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Is it impossible to find the universal density functional? Or is it just well-hidden?
Paul W Ayersa, * & Robert G Parrb
a

Department of Chemistry and Chemical Biology, McMaster University, Hamilton, Ontario, Canada L8S 4M1
Email:ayers@mcmaster.ca
b
Department of Chemistry, The University of North Carolina at Chapel Hill, Chapel Hill, North Carolina 27599, USA
Email:rgparr@email.unc.edu
Received 21 April 2014; revised and accepted 11 May 2014
We review information on methods for constructing the exact density functional mathematically and computationally.
While it is generally accepted that no explicit analytic form for the exact functional exists, we argue, based on what is
known about the classical many-body problem, that this is not necessarily the case.
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Is the Universal Density Functional Unknown?
Density functional theory is an exact framework for
computing the ground-state electronic energy and
electron density for any electronic system, including
atoms, molecules, and solids.1-4 The fundamental
theorems of Hohenberg & Kohn5 provide a quite
simple mathematical framework, and it is commonly
stated that the only problem is that the exact density
functional is unknown, and probably unknowable.
However, the form of the universal functional is
not unknown. On the contrary, explicit formulas for
computing the functional are well-known, including
the Levy wavefunction constrained search,6,7 the
Levy-Valone ensemble constrained search,8 and the
Lieb Legendre transform9,10 (foreshadowed in the
work of Nalewajski & Parr11). These forms have, in
some cases, even been implemented numerically. For
example, Colonna & Savin12, and later Teale &
Helgaker13,14, implemented the Legendre transform.
Freed & Levy15, and later Cioslowski16, presented
algorithms based on the constrained search. In the
Kohn-Sham context,17 the exact functional has been
constructed, and even optimized, by Burke & his
coworkers18,19 (for a discretized one-dimensional
system). All of these approaches are even more
expensive than solving the Schrödinger equation, in a
specified basis, directly. However, they are not only
exact in principle, but also exact in practice.
There are other, more unconventional, approaches
to the exact functional. Ludena20-23 has developed
ways to construct the exact functional using nonuniform coordinate scaling; this is related to

approaches based on line-integration.24,25 The present
authors worked, within the context of moment
expansions, to find, and then solve, a first-order
partial differential equation that writes the exact
functional as a function of the moments of the
electron density.26,27 So there are ways to construct the
exact functional. It is just that they are less efficient
that solving the Schrödinger equation directly. The
methods theorists use to construct the exact functional
are designed to provide insight, not numbers.
Might There Be Practical Expressions for the
Universal Density Functional?
Finding the universal density functional is not
impossible. On the contrary, as described above, we
know of many (perhaps too many) different ways to
write the universal functional (many of which are
equivalent to the ensemble constrained search, and
none of which are computationally practical).7,9,28
When we talk about the unknown density functional,
we usually mean that we do not know how to write
the universal functional as a simple and explicit
functional of the density, without any reference to the
wavefunction (or wavefunction-related quantities).
Can we express the exact density functional as a
simple and explicit functional of the electron density?
This is a more challenging quest. One may argue that it
is quixotic, and most researchers in density functional
theory believe that it is impossible to find practical
formulations for the exact density functional. For
example, it is known that the exact Hohenberg-Kohn
density functional is non-differentiable29-32 and that it may
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even be discontinuous (though it is at least lower
semicontinuous9). It is difficult to find explicit density
functionals that are non-differentiable, but some implicit
orbital-based density functionals are non-differentiable.
(The most important example of a non-differentiable
implicit density functional is the Becke’s functional for
static correlation.33) Even so, all known functionals that
are explicit in and use only the occupied Kohn-Sham
orbitals have deep problems (which may or may not be
insurmountable). Full configuration interaction (full-CI)
can be written as a functional that depends explicitly on
both the occupied and the unoccupied Kohn-Sham
orbitals, so that it is possible to write an explicit orbital
functional if one allows oneself to use the virtual
orbitals. But then we are now back where we started
from: we are using information about the exact
wavefunction, and constructing the universal functional
in a way that is even more costly than directly solving of
the Schrödinger equation.
It is possible that no computationally tractable form
for the exact density functional exists. While most
density functional workers seem to believe this to be
true, it has not been proven. The argument is normally
that the quantum many-body problem is intractable
(which is, itself, a debatable assumption), therefore no
universal density functional can exist. (subuniversal
functionals—e.g., for 1-electron systems or uniform
electron gasses—obviously exist.)
Traditionally, one argues that there are no explicit
solutions to the quantum many-body problem because
there are no explicit solutions to the classical
many-body problem, and the quantum many-body
problem is even more difficult. The problem with this
argument is that, in many interesting cases, the
classical many-body problem is not unsolvable.34, 35
For example, for N masses interacting through
gravitation alone, there are analytic, and convergent,
expansions.36-38 (The 3-body solution is more than one
hundred years old;39, 40 the N-body solution is more
recent.36-38 In both cases, one typically makes a small
additional assumption, namely that there are no
“collisions” between the masses (so that the potential
does not diverge). At least for the 3-body problem,
this assumption can be relaxed.) These solutions to
the classical many-body problem are analytic, but
they are not “nice”: the convergence is so slow as to
be useless. However, the classical N-body problem is
not “impossible” at a mathematical level.
Furthermore, the 3-body41 and 4-body42 quantum
problems can be generically solved (and in a way that is

sometimes used numerically), using techniques developed
by Faddeev.43 So, we should not be too hasty to discard
the possibility of finding an analytic (albeit perhaps not
practically useful) formula for the universal density
functional, at least for systems with four or fewer
electrons. An explicit expression for the universal density
functional might exist; it might just be well-hidden.
If an analytic expression for the universal
functional is available, might it be useful? Consider
that the classical density functional theory problem is
almost certainly easier than the conventional classical
many-body problem. In the classical many-body
problem, one has to trace the detailed trajectory of the
positions of the N bodies. In the classical density
functional theory problem, one may assume that all
the masses are equal, and then one must compute,
from the time-averaged mass density, the total energy.
The problem is much simpler than the classical
N-body problem because all the point-masses are
equivalent and the detailed, possibly chaotic,
time-dependent trajectory is not required! However,
the problem is also more complicated, because one
wishes to consider cases where the point-masses are
bound by an external gravitational potential. To the
best of our knowledge, no analytic expression for the
classical density functional has ever been found.
There is one case of quantum density functional
theory that closely resembles the solvable classical
case: density functional theory for nucleons.44-46
With nucleons, there is no external potential, and the
nucleons are often modeled as point-particles,
interacting by a pairwise attractive (albeit not 1/r)
potential. This problem is a close analogue to the
gravitational classical many-body problem for which
solutions are known. If there are ways to write the
universal functional as an explicit functional of the
density, or an implicit functional of only the
occupied Kohn-Sham orbitals, the functional is
probably least-hidden for the nuclear density
functional problem.
Conclusions
We conclude with an optimistic note: if we assume
that there might be expressions for the classical
density functional, then perhaps there may be
functionals in the quantum case also. If we assume
that the expressions for the classical density
functional are more computationally facile than the
trajectories of the classical many-body problem, then
perhaps the expressions for the quantum density
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functional are tractable also. The analytic form for the
universal density functional may exist; it might even
be useful, but it is certainly well-hidden.
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