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ABSTRACT

BENJAMIN DODSON: Caustics and the Indefinite Signature Schrédinger Equation,

Linear and Nonlinear

(Under the direction of Professor Michael Taylor)

The evolution of surface waves in deep water is given by a Schrodinger-like equation. In

deep water surface water waves evolve under the nonlinear equation

1
(0.0.1) 2iu, = Z(um — 2u,,) + qlul*u

Where x, y are coordinates in R?, q is a constant. The techniques for the Schrodinger
equation can be used in the study of the evolution of (1.1.19), although the behavior is

often quite different.

This thesis will focus on three main areas. First, it will concentrate on the behavior
the linear Schrodinger equation iu; + Au = 0, in particular, on the asymptotic behavior
itA

of e"2ugy as t \, 0. This has a connection to the asymptotic behavior of the pointwise

Fourier inversion Sgf as R /" oc.

Secondly, this thesis will address the behavior of the indefinite signature Schrodinger

equation iu; + Lu = 0, where

ii



P ptaq
0? 0?

Lo —=N"Y2 v
(p,q) A ' o2’
i=1 ? j=p+1 J

as well as iu; + Lu = F(u), where F' is a nonlinearity.

Finally, some supercritical local existence results will be obtained for a power-type non-

linearity,

iug + Au = |u|u
(0.0.2)
u(0,2) = XB(0;1),

and a global existence result for o = =5, ug € H****(R") NHY2+e2(RM)NHY/2HSL(RM),

ug radial.
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CHAPTER 1

Introduction



1.1. Introduction
The linear Schrodinger equation on Euclidean space R is the partial differential equation

i+ Au=20
(1.1.1)

u(0, ) = up(x).

In phase space this has the representation

0 . N

so the solution to (1.1.1) is given by the Fourier multiplier

(1.1.3) F(eug) = e P a4 (¢).

Linear Schrodinger operator as ¢\ 0:
Since |e | =1,
HeitA

UO HHU,Q(Rn) = Huo HHO‘,Q(Rn) .

By the Lebesgue dominated convergence theorem, when vy € H?2,

(114) 1i\I‘I(l)HeitAu0_u0HHa,2 :O

By the Sobolev embedding theorem H??(R™) C L>®(R") for ¢ > n/2, soif ug € H>*(R")

(1.1.5) 1{% [y — ug || o (rr) = 0.



(1.1.5) is not true in general for ¢ < . This failure gives rise to the Gibbs phenomenon.
If ug € L*(R™), e*Auyq is continuous for all ¢ > 0. Thus if e®uy — ug uniformly, then wu

is continuous. Therefore, uy discontinuous forces

(116) ||6itAU[) — UoHLoo(Rn) >c>0

for all ¢t > 0.

DEFINITION 1.1.1. Suppose ug is discontinuous in a neighborhood of xq € R"™. The
Gibbs phenomenon is the failure of uniform convergence, (1.1.6), in a neighborhood of

Zg-

Remark: The Gibbs phenomenon was originally described in the context of Fourier

inversion. Let

Srf(z) = Dy * f(x),
(1.1.7)

DP(z) = (27) "2 / ¢t e,

l€I<R

Again by Plancherel’s theorem

(1.18) Jim [[Saf(x) — £(2) 2 =0

However, if f € L'(R"™), Sgf is continuous for every R < oo, so when f is discontinuous

(1.1.9) A [[Spf = fllze@n) = ¢ > 0.



See [29] for a detailed examination of this topic.

In contrast to the Gibbs phenomenon, the Pinsky phenomenon is a non-local phenome-

non. Let yq denote the characteristic function of a region 2 C R"™. When n > 2,

(1.1.10) 1€ Y B0y (0) = XB(o) (0)] = C)EE/2 L OE—/2),

|C(t)| = ¢ > 0, C(t) is an oscillatory function. B(0;1) is the ball centered at 0 € R" of
radius 1. This is despite the fact that xp(,1) is C* at the origin. A similar effect arises

in Fourier inversion. When n > 3,

(1.1.11) |SEXBOs1) — XB@Os1)| = C(R) R + O(RY/2),

with |C(R)| = ¢ > 0, C(R) is an oscillatory function. There is, in fact, a connection
between the asymptotics of the Fourier inversion at a point xy as R " oo and the

asymptotics of the Schrodinger operator as ¢ ™\, 0 at that same point.

The behavior of the wave equation gives good intuition for the Pinsky phenomenon. For

the wave equation

3ttu — Au = 0,
(1.1.12)

U(O, I) = XB(0;1); ut(07 $) = 07
the singularities at the boundary |z| = 1 will flow to the center and will focus at time
t = 1. By the work of [29], this effect explains the failure of convergence for (1.1.11) in

dimensions n > 3. A similar focusing effect arises for the Schrédinger equation.



THEOREM 1.1.2. Let f(x) be a compactly supported function, and suppose f(x) is C*

i some neighborhood of xq. If

(1.1.13) Saf(zo) = flmo) + cheiRtha +O(RV?),

k=1

as R — oo, then

(1.1.14) A f(xo) = flxo) + O(t712).

THEOREM 1.1.3. Suppose the Schriodinger equation has the asymptotic expansion

(1.1.15) A f(x) = f(x) + O/t + O(tt1/?).

Additionally suppose that f(x) is smooth in a neighborhood of x¢ and is compactly sup-

ported. Then there is the pointwise Fourier convergence,

(1.1.16) Srf(z) = f(x) + O(R™Y279).

By inspecting (1.1.10) it is quite clear that in R?, e?®x .1 fails to have a uniform L
bound. In fact, as t \, 0, all blowup is nonlocal for any xq, where €2 is a manifold with

corners.

DEFINITION 1.1.4. In R? a two dimensional manifold with corners is a two dimen-
sional manifold with boundary, Q C R?, where 9Q = UY ~;, where ; : [0,1] — R? are

smooth on [0,1].



Inductively, define 2 C R™ to be an n-dimensional manifold with corners if 2 is n-
dimensional and 9 = UY | K;, where K; is an n - 1 dimensional manifold with corners

embedded in R™.

Choose n € C§°, 6 > 0 depends on (2,

1, |z| <¢;

0, |z| > 294.

THEOREM 1.1.5. There exists a constant 0 < C' < oo such that

(1.1.17) |2 (n(z — 20)xa)(70)| < C < o0

for any point xo € R"™, t € (0,00), Q is a manifold with corners.

This is proved by applying the methods used to prove Theorem [1.1.2] and Theorem

1.1.3],

THEOREM 1.1.6. There exists a constant 0 < C' < oo such that

(1.1.18) [Sr(n(z = x0)xa)(20)| < €' < o0,

for any point xo € R™, R € (0,00), 2 is a manifold with corners.

Indefinite Signature Schrodinger Equation
The evolution of surface waves in deep water is given by a Schrédinger-type equation On

deep water surface water waves evolve under the nonlinear equation



1
(1.1.19) i, = Z(uxx<—-2uyy)%-th2u,
where z, y are coordinates in R?.

This motivates the study of the linear equation

(1.1.20) iy + Lu = 0.

One could also choose an operator L with signature (1,1),

0? 0?
1.1.21 =— - —
( ) dz? O3’
More generally take
0? 0? 0? 0?
1.1.22 L,=—+.+t+——-———5—..— —.
( ) P4 92 ot dx2  Oxl,, oz

Both the Gibbs phenomenon and the Pinsky phenomenon will be different for an indefi-

nite signature Schrodinger equation than they are for the Schrodinger equation

i + Au = 0.

Gibbs Phenomenon: Let A € O(2), the group of orthogonal 2 x 2 matrices. Define the

unitary operator

(Taf)(z) = f(A™ ).



(1.1.23) M (Tuf)(x) = Ta(e™ f)(x).

This is not true when L has signature (1,1). When L has signature (p,q) let e, be

the vector corresponding to the differential operator %. Decompose R" = V, @ V,,

V, =span {ey,...,e,} and V, = span {e,+1, ..., €5+, }. Define the group

A 0

(1.1.24) Gpq =1 :AeO(p),BeO(q)}.
0 B

If g€ G CO(n),

(1.1.25) (T f) (@) = Ty(e"" f)(x).

But e (T, f)(z) # Tn(e™ f)(z) in general when h € O(n), h ¢ G. So the Gibbs

phenomenon for eFyq depends on both the shape and position €.

The Pinsky Phenomenon: Define a generalized ball in R",

(1.1.26) Q={z:|(z,z)] <1},

where (,) is the inner product with signature (p,q). The region 2 is bounded by the

hyperboloids

2 2 2 _
]+, T — e — X, =]



So the Pinsky phenomenon for ey p(.1) is weaker than for e®xp.1). In particular,
suppose L has signature (p,q) with p > 2, p > ¢. Then ey po,1) has divergence of order

O(t?=P)/2) at 0 € R™. However, there is a price to pay.

THEOREM 1.1.7. Let L be the differential operator

n

1 & * 1 0?
(1.1.27) L=— > 5 Z

—-
¢ j=p+1 Or;

Make the decomposition R" =V, @ V,, v = (xp,2,), (25,0) € V,, (0,2,) € V. There is

focusing of type C(t)O(t2P/2) along the azis x, = 0 when |z,| < 121=2l

|a_1| and pointwise

1—az|

convergence when |z,| > 12 . In particular, as a; — aq the focusing concentrates to
P |a1] ’

the center. C(t) is a function of the form Ce't, a € R. When |C(t)| = 1, but when

a # 0, C oscillates more and more rapidly as t — 0.
This type of focusing gives improved nonlinear results.

THEOREM 1.1.8. When n = 1,2, the equation

iug + Au = F(u),
(1.1.28)

u(0,7) = XB(0;1);

with F € C*®, F(0) = F'(0) =0, F: C — C, has a local solution on [0,T] for some

T > 0.

Proof: See [27].



The proof makes heavy use of the uniform estimate |e?®xp(.1)|lzemn) < C. This

estimate is not available when n > 3 due to the Pinsky phenomenon. However, this

estimate is available when L has signature (2, 1), since [[e"Lx p(o.1)|| @) < C' < 0.

THEOREM 1.1.9. Let F € C*, F : R* — R?, F(0) = F'(0) = 0 be the nonlinearity.

Then the equation

iug + Lu = F(u),
(1.1.29)
u(0) = ug = XB(0;1)

is locally well-posed on some time interval [0, Tp).

Schrodinger Equation for Power-type nonlinearities The Schrodinger equation

iug + Au = :i:|u|n%2pu,
(1.1.30)
u(0, ) = uo(x),

is called the defocusing Schrodinger equation when the sign is + and the focusing

Schrodinger equation when the sign is —. Solving (1.1.30) gives an entire class of so-

lutions due to scaling. If u(t,z) is a solution on some interval [t_, 7] C R then
A2 (N2 )

is also a solution on the interval [A\™2t_, A7%¢,].

(1.1.31) A0 (0, ) || gro gy = N0, 2) | o ey

10



(1.1.30) is called a H?(R™) - critical nonlinear Schrodinger equation. When o = 2 (1.1.30)

is called an L? - critical nonlinear Schrédinger equation, and when o = —4-, (1.1.30) is a

H?' - critical nonlinear Schrodinger equation. Such equations are particularly important,

because the mass

(1.1.32) M(u(t)) = / lu(t, z)|*dz = M (u(0)),

and energy

(1.1.33) Bu(t)) = %/wu(t,x)wxiH%/w,xwadx,

are conserved. The sign depends on the sign in (1.1.30). For the defocusing Schrodinger
equation, using quite different methods than the ones that will be used in this thesis,

substantial global well-posedness results have been obtained in each special case.

THEOREM 1.1.10. The energy critical Schrodinger equation is globally well-posed and

scatters for ug € H'(R™).
Proof: See [17] when n = 3, [34] when n = 4, and [35] for n > 5.

THEOREM 1.1.11. The mass critical Schrodinger equation is globally well-posed and

scatters for ug € L*(R"), radial.

Proof: See [36] when n = 2, [40] for n > 3.

11



LEMMA 1.1.12. If ug € H?(R") for some 0 < p < %, n >3, then (1.1.30) has a
solution for some interval [0,T], where T(ug) > 0. If ug € HPT(R™), then (1.1.30) is

locally well-posed on some interval [0, T, T(||uol| gre+emny) > 0.

Combining this lemma with the conservation of L?>(R™) and conservation of H' in the
defocusing case gives a global solution when uy € H'(R"), % <a< ﬁ, simply by

iterating the local solutions.

The first improvement of these results came in [1], which extended global well-posedness

to

iug + Au = |ul’u,
(1.1.34)
u(0,z) € H(R?),s > 3/5.

This method motivated [20], [18], [19], and [32] to extend H!(R™) global well-posedness
results to lower regularity ug € H*(R"), s < 1, via the I-method. If u(t) solves (1.1.30),

then Inyu(t) solves the equation

(1.1.35) ilyus + InAu = In(Jul|u).

Where I is a smooth Fourier multiplier,

(&),

>

(1.1.36) Inu() = my(l€])

12



1 €] < N;

Y

(1.1.37) my(l€]) =
€17 1€l = 2N,

HINU’OHHI(R") S NlisH’U/OHHl(Rn).

However, Iy(Ju|*u) # |Inu|*(Inu), so to prove global existence one must endeavor to

control the modified energy

1 1
(1.138) B(lvu(t) = 5 [ IVIvu(t.o)fde + 5 [ Ivult,a)Prede
«

Currently the best results are global well-posedness for s > 1/3 for

(1.1.39) iug + Au = |ul*u

in R? (see [11]) and s > 4/5 in R? (see [18]). For the L*-critical nonlinear Schrodinger

equation
(1.1.40) iy + Au = |u*"u,
there is global well-posedness for s > @ when n = 3, and s > —in2 (2_2)2%(71_2)

for n > 4 (see [32]).

The method used in this thesis was inspired by the I-method, and seeks to take advantage

of the special structure of many types of solutions to (1.1.30). For many types of uy,

13



(1.1.30) has a local solution with some additional structure that can be exploited to prove

global existence.

(1.1.30) fails to be locally well-posed for ug € H*(R"™), s < p. See [21] and [22]. Never-

theless, as was demonstrated in [27], when n = 1,2,

iy + Au = |u|*u

has a local solution for some interval [0,7]. In particular, when n = 2, there is a local
solution for any H' - subcritical Schrodinger equation. This can be extended to higher

dimensions (n > 3) for a H' subcritical Schrodinger equation.

THEOREM 1.1.13. The nonlinear Schrodinger equation

iug + Au = |u|“u,
(1.1.41)

Up = X,

has a local solution as long as a < ﬁ. Q is a smoothly bounded region in R".

For this initial data, the Duhamel term smooths the local solution, and thus it is of the

form
u(t, z) + v(t, ),
(1.1.42)
v(t,z) € LPHL([0,T] x R™).
When n = 3,

14



iy + Au = |ul’u,
(1.1.43)

U(O, .’IZ) = X,
has a solution of the form

e xa +w(t, x),

w(t,z) € L HL([0,T] x R?). It is clear that the equation

v, + Av = |v]?,
(1.1.44)
(T, z) =w(T,z),

has a global solution since v € H'(R?). But since

@- 1
Ve tAXQHLgO(R?’) < YL

then on [T, ), eT2xq + w(T,z) can be treated very effectively as a perturbation of

w(T, z).

THEOREM 1.1.14. (1.1.30) has a global solution for uy = xq when Q is a compact

region in R™ with smooth boundary and o = n—i2p7 1<p< ﬁ.

Secondly, after making two more restrictions on the initial data (ug radial and uy €

H'Y/2+¢1(R™)), there are global existence results.

THEOREM 1.1.15. (1.1.30) has a global solution for uy radial,

(1.1.45) uy € HPT2(R™) N HY/2H2(R™) 0 HY*FeL(R™).

15



Remark: This method can also be applied to equations with combined power-type

nonlinearities.

THEOREM 1.1.16. If ug € HP *2(R™) N HY?+2(R™) N H/*T<Y(R") then there is a

global solution to

(1.1.46) z'ut—l—Au:ZcAu

=1

aiu

n n—2p

16



CHAPTER 2

Positive Definite Signature



2.1. The Fourier Transform

The Fourier transform is an essential tool to the study of the linear Schrodinger
equation, and the free solution of the Schrodinger equation sheds light on the inverse

Fourier transform. Consider the function f: R" — C.

(2.1.1) f(6) = (2m)™? . f(x)e ™ 4d.

Since |e~®¢| = 1, this function is well defined for f € L*(R"™). We have

(2.1.2) F:L'R") — L®(R").

DEFINITION 2.1.1. The Schwartz function space is a Frechet space of functions with

bounded seminorms

(2.1.3) S(R™) = {f : [|2°0] fllo < C(a, B) < 00}
Here o = (v, ..., ) and § = ([, ..., B,) are multiindices.

Let F denote the Fourier transform operator

A

(2.1.4) F:fx) — f(&)

The inverse of the Fourier transform is denoted F~'. This operator will be denoted f.

(2.1.5) FLfE) — f(a),

18



(2.1.6) §(x) = (2m) ™2 / g(€)e e,

n

This function is well defined on S(R") and in fact defines a 1-1 isomorphism.

F:§5—8,
(2.1.7)

F1:8-8.

This can be proved using the integration by parts identities.

/ O f()e S da = — [ f(2)0y,e7 e
n R'Il

= —i§; Rn f(@)e ™ Sde = —i&; f(£),

. 0 _. 0 4
/n —iz;f(v)e " dr = /f@)a—g@_wgdx = o (€)-

Then by the fact that (1+|z|*)™ € L! and the commutator relations of ¢ and the z*- f
multiplier, (2.1.6) is well-defined on S(R™). The proof that F~! is the proper inverse

can be found in [26], for example.

Then by a change in the order of integration, for f,g € S(R"),
THEOREM 2.1.2.
(218) | fewoi= | st
n Rn

19



This proves, in particular that F~1 is the adjoint of F.

112y = (FULFD) = (£ FF ) = 11 7eme

This proves Plancherel’s theorem.

THEOREM 2.1.3.
(2.1.9) 1l 2@y = 11l 22y

This in turn proves F is an isomorphism on L2(R™). In order to make sure f € L*(R™), it
was necessary to integrate by parts, which required some degree of smoothness of f. Thus
there is no guarantee that this inversion formula will work for any old f(x) € LP(R"),
1 < p < oo. Certainly it will work if f(f’) € L', and then f(x) € L>. However, there

does not exist an LP space that will guarantee that f e L.

Consider f(x) = xp(o;1) in R, where yq be the characteristic function of the set O C R”,

and B(z;9) is the ball of radius § centered at z € R™.

F b 1 . A 2 sin(— 9 i
f(§) = /1 e = _—if[e—lﬁ _ ] = Slfi(g £) _ 812(6)‘

f is not integrable even though f € L'(R)N L®(R).

Parseval’s theorem and Plancherel’s theorem will often arise in the analysis of the linear
Schrodinger equation. Let (&) = F~1(g).

Take the Cauchy Schwartz inequality.

(2.1.10) [ @gt@de < 1l

g||L2(Rn)

20



Now, (1+ |z|)~® € L*(R"™) for all @ > n/2. This leads to the definition of the L? based

Sobolev spaces.

DEFINITION 2.1.4. The Sobolev space H® is the space of functions such that

(2.1.11) €17 f(€) € L*(R™),

and H?® is the space of functions such that

(2.1.12) (1+1€)f(€) € LARM),

Then H* C L>®(R"™) for « > n/2. In fact, f is also continuous by the dominated

convergence theorem.

When f does not lie in H™/2T%%(R™), pointwise Fourier inversion is not so easy. So
instead, consider a family of partial Fourier inverses for some f(z) € L'(R™). Since

f(€) € L=(R"), fXB(O;R) € L'. So define the partial Fourier inverse

(2.1.13) Suf(a) = (2m) " [ feentae

lEI<R
It has been a subject of some discussion whether or not Sgf(z) — f(x) as R — oo, and
if it does, what the rate of convergence is. This phenomenon is closely related to the
formation of caustics in the wave equation. See for example, [10], [29]. For a general

introduction to the theory of Fourier transforms, see [8], [26], Chapter three.

Given some extra symmetry, some additional estimates can be made in R".

21



LEMMA 2.1.5. For |t| <1, |z| > 1.

(2114) 25—n/2/ e—z‘x~r/2tdo_(7,) _ t_1/2|Z‘|_(n_1)/2[01€_i|zlr/2t+026i|z‘T/2t]+O(|x|_n/2).

[r|=1
Proof: After a rotation of coordinates, let x = (0, ...,0,1). x-r = |z||r| cos(0) = |z| cos(8),

where 6 is the angle between (0, ...,0,1) and r. Rewrite the integral in polar coordinates.

. T2
/ efzx-r/Qtdo,(T) — / efz|x\rsm(0)/2t(cos(0>>n72d9.
[r|=1 —7/2

Make a change of variables, u = sin(#), du = cos(8)d6.

1
_ / e—i\x|u/2t(1 - u2)("_3)/2du.
-1

. . _1 . . . _2 .
If n is odd, integrate by parts “7= times. If n is even, integrate by parts "= times and

then let z = v2, do = 2vdv,

1 1
0 0

This completes the proof .

THEOREM 2.1.6. If u is a radial function, u € HY/*T%%(R"),

(2115) || |(L’|(n_1)/2_€uHLoo(Rn) 5 ||u||H1/2+e,2(Rn)

Proof: Make the Fourier inversion,

_ i€ f iz p
u(z) = /{: T / e f(¢)de.

61> 1y
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| edoteyi ~ (e
|§|=r

rlz|

Then split the integral into two pieces.

- o0 1 . 1 oo
iz n—1 n—1)/2 . n—1)/2
/|£>1/|$€ $F(&)dg ~ P =) TR f(r)dr = ECE Fr)yr =Dy,

1/]al rlz| Vlal

/ |f(r)rt /22—ty / |f(r)[2rmtdr.
0 0

[t
/||

[e.9]

S <//| | ’f(?")‘zrn—l(l +7"1+26d7")1/2(//| |(1 + 7“)_1_2€d7”)1/2 S Hf”Hl/QJre(Rn),
1/|z 1|z

Now for the second piece.

. | 1/|z]
[ i@ ([ 1P a2
¢l 0 0
S |x|7(n71)/2HfHH1/2+e(Rn)-

2.2. The Free Schrodinger Equation

The solution for the linear Schrodinger equation.

i = Au
(2.2.1)
u(0,z) = up(x)

is given by the function
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(2.2.2) u(w,t) = e "Pug.
By the Fourier transform identities of section 1.

Af =—(&+8)f(©).

More generally for the equation

(2.2.3) (a +ib)u; = Au,

where a > 0 and |a 4 ib| = 1 the solution is given by

(2.2.4) et/ atib)y, f'_l(e—t|§|2/(a+ib)ﬁ0(€))
(2.2.5) w(x,t) = eft<\£|2/(a+ib))f(£)

1 - a+i i(x—y)-
(2.2.6) u(z,t) = 4_7r2//6 t1€]2/( +b)f(y)e( €y de.

By a well-known approximation argument, found in [26], for example, the order of inte-

gration can be switched for f € L*(R").

(2.2.7) u(z,t) :/f(y)/e_t5|2/(a+ib)ei(a’_y)'§d§dy.
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Now complete the square.

(w2 — 92))2 _ (22 — o)

tes + (12 — y2)& = t(& + o7 TR

_ _ 2
tef — (w1 —y)ér = t(& — 2 o7 y1))2 - 4ty1) ,

t
a—+ b

ot - (a +1ib)
a+ib 2t

PP —(z—y)- € (z —y)|?

Changing the contour gives the identities.

o0
-2 .
/ e dr = /me™,

o

/ e dy = Vme T4,

—00

tA .
So ea+it has convolution kernel

—a—1ib n/2 o2
(2.2.8) K(z,y) = S0 el

THEOREM 2.2.1. Since |e“|5‘2| = 1 and e"® is a Fourier multiplier, by Plancherel’s

theorem there is an L? identity.

(2.2.9) 12 flln2mey = || fll 2Ry

Also, by properties of convolution

i C(n)
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These identities can be interpolated for 2 < p < cc.

(2.2.11) 1€ Fllevrn) < i 1 llw ey
Here p’ is the dual Holder exponent to p.
1
S =1
p p

Remark: ¢? is in fact an H*?(R") isometry for any H*?(R") space of functions for

any s.

(2.2.12) e"Pug(z) = C’(n)/ ey () dy

n

2.3. The Free Wave Operator

For the free wave equation

(B — A)u =0,
(2.3.1) u(0,2) = f(),
u (0,2) =0,

the solution is given by

(2.3.2) cos(tVA) f(x) = u(t, x),
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1, . .
(233) COS(t\/I) — §<€Zt\/j + 6—215\/1%

which in turn is given by the Fourier multiplier

(2.3.4) cos(t|¢]) = %(e“é' t emitlely

Now by a change of variables

oo
a2 o _i120g12
/ e~ 2mt|f\6 w2 |€| du = 07

—00

For some constant C.

[o.¢]
- .
Cet kel :/ e e 2utlel gy,
—00

On the other hand

/ al/Zezl:ia(a:—l/J:)2dl,
0

00 1
_ / al/2€:|:ia(x—1/a:)2dx + / a1/26j:i(a:—1/x)2d$.
1 0

(Let u =2 — % = du =dx + m—lzdx) Then the previous quantity

/oo 1/2 _+iou? /OO al/? +ia(z—1/z)? /1 1/2  Fia(z—1/z)?
= a e du — — eI dy + o feT N ETHE) dy,
0 1 72 0

After a change of variables x — i, dr — —x%d:c.
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(2.3.5)

So,

(2.3.6)

(2.3.7)

(2.3.8)

Now let t|¢] = a.

1 00 Oé1/2
/ 1/2 +ia(z—1/x)> dr = / eztia(x—l/:v)2dx
0 a?

Cletin/4 — /oo ql/2eFia(z=1/x)* 1.
0

= * e al/2
1/2 +ia(z—1/z)2 dr = Oél/Qeil(a / miaz ) du
0 0

£ 2t * w2 i
(2.3.9) CetTe _ i it
0
+2it¢] m [T e il
(2310) 06 = e:F 4 e e Tdu
0
e wi - 121g)2 i ) ¢2)¢)2
(2311) 20 COS(2t|€|) = / [e_fezuzelt u£2 + 6Ie—lu26—2%]du'
0
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Next, an identity derived in [29] will be applied to (2.3.11). For the reader’s convenience,
teh derivation of the identity will be written below. Let ¢ be a Borel function of the

operator A.

(23.12) o) = [~ eae,

[e.e]

Where E), is the spectral resolution of A, dF) is the spectral measure of A. If there is a

sequence of Borel functions ¢, — ¢ a.e. with respect to dE)y, |¢,| < C,

o

(2.3.13) ©(A)f = lim ©,(N)dE\f.
Suppose that both ¢, » € L*(R).
o0 =5 [ st
2 J_ '

From the definition of the spectrum,

/ e AdEyd\ = 4.

—00

— 5(H) e dEy\dtd)\ = — 5(1) e Adt.
2w/_oo/_of“e A zw/_oo*””e

If ¢ is an even function,

(2.3.14) P(A) = — /OO P(t) cos(tA)dt.

—00
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In particular, for the Fourier multiplier

1 [ sinRt
(2.3.15) Spf=lim = [ 227 cos(tA) fdt.
v—0o0 T v
Combine (2.3.11) and (2.3.15),
i .o —it? oo it?
(2.3.16) Spf = lim — / / sin(# _%ewge g +676_1“26T§]f(9€)dudt.
v—oo T

This establishes a close connection between the behavior of Sgf as R — oo and ¢4 f as

£\, 0.

2.4. Gibbs Phenomenon on R

Because e?® is a Fourier multiplier with ]e‘”'ﬂQ\ <1, if ug € H® for some s > 0, then by

the Lebesgue dominated convergence theorem there will be convergence in H*.

(2.4.1) A

/ |eSF — 12Ja(€)2(€)>de — 0,
ast — 0.

Similarly, for Fourier inversion, |Sg(£)| <1 so
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(2.4.2) 1Srf(2) = f(2)]

2 _ ¢ 2 2s
2 = /|£ WCGIECRE

which will converge by the Lebesgue dominated convergence theorem.

If s > n/2, then by the Sobolev embedding theorem

I%LH;O |Srf = fllLe ) = 0,

ygénemf — fll=®ny = 0.

Moreover if

D =
vV
[N
|
Slw»

}%ij{.lo |Srf — fllLr@ry =0,

lim [|e"2f — f| o) = 0.

On the other hand, by (2.2.12) and the dominated convergence theorem, if f € L*(R")
and t > 0, then e f is a continuous function. If f € LY(R™), [f(€)| < C||f|lzmn), s0
Srf is also continuous by the dominated convergence theorem. If f € L?*(R") then by

(2.4.2), e f — f and Sgpf — f almost everywhere.

If e f — f uniformly ast — 0, or Sgf — f uniformly as R — oo, then f is a continuous

function. So for f discontinuous the best that can be hoped for is pointwise convergence.
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DEFINITION 2.4.1. Suppose for some x € R",

(2.4.3) P{% e ug(x) — ug(z)| =0

Then e*2ug(z) converges to ug(x).

If for every z € R™, (2.4.3) holds, then e"®uy — ug pointwise.

Remark: The rate of convergence may depend on x.

Example: Let

(

Lzl <1

Uo = X[-114 1/2, |z|=1;

L0, [z > 1

Suppose without loss of generality that x > 0.

L ) Itz (I+az)/t1/2 )
(2.4.4) t_1/2/ @t gy = t_1/2/ eV tdy = / eV dy,
- (

1 —1+z —14x)/t1/2

= / eindy— / eindy
(—14z)t—1/2 (1+x)t=1/2

(2.4.5) = / eV dy + O(t"/?).
(

—14x)t—1/2

Here the estimate

© © 1 4 1 . © 1, 1
2'4' lmd — 1T d — 1T o0 lmd — _
(246) /A oo /A dirdr© )= ge |A+/A 2zt dr=0(3)
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has been used. Fix an z. If z > 1, (24.5) = 0ast — 0. If v < 1, (2.4.5) — /me™/4. If
r=1,(245) = ‘/7;6”/ 4+ O(t/?), so there is pointwise convergence. However, uniform

convergence fails.

Consider the sequence (z,,t,) where t, — 0, z,, = 1 + Ct}/ ? for some C £ 0,

e Bug(x,) = / eV dy + O(tY/?).
c

Therefore

(2.4.7) lim e Aug(z,) :/ e’ dy,

n—oo C

and | go v’ dy will not equal 0 for a generic C' > 0, nor will it equal y/me™/* for a generic

C <0.

Similarly, for Fourier inversion,

take z close to one.

R 1 Til PL3
(2.4.8) 2/ e@(x“)ﬁ—dg:Q/ —d,

R § 2
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R _i(z+1)¢ oo i€ 1
(2.4.9) :2/_Re ; d§:2/_ %d§+0(}—%).

Using the estimate

For x close to one,

R ei(:L’—l) R(z—1) o€
2 / de =2 / de.
r £ “R-1) §

This time take a sequence x,, = 1 + Rﬁn, R, — oo. This will exhibit the same type of

Gibbs phenomenon as is exhibited for the Schrédinger equation.

Remark: Let R, = % Then (SRnf)(l—kR%) approaches a constant, as does (e'2/Fn f)(1+
#). So x, can approach 1 faster in the case of pointwise Fourier inversion than in the

case of the Schrodinger equation. This phenomenon is not unique to this particular

example.

2.5. The Pinsky Phenomenon

The Pinsky phenomenon is perhaps the most intuitively obvious in the case of the wave
equation, where it arises as a perfect focus caustic. The wave front set of a function,

W F(ug), is important to understanding the formation of caustics for the wave equation.

DEFINITION 2.5.1. Choose (zg,&) € R™ x RN \ {0}. If there exists € C§° such

that 8 =1 in a neighborhood of x(, and for £ in some conic neighborhood of &,
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(2.5.1) Buo(€)] < Car(1+ €)™

for each M € Z, then (xg, &) € WF(uo). Let B(zo) be the collection of all § € C3°(R")

such that 8 = 1 near z,.

(25.2) WF(uo)= |J [ R xR\ {0})\ {(20,€) : |Buo(€)] < Car(1 + |€)7M}.

zo€R™ B(xo)

For example, if ug = 8y, then WF(ug) = (0,RY \ {0}). If uo = xB(0.1),

WEF(ug) = {(x,8) :x € S" 1 ¢ o =%|¢]}.

DEFINITION 2.5.2. The set of singularities of u is the projection of WF(u) C R™ x

RN\ {0} onto R™.

(2.5.3) Sing(u) ={z: I(z,§) € WF(u)}.

Let u(t, z) solve the wave equation.

— Au =0,
(254) U(O, gj) = uyg,
u (0, 2) = 0.

The singularities at (z¢, &) will flow in the direction & at velocity one. Let uy = xp(0;1)-

For t small, Sing(u(0)) — Sing(u(t)) is a 1-1 differentiable mapping. But at t = 1 the
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mapping is no longer 1-1, since the flow under & -z = —[&| will map S™"~! to the origin.

This produces a perfect focus caustic.

Remark: When inverting the Fourier transform of ug = xp(;1), the Fourier transform
will converge pointwise at the origin when n < 3. For n = 3 Sgug — up is a bounded,
oscillatory function of R. When n > 3, |Sgup — ug| = O(R™/2). The connection
between the analysis of pointwise Fourier inversion and the formation of caustics can be

found in [29].

LEMMA 2.5.3. Let ug = xp(o;1) in R*. As R — oo,

(2.5.5) SrxB1) = O(R).

Proof: Take the spherical averages about a point

(25.6) Flt) = [ flat o)

(2.5.7) costv/—Af(z) — Okt(%%)’“(t%lﬂ(m)).

Then the pointwise Fourier inversion operator is defined:

(25.8) Suf(x) = A_ _ J@esi
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sufe) =+ [ 2y
(2.5.9) o

u(t, z) = cos(tvV/—A) f(z),

* sin(Rt)
t

5af0) = Ci [ AN A

—00

Suppose f(z) = xp(o.1) in R* ™. u(t, x) is symmetric about t = 0.
Srf(0) =20, / sin(R)F 165 (4) + Lot
0

(=1)*=D72gin(R), kis odd;
SRf(O) = 2OkRk_1 + l.o.t.

(—=1)*=2/2cos(R), k is even.

A similar calculation can be made for n = 2k 0.

A similar phenomenon also arises for the Schrodinger operator e as t N\, 0. However

A

in this case e®®®uy — ug is oscillatory for n = 2 and blows up for n > 3.

. C . C 1 ,
eztAuo(O) _ (n) / 6z|y\2/tdy _ (/T;) / rn—lezr2/th
B(0;1) "= Jo

(2.5.10)
+l.o.t.

- /1 r(=2/2gir/t gy — ¢ln) o/t _ C(n), ifn=2;

/2 tn/2-1
0, if n > 2.

The similarities between (2.5.5) as R — oo and (2.5.10) as ¢ \, 0 are evident. For

simplicity take n = 2k.

ez’tAf(x) _ % /eilx—yQ/tf(y)dy _ /OOO R"_leiRQ/tfm(R)dR.
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(Make a change of variables u = R?)

e / Tyt ()

G [ GO RV ()

© .. 1d _
:ck/o et “(EE)’“(R%‘Qfx(R))RdRJrf(x).

LEMMA 2.5.4. If

)
1, if |z] < 1;

wo=14 2— e, if1< |2l <2

0, if x| > 2.

\

(2.5.11) lim le™ g — ol oo jaf>1/2) = O

But at the origin

|€itAu0‘ ~ t_n/2+2.

*This lemma is in response to a question asked during my defense by Mark Williams.

Proof: By Theorem [2.1.6], since uy € H*?7“2(R"), (4.8.15) is immediate. In fact,

[P ug — g || poo (jay=1/2) S t1/37¢. However, to compute the focusing at the origin,

| "Lt (L e — o / L e
o - = — - r)r e T
. 2ir dre e . 2 dr ’
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2 2
— _Cltn/2+1/ 7’”726”2/th + Cztn/2+1/ T,nf?)eirQ/z‘,f(7,>d707
1 0
o 2 2
— _Cltfn/2+2rn73ezr /t|% + C2tn/2+1/ Tn73€w /tf(T>dT’,
0

~ t_”/2+2 [Qn—364i/t . ez’/t] + O(t_n/2+3).

So it is possible to have a Pinsky phenomenon without a Gibbs phenomenon [.

2.6. Pointwise Fourier Inversion: a Schrodinger Equation approach

The close correspondence between the asymptotics of the Schrodinger equation and
for pointwise Fourier inversion for xp(o;1) was established in the previous section. This

connection can be extended to more general situations.

THEOREM 2.6.1. Let f(x) be a compactly supported function, and suppose f(z) is C*

in some neighborhood of xqy. If

(2.6.1) Srf(xo) = flzo) + cheiRtha + O(R12),

k=1

as R — oo, then

(2.6.2) A f (o) = flxo) + O ).
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Proof: The solution to Schrodinger equation can be expressed as a superposition of the

solutions of wave equations.

0o
a2 o 2 2
/ e~ szt|§\e it= €] dr = C

o0

This constant is independent of &.

o0
21412 21412 2 o 4202
Ol _ it / pin? g=2iatlé] ,—it ¢ g
— o0

= [ e [T costautleis
. 0

Since f is smooth in a neighborhood of z, f can be modified by a C§° function h so that

f(z) — h(z) = 0 in a neighborhood of zy. Since h is a C§° function, h € S(R™).

Suppose f(z) — h(z) is supported on 2 < |z] < $. Let x € C¢° be a smooth cutoff such

that y =1 on % < |z| < C and x is supported on % < lz| <2C. Set

(2.6.3) xe(@) = x(at).

For now, suppose

(2.6.4)

/000 W(l —x()uly, x)dy + /000 Sin(yRy)X(y)u(y, x)dy = Z cxe™ R + O(R*),

u(y, x) = u(—y, ), so
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/_OO cos(Ry)%u(y,xo)dy = 0.

[ee]

Take the Fourier transform of

%ny? 1‘0),

/_OO sin(Ry) (1 = x(y))uly, 7o)dy + /OO sin(Ry)%u(y, zo)dy = CSgf(zo),

o0 y —00

for some constant C.

(y)

%u(ywo) = /OOO Skrf (o) sin(Ry)dR — %u(y’ zo)-

Introduce another cutoff function n(y) € C§°, n is supported on 5 < |y| < 4C and

1(y) =y on the support of x(y), 55 < |y < 2C.

< ax(2ty)n(2t L[~
/O e %Mﬁy,xo)dyzg/o e y2/4t2%n(y)u(y,xo)dy

= Q_t/ e—iy2/4t277(y)/ SRf(ZEQ) Sin(Ry)dey
0 0

o0
1 efiy2 /4t

2t Jo Y Y

1 o0 ) .
—/ ckeZRt’“/ e~/ gin(Ry) R*n(y)dydR,
0 0

1 e > 22 2
+ﬂ/ / e W /A sin(Ry)n(y)O(R* Y dydR,
o Jo
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1 - efiy2/4t77<y) (1 — X(y)>d

o 0 Y v

Assume that the quantity is bounded by

1 [ . .
(2.6.5) i / e~/ sin(Ry)n(y)dy = ¢ n(2RE?) + O(t)
0

when 157 < R < 22, and bounded by and is O(R™t") when R ¢ [i550, 5.

/ e e (QRIPYROAR = O (17271,
0

62/t2
/ RtdR = O(t~27Y),

1/t2

10C

O(R*™Y%)dR = O(t~%1).
10Ct2

This proves the theorem, assuming Lemma [2.6.2] is true .

LEMMA 2.6.2. Suppose u(t,xq) is the function just described. Then

(2.6.6) / Ta- X(t))“”gm)u(t, 2o)dt = O(R™M),
(2.6.7) /0 e - —X(y)y”(y))u(y,xo)dy = 0(tY),
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1 [ . .
(2.6.8) i / e~ 14 sin(Ry)n(y)dy = ¢ n(2Rt) + O(t),
0

< R<XC and

1
when 55 =z

1 & 02 2
(2.6.9) z/ e~ W4 sin(Ry)n(y)dy = Ot~ R~N/2)
0
outside this region.

Proof: When |t| < %, by Huygens principle, u(t,z9) = 0 in even or odd dimensions.

When n is odd, u(t,zy) = 0 for [¢| > <, which takes care of (2.6.6), (2.6.7). When

n = 2k,
1 O1 f(ty)
u(t,0) = = (=) 1/ gy
0= G <t /1= [yP?
For |t| > C,

_flty) f(y)

1 /
—dy
i<t /1 — Iyl2 /|y<t J1 IW wi<cr2 1 — b

Aj|<0/z /1 Iy\2

Apply integration by parts.

/wu—x@fmfwu@amu=/mu—xmﬁ@ﬁ@§%x§fﬂmmeu

C

_AN > 0 AN u(t,a:o) _AN
~R lLsmmm§><u—mm o)yt < o(r-),
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1

Similarly for the second integral, define the operator Lf = a%<% f),

/oo eiy2/t2(1 . X(y)ﬁ(y))u(y’ l‘o)dy,
c Y
= (e [ ey M gy <
c Y
Now for the third integral:

> —iy?/4t? i _iR242 & il 9
/ n(y)e y° /At eRydy — %t /4/ n(y)e (y/t=Rt/2)*

—00 —00

This has a root R = 2y/t?. Take 1500y < R < 102

R

_iR2$2 * Rt? iy /t— 2 _iR%2
e R4t /4/ 77(7)6 (y/t—Rt/2) dy — Ce R4t /477( : )
The remainder can be estimated by Taylor’s inequality.
Rt? Rt2 [, Rt? Rt?
lt) = n(55) = oy = T5) [ (S5 ey = S
2 27 J 2 2

By a change of variables,

/ n(y)e W/ R2DT — g / n(ty)e "Ry,
Let u = (y — Rt/2)%.

2

2 [ d . oo [V Rt? Rt
[ . z(yth/Z) / - t - d d
5 _oody(e )/077(2+T(y 2))73/,

00 1 2 2

A Rt Rt

= t3/ el Rt/2)? / 7'77”(7 +r(ty - 7))d7'dy S O<t2)
—o 0

When R > 1?—20, n(y) is supported on % <y <4C,
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1 [ i(y/2t—tR)?
n / e~ W (y) dy =
1/4C

1/40 1 Q)Nefi(y/thtR)z

e . "
t 1/4C<2Z(y/2t — Rt) 0y n(y)dy

- 1/ et &Ly, - 0N R
t Jijac Oyy/2t — Rt

When R > Y2 Rt—£ > 214+ £ > VRC+S. Similarly, if R < 1557, y/2t— Rt > 55+ R,
and again integrate by parts.

N can be arbitrarily large [1.

Thus if the convergence of Srf(xg) is O(R™®) then the convergence of ™2 f(x,) is no

worse than O(R™*1/2), where t = +.

A lemma will be needed to go in the converse direction.
LEMMA 2.6.3.
M iR 2 1
(2.6.10) / R dy = O(R™'?),
1/2
for any M € [1/2,c0].

Proof:
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11, . 24 -2 : 2, ,.-2
= ._—(GZR(x +x ))|M _/ _x—QezR(x +z )dl‘ — O(R—l)
2iRx vz

Estimate the first integral by a change of variables.

M ; 2 2
/ ezR(x +x~ )(1 + 1}72)611‘
1/2

' M , M-1/M
— GQZR/ ezR(m—l/x) (1 + x_z)dx — / ezRu du = O(R_1/2).
1/2 —3/2

This proves the lemma [].

The converse will utilize the expression of a wave operator as a superposition of Schrodinger

operators. Combining (2.3.11) with the fact that F(Af) = —[€[2f(€),

‘ © gin(Rt) [ . .
2Sgf(x) :em/4/ —sm(tR ) / ewze’lmz/A‘“Qf(x)dudt
0 0

+€m/4 / Sln(t ) / €_Zu261At2/4u2f<I>dudt.
0 0

(2.6.11)

THEOREM 2.6.4. Suppose the Schrodinger equation has the asymptotic expansion

(2.6.12) e f(z) = f(x) + O(t*)eP/t + O(to+1/?).

Additionally suppose that f(x) is smooth in a neighborhood of xy and is compactly sup-

ported. Then there is the pointwise Fourier convergence,

(2.6.13) Srf(z) = f(z) + O(R™Y/?7),
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Proof: As in the other case, let h(z) € C§°, h(x) = f(z) in a neighborhood of .
Subtract off h(z) so that f(xo) — h(xg) = 0. Write the integral in polar coordinates. Let

t = cu.

For a fixed 6, c is fixed.

rdr = (¢® + 1)udu.

/0 T 0)rdr = (c()2 + 1) /O " He(0), w)udu.

dc = sec? 0db,

de

df = cos*(#)dc = =t

By (2.6.4),

/OOO Sin(th>u(t,x0)dt =O(R™) + /OOO Sin(th)X(t)u(t7x0)dt'

So without loss of generality evaluate the integral.

(2.6.14) /000 /000 X(cu)we“ﬁ(eiCQA/4f)(x)dudc.

The free Schrodinger operator is a convolution operator

47



Srf(x) = (Kyr(z,y) * [)(2) + (Kor(x,y) * [)(2) + (Ks r(z, y) * )(2)

(2.6.15) Ky g(,y) =/ x(CU)/ M@’ﬁe"'x‘ypﬁ{‘)dudc
wR-1/2 0 c"
kR™1/2 00 :
sin(Rew) ;2 _ilp—ul?/e2
(2.6.16) K27R(x,y):/ i / X(cu)%e e~ 1=v e qude
SR-1/2/2 J0
R~ 1/2/2 R ) ]
(2.6.17) K p(z,y) / / (cu) sm Cu)eluze”'x’ywczdudc,
cntl

for some k. Consider the first integral. Take a C* cutoff,

1, z>1/C;
V() =

0, z<0.

Integrating by parts,

o0
/ @Z)(cu)eZUZeZRc“du < R_N,
0

/ RN dc = O(R™).

wR-1/2 cntl

When ¢ > kR™/2,

/ w(CU)eitﬂe—iRcudu — ﬁein/4€—iR202/4 + O(R—N)7

oo
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d[R202]+ d[\x—y\z]_ R%*c 2|z —y)?
de' 4 ) CE
It suffices to take n a C* cutoff, n =0 on [0, x/2) and n = 1 on [k, 00), and evaluate the

integral

/ n(R—1/26)C—n—1e—z‘R2c2/4e—i\:c—y|2/c2 de.
0

Since f(z) is compactly supported, |z — y| is bounded, so when & is sufficiently large.

RPc 2z -y

5 - ~ R3/2.
C

Then applying integration by parts,

/OO n<R—1/26)C—n—le—iR202/46—i|x—y|2/C2dc _ O(R_N)
0

This gives an L* bound on the kernel.

(2.6.18) 1K1 (2, 9) ][0 < O(RTY),

(2.6.19) 1K1 % flloo < O(R™Y),

when f € L'(R").

Next analyze the third piece. When c is small, y(cu) = 0 unless u is very large. When
¢ < 0R™V/2 for some 4, (u — Re/2)? has the root v = £, and cu = & < £ For §

27 2 2

sufficiently small the integral can be regularized:
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/ 6iu2€iRcuX(Cu)du:e—iR202/4/ ez‘(u—Rc/z)?X(cu)du
0 0

> ]' a i(u—Rc/2)2
= | G e ey

(u ~ ¢! on the support of x(cu))

_ - i(u—Rc/2)? 2 1 N du < N
et s M s o

for any N. Then integrate:

SR-1/2
/ Nde = O(RN?).
0

Thus (2.6.18) and (2.6.19) hold for K5(x,y).

Finally, analyze the second piece. Recall that the convergence of

(2.6.20) eA(f — h) = CePlt 4 O,

as t \ 0.

e—z‘CQA/4(f . h) _ C€—4i,8/026—2a + O(c_2o‘+1).

Evaluate the integral

kR™1/2 00
. iu2 i 2 _
/ / sin(Reu)e™ e/ 2P dude.
—1/2 0

—1/2
/ / (cu) sin(Rew)e™ e~ 40/ =22 qude
—1/2

—1/2
~ Ra/ / (cu) sin(Reu)e™ e~/ dudc
—1/2
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kR~1/2 K
~ Ra/ efiR2c2/4ef4i6/02dc _ Ra1/2/ efiR02/4€f4iB/02dc
SR-1/2 )

After a change of variables

05

/ 6zR(c +07)dc — O(R_l),
0

/ 6iR(cQ—i-c%)dC _ O(R_l),
1.5

1.5
/ ez‘R(CQ—I—C*Q)dC _ O(R_l/Q).
0

.5

The first two identities follow from taking the derivative of the phase function. The third
identity follows from Lemma [2.6.3]. This completes the proof in the opposite direction

0.

Remark: If f(x) has only jump discontinuities, is compactly supported, and f is smooth
in a neighborhood of xy, then f(z) satisfies the hypotheses for Theorem [2.6.1] and

Theorem [2.6.4].

2.7. A Manifold with corners
Now consider €2 yq, where () is a more general region. The methods of the Schrodinger

operator can be carried over to simplicies, complexes, or manifolds with corners.

DEFINITION 2.7.1. In R? a two dimensional manifold with corners is a two dimen-
sional manifold with boundary, Q C R?, where 9Q = UY ~;, where ; : [0,1] — R? are

smooth on [0,1].
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Inductively, define 2 C R™ to be an n-dimensional manifold with corners if 2 is n-
dimensional and 9 = UY | K;, where K; is an n - 1 dimensional manifold with corners

embedded in R™.

Although the manifold does not have smooth boundary, and thus the normal vector field

will not vary smoothly along 0€2, 02 is a finite union of smooth pieces, like a soccer ball.

There is a maximum sectional curvature for the manifold 2 that has corners. Call this

curvature x. Take a smooth cutoff

x(@1) - x (@),

X € Cg°, x =1 for |z| < 4= and x = 0 for |z| > 5-. Define

A lemma will be needed.

LEMMA 2.7.2. Suppose g =k — (a1 + ... + ). Then

€1 €1 _9
2.7.1 e Idr — O(1
e oo T G e = 00

Proof: Let € = min{ey, ..., ¢} and make the change of variables z — ex.

2.7.1) = L S S —,
(2.7.1) / @ @

o0

_ 2(0q+...4ap)—1—1 €1 €]

= r @+ Q)al"'<2+ 2)aldr
0 e+r e+
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_ /Oo (€1/e€) . (e1/€) a1 g
o ((er/e)2+r2)r ((a/e)? +r2)x '

Now suppose without loss of generality 1 = €1 < €5 < ... < €.

€j+1 €1 € 7‘2057[71 d
r
. 201+ 420 620¢j+1 . 2q;

j 1 G

€1 € 620(j+1+...+2041—l

20541 207

j+1 l
o —2aj41+1 —2aq;+1 _—j 20541—1 207 —1
_61...6j6j+1 ...el Ej Ej ...ej .

This quantity is uniformly bounded. As is

o —2a41+1 —20;+1 —j 205411 2a;—1
= €166 g €641 Ci

/ e qr ' Ttdr = O(1)

€l

as long as [ > 0. Since the integrand is uniformly bounded on B(0; 1), this completes the

proof [.

THEOREM 2.7.3. There exists a constant 0 < C' < oo such that

(2.7.2) ™2 (n(x — 20)uo)(m0)| < C < o0

for any point xo € R™, t € (0,00), up = xaq-
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Without loss of generality make a translation such that xq = 0.

(2.7.3) "2 (nug)(0) = t"/Q/Qe“IQ/tn(x)da:.

Define the operator

t x;
(2.7.4) ZQ— x|28xz

/ﬁ(eil’“"Q/t)dx = /ei|x|2/tdx.

Divide the analysis into two cases. First suppose t = 2k for some k. Also define the

operator ‘R.

(2.7.5) Z o, |x|2

(2.7.6) (2.7.3) = t"/2+1/ (@ Z)(n(ac)da(x) A / R(n(z))dx,

o0 |95| Q

where do(z) is the measure along J€2. Since 2 is a manifold with corners, 9 =

Np—1

jn—1, where each Kj, 1 is also an n - 1 dimensional region with corners, and
in fact is the graph of an n - 1 dimensional subset of R"~! with corners. Locally Kj, 1

has the expression
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0={(r,e1+ f(z)) :x € Kjp_1 C R" '},
(2.7.7)

2
T <«
8:61-31;]-

f(0)=Vf(0)=0,]
Where ||(a;;)|| denotes the norm of a matrix. Now return to (2.7.6). The integral over
(2 can obviously be regularized again. On the other hand, the integral over Kj,_; can

be regularized as well. In the case where n/2 = k, we regularize k - 1 times. For the R

operator,

v —21-1 €
| O s

7,n—1

€

_ e LN o AL

J,m—1 j,n—1

Each regularization involves a boundary restriction and a regularization derivative. So
if the regularization operator is applied k - 1 times, there will be one term that involves
an integral over €2, and all the other terms will be some type of integral over a lower

dimensional space of the form

1 €1 €1 —9g ilzl2/t
(2.7.8) —/ |z| 20l g,
t Sy (8 F |2 (6 +[af?)

where g =k —1— (a1 + ... + ).

0<g<k—-1-1.

This integral can be regularized again without fear. Suppose U;; K/ ,,—;—1 make up the

boundary of Kj,_;.
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€ €141 )
(2.7.8) < / . 2
Z (€1 + \I| o (@ aP)e (¢ + [a]?)

]nll

€1 €l —2¢—2
+ x dx
/. ErLpe @t e

7,n—l1

+ x| " dx+
/. @R @ e

Jsn—l

.+ cen T dx.
/K. @l @ P

jym—l

All of these integrals will converge by Lemma [2.7.2].

Similarly let n = 2k + 1. In this case, the integral can be regularized k times. There will
be one term that involves an integral over €2, and all the other terms will be an integral
over a lower dimensional region. So all the other terms will be an integral over a lower

dimensional region of the form,

1 €1 €] _92g ilxl2
2.7.9 q,ilz?/t g
(2.7.9) 2 / @R @ e e

]nl

where ¢ = k — (a1 + ... + ).

0<q<k-I
Define a C§° cutoff
, if x| < 1
(2.7.10) ¢(z) =
, if |z > 2
Now apply the estimate
€ 1

e+~ 2|
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(This can be seen by checking |z| < € and |z| > € separately).

t1/2/ €1
ro—t (€ + [z]?)™

So it remains to consider

(2.7.11)

G

11/2
< t1/2/ r
~ 0

r

€

n—1

n—1

val )

1 / €1
0 i, (@ +1aP)

Jnl

We have

(G A+ [ )

€

|z| gt 2w da

dr = 0(1).

(1 — ¢t~ 2))|z| 29/ .

€141

[ 21 (t ™ 2)d

(2.7.11) <t1/22/ +|x’)
(el

i’ m—1—1

(G + [P (e + [2f?)

t1/2/ €1
@ )

Jm—l1

€1
+t1/2/ ..
Kyt (G 2

7,n—1

€1 —2g— _
@ e e )
femrerL e
l
€1

€1
. +t1/2/
K (€1 |22)n

J,n—l1

(& + |z[2)et

€

+/ ‘1
K., (€ + |z|?)x

jm—l
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These integrals are O(1) also.

1/2 1/2

o0 1 o0
t1/2/ P ——dr = t1/2/ r2dr = O(1),
t r t

> 1
t1/2/ rlr”’lfl—n dr = O(1).
$1/2
Finally ¢/(t~'/2z) is supported on a ball of radius '/2. The integrand is

o (D)2

Tn—l

on the support of the integrand.

Finally, the integral over 2. When n = 2k,

%/ Ol #*2)(1 = o(t~ 1))/ da <
Q

€
~ /a CENrERE
(2.7.12) —/ O(|=|7)(1 _¢(t*1/2$))eill‘\2/td:[
Q

_tl/Z/O(‘x’2k+1)¢/(t1/2$)ei|x2/td$.
Q

The first integral is O(1) by Lemma [2.7.2]. In the third integral, |z| ~ ¢~"/2¥1/2 on the

support of ¢'(t7'/2x).

/ t™2dx = O(1).
|z|<t1/2

58



Take two separate cases for (2.7.12). If € < 1¢1/2,

1 € -
92.7.12) ~ —t NP

+t/O(|I|_2k‘2)(1_¢(t_1/2x))6”|2/tdx+t1/2/O(|x|_2k‘1)¢’(t—1/2x)eiwl2/tdx.
¢ Q

The first integral is an integral over R"~! with integrand bounded by r”% The second

integral is an integral over R™ with integrand bounded by r”%

[e’e) ,'nnfl
t/t e gdr=0(1)

1/2
Finally the last integral is supported on B(0;t/?) ¢ R™ with integrand bounded by

t~™/2. Thus the third integral is also O(1).

If e > t1/2,

1 € 12
2.712) ~ —t izl*/t g
(2.7.12) /ag<|x|2+e2>ke2+|x|2e g

+t/O(‘x|_2k_2)<1_¢(t_1/2x))eix|2/tdiv—i—tl/Q/O(|$|_2k_1)¢/(t_1/2x)ei$|2/tdx.
. Q

For the first integral,
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Thus the integral converges by using Lemma [2.7.2]. The other two integrals are the

same as before.

Now for the case when n = 2k + 1.

2 [ Ol )1~ o))
Q

If e < /2,

1 € il2
~ 1/2 1/2 ’L|33‘ /t
(2.7.12) ~ t /a @t P e ] |2(1 o(2t x))e dx

—t1/2/0(|x\2k2)(1—¢(t1/2x))ei|”2/tdx—/0(\x]le)qb’(tl/?x))eile/tdx
Q Q

The first integral is of the form

0 ,.n—2
W?/ " = 0(1).
a2 rt

The second integral is

< /2 /OO Tn_ldr =0(1)
— pntl - '
t

1/2

Finally the last integral is

< t—"/2/ ldz = O(1),
R |x|<t1/2

and if € > t1/2,

|2
=/t g

1
(2.7.12) ~ t1/2/ ‘

on (€2 + |2[?) € + |z[?
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_t1/2/ O(|$‘72k72)(1 _(b(t1/2m>)6i|m|2/td$_/0(‘x|2k1)¢/(t1/2m))ei|332/td$.
Q Q

In this case

1

/2
@+ PP ="

This integral is O(1) by Lemma [2.7.2].

Remark: This correspondence proved in Section 6 can carry over some of the calculations

on the Gibbs phenomenon for the Schrédinger equation over to Fourier inversion.

THEOREM 2.7.4. There exists a constant 0 < C' < oo such that

(2.7.13) |Sr(n(z — zo)uo)(20)| < C' < o0,

for any point xo € R™, R € (0,00), ug = xq- § is some manifold with corners.

Proof: Take the cutoff ¢(Rx).

(2.7.14) |¢(R(x — x0))uo(x)|| L1 (mry < C(n)R™™.

As before translate so that zo = 0. Since ||x|¢|<r|lr» < C(n)R",

(2.7.15) ISrRO(R(x — x0))up(2)||o < C < 0.

So it remains to consider the part outside the cutoff. The presence of the cutoff requires

the computation of the commutator,
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8 8 T

(2.7.16) w

f ) = Ry/(Rx)

First consider the case where n = 2k. After k regularizations e“n(z)(1 — ¢(Rx)) is a

sum of terms of the form

2.7.17 —ifal?/t____ €1 € ~2qtm ppm y(m) (3
( ) /Rnle (€] + [z[>)= (6?+|m|2)“l|x| o (Ra),

where ¢ =k —a, a = a3 + ... + o, and m < k — [. By the subordination identity it is

necessary to consider terms of the form

(2.7.18) / / MelUQ€ZC2A/4UO(x)dCdu
0o Jo ¢
(2.7.19) ~ / eI Ay (1) de
0

(2.7.19) is a sum of terms of the form

/ / —2R2 2/4 —i|z|?/c?
. (& + |2) |93| )

|x| 2atm pm () ( Ry)dxde

(2.7.20)

g+ |x| )

1 €1 €] g
2.7.21 ~ , thm B ) (R,
e~ [ R )

When || ~ &, the integrand is
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[ -
S el R

On the other hand ¢™(Rz) is supported on |z| < £ when m > 0 so for m > 0,
(2.7.21) < O(1)

Finally consider the integral when m = 0.

1
1/2

- 1
Rr—Lz|> 4 |l’

dr = 0O(1)

which takes care of the n = 2k case.

In the n = 2k + 1 case e"*®uq is a sum of integrals of the form

2.7.22 #1/2 / L L € | -2a-24m pm o (m) ()

Thus Sgup(z) is a sum of integrals of the form

1 €1 €] —9g—92 »
2.7.23 —= q=2+m pme=ilz|R y(m)( Ry g
( ) R \/P{:n—l (E% + |x|2)o¢1 (612 + |,T|2)O‘l |x| e ¢ ( JI) J},

when |z| ~ & the integrand is ~ R"~'. Meanwhile for m > 0, ¢(™ (Rz) is supported on

lz| < 2. Thus |(2.7.23)| < O(1) for m > 0. When m = 0,

1 1
— 1 —¢(Rz))————dxr = O(1).
i iy (1~ 9RO s = O1)

The proof is complete [.
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CHAPTER 3

Indefinite Signature



3.1. Focusing in the wave and Schrodinger equations

The following heuristic is introduced to shed some light on the formation of caustics of
ey, As in the positive definite signature case, it is helpful to compare the indefinite

signature Schrédinger equation,

0 0 0?

(Za‘f‘a—x%—a—xg)u:o,

(3.1.1)

u(0,x) = ug(x),

with the indefinite signature wave equation,

2 2 2
(% — 86_1:% + %)u =0,
(3.1.2) u(0, ) = u(x),
u(0,z) = 0.
The wave operator
o? 0? 0?

0, = - — = 4+ =
Lo E)x%—i_ax%

would be an ordinary wave operator if x; was the time variable and x5, t were the space

variables. So redefine this to be the ordinary wave equation.

Cv=20
(3.1.3) 21}(3:1 T9,0) =0
at ) Y

U(%,Izao) = Uo(xhxz)
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Under the rotation of coordinates, this is a wave equation whose value on the {y = 0}

line is specified for all time, and is symmetric about that line.

Suppose uy(z) = xa(z)B(z), where 3 € C*(R?) and Q = {(z1,22) : 23 —22 > 1,2, < 0}.

Sing(ug) C {(x1,22) : 27 — x5 = 1}.

Let d((z1,x2,t), (y1,y2, 7)) denote the Minkowski distance

(3.1.4) d((z1,2,t), (y1,92, 7)) = (o — 22)* + (t = 7)° — (31 — 11)?,

(3.1.5) d((—v/T+72,7,0),(0,0,1)) = 0.

The origin at time t = 1 and the hyperbola at time ¢ = 0 lie on the same light cone,
which gives the perfect focusing phenomenon for G(x)xqo(z). For a metric of signature
(1,n), focusing would arise from a jump across 3 — a3 — ... — 22, = 1. If the metric has

signature (p, q), it would arise from a jump across
T4 +:1:z —x12)+1 — .. —xthq =1
The stationary phase estimate will be needed.
LEMMA 3.1.1.

S ot /2 o/
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Proof: Make a change of variables, v = 3?, dx = 2ydy.

1 1 1/2
L i 1 iy? t ir
/(; me /tdl'zé/ov ey/tdyZTG /4+O(t)

Let L, , denote the Laplacian of signature (p, ),

0? — 0? 0? 0?
97 T

_2 - P} T el T —2.
Ox2  Ox,yy 0x,4,

Let e, be the eigenvector corresponding to a%k. Let V, = span {ej,...,e,} and V, =

span {€pi1,....,€prq}. Then let y = (yp,y,), (,0) € V,, (0,y,) € V,. Let r, = |y,| and

Tq = |Yql-

The focusing phenomenon for e?w@.o y B(0;1) at the origin is not nearly as bad at the origin

as it is in the A case. Without loss of generality suppose p > q.

Case 1, p > 2:

1
(3.1.7) = C¢~ (=272 / ra (1 — p2) 62 gy
0
(3.1.8) 1 ) - )
_(p _ 2) / Tg—lezrq/t/ T£—3€—zrp/tdrqdrp]
0 0
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For the first integral, make a change of variables, u = rg. Combining integration by parts

with (1.1.23),

1
(3.1.9) t_(”—Q)/Q/ WP (1 — ) @D 2t gy o gmn/2H14a/2
0

The second integral can be regularized again, and has faster convergence.

Case 2, p=2:

1 Vi 1o 1
_/ a €W§/t27’pdrp _ _/ a cit/t gy, — _'[ez(l—rg)/t —1].
0 2t 0 21

) t—q/2 1 ) t_q/2 1 '
eltLXB(O;l) — 5 / ez(leTg)/trgfldrq . 5 / e*lrg/trgfldrq
tJo tJo

When g = 2,

i/t pl i/t 1)2 i/t
€ —2ir2/t _ € —diuft 5, _ € —2i/t
by dr, = du = — —1].
2it /0 S ek A /0 ‘ u=gle ]

When ¢ =1,

1 /1 71'7'3/1‘/ C'
2it1/2 |,

In either case the Pinsky phenomenon at the origin is oscillatory. This proves the theorem,
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THEOREM 3.1.2. When q > 2 €"®wa x .1y has divergence O(t*~9/2) at the center.

When q = 2,

(3.1.10) "2y po.1y(0) = 1+ Cre/! + Coe™" + O(t).

This divergence is an improvement over the signature (n,0) case by O(#”/?). However,

there is a price to pay for this improved convergence at the center.

Suppose z, = 0 and z, # 0.

/2 / pilzg—ugl?/t / e~y dy.
B(0;1) B(0;4/1~|yq|?)

/\/W

:t_”/2/( )eilwq—quQ/t r;l—le‘”g/tdrqdyp
B(0;1 0

1—r2

= Ct"”“/ elmaval’ t[pp=2e=irp/t) & e Cg/ ' rb=Se dr, dy,.
B(0;1) 0
Once again, separate into two cases.

Case 1, p > 2: In this case the first integral is

(3.1.11) Cp-n/241 / el /(] — g2) 0220 gy,
B(0;1)

|zq — yq|2 —(1- |yq|2) = |xq|2 + |yq|2 =21 yg — 1+ |yq|2‘
Completing the square,
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. . 3
= 2|?Jq|2 + |xq|2 — 2z, y,— 1= |?/q - xq|2 -1+ leq|2a

Yqg = \/ﬁyq,fq = Tq.

V2
If \%|xq! < V2, |z | < 2, |&, — ) has a stationary point in |y,| < 1, and (3.1.11) is

O(t>7P)/2). The coefficient of the leading order term will decay to 0 as |z,| — 2.

~2
¢illia=tal?=1+8lza)/t () _ %q)dyq,

(3.1.11) = Ot—”/2+1/
B(0;v2)

2
e/ Agp/TH i3l A0 _ 24| =272,
1

For |z,| > 2, the decay of (1 —72/2)?=2/2 at 7, = /2 of order 252 allows additional

regularization.

1
E

So if |z,| > 2, |, — T,|? is not stationary on B(0;1). Use the regularization operator

(ﬁyq -

zy) =0 &z, =2y,

(3.1.12) = t@=v)V

2 |xq - yql2

reteovalit — 2@ =Ya) Y iy _ ileg—uol/
20 |wg — ygl '

Suppose p is even. Then

H(—1/643lep P [4) /¢y = /241 / LoD/ 1] _ 72 /) 0=D/2y 0y
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= i1/ tH3lapl? /)t g/ 241 /eigq_i“Z/t(ﬁt)(p_Q)/Q((l — f§/2)(p‘2)/2><3<o;1>)dyq.

This integration by parts is allowable since

(1— 7:2/2)(19—2)/2)(8(0;1) c (](p—2)/2(Rn)‘

tn/2+p/2+1/ei|17qi‘ql2/t(£t)(p2)/2<<1 — 7:2/2)(1372)/2XB(0;1))dyq

[ (), = ()
54(0;v/2)

since f({,) is a smooth function on B(0;v/2). S(0; v/2) is the sphere of radius v/2 centered

at 0. The same thing holds when p is odd, making use of (3.1.6).

Case 2, p = 2: In this case the Pinsky phenomenon is oscillatory when |z,| < 2, and
there is the usual convergence when |z,| > 2. This result can be generalized in the

following way.

THEOREM 3.1.3. Let A be the differential operator

1 &P 1 D
3.1.13 A=— — + — —_—.
( ) ay = ox? + as Z ox?

j=p+1

Make the decomposition R" = R? @ RY. There is focusing of type C(1)O(t?~P)/2) along

la1 —as|
|ax]

la1 —as|
las]

the axis x, = 0 when |z, < and convergence when |x,| > . In particular,
as ay — ay the focusing concentrates to the center. C(t) is a function of the form Ce™/t,

a € R. When |C(t)| =1, but when a # 0, C oscillates more and more rapidly as t — 0.
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Proof: Make a calculation analogous to the calculation in the first theorem. For the first

integral the phase function is

(3.1.14) a1|mp - yp|2 + as(1 — |yp|2) = (a1 — a2)|yp|2 + CL1|93p|2 — 21Ty - Yp + Q2.

Without loss of generality suppose a; > 0 and a; > as. Make a change of variables.

Up =V (a1 - a2)yp’

2
~ ~ a
(3.1.15) (3.1.14) = [§, — p* + (a1 — ——=)|z,[* + an.
a; — as

If |z,| < “-%2 there is focusing along the z, = 0 axis. If [z,] > “-%2 then there is

convergence. If a; — ay, then the focusing concentrates to the center .

THEOREM 3.1.4. As usual assume p > q.

Cta/>t! 1
a2 (a; — ag)P/?

(3.1.16) "\ p(0.1)(0) = + Ot

In particular as ay — ag this converges to the usual Pinsky phenomenon.

Proof: Without loss of generality suppose a; = 1, and a; > 1/2.

(177‘2)1/2

1
P
—n/2 q—1 _iaar2/t iair2/t, p—1
t /rq e’ R N
0 0

tfn/2+1

~J

1
—1 _iaor? 2\ (p—2)/2,.q—1 Jiai(1—r2
i /0 ri e Zq/t(l—rq)(p )/ ri e 1=/t qr, + Lout.
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t_"/2+1 1 ]
= — / ety 1D 2gilazmanu/t (] 0=y 4 [ ot
2ia;

2f—p/2-i-1

ai(ag —ar)v?’

Remark: The geometric picture of this is to take B(0;1) C R?. Now allow the flow

velocity to v(6), v(0) = v(7) = a; and v(7/2) = v(37/2) = az. The caustic will not be a

la1—as|

] small.

single point, but it will be in a small neighborhood of the origin for

3.2. Gibbs Phenomenon for the indefinite signature Schrodinger equation

The Gibbs phenomenon for the characteristic function of a set {2 with smooth boundary,

ey q, is controlled by a boundary integral.

THEOREM 3.2.1. Take Q C R? to be a region with C* boundary. Let

I 1 02 1 02
a1 01 ay O}
Then take the phase function
(3.2.1) Uz, y) = ar(@y — 1) + az(@s — 12)*.
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! @)/t (a1(yy — m1), a0(yo — ) - T

itL
€ X0 = o
2 O |m—y|>t1/2 a%(yl —x1)* + G%(yz — 29)?
t, 0 0 ., a1(y1 — x1) + az(y2 — x2)

=5 Gt 3 @l — ) + @l — ) W)

(3.2.2)
+ R(t,z,y),

R(t,z,y) = o(1).

Here, T is the unit normal to the boundary, pointing outward.

Proof: Take a C* cut-off

1, |yl > 2t/
(3.2.3) n(t,y) =
0, |yl <t/2

Define the operator

B tar(y — 331)3%1 + ax(y2 — 562)3%2

324 L= -
(3.24) @ =)+ B — 1)

L@/t _ gip(@)/t

It is possible to regularize the integral.

/ Eeiw(z,y)/txﬂ(y)dy _ / eiﬂﬁ(x,y)/tﬁtxg(y)dy.

From integration by parts,
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i(i 0 ai(yr — @) + as(y2 — x2)
20 0y, Oy ai(yr — 1) + a3(y2 — 22)?

Ixa(y).

(3.2.5) L'xa = —Lxa(y) +

Lxq a finite measure supported on 0f). The second term can be regularized again, and

gives (3.2.2) with remainder term R(¢,z,y).

; 0 0 a1(y1 —$1) +a2(y2 —xz)
R(t,z, :Ct/ e e X
( ! y) Q ‘ (391 0ya a%(yl - $1)2 + a%(yl - $1)2
0 9 ny)(ai(yr — 1) + ax(y2 — 2))

)
dy1 Oy’ ad(yr — x1)? + ad(y1 — x1)?

(3.2.6)

))dy + (3.2.7).
This is a second order differential operator. If both derivatives miss 7(y), then the

integrand is O(=—-).

lz—y|*

t[wim:om

1/2 7“3

X' (y) = O(t~2), X"(y) = O(t™"), and are supported on supp(x).

2t1/2

t1/2/ r2dr = O(1),
¢

1/2

2t1/2
/ rtdr = O(1).
t1/2

Moreover, since ¥ (z,y) is non-constant,

1 .
(3.2.7) 7 /(1 — ny))el =m0 gy — o(1).

The proof is complete L.
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Remark: The second integral term is bounded by

1
t O(————=)do(y).
/890|:ch>1€1/2 (’33 - y’?’) )

Parameterize the boundary by the unit speed curve y(t) where v(0) is the y-value closest
to x in dQ N |z — y| > /2. Then as long as d(z,7(t)) > ct, the second integral is O(1).

So it is the first term where the most trouble is caused.

This can be generalized to higher dimensions. Let 2 be a set in R™ and let uy = xq.

COROLLARY 3.2.2. Let N = [3]. Then

ar(yr — o) + oo+ an(yn — )

Jlew) = al(yr — 21)2 + ...+ a2(yn — p)?
N
el — Z tfn/2+1+j<_1)j
(3.2.8) j=0
i i J ip(z,y)/t
[ )G o) ) ) ) + .0).

As in the previous calculation R(t,x,y) = o(1).

Proof: This is also proved by integration by parts.

Theorem [3.2.1] implies that calculation of the Gibbs phenomenon for L having signature
(1,1) is reduced to the computation of a one dimensional boundary integral. Make a
change of variables so that a; = 1 and a; = —1. Suppose x; is a point on the boundary
where the boundary is tangent to a line of slope +1. Rotate the coordinate axes so that

the x1 and x5 axes are the lines of slope +1. The phase function is

(y1 — 21)(y2 — 72).
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Make a translation so that xg is the origin. In a neighborhood of xy the boundary has

the representation

{(z, f(2))}-

Suppose that locally f(x) = z™. The region R?\ {(0,y) : y # 0} can be foliated by the

curves (x,cx™), where ¢ € (—00,00). When ¢ and ¢d™ are small,

1
b 0) + by(co™ ™) sm
/ 1(2 +0) + by(cd™ + )67,(90 ™) ()t g

(3.2.9) L (2 +0)2 + (com + am)?

e bl(x + (5) + b2(c(5m + .Tm) (2™ +c6™) (z+6) /t
¢4 C X d O t .
/Oo (@ +0)% + (com + am)? z+00)

Then make a change of variables. Let 7 = 5.

/°° bi(z +0) + by(cd™ + xm)ei(xm+cam)(x+5)/tdx _
oo (@ +0)2 4 (cO™ + x™)?

(3.2.10) .
/ bi(z + 1)+ ba(c+2™) i@+ @+ /T g0
oo (@1 (et am)?
Let
0o 1 My
(3.2.11) K(e,1) = / bu@ 1) Fbo(e £ T7) e oy,
oo (@124 (e am)?

Combining (3.2.2), (3.2.9), and (3.2.10) gives

. 1
(3.2.12) e xa((at)Vm ) (o)™ ")) = K (¢, =) + R(t, x).
a

This gives a good description of the Gibbs phenomenon along the different leaves of the

foliation. For a sequence t,, — 0,
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' 1
(e xa) ((at,) /) c(at,)™ ™) = K (e, —) + o(1)
«

Remark: One leaf is the boundary. Another leaf is the caustic, as will soon be demon-

strated.

Now to understand how the Gibbs phenomenon depends on c. This is more difficult to

calculate, so it will be done only for m = 2. Here,

(%(xZ +c)(z+1) =32+ 21 +c,

2

0
@(IZ +c)(x+1) =6z +2.

1

3, and zero

Checking the equation, the phase function has two critical points when ¢ <
critical points when ¢ > % It has a double root when ¢ = %, which is the equation for

the caustic.

F/(C) _ 2 o bl(l' — 1) + bQ(C + l’m) ei(merc)(mil)/tdx
oc J_o (x—1)24 (c+am)?

1 [ b(z—1)2+0b "z —1) ;. m
_ / 1(I ) + 2(C+x )(ZL‘ )ez(z +c)(xfl)/tdx.

Tt - (x —1)2+ (c+am)?

First consider ¢ < 1/3.

(3.2.13) F'(c) = % / R @0/ D gy | o,

k denotes a fixed constant and
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By stationary phase calculations

F/(C) _ L 6—i7r/4 ei(—(8/3)(1—30)3/2—4/9(1—30)+16/27)/t
1172 (1= 3c)/8
(3.2.14) |
1 6171’/4

i((8/3)(1—3¢)3/2—4/9(1—3¢)+16/27) /t
+mm€ + l.o.t.

(1 = 3¢)*? — 3(1 — 3c¢) + 22 is not stationary when ¢ < 1/3, so the calculations will

27

concentrate on the second term in (3.2.14). Make a change in variables, z = (1 — 3¢),

o al/3
(3.2.15) LT s agony g, 1 G((8/3)a2—(4/9)a"/) /1 g .
o $1/2 0 $1/2 0 ’
The phase function has a root at £ = . This integral is O(1). This gives a uniform
p 27 g g
bound for ¢, ¢y < %
(3.2.16) |K(c1,t) — K(co,t)| < C < 0.

When ¢ > %, the phase function does not have a stationary point. First consider ¢ > 1.

F'(c) = %/ @ =t ter=A/tgy 4 ot

—00

After a change of variables the phase function ~ 3 4 cx + d. Integrate by parts twice.

1 [ . >0 1 o 1 (3
- i(x +cx)/td —t -~ -~ i(x +cm)/td )
t/_ooe v /_OO 0x(3m2+c(8x3x2+0))6 v

<0 1 o 1 1
_ — < —.
/_ ‘Gx(3x2+c(8x3x2+c))’dx_ c2

oo
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When 1/3 < ¢ < 1, use the estimate

1
/ 1 gy < |ln(e)|
0

e+az Y \Je
to prove
In(¢c —1/3
(3.2.17) (o) < | ez 13,
c—1/3
So if ¢1,¢c9 > %,
(3.2.18) |K(c1,t) — K(co,t)| < C < 00.

LEMMA 3.2.3.
eitLXB(O;l)

is uniformly bounded on [0,T] x R2.

Proof: By the previous analysis, it suffices to prove an L* bound on the boundary. The

boundary has contact of order 2 with a line of slope +1.

[oe} 1 ) )
3.2.19 F(-1) = = ele=D+1)%/ty
( ) =) /OO 1 “

which is bounded uniformly for ¢ € [0, 1] [J.

Remark: For pieces of the boundary that are some distance away from a line of slope
+1, the phase function has a representation f(z)?+z?. Thus the analysis for the positive

definite case can be applied.
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Remark: The calculation of the Gibbs phenomenon slicing between the foliations re-
duces the L* boundedness question to the L* along the boundary of the region in the

case of the manifold being smooth of finite type 2 where it has slope of +1.

LEMMA 3.2.4. efuy € L*°(Q) uniformly for t € [0,1] iff etuy € L®(Q N 0N)
uniformly for t € [0,1], where Q is some open neighborhood of where the boundary has

slope +1, if OQ has contact of order two at these points.

In fact, it is possible to make a reduction to the boundary for a positive definite metric,
and this can be copied over to the non-positive definite case when the boundary does not

have slope +1.

LEMMA 3.2.5. Let ¢(y) be a phase function. Then

(3.2.20) / Lo/t gy
[-5,6] Y

lies in L uniformly for all 0 < 6 < 1 iff

Y ip(y)/t
3.2.21 e d
(3.2.21) /H - y

lies in L™ uniformly for all 0 < § < 1 for positive definite phase functions, for e < 1/4.

Proof: Note that

On the interval [—€/3,¢/3],
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This integral can be handled by (3.2.20). On the other hand,

/oo 62 d /oo 1 d
——axr = —Qax.
es3 (2?2 + €2) 13 (22 +1)

So the other piece has uniformly bounded integral also.

This permits a reduction to the boundary for the positive definite phase function. Take

zo = 0, and the boundary of the form f(y) = ap + a12* + ....

5
eimuo(w) N/ Yy e W/t qy
s Y2+ f(y)?
(3.2.22)
o(y) = y* + aj + 2a0y® + ...
Define the vector field that is normal to the boundary at every point z € 0€). After
itA

a change of variables, for small ag, uniform boundedness of e"“yq is linked to uniform

boundedness along 0€) [J.

On the other hand, a rotation of the coordinate system does influence the (1,1) phase

function. In this case the phase function is rotated to

(3.2.23) o(y) = ay® + 2By f(y) — af(y)*.

If ap = 0 the phase function is of the form ay? + .... The phase function can be rewritten

(3.2.24) ¢(y) = aly — g(ag))® + ..,

where %b = g In other words, take the flow along the boundary defined by the vector

field (5, ). This mapping is 1-1 near the boundary, except when « is close to zero. So
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take |o| > € > 0. In this case it is possible to reduce to the boundary along these flows.
This takes care of the L* bounds near the boundary, away from where it has slope +1.
The other part was already dealt with via the foliation. The next lemma will be needed

later.

THEOREM 3.2.6. Let ug = X p(o;1) where B(0;1) C R? and let

02 02 02
L= dx? * o2 Oxd

Let xg € St lie some distance away from where the caustic intersects the boundary. Then

ethuo

1s uniformly bounded on this part of the boundary.

Proof: Near the point zy the surface integral is of the form

t—1/2/ y; + y; ei(yf—i-ay%)/tdyldy%
Ir<1 Y1+ Y3

where |a| > € > 0. Rewrite the phase function in polar coordinates.

gj(l — a) cos(26) + T—;(l +a)

Make a change of variables r — 7t!/?

o pl o1 pt1/2
t_1/2 / / 6i7"2((1—a) cos(29)+(1+a))/2tdrd0 _ / / eir2((1—a) cos(29)+(1+a))/2drd9
0 t 0 1

1/2
when a is close to one, (1—a) cos(20)+(1+a) will be bounded below, and thus the integral

is O(1). Otherwise take the df integral. Integrate in the cone where cos(20) = £1. Since
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a is bounded away from zero, (1 —a) cos(26) + (1+a) is bounded away from zero, and the
integral in that cone is O(1). Outside the cone, a stationary phase integral introduces r?

in the denominator. But this is integrable on [1,00) and the integral is O(1) [J.

Remark: When the operator is not positive definite it is possible to have local blowup

for a characteristic function of a manifold with corners. Consider

0* 02

Now make a rotation of coordinates so that the kernel is of the form

(3.2.26) K(z,y) = %e—uxl—yl)(xz—m)/t,
(3.2.27) uo(y) = n(Ryl)n(RZUQ)X[O,u(y1)X[o,1](Z/2),

where n = 1 on |z| < 1/2, n = 0 for |z| > 1, and R is a large number, X[ is the

characteristic function of [0,1].

1 1 . 11 ) l/tl .
[ [ emrayie = [ et e = [7 e —ajae <y
o Jo o T o 7
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/ (1= x(R) / (1 = \(Ry))e W dydz = O(R)

(3.2.28) e"™ugp(0) ~ In(t),

which is not uniformly bounded in L*°. When integrating by parts with a positive definite

phase function, the boundary integral is something of the form

5
(3.2.29) — T
- 5 €2+ a2 '

On the other hand for the phase function of signature (1,1) the boundary integral will

be of the form

5
br .
(3.2.30) / A€ OT i@/t gy,

which is not uniformly bounded for an arbitrary § > 0, > 0.

3.3. Caustics

Suppose € is a compact, smoothly bounded region in R™. Recall the formula in Corollary
3.2.2] for e"lyq. Since O is compact, ¥ (z,y) has a maximum and a minimum. 9 is

n - 1 dimensional so by stationary phase,

(2 / ) )e = doly) = O ).
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ar(y1 — 1) + oo + an(yn — )
ai(yr —21)? + ..+ a2 (Yn — 20)*

flz,y) =

From [29], the points where S f has convergence worse than O(R™1) are given by the

caustics of the flow

cos(tvV—A)xq.

Meanwhile, the points where pointwise Fourier inversion is weaker than O(R~1) are points

where the convergence of e*2yq is weaker than O(t!/?).

DEFINITION 3.3.1. Guided by this, those points where the convergence of ey is

worse than O(t'/2) will be called the caustics of e"*Lyq.

Example: In R",

(3.3.1) e x gy = 1+ O /%),

For the wave equation, when 02 C R" is smooth, then in some collar neighborhood of

the region,

(3.3.2) ®:[0,1] x 92 — R"

is a 1-1 mapping onto the collar neighborhood. Then the caustics must lie outside some
collar neighborhood of 0€2. This is not true when L has mixed signature. Choose a
point xy ¢ 9. Let n € C3°, n = 1 in a neighborhood of x¢, such that supp(n) does not

intersect Of2.
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(3.3.3) e (nug) () = ue(x) + O(t™).

Recall the operator

9 9
i (g —71)? + (g2 — 22)°

The denominator is only zero when (y;,y2) = (21, 22).

1 . 2 . 2 i —ay]2
5 / vty (y)dy = / LM xa(y)dy = / eI L (xa(y))dy

(3.3.5) :/ e”y|2/t—/ei|xy2/tf(y),
20 Q

. B i (y1 — 1) i (Y2 — T2)
Flyrye) = 8y1((y1 —21)2 + (Y2 — x2)? " Yo (y1 — 1) + (y2 — 22)*7

/ ,Cei‘”’_ywtf(y)dy = / e“m_y'Q/tﬁt(f(y))dy = 0(t).
Q

Q

The formation of the caustics also depends on the boundary integral. The level sets of

|z — y|? are circles centered at z.

LEMMA 3.3.2. If a circle |y — x|* = ¢ is tangent to OQ of order n at a point y € 052,

with no higher order of tangency anywhere on 09, the convergence is O(tY/ 1),

Proof: Make a change of coordinates so that x is the origin. Near y, the boundary can

be expressed in polar coordinates, r = ¢+ f(), 0 € [0 — €,0 + €], C%Ckf(é) =0 for k <n.

é+e §+e
/ e 1O/t gg / giletred™ /t gg 1/ (1),
0

0—e¢

—€
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The analysis in R? for a metric of signature (1,1) also utilizes a regularizing operator,

which yields (3.2.2). However, in the (1,1) case, the caustic may intersect the boundary.

The level sets of the phase function

(3.3.6) (z1—11)° = (22— 12)°

are hyperbolas.

As in the case of the positive definite Schrodinger equation, the level sets of the phase
function determine the order of the caustic. For an indefinite signature Schrodinger
equation the level sets are the hyperbolas centered at xg = (z1,x2). If (z1,x2) is the
center of a hyperbola that is tangent to the boundary to order n — 1, the pointwise
convergence at (r1, 1) is O(t'/"). So when € has a smooth boundary, the caustic can
be calculated by travelling along the boundary. Travel along the boundary according to
the curve 7y(t). At each point 7(¢), determine the hyperbolas that are tangent to 052 to
at least second order. The centers of these hyperbolas will be caustics. Then continue

on to the next point. Thus travelling along the boundary traces out a caustic.

When the tangent line to 0€) has slope -1 or +1, the tangent hyperbola is the hyperbola
(y1 — 21)? — (y2 — w2)? = 0. This is the only hyperbola that is tangent to the boundary.
Now for the other points. First take T'(t) # (0,1). Make a change of variables, t = y; — 1

and z = ys — x5. Define a curve a(t) = (¢, 2(1)).
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dz

3.3.7 " = (1. =
337 )= 01, %)
" d?*z
o(1) = (0,52),

B Z//

e

What hyperbola does this represent?

2 —2(2)* — 222" =0,

1—(2)*  2—csc?()  2—csc?(0)
= o - S - I{|CY"3

The hyperbola with second order tangency to 02 at x has origin

2ol dy gy

3.3.8 _
( ) Lo dz

KJ|O/|3

Let R define the reflection over the line y = x. Parameterize 02 as a unit speed curve in
R2. As one travels along 052, it sweeps out an equation for the caustic. Let () denote

the curve 0.

'Ol = T

When T'(t) = (cos(6), sin(0)).
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2 _ ‘al‘Q

() = ( JR(a/(1)) =

/<|a’]3
2 —csc?(0) _
339 0 - G D
(0 - 2O L,

R(0,—1) = (—1,0) = —N.

Therefore, (3.3.10) is valid for any T(t). This proves the theorem.

THEOREM 3.3.3. Let v(t) be a closed, C™ curve with a unit speed parameterization.

The caustic is the continuous curve swept out by

(3.3.10) y(t) +

Remark: Observe that the caustic intersects ~(t) iff sin®(f) = 1. This agrees with the

previous analysis on B(0;1).
Remark: If € is not convex, part of the caustic could lie inside €.

Remark: The convergence along this caustic is at best O(t'/%). When sin?(0) # 0, a
unique hyperbola has been found that is tangent to 0€) at zy of at least second order.

Checking whether higher order tangencies exist will give the exact order of convergence.
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When sin®*(§) = 1, the only hyperbolas of slope -1 or +1 are the straight lines y =
and y = —z. These hyperbolas have second order tangency to 02 at xg iff 227‘3 =0, and

similarly for higher order tangency.

Remark: The caustic is tangent to the region at xq iff a line of slope +1 is tangent to 2
at xo. As the order of tangency with a line of slope +1 increases, the order of tangency

of the caustic with €2 increases.

Remark: If  has third order tangency with a line of slope £1 at a point, then one
could choose any other point x on that line as the center of the hyperbola. In this case

the line will also be added in to the caustic.

Remark: When —ay < 0 < ay, if as(ys — 22)* = ai(y1 — x1)? lies tangent to 9N at

(x1,x2), then the caustic intersect (z1,z3). These hyperbolas are the lines

(3.3.11) (Yo — o) = j:Z—j(yl — ).

COROLLARY 3.3.4. If 090 is a smooth closed curve, there exist at least four points

where a caustic intersects OS).

3.4. Value of the Gradient

As has already been shown, the Pinsky phenomenon for e"*y (1) when L has sig-

nature (2,1), is merely oscillatory. In particular, |le"*xql|r mxrn) < C. Therefore, it

is possible to apply a modification of the method of [27] which requires computing the

gradient of €™y z(0,1).

91



Where ) is a closed region in R", with C'*° boundary 0f it is possible to compute the

value of Veilyq quite explicitly.

Assign a smooth normal vector 7, at each point x € OM of unit length one.

(3.4.1) 0 ey = C’t_”/2/ (€ - TWo)eV @V g (y),
8:@ 90
(3.4.2) U(z,y) = (1 — y1)2 + o+ (zp — yp)2 — (g — yq)2 — e — (T — yn)z,
for
0? 0? 0? 0?
4. L=—+. . . +— - - —.
(3:4:3) a2 T T o T 022

Consider the case ug = xp(o;1) for B(0;1) € R? and L has signature (1,1), in polar
coordinates (R, ¢),

Recall the shape of the caustic. There is O(¢'/3) convergence of e"*yq along this region,
and O(t'/*) convergence at the cusp points. Split the analysis into two separate pieces.
eyq will be evaluated both near the cusp point, and also along the fold set of the

caustic.

ieitLuo(R’ gp) _ % /ﬂ- COS(0)ei(cos(29)72Rcos(9+¢)+R2 cos(2<,0))/td97
(3.4.4) -
—eitLuo(R, Sp) _ g / Sin(@)6i(cos(20)—2Rcos(9+<p)+R2 COS(QSD))/td@.
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The caustic has four cusp points, (2,0), (0,2), (-2,0), (0, -2). The convergence is weaker
at these cusp points then along the fold set of the caustic. Without loss of generality

take the point (2,0) and consider the analysis in a neighborhood of this point.

THEOREM 3.4.1. Let x € C§° and x = 1 in a neighborhood of the point (2,0).

(3.4.5) Y2y Vet yg € LY 4(R?).

Proof: Take a foliation of the region near the cusp point. Let a € (—00, 00). The region

(R\0) xR
can be foliated by the curves
(—z, az’/?)
(3.4.6)
(z, az®?),

—eug(x) = /7r cos(f) i cos(20) =2 cos(O)+ 1 cos(20)) /t g

/8
_ / COS(@)ei(COS(2G)—2R cos(0)+R? 005(2@))/td0
—7/8

97 /8
+/ COS(Q)67L(cos(20)—2Rcos(0)+R2cos(2¢))/td0+O(t1/2)’
Tm/8

since the phase function does not have any double roots outside of [—7 /8, 7 /8|U[7T7 /8,97 /8] =

A. In this region A approximate the boundary of the circle with a parabola. Choose a

point (z, f(z)).
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/8
/ COS(@)ei(cos(QG)—QR cos(0)+R? cos(Qgp))/tde
—7/8

— /OO ei((1—2m+x2—f(a?)2)+y4/4—$y2+2f($)y)/tdy + O(tl/Q).

Define a function.

1 [ .
(3.4.7) G(a,t) = Z/ el(y4/4—y2+ay)/tdy.
%/oo ei(y4/4fzy2+2ax3/2y)/tdy _ ? /00 6112(y4/47y2+2ay)/tdy

2

(Now let + = 2

~3/2

_ o / ei(y4/4—y2+2ay)/7dy _ $_3/2G(CL, 7_).
T

—00

For most values of a the derivative
3
Yy’ — 2y + 2a

will not have any double roots. In this case G(a,7) = O(77/2).

732G (a, ) = O(x~ V27 1/2).

There is a double root when

y’ =2y —a=0,
(3.4.8)
3y —2=0.
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When a = +3(2)"/2 the phase function has a double root at y = i—\/g. Call §(2)Y? = a.

x’?’/zG(&, T) = x’3/20(772/3) = O(:U’l/ﬁt’?/g).

So Vet is large when a is close to a.. The points (—z, ax/?) are a good approximation

of the caustic.
Remark: When z > 0 the second derivative is 3y% + 2 > 2.

As a changes, the z such that ¢'(z) = 0 will also change. Call this value Z(a).

Let

or 1 _ 1
P 6z(a) - =————— = 6Z(a) -

For small perturbations of a, z will stay in the interval, [\/g ,1]. The change of r can be

approximated by an ordinary differential equation. The solution to

dr ¢
(3.4.9) da v
r(a) =0,

is of the form
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(3.4.10) r(a)? = 2ca — 2ca.

Notice there are two roots that bifurcate as a moves away from «. These roots do not

exist when a < a. Now by stationary phase techniques,

/ e = O(t'?).

Therefore for any p < 4,
(3.4.11) 2y Veluy € LP(RM),

3 1
([ [ vetutepasyy e
1 -1

2 2
< tl/Q(/ / x3/2|m71/2|a - a|71/4|pdadx>1/p
—2J-2

a\_3/2

|
+t_1/2(/ / 22| 2| P2 — a| P *dxda) P,
la|>2 J —

‘a|—3/2

This integral converges. The derivative in the x5 direction is much simpler.

ieitLuo(l') _1 / W sin(0)ei(cos(20)—2Reos(0)+ R cos(20))/1 g
61’2 t -
1 /8 )
= - / sin(f)ei(cos(20) 2R cos(0)+ R cos(2¢)) /1 g
t
—7/8

9 /8
[ (ot ety 1 o)
7

1
t /8
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/8
1 / Sin(e)ei(cos(29)—2Rcos(9)+R2 cos(Zcp))/tdQ
13 —7/8

/ T el 2et @)+ ey 2 @)t gy O(t112).

Define the function
1 [ .
(3.4.12) Ha,t) = ; / g0 g,

1 OO i(y*/4—xy? +2a23/2y) /t x3/2 > iz? (y* J4—y?+2ay) /t
n ye dy = —~ e dy

(Now let £ =

“ﬁu

)

1171/2 oy 2
— / ez(y /4—y +2ay)/-rdy — xfl/ZG(a7 7_>.
T

—00

This completes the proof .

Metric of Signature (2,1): For a metric of signature (2,1), xp(,1), a weaker result

holds. In the (1,1) signature case, there were caustic points at (2,0), (0,2), (0,—

(—2,0). If (—2,0) is renamed the origin, the circle near (—1,0) has the form (1 + %, Y).

In signature (2,1), the cusp will form at the points where |y,| = 2, |y,| = 0 and |y,| = 0,

lyq| = 2. Without loss of generality, suppose z( has the coordinates (x,0, f(z)) and let

(—2,0,0) be the origin.

2 2 2
|(z,0) — (1 + %)(cos 0,sin0)]> =2 + (1 + %)2 —2z(1+ %) cos b,
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veitLu ( _ 1 ' i(z2+(1+§)2—(y—f(x))2)/t o —2iz(1+%)cos€/td9d O -1/2
o(z) = el e y+ Ot /7).
-1 0

Then apply stationary phase.

75—1/2 /27T e—2ir(1+y2/2) cos@/tde _ 611’_1/2(1 + %2)—1/26—2ir(1+y2/2)/t
0

2
+02x_1/2(1 4 %>—1/262m(1+y2/2)/t +O(t1/2).

The O(t~'/?) term is fine to integrate over a bounded region.

1

1
1 / a4 2= = F @) e 200145 gy, 1 / a0 1 g

1 -1

These integrals are the integrals in the case (1,1). The L? integral is

2 2
< C’t_l/z(/ / 22|27 o — a| V4 Pdadz) P
—2J-2

—3/2

|al
+Ctl/2(/ / 2% z|P|a — a| P dxda)'?
la|>2 J —|a|=3/2

(3.4.13) 12|} Veitbuyg)|, < oo,

for p < 7/2.

Fold: Next, evaluate the derivative along the fold part of the caustic, the part away from

the cusps. First, a lemma is needed.
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LEMMA 3.4.2. Suppose (R, ) lies along the caustic, away from the cusp points. For

the 6 such that ©(6) = cos(20) — 2R cos(0 + ¢) + R* cos(2¢) has a double Toot,

| sin(260)] > €
(3.4.14)
[sin(0 +@)| > €

where € > 0 depends on the size of the forbidden neighborhood around the cusp points.

Proof: For such a double root,

2sin(26) = 2Rsin(0 + ¢),
4 cos(26) = 2R cos(0 + ),

16 sin*(26) + 16 cos*(26) = 16 = 12R*sin*(0 + ¢) + 4R*.

The points on the caustic outside the forbidden regions are given by (R, ¢) where R <

2 — . Thus

sin(6 + )? > ¢’ > 0.

Convert to rectangular coordinates. Let (x,y) be a point near the caustic. Without loss

of generality suppose that y > 0.

9 it C [ ety *
—€ uo(x,y) = 7 /_1 (& Y mdz
(3.4.15) o

B O i A Ay b S
+t/_le (1_22)1/2dz,
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d2
L ) (y+VI— 22 =4t — Y >4

dy? (1—22)32 =
Also, a root near 2% = 1 corresponds to a root near # = 0 or § = 7, which is excluded by
Lemma [3.4.2]. The second term is O(t~'/2) uniformly. So the analysis depends on the

first term. Next, define the e-sets.

DEFINITION 3.4.3. The e-sets are varieties in R? where there exists 2o € [—1, 1] such

that

(3.4.16)

I
m

(p/l (ZO)

The caustic corresponds to the € = 0 set.

LEMMA 3.4.4. The e-sets are given by the equation (x,y) such that

o= (1= (PP - (4= ().

Proof: Fix y.

O'(2)=4—2y(1 - ) =«

This gives an equation for |z|. Plug this into
O (2) = 4z — 2z + Vi 0,
which gives the appropriate equation for x [J.

For € small, since
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2y =0,

10— (2 - (4 o) o=

—€ 4 —¢

0? 2y Y B
@[(1 - (E ——)")e=0 = C,

PR — (4 - (L

for small € there is a Taylor expansion

(= (2L ) 2 (4= (4= (L) = (1= (PP 4= (2P o) +0(),

2y o3 2Y . 9/3v1/2 2Y /3 — 2
2 i) e —a 2Ly = o),

—~

7/4
|10 G P

o . ! C
t1/2|’a_mlethu0H46§/ 62(_)475d6<00’

1w

9 itL C ! i((z—x)?—(y—v1-22)2)/t
—e"ug(z,y)=— [ e Y dz
81’2 t 1
(3.4.17) 1
+% / (=0 =V I=E) e g
-1

so by the same analysis,

o0 .
t1/2’|6_xlethu0||4_§ < .

Now take the same reduction in R? with signature (2,1). Due to rotational symmetry let

x = (r1,0,x2). Let S(0;1) denote the sphere of radius one centered at zero.
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372 / e/t gy,
S(0;1)

3/2 7T/2 ; 2 2 2] 2 0 2 I 2% 50 5
— 3/ / | (171 052(0)~ (2l —sin?(8))2) /¢ / ¢~ 2kl cosel cos(e) /2 g g
—7/2 0

/2
=t / |1 |1/2] cos(B)| /2! (@1 —cos(0) (w2 —sin(0))*) /2 gy

—7/2

/2
+Cgt_l/ |:E1‘1/2‘COS(Q)’—1/2672((:101—i-cos(9))2—(:z:g—sin(@))2)/td9_{_0(15—1/2)7
—7/2

thus reducing to the (1,1) signature metric. Let n be a smooth cutoff, n(x) = 1 for

|z| <2, and n =0 for |z| > 3.

(3.4.18) tY2(n — x)Ve'luy € L474(R3).

LEMMA 3.4.5. Away from the caustics,

(3419) |V6itLXB(0;1)| 5 t_1/2

and for |x| > 10,

(3.4.20) |V€itLXB(0;1)| St 2zt

Proof: For a point x away from the caustic sets,

-3/ / el ==t g () < 47112,
lyl=1
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since all the stationary points have Hessians that are bounded below. Now for |z| large,

say, |z| > 10,

t—3/2/ ei‘xp—yp\Z/t—(mq_yQ)2/th(y)>
ly|=1

The Hessians of the stationary points are ~ |z — y| ~ |z|, which proves (3.4.20) O.

3.5. Local Well-posedness for a metric of signature (2,1)

Let ug = Xp(o;1) in R? with

0* 07
L= ox? * 022 Oxd

Since e“Luq is uniformly bounded in L°°, this suggests the possibility of using the iteration
scheme found in [T]. However, there is an additional obstacle. In [T] to iterate in L*the

Sobolev embedding theorem

HoP C [

when po > n was used. The dispersive estimates in the Duhamel term require (f —
5)3(1/P=1/2) t0 be integrable, forcing 1/2—1/p < 1/3, and p < 6. However, a characteristic
function lies in H'/27%2_ which falls just short of the Sobolev embedding needed. So a

smoothing estimate is needed.

THEOREM 3.5.1. Let F € C*, F : R* — R?, F(0) = F'(0) = 0 be the nonlinearity.

Then the equation
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iug + Lu = F(u),
(3.5.1)
u(0) = uo = Xp(o1)

is locally well-posed on some time interval [0, Tp).

Proof: Start with the function space

(352) X ={ult,n): Jult, s < OO sup e, < O},
te[0,7)
t . .
(3.5.3) B(w(t, 7)) = / P (g 4 w(s, 2))ds,
0

for a sufficiently small T, ® : X — X. For now, assume three estimates. First,

(3.5.4) sup ||e™up|joe < C < 0.
(0,7

Let x be a smooth cutoff with compact support and make the decomposition u; = yu

and us = (1 — x)u. The other estimates to arrange for the present are

Vel ug = uy (t, ) + us(t, x)
(3.5.5)
it ) e < OV, Jun(t,2) e < CEV2,

t
(3.5.6) sup|| [ eI E(eEug)ds||o < C.
0,7 Jo
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(3.5.4) has already been proved via the Gibbs phenomenon. (3.5.5) and (3.5.6) will be

proved later.

t
I [ eIt + w(s,2))ds]
0
t . - .
<C+ H/ e’(t’s)L[F(e”Luo +w(s,x)) — F(e"ug)]ds|| oo,
0

1
F(e*"ug + w(s, ) — F(e* ug) = w(s,x)/ F'(e"*"ug + Tw(s, x))dr
0
= w(s, 2)G (" ug, w(s, x)).

Now apply the Sobolev embedding theorem H'3+ C L*.
| / eI F (" ug + w(s, ) — F(e* uo)]ds|| rar <
0
t . .
I e s ) VG (e, (s, ) ds] o
0

¢
[ eI T s, 2) G o s, ) dsl
0
V/ F'(e"Fug + tw(s, x))dr = / F(e"Lug + tw(s, 2)) (Ve ug + 7Vw(s, z))dr.
0 0
e®*Lug + Tw(s, r) uniformly bounded implies

F" (" ug + Tw(s,x)) € L™,
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Vuw(s,z) € L?

HV@Z'SLUQHL7/275+L3+QLOO S 03_1/2.

By the Sobolev embedding theorem, ||w(s,z)||s— < Cs'/2. This gives the estimate.

|w(s,z)VG(e"* ug, w(s, z))|z2- < C.

Similarly, Vw(s,x) € L? and G(e*Fug, w(s,z)) € L* N L™, so

[(Vw(s, )G (e ug, w(s, x))|3/2- < C.

Combine these results with the dispersive estimates

t
[ / IR (e ug + w(s, x)) — F(e ug)lds|| s
(3.5.7) ‘

t
1 1/2—
= /0 F—spamEn O ds < O

taking T sufficiently small proves the L> bounds.

Now for the H'? bounds. Vw € L? and G(e*"ug, w(s,z)) € L*, so

Vuw(s,z)G (e ug, w(s, x)) € L*.

On the other hand, V fol F'(etug + Tw(s,z))dr € L* + s7Y/2L7/27¢ 4 s7Y2[*  The L?
term and s~1/2L> terms are fine since w(s, ) € s'/2L?N L. By the Sobolev embedding

w(s,r) € s'2LS(R?) N s'/2L*(R?). Combine the estimates
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t t
(3.5.8) | / e ILF (el ug 4+ w(s, x)) — F (e ug)]ds|| j2 < / C'ds < C't,
0 0
which satisfies the H1? estimate.

Finally, since F'(0) = 0 and F € C*, G(e"*Lug, w(s,x)) € L*NL>®, w(s, 2)G(e*Lug, w(s, x)) €

L'NIL?,

t t
H/ ey (s, 2)G(e™ ug, w(s, x))ds||y < / Cs'/? = C't3/?
(3.5.9) ‘ ‘

1/2

¢ ¢
. , s
“/0 (s, 1) G ug, w(s, x))ds|s1 S/o C’mds ="t

which proves ® : X — X for ¢t € [0,T], T sufficiently small.

A similar argument proves that ® is a contraction. Define the function.

G (" ug+wy (s, 7), wy(s, z) — wi (s, 7)) =
(3.5.10) .
(wa(s, z) —wi(s,x)) /0 F' (" ug + wi (s, 7) + 7(wa(s, x) — wi (s, x))dT.

Define the norm

(3.5.11)

1/2

|wi(t, ) — wa(t, )|y = ||wi(t,x) — we(t, x)||ee + sup t77%|wi(t,x) — we(t, x)| gz

te[0,7

Let [Jwy — ws||ly = A. Then plugging in to (3.5.8) - (3.5.11) gives a contraction, possibly

after shrinking T.
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IV [(wi (s, ) = wa(s, 2))G (e ug + wi (s, x), wa(s, ) — wi(s, ))]||a2- < AC,
1V (wy (s, z) — wa(s, 2))G(e*Fug + wi(s, x), wa(s, x) —wi(s, )2 < AC,
|(wy (s, 2) — wa(s, 2))G (e ug + wi (s, ), we(s, z) — wi (s, x))3/2- < AC,

(w1 (s, ) — ws(s, 2))G(e*Fug + wy (s, z), wa(s, z) — wy(s, )|, < ACsY?,

t
172 / ACds < ACt'?,
0
t
=12 / ACs'Y?ds < ACH,
0

t
/ (;ACds < ACtY?*.
0

t— s)/2+

This gives a contraction for t € [0, Tp], T sufficiently small [J.

The proof will be complete once the estimates (3.5.5) and (3.5.6) are established. By
the previous section if 1 is the cutoff n = 1 on B(0;3) and = 0 for |x| > 4, then

Vnez’tLuO c L?/Qfe(R?)) )

108



eitLuo — 25—3/2/ eiw(x,y)/tdy'
B(0:1)

By a rotation of coordinates let 5 = 0. Then z = (Rcos ¢, 0, Rsin ).

/ eV @D/t o (1)
S1

_ /W/2 cos(gb)ei sin(¢)2/t /27T ei(cos(¢)2 cos(20)—2R cos(¢) cos(0+p)+R? cos(2@))/tdgpd0‘
—7/2 0

When R > 3, the inner phase function has no double roots. Moreover,

%(sim(gﬁ)2 cos(260) — 2R|sin(¢)| cos(d + ¢)) = —2 cos(¢)? sin(26) + 2R cos(¢) sin(f + ¢)

0% . 2 :
w(sm(gﬁ) cos(260) — 2R| sin()| cos(d + ¢))
= —4cos(p)? cos(26) + 2R cos(¢) cos(d + ) = O(R).

For R large, sin(f + ¢) must be close to zero at a stationary point, so cos(f + ¢) will be

close to one.

2
/ 6i(cos(¢)2 cos(260)—2R cos(¢) cos(0+¢)+R? cos(2<p))/td(pd0
0

= ¢/2R71/? cos(¢)_1/2ei>‘(é)/t +tO(R™).

6 is a stationary point of the phase function

x(0) = cos(¢)? cos(260) — 2R cos(¢) cos(6 + ) + R? cos(2¢p).
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/Tr/2 tO(R™) =tO(R™).

—7/2

So concentrate on the first term

/2 - -
R_1/2t1/2 / COS(¢) 1/2€i sin? (¢)/t€i(cos2(¢) cos(260)—2R cos(¢) cos(8+¢)+R? cos(2<p))/td¢'
—7/2

Since cos(é’~ + ¢) is close to one,

%[sinQ(@ + (cos* (o) cos(29~) — 2R cos(¢) (:08(9~ + ) + R*cos(2¢))] =0

iff sin(¢) is close to zero. But in that case

%[sinQ(@ + (cos*(¢) cos(2c§) — 2R cos(¢) cos(é + ) + R*cos(2p))] =~ R,

which proves

w/2 -
= tl/QRl/z/ cos(gﬁ)l/QeiX(e)/t =tO(R™1).

—m/2
Thus outside B(0;3) the pointwise convergence of e®Fuy is O(%) The pointwise con-

vergence of €'V is O(\x|t+/2) Thus (3.5.5) is proved.
LEMMA 3.5.2.
(3.5.12) Vellyy € L7?7¢ 4 L N L.

There is one final piece to prove.
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LEMMA 3.5.3.
t
(3.5.13) / eI P (eslyg)ds € L.
0

Proof: Use the fact that e®fuy € C®° N HY?~%2 for any s > 0. Let z, be a point in R?.
Suppose that x is a smooth cutoff function, x = 1 on B(0;7) U B(x¢;7), and x = 0 on
(R*\ B(0;8)) N (R?\ B(xo,8).

Make a change of coordinates so that xy = 0, and then regularize the integral

g | R P ) )y
— S
. R e )

_ t F(eisLu )( ) 2(y1 Oy1 + Y2 Oy2 Y3 Oys ) ei(y%er%*y%)/(t*S)d
TRV 0)\Y 2 2 2 Y
(t—s) Yi Tty s

2 0 (e uo)(y)x(y) i)/ () gy

t—s)2) oy yi+yd+yi

21 i ygF(eisLuo)(y)X(y))ei(y%er%fyg)/(tfs)dy
(t=s)2) Op"  yi+ys+y3

_|_

2i 9 ysF (e ug)(y)x(y) i3s3 -13)/(t—5)
— 12 T o )€ Yy
(t—s) ys Y1 +y; +ys

+( 22)1/2 ai ylF(elsZuD)(é/)(l ; X(y)) )ei(y%—&—y%—yg)/(t—s)dy
t—s U1 Yy + Y5 +y3
: isL
+o 22)1/2 ai y2F(e QUj) ) J(rl — X)) itz-io-s) g,
- S Y2 Y1 Y2 T Y3
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2i 0 ysF (e ug)(y) (1 — X(y)))ei(y%+y§—y§)/(t—s)dy7
(t—s)2 ) Oys yi + s+ Y3

by the product rule, the estimates on VF (eiSLuo), that x has compact support, and ‘y%

is integrable in R3. F(e"*luy) € L™ and # € L3/%~ locally, so

Yy |y|2

F (e up)x(y) )e L.
If the derivative hits F(e**Lug) apply the chain rule and the fact that F'(e®fug) € L,

to get

s d is _
[x(y)F'(e LuO)(‘)y.e Lug || pa-e < Cs7Y2,

On the other hand, ﬁ € L3~ (supp(x)), so by Holder’s inequality,

e by < Cs™Y2

Yi 1/ isL
F —_—

Finally, Vy € L> and is compactly supported on the support of y, F(e®*fuy) € L> and

w1 € L (supp(x)) so

Ay y|?

(3.5.14) F(e*"uo)(y)x(y)) € s7/°L!

1 / 0 (e u)y)x@)y, o C

(t=s)2) Oy yi+ys+u3 Tt =)t
Now for the integral on 1 — x(y).
Outside B(0;7), e**fuy ~ s'/2r=2, where 1 is the distance from 0 to the point. Since

F'(0) =0 and F € C*,
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0 isk 1( sl ) st/ 1 C
o F(e )] = [P ) (6] < Oy = S
= [V F(E )1 = x(y) € L,

1 503

e € L*(R”\ B(0; 7)),
;/ﬁ(yiF(e"SLuo)(y)(l—X(y)))dy< Cc
(=) ) oy i+ i+ SE—a

Since

t C C /
/0 (t — s)l/2s1/2 " (t — 3)1/2d‘9 =,

the proof is complete [J.
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CHAPTER 4

Strichartz Estimates, power-type nonlinearities



4.1. Strichartz Estimates

Define the space of functions, LYL4.

(4.1.1) It 2) |y g mxmny = [/R{ |f(t, )| "da P 9dt] /7.

R”

DEFINITION 4.1.1. (p,q) is an admissible pair for n if p > 2, ¢ > 2, and

2 1 1
(4.1.2) -=n(z—-).
q 2 p
For such admissible pairs (p,q).
(4.1.3) "eitA¢‘|LfL%(R><R”) < C(n,p, Q) f l2@m.-

This estimate is proved in [2], [24]. This estimate is also proved in [23] for any family

of operators U(t) where

1T U () gllre@ny S [t =57 lgll o1 mem)
(4.1.4)

U@ U(s) gll2mmy S Nl9ll2men)

The operator e,

0? 02

— 5.2 9.2
Ox;  0x3

(4.1.5)

also satisfies the dispersive estimates in (4.1.4). The kernel of the operator is
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1 _@-vw)? | @a-w)?
(416) Kl(q;,y):ﬂefl 14tyl e’ 2452
™

Remark: For an operator of signature (p,q) take the decomposition R" = R? & RY,
xp, is the projection onto R? and =z, is the projection onto R?, and make a similar

decomposition for y = (y,,y,). The kernel is

elﬂ”(p—Q)/4 i lzp—yp|> i\zq—yq\z

(4mt)n/? ‘ <"

(4.1.7) K'(z,y) =

For the convenience of the reader, the non-endpoint Strichartz estimates will be proved.

An identical proof can be found in [23].

THEOREM 4.1.2. Suppose (p,q) are admissible pairs. Then

(4.1.5) I [ e P s, sl < DIl ey

Proof:

(4.1.9) ”/ I F (s, ) ds| g 1 rocrry < ||/R||€i(t_8)LF(57')HLQ(R")dSHLZ(R)
R

1
< C(n,p)| /R (PES ')HLg'(Rd) It — S|n(1/2—1/p) dSHLZ(R)'

— 1)y =2 Thus
) 4

Since (p, ¢) is an admissible pair, n(3
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1
(4.1.10) (4.1.9) < C(n, Q)H/||F(S7')||Lg’(Rn)mdS||L‘g(R)

Now apply the Hardy - Littlewood - Sobolev theorem

THEOREM 4.1.3.

(4.1.11) 1S+ z |a||L ®n < Crm) | fllp e

forl<p<g<oo, 0<a<m, and%z%—i—%.
Proof: See [13].

Apply the theorem to (4.1.10) when m = 1, % + (11— %) =1-

Q=
Q|

(4.1.12) (4.1.9) < C(m,p, q)||F||L?/Lg,

Now choose f(t,x) such that || f||, « = 1. Let F(s) = f(s,-).

LY LY (RxRm)
|| / e~i5L P (s, )ds|2 = / / (L F (s, ), e P (¢, ) dsdt
R RJR

@113) = [ [ @I ) Pt )dsde < | [ I sl |
R JR R t

By (4.1.12),

(4114) H /l:{ei(t_S)LF(sa')dSHLng(RXR”) < C(Tl,p, )HFHLQ Lp (RxRn)’
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(4115) || /be—'LSL}?(S7 )dSH%Q(Rn) S C(n,p, Q)||F||2L§/L§/(R><R")
The proof is complete L.

Now apply a duality argument. Take G(t,z) € LY L¥ .

/(eitLuo,G(t,:v»dt: (uo,/ e_itLG(t,$)dt) < ||u0||2||/ e_itLG(t,x)dt||2
R R R

By Theorem [4.1.2]

H /R TGt it < Cn,p )Gy 1y

This proves the estimate,

(4.1.16) e uoll L 13 murny < Clluolc2mrn)-

Remark: For the Hardy - Littlewood - Sobolev theorem, 0 < a < n. This requires

§>O,soq<oo,and§<1,soq>2.

Remark: The same estimates also hold for e'*/(@+®) where a > 0.

4.2. Local Well-posedness for L? critical

It will first be necessary to prove a local well-posedness result in L2. This proof can be

found in [24], the original proof is given by [31].
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THEOREM 4.2.1. Suppose there is the equation

iy 4+ Au = |ul* %,
(4.2.1)
u(0,2) = ug(z) € L*.

This equation is locally wellposed on some [0, T, for T(up).

Proof: Define the Strichartz space. Let I be some interval. Recall that (p,q) is an

admissible pair if z% + % = 5. Set

(4.2.2) lu(t, z)||so(rxmrm) = ?ul; [lu(t, x)\|L§Lg(1XRn).
P.g

By the dominated convergence theorem, given ug, for I sufficiently small

(4.2.3) le™2uol|sorxmm) < €.

Let N°(I x R™) be the dual Strichartz space to S°(I x R").

(4.2.4) [ullvoirsrny < Nl oo ey

where p/, ¢’ are the dual exponents of p and q.

Suppose u(t, x) solves Duhamel’s formula,

t
(4.2.5) u(t, z) = eug —i—/ e t=IA(5)ds.
0
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(426) ””LL(t, -Z')“SO(IXR”) S CHUOHL2(R“) + O”FHNO(IXR”)>

F(s) = |uj_1(s)|"*uj-1(s),

|4/n

|| |uj—1(8) Uj—1 ||L§Lin/(n+2) < ||uj—1 ||L$Lin/(n_2)(IXR") || |uj—1|4/n||LgoL;’/2([><Rn)

< Clluyallgs ™

Y

so for ||uj_1||so(rxmny < € for e sufficiently small, the Duhamel map,

t
(4.2.7) B(us(s)) = g + / By () [y (5)ds,
0
satisfies
P X — X,
(4.2.8)

X = {u: |[ullso(rurm < 26}

Moreover, the map is a contraction.

luj — wjallso < Cllug — i1l sorsmm s | + 1[Il so(rnmrn)
S 064/d||u]' — uj—l ”SO(IXRn).
Thus the map is a contraction for e sufficiently small.
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Take u (t, x) = e®uy. As § — 0,

(429) ||6itAu0||30([t,t+5)an) — 0,

so for § sufficiently small, ||e®“uq| so(jt.i+0)xrn) < €. This gives local well-posedness [J.

Remark: The ¢ depends on the profile of the initial data, not just the L? norm.

Remark: If uy € H*(R") for some s > 0 then I = [0,T], T(||uo||gs) > 0, where T

depends only on the size of ||ug|| gs®n).-

LEMMA 4.2.2. If ug € H?(R") for some 0 < p < 5, n >3, then

iug + Au = |u|%u,

(4.2.10) u(0, ) = uo(x),

4
n—2p’

«

has a solution for some interval [0, T], where T'(ug) > 0.

. : 1 _ 1 n
Proof: By the Sobolev embedding theorem, when 5=5— 2 and p < 3,

le"uoll Loz < Clluoll o mny-

Consider three cases separately. Let o = n%%. For any wug, (4.2.8) and the domi-

nated convergence theorem implies that for any € > 0 there is an interval I such that

(IxRM) <
Case 1, a > 1 and p < 5 — 1:
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V1Pl *ull iz < Cllullzra 11V 1Pull sz e el g,

l* Ml ey mey < MVl b ey

by the Sobolev embedding theorem. So iterate in the space

(4'2'11) {u : ||u||L§>°HP(I><R") < 2||u0||HP(R”) =4, HUHL?L?C"/("_Q)(IXR") < 26}'

Define a sequence with vy = 0, and

t
(4.2.12) U (t) = e™Pug +/ e R0, _1(8)[*vp_1(s)ds.
0

This sequence has the estimates

||Un(t)||L§Li”/("—2)(]><Rn) < HeitAuo||L?Li"/(”—2)(]XRn) + (2€>2Aa_17

||Un(t)||L§°Hp(1an) < HeitAUOHLgOHP(IxR”) + (20)% A7

So for e sufficiently small the iteration stays in (4.2.8). A contraction is obtained by a

similar method.

Case 2, a < 1:

” |V| |u|au||Lf'Lg/([XRn) < || |v|pu||L?L§"/("*2)([XRn) ||u||z?/&L;/a(I><R")’
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where & = %4— 2 and & = %—i— % —2.(p/,¢) are again the dual exponents to an admissible

pair, and - = 5 — - — £. Once again apply the Duhamel estimates

||Un(t)HLfLin/(n72)([XRn) S HeitAUOHLfLin/(n72)(IXRn) + (26)0&1140‘71,

||Un(t)HL;;°HP(1an) < ||eitAU0||Lg°Hp(1an) + (25)0[“14&_1‘

There is also local existence for e sufficiently small.

Case 3, p > 5 —1:

| ‘V|p|u|au”Lngn/(nH)(Ian) < CH“HLgOHp(Ian) “uH%gaLg(lan)a

where % = % — % Again apply the Duhamel estimates [J.

LEMMA 4.2.3. There exists a T'(||uo|| go+emn)) > 0 such that (??) has a local solution

for [0,T].

Proof: By the Sobolev embedding theorem,

(4.2.13) I !V|p€imuoHL%L§n/<nf2) < TV P ug| 1y L o,11 xR,

([0, T)1xR™)

for some admissible pair (p,q) with % = "2—;2 + Then Holder’s inequality and the

Sobolev embedding theorem imply (4.2.13). Another linear estimate will be needed later

in the paper.



LEMMA 4.2.4. For u radial,

(4214) || |l’|(n_1)/2uHLoo(Rn) 5 Hu||H1/2+e,2(Rn).

Proof: By stationary phase,

/ e € f(J¢])de,
|€]>1/ ||

o /oo 7,,(n—l)/2 f( ) il |d . 00 T(n—l)/? ]E( ) " |d
=C] ——f(r etrlel gp 4 2/ e f(r el gy
1j| 12| (D2 1} 12|71/

+ Lower order terms

Since |£[1/2e|¢|(=D/2 f(|¢]) € L2(R), the integral converges.

[ D€ <1l sy
1< a7
This proves the lemma [1.
4.3. Global well-posedness of the Schrodinger equation
For the defocusing nonlinear Schrodinger equation, it is possible to prove global well-

posedness for initial data ug € H'. This can be found in [38].

THEOREM 4.3.1. The de-focusing Schodinger equation

iug + Au = |u|u,
(4.3.1)
u(0,7) = uo(z) € H'(R"),

15 globally well-posed for o < ﬁ.
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Proof: The length of the interval where the solution to Lemma [4.2.2] is controlled by
|wol| 2 (mmy- Therefore, global well-posedness can only fail if the H' norm of u(t) explodes

to infinity sufficiently rapidly. This cannot happen, due to the following calculation.

0y(Vu, Vu) = —(uy, Au) — (Au, uy)

= —(uy, |u|u — dug) — (|u|7u — dug, uy).

1
= —§at/|ula+2dx

Therefore there is conservation of the energy

1 g
(4.3.2) E(u)(t) = llull g + 5 llell533-

The Sobolev embedding theorem gives H'(R") C L7t for 0 < -4, n > 3. There is also

conservation of mass.

(4.3.3) M (u)(t) = [u(t, )I72 @

%/|u(t,m)|2dx - /(iAu)udx - /(i|u|°‘u)udw - /(iAu)udw+ /u(i|u|°‘u)dx = 0.

Therefore mass is conserved as well. [
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4.4. Some Remarks about previous results of local and global well-posedness

In a recent paper [27], local existence for n = 1,2, ug = xp(,;1) was proved.

THEOREM 4.4.1. There exists a T, > 0 such that

(4.4.1) iuy + Au = F(u)
has a solution in the function space
(442) Jullx = sup {lult, o + it )z en )
0<t<T.
when uy = Xp(o;1), where the nonlinearity F': C — C obeys F(0) =0 and DF(0) = 0.

The proof relies heavily on the uniform bound ||e*®ug||z0r2) < C. This crucial fact is

not true for higher dimensions due to the focusing phenomenon. When n =1

(4.4.3) e ug(x) — ug(z)

pointwise as t — 0. When n = 2 there is pointwise convergence everywhere except the

center of B(0;1), at the origin the convergence has the form

(4.4.4) e (0) = 1+ Ce™ ™/t 4 o(1)

For some constant C, and o € R, o # 0. In higher dimensions for small ¢ the Pinsky

phenomenon for small ¢ is of the form
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(4.4.5) 200 (0)] ~ =272

So instead it is necessary to restrict the type of nonlinearities F to power-type nonlinear-

ities that are H! - subcritical.

Some of these local solutions can be extended to global solutions. Progress of extending

the results of the previous section began with [1], where the equation

iy + Au = |ul?u,

was proved to have a global solution in R? for vy € H*(R?), s > 3/5. These results lead
[20], [18], [19], and [32] to prove to extend global well-posedness results in H'(R™) for
a H' subcritical equation (usually L? critical or H'/? critical in R3) for s < 1. This was

accomplished by solving the equation

(4.4.6) iluy + TAu = I(|u|®u),
where
(4.4.7) If =m(¢)f (&),

and m(|£|) decays like |£]*7! for large |€|. Then [uy € H', and for certain values of s

depending on « and n, ||[Iu(t)||;: is bounded by some function of time for all t.
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The T - method relies heavily on scaling. ||Tuol| g1 (gny ~ N'~*|[uo|| s (rn). This is rescaled

so that ||Tul| g1 (gny ~ 1. If N = o0,

%E([Nu(t)) 0.

This would suggest that taking N large would lead to a small change in energy, with
E(Inug) ~ 1. Using bilinear estimates and careful harmonic analysis, estimates like
d

GE(Iyu(®) ~ N7

for some ¢ > 0 on the interval of local well-posedness. Then, for s sufficiently close to
1, the method can be iterated many times, and eventually the interval [0, 7] is covered
for any T' > 0. More recently, in [11] the results have been extended using a Morawetz
estimate.

Here a different approach is used. Recall that for the local solution of

iug + Lu = F(u),
(4.4.8)

u(0) = xB)
in R3, the solution was of the form efug + w(t, z), where w(t,z) € H'(R?). In other
words the Duhamel term is smoother than uy. For certain initial data, the linear term

ey can be treated as a perturbation of the solution of

vy + Av = |v|%,
(4.4.9)
U(T7 ) = U)(T, ')7

proving in fact the solution is of the form e®*®uy +w(t, z), w(t,z) € H'(R™) for all time.
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This method can be generalized. There are three principal advantages to this method.

1. The method can extend certain supercritical local existence results.
2. The method does not rely on rescaling, and therefore can be extended to combined
power-type nonlinearities.

3. The method also proves an estimate of the form

[u(t, ) — eitAUOHHU»Q(Rn) < C < o0,

for a higher order regularity o > 0, ug ¢ H°(R™). The disadvantage of the method is it

requires some additional structure on .

4.5. Supercritical Local Existence

Let ©Q be a compact, smoothly bounded region in R™. By [27], when n = 1,2, the

equation

iuy + Au = |u|*u,
(4.5.1)

U’(OJ I’) = X

has a local solution on [0,7] for some T'(2) > 0, for any k. When n = 2, this means
(4.5.1) has a local solution as long as the exponent is H? - critical for p < 1, despite the
fact that xq € H'/?~(R"). In higher dimensions, if (4.5.1) is H' - subcritical, then the

solution exists locally.

THEOREM 4.5.1. The initial value problem
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iug + Au = |u|“u,
(4.5.2)

Uo = X B(0;1);

has a local solution as long as a < ﬁ.

Combining the estimate (4.6.16) with e“uy € L°L2([0, 00) x R™) proves

(4.5.3) ey € LPIP([0,00) x R™),

as long as 2 < p < % This is in fact true for uy = xq where 2 is any compact set with

smooth boundary. Set p =2+ «,
4 2n —4 4 2n

<2 = = .
P +n—2 n—2+n—2 n—2

Define the Duhamel operator

t
(4.5.4) (u(t)) = e uyg +/ e =)y (s)ds
0
Then
itA ' 1 L
(4.5.5) [Pu(t)[l, < [le"Fuoll, +/0 (t — s)n(1/2=1/p) ||u(8)||p+ad3’
L 14+«
24+a 24+ a’
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(4.5.6) ()l () |t gy = Nl ey

1 1_1 n-2 |1
2 p 2 2n n
Thus the Duhamel term is integrable, and
(4.5.7) O LELP — [XLP
(4.5.8) [Put)|| oo 20,11 xRP) < ||€itAU0||Lg°Lg(Ran) + TE“UHIL?Lg-
Suppose [|eAug| Lz rxrr) < C. For T sufficiently small
(4.5.9) 1@ ()| L g o.71xmm) < 2C,

1@ (u(t)) = @)Lz Ly o r1xRm) =

t
||/0 I Ju(s)|*u(s) — [v(s)|*0(s)]ds]| 20,77 mm)

T
1
< ||lu — o ~(2C)° ——dt
> ||U’ UHLt LE([0,T]xR )( ) A (t — 8)1/2_1/p
< ||u = vl e 2 (j0,7)xmm) (2C)* T

When T is sufficiently small there is a contraction 1.
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Remark: These carry over for any uy = ygq, €2 a compact subset of R"™ for smooth

boundary.

4.6. A Local Result in R?

THEOREM 4.6.1. The nonlinear Schrodinger equation for v : R* — C,

(4.6.1) iug + Au = |ul’u,

has a local solution when u(0) = xp(oa) of the form

(4.6.2) e"Pug + w(t, x),

where w(t,x) € LHL([0,T] x R?).

Proof: e**u can be calculated explicitly.

C

eitAuo ([L’) = 1537

1 /2
/ r2€i(r2+\x|2)/4t / €—2i|x|r sin(0) /4t COS(@)d@dT
0 —7/2
1 1
_ Ct3/2/ 7,2€i(r2+|:r2)/4t/ e 2ilzlru/at g, 1.
0 -1

1
_ o / T el 4t _ gitr+lal)?/at) g
o |T

Now make a stationary phase estimate.

zNe—1/2
Ct71/2 ' i(ri|x\)2/4td —C (et ir2d —0(1
i e r= A e dr = 0(1).
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For large |z|, say |z| > 10,

1 1 1/2
172 / GireEle?/at g, / _ 2 d sag,
0 o i(r=|z])dr

1/2 1/2 1 1/2
_ ?t_/ei(riw/% L2 / L itrslal)?/at g, O<i)_
i(r & |z|) i Jo (r+|z])? |z

Also, by a change of variables,

1, 1/2
Ct—l/?/ (r ’x|)€i(r—\x|)2/4tdr < O(t—),
0

|z] |z]

1/2

1
Ct1/2/ (r + |x|)ei(r+|z|)2/4tdr < O(t—)
0

|z] ]

Since the radial derivative of xp(.1) is a Dirac measure supported on |z| =1,

d

1
%eitAXB(O;l) — Ot—3/2ei|m|2/4t/ 6—2i|:z:|u/4tdu — Ct—1/2|I|—1€i|x|2/4t[€—2i|m\/4t i 62i‘$|/4t].

—1
More generally,

Vet xal S Ja] 12,

Next, set up a Duhamel iteration. Let wy(t,z) = 0 and

t
(4.6.3) wy(t, z) = / =8 B8y w,_y (s, 2) 2 (€D ug + w,_1 (5, ) )ds.
0

If w(t,z) is a fixed point in LLHL([0,T] x R™) then e®ug + w(t,x) is a solution of

(4.6.1). The Strichartz estimates give
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|wn (t, ) || 510, xm3) =

t
I / I8 By 4w,y (5, ) (€5 uo + wa-1 (s, 7)) ds| 51 (0 1))
(4.6.4) 0

,S || |V(€iSAUO + wn—l(sa x))HeiSAuO + wn—1(57 x)|2|lL§'Lg/([0,T]><R3)

HI1(e™ P ug + w1 (s, 2))l €% w0 + Wi (5, )Pl Ly 1o 0 1ymy

where p/, ¢’ are some the duals of an admissible pair (p, ¢) (The pair in the first case does
not have to be the same as the pair in the second case). The first term is more difficult
to estimate, so that is the one that will be estimated here by a sum of six terms. In the

ensuing calculations the admissible pair (p, ¢) may change from term to term.

H ’v<€i5Au0 + wnfl(sa x))HGiSAuO + wnfl(‘S? x)‘2HL’5’/Lg/([O,T]><R3) N

|| Ve B ug]|e™ g ? ||Lf'Lg'([0,T]><R3)

+HI[Ve* B ugl|e™ ug|[wn—1 (s, )| 2 1 (o.11xm3)

+|| Ve Aug| [w, 1 (s, 37)’2||L5’Lg’([o,T]xR3)

+| |ei“<”Auo|2 |Vw,—1(s, z)| ”Lf/Lg/([QT]xRB)
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+|| |€iSAu0||wn—1(S’ x)||vwn—1(37 :L‘) ||Lf,Lgl([0,T]><R3)

+Hwn—1(3a 1’)|2|an_1(8, ZE) ||Lf,Lg/([O,T]><R3)'

If (p,q) is an admissible pair, and (p’, ¢’) are the dual exponents,

2 1
= —2-3(-3)
Y q¢ 2
Let x be a C'*° cutoft,
1, [z <2
(4.6.5) X =
0, |x|> 3.

Term 1:

|€i5AuO|2(v€i5Au0)| ~ 8_1/2|$|_2

||X(x)ei8Au0|2(veiSAU0) ||L§,Lg/([O,T]><R3) < 00,

provided ¢’ < 3/2. If (p,q) is an admissible pair and ¢ = % — ¢ then

sop' =3/4—0(e).

Ix(@) e uol*(Ve™ uo)l Ly 1o 0.1y

T
< 0(6)/ (t—1/2)4/3+6’ _ O(E)Tl/g_éﬁ.
0
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On |z| > 2,

(1 —x)e"ug e L>N L™,

11 = x(@))le™uol* (Ve 2uo)l| a2 orxme) < CTY2.

Term 2: In this term use the Sobolev embedding H'(R?) C L5(R™).

)l ol (T 00) Ly g 1

T
= C(’S)Hw”—lnsl([ﬁﬂxm)/ <t_1/2)4/3+6 = C(E)Hwn—l||Sl([0,T}xR")T1/3_§ )
0

11 = x(@) e uollwn-1(s, 2)|(Ve* o) |3z orimsy < CT 2wl s o1

Term 3:

(@)l uollwn—1 (s 2) Pll ' 1o o 170y

T
< C(@lwa-rllg o mame) / (V2 = C(e) w3 o rymsy T2

N

(1 = x (@)™ uo|[wn1 (s, 2) LLL2([0,T]xR3) < CT1/2||wn—1||§1([0,T]><R3)'

Term 4:
isA

T1/275H.

||X<'T)’vwn71<5; $>H€ u0|2HL§+L?¢_([O,T]XR3) < CH’LUn,l ||Sl([O,T]><R3)

Since |2|7'/? does not quite live in L5(B(0;1)), set ¢ = 2 — ¢ and then set 11—
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1(1 = x(2)) | Vw1 (s, 2) || uo|*| 122 (0,1)xr?) < CT |1l s1(0,71xR)-

Term 5:

isA T1/2_5//

X (2)|Vwn-1(s, )| P uo| [wn-1(s, 7)]| LI L2~ ([0,T]xR3) < O||wn—1”§1([0,T]><R3)

11 = x(@)) [ Vewna(s, 2)lle*uol* |z orxrey < CT*Hwaa [ go.ryxms)-

Term 6:

N

[IVwn—1(s, @)[|wn-1(s, )| 1 L2 (011 xR3) < CT1/2Hwn—1H?él([o,T]st)-

Adding all this together gives the estimate,

||wn(t,$)||sl([o,T]xR3) 5
(4.6.6)

T/3=0" 4 /3-8 ||wn—1||§1([0,T]><R3) + T1/2||wn—1||?§1([0,T]XR3)>

so if [lwy ][ s1(j0,71xm3) < CT/3-9", || 51 (j0,71xm3) Will stay < 20T3=9" for T sufficiently

small for all n.

Contraction: Using the same calculations suppose there are two sequences starting with

wo and Wy,
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[wn(t, 2) — Wn(t, )| 510,71 R3)
(4.6.7) < CTY3" (L + [[wnoi (t, &) + Bt (8, 2) |20 170m5)) ¥
[ wn—1(t, ) — Wn1(t, )| 51 (0,17xR3)

which gives a contraction for T sufficiently small. This proves the existence of a solution

of the form (4.6.2) OJ.

The Gibbs Phenomenon:

1 1
eitAXB(O;l) _ Ct3/2€i|gy2/4t/ 7"2€ir2/4t/ efi\x|ru/2tdud7,’
0 -1

1
_ C’t‘mﬁ/ Pl /at it g
Tl Jo

1
= Ctlﬂ% / rel D At g L O(#1/2),
l Jo

Ot_1/2
||

1
— Ct—l/?/ ei(r_|z‘)2/4td7“+0(tl/2).
0

1 1
=Ct 2 /0 el At gy /0 (r — |a])e "D - O(172),

So the Gibbs phenomenon near the edges is the same as the Gibbs phenomenon in R for

X[-1,1]- Let

0, |z <3;
(4.6.8) X =

1, |z| > 3/4.,
(4.6.9) Ix(z)u(@)||ee < Cllullan,
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when u is a radial function. This gives a uniform estimate for the Gibbs phenomenon

near the boundary.

(4.6.10) lin [[x ()t ) > = 0

So the Gibbs phenomenon near the boundary for the solution to (4.6.1) is controlled by

the Gibbs phenomenon for ey B(0:1).- More generally,
LEMMA 4.6.2.
(4.6.11) iug + Au = |u|u

has a local solution of the form e®®uy + w(t,x) on some time interval [0, T], T > 0,

where

(4.6.12) lwt, z) || 51027y < CO)T 547,
where C(§) /00 as d — 0 for2 < a < 3.

Thus for || > 1/2, let uq(t) be the solution to (4.6.11) with initial condition uy = X p(0;1),

(46.13) [u(t, ) = wo(w)] = [e"Suo(w) — uo(w)| + O(F'"7").

The decay of the last term is uniform with respect to x.
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Remark: The calculations of e*®u, can be carried over to ug = xq, where Q C R? is

a compact region with smooth boundary. If the function is no longer radial, then we do

not have the Sobolev embedding H'(R?) C L*(|z| > 1/2), however.

Higher Dimensions: Now consider uy = xp(o;1) for higher dimensions. As the dimen-

sions increase the Pinsky phenomenon becomes worse and worse.

1
ieitAuo _ t—n/2€i$|2/4t/ e—Qi\z|u/4t(1 N u?)(n—?))/2du7
dT 1

(4.6.14) Vel Bug| < t71/2g| (=172,

Placing the remainder term in L{°H!([0,T,] x R") would require

(4.6.15) ¢y € L¥L,° T ([0,T.] x R™),

for some T, > 0. This is severely restricted in higher dimensions due to the blowup near
|z] = 0. When |z] is large e®®ug € L2 N L>=(|z| > 1). By stationary phase calculations,

for |z| close to 0 the solution has the form

1 w/2
2f—n/2 / Tn—lez'(|:n|2+r2)/t / e—z‘\a:|r sin(6)/t COS(Q)R_QdeT‘
0 —7/2

1 1
_ tn/Z/ rnlei(|x2+r2)/t/ 67i|x\ru/t(1 . uz)(”*g)/Qdudr
0 -1

1
1 ; 2
~ +71/2 (n—1)/2 i(|z|xr)=/t
t /0 r —m(n—l)/ze dr + ...
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L (p(n=1)/2 L |g|(n=D/2) £/2
~1/2 (r x i(|z|£r)2/t
t /0 |z|(n=1)/2 € dr < O |x|(”—1)/2)
1
t1/2/ ei(|x|ir)2/tdr S O(l),
0

so when t < |z| we have |e®®uo| < 2|~ 2/2, When |z| < t using the Pinsky estimate
we also have |e"Puyg| <t~ (=2)/2 < |g|~("=2)/2,

Therefore, close to 0,

(4.6.16) et Bug(z)| S || =272,

This gives a fairly strong restriction on how large o can be. (4.6.15) is satisfied for

a< % Once n > 8, a will in fact be L? - subcritical.

Remark: This calculation can be carried over to a more general nonlinearity of the form

g([ul)u,
(4617) 0 <g(I) < Sup(02|x|ﬁ75’ C1‘1‘|1/2n+€>,
0 <g'(z) < SUp(C’2|x|ﬁ‘5—1’ Ch || /2mtely,

for €,0 > 0.

4.7. Global Continuation

From [18], if ug € H*(R?), s > 4/5, the solution to (4.6.1) is global. Tt is conjectured

that if ug € HY?*(R3), (4.6.1) is globally well-posed. If the solution is of the form
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e x o) +w(t, ), |w(t, )| mmny < C(t) on [0,00), then a global solution exists. The

solution to (4.6.1) has conserved mass.

LEMMA 4.7.1. If u(t) solves (4.6.17), the L? norm is conserved.

(4.7.1) [t )l 2 ny = [[w(0, )l 2y

Proof:

d
aﬁ‘%(u, u) = 2R (uyg, u)
= 2R(iAu, u) — 2R {(ig(|u*)u, u) = 0

THEOREM 4.7.2. The partial differential equation

(4.7.2) iuy + Au = |u|u

has a global solution % < a < =35 a<2. The solution is of the form

n—27

(4.7.3) ey + wl(t, ),
where w(t,z) € L HL([0,T] x R™).

Proof: The theorem has already been proved for the time interval [0,7]. Moreover,

u(T, x) is of the form

(4.7.4) e Tuy +w(T, z),
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where ||w(T, z)| g1 rny < C. The solution will be continued past T, and a Gronwall-type
inequality will give and estimate on ||w(t,z)| g1 (rn). If u is a solution to (4.7.2) then

u = v + w, where v and w solve the system of equations

1wy + Av =0,
(4.7.5) iy + AW = |u|"u,

v(T) = T ug; w(T, z) = w(T, ).
In order to prove w(t,z) € LHL(]0,00) x R™), it suffices to obtain a bound on the

energy

(4.7.6) E(w(t)) :/|Vw|2dx+ai+2/|u|"‘+2dx.

%%(w, Vi) = —2R (i, Aw)

= —2R(wWy, |u|*u) — Ry, i) = —2R{(uy — vy), |ul*u)

1 d o o
=~y o g e+ 2 ul ).

2§R/vt|u|aad:c - 2§R/z’Av|u|aﬂdx - —2@’/V1}V(\u|aﬂ)da:.

(47.7) %E(u(t)) < C’/|Vv||Vu||u|°‘dx.
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Consider two cases separately.

Term 1:

Case 1: Assume 1 < o < 2.

/IVUHVwHWdl’ < [Vl oo @) VWl 2@ [l 2 gy,

]|z < [JellZ2a @)

Let § = =2

OL2 7

-6
[ e < el

when a <2, 2a(1 —0) <2+ a.

(4.7.8) [ull$, < E(w(t)),

where vy(a) =

N |#—

Case 2: Assume % < a < 1. From previous calculations

HVUHLZW,/(W,*I)«FE(RTL) S Cl(6)t_1/2 + CQt_n/Z

Interpolate this with

||VU||LOO(Rn) < Cgt_n/z.
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1
1] ey < llully

1

Asa — -, € — 0 and Cy(e) — oo.

Remark: When a > % make the estimate

||vv||L2n/(n—l)+s(Rn) S 03(6)1:_1_6 + 041(:—7’7//2.

Term 2:

(4.7.9) [ 1ol de <l IV ol e

In this case take + = § — §. When o > 2, 2|12 c LP({x € R : |z| > 1}).
(4.7.10) [l F2 moy V0175 < Cl)E2,

WhereéﬁOasaH%.

Now apply Gronwall’s inequality.

(4.7.11) %E(w(t)) < Oyt Oyt B (w(t)) )

Since p(a) < 1 and E(w(T)) < oo, E(w(t)) < oo on [T, 00) L.
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4.8. More general continuation

Suppose the local solution to (4.5.1) is defined on [0, 27],
u(t,z) € L°LP([0,2T,] x R™).

The solution on [0, 27}] is of the form

(4.8.1) RO+ wi (L, x).

When 2 < o < =2 wi(t,z) € LFPH([0,T,] x R"), which was then extended to a
global solution. However, this still leaves open the possibility of global existence for

= < a < 5. Although w (¢,2) may not lie in H}(R"), wy(t, ) € L H:([0,T.] x R™)

for some s > 1/2. Continuing, the solution on [T, 2£=] will look like

(4.8.2) By 4 TR (T, x) 4 wy(t, x).

Using the smoothing properties of the Duhamel integral, wy(t, z) lies in an even higher

order Sobolev space, and so forth. After a finite number of iterations, w,(t,z) €

L HY (5T, T,) x R"). Thus by induction, the solution on [T, T,) can be ex-

pressed in the form

. . T. o on _ 1
(4.8.3) eBu(0) + e T/ () 44 ez(t—%—an*)Au(

2 5T+ ().

where w(t) € H'(R™) and the linear solutions have “nice” asymptotics.
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Now to make this rigorous. There is a sequence u,(s) that converges to a solution in
L L2([0,2T, — ] x R™) for any 6 > 0. What happens to the derivative? Since Vxgq is

an L' measure,

(4.8.4) Vet x| < t7/2,

When Q = B(0;1),

(4.8.5) Vet xq| <t V2 z|~(-D/2,

This is also true for any €2 with smooth boundary. By interpolation,

(4.8.6) Ve Sxa(x)| € 7 LP({|2] < 2}) + 7207 ({2 > 2}).

Define a function space
(4.8.7) [u()]|x (o.11xmm) = sup [t~V u(t)],.

¢
|Vu,(t)] < |V6imu0| + |V/ ei(t_s)A\un_l(s)|O‘un_1(s)ds],
0

1
ds

81—6

t
7 —€ 1 a
[Vun (1)l x < [le"Pul|x + ' /0 S 8)1_6HU(S)HpHVunfl(S)Hx

< €™ gl x + 20" T|[up—1(s)||x-
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If ||le*®up||x < C, then for T sufficiently small,

(4.8.8) lun—1(t)]|x < 2C = |Ju,(t)]|x < 2C.

Now look at the free evolution of the solution u(7"), where T is the time length where

there is a local solution and ||u(t)||x < 2C.

T
i(t— i 1 a
Ve T2 (T) ||, < || Ve ugl|, + /O (t_8)1_6Hu(s)HpHVu(s)llpds

(4.8.9) 1 1
S HVe”AuoHp + WZCH S Ol -+ mQC’

Continue the iteration. Although the solution will only be defined on [T, %], notice that

the regularity of the solution is improved slightly. |[|Ve!*~=124(T)||, ~ —4=%. This

t—=T

process can be terminated after a finite number of iterations.

LEMMA 4.8.1. Suppose the solution on some [0,T) is of the form

t
(4.8.10) u(t) = ey + / =8y () [u(s)ds,
0

where [[u(t)| e (0.1 xmry < 00 and [[Vu(t)|| ey St/ Then

(4.8.11) u(t) = e™ug + w(t),
where w(t) € L H([0,T,) x R"). Recall p =2+ «.

Proof: First,
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T.
HquLfLﬁ([O,T*)XR") N / t12dt < T2C(e).
0

The conservation of the L? norm is well known, so

IV ul || 2 Lo o,z xmey < C(€) T,

for some g < p’. On the other hand, since v € L°LP([0,T,) x R"™)

IVl 2y o, xmey < C(E)TY,

for % = ;i—z = 3 —i— ;ﬁy < %—l— % = % + % So by interpolation,

(4.8.12) IV allul ] 2 pznre g 1,y ey < C(e)T?.

(4813) I uls) "uls)dsl s goemey S IIVullul g 2o go e

so by Strichartz estimates we are done [J.

Eventually the solution on some interval [2;—§1T*, 222 2217 ) will be of the form

s, K2 Uy 4 ),

W=DAY(T) + ...+ &5 ST

(4.8.14) u(t) = e*Pug + €'l

where w(T,) € H:(R"). Then set up a system of equations as before
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wy + Av =0,

i+ Aw = v+ | (v + W),

INCLEEYS

(4815) U(to) = 6it0AU0 + ...+ ei(to 2k—1 )Au(

T(2% —1)
T),

w(to) = w(to),

to == T*

2 (0% (0%
~llo + wl5I2) S Vel [v + wl* (Vo] + [Vw]),

d 2
SVl + <

so define the energy E(w).

(4.8.16) E(w) = [[Vwl| +

o+ wiBfe

Again, estimate the terms separately.

Term 1:

(4.8.17)

/ Vo(a, t)|v(z, 1) +w(z, t)[*dz < [Vo(@, ) [Lara g [v(2,) + w(z, DI T200 @)

(28—~ 1T, ) o
(4.8.18) IVo(e, Dllszramn S [t = g1,
(4.8.19) [0t @) + w(t, 2) [§2ramn < Elw(t))*,
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so this term does not cause any problems.

Term 2:

/ |Vo(z,t)||Vw(z, t)||v(x,t) + w(z, t)|*de <
(4.8.20)

VOl Dl e e [V (s Dl 2@ [0(- ) + w (- D Fevamn),

where p = 22_a . To obtain such a p it is necessary to restrict 1 < a < 2.

(24+a)

2itl_y

21t 1 a

i (t—s)n(/2=1n) luCs )z [Vl s)llz24emnyds
1

Vot <> [ 7

22
21—

+(| " uq | 2 ®ny

1_1 _ o 1 _ 1 _ 2a+a?+2 _ 2-a?
where r 1 2 24a 1 2(2+a) T 4+2a

. 2—a?<2—awhen a>1.
Thus (4.7.2) has a global solution when 1 < o < 2, where % <a< ﬁ.

Remark: This is a somewhat unsatisfying result, since what about % < a < 17 When
uy = XB(0;1), the fact that ug is a radial function will localize the problem to the origin

and extend the results further. This will be explored in the next section.

A digression to the heat equation: This method can also be applied to a Schrédinger

equation that has a damping term. Consider,

(4.8.21) (a +ib)u; = Au,
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where a > 0 and |a + ib| = 1. The solution is the Fourier multiplier

(4822) etA/(cH-ib)uO — f_l(e_t‘£|2/(a+ib)ﬂ0<§>>.

(4.8.23) () = / Kz, y, )uo(y)dy,

(—CL - Zb)n/z (a+ib) \z;ij‘z )

(4.8.24) K(z,y,t) = (drt)/?

This operator obeys the operator bounds
etA(afib) : tn/le _ Loo7

(4.8.25)

etA(a—ib) : L2 N L2.
Therefore it obeys the same Strichartz estimates as the Schrodinger equation.

Now consider the nonlinear equation with power-type nonlinearity.

(4.8.26) (a+ ib)u; + Au = |ul®u,

with |a + ib| = 1, is H?(R") - critical for a = H_LQp. When uy € HPT(R™) for o =

there exists T'(||uol| o+e(mrn) > 0 such that a solution to (4.8.26) exists on [0, 7).

THEOREM 4.8.2. When a <0, (4.8.26) has a global solution u(t), and

(4827) ||u<t)||Hp+6(Rn) < F(t, ||U0||Hp+e(Rn), CL).
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Proof: Apply the same expansion method as was used for the Schrodinger equation

(a = 0). For some uniform constant C,

(4.8.28) a’?t72|g)7 e P < O(o).

Thus the Strichartz estimates hold

|\V’J+€e_m/(a+ib)uoHL%L?E"/("”) S Clluoll o

(4.8.29)

| VPHetd et/ @ty il < Ja| 52702 |lug | o

Meanwhile by the Sobolev embedding

(4.8.30) H\e_tA/(a+ib)Uo|4/(n_2p)HLg@Lg S [Juol| geve,
1 _ 4 4e 1 _ 2n 4e
where g 2n n(n—2p) " Let p n—2 + n(n—2p) " If

(4.8.31) Ve O] e < Jluoll gose

for £ = 2 — -2 then the Duhamel term lies in H?(R"). By interpolation,
q n—2p

(4.8.32) ||Vp+e+5€,m/(a+ib)u®||Lng < Juol| gose

for some d(e) > 0, 6 > ce for some ¢ > 0. Expressing the solution in Duhamel’s equation

t
(4.8.33) u(t) = e~ tA/(atibly, +/ e~ =R/ (atib) 1y (s)|u(s)ds.
0
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The second term will be smoothed, belonging to H?T<"(R™) for some § > ce. But the first
term also belongs to HP <t (R™) by (4.8.29) on [T/2,T). Thus u(T/2) € HP < (R").
We can iterate this procedure, obtaining a smoother and smoother solution after each
step. Eventually, the solution will lie in H'(R™), at which point we can use the conser-

vation of H' norm .

THEOREM 4.8.3. The energy does not increase

(4.8.34) E(u(t)) = (Vu, Vu) + 2+L0z / lu|**dx.

Proof:
d
%/|Vu]2dx = —(uy, Au) = —/ut|u\aad$—/a\ut|2d9&,

SO

d

4.8.35 —
(4.8.35) o

[E(u(t))] <0.
So once the solution u(7") € H'(R"), the solution can be continued to a global solution.

4.9. Proof of Theorem [1.1.15]:

For the reader’s convenience, (1.1.30) will be rewritten here.

iug + Au = j:|u]n%2pu,
(4.9.1)
u(0, %) = uo(x),
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For radial data in high dimensions, the linear operator e”*u, has solutions which are
asymptotically very nice, and can be treated very effectively in the same manner as was

used to prove Theorem [1.1.14].

LEMMA 4.9.1. Let ug be a radial function.

(192)  [Veug(a)| < 52 (Jal" /2 4 12~ 092) g aqrny + ol i),
193) Ve ug(a)| < (572 + ) sy + ol e,
(4.9.4) |eimu0(x)] < t*"/2(\|u0||L1(Rn)).

Proof: (4.9.4) is just the dispersive estimate.

0 1

ilo—yl2 1 i|lz—y|?
00t Jon /“f(y):W/Rn(%—yi)e' WP (y)dy.

It suffices to bound two terms with stationary phase calculations. The first term is

t”/21|x|/ f(r)rnleir2/4t/ €—2ix-§/4tdar(€>dr
0 sp—t
~ C’lt_3/2|x|_("_3)/2 /OO f(7,)r(n—l)/26i(r+|m|)2/4tdr
0

+Cgt_3/2|x|_(”_3)/2 /oo f(T)T("_l)/Qei(r_‘x|)2/4th.
0
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1
|t73/2|x|7(n73)/2 / f(T>T(n71)/2€i(ri|x|)2/4t’ < Ct*3/2|x|*(n73)/2HfHLQ(Rn)_
0

92|92 [ ()t RS < OS] OP fy ,
1

Also, for the estimate for (4.9.3),

ol [ gttt [ e, gar

oo 1 oo
< tn/2+1‘x|1/ f(?")?“”fgdr < tn/Q‘iL"l/ f(r)rnf?)dr + tn/2+1‘3§"1/ f(r)rnde,r,
0 0 1

< (g gy + 1 )

The second term 1is

t—n/2—1/ f(r)rneir2/4t/ 6—2iac~£/4tdo_r(§)dn
0 syt
S t_3/2|$|_(n_1)/2 /OO f(T)T(n+1)/2dT.
0
1
0

/ f(?")r("“)/?dr < C| fllermm)
1

Also for (4.9.3),
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t—n/Q—l/ f(r>7,n€ir2/4t/ 6—2ix~5/4thT<§)dT
0 sp—t

||
< Ct"/Q\xll/ fr)yrm1t < Ct*"/QHfHLl(Rn).
0

This proves (4.9.2) and (4.9.3) 0.

Now to prove Theorem [1.1.15].

THEOREM 4.9.2. (1.1.30) has a global solution for uy radial,

(495) up € Hp+e,2(Rn) N H1/2+e,2<Rn) N H1/2+6’1(Rn).

The idea of this proof is to obtain an expansion of the local solution into a sum of the

form (4.8.14). Then, once the solution is on [r,T] is of the form
Ay (7, 1) + w(t, o),

where w(t,z) € L HL([r,T] x R™), the solution to (1.1.30) with initial data w(T,z) +

e!T=m)8y(7,x) can be treated as a perturbation of the solution with initial data w(T, ).

Let a = n—LQp' When n > 6 and 0 < p < 1, which forces o < 1.

Define a set X,,, and let a = n%p.

X, = {0 :(1.1.30) exists globally, ug = u; + ug;u; € H?*(R"),
(4.9.6)

uy radial ,u; € HY?HSY(R™);uy € HY?(R™)).
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THEOREM 4.9.3.
(4.9.7) (1/2,1] N (p,1] C Xy,
for any 0 < p < 1.

Theorem [4.9.3] implies Theorem [1.1.15].

Method of Proof: For any p < 1, the conservation of the energy

2 (63
(4.9.8) Bu(®) = [ Vult) g + 3 00352 ey

ensures that X, , is a nonempty set for every p < 1, n. So (1/2,1]N(p, 1] C X,, will be

proved by induction on o. First prove a simpler result.

LEMMA 4.9.4. Let ug = uy + ug, where u; € H*(R") and uy € HPT*(R") has

asymptotics of the form

(4.9.9) et uy(z)| < C(1+ )72,

Ve Buy(z)| < C(1+8) 7} (|a| =" 72/2),
(4.9.10)

(VeBuy(x)| < C(1 4t)~2 71,

Then the solution exists globally and is of the form

(4.9.11) e"Puy +u(t, x),
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(4.9.12) u(t,r) € CYHM(R™) N L H2(R™).

Proof: For ug = uy+up, where [[uy || 1.2z < €', then (1.1.30) exists locally on some time

interval [0, T) for T'(C') > 0. Using Duhamel’s principle define a sequence of functions,

vy = € uy,

t
(4.9.13) Uy = / =R B8y v,y (8) % (e P uy + v,_1(5))ds.
0

Use the Strichartz estimate

HUnHSI([o,T]xR”) < C|‘F(3)HN1([07TlxR“)>

From the asymptotic estimates.

Ve A u, | oo g2/t gy < €,

van_l(t, x)HLfLQn/("_Q) < ||Un—1(t7 x)||517

x

|H€itAUz2 + 'Un71<t7x)‘aHL?°L% S C + an,1||g1-
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This gives the estimate

IVE()Intoa1rey < CT [on-1llgi(ompemny + T2 I1vn-1lls1(o.17mm)
+T° [[vn-1ll$1 0.2y + CT?,

for some T > 0, 6 > 0. This map is a bounded map for T sufficiently small, since

|vol|s1 < oo. Let

G(s) = \e“Aug + vn(s)\o‘(e“AuQ +vn(s)) — |ei8Auz + vn_l(s)\o‘(eiSAuz + vp-1(5)),

(G ()] < Cle" un + va()|” + €™ u + vn-1(3)|*) ([vn(s) = va-1(s)]),

IVG(8)Ino,r1xRm)

< CT‘sanqulqo,T]an)an — Un1|lst(o.1yxRm) + T 0n — Va1 s1(0.71xR7)-

This yields a contraction, and local well-posedness is established, and the solution is of

the form e®uy + uy (¢, x) with u; € HY?(R") O.

THEOREM 4.9.5. Let uy = uy + us + us, where u3 € HY*(R"), v, € H*(R"),

uy € HPH2(R™) and uy, uy obey the asymptotic estimates

(VeS| < HulﬂHJ,g(Rn)t’”/%l,

(4.9.14)

t_1+€ n—2)/2—e

Ve uy| < Jlun| oz @y |~
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|eimu2(x)| <C(1+ t)_”/Q,
(4.9.15) Ve Buy(z)] < C(1+t) Ha| 7272,

IVeSuy(z)| < C(1+1)™2
Then there exists T'(||u1| g2, C, ||us||gr2mny) > 0 such that (1.1.30) has a local solution

of the form

(4.9.16) u(z,t) = e ug + g(x,t),

where g(x,t) € HOH2/™(R™) with bounded norm on [0, T], where o0 —p > ¢, 0 —1/2 > €.

Furthermore, g(z,t) has a decomposition,

(4.9.17) g(x,t) = v (z,t) + v3(x, 1),

where vz has bounded HY*(R™) norm and

t
(4.9.18) vy (z,t) = / =By (s, s)|“u(x, s)ds.
0

Here x € C3°(R™) is a radial cutoff function, x =1 on B(0;1) and x(y) =0 for |y| > 2.

vy obeys (4.9.14)-type estimates on [T, c0).

Proof: As before take the Duhamel expansion,

t
(4.9.19) gn(t) = / e 98 B8y 4 g_1(5)|* (€2 ug + gn1(s))ds,
0
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F(s) = |€"%ug + ga-1()*(€"%uo + g-1(5)).

By the Sobolev embedding theorem

(4.9.20) e8| € L% 5% (R™) N LY/? (R™).

Now take the local smoothing estimate found in [RV] and interpolate with the Strichartz

estimate
le* | 5 p2n /e < Cluol]
(4.9.21) S
vaxeimuoHL?L%(Ran) < Cllugl|2,
(4.9.22) IV xe" uo || 120n mxmny < Clluo]la,

1 _ n=2 4e
where 5= o Tz

By the asymptotic estimates (4.9.15)

Vetbuy € L2 (R") N L®(R"),

and by the Strichartz estimates

Vellug € L2 =2 (R x R™).
Finally use the estimate on u;.
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(4923) |V(1 - X)eitAU1| S C’t73/2\x|7("73)/2{|]u1HLl(Rn) + ||u1||L2(R")}‘

Interpolate this with the trivial estimate.

(4924) ||(1 — X)eitAu1||L2(Rn) S ||u1||L2(Rn),
(4.9.25) VY21 = x)e™ w23 oy wmmy < CTYF,
(4.9.26) [Vor2eime® g 2 < Cllun|| o + C,

where 1 = =2 1 4¢ " Thig gives the Strichartz estimate.
P 2n n

IV e B0 + g1 (8)|* (" tt0 + ga1 (D) 2= p2rsn2rt (o 1y

< ) I$0 (0.7 (C + Nlgn-1lls10.r)) T,
for some 6 > 0. Taking T small enough gives a bounded mapping. A contraction can

also be obtained.

Then for the solution at t = T, eiTA(ul + ug) will become the new ws, since there is a
uniform bound on the free evolution of u; when 7> 7 > 0. Also one can put e’ “us for
the new ug without problem. Thus, all that remains is to split g(z,t) in the proper way.

Let vg = wg = 0.
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t
(4.9.27) v,(t) :/ e =Ry e Uug 401 (8) FWn_1 (5)]| (5P U +vn_1(8) +wn_1(5))ds,
0

(4.9.28)

t
wy(t) = /o DA — x) - [P ug 4+ vn1(8) + Wa1(5)|* (e ug + vp_1(8) + wn_1(s))ds.

Since ¢ > p, the solution has an appropriate S° bound. For now assume the following

estimates.

Ve Bug(x)] < Ja|~ 22732 lug |1,
(4.9.29)
Ve Bug(a)] < |~V Vg .

Thus by interpolation,

(4.9.30) (Ve ug(x)| < |o|M=2/2747 1 Jug | grjosen.

This implies,
t ) t
| / ¢ IEV X u(s) [ u(s) (x)ds| < / ()| (= )7 || 722 ds
0 0

< HUO”}q_ﬁ%ﬂ,zte|JZ|_("_2)/2—€.

This gives the estimates
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NI e 2 gy < Cllu®) %,
||V(1 - X)eiSA (u1 + U3) ||L%L§n/(n_4)(R><R") S CTGHlLl ||H1/2+5,2(Rn) + C,T,

||V6itAu2||L%Lin/(n72)( ) S C||u2||H1,2(Rn).

[0,T]xR™

Now apply the Strichartz estimates to the other term.

lwa(®)llgr < IV (L = x)[e™ P o + va(s) + wa(s)]* (€™ ug + va(s) + wnls))l| o

< T [u()l|§oe ) (C'T + CT + Clluz 2wy + Cllaoll s T + TPl || 51).

Set T sufficiently small, this map keeps the S* norm bounded. Finally,

t
eiTA / ei(tis)AX|U(S)’aU,(S)dS
0

obeys the appropriate bounds, by (4.9.1) OJ.

After some point the solution will almost be in the form of Lemma [4.9.4], with initial

data u; € HY*(R") and

(4.9.31) Ve S| pr-e(rny < C(1+1)7,
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(4.9.32) Ve | ponsn-2- gny < C(1+ )71,

(4.9.33) Blw(t)) < c/(yw\ + (V) [Vollo + w]ods,

[ 190t + wlds < [Tl + wl <

(4.9.34)
C(lluoll 1201 emy + 1ol o+ ey ) (L + 1) 77,
Where%:%—%<%—%,andﬁ>l.
/ IVol[Vwl[v +w|*dz < [[Voll[Vwll2llv + wl|5
(4.9.35)

< Clluoll gz ny + lluollmoermn)) (1 )77

. In this case v > 1 also. Thus by Gronwall’s inequality

S

; 1_1_ «a 1 _
Inthlscaseq—2 5 < 3

E(w(t)) is finite. This completes the proof of Theorem [4.9.3] [J.
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