=) (@ kip)S(b---i---lg) =(=1)F (1 = 6ap) () B(D, b, q)

k<i<l

+S(a---k)S®b---lpg) — S(a---kpg)S(b---1).
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PRrROOF. Applying Theorem 5.2.4 with Iy = {a---kp}, Io = {b---lq}, so that [[Al, =
{k + ]-a e )lapa q} (U{l} if a 7& b)’ giVGS

(1= 0ap)(p)B(b, b, ) + Y (=1)"*S(a---kip)S(b---i---1q)

k<i<l

+ (=118 @@ k)S(b- - - lpg) + (—1)F2S(a- - kpg)S(b---1) = 0.

Multiplying by (—1)**! and solving for the sum proves the lemma. O

LEMMA A.14. Ifa,be{1,2}, k<l<p<gq, and #{a,--- ,k}, #{b,--- ,1} are even then

> (=D)HHS(a- - kig)S(b- i+ Ip) =(—1)F(1 = bap) (@) B(D, b, p)

k<i<l

—S(a---kpg)S---1)+ S(a---k)Sb---Ipq).

PRrOOF. Applying Theorem 5.2.4 with I} = {a---kq}, I = {b---Ip}, so that [[Al, =
{k +1,-- 7lapa Q} (U{l} if a 7é b)a gives

(1= dap)aqB(b,b,p) + > (—1)"*S(a-- kig)S(b-+-i---Ip)
k<i<l

+ (=) S(a- - kpg)S(b---1) + (=) F2S(a-- - k)S(b---Ipg) = 0.

Multiplying by (—1)*++1 and solving for the sum proves the lemma. O

A.2. Calculation of the bracket of linear and nonlinear vector fields

For the free divisor of interest we use a selection of linear vector fields coming from a Lie
algebra g. The structure of g indicates that if {g,, is a linear vector field with a # k and
Eq.) € g, then k > 3. Since b € {1,2}, we know that b < k. In the following proposition, we
have chosen the hypotheses so that we calculate the Lie bracket between all of the linear and
nonlinear vector fields of interest. Outside of the hypotheses of the Proposition, the result of
the Lie bracket can be quite complicated.

We will now prove Proposition 5.2.13, restated here in terms of the usual Lie bracket.

PROPOSITION (5.2.13). Let 1 <k <a<mn,be{l,2}, andb<l<n. Ifk <a, also require

that b < k. Then

my ifk=aandac{b,... 1}
(B0 o] =
0 otherwise
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ProOOF. If #{b,...,1} is odd, then n,; = 0 and the statement is clearly correct. Thus
assume #{b,...,l} is even. By Proposition 4.2.6 and Remark 4.3.10,

EBok -
i<k k<i<a a

and

sz—zs -+ Ipq) 8.

ox
I<p<q pq

By expanding [f Ea,kvnb,l] linearly, we find that

Eouma =D > [ﬂfzk 'lpr)af

0 0
}‘ 2 2 [”""“axm’“b“‘lpq)axm

i<k l<p<q rq k<i<al<p<q
0
3 Y [ous (o).
a<t l<p<q Tai pe

Evaluating the individual lie brackets into a difference of two terms and regrouping, we obtain

! 0501 Ipg)) 0
Eamal = D <lek . pa) _ S 9S(b---lpg) Y a pq ) e

I<p<qg \i<k k<i<a a<i
O, 3} 01 d
- (Zax S(b“-lz%J)axw— Z D S(b'“lpq)axm
l<p<q \i<k P4 k<i<a = P4
+Zaxm5(b' pg) 5 m)
a<t

It is easy to see in the second collection of terms that the ax““ -type terms will be zero unless p
and ¢ have specific values; in particular, one of them must equal k. Because the outside sum
is over | < p < ¢, the only nonzero terms will occur when [ < k. Let If(I < k) be a symbol
which is 1 when [ < k and 0 otherwise. By introducing this symbol, we may simplify the second

collection of terms, pretending that | < k:

(A.13)
[gEa,k/’?b,l] =
-lpa) dS(b---Ipg) aS(b---lpg) | &
DN I DL L T
I<p<q \b<i<k 8xw k<i<a 0Tiq P Oy 8qu
0
+If( < k) ( > =S + > S(b--- ki) ki 6%)'
I<i<k k<i<a
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Let us call the two collections of terms in (A.13) the “left” component and the “right”
component of the Lie bracket.

We now break the calculation of the Lie bracket into a number of cases, depending on the
relative values of a, b, k, and [.

First consider the case where a < b, so £k < a < b < [. Since a will never appear in
{b---Ipq}, all of the derivatives of the left component are zero. The right component is zero
because | £ k, making the Lie bracket zero. Since the statement is proven when a < b, assume
for the remainder of the proof that b < a.

Since k < a, we either have k =a or k < a.

(1) Consider the case where k = a, so we have b < k = a. Then the left component of

(A.13) will have no middle term. We now break into cases, depending on where [ lies

in relation to b and k = a.

(a) If @ < I, then we have b < k = a < [. Since | £ k, we need only worry about
the left component of (A.13). We are now in a specific-enough case to simplify
the derivatives in (A.13). Breaking the second inside sum into the three nonzero
pieces (i € {b---Ipq} in order for the derivative to be nonzero), and then applying

Proposition 5.2.7, we obtain

(€8, 10.1]

= Z Z xiki&é‘(b- -u-llpq) +Zﬂcm’ 85(2”.@(]) 0

I<p<q \b<i<k Oz a<i Lai Opq
9S(b---lpq) dS(b---lpq) dS(b---lpq)
-2 ( b Vh ey L TR
I<p<q \b<i<k a<i<l

9S(b---Ilpq) \ 0
0% qq

= Z (_1)k+1< Z (1) 2 Sb--i-k--Ipqg) + Z (=1)iziS(b-- ki lpq)

I<p<q b<i<k a<i<l
0

0T pq

~

+ (=), S(b- k- lg) + (=) g S(b- - k- - lp)>

We may now apply Lemma A.2.1 to simplify each term of the sum, obtaining

rumi] = Y (0 (200 10)) 5 =

I<p<q
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(b) If @ > [, then we have b < [ < k = a. We first consider the left component of
(A.13) by remembering that the inside middle sum is an empty sum, noting that
the only way k € {b---Ipq} is if p = k or ¢ = k, and accordingly breaking the

outside sum into these two possibilities:

Left = Z Z Tin arwlp@ Z - 8 lpq +Z lpq) 0

- O0xpq
l<p<qg \b<i<k k<i<a a<i

—Z Z xzk axmlkq +Zm axmle) 0

k<q \b<i<k a<i al‘kq
-~ Ipk) - Ipk) )
+ Z Z xlk +Z k’L .
I<p<k \b<i<k amla a<i axaz al'pk

We now break the first internal sums into two components, noting that in the
resulting expression the top middle and bottom right sums will be zero, the top
right sum will be nonzero only when ¢ = ¢, and the bottom middle sum will be

nonzero only when ¢ = p:

Left:Z Z xlk axwlkq + Z

k<q \b<i<l I<i<k a<i

+ Z Z $ik85 lpk + Z JJzk lpk —I—chkz lpk) g

I<p<k \b<i<l I<i<k a<i

oS(b---lk oS(b---lk 0
= Z azikM—f—O—F:qu ( 2)

k<q \b<i<l Oia Oaq g
-lpk o0S(b---Ilpk 0

3 (St 250 )

l<p<k \b<i<l Tia Tpa Lk

We may now apply Proposition 5.2.7 to simplify the derivatives, obtaining

) . 0
_ l [ : 1\l .
Left _E :(_1) E ( (=1)'mixgS(b---i---1g) + (1) apgS(b-- 1) Drng
k<q b<i<l
) R 0
_1)+1 1), _ 1)1
+ g (—1) g (=)' S(Ob---1---Ip) + (=1)" " appS(b---1) .
I<p<k b<i<l
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Apply Lemma A.2.1 with x = p = k for the first set of terms and with z = ¢ =k

for the second set of terms, to obtain

Left = (~1) (—(—1)l+15(b- . qu)) 88

A
k<q kq

Y D (1) k)

ox
I<p<k Pk

0
=Y S(b---lkq) aqu+ > S(b---Ipk) -

k<q I<p<k
The right component of the Lie bracket can be simplified by noting that the

middle inner sum is an empty sum:

Rightz(Z —S(b---lik) (993 + > S(b--- ki) 8$ +) S llﬂ')aj)

I<i<k k<i<a a<i

= > -s®

I<p<k a<q

< lkq)

044

Since a = k, the Right component is just the negative of the Left component, so
that the Lie bracket is zero, as expected.
(2) Consider the case where k < a, so that we have b < k < a. We now break into cases,
depending on where [ lies in relation to b, k, and a.
(a) If | > a, then we have b < k < a <. Since | £ k, the Right component of the
bracket is zero. We may take (A.13) and break the third inside sum into three

pieces which constitute all of the nonzero terms: either a < i <[, i =p, ori=q.

[fEa,kanb,l]

aS(b---1 9S(b--1 1 0
-y Z i (8% pq) > 98(b---lpq) Y pq) T

k<i<a a<t

0S(b---1 -1 -1
_ Z ( Z S AR V) 8%(1 Pq) Z $Im Pq) i Z arm Pq)

k<i<a a<i<l
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We may then apply Proposition 5.2.7 to simplify the derivatives, obtaining

[€E, 0 mw.1]

= Z (_1)a+1< Z (=1 x,S(b---1---a---Ipq) + Z (=) i Sb---i---a---Ipq)

I<p<q b<i<k k<i<a
a<'L<l
+ (=) 2, Sb---a---Ip) 9
e 0pg

Applying Lemma A.2.2, we see that each summand is zero and therefore the Lie
bracket is zero.

(b) If | < a and | > k, then we have b < k < | < a. Since | £ k, the Right
component of the Lie bracket is zero. Breaking up the second internal sum of the

Left component of (A.13), we see that

€8, .1
_ - 0S5(b---lpq) 08 lpq ZPQ) 9
B Z Z ik 8xia a Z i + Z 8qu
l<p<q \b<i<k k<i<a a<i
B 9S(b- - Ipg) 95(b- - Ipg) 95(b- - Ipg)
B Z < Z ik 0%iq a Z Thi 0%iq a Z hi 0%iq
I<p<qg \b<i<k k<i<l I<i<a
dS(b---lpq)\ 0
+ Z ki 0% i O0xpq
a<t
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Since a > [, the only way a € {b--

be zero otherwise. Thus we may break up our sum into

-lpg} is if p = a or ¢ = a; the derivative will

[€E, 0 b.1]
-laq) - lag) -+ laq)
_Z < mZsza Z xkl 8x2a Z xkz axza
a<q \b<i<k k<i<l I<i<a
laq) 0
+ Zl’]ﬂ ) 81‘
a<i aq
~+lpa) dS(b---lpa) 0S(b---lpa)
+z<zm boolpe) g, 980 050
l<p<a \b<i<k a k<i<l ta I<i<a v
lpa) 0
a<i pa

Note that the third top sum (and the fourth bottom sum) will vanish as ¢ ¢

{b---lag}. Also see that the only nonzero summand of the fourth top sum will

occur when ¢ = ¢, while the only nonzero summand of the third bottom sum will

occur when ¢ = p. Thus,

[éEa,k 7nb,l]
-lag) ~-la 0S(b---la 0
-3 2, 250 lag) Bx q) S .2 b 9) + kg (BI q) -
a<q \b<i<k e k<i<l L aq aq
-~ lpa) -~ lpa) 0S(b---lpa) 0
+ Z Z %k (%cm Z xkz o Lkp O pa D’
I<p<a \b<i<k k<i<l
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Now using Proposition 5.2.7 to simplify the derivatives, we obtain

B, .
:Z(_Dl( S (—DapSO-cioclg)+ > (1) agS(b- i lg)
a<q b<i<k k<i<l
+ (1) g S(b- - z>> aj

+ ) (—1>l+1< > wip(=1)SO- i Ip)+ Y (1) g S(be- i Ip)

I<p<a b<i<k k<i<l

0

0 pq

+ (=12, S(b- - l))

Now apply Lemma A.2.3 with = ¢ to the top line and Lemma A.2.4 with x = p
to the bottom line to see that each summand is zero. Thus the Lie bracket is zero.
(c¢) If Il < a and I < k, then since | > b we must have b < | < k < a. We shall first
simplify the Left component of the bracket. Since a ¢ {b,---,l}, the only way
one of the derivatives can be nonzero is if p = a or ¢ = a; we break our sum into

these situations, as well as breaking the first internal sum into two pieces

Left = Z Z ik aﬂfzalpCJ) Z Tk a lpq +Z 8$azlpq> aqu

l<p<q \b<i<k k<i<a a<t
- Ipq) --Ipq) 9S(b---Ipq)
Z ( Z xzk 81"1(1 * Z 81‘1(1 Z i axia
l<p<qg \b<i<l I<i<k k<i<a
lpg) | 0
* Z kaz &vm 0z pq
a<i
0S(b---laq) 0S(b---laq) -+ laq)
Z ( Z kaTm + Z xszm Z xkz 8xm
a< b<i<l I<i<k k<i<a
~-laq) \ 0
+ Z xkl axm ) 0% qq
a<i
-+ Ipa) -+ Ipa) -lpa)
"2 ( 3 g 3 P 3 P
I<p<a \b<i<l I<i<k k<i<a
o ]“ 895@1 Dpa
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We would like to know where p is in relation to k, so we split the second sum into

three pieces, where p < k, p =k, and p > k.

Left =3 ( 3 2, 250 lag) | 3 2, 23 laq)

a<q \ b<i<l O%ia I<i<k O%ia
-laq) la 0
-y 0y, 250 lag) q) +le q))@gg
k<i<a a<t aq
-~ lpa) -lpa)
+z(zm LN SRS
I<p<k \b<i<l v I<i<k ra
-lpa) -Ipa 0
_ Z xlﬂ p +Z$m p >>ax
k<i<a a<t pa
0S(b---lka) dS(b---lka)
> 2y 250 ka) P
( b<i<l Oia I<i<k Oia
-lka) lka 0
LY g P8Otk | S >)8m
k<i<a a<t ka
lpa lpa)
s ( S o T
k<p<a \b<i<l I<i<k
-lpa) -Ipa 0
— Z x;“ P —i-z.l‘]ﬂ P >>8.%' .
k<i<a a<t pa

On the first pair of rows, the second and third sums will be zero as i ¢ {b---lag},
while the fourth sum will only be nonzero when ¢ = q. On the second pair of rows,
the third and fourth sums will be zero, while the second term will be nonzero only
when ¢ = p. On the third pair of rows, the second, third, and fourth terms will

vanish. On the fourth pair of rows, the second and fourth terms will be zero,
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while the third term will be nonzero only when ¢ = p. Thus

ox ox
a<q \b<i<l aq aq

ox
I<p<k \b<i<l pa

+ Z (Z Tik——Ffx lpa) +xpk68(l(;;v--lpa)) 0

n Z %k - lka) 0

b<i<l 8xw Opq
-~ lpa) dS(b---lpa) 0
+ Z (Z TR o, (9:62[1 ~ ke DZpq OTpa
k<p<a \b<:i<l

We may now apply Proposition 5.2.7 to simplify the derivative of each term,

obtaining

4 \ )
Left = > (1" | Y (—=1)'zxS(b---i---1q) + (—1) argS(b---1) o
a<q b<i<l aq
+ ) DD () S i p) + (1) T S (b 1) 86
I<p<k b<i<l Lpa
+ (DY (D) g S (b i 1) 0
- ! OTpq
b<i<l
+ Z (_1>l+1 Z (—l)ixikS(b”-%'“lp) _ (_1)l+1$kps(b...l> 88 .
k<p<a b<i<l Lpa

Now use Lemma A.2.4 with £ = ¢ on the first line, Lemma A.2.5 with x = p on
the second line, Lemma A.2.6 on the third line, and Lemma A.2.4 with x = p on
the fourth line, to obtain

Left = S(b---lkq) S(b b---lk .
S st tha g2+ Y o

a<q I<p<k k<p<a

Examining the Right component
Right = > —S(b - 1kq) 0 ,

0%qq
I<p<k k<p<a a<q
we find that Left = —Right, so the Lie bracket is zero. U
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LEMMA A.2.1. Let b <1 < p < q, and choose x so that x € {b---1,p,q}. Then

> CUUS(({b- g} \ {eh) AL S({z}A L))

b<i<l
+ (1) (8upS(b- - Ipg) + (1= 65p)S({b-- - 1g} \ {z})S({wp}))
+ (=1)" (62¢S(b- - - Ipg) + (1 = 02g) S({b-- - Ip} \ {z})S({zq})) = 0.

PrOOF. Use I1 = {b---Ipg}\{z} and Iy = {x} in Theorem 5.2.4. Then 1AI, = {b---Ipq},

b

and multiplying the resulting identity by (—1)*~! gives the result. O

LEMMA A.2.2. Letb<l<p<gq, and let k,a € {b---1} with k < a. Then

> (—1)'S(-vi--a- - lpg)S(ik) + Z (=1)*S(b---i---a---1pg)S(ki)

+ Z (=1)iS(b---a---1---Ipg)S(ki) + (—1)*LS(b---a---1q)S(kp)

ProoF. Use I} = {b---a---lpg} and Iy = {k} in Theorem 5.2.4. Then the symmetric

difference I1AIy = {b- - ke a--- Ipg}, and multiplying the resulting identity by (—1)*~! gives

the result. O

LEMMA A.2.3. Letb<l<uz, and let k € {b---1}. Then
S (=18 1z)S(ik) + Y (1)TS (b i 1x) S (ki)
b<i<k k<i<l

+ (=1)'S(b---1)S(kx) = 0.

PROOF. Use I} = {b---lz} and I, = {k} in Theorem 5.2.4. Then [[ALy = {b---k---lz},

b

and multiplying the resulting identity by (—1)*~! gives the result. O

LEMMA A24. Letb <l <z, and letl < k < x. Then
> (=1)iS(b-- i 1) S(ik) + (~1)FS(b- - - Thz) + (—1)'S(b- - 1)S (k) = 0.
b<i<l
ProOOF. Use I} = {b---lz} and Iy = {k} in Theorem 5.2.4. Then I;Al, = {b---lkz}, and

b—1

multiplying the resulting identity by (—1)"~" gives the result. O
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LEMMA A.2.5. Let b <l <z, and let x < k. Then

> (=1)iS(b-- i 12)S(ik) + (~1)FS(b- - 1)S(wk) + (—1)'S(b- - lak) = 0.

b<i<l
ProoOF. Use I} = {b---lz} and Iy = {k} in Theorem 5.2.4. Then I;Al, = {b---lzk}, and
b—1

multiplying the resulting identity by (—1)°~" gives the result. O

LEMMA A.26. Let b<l < k. Then

> (=1)IS(b---i- - 1k)S(ik) = 0.
b<i<l

PRrOOF. Use I} = {b---lk} and Iy = {k} in Theorem 5.2.4. Then I;Aly, = {b---1}, and

multiplying the resulting identity by (—1)*~! gives the result. O
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