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ABSTRACT

Bevin Laurel Maultsby: The Geometry of Radial States in Nonlinear
Elliptic Problems
(Under the direction of Christopher K.R.T. Jones)

In this dissertation we present a geometric approach to the study of nonlinear elliptic
problems. In particular, we analyze radial solutions using techniques from dynamical systems.
These techniques include a thorough study of the invariant manifolds that arise from the
union of the solutions to the elliptic PDE in phase space, as well as computations involving
two vector fields which are tangent to the invariant manifolds.

In Chapter 3, we consider radially symmetric positive solutions to A,u + f(u) = 0 on
a ball centered at the origin in R™. The union of all radially symmetric solutions to this
quasilinear elliptic equation forms an invariant manifold. We use two integral expressions
that arise from vector fields on the manifold to show that for a certain class of f, there can
be at most one such solution satisfying A,u + f(u) = 0 on a ball with Dirichlet boundary
conditions.

In Chapter 4, we make a powerful connection between the Morse index of the operator
L.g = Ag+ f'(u)g linearized at a solution u of Au+ f(u) = 0 and a component of a tangent
vector along the solution trajectory of u in phase space. We use this connection to give
geometric proofs of the Morse indices of radial sign-changing solutions to Au+ f(u) =0 on a

ball in R™ with Dirichlet boundary conditions.
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CHAPTER 1: INTRODUCTION

1.1 Overview

The goal of this dissertation is to study nonlinear elliptic PDEs by using techniques
from geometric dynamical systems. Of particular interest is the p-Laplacian operator A,
which may be singular or nondegenerate and which arises as an Euler-Lagrange equation to a
Dirichlet integral.

In the 1980’s, a great deal was discovered about positive solutions to semilinear elliptic
equations of the form Au + f(u) = 0 on a selected domain with appropriate boundary
conditions; we will focus on a ball of radius |x| = R centered at the origin with Dirichlet
boundary conditions. Kwong [22] proved that positive radial solutions of such an elliptic
PDE on this domain were unique provided f(u) was of a certain “superlinear” form; his
results were extended by McLeod [25] to different f(u). In Clemons’ 1990 dissertation under
Jones, he constructed a geometric argument for uniqueness of positive solutions satisfying
Au + f(u) = 0 on this domain by studying the invariant manifold created by the relevant
radial solutions; see [7].

Our starting goal was to show uniqueness of sign-changing solutions to Au + f(u) =0
on a ball with Dirichlet boundary conditions. The question was: if u has k zeros on m,
is it necessarily unique (perhaps with a small radius R)? In pursuit of this question, we
supplemented the vector field that was used by Clemons and Jones [7] to show uniqueness
in the case £ = 1 in with another vector field whose geometry can be tracked as u changes
signs and |x| — R. Although the original question remains open, we were able to provide
results on the Morse index of a sign-changing solution to Au + f(u) = 0. This material is the
subject of Chapter 4.

If the Laplacian is the quintessential linear second-order elliptic operator, then the p-



Laplacian is its quasilinear counterpart. The p-Laplace equation A, u+ f(u) = 0 is challenging
as the p-Laplacian is non-uniformly elliptic if p # 2 and singular if p € (1,2). Using two
vector fields along solutions to A,u + f(u) = 0 in the ball Bg(0), we prove that a positive
radial solution satisfying a Dirichlet boundary condition must be unique. Most of Chapter 3
is dedicated to this proof.

In the rest of this introductory chapter, we provide the necessary background information
to understand key concepts from dynamical systems and elliptic partial differential equations
that will be used in subsequent chapters. The introduction concludes with a summary of

Chapters 2-4.
1.2 Dynamical systems

Let us begin with a basic definition of a dynamical system, the flow it generates, and

interesting structures that may arise; much of this material follows [33].
1.2.1 Basic definitions

Definition 1.2.1. A dynamical system is a smooth manifold (called the phase space) U
endowed with a family of smooth functions ®(x,t) : Q@ C U x I — U, where I C R. Setting

dy(x) = P(x,t), the &, satisfy
o Oy(x) =x, for all x € U, and
o &, 0P (x) = Dy 4(x), if both sides are defined.

The group of functions ®,(x) is called a flow on U, and it evolves each point in U by time
t € I. Generally speaking, a dynamical system is a space U together with a rule for how
points in that space evolve. This rule generates a vector field F' : U C R” — R" in phase

space; for an autonomous dynamical system, the vector field is often written

x = F(x), (1.1)

for all x € U. The vector field, in turn, generates a flow if F' is locally Lipschitz. A point



p € U is a critical point (or fized point) of (1.1) if F(p) = 0. Consequently ®(p,t) = p for

any t € I.
1.2.2 Invariant manifolds

Invariant manifolds are special types of invariant sets for (1.1). While they may arise in
relation to, say, a periodic orbit, we will focus below on invariant manifolds of a fixed point
p € U. As the name suggests, an invariant manifold is “invariant” under the flow ®, where

we define invariant sets using the following definition.

Definition 1.2.2. A set B C U is positively invariant if B -t C B for all t > 0, where

B-t={d,x)|x¢€ B}.

B is negatively invariant if B -t C B for all t < 0. We say B is invariant if it is both

positively and negatively invariant.

Basic examples of invariant sets in phase space include critical points, periodic orbits, and
regions trapped by homoclinic orbits.

To construct an invariant manifold, we begin by linearizing the system (1.1) at a critical
point. In particular, suppose U C R" is open, and consider a C* vector field F(x) for all

x € U. Let p € U be a critical point; the linearization of (1.1) at p is

y =DF(p)y (1.2)

where y € R” and DF(p) is an n X n matrix. To study the eigenvalues of DF(p), let o(*)

denote the spectrum of *. The set of eigenvalues of DF(p) decomposes into subsets via

o(DF(p)) =0 Ud’Uoc™

where o~ corresponds to all eigenvalues of DF(p) satisfying Re A < 0, ¢° to eigenvalues with



ReA = 0 and o7 to eigenvalues with Re A > 0. Furthermore, the matrix DF(p) can be

diagonalized to the block form

A= 0 0
DF(p)=| 0 A° o0
0 0 Af

with o (A7) = 07, etc. Spanned by each set of eigenvalues 0=, 0%, and 0" of DF(p) are

invariant subspaces £, EY, and E7 such that

R'=E " ®E ® ET

and

o (DF(p)|g-) =0, etc.

Each subspace E~, E°, and E* is an invariant set for (1.2), which is a linear dynamical
system.

With each of the subspaces E~, E°, E* established, we define the invariant manifolds.
These manifolds give a “nonlinear” version of the invariant subspaces. There are three classes
of invariant manifolds: stable manifolds, unstable manifolds, and center manifolds, which
are analogous to £, BT, and E°, respectively. Let N be an open neighborhood of the fixed

point p; the stable manifold is (locally) characterized as follows:

Definition 1.2.3. The local stable manifold is

Wi.(p)={xeN|x-te Nforallt>0x-t— pexponentially as t — co}. (1.3)

In other words, the stable manifold in a neighborhood of p consists of all the points which



tend exponentially towards p as ¢ — oo. Analogously, the local unstable manifold is the set
We(p)={xeN|x-te N forallt <0,x-t— p exponentially as t - —oo}  (1.4)

so that the local unstable manifold consists of all points which evolve to p as time is reversed.

Notice both local manifolds are nonempty, as they both contain p.

Theorem 1.2.4 (Stable and Unstable Manifold Theorem). Assume F € C' and p is

a fixed point. Then there is a neighborhood N of p and a Lipschitz function

R :(p+E)NN—E° @ E*

so that the graph of h® is W} .. There ezists also a neighborhood M of p and a Lipschitz
function

R : (p+ENYNM — E~ @ E°
so that the graph of h* is Wp..

This theorem justifies calling the local stable and unstable manifolds defined in (1.3)-
(1.4) “manifolds,” as they are the graphs of Lipschitz functions.

Both local manifolds extend into global invariant manifolds. With U C R" as before and
for any choice of neighborhood N, the global versions are constructed by evolving Wi _(p)

and W}*.(p) backwards and forwards in time, respectively.

Definition 1.2.5. The (global) stable manifold is

W?(p) = {®:(x) | x € Wi (p), ¢ < 0}. (1.5)

Similarly, the (global) unstable manifold is defined as

W(p) = {®:(x) | x € Wyi.(p),t = 0}. (1.6)



As discussed in [33], the stable and unstable manifolds are unique, and their tangent spaces
at p are £~ and E™T, respectively.

A fixed point p is hyperbolic if the real part of each eigenvalue A € o(DF(p)) is nonzero. If
p is not hyperbolic, then the center subspace E° is nontrivial. Associated with E° is the idea
of a center manifold whose tangent space at p is E°. For a neighborhood N > p, trajectories
that stay in N for all ¢ > 0 tend to the center manifold as t — oo, while trajectories that
stay in IV for all £ < 0 tend to the center manifold as t — —oc.

We note that global stable and unstable manifolds are always unique, but center manifolds
are not necessarily so. In general, center manifolds are more difficult to define precisely than

stable and unstable manifolds, and the reader should consult [33].
1.2.3 A review of the variational equation in differential form notation

To increase readability, we switch the notation in this section from x to x’. Consider an

autonomous dynamical system
x' = F(x), xeUCR"

as before. If x(t) is a solution to x’ = F(x), and dy is a vector tangent to x(t) at t = tg, then

0o satisfies the variational equation
8 = DF(x)0. (1.7)

This equation generates a tangent vector field §(¢) with §(tg) = dp and describes how these
tangent vectors move under the flow. As DF(x) is an n X n matrix and § is an n X 1 vector,

the it coordinate of & is

8 = (dx;(6 ZaF x)dz;(9).



We suppress the tangent vector ¢ and write
dl‘i/ = Zajﬂ(X)dI]
j=1

However, it should be understood that dx;" applies to a tangent vector. This calculation
establishes what it means to take the derivative of a 1-form.

Consider now a 2-form dz; A dz; applied to a pair of vectors (d1,92). We claim that
(dz; A dz;)', where the idea of a “derivative of a form” is the same as above, follows the

product rule. To show this, we perform the following steps:

(dzi Ndz;)' = [dz Adzi(61,02)]
= O (6)dz(52) — d(52)dz (01)
= (81 dz;(82) + dza(6)dz; (8) — dz(85)'dz;(81) — dzi(82)dz; (81)
= dz(8))'dz;(85) — dzi(62) dzy(81) + dz(8y)dz; (02) — dzi(82)dz;(8,)

= dz Ndz; + dz; N d2 (1.8)
In other words, if we construct a function of ¢ given by
w(t) = du A dv(d1(t), 02(t)),
then using the product rule above yields
d

W) = yr [du A dv(d1(t), d2(t))]

= (dudv)(5,(t),05(t)),

where - -+ repeats the steps to attain (1.8). This construction is relevant to this dissertation,

as we will repeatedly make use of 2-forms and their derivatives.



Suppose that for a given dynamical system in R? described by x' = F(x), where x =
(y,w,r)T, we have two linearly independent vector fields (y/,w’,7")T and (§y, dw, dr)T that
are tangent to an invariant manifold. (The notation is relevant to Chapters 3-4, and rather
than define these vector fields here we will simply assume that they are linearly independent

as described.) As they are tangent vector fields, both satisfy (1.7). Their cross-product,

(6y*,(5w*,(5r*)T = (y,w,r)T X (5y,5w,5T)T,

is a vector field normal to the invariant manifold, and it satisfies the following lemma.

Lemma 1.2.6. For a dynamical system @ = F(x), let A= DF(x) and let (6y*, dw*, or*)"

be defined as above. Then this normal vector satisfies

!/

where A* is the transpose of A.

The proof is a straightforward matrix calculation. Lemma 1.2.6 will be consistently

employed to easily compute time derivatives of 2-forms in Chapters 3 and 4.
1.3 Elliptic equations

We first recall some of the elementary definitions and results for elliptic partial differential
equations and Sobolev spaces; see [14] and [32]. Through this section {2 C R" is a bounded
domain (an open connected set) with smooth boundary 99, and u :  — R is in C%(Q)NC(Q).

We remark that for Chapters 2-4, €2 will be the open ball

Br(0) = {x e R" | |x| < R},n > 2.

Definition 1.3.1 (Second Order Elliptic Equation). An second-order partial differential



operator L given by

n

Lu := Z i (X) Uz, + Z bi(X)uy, + c(X)u (1.9)

ij=1
is elliptic if there is some constant ¢ > 0 such that

n

> ay(x)6E > 01, (1.10)

ij=1
for a.e. x € 2 and all £ € R™.

In Chapter 2-4, we will consider quasilinear elliptic equations with the following second

order operator.

Definition 1.3.2. The p-Laplacian A, is defined by
Apu = div (|Vu|p_2 Vu), (1.11)

where v : Q C R" — R.

When p =2, A, is the regular uniformly-elliptic Laplacian. When 1 < p <2, (1.11) is a
singular operator, as it is undefined whenever Vu = 0. Whenever p > 2, A, is a degenerate
elliptic operator; in other words, A, satisfies (1.10) with the weaker condition obtained by
setting 6 = 0.

Note setting (1.11) equal to zero is the Euler-Lagrange equation for the Dirichlet integral

J(u):/Q\VuV)dx.

The behavior of (1.11) depends on the particular value of p. Typically p € (1, 00); we remark
that setting p = 1 in (1.11) results in —H, where H is the mean curvature operator of
differential geometry. There is a particular threshold that arises when p = n, in which

case fQ |Vu|™ dz is conformally invariant. Lastly, setting p = oo arises in optimal Lipschitz



extensions. For an in-depth treatise of the p-Laplacian and p-harmonic functions, we advise
the reader to consult [24].

The general form of the nonlinear elliptic problems studied in Chapters 2-4 is

Ayu+ f(u) =0 on Bg(0)
(1.12)

u =0 on 0Bg(0),

where p € (1,2] and f(u) is a nonlinear function.
1.3.1 Sobolev Spaces

The solutions to the elliptic equations such as (1.12) live naturally in Sobolev spaces. Let
Q C R™ be a domain. The Sobolev space W, 7(Q) is the completion of C5°() with respect

to the norm

gy = [ (7P +1u) dx (113)

Thus, Wol’p(Q) is a Banach space. In the case p = 2, WOI’Q(Q) is a Hilbert space with inner

product

(u, V)2 = / (Vu - Vo + uwv) dx.
? Q

Consider the energy functional

Jp(u):%/vauypdx_/QF(mx))dx, (1.14)

where F(t) = [ f(s)ds for a function f € C*([0,00)). Critical points minimizing the

functional must satisfy

/ (IVulP>Vu - Ve — f(u)¢) dx =0,
Q

for every ¢ € C5°(Q) ([24], [28]). Thus such critical points are weak solutions in W, (Q) to

10



the equation

Apu+ f(u) =0,
with Dirichlet boundary conditions.

Definition 1.3.3. For the Sobolev space W'?(Q), Q C R", the Sobolev critical exponent is
defined by
— == —— (1.15)

Hence p* = np/(n — p). The importance of (1.15) is that as we investigate equations of
the form A,u+ f(u) = 0, we choose nonlinearities f(u) with the “correct” growth |u|92u.
In particular, we will choose the exponent term ¢ so that g satisfies case (2) in the following

theorem.

Theorem 1.3.4 (Sobolev, Rellich, Kondrachov). If 1 < p < n, then
1. WP(Q) < LP"(Q) is a continuous embedding, and
2. if g <p*+ 1, W'P(Q) — LI7YQ) is a compact embedding.

Notice that the hypothesis 1 < p < n is easily satisfied if p € (1,2) and n > 2.
1.4 Sturm-Liouville Theory

A Sturm-Liouville (SL) equation is a type of ordinary differential equation in a finite
domain with a well-understood set of eigenvalues and eigenfunctions. In particular, its
eigenvalues are always real and discrete. Typically SL equations are described as having a
smallest eigenvalue, from which the eigenvalues increase without bound. We shall cast SL
equations slightly differently so that the eigenvalues have a largest member and decrease
without limit; this change is convenient in the language of dynamical systems as positive
eigenvalues are unstable.

Moreover, the eigenfunctions are orthogonal to each other and as the eigenvalue decreases,

the corresponding eigenfunctions oscillate (have zeros) more rapidly. The beauty of SL

11



results is that once we have identified a particular ODE as an SL system, then the results on
eigenvalues and eigenfunctions described in this section are immediately applicable to the
system.

We will state most of the major theorems on SL equations to provide the necessary
background for Chapter 4; this presentation of SL equations follows [5]. Most sources,
including [5], use Green’s formula to prove the theorems in this section; we use a slight
variation on the usual techniques.

An SL differential equation is of the form

(fi(@)d' (@) + falz)u(z) = Afs(x)u(z), (1.16)

where each f;(z) is real and continuous, fi(x) is continuous, and fi(x) and f3(x) are positive
on the open interval (a,b). This type of equation can be viewed as an eigenvalue problem for

the linear operator L defined by

L:u(z) = (fulx)d (2) + fo(2)u(z). (1.17)

The boundary conditions for the types of regular SL systems we consider are either Dirichlet,

Neumann, or Robin conditions at a and b. These conditions can be written

(1) aqu(a) + asu'(a) =0, and
(2) Bru(b) + Bau'(b) = O,

(1.18)

where «;, 3; € R, with o2 + a3 > 0, 8% + 82 > 0. A eigenfunction solution uy(z) to (1.16)
corresponding to eigenvalue A is reqular if uy(z) € C([a, b]).

Let us establish a series of basic results about SL equations which we will use in Chapter 4.

Theorem 1.4.1. The eigenspace for each eigenvalue of a reqular SL system is 1-dimensional.

12



Proof. Suppose A is an eigenvalue with eigenfunctions u; # us. To examine uy and ug, let us

compute the Wronskian of u; and us at the left endpoint z = a:

W (uy,us)(a) = u/l uIQ = uy(a)uy(a) — uj(a)us(a) =0, (1.19)

r=a

by (1.21). Thus the two columns are proportional, and we may say us(a) = Cuy(a). By

Abel’s identity for second-order ordinary differential equations, for any ¢ € [a, b],

Ur U2 ¢ o
W(Ul, UQ>(C) = = W(u17u2)<a>e_ S fi(s)/ fi(s)ds _ 0.

! !
Uy Uy
r=cC

As fi(x) > 0 for a < x < b, the above expression is defined. Hence the columns are
proportional for any = € [a,b], and so uy(x) = Cuy(z). Thus the eigenspace for \ is

1-dimensional. L]

The function f3(x) gives rise to the following inner product:

b
<u,\i($),U)\j(£E)>:/ fa(z)un, (v)uy, () dz. (1.20)

Theorem 1.4.2. If i # j, then uy,(x) and uy,(z) are orthogonal with respect to (1.20).

Proof. First, we claim that at either endpoint z = a or x = b,
Uy U la = un i, Lo, uy, b = Uy - (1.21)
The equalities in (1.21) stem from the mixed linear boundary conditions; if «;, 8; # 0, then
0, () = s 0) (= 5205,0)) = w015, 0)
and similarly at 2 = a. If either §; = 0 (or a; = 0 at © = a), then ) (b)uy;(b) = 0 =

13



un, (b, (b).
Assume without loss of generality that A\; # 0 (in which case it may be possible for A; to

be zero). Using the above statement and integration by parts, we obtain

b
<U)\i,U)\j> = /fg(x)uAiu,\jdx
1a b
= )\—/ )\ifg(x)lb)\iu/\j dx

b b
B )\i [/ wy, (ful)dy,) der/ fo(x)ur,un, dx]

1 b b
= T [u,\Jfl(x)u’)\\Z —/ u, fi(z)u), dx—l—/ fa(@)uy, un, dx} .

By (1.21), we can write this as

1 , b ) / b
= = {UAifl(l’)U)\j‘Z_/ uy, fi(@)uh, d:c+/ fo(@)ur,un, dx}
1 b , a/ b ¢
= X [/ Uy, <f1(93)uAj> d:v+/ fz(il?)U)\iU)\j dx}
s ‘
= )\_/ f3(x)uy, Luy, dx
N[
= 3| fl@unuyde
A

= )\_Z <u,\i,uAj>.

If \; # A;, then for the above conclusion to hold, it must be the case that <u>\i,u,\j> =0. O
Theorem 1.4.3. The eigenvalues of a reqular SL system are real.

Proof. Let u be a nondegenerate eigenfunction which solves (1.16) with eigenvalue A. Then
7 solves (1.16) with eigenvalue A. As 0 € R, assume \ # 0.

From the proof of Theorem 1.4.2, we know

[u* = (u, @) = (A/A) (u, @) = (A/A)|ul”.
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Figure 1.1: An illustration of the general oscillatory behavior of the first three eigenfunctions
to a SL problem, with boundary conditions u(0) = 1 and u(1) = 0. In this picture, the solid
line represents the eigenfunction u,,, the dashed line u,, and the dotted line w,,.

Yet in order for this to be true, we must have A = X. So A € R. H

By Theorem 1.4.1, eigenfunctions of an SL system are unique up to scalar multiplication.
Therefore, together with Theorem 1.4.2, we can normalize the eigenfunctions to form an

orthonormal set.

Theorem 1.4.4 (Sturm Comparison Theorem). Let \; and \; be two eigenvalues with
eigenfunctions uy, and uy, satisfying (1.16). If \; > X;, then between consecutive zeros of

uy,, there lies at least one zero of uy, .
i’ J

We omit the proof of Theorem 1.4.4, as it is very similar to the proof of Lemma 4.3.1 in

Chapter 4. We will also omit the proof of the following theorem, as it is a standard result:

Theorem 1.4.5. The SL problem (1.16) with reqular boundary conditions (1.18) has an

infinite set of real eigenvalues

A > A1 > Ay >+ with  lim A\, = —o0,

n—0o0
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and therefore an infinite number of eigenfunctions uy, (z). Moreover, each eigenfunction

uy, (z) is unique (up to scalar multiplication) and has exactly n zeros on the open interval

(a,b).

The consequences of Theorems 1.4.4 and 1.4.5 on the behavior of eigenfunctions is
illustrated in Figure 1.1. In this illustration, the eigenfunction w,, has 0 zeros in (0, 1), uy,

has 1 zero in (0, 1), and u,, has 2 zeros in (0, 1).
1.5 Applications

Let us conclude the introduction by mentioning one of the major applications of the
p-Laplacian. In particular, we remark that the regular Laplacian Au is a model for Newtonian
fluids, which are characterized by having the viscous stress proportional to the strain rate at
every point; see, e.g., [4]. The factor |Vu|P~2 describes the speed that fluid particles travel
in relation to each other; this term reduces to 1 in the linear Newtonian setting. For a
non-Newtonian fluid, |Vu[P~2 relates the effect of shear on the viscosity of the fluid. Hence
the p-Laplacian A, may be used to model non-Newtonian fluids.

In particular, 1 < p < 2 models pseudoplastics, which are fluids that become less viscous
as the shear increases (examples include blood, several types of paint, nail polish). The
case p > 2 models dilatants, which become more viscous as the shear increases (the classic

example is cornstarch in water).
1.6 Overview of dissertation

In Chapter 2, we describe previous work on symmetry, existence, and uniqueness for
solutions to the elliptic equation (1.12). The bulk of Chapter 3 is dedicated to proving
Theorem 3.0.2 on uniqueness of positive solutions to A,u + f(u) = 0 in a ball with Dirichlet
boundary conditions for a certain class of f. In Chapter 4, we prove several results on Morse
indices for sign-changing solutions for p = 2, notably Theorem 4.5.2, which states that there
must be a solution on a ball with Dirichlet boundary conditions that has k zeros and Morse

index k. Lastly, we mention in Chapter 5 two related problems of current interest.
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CHAPTER 2: BACKGROUND

In this chapter we give an overview of the history and previous results on the semilinear
elliptic equation

Au+ f(u) =0, (2.1)

and the quasilinear elliptic equation

Apu+ f(u) =0, (2.2)

for different classes of nonlinearities f and in various domains with appropriate boundary

conditions.
2.1 Results on uniformly elliptic partial differential equations

In this section we discuss the symmetry of positive solutions to (2.1), where the domain
is typically a ball with Dirichlet boundary conditions, as well as results on existence and
uniqueness for solutions to (2.1).

With the technique of moving parallel planes, Serrin showed in [30] that if {2 is a smooth
bounded domain and w is a positive solution to Au+ 1 =0 in 2, with « = 0 on 92 and with
the outward normal vector % constant on 02, then € is necessarily a ball and u is a radial
function. The method of moving parallel planes was originally used by Alexandroff to study

surfaces of constant mean curvature in differential geometry. It was also used by Gidas, Ni

and Nirenberg [18] to obtain the following famous result.

Theorem 2.1.1 (Gidas, Ni, Nirenberg). In the ball Q = {x € R" | |z| < R}, let u >0 be a

positive solution in C*(Q) of

Au+ f(u) =0 withu =0 on || = R. (2.3)

17



Here f is of class C'. Then u is radially symmetric and

@<0, for 0 <r < R.
or

Part of the power of this result stems from the fact that they make no assumptions on
the nonlinear term f(u) except that f € C.

In general, existence and uniqueness results for (2.1) and (2.2) do require more restrictive
conditions on f(u). The prototypical example is the Lane-Emden equation f(u) = u?, for
g>1.1Ifg=(n+2)/(n—2) = 2*—1, where 2* is the Sobolev critical exponent for p = 2, then
(2.1) is a version of the Yamabe problem from differential geometry. This particular exponent
is a critical threshold for f, as demonstrated by the following result of Pohozaev [29]; see [31]

for a discussion in English.

Theorem 2.1.2 (Pohozaev, 1965). Let Q C R™, n > 3, be an open, star-shaped (with respect
to the origin) domain. The equation Au+ u? =0, ulsgq = 0, has a positive solution only if

g<2-—1.

We remark that the topology of the domain is important, and there may be a positive
solution to Au + u? = 0 on a different domain, such as an annulus. To prove Theorem 2.1.2,

Pohozaev proved that positive solutions to Au + u? = 0 must satisfy the Pohozaev identity

/Q (q2f1 —(n- 2)) utlde = /m Vul* (- v) dS. (2.4)

If the domain is star-shaped, the right-hand side of (2.4) is always positive. The left-hand

side, however, is always negative if ¢ > 2* — 1. Recall that according to Theorem 1.3.4, the

Sobolev embedding theorem,

Wh(Q) < LYR)

is a continuous embedding if ¢ < (n + 2)(n — 2), with strict inequality resulting in a compact

embedding. Nonexistence of solutions in [29] stems from lack of compactness of the embedding.
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Hence the nonlinearity f plays a big role in the existence or nonexistence of solutions to
(2.1). To establish the existence of solutions to (2.1), authors frequently employ variational
methods to show the existence of minimizers to certain functionals. For example, the critical
exponent nonlinearity f(u) = Au + |u[P"~2u arises in the general Yamabe problem. For the

semilinear case p = 2, Brezis and Nirenberg [6] used the energy functional

1 A 1
E(u):§L[Vu]de—i/fllu|2dx—§/gz\u

to show a solution must exist if A is smaller than the first eigenvalue of A.

2 dx

When f(u) satisfies |f(u)] < Cu?™!, C > 0, the question of whether f is subcritical
(g < p*), critical (¢ = p*), or supercritical (¢ > p*) may alter not only when a solution
exists but whether or not is unique. For example, in the case p = 2, Ni and Nussbaum [27]
determined that solutions to (2.1) with f(u) = u? ! 4 u are not necessarily unique in the
supercritical case ¢ > p*.

Uniqueness of positive solutions to (2.1) for p = 2 has been addressed by many authors;
the first was Coffman [8] for the subcritical case n = 3 and f(u) = u* — u. McLeod and
Serrin [26] showed uniqueness results for f(u) = u? — u for certain ¢, which were generalized
by Kwong [22] to 1 < ¢ < (n + 2)/(n — 2); the method of Kwong was generalized and
simplified by [25]. Other authors who investigated uniqueness of (2.1) with f subcritical,
critical, or supercritical include Kwong and Zhang [23], who proved uniqueness in a ball by
using a Sturm comparison principle.

Clemons and Jones illustrated this last uniqueness result with a geometric approach in [7]
by recasting (2.1) as a dynamical system. The union of all solution forms a two-dimensional
invariant manifold; showing uniqueness of a solution to the Dirichlet equation is interpreted
as showing that the rotation of the manifold can be controlled. In Chapter 3, we will use
similar geometric methods to illustrate recent existence results and prove a uniqueness results

for the p-Laplacian for a large class of f.

19



2.2 Results for the p-Laplacian

In general, solutions to A,u+ f(u) = 0 for p # 2 are considered in the weak sense because
they belong to C1*(Q) for some o > 0, see [11]. Many of the results on the uniqueness
or symmetry properties of (2.1) rely on classical elliptic principles such as the maximum
principle. These principles do not apply in a straightforward manner in (2.2), when the
operator is singular (as in the case p € (1,2)) or degenerate (as in the case p > 2). The
principle of superposition is also lost when p # 2.

To underscore the importance of radial solutions to (2.2), we cite the following result
from [9] and [10] on positive solutions to (2.2) on a ball with Dirichlet boundary conditions.

The proof uses a modified moving plane method reminiscent of [18].

Theorem 2.2.1 (Damascelli and Pacella). Suppose p € (1,2) and Q is a ball about the origin.

If f is locally Lipschitz continuous in (0,00) and either
o f(u) >0 foru>0, or

e there exists By > 0 and a continuous, positive (except at the origin), non-decreasing

function B : [0, Bo] — R with

Bo
£(0) =0, and /o ﬁ ds = 0o,

such that f(u) + B(u) >0 for all u € [0, Bo],
then u must be radially symmetric and g—;f <0 forr > 0.

Several authors have examined existence and uniqueness questions for the p-Laplacian
equation (2.2) with different choices of nonlinearity f, different domains (typically all of R",
a ball of radius R, or an annulus), and different boundary conditions (usually Dirichlet);
we refer here to [20], [13], [19]. Guedda and Veron [20] determined criteria for existence of
positive solutions to

Apu 4P 4 a(z)uPTt =0,
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in a bounded open subset of R™ with Dirichlet boundary conditions. Their result can be
seen as an extension of the Brezis and Nirenberg [6] result. Erbe and Tang [13] proved
uniqueness to (2.2) with f(u) = u? for ¢ is subcritical. They also proved uniqueness holds for

f(u) = u® 4+ \u®, with ¢; > ¢ and X\ > 0, if the quantity

22 + Nox + N

is positive for all x > 0, where

o = ve-—qa+1)+{a—q@+l)
(v 5)
v = —[(n—p— .
b g+ 1

Gongalves and Alves [19] used minimax arguments on an energy functional to study existence

of solutions to (2.2) with f(u) = u?" ~! + h(x)ud in R".

Recently, existence of solutions has been studied in a geometric framework, notably by
Franca ([15], [16], [17]). He used an Emden-Fowler transformation to show the existence or
nonexistence of ground states and singular ground states (2.2) for positive solutions to (2.2)
in R™. The function he studied is a Pohozaev function which is essentially related to the
Hamiltonian structure that may arise in phase space; we will discuss this in Section 3.2.

Adimurtha and Yadava [1] investigated uniqueness of

—Apu = u? + MuPu

in both a ball and an annulus in R" by using a Pohozaev-type identity. In particular, we
note that for the ball with Dirichlet boundary conditions, they established uniqueness with
A>0,1<qg+1< (np)(n—p),p<n.

Aftalion and Pacella [2] investigated uniqueness of positive radial solutions to (2.2) with
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f € C°0,00) NCY(0, 00) satisfying the following conditions:
(AP1) f(0) =0, with some € > 0 so that f < 0in (0,0) and f > 0 in (6, 00),
(AP2) the expression

_uf'(w)
flw)

K(u): (2.5)

is nonincreasing in (6, 00), and

(AP3) The quantity

is positive for u > 0.

The prototypical nonlinearity satisfying (AP1)-(AP3) is f(u) = u? —uP™!, ¢ > p— 1. With
an additional requirement on the growth of f near zero, [2] show that (2.2) has at most one
weak radial solution if p < 2 by using a variant of the maximum principle and a suitable
implicit function theorem.

The family of nonlinearities in Chapter 3 gives a weaker condition than (AP3) in Theo-

rem 3.0.2; in fact, the quantity
uf'(u) = (p— 1) f(u) (2.7)

may change signs at some value of ug, and f may be nonnegative. Moreover, our proof is
geometric, and both quantities (2.5) and (2.6) will emerge in a physical interpretation of

nonuniqueness as quantities that determine how a particular invariant manifold bends.
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CHAPTER 3: UNIQUENESS OF POSITIVE SOLUTIONS FOR THE
»-LAPLACIAN, 1 < p < 2

In this chapter, we show the uniqueness of positive radial solutions to (2.2) on a ball with
Dirichlet boundary conditions for a class of nonlinearities f that includes f(u) = u? and the
model sign-changing function f(u) = u? — u, for ¢ < p* — 1. The proof is in the spirit of the
Clemons—Jones geometric proof of the case p = 2 ([7]) but must overcome extra difficulties
arising from the singularity of the operator A,.

The domain €2 is a ball about the origin of radius R in R", n > 2, and we suppose
1 < p < 2. We are interested in reqular solutions, meaning «(0) = d > 0. The Dirichlet

problem is
—Ayu = f(u) in

w>0 inQ (3.1)
u=20 on 0f),
where Ayu = div (|[Vu[P7>Vu) and the nonlinearity f € C°[0,00) N C*(0, 00) satisfies (F1),

(F2), and (R) described below.

(F1) f(0) = 0, and either f is nonnegative, or there exists a § > 0 so that f < 0 for (0,0)

and f > 0 for (6,00).

(F2) The quantity K(u) = uf’'(u)/f(u) is nonincreasing on (0,60) and (0, 00), where 6 is
defined by (F1).

(R) There is a value ¢; > p satisfying

n—p n—p '
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and

im L s (3.3)

u—soo a1 1!

If f(u) changes signs at # > 0, then there is a value ¢ with ¢; > ¢ > 1, so that

W)

=v <0.
u—0 y22—1

The requirement (R) says that if f changes signs, then f behaves asymptotically like
flu) =un= + M7t g > g >0, A <0.

Let us remark on a few properties of K (u). Under hypothesis (R),

. uf'(u) L udi—1 f'(u) (ql—l)u‘“_2 B
BT TR e peee T w0 b G

and similarly K (u) — g2 — 1 as u — 0. By (F1), it follows that K(u) - —oo as u — 6~ and

K(u) — oo as u — 6. Hence if (F2) and (R) are satisfied, we obtain
o K(u) <qy—1forue (0,0),
o K(u)>gq —1foru>6,
o if a <0 < b, then K(b) > K(a),

where the possibility that f is nonnegative is addressed throughout by setting # = 0.

We note that the conditions (F1) and (F2) are similar to hypotheses in [2]. However, we
will not require f to change signs at 6, nor do we require (AP3), as the quantity (2.6) may
be positive, negative, or zero for different values of u.

Hence any polynomial of the form
flu) = u®™ —put™, v >0, G1>q2>p (3.5)
satisfies (F1), (F2) and (R), including the representative example f(u) = u?—ul~t ¢ > p—1,
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from [2]. However, many basic nonlinearities satisfy our requirements without satisfying

(AP3), for example
o flu)=unt,

e f(u) =wu?—u? where p and n must be chosen to satisfy (3.2), and

usl

o f(u)= T where s1, S, v > 0, and the condition (R) is satisfied for ¢; —1 = s1 — ss.

As we are interested in positive solutions solving the Dirichlet problem, we do not specify
f(u) for u < 0. However, to show existence using an Emden—Fowler approach, it is often

necessary for f to be odd. One way to ensure this condition holds is to write (3.5) as

f(u) = ‘u|q1—2u - V|U|QQ_2U7 v >0, g1 > qo > p. (3.6)

Lastly, requiring ¢; < p*, where p* is the Sobolev critical exponent, makes the growth
rate of f subcritical; the inequalities in (3.2) will be elaborated on in Section 3.2. The bulk

of this chapter is dedicated to proving the following theorem.

Theorem 3.0.2. If 1 <p <2, (3.2) is satisfied, and [ satisfies (F1), (F2), and (R), then

for any positive radius R of S, there is at most one radial solution to (3.1).

As the regular Laplacian operator corresponding to p = 2 is well studied, we will focus on
1 < p < 2, when the p-Laplacian is singular. However, we do note that our proof covers the
regular Laplacian case for f nonnegative; a class of nonlinearities that was not addressed

by [7]. The proof follows these steps:

1. rewrite the PDE as an ODE using radial symmetry,
2. rescale solutions u to a new variable y using the Emden Fowler transformation,
3. consider existence of solutions by studying the flow in the {r = 0} plane,

4. compute the winding number of a vector component du along solutions,
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5. compute the normal vector to the manifold formed by the union of solutions to (3.1)

and vector normal to an {r = constant }-plane, and

6. show that the amount of winding of the third component of these two vectors can be

controlled.

3.1 Set-up as a dynamical system

We recall that in the case p = 2, Gidas, Ni, Nirenberg [18] showed that if f € C1, then
solutions to (3.1) must be radially symmetric and monotone decreasing. This result does
not extend immediately to the case p # 1. However, we are interested in radially symmetric
solutions so that we can consider u as a function of r = |x|. The following lemma establishes
that any solution to (3.1) with f(u) in our class of nonlinearities must be radially symmetric

and monotonically decreasing.

Lemma 3.1.1. Any positive solution u to (3.1) with f(u) satisfying (F'1), (F2), and (R) is

radially symmetric and monotonically decreasing.

Proof. This is a corollary to the work of Damascelli and Pacella described in section 2.2. If f
is nonnegative, then the result is automatic by Theorem 2.2.1. If f changes signs at 6 > 0,

then let

Bu) = u"" — f(u),

where ¢; > ¢ > p satisfy (R). Then 5(0) = 0, S(u) > 0 for 0 < u < 6, and f(u) is
continuous. As f(0) = 0 and f(u) < 0 for u < 0, there is some @ € (0,60) so that f(u) is
nonincreasing on [0, 4]. As a result, S(u) is a nondecreasing function on [0, %]. We note also
that f(u) + B(u) = u®~! > 0 for all u > 0.

It remains to check that there is some Sy > 0 so that

Bo 1 Bo 1
———ds = ds = o0
/0 (s8(s))"/? /0 (sm — sf(s))"/?
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We use a comparison test. Notice all terms in the denominator are positive for any s < 6.

Moreover, if s < 1, then ¢; > ¢» implies

1 1 1
> = .
(sm = sf (D' (o =sFE™ (g (12 L))
By (R)
lim _f(j) = |v| > 0.
s—0 g41

Hence for any € > 0 there is a 6 > 0 so that if s <9,

_J) <|v|+e.
sn—1
Thus for s < ¢,
1 - 1
(g
sq1—1

Let By = min{a, 1,0} so that the above inequalities are valid for all s € (0, 3y). Then

Bo 1 1 Po 1
/ g, ds > 7 / 7 ds = o0, (3.7)
o (sB(s))"* (I+v|+e)""Jo s®7F

as go/p > 1. Hence all solutions must be radial and monotone decreasing. O

3.1.1 Dynamical system in (u,w,r)-coordinates

Radial solutions u to (3.1) can be rewritten in terms of r = |x| to obtain the following

ODE:

n—1

(u' |/ P72)" + |/ |P72 + f(w) = 0, (3.8)

with ’ = d%. Radial symmetry implies «’(0) = 0, and the boundary condition u|sg = 0 can be
written simply as u(R) = 0, where R is the radius of Q. Setting w = «/|u/[P~2rP~! yields a
first-order ODE for w,

(r'Pw) +r7P(n = Dw + f(u) =0, (3.9)
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and therefore the (u,w,r) system can be written as

W 2-p
A e P ey 3.10
o= L, (310)
W= () = (), (3.11)
T
ro= 1. (3.12)

This system is undefined at the value r = 0; by introducing a new independent variable ¢ and
parametrizing r as r(t) = e, then we may choose any value rq > 0 and define time ¢ so that
r(0) = ro. As a result, we blow up the singularity at » = 0 into an invariant plane {r = 0}.

The resulting first-order system is

i = wlw|r, (3.13)
w = (p—n)w—r1f(u), (3.14)
ro= (3.15)
with - = %. Solutions to (3.8) can now be viewed as trajectories in the phase space of

(3.13)-(3.15). In phase space, an initial condition at r = 0 corresponds to the limit of a
solution trajectory as ¢ — —oo. Suppose a solution satisfies the boundary condition u'(0) = 0
and has an initial value u(0) = a, where a > 0; for this hypothesis to be satisfied in phase
space, a trajectory must have as its limit the point (a,0,0) on the u-axis. Each such point

(a,0,0) is a fixed point of (3.13)-(3.15); linearization about (a,0,0) yields

0 lwl 0 0 0 o0
P pen g || =0 pon 0. (19)
0 0 1 0 0 1
(a,0,0)

As 1 < p < 2 and n > 2, there is one zero eigenvalue, one negative eigenvalue, and

one positive eigenvalue. (We will not concern ourselves with (3.16) in the case p = 2 as

28



SR e A RTINS
L T
g e et
’ P S
e —

{r = R} i

Figure 3.1: The center, stable, and unstable manifolds for twenty radial solutions to (3.13)-
(3.15) with different initial values u(0) = a > 0. The dotted line in the plane {r = 0} is the
u-axis (the leftmost point along this axis is the origin); this forms the center manifold for
each point (a,0,0). The S-shaped curves are the stable manifolds in {r = 0}, and each curve
moving into > 0 space is an unstable manifold for one of the initial conditions (a, 0, 0).

this is the well-understood case.) Hence each (a,0,0) has a 1-dimensional stable manifold
W:((a,0,0)), a 1-dimensional unstable manifold W} ((a,0,0)), and a 1-dimensional center
manifold W ((a,0,0)).

An eigenvector for the eigenvalue 0 is parallel to the u-axis; by invariant manifold theory,
the u-axis is the (global) center manifold W;((a,0,0)) for each a € R. The global stable
manifold to (a,0,0) is the vertical line ¢, = {(a,w,0) : w € R} in the case p = 2; for
1 < p < 2, the stable manifold is tangent to the vertical vector (0,1,0) at (a,0,0). We note
that the S-shape of the stable manifold in the plane {r = 0} when p # is due to the presence
of |w|127%€ in (3.13)-(3.15). See Figure 3.1 for a picture illustrating these manifolds at several
values of a > 0.

Hence a plays the role of a parameter, and we are interested in examining how W;((a,0,0))

behaves for different values of a. We define

wee = W((a,0,0)); (3.17)

a>0
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this union forms a two-dimensional “center-unstable” manifold whose winding behavior we
will track in Section 3.4 until it intersects the plane {r = R}. This intersection is nonempty:
as t grows large in (3.13)-(3.15), 7 = €' will grow large as well. In fact, W must contain
the point (0,0, R) € W((0,0,0)).

Any point lying on W is part of a solution that tends to (a,0,0), a > 0, as t — —o0.
These solution trajectories, determined by the choice of a, foliate W;*“. Thus we can denote

any such solution by

(u(t,a),w(t,a),r(t)).

To be more concise, we will occasionally write the above solution as

(u(t),w(t),r(t))a

to mean (u(t),w(t),r(t))s — (a,0,0) as t — —o0.
3.1.2 Dynamical system in (y,w,r)-coordinates

We will make use of an Emden—Fowler transformation to exert extra control over the

equations. Let A € R; the Emden-Fowler transformation for (3.8) is

y = r'u, (3.18)

where the parameter A will be specified later to prove different cases. With the appropriately
scaled replacement w = r®~DAy for w, one could pass immediately to a system of equations for
(¢,w,7), where r = e and - is differentiation with respect to ¢t. To illustrate the construction
of the missing w term as it may be useful for other variations of Laplace’s equation, however,

we show how to create such a w from (3.8) and (3.18) in the calculations below.
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Substituting (3.18) into (3.8) yields

B AP AN+ 2\
0 = (p—Dr Py — =y (#y -y + y”) (3.19)
T T T
n—1 . AP A
Iy — Dy (y’ - —y) + f(ry)
r T
Set z =19 — %y so that
A A
d=y"+ -~y (3.20)
T r

Then the differential equation (3.19) becomes

A —1
(p — 1) =Pz P2 (z’ E ;z) + . AP P2 4 f(rPy) = 0. (3.21)

We define w by rz = w|w|% to obtain the following relations:

L [ L (3.22)
2 = ——wlwl|r— — wir—tw .
72 rp—1 ’
|z|p_22 = i Py, (3.23)
|z|P~2 (z’ - éz) = —rPw(l+A)+ 17“1_p"w/- (3.24)
r D —

Substituting (3.22)-(3.24) into (3.21) yields

1
(p— 1)pA1=P) (—r‘pw(l + A) + 17”1_pr) + (n — 1)7“)‘(1_1’)7’_1’10 + f(r~y) =0, (3.25)

which can be solved for w':
1
w = ((p— DA —n 4 p)—w — rPTPAATL(p72), (3.26)
r
To relate w to the original variable u, we note here that w can be written in terms of u as

w =/ [uf P2 PO, (3.27)
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We note that w allows us to write (3.19) as a system of first-order equations. Defining w
by (3.27) at the same step as (3.18) allows one to bypass the calculations in (3.19)-(3.25)
to obtain the first-order system immediately. We remark that (3.27) does not reduce to the
same w in the Emden-Fowler coordinate system in the proof by Clemons and Jones of the

case p = 2. In particular, in [7] the first equation is ¢y’ = w/r, whereas we have the following

system:
A 1 2-p
y/ = ;y + ;w|w|pfl)’ (328)
1
w = (p—1A—n —l—p);w — DN (=) (3.29)
ro= 1, (3.30)
where ' = %. As in the u-coordinate system, we rescale by parametrizing r as r = e’; notice

t and r have the same meaning before and after the Emden—Fowler transformation. The

resulting equations are

§ = My+ww|T, (3.31)
W o= ((p— DA —n+pw— 1PNy (3.32)
o= 1 (3.33)

where - = 2. As before, the limit 7 — 0 is equivalent to ¢ — —oo; for the limit of (3.31)-(3.33)
to exist as t — —o0, we need to ensure that the quantity @1 f(r=*y) exists in the limit.
Let us treat y as independent of A and set w = r~*y. Then if A\ > 0 and y — 0 such that
u=1r"y = uy > 0, where uq is finite, then

lim rp+’\(p_1)f(r_’\y)
r—0

exists if A > —p/(p — 1). This condition happens automatically if A > 0.

If we continue to consider the case A > 0 and suppose that as r — 0, y — yo > 0, where
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Yo < 00, then v = 7y — oco. Using (R), we can compare f to r?~Na=Pya—1 and obtain

o Ty R )

r=0 ppA@-pya—1 250 ppRAP-D) (pAy )1

Thus if the limit of rP~Ma1=Plya=1 ig finite as r — 0, then limit of rPTAP=1 f(r=y) is finite

as well. We therefore require

quppzﬂ, (3.34)
—

and we treat this number as an upper bound for A. We will not require A to be nonnegative,
however, and we make a note of the effect that setting A\ < 0 has on the dynamics of
(3.31)-(3.33) in Section 3.2.

In the (@, w, ) system, each point (a,0,0) is a fixed point. The analog under the Emden—

Fowler transformation is the origin; linearization of (3.31)-(3.33) at the origin yields

A 0 0 A 1 0
0 (p—DA—n+p 0] ifp#2, 0 A—n+2 0] ifp=2, (3.35)
0 0 1 0 0 1

with eigenvalues {\, (p — 1)\ —n+p, 1}. Notice that if p € (1,2), the eigenvectors are parallel

to the axes; see Figure 3.1.
3.2 Critical exponents and existence of solutions

Studying uniqueness amounts to understanding how the manifold W;»¢ evolves as the
radius 7 increases to some chosen value R; in particular we study how many times W3
can intersect the plane {u = 0}. The beauty of the Emden—Fowler approach is that the
calculations to show uniqueness are greatly simplified. First, we must understand the effect

of the Emden—Fowler parameter A on the manifold of interest.
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3.2.1 W;’C under the Emden—Fowler transformation

Let T'[-] be the Emden—Fowler transformation (3.18) from (u,w,r) to (y,w,r), and let
T [W;’C] = Wp. Whenever r > 0 and the Emden—Fowler parameter A satisfies 0 < A < 5\,

then any point 7" [(u(t), v(t),r(t)).) on Wp now satisfies
(y(t),w(t),r(t)) — (0,0,0) as t — —oo.

Thus choosing A € (0, 5\] has the effect of “blowing down” the u-axis. As a consequence, it no
longer makes sense to parametrize solutions via their limit as ¢ — —oo. To employ a similar
notion, the notation y(¢,a) and (y(t),w(t),r(t)), will mean that the solution (u(t),w(t),r(t))
obtained from y = r*u satisfies (u(t),w(t),r(t)) = (a,0,0) as t — —oo.

Assuming the critical exponent inequalities (3.2) are satisfied and p € (1,2), we describe

below the behavior of the invariant manifold Wp.

Invariant manifold structure if A > . We will never consider this case as we require
A<\ Asit may be interesting in future problems, we note here that should one choose
A > A, then the limit of (y,w,7) as t — —oo is undefined. However, the manifold W
derives from the (u,w,r)-system and therefore exists independently of A\. For any € > 0,
TWyen{e <r < R} is a two-dimensional manifold with boundary. Selecting A > A and
defining T/IA/; as

W, =T[W*n{e <r < R} (3.36)

yields a well-defined two-dimensional manifold with boundary in (y,w, r)-space.

Invariant manifold structure if 0 < A < A. If A € (0, )] then (3.35) has one negative

eigenvalue and two positive eigenvalues. Under the Emden-Fowler transformation, Wp is a
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two-dimensional unstable manifold of the origin.

Invariant manifold structure if A =0. If A\ =0, then the Emden—Fowler transformation

is simply u = y. Hence Wp is identical to IV, a two-dimensional center-unstable manifold.

Invariant manifold structure if A < 0. If A <0, then there is one positive eigenvalue of

(3.35) and two negative eigenvalues,

{N(p—1DA—n+p}.

Thus all trajectories on the plane {r = 0} tend to the origin as t — oco. If A # Z%g, these
eigenvalues are distinct. In this case, Wp transforms to a two-dimensional stable-unstable
manifold composed of the unstable manifold of the origin and the 1-dimensional subspace of
the origin in {r = 0} associated with the eigenvalue \; this is the subspace tangent to the
y-axis at the origin.

As in Section 3.2.1, if we select A < 0, then we define V[A/; by (3.36) for an appropriately

small € > 0.
3.2.2 Existence of solutions

In this section, we list two expressions for each w equation: the first leaves f in its general

form (where we assume f is odd), while the second uses (3.6). Recall equations (3.31)-(3.33):

2-p
y = \y+ww|r1
w = ((p—DA—n+pw— PO f(rAy)
= (p—DX—n+pw-— TP+>\(p—q1)|y|q1—2y + VTP+)\(P—Q2)|y‘Q2—2y7

o= T
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At this point, we have not specified any particular \; the choice we make to demonstrate
the existence of solutions is A = \. This selection characterizes I/IN/p as described above in

Section 3.2.1, and moreover, this choice is ideal as (3.31)-(3.33) simplifies to

Yy o= S\y—i—w\w‘%

~

W= ((p—DA—n+phw— ()

~ _p(p—a2)

= ((p—DA—n+phw— |y[" Py +vr’™ = |y|=72y,

ro=

which in the invariant plane {r = 0} reduces to

J o= Ay+ w|w|f%1) (3.37)
W o= ((p—DA—n+pw— rp+;\(p’1)f(r’xy) » (3.38)
= (pA—n—+pw —Iw — |y %y. (3.39)

If it were the case that p5\ —n + p =0, then this system would be Hamiltonian in the plane

{r =0} with
. -1 v 3 A
H(y,w) = lyw+ p—\w\ﬁ + / pPRAC=D £ dy (3.40)
p r=0
“ —1 P 1
= yw -+ E—ful 7T+ — gl
p q1
However, whenever \ = 5\,
A -p* _ pq
pA—n+p> + +p=0. (3.41)

P—¢ P—q1

The resulting behavior of W*((0,0)) in the system (3.37)-(3.39) produces a “bowtie” as seen
in Figure 3.2. Existence of solutions to (3.1) follows whenever the structure of the stable and

unstable manifolds is in the configuration of in Figure 3.2; the stable manifold is trapped

36



15

iy

-0 p

-15
-15 -10 -5 0 [} 10 15

Figure 3.2: The stable and unstable manifolds of (y,w,r) = (0,0,0) in the {r = 0} plane,
with p = 1.5, d = 3, and ¢; = 2.5. The manifold spiraling outward is the unstable manifold.

inside of the curve H(y,w) = 0 while the unstable manifold appears to spiral outwards. It is
a result of Franca [17] that this occurs for a large class of nonlinearities.

We can now explore precisely why we require (3.2) to be satisfied. The different dynamics
corresponding to different values of ¢;, with (n,p) = (3,1.8), in the {r = 0}-plane are pictured
Figure 3.3. Notice the switching of roles between the stable and unstable manifolds of (0,0, 0)
as ¢ is varied to be below, in and above the inequalities in (3.2).

As Theorem 3.0.2 is concerned with uniqueness, rather than existence, we will not explore

existence further in this chapter.
3.3 Variational equations

3.3.1 Definitions

For any time 7 € R, we define the intersection curve

C(r) = W*en {r=r(r)}. (3.42)
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(d) g1 =45

-3 -2

Figure 3.3: Varying ¢; with (n,p) = (3,1.8) to show the stable and unstable manifolds of
(y,w,r) = (0,0,0) in the {r = 0} plane. (a) is less than the lower bound, (b) is the lower
bound, (c) is within the bounds, (d) is at the Sobolev critical exponent p*, and (e) is above
p*. In (a) and (b), the origin is a source; for (c)-(e), the origin is a hyperbolic saddle point.
Figures (c) and (e) show the behavior switching between the stable and unstable manifolds.
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For any chosen u with initial condition a > 0, let C(7, ) be the truncated intersection curve
defined by
C(r,a) ={(u(r),w(r),r(1))s € C(7) : a € (0,a]}.

Notice C(7,a) C C(7) lie in the {r = r(7)}-plane. The curve defined by

(1) = {(u(t),wd),r(t))a : t € (=00,7]},

which we will refer to as a solution trajectory, limits to («,0,0) as t — —oo and intersects

C(7,a) at u(r, ). Examples of both of these curves are sketched in Figure 3.4.
3.3.2 Variational equations

For any choice of t € R, the curve C(t) in (3.42) can be parametrized by the u-coordinate
initial condition a via

ci(a) = (u(t,a),w(t,a),r(t)). (3.43)

Taking the derivative along ¢;(a) with respect to a yields a family of tangent vectors with

or =0:
%(a) = (augc; 2 - awg;’ ) R 8gff) a:a) =: (Ou(t,a),dw(t,a),0).  (3.44)

Notice that in the {r = 0}-plane, we can parametrize the center manifold in the same fashion

as c—o}(a) = (a,0,0), and thus

dC{r:()}
—— () = (1,0,0).
L= (0) = (1,0,0)
Hence
lim du(t,a) =1, lim dw(t,a) = 0.
t——o00 t——o0
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The variational equations to describe how such a family of tangent vectors in the (u,w,r)-

system is carried under the flow are given by

Su = p%lwﬁ)—’f Sw, (3.45)
ow = ( —n)éw—g(rpf(u)) (5u—2(rpf(u)) or (3.46)

- ¥ ou or '
or = or. (3.47)

In particular, the tangent vector field in (3.44) satisfies

Su = — || sw (3.48)

= 273 , ,
dw = (p—n)dw—1"f(u)du (3.49)
or = 0. (3.50)

We define two curves in the tangent bundle to ;"¢ as follows: for any point (u(7),w(7),7(7))a €

C(7, ), we find the tangent vector from (3.44) and form the following curve:

Sc(r,a) = {0u(T,a),0w(r,a),0) : a € (0,al}.

Similarly, for each point (u(t),w(t),r(t))s along a single solution trajectory (7, «), we find

the tangent vector

(Ou(t, o), dw(t, c), 0)

defined by (3.44) and then construct the following curve:

Sy(ra) = {(0u(t, ), 0w(t,a),0) : t € (—o0,7]}.

Figure 3.4 illustrates the tangent vectors that define these curves.

As in Jones and Kiipper [21], we will let I denote the winding number of the admissible
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Figure 3.4: The plane (a) is the {r = 0}, and (b) is the plane {r = r(7)} from the proof of
Lemma 3.4.1 illustrated for the case k = 1. The curves v = (7, &) and C(7, &) are labeled,
while their corresponding vector fields, S, and S¢, respectively, are sketched as well.
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curve ¢, (a) : [0,a] — R2. To state the definition of I, we first define a continuous angle mea-
sure ¥ : ¢;(a) — R so that J(c.(a)) is on the appropriate branch of arctan(dw(r, a)/du(r, a)),
where (du(7,a),0w(r,a)) is the tangent vector along c,(a) at the point (u(7,a),w(r,a)).

Moreover,

9(c,(0)) = arctan (%) c (—g g) . (3.51)

We remark that for 1 < p < 2, the angle ¥(c,(0)) is strictly between —m/2 and 7/2, as along
the invariant line {(0,0,7) | r > 0}, the first component du has du = 0 by (3.45). Hence
du = 1 along {(0,0,7) | > 0}, and therefore (3.51) is defined for every 7. (The case p =2 is
done in [21].)

The winding number I along the intersection curve is defined by

- [ (22 |- [ (2 - [ (250

the symbol |-| denotes the greatest integer function. To show that it does indeed reduce to

the right-hand side and demonstrate how this calculation works, notice

Wer(0) € (-3.5)

2°2
~20(c.(0)) € (-m,7)
—20(c-(0) e (-L,1)
MJ& € (0,2)
% (M + 1) € (0,1)

HE SRR

This quantity counts the number of net crossings (with clockwise about the origin crossings

positive and counterclockwise about the origin crossings negative) of the dw-axis in the (du, dw)
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Point | d(c,(a)) | I(c

S
—~
S
~—
~—

a=0 /3
a = Qs 0
a=az | —m/2

a=ay | —5m/4
a=a; | —37/2
a=ag | —51/3
a=a; | —bmw/2
a=asg | —1lm/4
a=ay | —5m/2
a = aip —777'/3

W WWwWwND NN —EF~= OO

Figure 3.5: (a) An imagined S¢(;,4) with 10 selected points. In (b), we estimate the angle
measure 9 for each of the 10 points, beginning with the open circle and moving in the
direction of increasing initial condition a. For each ¢, we compute the winding number [ in
the third column.

plane. See Figure 3.5 for a demonstration; this demonstration is particularly important as it

shows how the winding number is calculated when the curve Sc(m)‘ ., Stops on the dw-axis.

a<

We establish a convention in this chapter that in winding number drawings, we mark the
beginning of the curve, ¢.(0), with an open circle.

We use the word “homotopic” for curves to refer to the notion of being pathwise homotopic
into the punctured plane R?\{0}. The winding number I is then invariant for homotopic
curves. Let us consider the piecewise-defined curves {(0,0,7) | 0 <r <r(7)} UC(7, ) and

{(a,0,0) | 0 < a < a}U~v(r,«). As they form the boundary of the region

{0<r< T(T)}ﬂ{ U W;((a,0,0))},

O<a<a

there is a piecewise smooth path homotopy between these two curves. Thus the winding
number along them must be the same. However, du = 1 along both pieces {(a,0,0) | 0 <
a < a}and {(0,0,7) | 0 <r <r(r)}. Thus any winding behavior happens along C(7, «) and
7(7, ). Hence we conclude that I(Sc(ra)) = 1(Sy(ra))-

With this construction, we can now state a result connecting the algebraic winding

number of du and the number of zeros of du along (7, «). The following lemma is similar to
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Figure 3.6: An imagined S,(;,) from Lemma 3.3.1 satisfying du = p%l|w|i%€ The open circle
on the du-axis indicates that the limit as t — —00 of Sy(7,4) is (1,0). The closed circle on the
dw-axis indicates that at the moment this winding number is computed for this particular
trajectory, du(r,a) = 0 with dw(7,a) > 0. The winding number of the curve S, o) in this
case is 4.

Proposition 3.5 from [21].

Lemma 3.3.1. For any trajectory (u(t),w(t),r(t))a at time t = 7, I(Sy(ra)) 15 the exact

number of zeros of du(t, ) for —oo <t < T.

This is not immediate: in a winding number calculation, it is possible for crossings
(instances where du = 0) to cancel each other out if they cross with dw > 0 or dw < 0 in the
opposite direction. We see, therefore, that (.S, () is at the very least a lower bound on the
number of times du = 0. To prove this lemma, therefore, we must show that along (7, ),
the winding curve can only cross the axis {ou = 0} in one direction, namely in a manner

clockwise about the origin.

Remark 3.3.2. When examining Figures 3.6-3.9, it is important to remember that Su is
differentiation of du with respect to time, and not with respect to the initial condition, a.

Therefore, it is generally not possible to determine du when examining an r = constant plane.
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Proof. This lemma relies on the fact that du = ]ﬁ]wlg dw. Consider the (0u, dw)-plane as
pictured in Figure 3.6. We notice immediately that S, ) can never intersect the origin, as
du = dw = 0 is invariant in (3.48)-(3.48), and the limit of (du, dw) as t - —oo is (1,0). The

fact that whenever r > 0, the relation
dw =0 — Su =0 (3.52)

implies that any time S, (; ) crosses the du-axis (i.e., the line {w = 0}), then du = 0. Hence
the Sy(ro) must be perpendicular to the du-axis at any such crossing. Conversely, the curve
can only turn vertical if it is crossing the du-axis. Thus there are no tangential intersections
of either axes.

Furthermore, as the sign of dw and du must be the same, then du must be increasing
in the first and second quadrants, and decreasing in the third and fourth quadrants. Thus
if it crosses the dw-axis with dw < 0, it must be crossing from the fourth quadrant to the
third quadrant, and if it crosses the dw-axis with dw > 0, it must be crossing from the second
quadrant to the first quadrant. Hence each crossing of the line {0u = 0} must be in the
clockwise direction. Therefore, the winding number 7(S,(;,q)) is equal to the exact number of
zeros of du. A whimsical example of an S,(; ) that follows these guidelines is pictured in

Figure 3.6. [l

Recalling that T is the Emden—Fowler transformation, we consider the intersection curve

in Emden—Fowler coordinates by computing

By construction, D(t) is a curve lying in Wp in the {r = r(t)} plane. As before, this is
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parametrized by a. Define

ow(t,a)
" da

a=x

or(t)
" Oa

a=x

dD,, . (0y(t,a)
%(a)_< da

) =: (dy(t, ), dw(t, ), 0). (3.53)

a=x

Under the Emden—Fowler transformation, the variational equations for the (y, w, r)-system

are given by

. 1 2-p
5y = A(Sy‘i‘pTl‘w‘p 5’[1), (354)
ow = (p— DA =n+p)ow — aﬁ (rp“(p’l)f(r”\y)) oy (3.55)
Yy
0
_ Y (ppFAp-) =
e (r f(r y)) or
or = or. (3.56)

Notice in particular that the vector field (dy(t), dw(t),0), satisfies (3.54)-(3.56) with dr = 0.

As y = r*u, along this vector field we can write
0Y|sr=0 = A 6 4 7 5u|5r:0 = du. (3.57)

There are therefore three cases for lim;_, ., dy:
1. if A > 0, then dy — 0,
2. if A =0, then dy — 1, and
3. if A < 0, then the limit of dy is undefined.

In case (3), although 0y is undefined in the limit (more precisely, |dy| — o0), we recall that
the tangent vector field du exists independently of A, and for any € > 0, T'[dul,>:| = dyl|,>c is

a well-defined vector field.
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3.4 Proof of uniqueness

Nonuniqueness implies that C'(T") contains two points that can be written as

(w(T), w(T), r(T))ay = (0,41,7(T))  and  (u(T),w(T), r(T))a, = (0, B2, 7(T))

with 51 # (s, such that u(t, ;) > 0,7 =1,2, for all t <T.

With this terminology, we set up two possible cases to be ruled out. We will assume
that C'(T) intersects {u = 0} transversally at a« = a; and a = a3 so that du(T, «;) # 0,
1 = 1,2. We remark that this assumption is safe because the proof of uniqueness actually
rules out the possibility that a positive solution could intersect {u = 0} tangentially. In other
words, a consequence of the proof calculations is that any solution u(t,a) which is positive
for 0 <t <t with (T, a) = 0 cannot have éu(7,a) = 0.

The following lemma is similar to Lemma 1 from [7], with the notable difference that we do

not assume du must be zero before u = 0 (in other words, we will rule out the “underrotation’

case with a specific calculation later in Section 3.4.1).

Lemma 3.4.1. Nonuniqueness at r(T) = R means that there exists T and &, with —oo <
T < T, such that u(t,&) = 0 and du(r,&) = 0. Moreover, exactly one of the following two

statements must hold:

1. It is the case that du(t,&) > 0 for allt € (—oo,T), and dw(T,&) < 0. This is referred

to as “underrotation.”

2. There exists Ty, with —oo < 19 < 7 < T, such that du(ry, &) = 0 and du(t,&) # 0 for

t € (—o0,7) U (10, 7). Moreover, dw(t,&) > 0. This is referred to as “overrotation.”

Proof. Consider the interval I = [ay, as]. By the transversality assumption preceding the

statement of the lemma, we may choose a; and s so that for each a € I, u(r,a) # 0.
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Moreover, by selecting a; as

a; =min{a > 0 | w(T,a) = 0}

and oy as

az = min{a > a; | u(T,a) = 0},

then for each a € I, u(7,a) < 0. By the intermediate value theorem, for each a € I there is
some time T, < T such that u(7,,a) = 0. We define a continuous map associating to each
a € I the corresponding time 7, using the following.

Let t; : I — R be the map that sends each a € I to the first time ¢;(a) < T such that
u(tr(a),a) = 0. This map is well-defined and continuous, and as I is compact, t;(I) is
compact. Therefore, t;(I) attains its minimum; let 7 = min{¢;(a)}.es, and let & € I denote
a solution trajectory that satisfies u(7, &) = 0.

As & must be an isolated zero, there is a neighborhood B C I about & so that u(7,a)|p, >

0. By continuity, we conclude

ou(r, &) = —@u(aT, ) =0,
a

a=&

as u has a local minimum at &. Figure 3.7 illustrates this for the overrotation case.
Either w(T, aq) > w(T, ) or w(T, ) < w(T, az). (The first possibility is the underrota-

tion case while the second is the overrotation case.) If w(7T, ay) > w(T, az), then

as I(C(7,&)) is homotopic to the curve pictured in Figure 3.8(a). The winding number of
this curve is computed in Figure 3.8(b).
This underrotation scenario implies that the first zero of du(t, &) occurs when t = 7. In

this case, ou(t, &) would be positive for all t < 7, as the limit of du as t - —oo is 1. The
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=Y

C(T, CYQ)

Figure 3.7: This figure illustrates the overrotation setup for Lemma 3.4.1. (a) is the plane
{r =0}, (b) is the plane {r = r(7)}, and (c) is the plane {r = R}, where 7(T') = R. Pictured
are the curve C(1) C W2 N{r = r(7)} and the curve C(T) C W?N{r = R}. The trajectories
(u(t),w(t),r(t))a, and (u(t),w(t),r(t))a, each have their first intersection with the plane
{u =0} when r = R. Lemma 3.4.1 guarantees the existence of & and 7 with 7 < T" such that
the curve (u(t),w(t),r(t))a intersects {u = 0} when r = r(7), as pictured. See Lemma 3.4.1
for the precise statement.
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(a) C(r, @) (b) Sc(ra)

Figure 3.8: (a) The general form of C(7, &) from Claim 3 in Lemma 3.4.1 under the assumption
that w(7, 1) > w(T, a2). The winding number of this curve is 1. Unlike in Figure 3.6, this
curve may be vertical without crossing the du-axis, as C'(7, &) is parametrized by a, whereas
7 in Figure 3.6 is parametrized by ¢. (b) The general shape of S¢(;.4) based on (a).

concludes the proof for case (1) of the lemma.

If w(T, 1) < w(r, as), then

In this case, I(C(7, &) is homotopic to the curve pictured in Figure 3.9(a), whose winding
number is computed in Figure 3.9(b).

This calculation finishes the proof: for the overrotation case there is exactly one value
To € (—o00,7) such that du(m,&) = 0. Notice that in this case, we also discover that

dw(T, &) > 0, as pictured in Figure 3.9(a). O
Now we can state the analog of Lemma 3.4.1 in Emden-Fowler coordinates.

Lemma 3.4.2. Assume the same hypotheses of Lemma 3.4.1 with the same T =1n R. Then
nonuniqueness means that there exists T and &, with —oo < 7 < T, such that y(1,&) = 0,

dy(t,&) = 0. Moreover, one of the following two must hold:
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Figure 3.9: (a) The general form of C(7, &) from Claim 4 in Lemma 3.4.1 under the assumption
that w(7, a1) < w(7, a2). (b) The general form of S¢(;4) based on (a). Unlike in Figure 3.6,
this curve may be vertical without crossing the du-axis, as C(, &) is parametrized by a,
whereas v in Figure 3.6 is parametrized by ¢. The winding number of this curve is 2.

1. In the underrotation case, 0y(t,&) > 0 for allt € (—oo, 7). Moreover, dw(t,&) < 0.

2. In the overrotation case, there is 1y, with —oo < 19 < 7 < T, such that dy(1o, &) = 0,

and oy(t,&) # 0 fort € (—oo,79) U (10, 7). Moreover, dw(t,d&) > 0.

Proof. First it clear that the signs and zeros of u(t,&) and y(t,&) agree for r > 0 since
u = r~*y. Furthermore, by (3.57), we know that the signs and zeros of du and Jy agree.

Lastly, by (3.27), we know that at a = &, t = 7, we have

. ow(T, a) o
dw(r, &) = 8¢ |o—a ((p = Dfu/ [ (5u’) |,\=0‘
A=0
Therefore, the sign of dw(r, &) is the same as the sign of dw(r, &). O

Following the methodology in [7], we define the normal vector in the dual space to

Tyt w(t),r(8))a Wp by

(0y*(t, ), ow™(t,a),or" (¢, a)) = (y,w,7(t)) x (6y, 0w, 0r)| ¢, - (3.58)
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Unless the normal vector is being evaluated at a specific time, we will often omit the
dependence on time ¢ and write the third component as dr* to mean 07*(¢). When discussing

or* for a specific trajectory, we will also suppress the dependence on the initial condition a.

Lemma 3.4.3. On the trajectory (y(t), w(t),r(t))a of Lemma 3.4.2, the third component of
(3.58),

or*(t) = y(7) dw(r) — w(r) dy(T),
15 positive in the underrotation case and negative in the overrotation case.

Proof. This lemma is an immediate consequence of Lemma 3.4.2. For both cases, we know
dy(r,&) =0, w < 0, and as y(t) is decreasing from y > 0 to y < 0, ¥ < 0. In the underrotation

case dw(T, &) < 0 while for the overrotation case, dw(r, &) > 0. O]

By Lemma 1.2.6, the normal vector (dy*, dw*, dr*) has derivative

(0r*) = (pPA = n+p) or* + 172D ((p+ A(p — 1)) f(u) — Muf'(u)) 5y. (3.59)

Lemma 3.4.4. Ast — —oo, the quantity 5r* - e"P=PVt 5 ()

The proof of Lemma 3.4.4 requires a careful examination of u, y, and A, so we include the

calculation of the limit below in full detail.

Proof. Employing the expression y = r*u to write § = M*u + v/, and recalling that
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r = e! and 6y = r* du, we obtain

lim e PPNt g = yow = woy
t——o00 r—(n—p—pA)
(MAru+r M) ow o [((p— DA = n+p)w — P07 f(u)] dy
p—(n—p—pX) p—(n—p—pX)
(MrAu+ rM) dw
r—(n—p—pA)
[((p— DA = n+ p)u/ [/ [p=2pP=DOFD) — ppF2E=D £ ()] 12 Gy
r—(n—p—pA)
(M2 u+ rM ) dw
r—(n—p—pX)
[((p = DA = n 4 p)u'|u/ [P 271 — 722 f(u)] du
p—(n—p—p) )
Hence
lim e PPVEspr = (ApAMTPTPAY p pATPTRA Sy

t——o0

—[((p = DA =n+p) |/ |P2r" =" fu)] du.
For the second term, «/|u/[P~2, 7"~ v — 0, f(u) — f(a), and du — 1. Hence
[((p— DX = n+p)/[u/ P> =" f(u)] du— 0

independently of the chosen parameter A € R. For the first term, if 0 < A < p_—’;l, we may

conclude that A +n —p — pA > 0 and dw — 0, forcing the first term to vanish. Notice

()\TA-&-n—p—p)\u + r/\-i—n—p—p)\ru/) 511) _ /\r)\—l—n—p—p)\(u + Tu’)(p . 1)|ul|p—2rp>\+p—/\—1 5ul

_ (p _ 1) (,,,,n—lu|u/|p—2 + ,rn|u/|p—2u/) 5ul’

which is independent of A. Thus we conclude the first term must vanish independently of \.
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Therefore, for any A\ € R,

(PPNt ) as t — —oo.

Referring back to the linear differential equation for ér* in (3.59), let

I{u, A) = (p+ Mp — 1) f(u) = Auf'(u). (3.60)

Then along a given trajectory (y(t,a),w(t,a),r(t)), we can compute ér* at any time ¢ for

that trajectory with the following integral,

t

or*(t,a) = e(p’\_”+p)t/ e~ PATAR)s (YPRAPD T (y(s, a), X) 0y(s, a) ds.

—00
As r(t) = e' and y = r’*u, this can be rewritten as

or* = T(t)p’\_"+p/ r(s)"I(u(s,a), \) du(s,a)ds. (3.61)

—00

Once a particular trajectory has been identified, we will frequently suppress the dependence on
the initial condition «(0) = a and write udu to mean u(s,a) du(s,a). As we have converted
from y back to u, notice the Emden—Fowler transformation only manifests itself in the
A-dependence of I(u, \).

Let us now define a second 2-form that does not appear in [7]:

, a —Dw(t,a
Wp(y(a), w(a))(t) := vite) p-duta)) yow —(p— 1wyl - (3.62)
dy(t,a) dw(t,a)

This expression W), will also appear in the Morse index calculations in Chapter 4. For our

purposes here, we select A = A Omitting in the notation below the dependence on time and
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the initial condition u(0) = a, we obtain
W, = (ph 4 p) Wy 07 (p = 1) f(u) — uf! () by, (3.63)

which is a linear differential equation. We compute

tEEIloo Wp(t)e(”_p_p;\)t = tLiznoo p(n=p=p)i (yow — (p— Dwdy) (3.64)
= tlirn p(n—p—p)t <r;\u dw — (p— 1)w7"5‘ (5u> (3.65)

——00
= lim [r;\Jr”_p_pj‘u Sw — (p — V)wr tn—r—rA (514 . (3.66)

——00

The quantity A+n— P — pS\ is positive; thus pAFn—P=PA (), Moreover, w — 0, u — a,

dw — 0, and du — 1, and we conclude

lim W, - e PPVt — (. 3.67
p

t——o00

Hence we may use an integrating factor to solve (3.63), and obtain

Wi(t) = r(t) - ?rY / F(s)" [(p — 1) (u) — uf"(w)] u(s) ds.

—0o0

In terms of K (u) from hypothesis (F2), we may write

Wy(t) = r(t) 7Y / r(s)"f(w)[(p = 1) = K(u)] du(s) ds. (3.68)

—00

Remark 3.4.5. Lastly, we note that for either the underrotation or overrotation case for the
trajectory identified in Lemma 3.4.2, then by the definition of W,(7) = 0 given in (3.62) we

know W, (1) = 0, as the vectors (y, (p — 1)w) and (dy, dw) are parallel at t = 7.

To show uniqueness in general, there are two cases to consider: underrotation and

overrotation.
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3.4.1 Eliminate Underrotation

To eliminate the possibility that underrotation of the invariant manifold leads to nonunique-
ness, we set \ = A in the expressions for 0r*. For the solution identified in Lemmas 3.4.1
and 3.4.2, we have established that ¢t = 7 is the time when u(¢) = 0 with du = 0 and dv < 0

(by the assumption of underrotation). Then

Sr*(7) = r(r)Prte / ' r(s)” Fu) ((gr — 1) — K(u)) Suds. (3.69)

qgi—p

By the remarks on K (u) (see (3.4)), we know that (¢; — 1) — K (u) is positive for u < § and

negative for u > 6, hence
fw) (@ —1) = K(u) <0,  u>0

(This statement holds for f nonnegative by replacing # with 0). In underrotation, du > 0 for
all ¢ < 7; thus the integrand of (3.69) is nonpositive. Hence 7*(7) is nonpositive. However,

dr*(7) < 0 contradicts Lemma 3.4.3. Therefore, the underrotation case is impossible.
3.4.2 The overrotation cases

Suppose that for the solution trajectory identified by lemmas 3.4.1 and 3.4.2 underrotation
does not occur; by Lemma 3.4.2, this hypothesis implies that du = 0 exactly once (at t = 79)
before u = 0. Let u(7y) = up > 0. Recall that 0 from condition (F1) satisfies f(u) < 0 for
u <@ and f(u) > 0 for u > 6 if f is sign-changing. The possibility that f is nonnegative is

satisfied by setting 6 = 0.

If ug = 0. Let us first consider a very specific case: suppose that the value uy described

above corresponds exactly to #, at which point f(u) = 0. Then we set A = 0 and find

I(u,0) = pf(u).
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Equation (3.61) becomes

or*(r) =r(m)P " /T r(s)"pf(u)ouds > 0,

—0o0

as f(u),0u > 0 for u > uy = 0 and f(u),0u < 0 for u < uy = 0. However, this contradicts

Lemma 3.4.3. Hence we cannot have nonuniqueness if ug = 6.

Therefore, for the remainder of the proof, we will address overrotation with the basic
assumption that uy # 0. Imagine that Ay can be chosen to force I(u, \g) to be zero at some
time, in particular at ¢ = 7y when u = uy. Then we can explicitly compute what Ay must be

and obtain

. pf(uo)
2= e u0) — (o — D) () (3.70)

We recognize the denominator from (AP3); unlike [2], we will not require it to be nonzero
or have a particular sign. Assuming for the moment that this )\ is defined and satisfies the

upper bound ;\, then I(u, \g) simplifies dramatically to the following expression:

I(u) := I(u, o) = o (K (ug) — K(u)) f(u). (3.71)

(a) (b)

Figure 3.10: This figure assumes ug > 6, with f(u) = u® — u. (a) is a plot of K (ug) — K (u)
(dashed, with its vertical asymptote at u = 6 included), and f(u), solid. The product of
(K (ug) — K(w))f(u) is in (b). Notice this product only changes signs at u = uy.

Suppose f changes signs at u = ug. At first glance, I(u) appears to change signs twice: at
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Case (1)

Figure 3.11: The graph of A(u) from (3.72), with p = 1.6, n = 3 and f(u) = v® — v®. This
curve graphs the appropriate choice of A\g given uy. The vertical asymptote occurs when
wf'(u) — (p— 1) f(u) = 0, while the horizontal asymptote is the line A = A. The z-intercept
oceurs at ug = 0.

u=wug and u = 6. If uy > 60, however, by (F2) the expression (K (ug) — K(u)) f(u) is negative
for u < up and positive for u > wug; see Figure 3.10. If ug < 6, then (K (ug) — K (u)) f(u) is
positive for u < uy and negative for u > wug. Hence it changes signs exactly once, at ug.

If f is nonnegative, then I(u) is either zero, or (K (up) — K (u)) f(u) satisfies the same
statement as uy > 6 above. We will prove this case as part of Case (3), below.

To determine whether or not \g is a valid choice for A, we must understand the quantity
wof'(uog) — (p— 1) f(ug) in the expression for Ag. In particular, as ug is not a quantity that is
easy to determine, let

_ pf(u)
A = ) — - D) (3:72)

so that A(ug) = Ag. This curve is illustrated in Figure 3.11. There are three cases to consider:

1. uof'(ug) — (p — 1) f(up) = 0. Notice this case is equivalent to K(ug) = p — 1. Since
p < qi1, then by the remarks on K(u), we determine that uy < 6. We consider this

scenario in Case (1) below.
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2. ugf'(up) — (p—1) f(up) < 0. We will prove overrotation cannot occur in Case (2) below.

3. uof'(ug) — (p— 1) f(up) > 0. We will consider this situation in Case (3) below. This

case will also cover f nonnegative.

These three possibilities are shown in Figure 3.11. In Figure 3.11, the region to the right,
which corresponds to case (3), shows that the appropriate value of \g is strictly less than the

upper bound A. This fact is the subject of the next lemma.
Lemma 3.4.6. If ug > 0, then \g < A

Proof. We first note that \g # 0 if u # 6. Moreover, if A\ < 0, then it satisfies A < 5\, SO

assume A > 0. Notice

L wf(w) _p-1_ Kw)-(p-1)

X pf(up) p p

If ug > 0, then we know that K (ug) > ¢1 — 1. Hence

1 —1-(p—-1 —
— >4 (v ), = ppg—

Ao p pP—q1

I
>

3.4.3 Proof for Case (1) (the asymptote case)

In the asymptote case, we consider ug f'(ug) — (p — 1) f(ug) = 0, or equivalently, K (ug) =
p — 1. As ug must be smaller than 6, for all v € (0,uy), f(u) < 0. Moreover, by (F2), for all

L€ (7,7), K (u) > K (o). Hence for all ¢ € (r, 7).

uf'(u)
f(u)

>p—1 = (p—1)f(u) —uf'(u) > 0. (3.73)
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For this particular region, we write

W,(r) = r(r) (rpd ( / Y ) [0 — 1) — K (w)] Suds

—00

+ [ o ) - 1) - K] buds)

70

<r<ro>)(”‘p‘p” Wytra) + (e 7 [ o) (o — 1) = K ()] duds.

r(7) -
The last integral is negative, as du < 0 for ¢ € (79, 7) and (3.73) must hold. We can compute
W, (10) directly:

Wp(10) = y(70, &) 0w(70, &) = (p — Dw(7o, &) 0y(70, &) = y(70, @) dw (70, @),

which must be negative as y > 0 and dw < 0. We conclude W,(7) < 0. Yet at 7, we know

y(7,&) = dy(r,&) = 0, and therefore
Wy(r) = y(1,d) dw(r, &) — (p — Dw(r, &) dy(r,d) = 0. (3.74)

Thus Case (1) is impossible.
3.4.4 Proof for Case (2)

To show that the invariant manifold cannot overrotate to cause nonuniqueness in the case

uof'(ug) — (p — 1) f(ug) < 0, we again use W,(y, w)(t) with A = X to write

(7o (n—p—pA) o T
W) = (Z2) 7 ) 4 [ () - 1) - ()] duds.

As before, W, (19) < 0. Suppose ug > ¢, which implies f(ug) > 6. Then

uof (ug) — (p— 1) f(ug) <0 = Kup) <p—1<gq —1, (3.75)
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which is a contradiction for v > 6; thus v < 6. As w is monotone decreasing and K is

nonincreasing (or nondecreasing as u ), we conclude that the expression

(p = D f(w) —uf'(u) = fu) [(p — 1) — K(u)] (3.76)

is positive for all t € (79, 7). As in the Case (1) region, we know that for ¢ € (7, 7), the
component du < 0. Hence the last integrand expression is negative. We know that for
t € (10,7), du < 0; this fact together with (3.73) allows us to conclude that W,(7) < 0.

However, this is a contradiction, as W,(7) must be zero.
3.4.5 Proof for Case (3)

f sign-changing at u = 6. We conclude with the case ugf'(up) — (p — 1) f(uo) > 0. In
this case, we cannot arrive at any contradictions in the style of (3.75). Therefore, we must
consider two possibilities: ug > 0 and uy < 6.

If ug > 6, then by Lemma 3.4.6, \q is well-defined and satisfies A < A Moreover, we see
that f(ug) > 01in (3.70) implies \g > 0. Hence I (u) in (3.71) changes sign once from positive

to negative as u decreases through ug. As a result, the expression for 6r*,

6r* (1) = r(r)PA=ntp /T r(s)"I(u(s,a), \) du(s,a)ds,

—00

is positive. But this contradicts Lemma 3.4.3.
Now suppose ug < 0. We choose A\ to be whatever value of A forces I(u, \) to change
signs at ug. Since ug < 6, then as f(up) < 0, then we conclude Ay < 0 < A. Recall the

integral definition of 6r* from (3.61):

6r*(1,a) = r(r)PA"P /T r(s)"I(u(s,a),\)du(s,a)ds.

— 00

Although the integrand contains u and du, which are independent of A\, we take extra care

here to calculate 0r* because we passed through the Emden—Fowler transformation to arrive
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at (3.61). This precaution reconciles the two different ways to calculate dy: the first way
is simply 6y = 7* du, which if r > 0 exists for all \. However, dy(t) is also defined by the
intersection curve on V[A/;, which does not necessarily exist for A < 0 in the limit » — 0, as
described in Section 3.2.1.

We remark first that by Lemma 3.4.4, the integral definition above does solve (3.59) for
any A € R. Let ¢ > 0 be sufficiently small so that the first zero of du = r=* §y occurs at
t = 79 > In(e). Then the manifold I/Vp = T[Wycn{e <r < R}] described in Section 3.2.1
captures the sign-switching behavior at 5. However, for any ¢y € (0,¢), we can just as easily

construct WIQ =TWy*N{eg <r < R} so that Wp C WIQ As du > 0 for all t < 79,

/ (s I (uls, ), A) bu(s, ) ds >

€0
as I(u(t,a)) must be positive for all ¢ € [In(ep), In(¢)]. Therefore,

or* (1) > r(T)PA TP /TT(S)nI(U(S, a),\) ou(s,a)ds.

However, as I(u, A) and du both change signs from positive to negative at 7y, we conclude

that the integrand must always be nonnegative. Hence
or*(t) > 0.

To verify that this conclusion contradicts Lemma 3.4.3, we must make sure that Lemma 3.4.3
is still true for A < 0. If we convert dr* to an expression containing u, w, du, and dw rather

than y and w, we obtain
6r* (1) = P2 (Mu + 1) 6w — (M(p — Dw + &) 5“‘75:7 = 7P (1 0w) |y=y < 0.

Thus Case (3) is impossible for sign-changing f.
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f nonnegative. We first show that f nonnegative must fall under Case (3). Notice
uo f'(uo) — (p — 1) f(ug) <0, = K(ug) <p—1<q—1

By the remarks on K (u), this statement implies that uy < 6, which is a contradiction, as
6 = 0 for f nonnegative.

If f(u) > 0for all u > 0, then A\g in (3.70) must be positive, and by Lemma 3.4.6, we know
that Ao is a valid choice for A. It is possible that I(u) = 0; this would be the case if f(u) = u?.
In this scenario, we conclude by (3.61) that dr*(7) = 0; this contradicts Lemma 3.4.3.

If I(u) is not identically zero, then the nonincreasing behavior of K (u) implies
(K (uo) = K(u))f(u) ou > 0.

Hence the sign of

51 () = r ()Pt / C () T(u(s, a), ) bu(s, a) ds,

is determined by Ag. As Ag > 0, we conclude 6r*(7) > 0. However, this contradicts
Lemma 3.4.3. Thus Case (3) is impossible.
3.5 Summary

Over the past several pages, we have performed the following:

1. Converted A,u + f(u) = 0 with radial symmetry and appropriate boundary conditions
into an ODE.

2. Established existence of solutions by using the Emden—Fowler transformation and

~

setting A = .
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3. Defined the winding number for the tangent vector field (du, dv,0), and used this to
establish the number of zeros for underrotation and overrotation for a trajectory that

intersects {u = 0} tangentially at ¢t = 7.

4. Computed two vector components, the third component of the normal vector and the

third component of (y,w,r) X (dy, dw, dr), in two different ways.

5. Showed how a careful selection of A reveals a contradiction between the definitions of

or* and W,.

Hence we conclude that it is impossible for a positive solution u(t,a) to intersect {u = 0}
tangentially. As this type of intersection must occur to violate uniqueness, we have proven

Theorem 3.0.2.
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CHAPTER 4: MORSE INDICES OF SIGN-CHANGING SOLUTIONS

In this chapter we relate two different properties for a radial solution u of the semilinear
elliptic equation

Au+ f(u) =0 on Bg(0) 1)

u =0 on 0Bg(0).

On one hand, one naturally associates (4.1) with an Euler functional and finds that solutions
of (4.1) are critical points of this functional. In Section 4.2, we use Morse theory to define
the Morse index of the functional at a solution u to measure the directions of decrease of
the functional. We restrict our attention to radial functions and compute the Morse index
of the functional on the subspace of radial functions. On the other hand, we associate u
with a tangent vector field (du, dv) whose behavior is governed by the variational equations
of (4.1). In particular, we may count the number of zeros of du on m. We use Sturm-
Liouville theory in Section 4.3 to prove Theorem 4.3.4, which demonstrates how the two
approaches—the Morse index of a radial solution u and the number of zeros of du—agree.

With this proposition, we then proceed in Sections 4.4 and 4.5 to prove a series of results

about the Morse indices of solutions to (4.1).

Remark 4.0.1. A note on notation. There are several integer-valued quantities referred to
below. For clarity’s sake, k generally refers to the number of zeros a solution v may be
attaining on [0, R| for some particular radius R, while u refers to the number of zeros of Ju
on [0, R], and M denotes the Morse index of u (restricted to the subspace of radial functions
in W,*(22)). Occasionally the Morse index will be the exact number of zeros of both u and

du, in which case the distinction becomes blurred.
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4.1 Statement of theorems

We establish in Section 4.4 a series of results on the tangent vector component du defined
in (3.44). The results on du are valid for both the regular Laplacian and the p-Laplacian.
As these results may be useful for future work on the p-Laplacian, we leave the propositions

about du in their most general form. Therefore, the PDE we consider in Section 4.4 is

Apu+ f(u) =0 on Bg(0)

u =0 on 0Bg(0).

where 1 < p <2 and f(u) € C! satisfies
(H1) f(-u) = —f(u), and
(H2) u[uf'(u) — (p —1)f(u)] is nonnegative.

We recognize condition (H2) as similar to (AP3) from [2]. Unlike in Chapter 3, we require

uf'(u) — (p—1)f(u) and u to have the same sign. Examples include
(A) the regular Laplacian (p = 2) with f(u) = |u|"?u — vu, ¢ > 2, v € R and
(B) f(u) = |u|"?u + v|u|2 2u, with p € (1,2], ¢1 > 2, ¢ > 2, and v > 0.

Class example (B) is new, as it does not satisfy the requirements of the uniqueness proof in
Chapter 3. With these hypotheses, the main results on the tangent vector component du are

the following;:

1. (Proposition 4.4.5) The number of zeros of du along any solution u solving the Dirichlet

problem on Bg(0) with k zeros is greater than or equal to k.

2. (Proposition 4.4.8) For any k, there exists a solution with k zeros whose vector compo-

nent du has k or k + 1 zeros.
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3. (Proposition 4.4.9) If a solution with k zeros on Bpg, (0) has pu > k (where p is the
number of zeros of the vector component du), then if that solution u extends to a
solution with j > k zeros on Bg,(0), Ry > Ry, it cannot possibly be a unique solution

(i.e. there is another solution to the Dirichlet problem on Bg,(0) with j zeros).

4. (Proposition 4.4.10) If there are at least two regular solutions whose du components

have k zeros on Bg(0), then there must be a solution whose du component has more

than k zeros on Bg(0).

To consider the Morse index of sign-changing solutions, we will restrict our attention to the
regular Laplacian; i.e. we will set p = 2 in (4.2). The main results of Section 4.5-4.6 are the

following:

1. (Theorem 4.5.1) The Morse index of any solution u solving the Dirichlet problem on

Bpr(0) with k zeros is greater than or equal to k.
2. (Theorem 4.5.2) For any k, there exists a solution with k zeros whose Morse index is k.

3. (Theorem 4.5.3) If a solution with k zeros on Bpg, (0) has Morse index > k, or if its
Morse index is k and du is an eigenfunction, then if extends to a solution with j > k
zeros on Bg,(0), Ry > Ry, it cannot possibly be a unique solution (i.e. there is another

solution to the Dirichlet problem on Bg,(0) with j zeros).

4. (Theorem 4.6.1) If there is a solution u with k zeros on Br(0) and M =k + ¢, ( > 1,
then for any integer j € {k,k + 1,...,k + ¢}, there is a solution u; with k zeros on

Br(0) and M = j.

We remark that in each theorem, the Morse index refers to the Morse index restricted to the

subspace of radial functions.
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4.2 Morse index

Let @ C R" be a domain, and consider the Sobolev space VVO1 2(Q) as described in

Section 1.3.1. Weak solutions of
Au+ f(u) =0, u=0on 0B (4.3)

are critical points of the Euler functional Jy(u) defined in (1.14). For the regular Laplacian,
the functional J, yields an evolution equation whose linearized operator at a solution u of
(4.3) is given by

L.g = Ag+ f'(u)g. (4.4)

The Morse index of the operator L, is the number of unstable (positive) eigenvalues of L,; it
could theoretically be infinite. It is well known in this case ([3]), however, that the linearized
operator L, is a compact perturbation of the Laplacian whose spectrum is real with only a
finite number of unstable eigenvalues. Therefore, the critical points of J, (the solutions to

(4.3)) have a finite Morse index. We define a bilinear form B by
B(v,w) = /(VU -Vw — f'(u)vw) dz, (4.5)

where v,w € W,?(Q). The Morse index is then the supremum of the dimensions of the
subspaces on which B is negative definite.

We will consider the Morse index of L, restricted to the subspace of radial functions in
I/VO1 2(Q) Throughout this chapter, we will refer to the Morse index of L, restricted to the
subspace of radial solutions as the Morse index of the solution u. In general, as the space of
radial solutions is a subspace of Wy (), the Morse index M that we compute is less than or

equal to the Morse index of L, defined in (4.4).
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4.3 Sturm-Liouville theory

We consider the space of radial solutions to
Au—+ f(u) =0

on Br(0) with Dirichlet boundary conditions; thus the eigenvalue problem for the linearized

operator in (4.4) can be written
no, N 1 / /
Lyg=yg + — 9+t f(u)g = Ag. (4.6)

Observe that, by abuse of language, we use the same notation L,, in (4.6) as in (4.4); however,
this operator is the operator in (4.4) restricted to the space of radial solutions. Thus the
Morse index M that we compute is in fact the Morse index of the operator in (4.6).

By multiplying each side by "' we rewrite (4.6) as
(r"tg) " (w)g = A, (4.7)

Equation (4.7) is in SL form as described in Section 1.4. The boundary conditions on the
eigenfunctions g are the same as those for u, namely ¢’(0) = 0 and g(R) = 0. From the
discussion in Section 1.4 (as well as the discussion in Section 4.2), we know that L must
have a finite number of positive eigenvalues A\, and the eigenvalues form a discrete and real
sequence

AL> XA > o>\, >0 — —00.

Moreover, on the interval (0, R), the eigenfunction g; with eigenvalue \; must have j — 1
zeros; together with the boundary condition g;(R) = 0, we conclude that on Bg(0), the
eigenfunction g; has j zeros.

To calculate the amount of oscillation of the eigenfunction with the smallest positive
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eigenvalue, we will make use of the tangent vector component du of the vector field (du, dw, o7)
defined in (3.44). To construct an ODE for du in the regular Laplacian setting, let p = 2 and
consider the vector field (du, dv, dr), where v = (w/r)|,—2. The variational equations for this

vector field are

o' = v
d—1
o' = — ov — f'(u)du
r

or' = 0.

Here we use ' = % rather than passing through r = e to write - = %. Notice
—1
ou' =5 =~ 5 — 1 (u)du,
or equivalently
-1

su' + = . dv + f'(u)du = 0.
Hence

(r”fléu/)/ + 7" (u)du = 0, (4.8)

which suggests that du solves (4.7) with eigenvalue 0. However, although du'(0) = 0 it is not
necessarily the case (and will frequently not be the case) that ju(R) = 0. Despite the differing
boundary conditions, we apply below the same techniques from the Sturm Comparison
Theorem to demonstrate that the oscillatory behavior of du determines the Morse index of u.

If du satisfies du(R) = 0 then du is an eigenfunction on [0, R] with eigenvalue 0. In this
case, the Morse index of u is immediate: if ju has p zeros on [0, R], then the Morse index
of wis p— 1. As du(R) is not necessarily zero, however, we cannot assume that du is an
eigenfunction with eigenvalue 0. Let gps be the eigenfunction whose eigenvalue A\, is the
smallest positive eigenvalue; then the Morse index of v on [0, R] is M. The first lemma shows

that du oscillates in [0, R] at least as much as g;.
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(c)

Figure 4.1: In (a)-(d), the solid black curve is the eigenfunction u, with the smallest positive
eigenvalue (in this example, the smallest positive eigenvalue is A4, as there are three interior
zeros on (0, R)). The dashed curve is the eigenfunction us for Az, the largest negative
eigenvalue, and the dotted curve is the tangent vector component du. In this figure, du does
not satisfy du(R) = 0; thus it is not an eigenfunction. (a) illustrates the Theorem 1.4.4, the
Sturm Comparison Theorem, as well as Theorem 1.4.5. (b) compares uy with du; we note
that du must have at least 4 zeros according to Lemma 4.3.1. (c¢) compares us with du, and
by Lemma 4.3.2, we know that du cannot have more than 5 zeros. (d) combines all of the
information about du based on wuy and us; as a result, du must have exactly 4 zeros.

Lemma 4.3.1. The number of zeros of du on [0, R] is greater than or equal to M.
Proof. We write the expressions (4.8) and (4.7) for ou and gy, respectively, multiply each

expression by the other function, and subtract:

(r"'ou’) gar + " f (w)du gy = 0

— (r"’lgﬁw)/ Su—1""1f (u)gp du = —Ayr" tgar du

(r”’léu')/gM - (r”’lgh),éu = A" g du.
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The left-hand side can be rewritten to attain
[ (g 60’ — gy 5u)}/ = — Ay Lgas du. (4.9)
Integrating (4.9) from 0 to = € [0, R] yields

2" (gar(2)0u () — gy (2)ou(z)) = — Ay /Ox g Sudr, (4.10)

where the left-hand side uses the fact that ¢’(0) = éu/(0) = 0.
Now suppose 1 is the first zero in [0, R] for gas. Then gps(z) is either positive or negative

for all < x1. Then (4.10) becomes

—2 gy (1) 0u(zy) = —)\M/ "L gas du(r) dr,
0

We proceed with a sign argument. Notice that if gy (z) > 0 for < xq, then as gp(z1) is
decreasing, gj,(z1) < 0. If gp(x) < 0 for © <y, then g),(z1) > 0. As either case results in
opposite signs for gy and g}, we therefore assume without loss of generality that gy, (z) > 0

for x < 1. Hence the signs are

(+)du(z) = (=) /O " ()oudr.

If du did not change signs on (0, z1), there would be a contradiction. Hence du must have a
zero before the first zero of g,;. Let us denote by y; the first zero of du, then y; < z;.
Now let z; < z;+1 be any two values in [0, R] that yield consecutive zeros of g);. We

integrate (4.9) from z; to x;4; to obtain

Tj+1
2 (=g (@) 0u(zjgn)) — 2 (=g (;)0u(x;)) = —)\M/ " ga Sudr,

J

where the left-hand side uses the fact that g(x;) = gm(z;41) = 0. Choosing either gy > 0
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or gy < 01in (x,241) forces the same sign-changing behavior in du, so suppose without loss
of generality that gy > 0 in (x;,z;4+1). Then ¢),(z;) > 0 and g},(z;+1) < 0, and the signs
become

() ((+butzy)) = () (2)du() = ) | "4 udr.

i
Again du must change signs to avoid contradiction.
Hence before the first zero of g,; there must be a zero of du, and between any two zeros

of gy there must be a zero of du. Therefore, du cannot have fewer zeros that g,,. n
The next lemma has as analogous proof as the previous one, so we omit it.
Lemma 4.3.2. The number of zeros of du on [0, R] is less than or equal to M + 1.

If du is an eigenfunction, then it would have exactly M + 1 zeros on [0, R]. To prove
Lemma 4.3.2 if du is not an eigenfunction, it suffices to compare du with gay1, where gy is
the eigenfunction with the largest negative eigenvalue. Similar computation to the preceding
proof shows that g1 must have a zero before the first zero of du and between any consecutive

zeros of du.

Lemma 4.3.3. If du is not an eigenfunction, then the number of zeros of du on [0, R] is

equal to M, the Morse index of u.

Proof. We compare du to g1, which has M + 1 zeros denoted {z1,xo,...,2p41}; k of its
zeros occur in [0, R) and the (M + 1)’th occurs when r = R. Suppose du had M + 1 zeros,
{y1,Y2, ..., ynm+1}- Then by the previous lemmas, we can compare the sets and conclude that
x; <y, for each i = {1,..., M + 1}. However, x;;1 = R, and as du is not an eigenfunction,

then ou(R) # 0. Therefore, ypr1 must be smaller than R, which is a contradiction. O

The results of these lemmas can now be summarized by the following theorem relating p,

the number of zeros of du, to the Morse index of u on Bg(0).
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Theorem 4.3.4. Let u be a radial solution to (4.1), and let p be the number of zeros of du

on Bgr(0). If éu(R) = 0, then the Morse indezx of u on Bg(0) is p— 1. If du(R) # 0, then

the Morse index of u on Br(0) is p.

If Ju(R) = 0, then du is an eigenfunction with eigenvalue 0, proving the first statement of

Theorem 4.3.4. If Ju(R) # 0, then Lemma 4.3.3 proves the second statement.
4.4 Proofs of results on du, 1 <p <2

In this section, we focus on the behavior of the tangent vector component du. As these
results are true for radial solutions for Ayu for 1 < p < 2, and not solely the case p = 2, we
prove each statement in the more general p-Laplacian setting.

We recall the center-unstable manifold W defined in (3.17) with intersection curve C'(7)
defined in (3.42). The winding number of du has the same meaning as in Section 3.3.2. In

particular, we recall the following principle, a consequence of Lemma 3.3.1:
The algebraic winding number of du on [0, R| is equal to p.

In the subsequent section, Section 4.5, we will connect the results on du for the regular
Laplacian (p = 2) to results on the Morse indices of sign-changing solutions.
Let us first recall the variational equations (3.48)-(3.50) for the tangent vector (du, dw,0)

from Section 3.3.2:

ou = L]w]% dw,
p—1
dw = (p—n)dw—rPf'(u)du

or = 0.

From the construction of the winding number, the following lemma is immediate.

Lemma 4.4.1. Suppose a solution has u(t,a) =0 at some time t = 7. If p is even at t = T,
then either éu(r,a) > 0, or du(r,a) = 0 with dw(T,a) > 0.

If 1 is odd at t = T, then either du(r,a) <0, or du(r,a) = 0 with dw(T,a) < 0.
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Proof. As the initial condition of the tangent vector (du, dw, 07) is (1,0, 0), the winding begins
in the right-half of the (du, dw)-plane. An even net number of crossings means either a return
to the right-half plane, where du > 0, or (du, dw) curve ends on the positive dw-axis. An odd
net number of crossings means the curve ends either in the left-hand plane or on the negative

dw-axis. O

Recall the 2-form W, (y, w)(t) from Section 3.4.4. We will use the same construction for

(u,w) below.

Definition 4.4.2. The 2-form W, (u,w)(t) along a solution curve u(t,a) is defined by the

determinant

u — 1w
W, (u,w)(t) = P=1) =udw — (p — 1)w du.

ou ow

We will often suppress the dependence on (u,w). Although W),(¢) is real-valued, we notice
that W,(t) can be viewed as the length of the vector (u,w,0) x (du, dw, 0) which is parallel
to the r-axis. We use W, (t) to understand how a particular solution u(t, a) must wind about

the r-axis as it attains zeros. In particular, notice the rule
“u=0whenu=0= W, =0," (4.11)

as the two vectors (u, (p — 1)w) and (du, dw) are parallel at that moment.

Lemma 4.4.3. The quantity W,(t) for a solution (u(t),w(t),r(t))s has an explicit analytical

eTpression as

rd ((p ~ 1) f(u) — u%) Su ds.

Proof. For any radial solution u(t, a) solving (4.1) on W*, as t — —oo, (u,(p — 1)w) — (a,0)
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and (0u,dw) — (1,0). Therefore, W,(t) — 0. Notice further that

W, = @éw+udw—(p—1)wou— (p—1wou

= w|w|:27%117 ow—+u ((p —n)dw — rp;l_féu) —(p—=1)((p—n))w —rPf(u)) du — w|w|127%§) Sw

= (p—n)W,+r? ((p — 1) f(u) — u—f> ou.
Rearranging terms gives the following linear differential equation:

W, + (n —p)W, =17 ((p —1)f(u) — u%) ou. (4.12)

Notice

lim W,(t)e" P =0

t——o0

as W, — 0 and n — p > 0. Recalling that r = €', we now solve (4.12) using an integrating

factor to obtain

We often suppress the (s, a) when the initial condition is understood, and write

W, (t) = rP" /t r ((p 1) f(u) — uj—f> Su ds.

o U
O

The above lemma is true for any nonlinearity f € C! satisfying (H2). For an explicit

example, in case (A), with p =2 and f(u) = |u|7?u — vu, we can calculate

(p =1 f(u) = uf'(u) = (2 - @)ul"*u.

For any particular solution u(t, a), let ¢, refer to the time when that solution attains its kth
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Z€ro.
Lemma 4.4.4. Suppose a solution has py at ty, and po at ty, > tg,. Then g > .

Proof. By Lemma 3.3.1, it is clear that ps > pq, as a solution trajectory u(t,a) cannot lose
instances where du = 0 as t increases .

It suffices to show that if a solution u(t,a) has p = N at its (k — 1)th zero, then it must
have ;o > N at its kth zero. By Lemma 3.3.1, verifying this claim amounts to showing that
ou must change signs between t;_; and ;.

Suppose without loss of generality that k£ > 1 is even. So u(t,a) < 0 for t € (tx_1,tx),
which by (H2) implies (p — 1) f(u) — uf’(u) > 0. To achieve a contradiction, assume that
= N at both t = t;_; and t = t;. Then as du cannot signs between t;_; and t, it must be
the case that either du < 0 or du > 0 for all ¢t € (ty_1,tx).

If du < 0, then at the (k — 1)th zero, the sign of W,(¢4_1) is negative since

u (p—1w
W, (ti—1) = = —wdu <0, (4.13)

ou dw

as w is negative for odd zero. At the kth zero, w > 0 and so
Wy(tr) = 0. (4.14)

Returning to the analytical expression for W, (), as we have assumed that du < 0 for all

t € (tg_1,1x), then by (H2) in this interval we must have

(-7 - L) u <o

This fact together with (4.13) and Lemma 4.4.3 allows us to write

W, (te) = r(te)P [T(tk_l)d_pwp<tk_1) + / k rd ((p — 1) f(u) — u;l—f) ou ds] <0,

tp—1 U
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which contradicts (4.14). Instead, if du > 0, then
Wp(tk—l) Z O, and Wp(tk) S 0,

contradicting

Wi(te) = r(te)P ™ (i) "Wy tes) + / o (<p —1)f(u) - %) u ds] > 0.

Hence du must be zero between t;_; and t;. As the winding number counts the exact number

of zeros of du along this trajectory, u(t;) must be larger than N. O]
The following proposition is now immediate.
Proposition 4.4.5. For any solution with k zeros, p > k.

Proof. From the proof of Theorem 3.0.2, we know that the number of zeros of du of any
solution at its first zero is 1 (as p = 0 implies underrotation). Hence, the proof follows
by induction. Assume that for any solution at its (k — 1)th zero, © > k — 1. Then by

Lemma 4.4.4, the number of zeros of du at the kth zero of any solution satisfies

p>(k—1)+1=~k

Lemma 4.4.6. If p(u(ty,a)) = k, then (—1)*5u(ty,a) > 0.

Proof. If the winding number of du(ty,a) is k, then Lemmas 4.4.4 and 4.4.5 imply that
winding number of u at t;_; is k — 1. Therefore, if du(t;) = 0, then du cannot change signs
for t € (t_1,1t), as it had attained k — 1 zeros by t;_1, and it attains its kth zero at ¢;. The
same argument as in Lemma 4.4.4 now yields a contradiction again.

In particular, let us again assume without loss of generality that 4 = k is even. Then

by Lemma 4.4.1 we must rule out the possibility that du(ty,a) = 0 with dw(tx,a) > 0.
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Combining the hypothesis that du = 0 with dw > 0 and the relation du = ﬁ|w|% dw allows

us to conclude that du < 0 in the interval (t_1,t;). Therefore, du < 0 at ¢t = t;_;, whence
Wy(tk—1) = udw —vou = —vdu < 0.
Hence

W, (tr) = 7(tr) "2 |7ty PW,(te_r) + /tk r ((p — 1) f(u) — uj—f> ou ds] < 0.

tk—1 U

However, if we assume that du(t;) = 0, then W, (t;) = 0. Therefore, we cannot have du = 0,

and so du > 0. In general, we must have (—1)k6u(ty, a) > 0. O

Let &y, . be the set of all solutions on WJ? attaining their kth zero at time t;. Denote by

u(t, ag) the first such solution to have its kth zero on C(t); in other words, define oy by
ar =min{a >0 : u(t,a) € S, i}

We can now rule out the analogous underrotation formation discussed in the proof of

Lemma 3.4.1; see Figure 4.2(a) for an illustration.

Corollary 4.4.7 (to Lemma 4.4.6). With terms defined as above, C(tx) cannot underrotate

at u(ty, ag). In other words, if du(ty, ay) = 0, then (—1)*dw(ty, ax) < 0.

Proof. Underrotation would imply that pu = k with du = 0, contradicting Lemma 4.4.6, see

Figure 4.2(a) with the relevant winding number computed in Figure 4.2(b). O
We have now proved the following lower bound for du:

Proposition 4.4.8. With «y defined as in Lemma 4.4.7, the number of zeros j of du(ty, ax))
sk ork+1.

This theorem results from Proposition 4.4.5, Corollary 4.4.7.
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w ow
)=
\/
(a) C(ts, aq) (b) Stty,an)

Figure 4.2: Figure (a) shows the curve homotopic to C(ty, ax) in the plane {r = r(tx)}
described in Corollary 4.4.7 in the case k = 4. The winding number for this case is computed
in (b).

Proof. Either (—1)*6u > 0, in which case u = k, or du = 0 with (—1)*éw < 0, in which case

w=k-+1 O

As in the proof of Lemma 4.4.6, the following assertion relies on the fact that du =

p%l|w|% dw.

Proposition 4.4.9. With oy, defined as in Lemma 4.4.7, suppose u(t, oy) has p(u(ty, ax)) >
k+ 1. Then if u(t, o) attains any jth zero with j > k at t; > ty, it cannot be unique. In

other words, Sy, ;\u(t, o) # 0.

Proof. Let d =j — k. By Lemma 4.4.4, if p(u(ty, ax)) > k + 2, then
pu(ty,ar) > k+2+d=j+2.

By Proposition 4.4.8, the set &, ; must contain a solution with p = j or j + 1.
Now suppose p(u(ty, o)) = k + 1. Then by Proposition 4.4.8, du(tg,ar) = 0 and

(=1)*6w(ty, ) < 0. Suppose without loss of generality that k is even, whence dw(t, ) < 0.
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Recall that
1

Su=
p—1

Jw| T 6w,

which constrains the winding of du along u(t, ), as illustrated in Figure 3.6. Hence as
t increases by a small enough amount, du must be decreasing. By Lemma 4.4.4, ju must
change signs between ¢ = t;, and ¢ = ¢;, and thus at some time ¢, between ¢t = ¢, and ¢t = t1,
we must have du > 0.

Lemma 4.4.4 asserts that du must change signs at least once along u(t, o) between each
zero. Should du along u(t, o) change signs exactly once between subsequent zeros up to
and including j, then du will point “backwards” in each case, and thus u(t, o) cannot be a
unique kth, (k+ 1)th, ..., jth zero at any of these times ty, tgi1,. .., t;.

(For illustration purposes, if du changes signs exactly once between ¢;, and ¢, (with k
even), then du(tgi1, ) > 0. As k + 1 is odd by our assumption on k, there must be an
initial condition o) < ay with u(tgi1, dx) = 0 for the (k + 1)th time and du(txy1, ax) < 0.)

If du changes signs m > 1 times between ¢, and ty,1, k < £ < j, then the winding number
at ty11 becomes

w>l+14+m>042.

Thus if d' = j — (¢ + 1), then the winding number at t; satisfies
p>Ll+2+d=j+1
However, we again refer to Proposition 4.4.8 and assert that the set &;, ; must contain a

solution with p = j or 7 + 1. O]

Proposition 4.4.10. If there are two (or more) nondegenerate solutions ui(t,a1) and

us(t, ) with k zeros on Br(0) and u(ty, o;) =k, i = 1,2, then there must be at least one

solution ug(t, &), with ay < & < e, with k zeros on Br(0) and p(ty, &) > k + 1.

Proof. Without loss of generality, suppose k is even. Further suppose that (u(t),v(t), 7(t))a,
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and (u(t),v(t),7(t))ay, With a; < as, are nondegenerate solutions with u = k at t = t;. By

Lemma 4.4.6, du(tg, a;) > 0. Therefore, for some € > 0 small enough,

u(ty, cqn +¢) >0, and u(ty, g — ) < 0.

By the Intermediate Value Theorem, there is some & € (a1 +¢, ag —¢), such that u(ty, &) = 0.
Moreover, we can choose & so that Ju(t,&) < 0, as Lemma 4.4.6 requires that C(¢;) must
cross from {u > 0} to {u < 0} as a increases from a; to as.

By the contrapositive of Lemma 4.4.6, as du(tg, &) < 0, then p >k + 1. n

4.5 Proofs of theorems on the Morse index of Au+ f(u) =0

We now apply Theorem 4.3.4 to the results of Section 4.4 to calculate the Morse index of

solutions u to (4.1). The first result is an immediate application of Proposition 4.4.5.

Theorem 4.5.1. For any solution to (4.1) with k zeros on Bg(0), the Morse indez is at

least k.

For Theorem 4.5.1, we note that in general, pu(u(tg, o)) is equal to the Morse index. The
exception is if du(ty, ) = 0, in which case p is the M + 1, by Proposition 4.3.4. However,
by Corollary 4.4.7, we cannot have du(tg, o) = 0 with pu(u(tx, o)) = k. Thus Theorem 4.5.1

holds.

The following result is an application of Proposition 4.4.8 to the case p = 2:
Theorem 4.5.2. With oy, defined as in Lemma 4.4.7, the Morse index of pu(u(ty, ag)) is k.

Proof. Either (—1)*éu > 0, in which case the Morse index is u = k, or du = 0 with
(—=1)*6w < 0, in which p = k + 1. However, by Theorem 4.3.4, u = k + 1 and du = 0 implies

the Morse index is k. O

The following theorem is a repeat of Proposition 4.5.3 for the case p = 2. Because of
the relationship between du and M when du = 0 established by Theorem 4.3.4, it is stated

slightly differently.
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Theorem 4.5.3. With a4, defined as in Lemma 4.4.7, suppose u(t, o) has M(u(ty, ox)) >
k+1, or suppose M = k and du is an eigenfunction. Then if u(t, ax) attains any jth zero

with j >k at t; > ty, it cannot be unique. In other words, S, j\u(t, cy) # 0.

4.6 Proof of Theorem 4.6.1

The next theorem is similar to Proposition 4.4.10, but not identical, see Figure 4.3 (A2)
for an example of and intersection curve that produces two solutions with Morse index k,
without necessarily producing a solution with Morse index M > k 4+ 1. However, the next
theorem is a stronger result. Its proof requires an exhaustive examination of many different

cases.

Theorem 4.6.1. Suppose uy(t, ) has k zeros on Br(0), for R = e'*. Suppose the Morse

index of uy on Bg(0) is M =k + ¢, { > 1. Then there are solutions uy,us, ..., us_1 So that

for any i€ {1,...,0 — 1}, the solution u; has Morse index k + 1 at t = ty.

For example, if k = 4 and there is a solution with k zeros and Morse index M = 12, then
there must be a solution with Morse index M = 5, another with M = 6, etc., up to 12. (The

existence of a solution with M = 4 is guaranteed by Theorem 4.5.2.)

Proof. By hypothesis, we suppose there is a solution (¢, &) with k zeros on Bg(0) (R = e'*)
with Morse index k + ¢, £ > 1. By Theorem 4.5.2, we know there is a solution wug(t, o) with

ap < « so that ug has Morse index k at t = t,. We wish to find a set of solutions

{U07 Upy -y Ug4e-1, uk+e}

so that u; has k zeros and Morse index k + ¢ at t = t;. It suffices to show that if there is
such a solution uy, 0 < M < k+ ¢ — 1, with Morse index M then there must be a solution
upr+1 with Morse index M + 1. Let aj; be the initial condition of the solution wy,.

We assume without loss of generality that k is even and divide the proof into four main

cases A, B, C, D below based on the sign of du(tx, anr). Each case has several subcases;
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we supplement the proofs of all of the cases with Figures 4.3-4.8. Each large graph in
Figures 4.3-4.8 depicts a curve homotopic to C(tx, @) for k = 2, while the accompanying inset
figure illustrates the winding along C'(t, @).

The curve C(ty, apy) is dashed, the solutions wps (tx, apr) and u(ty, @) are depicted as dots
on C(ty, @), and the portion of the intersection curve that connects them, C(tg)|a,, <a<a, 1S
solid. As the dashed portion of C(t) is irrelevant to determining the change in Morse index
from wuys to u(t, @), these figures give the general picture for any k.

Let

a = min{a > ays | u(ty,a) = 0 and u has k zeros on Bg(0)}.

We consider how the curve C(t;, &) looks between the solutions wuys(t, aps) and u(t, @) to
track the winding of du. Then we can determine how the Morse index of u(t, @) compares to

Upg-

The outcome for each case is that the Morse index of u(t, &) either
(O1) stays the same,
(O2) decreases,

(03) increase by 1, which demonstrates the existence of a solution with Morse index M + 1,

or
(O4) increases by 2.

In outcomes (O1) or (O2), we restart the process by replacing uy, and oy with u(t, @) and
a. In outcome (O4), we will show that the configuration of the intersection curve guarantees
that there is a solution u(t, .) with a, > & that must have Morse index M or M + 1. The

process then restarts with wu(t, a.).
Case A

For Case A, we suppose du(tg, apr) > 0.
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Suppose w(tx, anr) > w(ty, @). Then du(ty, @) is either negative (Case (Al)), zero with
dw(tg,a) < 0 (Case (A2)), or zero with dw(tg, @) > 0 (Case (A3)). In Case (Al), the
vector (du(tg,a),dw(ty, a)) must rotate clockwise from the right half of the (du, dw) to the
left half; therefore, the index of du along C(tx) increases by 1. Hence the Morse index of
u(ty, @) = M + 1. In Cases (A2) and (A3), the index of du along C(¢x) increases by 1 and 2,
respectively. As du(ty, @) = 0, then by Theorem 4.3.4 the Morse index of u(t;, &) is M and
M + 1, respectively.

The part of C(t, @) for ap < a < a is path homotopic to the curves in Figure 4.3 (A1),
(A2), and (A3).

Now suppose w(tg, anr) < w(tg, @). Then du(ty, @) is either negative (Case (A4)), zero with
dw(ty, @) < 0 (Case (Ab)), or zero with dw(ty, a) > 0 (Case (A6)). If w(ty, anr) < w(ty, @),
then C'(tx) underrotates for a; < a < a. Hence the index of Ju decreases over this interval,

and thus the Morse index of any solution decreases, placing us in outcome (02). See Figure 4.3

(A4), (A5), and (AG).
Case B

For Case B, we suppose du(tg, apr) > 0. There are again six cases: three for w(ty, an) >
w(tg, @) and three for w(ty, ay) < w(t, ). If w(ty, an) > w(ty, @), then the curve is
underrotating, and the Morse index decreases; see Figure 4.4 (B1), (B2), and (B3).

If w(te, anr) < w(te, @), then the same arguments as in Cases (Al), (A2) and (A3) shows
that the Morse index of u(t, @) at ¢, must be either M or M + 1; see Figure 4.4 (B4), (B5),
and (B6).

In cases C and D, we suppose that du(tg, ays) is zero with dw > 0 or dw < 0, respectively.

Case C

Suppose du(tg, apr) is zero with dw(tg, apr) > 0. Again we consider two possibilities:
w(ty, anr) > w(ty, @), or w(ty,an) < w(tg, ). Each of these possibilities then has six

individual cases, based on whether choosing either du(tx, @) negative, zero with dw(tx, @) < 0,

85



or zero with dw(tg, &) > 0, and either C(t;)|a,,;<a<a on half plane u > 0 or on u < 0. Again
for each case, we can track how the index of Ju changes along C'(tx) from wu(ty, apr) to u(ty, @).
The twelve possible cases are shown in Figures 4.5 and 4.6.

In cases (C8) and (C10), the Morse index of u(t,a) at t = t; is M + 2, placing us in
outcome (O4). In both (C8) and (C10), we have w(tg, anr) > w(ty, @) with C(tx)|ay,<a<a ON
the right half plane. Thus the curve C(t;) must intersect the w axis for some a > @ with

w(ty, a) < w(tg, @). Hence we define a, by

a, = min{a > a | u(ty,a) = 0 and u has k zeros on Br(0),w(ty,a) < w(tg,a@)}.  (4.15)

In case (C8), the solutions u(t, @) and u(tx, au) are in configurations (B1), (B2), or (B3).
Thus the Morse index of u(t, o) at t = ¢, must be M or M + 1.
In case (C10), the solutions u(tx, @) and u(tx, o) are in configuration (C7), (C9), or (C11).

Thus the Morse index of u(t, ) at ¢ = ¢, must be M or M + 1.
Case D

Case D is similar to Case C. We suppose 0u(tg, apr) is zero with dw(tg, aps) < 0. There
are again two possibilities for w(tg, @): either w(tg, anr) > w(ty, @), or w(te, an) < w(ty, @),
with six individual cases each. We track how the index of du changes along C(t;) from
u(ty, apr) to u(ty, @) in Figures 4.7 and 4.8.

In cases (D1) and (D3), the Morse index of u(t,a) at t = ¢, is M + 2, placing us in
outcome (O4). In both (D1) and (D3), we have w(tx, ans) < w(ty, @) with C(tg)|a,<a<a ON
the left half plane. Thus the curve C(t;) must intersect the w axis for some a > a with

w(tg, a) > w(tg, @). Hence we define o, by

a, = min{a > & | u(tg, a) = 0 and w has k zeros on Br(0),w(tx,a) > w(ty,a@)}.  (4.16)

In case (D1), the solutions u(tx, @) and u(tg, au) are in configuration (A4), (A5), or (A6).

86



Thus the Morse index of u(t, o) at t = ¢, must be M or M + 1.
In case (D3), the solutions u(tx, &) and u(ty, o) are in configuration (D2), (D4), or (D6).

Thus the Morse index of u(t, o) at t = ¢, must be M or M + 1. O
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Figure 4.3: Figures (A1)-(A6) illustrate the six possible subcases of Case A in the proof of
Theorem 4.6.1.
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Theorem 4.6.1.
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proof of Theorem 4.6.1.
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Figure 4.7: Figures (D1)-(D6) illustrate six of the possible twelve subcases of Case D in the
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CHAPTER 5: REMARKS AND FUTURE DIRECTIONS

Let us summarize what we have achieved. In Chapter 3, we proved uniqueness of positive
radial solutions of the p-Laplacian problem Ayu + f(u) = 0 for a large class of nonlinearities
f. The approach was geometric and we interpreted solutions of the equation as curves on
a manifold in phase space. In Chapter 4, we established connections between geometric
properties of solutions and the Morse index of a linearized operator restricted to the subspace
of radial solutions in W, *(Q). In this chapter, we describe some continuations of these results

and other applications of the geometric methods to two related problems.
5.1 Hyperbolic metric

A possible future direction is to extend uniqueness results further to different metrics.
The hyperbolic metric is particularly challenging because this metric has the effect of bringing
increased r-dependence into the dynamics. With the hyperbolic metric, radial solutions in

Bgr(0) € R™ solve the following ordinary differential equation:

Upr + (n — 1) coth(r)u, + f(u) =0, (5.1)

with f € C'([0,00)). The approach to this equation is similar to the p-Laplacian and uses an

A

Emden-Fowler transformation. In particular, rather than defining y as y = r*u, we use the

transformation y = sinh*(r)u.

With this transformation, the definitions

2(r) = y' — Acoth(r)y

w(r) = tanh(r)z,
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and the reparametrization of  as a function of ¢ so that 7 = tanh(r), we can rewrite (5.1) as

the system

y = Ay+w (5.2)
W = sech®(r)w — (n — 1 — A\)w — tanh?(r) sinh*(r) f (5.3)
7 = tanh(r), (5.4)

where - is differentiation with respect to t. The variational equations for (5.2)-(5.4) with

or =0 are

Sy = Aoy+ow (5.5)

dw = sech’(r)dw — (n—1 — \) dw — tanh?(r) f'(u) dy. (5.6)
Let us consider the two 2-forms from Chapter 3 for (5.2)-(5.6). The 2-form
or* = gyow — wdy
satisfies

(67*) = (2A —n + 1 + sech?®(r)) 8r* + 2sech?(r) tanh?(r)w dy (5.7)

+ tanh?(r) sinh™(r) [(A 4 2sech®(r)) f(u) — Auf'(u)] 6y.
This linear differential equation contains the expression
T (u, \) := (A 4 2sech? (1)) f(u) — Muf'(u),

which is reminiscent of (3.60) in the p-Laplacian calculation. However, the term w dy from

95



(5.7) must be dealt with differently. The other form,

yields
Wy = (2X — n 4 1 + sech?(r)) Wy + tanh?(r) sinhA(r) (uf'(u) — f(u)) oy.

Hence if f(u) satisfies uf’'(u) — f(u) # 0, then this form might eliminate underrotation.
5.2 Algal bloom model

In this section, we mention a separate uniqueness result which uses a very similar approach
to Chapter 3. The steady state algal bloom model derived by Ebert et al. [12] is a second-order
ordinary differential equation. It models density p of an algal bloom population as a function
of the depth in the water layer x, where x = 0 is the surface and x = L is the bottom of the
layer. The model is

P —Cp+ A (e‘””—fox Ply)dy _ B) p=0, (5.8)

where p(x) > 0 for all 0 < z < L. The boundary conditions are the Robin conditions

[ — Cp]:c:QL = 0. (5.9)

For the algal blooms of interest, the parameters A, B, C, L satisfy 0 < A < 00, 0 < B < 1,
CeR,and 0 < L < o0.

We can recast (5.8) as a dynamical system with three first-order equations to view solutions
as curves in phase space. Using a 2-form equivalent to W, with the appropriate variational
equations, we have performed a sign argument similar to the approach in Section 3.4.4 to

show that (5.8) has a unique solution.
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