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ABSTRACT

HELEN CROMPTON:Coming to understand angle and angle measure: A dbaggd
research curriculum study using contextare ubiquitous learning
(Under the direction of Susan N. Friel)

This study uses desigrased researd®BR) to develop an empiricallgubsantiated
instructional theory about studentsdorldevel op
connections and technological tools through the use of ceaexte biquitouslearning.

The research questions guiding this research are:

1. How do studerst come to understand angle and angle measure through the use of

realworld connections and technology enabled learning tasks?

2. What are effective means of support to

and angle measure?
A conjectured local instrtion theory was developed from a thorough review of the literature
in chapter two. This review encompassed resebasied developmental trajectories and
effective instructional supports for promot.
measure. It &s conjectured that conteaivare ulearning was a good support for students
coming to understand angle and angle measure. Ceamtgxe dlearning in this study
involves the use of reaborld connections and a Dynamic Geometry Environment

The local ingtuction theory was subject to a cyclical iterative process of anticipation,
ena¢ment, evaluation, and revisigGravemeijer & van Eerde, 2009his process

contributes to the theories of how students come to understand angle and angle measures,



while al® developing a set of instructional activities which can be utilized and adapted by
educators to meet the needs of the students in their classroomsstrinetional sequence
was implemented ione classroonbased teaching experiment in the first macrdepf the
DBR process. Aecond macro cycle was implemented using revised instructional materials
in oneclassoom-based teaching experiment

Findings indicate that contegtvare dlearning is a valuable mathematical context for
introducing students tangle and angle measure. Common misconceptions about angle can
be avoided as the students study angles in the real world which presents them with angles
with rays of different length and in various orientations. Good foundations were built by
having the stdents consider angle by the generalizable properties and over the seven days
the students showaegbod movement across the van Hiele levels of geometric thinking. A

revised local instruction theory is presented as a result of the findings from this study.
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CHAPTER |: INTRODUCTION

Geometry is the study of the size, shape and position eflinwensional and three
dimensional shapes and figures. In geometry, one explores spatial sense and geometric
reasoning. Geometry is found everywhere: in art, architecture, engineering, rohatics, |
surveys, astronomy, sculptures, space, nature, sports, machines, cars and much more. In the
early years of geometrthe focus tends to be on shapes and solids, then moves to properties
and relationships of shapes and solids, and as abstract thinkgrggses, geometry
becomes much more about analysis and reasoning.

Geometry is linked to many other topics in mathemaiticiding measurement.
Angle is an important concept in geometry and in the study of measurement. Measurement is
At he pr ogniagsaasiumbdr to a magnitude of some attribute of an object, such as its
l ength, relative to the unito (Clements & Sa
recognize angles conceptually and also be able to lisktlowledge to angle measLifée
van Hiele évels (adapted by Scall¥990) describé the way in which children initially
identify, characterize and operate on angles according to their appearance. As children
become more familiar working with angle, properties of angles are idgehtifid those
properties are used to solve problems. With effective instruction, this progression continues
as upper elementary and middle school students use the knowledge gained to formulate and

use definitions of angle, as well as provide informal amguishabout those angle properties.



Angle measure is formally taught orstedents havgrasged thebasic angle
concepts. However, Clements and Sarama (2009) desthidevay that children as young as
two begin intuitively using angle measure notions dyblock play. As children reach the
ages of four and five years, they may identify corresponding and congruent angles using
physical models. With effective instruction, children at the age of six years can sort angles
into groups of smaller or larger anglalthough they may become confused with irrelevant
features such as length of rays. At seven ystudents can recognize right angles and equal
angles of other measure. From the age of eight, Clements and Saramadigsemzgy in
which children beame angle measurey as they understand angle measure in terms of
generalizable concepts and procedures.

There are many unique challengesinderstanding angle measthat can be
difficult for students to grasp. Students may develop many misconceptidrheounter
difficulties while learning concepts and skilh angle and angle meas(@ements &
Battista, 1989Clements & Burns, 20QKieran, 1986 Magina & Hoyles, 1997)Prototype
diagrams can lead students to consideringnetevant attributes (€ments & Battista, 1992;
Yerushalmy & Chazan, 1993juch as orientatiofBattista, 2009)For example, in igure
1.1, angle (a) is an example of the prototypical textbook figure of a right angle. Therefore if a
right angle, such as (b shown to studsgs, they mayot consider this figure to be a right

angle.



a) b) c)

Figure 11. Angle Examples.

Nomenclature can also cause misinterpretation; for instance, students can consider a
right angle to be an angle that points to the right (Clemer@ar@&ma2009) such as the
example in Fyure 1.1 (a). This is another reason why students may not classify figure (b) as
a right angleAs students move on to angle measure, many students believe that the size of
the angle is determined by measuring the length of teeskigments that are the rays of the
angle(Clements, 2004; Clements & Battista, 19B8rthelot & Salin, 1998Wilson &

Adams, 1992)For example, in Figure 1.(g) would be deemed the largest angtethe
length of the rays are longer thi@mgths of theays onthe other two examples.

A complication that adds to student misunderstanding is that the mathematical
concept of angle appears to have multiple different definitions. Henderson and (R@&0&h
identified three themes or categories to definear(g) a geometric shape, where two rays
meet at a common endpofdrowning, Garz&ling, & Hill Sundling, 2007) (b) a measure,
as the space between the two rays, or (c) a dynamic rotation, as a representation of a turn.

Others (Clements & Battista, 198990; Keiser, 200Vlitchelmore & White, 2000Scally,



1990)posikedthat a definition needs to be developed that is more than just a static
explanation (as in (a) above), and the dynamic nature of turn should be considered with angle
measure.

Despite he difficulties many children may encounter when learning about angle and
angle measure, Clements and Sarama (2009) seddlest these concepts need to be taught
within the elementary years. They offer four arguments for early instruction:

T First, children can and do compare angles and turn measures informally.

1 Second, use of atgysize, at least implicitly, isecessary to work with shapes;
for example, children who distinguish a square from aswrare rhombus
are recognizing angle size relationshgasleast at an intuitive level.

1 Third, angle measure plays a pivotal role in geometry throughout school, and
laying the groundwork early is a sound curricular goal.

T Fourth, the research indicates that, although only a small percefitage o
students learnrales well through elementary school, young children can
learnthese concepts successfully.

(Clements & Sarama, 2009, p. 184)

In addition, evidence indicates that elementary children are developmentally able to learn

about angle concepts. For exampiel? i a gstudied Ise identifiedchildren as young as six

developing a tacit knowledge of angledthatthis develops intextrinsic knowledge around

the age of nine (Olson, 1970). Lehréenkins, an®@sang 1 998) al so found t h;
knowledge of agles grows during the elementary yeéirmakes sense that the learning

process involved in students developing understanding of angles should begin in the

elementary years (Clements, 2004).



Researchers(g.,Browning & GarzaKling, 2009 Clements & Bms, 2000fyhn,
2007 Lehrer et al. 1998 Mitchelmore, 1989, 1993, 1997, 1993itchelmore & White,
2000) have explored various pedagogical strategies to provide opportunities for students to
develop an understanding of angle and anglaswme. Twaecuring trends emergkfrom
the research, which are the use of-wgatld conneabns and the use of technology
supportive pedagogi cal components to promot e
Mitchelmoreand White 2004, 2007 postulated that earlgngle instruction should engender
an evefincreasing awareness afgle across realorld contexts. Mitchelmore (1997, 1998)
used realistic models such as door knobs, do
understanding of angle as a turn

Others (e.g., Zbie Heid Blume, & Dick, 2007 Sinclair & Jackiw, 2010jepored
the efficacy of using dynamic geometry environments (DGES) to support learning of angle
concepts. For example, Zbiek et al. specifically desdiitwsv the drag feature in DGEsn
be used to change angle measures, leading to conjectures about the way in which the angles
of a shape change as one of those angles 1is
interaction between the mechanical moving of shapes (spatial) anthdwitical
(geometrical) understanding supports the development of spatial reafcatiogde,
Kynigos, Hollebrands, & Strasser, 2006)

Recent technological advancements have ledmbextaware ubiquitous learning
(contextaware ulearning;Hwang, Wu,& Chen, 2007 Yang, 200§, a form of mobile
learning (mlearning) that provides a means by which users of mobile devicesuzhnreal
world phenomena, while using the mobile devices to provide timely and effective computer

support(Lonsdale, Baber, Shdgs, & Arvanitis, 2004)For example, it is possible for



students to learn about angle concéyptsising the portable mobile technologies to take
pictures of occurrences of anglereatworld setting, while at the same time, using
applications such asalDGEs for further exploration of angles ingheontexs.
The Purpose of this Study
Drawing on current research, this study a
concepts to be taught in the elementary years. The purpose of this dissesstiouoevelop
an instructional t he otofangla&ndngle measuretblingtise 6 dev e
of reatworld connections and technological tools through the use of cesteare u
learning. This studusesGravemeijer and van Eerde (2009) dedigised esearch (DBR), as
it employs methods that enable the research team to develop a local instruction theory and
instructional naterials to be used to expldtee process by which students learn a particular
concept in mathematics.
There are two researcfuesions:
1. How do students come to understand angle and angle m&asure
2. What are effective means of support to
and angle measure?
The research involves studying how childregaye and participate instructional
adivities, while comsidering the learning goals. Thaeeal instruction theorys subject to a
cyclical iterative process of anticipation, enactment, evaluation, and re(@Giavemeijer &
van Eerde, 2009)hisprocess contributes to the theoriefiofv stidents come to

understand angle and angle measures, while also developing a set of instructional activities

1 The terms measure and measurement are used interchangeably in this dissertation.



which can be utilized and adapted by educators to meet the needs of the students in their
classrooms.

This dissertation is comprised of six chaptémschapter two, the firgtectionof the
literature review summarizes resealdsed developmental trajectories regarding angle and
ange measure. The second sectofrthe literature review considers effective instructional
supports for promoting studers 6 under st anding of angle and &
t he DBR approach is discussed and a conjectu
learning of angle and angle measure through the use of context alearaing tasks is
articulated, lased on a review of the literature.

The study methodology is developed in greater detail in chapter four, followed by the
study findings in chapter five. Finally, in chapter six, agedilocal instruction theorg
presented with the effective means wpgort for this learning progression. The final
outcomes of this research include an instruc
understanding of angle and angle measure through the use of context-deeareng and

the instructional materialto support this learning.



CHAPTER TWO: REVIEW OF THE LITERATURE

The study of gometry and spatial reasoniegablechildren to understantd h gpacié
that the child must learn to know, exploa@dconquer, in order to |, breathe and move in
ito (NCTM, 1989 p. 48) Geometry is a complex subject incorporating mehallenging
mathematical concepts. Angle concepts are particularly difficult for students to grasp
(Battista, 2007 Clements, 2004; Clements & Battista, 198Ridquist & Kouba, 1989
Piaget & Inhelder, 1948067) Furthermoreangle measurequires students to consider
measure as the relationship between two components (rays) in aidymamwhich is
different tharlinearmeasurement they have typicafligcounteredClements & Saram
2009)

Empirical findings have highlighted two
understanding of angle and angle measures; these are thedDyswofic Geometry
EnvironmentsDGE; e.g.,Clements & Battista, 199€Ilements, Wilson, & Sarama0@4;
Laborde et a).2006) and realvorld connectionsd.g.,Clements & Burns, 200%yhn, 2007
Mitchelmore, 1989, 1993, 1997, 199&ontextaware udlearning is a type of obile learning
that provides the opportunities for students to utilize the tadSEs while learning in a
realworld setting.

The purpose of this dissertation is to develop an empirisalhgtantiated

instructional theory about student s<orldevel

0p



connections and technological tools tigh the use of contexware dlearning. The
research questions guiding this research are:

1. How do students come to undeand angle and angle measure?

2. What are effective means of support to facilitate understanding of angle and angle

measure?

This study tilizes a desigrbased researdiDBR) methodologyandthe literature
review serves to develop a conjectured local instruction theory. DBR is detailed in chapter
three; however, it is important to point out that the use of this methodology requires a
different format than a typical literature review. This literature review is not intended to point
out the gaps in the literature, but to clarify what is known in order to inform the development
of the conjectured local instruction theory (Markworth, 2010). Téngew is comprised of
three main sections: how students come to utalalsangle and angle measusdat
students need to know about angle and angle measure, and support for learning about those
angle concepts.
Angle and Angle Measure

Understanding anglconcepts requires the apperception of the physical properties of
angle, including the static (configurational) and dynamic (moving) as@i€etsin, 1986
Scally, 1986) Two strands of geometry are involved: geometry and measurement, each with
its own catent, procedures and applications. While there is a dichotomy between the two
mathematical strands, angle and angle measure are highly intertwined. Nevertheless, to
clearly explicate the empirical and theoretical underpinnings of each of the concelgts, ang
and angle measure will be discussed separately before making the connections between the

two.



How children come to understand angleTwo major theories have dominated the
research on angle. The first is the van Hiele levels of geometric thinking (ebn EB57/
1984n, 1957/1984jwvan HieleGeldof, 19571984), developed by Dutch educators Pierre van
Hiele and Dina van Hiel&eldof. The second is from the wf Piaget and colleagues
(viz., Piaget & Inhelder, 1948967; Piaget, Inhelder, & Szeminski®60), in relation to
angle conceptions. More recently, Mitchelmore and colleagues (viz., Mitchelmore, 1989,

1993, 1998; Mitchelmore & Wte, 2000, 2004, 2007) delinedtet udent s 6 devel op!
angle concepts by progressive abstraction and generalizatidrscally (1990) applied the

van Hiele model to develop a specific theory of angle concept development. Elaebeof t
theoriesaredetailed n t hi's chapter to develop a rich wui
of angle.

The van Hiele modelén Hiele 19571984g 1957/1984bvan HieleGeldof, 1957/
1984)highlighsst udent s6 devel opment throfiogoh five | e
gestaltlike unanalyzed awingto a highly complex level of thinkind.heemphasis of the
van Hiele model is placed dhe purpose of effective instruction tacflitate progression
throughthe levelsHowever,even with effective instruction, elementary students typically do
not progress éyond the second or third level; therefore, only the first three van Hiele levels
are discussed in this study.

The way in which the van Hiele levels are numbered has varied (Clements & Battista,
1992). For the purpose of this paper, fing three levels aredied.The terms visualization,
analysis, anihformal deductiordescribe theognitive levels through which the students
progress (De Villiers, 1987; Hoffer, 1981; Teppo, 19%ith the fourth and fifth levels

(deduction and rigor) omitted.

10



Level 1 (Visualization)Students at this initial level identify, name, compare, and
operde on shapeand other geometric configurations according to their appearance. Figures
are seen as visual gestalts in that individual affiex such as angle measae not
explicitly recognized; instead the figures are considered as a collectionhofie
Perception guides the studentsd reasoning, a
figure. For example, a student may say that a figure is a rectangle because it looks like a door
(Clements, 1998).

Level 2 (Analysis)Students at this \el have progressed from gestalt perceptions to
analyzing figure according to their attributesmd are able to identify the relationships among
the attributes to discover rules for how figures are named. For instance, a student may think
of an equilaterairiangle as a figure with three equaigles therefore, the student has learned
that the term Aequilateral triangleo refers

Level 3 (Informal Deductign Studentsat this levelcan provide abstract definitions
andinformal arguments. They can distinguish between the necessity and sufficiency of a set
of properties for a concept, while also ordering those propéostieslly. It becomes clear,
for example, why a square can also be a rectangle. Although the staigesii®wing a
method of logical organization, they do not know that it is a method by which geometric
truths are established.

The van Hieles theorigghat learning is discontinuous process, with jumps in the
learning curvehatreveal the five discretievels. The levels are sequential and hierarchical
descriptions of how the student would demonstrate thinking at each level. In order to move
through the levels, students need to become proficientanmgeportion of the lower level

before they can adwae to a higher level (Hoffer, 1981). From observaiono f st udent s ¢
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thinking, van Hiele (1957/984a)noticedthatknowledgeintrinsic at one level appears in an
extrinsic way at the next. For example, while a child may be using particular properties to
determine the ame of a shape¢he actual thinking at that level may not be cognizant of those
features.

Similar to the van Hiele§/zan Hiele, 1957/984a, 1957/1984lvan HieleGeldof,
19571984, Piaget and colleagues (vis., Piaget & Inhelder, 188/ Piaget et al1960)
developed a thesis on the way students come to understand geometry and angle. However,
Piaget and colleagues also extended this thesis to include spatial reasoning, which Piaget and
Inhelder (948/1967)calledrepresentational spac&epresentational space is how children
conceptualize and represent physical spabis body of research led to the topological
primacy thesis.

The topological primacy thesis refers to
a young c ktgeondetrysis initiallftopdlogical which is where students apperceive
relations such as enclosure, connectedness, and contifhigys followed bythe t udent 6 s
ability to learn projective (rectilinearlygnd Euclidean (parallelism, angutgriand distance)
relationshipgDarke, 1982 Congruent witithe van Hiele model, Piaget and Inheldesifed
that there is a definite order in developmental progression that must be obkenvedP i aget 0 s
studies he identifiedchildren as young asx developinga tacit knowledge of angle,
developing to extrinsic knowledge around the age of nine (Olson, 1970).

As Piagetand Inhelder (1948/1967) studiiildrerd s per spect iositeel t aki n¢
thatthe difference between topologicptojectiveandEuclidean pergectives involvethe
relationship between the figures and the subject. Topological perspectives consider the figure

in isolation, projectiveperspectivemvolve perspectivebetween the figure and the subject,
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and Euclideamefers to perspectives betweggures. Clements (1998), Battista (2007), and
Piaget and Inhelder, describperspective taking as a critical developmental step in
geometry. As students develop projective and Euclidean perspectives, they are able to move
beyad their own perspectives the perspectivesf others. For example, with the
development of projective space, students casttuct straight lines by puttingemselves
as one ofwo points to be linked by a straight line. As students gain the perspective of
Euclidean space, coapts such as angularity and parallelism are developed.
Piagetet al.(1977)describe studentéunderstanding of angle in termstbé
abstractiorprocess. More recently, Mitchelmore and colleagues (viz., Mitchelmore, 1989,
1993, 1998Mitchelmore & White 20, 2004, 2007) conducted studies to focus specifically
on angé abstraction as they delineatd udent s6 devel opment of angl
progressive abstraction and generalization. The work of Mitchelmore and colleagues was
brought abouby Skemp 1986), who t ook Piaget et al . &6s noti
superficial appearance and extended this to think about the underlying structure.
Abstracting is an activity by which we be
experiences. Classifyingneans co#icting together oungerience®n the basis of
thesesimilarities. An abstraction is some kind of lasting change, the result of
abstracting, which enables us to recognize new experiences as having the similarities
of an already f or meetiveen hbatmcing aslan activitysart i ngui s
abstractionasitseq@r oduct , we shall é call the | att

21)
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Mitchelmore and White (2000) postuldtthat students develop angle concepts
through three overlapping stages of abstract@ch stage represents a progressively more
cultured classification of studentsOo experie
Stage 1: Situated angle concefseschool children learn many everyday concepts
such as slide, hill, roof, and bend, and an adult can typsadythese as having a connection
with angle. Mitchelmore and White (2000) defirtbese concepts aguated angle concepts
as they are developed from childrends ment al
children. A situated angle conceptimited to similar situations which may look alike, have
similar actions and are experienced in similar social environments. Empirical findiggs (
Mitchelmore, 1997Mitchelmore & White, 1998)ed Mitchelmore to declare that children
have formed manyitsiated angle concepts as they begin schooling.
Stage 2: Contextual angle concesiring elementary school, most students learn
words such as fisloped and to classify physic
White (2000) descrilmbasphysical angd contextsStudents are able to develop the meaning
of terms €.g.,slope) in that they can provide a number of different examples of slope when
asked to do so. The students are first able to use this term in only a few situations, but this
understandings then generalized to other situations. As the term evolves and is
generalizable, it has become a mental object in its own right. Mitchelmore and White (2000)
calledsuchconceptontextual angle conceptBy the age of nine, students have formed an
explicit understanding of slope, turn, intersection, and corner; however, the concept of bend
is still vague.
Physical angle contexts form from common geometrical configurations and similar

physical actions. But they are not formed on similarities betweengalhygs mental
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operations on those configurations. For example, the concept of turn is abstracted from an
observed movement, not an action imposed by the student.

Stage 3: Abstract angle concepfghile students consider angle contexts as distinct,
they can also recognize similarities between them. For example, studiesh@nore, 1997;
Mitchelmore &White, 1998) indicatthat students noted a similarity between intersections
and bends, and about half recognized a connection between slopes and cuirisyeen
turns, intersections, and bends. The recognition of similarities is the beginning of an
elementary mathematical conception of angle calleabatract angle concept

As Mitchelmore and colleagues developed a more detailed look into the sidbject o
angle, Scally1990)took the van Hiele model arttéveloped a set of level indicators that
focus specifically orangle.The levels correspondith the first three van Hiele levels:
visualization, aalysis, and informal deductioBach level has an ovelalescription and
then multiple level indicators. The overall descriptions are:

First level: In general, the student identifies, characterizes, and operates on angles
according to their appearance.

Second level: In general, the student establishes pregpeftangles and uses
properties to solve problems.

Third level: In general, the student formulates and uses definitions, gives informal
arguments that order previously discovered properties, and follows and gives deductive
arguments.

The detailed list ofevel indicators can be found in full inppendix A.
How children come to understand angle measurd€iaget and colleagadviz.,

Piaget & Inhelder, 1948067;Piagetetal. 196 0) provi ded great
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development of angle corm#ons; in addition, they positl thathe cognitive development
of angle measurean be developetthrough the use of the Cartesian cooate system.
Howevert he greatest contribution to the under st
development has come from the theories and studies conducted by Clements and colleagues
(viz., Clements, Battista, Sarama, & Swaminathan, 1996; Clements &&a2809;
Clements & Stephan, 2004). The work of Clements and colleagues is explicated in this
section while also drawing on the relevant studies and theories of others. This section also
makes the connection between angles as a geometric shape andessgieem

As with understanding length and areamprehending angle measueguires
students to first understand partitioning, unit iteratiélements & Stephan, 2004nd equal
units. SpecificallySaramaClements, Barrett, Van Dine, and McDor20d{1)highlighted a
number of essential understandings needed to understand length measure. These include
studentsé ability to: recognize |l ength as an
units of equal length, measure by using multiple identinak, and measure by using a
single iterative unit. Students will be expected to have these skills for lireseunabefare
moving onto angle measuf€lements & Stephan, 2004).

There are also other unique challengegrderstanding angle measwvkich have to
be considered. This is exacerbated by the multiple definitions given to the concept of angle.
For example, angle can be considered (a) a geometric shape, (b) a measure, or (c) a dynamic
rotation(Henderson & Kieran, 2005reudentha{1973)profferedthat multiple definitions
can be appropriate as targets for instruction. However, many consider a multiple definition
proposal as probl emati c. Earlier static defi

(Keiser, 2000)and there are those (vi£lements & Battista, 1989, 1990; Keiser, 2000;

16



Mitchelmore & White, 2000Scally, 1990)whothink that the definitiorshouldbe developed
more thoughtfully than a static explanation, and the dynamic nature of turn should be
considered in order for stuadts to come to understand angle measure.

Students in the early elementary grades often form two separate conceptions of angle:
angle as a shape and angle as a movef@éents et al.1996 Clements & Sarama,

2009) When students are taughe topic olangle measurehey have to move beyond the
conceptions of angle as a static shape. Otherwise they will adopt measurement approaches
that involve measuring the rays rather than the measure of angle turn. This can lead to
misconceptions that continue walto high schoo(Lehrer et al.1998) To understand angle
measire, Clements and Sarama pedthat students need to overcome misconceptions and
difficulties with orientation, discriminate angles as critical parts of geometric figures, and
represent thelea of turns and their measure.

Clements and Saram2009)developed a trajectory for angle measure fof pre
kindergarten and the elementary grades. The developmental progression has five levels
organized by age. At each level, a descriptive title has gien to define the abilities of the
students.

Ages 23 years: Intuitive Angle Buildefhe child ntuitively usessome angle
measure notions in everyday settings, such as building with blocks. (Places blocks parallel to
one another and at right angleghathe perceptual support of the blocks themselves to build
a Aroado.)

Ages 45 years: Implicit Angle UseiThe child mplicitly uses some angles notions,
including parallelism and perpendicularity, in physical alignment tasks, construction with

blocks, @ other everyday contextd{tchelmore, 19891992;Seo & Ginsburg, 2004The
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child may identify corresponding angles of a pair of congruent triangieg physical

models. Childuses t he word fAangledo or other descrip
these situations. (Moves a long unit block to be parallel with another set of blocks after

adjusting the distance between them, in anticipation of laying several other blocks

perpendicular across them.

Age 6 years: Angle MatcheChild matches angles coertely and gplicitly
recognizes parallels from nguarallels in specific contextd/ftchelmore, 1992 The child
sorts angles into fismallero or Al argero (but
length of the line segments). Given several-oonguent trianglesthe childfinds pairs that
have one angle that is the same measure, by laying the angles on top of one another.

Age 7 years: Angle Size Compar€he childdifferentiates angle and angle size from
shapes and contextacdhcompares angle gg. The childecognizes right angles, and then
equal angles of other measure, in different orientatiblitslielmore, 198% Child can
compare simple turns.

Ages 8 + years: Angle measuré@hild understands angle and angle measure in both
primary aspectand can represent multiple contexts in terms of the standards, generalizable
concepts and procedurelsamgle and angle measure. For examigle, rays, the common
endpoint, rotation of one ray to the other around that end@uidtmeasure of that rotation
(Clements &Sarama2009, p. 187)

It must be noted that Clements and Sarama (2009) developed a number of
instructional tasks as part of the hypothetical learning trajectory, and without adequate

effective instruction, students may not be performingeddHevels. However, from the
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trajectory it appears that students older than eight can be developmentally ready to
undersand angle and angle measure

Curricular expectations for learning about angle and angle measurdn the last
section of this chaptethe focus is on describing how students come to utahetsingle and
angle measurél'he theoretical and empirical components, such as the van Hiele geometric
levels Clements & Sarama, 200@an Hiele, 1957/984a, 1957/198% van HieleGeldof,
19571984) and the developmental process described by Clements and Sarama (2009),
highlight the essential understandings that students need to develop. Essential understandings
are defined by Karp, Caldwell, Zbiek, and Bajlliams (2011) as the specific
intercomected ideas of a larger mathematical concept. Other similar terms have been used in
mathematics; for example, Watt, Clents, and Lehrer (2002) refedt o A bi g i deaso
concepts that underlie understanding and mastering a strand of mathematics, ansl Wigg
and McTighe (2005) describsgie ndur i ng under standingso as th
students need to retain to make meaning of the subjeese terms all refer twitical
conceptsieeded n studentsoé devel opment néanglede hey come
measure.

Although there are many (e.gjnsburg, Inoue, & Seo, 199Behrer, Jenkins, &
Osana, 19985anberg & Huttenlocher, 1996/ho describds t udent sdé6 early dev
toward understanding angle and angle measure, it appears from theaktheuiterature
that students in the final elementary years are developmentally ready to understand these
concepts formally. The National Council of Teachers of Mathematics (NCTM; 2000)

expectations are that students in grad&ssBould identify angleas pertinent properties of
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shape, understand such attributes as size of angle and select the type of unit for measuring
each attribute.
In addition, the NCTM (2006) developed a set of curriculum focal palets;ribed
asindispensable elemerasidcore sructuresfor each grade level. Students in third grade
are expected to describe, analyze, compare, and classHjitvemsional shapes through
attributes such as angle. As part of understandingdimensional shapes, students are asked
to measure and daify angles in fourth grade. Thethors of theurriculum focal points
highlightedgeometry and measurement as critical topics for students in mathematics
(NCTM, 2006). The Common CoftateStandards (CC§ CCSSONGA, 2010)are similar
to the NCTM stadards, with students being expected to consider defining attributes, such as
angle, intrinsically during the early elementary grades and formally identify angle concepts
in the fourth grade. Specifically, within the fourth grade geometry strand of th§ CCS
students are expected to:
91 Draw angles (right, acute, obtuse), and identify these aslitwensional
figures.
1 Classify twedimensional figures based on the presence or absence of angles
of a specified size.
1 Recognize right angles.
The measurement strardentifies these essential understandings:
1 Recognize angles as geometric shapes that are formed whenever two rays
share a common endpoint, and underdteoncepts of angle measure
1 Measure angles with reference to a circle; considering angles as fra¢teons o

circle.
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1 Measure angles in wheleumber degrees using a protractor and sketch angles
of a specific size.

1 Recognize angles as additive.

1 Solve addition and subtraction problems to find unknown angles on a diagram
in real world and mathematics problems.

It is interesting that thauthors of theecent CCS (CCSSONGA, 2010)chose to
useonly the static definition of angle in the grade that students begining about angle
measureThis is not congruent with suggested effective practice defined irt¢haglire. The
CCSSrequirements in relation to angle and angle measure are congruent wiarthied
progressions framework describedHbgss(2011)

Support for Learning about Angle and Angle Measure

In the first two sections of this chapter, a rev@vthe literature has been conducted
to determine how students leainout angle and angle measarel to identify curricular
expectations. This section provides a further review of the literature to highlight the ways in
which educators can support stutdeais they come to understand angle and angle neeasu
Mitchelmore (1998) profferethat for educators to be effective they need to consider the
difficulties and misconceptions students have with these concepts. Therefore, this section
begins with a summurof those difficulties and misconceptions that children can have.
Through an irdepth study of the literature, five reoccurring problems have been identified.

A brief summary will be given of each of the issues.
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Problem 12: Angles have an abstract natureStudents struggle with angle
conceptualization (Battista, 200CZlements & Battista, 1992jue to the multiple ways in
which angles can be represen{8dart, 2009)Mitchdmore and White (2004) descrithehe
way in which students are required to sed@ngncepts as both abstragiart and abstract
general. Abstraetieneral angles embody general properties of the world and can be easier for
students to understand than abstegert, which are angle representations on diagrams and
similar representatia(Mitchelmore & White, 2004)

Problem 2: Understanding angle as a turnStudents can have difficulty in
understanding angle as a tBattista, 2007Clemens$ & Sarama, 20Q9and this has led
Mitchelmore and White (2000) to proffer that angle measusaldmot be taught to
beginning learners as the amount of turning (about a point) from one line to another.
However, this suggestion is contradicted by some who claim that turns are natural for young
children(Hoffer, 1988) and if explicitly and carefullyaught, students of elementary age can
learn angle as a turn, especially whising supportive technologies whiblghlight the turn
(Clements & Battista, 2001)

Problem 3: Understanding what angle is measuringlhis problem is closely tied
to problem two As many stuents do not perceive anglestass, students often believe that
they need to measure the lerggtii the rays, rather than an actual turn or the proximity of

two sideqClements& Battista, 1989) ehrer et al.1998) In a study with a grougf first,

2 Although a numbered list is provided, this does not connote an ordinal position of
difficulty. The numbers are included to assist treder in determining the location and

organization of the listed problems.
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second, third and fifth grade students, even when asked about angles in dynamic contexts,
95% of the students measured lesgththe rays when asked to meastireangles.

Problem 4: Struggle to see different angles in different context&mpirical
findings led Mitchelmore and White (2000) to conclude that students had difficulties relating
the standard angle concept to various angle contexts. For example, students could not
identify the two lines that make @pstandard angle in the contexta door.

Problem 5: Salient criteria for judging angles.This problem is connected with the
other issues describefls sudentsconsider the physical attributes of an angle, teey
erroneouslyncludeparticular attributes as salient. For exampiepeical findings indicate
that students can often wronglgknowledge he | engt h of the angl eds
salient features of angledhrer et al.199§. This is a misconception highlighted by many
(viz., Battista, 2009; Clements Battistg 1992 Yerushalmy &Chazan1993)who
accredited typical angle diagrams asaorcause for this problem. For example, students
may not recognize a right angle as it is placed in a nonstandard orientation.

While considering the ways in which students comenttertsand angle and angle
measurgwhich was delineated in the first section of this chapter, the evidence based
curricular recommendations from the second section, and the misconceptions and difficulties
highlighted in this section, the literature was @@again reviewed to determine theories and
empirically based instructi onaglofamleandangle e t o
measureTwo trends emerged from this review, which are thatweald connections and
the use of technological supp®have a positive effect on student learning.

Realworld connections.Early mathematicians noted the importanceafnnecting

mathematical concepts the real world. Clairaut (1741/2006) descdibew he learned all
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that he could about the principlesgeometry with ral-world connections. He positthat in

order to teach geometry effectively, it was necessary to start by applyingtimasplesto

measuring land. is worth noting here that the Greek etymola@fyeometry is the measure

of earth odand.Comenius (1657086) describethe importance of mathematics being

presented to the senses as much as possible as concrete relevant items. This sentiment is still
echoed by many in the mathematics community today, with many mathematicians and
governmentsdvocating for a connection to be made between mathematics and the real

world (e.g., BartoliniBussi, Taimina, & Isoda, 2010; Gainsburg, 2008; Hiebert & Carpenter,
1992; NCTM, 2000; National Research Council, 1990).

Using realworld connections in matheries has many recorded benefits, such as
enhanci ng st ud efihe sid@hematicdl eanceBa hadge,gO6Steen &
Forman,1995) ampl i fying studentsdé ability to thin
(Lehrer & Chazan, 1998&jational Resarch Council1998) and motivating students to learn
about mathematigddNational Academy of Sciences, 2008here have been a number of
studies to determine the affordance of teaching angle concepts withartghiconnections.
There are those who havsad realworld objects; for examplBiagetandinhelder(1948/
1967)usedtongs, and Mitchelmore and Whit2000)used adjustable models of wheels,
doors, scissors, and fans. Others usedlifegbhysical situations; for instance, Munier,
Devichi, and MerleZ008)had students determine angles in a playgroxpeérence, Fyhn
(2007)used a climbing project for the students to study angles made by body formations
during climbing activities, an@lements et al1996)began their study by having students
use their experience of body movements to consider angleedmthem mathematize their

physical experiences.
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Mathematizing realvorld contexts has been a repeatimgme during the literature
review. The ternrmathematizing s descri bed as fAéthe organizi:r
which acquired knowledge ardbilities are called upon in order to discover still unknown
regul arities, c @meffers,d287Ypo2473. The varyrswrroundingseasdo
actionswhich the students halweeninvolved with since birthh ave devel oped t he
intrinsic krowledge of geometry. This intrinsic knowledge can be especially efficacious in
devel oping student s&6 c onClanertsetall998)at i ons of a
Furthermore, both measuremé¢8arama et gl2011)and geometry angrincipal realworld
applcations of mathematics.
Battista (2009) lamentaédh at fAgeometry instruction and
the process of forming concepts from physical objects and instead focus on using diagrams
and objects to repr es e nGonséquentiystuderdsicanmpeet concep
irrelevant attributes of the diagram or object to the geometric concept (Clements & Battista,
1992), for example the orientation or the length of angle rays. Understandimg calezia
neededor judging angless a comma difficulty or misconception students hawe the
study conducted bylunier et al.(2008) the researchers conclutiat realworld situations
enable students to ialidate the idea that lengthas appropriate way to compare angles.
Mitchelmore {997)addedthat studjng several angle contex¢ssurs that lengthof rays
andangl e orientation would not become a part
Students find angles difficult, abstract topicand it is essential to have students link
different angle contegfor that very reasofWilson & Adams, 1992) Al t i s only by
recognizing the similarity between angle situations with and without both arms visible that

the standard angl e MVitahenoe & White, 200 p. 23d)e ner al i z e
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Nevertheless, finding anglegthin reatworld situatiors can be a difficult task for students,
considering the vast amount of visual information that the students have to sift through to
find the angles. HoweveGutiérrez(1996)pointedout that thesare skills thanheed to be
devel oped in rel at i onFiguregraubhdperceptionstide alslifyat i al r
to identify a specific figure by isolating it out of a complex background panception of
spatial positionss the ability to relat@an object, picturegr mental image to oneself
(Gutiérrez 19963. The latter is especially important, for the angle a student sees in the edge
of a window can be a different sjzar kind of anglewhen viewed from a different position.
From the revievof the literature, it i®vident that realvorld connections are crucial
in the devel opment of studentsdé wwriler st andi n
contexts provide opportunities for students to explore, make conjectures, display, and clarify
thar undestanding of angle conceptsnmotivating and meaningfuvays (Munier et al.,
2008). Specifically, through the use of reairld connections students carathematize
intrinsic environmental anphysical experiences (Clements ef 4096), determineelevant
attributes of angles from those that are irrelevant (Clements & Bati#82; Munier et al.
2008), make abstract angles comprehensible, and generalize the standard angle (Mitchelmore
& White, 2000).
Technology: Dynamic Geometry EnvironmentsA considerableonnection was
made between studentsd developing understand
However, to undstand the role technologyhasi st udent s under standin

an acknowledgement of two different types of actgtithe technical and the conceptual

3 The full list is available irGutiérrez 1996, p. 10.
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(Hoyles & Noss, 2003; Zbie&t al, 2007). The technicalomponent describesechanical or
proceduraperformance.tlis the way in which students interact with the technologies to
construct, manipulate, and measurel@sgwWhile performing these tasks, students are also
devel oping sequences of mathematical actions
understanding, communicating, and developing the mathematical connections, relationships,
and structures (Zbiek et.a2007). Although a dichotomy between the two activities has been
described, students need to be involved in both tasks for technology to positively influence
student learning (Borwein, 2005; Borwein & Bailey, 2003; Zbiek et al., 2007).

Two technologicaénvironments have dominated the research on angle concepts:
Dynamic Geometry Environments (DGEs) and Ldgsed environments. DGEs provide the
students with figures (e.g., lines, points, circles) and basic tools (e.g., the ability to draw a
perpendiculaline from one point to another) to create composite figures. Various dynamic
transformations can also be performed, with the ability to trace the path of the movements for
later visual inspection. Logo is a computer programming language used for progcinas s
Logo-based Turtle Geometry (TG) and the related Microworlds. TG typically involves a
robotic turtle that is directed to move around the screen by typing commands into the
computer; as the turtle moves, it draws lines creating vafigu®s. Microvorlds are
computational environments in which students can engage in exploration and construction
activities (Noss & Hoyles, 1996; Sarama & Clements, 2002).

| n t he |Lago becain® reddgnized as angiaking computer software
(Smart, 2009)Logo eavironments are actiebased athey have the students using
perceptual\(iz., watching the movements of the turtle) and physizal (as the students

interpret the movement of the turtle as an actual physical motion of watlentgnds

27



Technological emronments such as Logo are more beneficial than static diagrams in helping
students understand that angles are dynamic (@esents & Battista, 1992}t would

appear that Logo was one computer program that brought attention to the way in which
technobgy can support the teaching and learning of angle and angle measure. However, it
has been reported that students could not link their own body movements to those of the
turtle (Clements et a1.1996) and there is a lack of transfer of angle conceptéysipal

angle concepts in genel@litchelmore & White, 2000)

DGEsar e a more recent type of computer pro
developing understanding of angle concepts. There are a number of ways in whigbddGE
extendand enhancesident sé6 understanding while avoidi
misconceptions students have. As the name suggests, it is also a program that provides
dynamic images that may assist students in recognizing that angle measure is based on a turn.
Having tre ability to create and manipulate objects assists students in perceiving the angles
as geometric entities, rather than just visual obj@digek et al, 2007) Therefore, students
are more likely to reflect on the appropriate properties to determiroatigorization of the
angles, as they are able to simultaneously take into account the specific and grounded with
the abstract and generalizglements & Battista, 1994)n other words, DGEsupport
students in understanding the abstract nature of awhliés understanding salient criteria for
judging angles. DG&expand the repertoire of representations available, beyond the
prototypical angles often displayed in textbooks (Clements & Battista, Z88k et al,

2007)
DGEs provide cognitive tools tesupport students as they come to understand angle

and angle measure. Cognitive tools are defined as technologies that act as external aids to
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amplify studentsdé cognitive capaci t(iajpiss dur i n
200Q Lajoie & Azevedo, 2008 Other terms harbeen used to name these toBka (1987)
describd them ascognitive technologieZbiek et al(2007)ascognitive technological
tools and Hoyles (1995) aomputational scaffoldingloylesandNoss(2003)usedthe
termexpessive toolso specifically refer to the tools available in DGEs.

The tools within the DGEs provide students with a way to access the mathematical
characteristics underlying geometry and spatial reasqhatgprdeet al.,2006) The
software toolsbecomm an extension of the studentsodo thi
programgMason, 1992)Hoyles (995)described this extension as computational
scaffolding, a support process to aid in constructing situated abstractions. The tools affect the
very way in which the studestthink and solvéasks(Vérillon & Rabardel, 1995)As
students create or access the visual representations within the software, the cogrstaeg tool
asuser agets (Kaput, 1992Yo perform geometric actions or procedures unedirection
of the studenfZbiek et al, 2007)

Cognitive tools have the potential to enh
geometry in a nurdy of ways. Pea (1987) descrilike way in which the cognitive tools can
amplify intellectual activity. Thais, DGEs can increase the speed in whiohthematical
tasksare accomplishedyith higher accuracy (Pea, 1987). In addition, students can work
with the tools within the geometry software to assist in discerning regularities that may have
otherwise remairgehidden(Heid, 1997 Pea 1987). Meagher (2006) extendece a 6 s t heor i
to a twoeway amplificaton perspective as he reiterataalv students can be amplified by the
computer, but atsdescribedhe way in whichstudens can amplify the technology as they

refine educational goals and make the technology provide the best fit for those goals.
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BenZvi (2000)proposeda number of different ways mathematical software can also
reor gani z evitiest Sheldescribaihé wagy c
(a) tools may shiftthestuden®d acti vity to a higher | evel
tasks and focuattention on detailed planning
(b) tools change the @rts and form of the activity
(c) tools focus the activity on transformgiand analyzing representations
(d) tools supprt the situated cognitive mode of thinking and problem soj\ang
(e) tools enable students in constructing meaning of conceptions by the use of the
representative ambiguity.
Clements and Burns (2000) descrilibd way in which studes useccomputertools
to manipulated angles in a computer program:
The memal imagebased version ahovemens [on screen]that is the new mental
scheme. Eventually, these mental schemes become operational; that is, they can be
created, maintained, amcnsformed internally. Students then have a conceptual
protractor that they can mentally project onto objects and situations to measure turns
or angles (p. 42).
Physical protractors may be a typical tool of choice for many mathematicians; however, as
stucents initially learn about angle concepts, the design of the typical static protractor has
been found to be problematic. For example, to use a protractor, the student has to identify
two lines on the protractor and match thostherays of the anglesnthe paper. This is
difficult as students have several lines to choose for the base, then the second line has to be
imagined (Mitchelmore & White, 2000), and the absence of structural angle components

often leads to failure to establish effective structorappinggBattista, 2007.)Furthermore,
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the activity of finding corresponding lines on the protractor does not assist students in
visualizing the concept of turn while using a static procedure (Clements & Burns, 2000).

Mitchelmore and White (2000) posiit hat fAit woul d seem t hat
a turn as a relation between two lines, and hence to recognize the angular similarity between
a turn and a corner, is an essentrarpquisite to angle measwes i ng a protractor
This can be élped by using the protractor with a moving arm, but the typical protractors
used in schools are the static, s@intle protractorsAt this point thenext problemarises
As educators intend to develop st B6@°%tmet sdé und
use of a protractor of up to 180° can cause confusion and fuel the misconceptions and
difficulties that students ha€lose, 1982)Clements and Burns (2000) pasithat
dynamic computer programs can overcome these problems as the dynamsiohtiter
programs aid students in internalizingg@nbenchmarks (e.0°, 180°) and ircognitively
comprehenihg the notion of unit iterations within the image of an angle turn.

DGEsprovide a window on the studencalsd conc
tools do not automatically react to students
unnoticed or be misinterpreted by studd@biek et al, 2007) Researchers have repaut
that the design of DGEdoes not allow students to hide what theynot know(Clements &

Battista, 1994)Therefore, mistakes and student misconceptions can be clearly identified,
allowing the opportunity for educators to plan appropriate tasks and activities to fill those
gaps in the studentsd geometric understandin

The feedback provided from the D&&an act as a catalyst for large or small group

discussiongMariotti, 2000) For students to develop a rich understanding, it is crucial that

they have the opportunity to interact with others to share mathematicalaidedindings
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(Chaplin, O'Connor, & Canavainderson, 2009Richardson, 1992002) @A Ref | ect i v e
thought and, hence, learning is enhanced when the learner is engaged with others working on
t he s am¥an ded\alke € fovin( 2006 p. 4). Theoretical ahempirical evidenchas
indicatal that discussion is particularly essential in overcoming many of the misconceptions
students develop in relation to angle and angle me@twe/ning et al., 2007Mitchelmore
& White, 2000;Munier et al, 2008)

Throughthe use 0DGEs, teachers arfosteing mathematical discourse, augmenting
communication from teach#¢o-student, or computdo-student, to a richer studetat
student communication (Roblyer & Doering, 201@ addition, interactive geometry
software albws discussion of geometric objects in a manner that was once impossible with
traditional paper and pencil representations, Barrett, & Presme@®009) DGEs enable
students to produce detailed external representations of their internal mental refimasenta
Once externalized, there are visible phenomena that can be shared and discussed with others.
Although the representations are idiosyncratic, the visuals and computer activities provide a
common context for students to effectively share their i(a%t al, 2009) and the
mediating function of the computer can create a channel of communication based on shared
languagdHoyles & Noss, 1996)

From the review of the literature, it is evident that B@Ee efficacious in developing
st udent s 6of dnglecamdlamgld qeasure. To summarize, this section has delineated
the way in which DGEspecifically aids students in learning angle concepts while avoiding
the highlighted difficulties and misconceptions. For example, the dynamic attributes of
compuer programs allow students to see angle measures ag@lenments & Burns, 2000)

and enable students to uncover the salient geometric attributes of angle to take into account
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the abstract and the generalized (Clements & Battista, 789k et al, 2007. In addition,
this section has revealed the potential of B&Eact as cognitive tools and to promote
discussion as a means for students to extend and enhance their understanding of angle and
angle measure.

Mobile learning: Context-aware ubiquitous leaming. The theories and empirical
findings surrounding the teaching and learning of angle and angle mezdsarly advocate
for the use of realvorld connections and DGHo support learning. There are maeyy,
Balacheff & Kaput, 1996; Sarama & Clemgn2009; Sinclair & Jackiw, 2010) who have
made the connection betarethe two supports as they deschb& mathematical computer
programs have sought to mathematize the world by addingvozld referents.

Mobile learning (rdearning) has provided awephase in the evolution of
technology enhanced learnifigooi, Seow, Zhang, So, Chen, & Wong, 201@}learning is
definedasil ear ni ng across multiple contexts, thrc«
per sonal e | e(Cromptom 20t3p. d)As mleaenmgdeveloped, the multiple
affordances the device offered to extend traditional pedagogies became evident. Traxler
(2011) described fivways in which rAearning offers new learning opportunities: 1)
contingent learning, allowing learndasrespond and react to the environment and changing
experiences, 2) situated learning, in which learning takes place in the surroundings applicable
to the learning, 3) authentic learning, with the tasks directly related to the immediate learning
goals, 4 context aware learning, in which learning is informed by the history and the
environment, and 5) personalized learning, customized for each unique learner in terms of

abilities, interests, and preferences.
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Mobile devices have been used in a numbenahematicaktudies and the findings
indicate that rearning cardevelop studenfsinderstanding of estimatighan, Sung, Tan,
Lin, & Chang,2010) addition, subtraction (Zurita &ussbaum2007) and multiplication
(Wei, Hung, Lee, &hen 2011) In addtion, research on Aearning has shown that both the
mobility and the connectivity of the devices allow students to become active in the learning
process and make those readrld mathematicatonnections. Rther than sitting in front of a
conventional tétered computer, the students can use smaller portable devices to learn by
physically exploring the real worlgColella, 2000 Squire &Klopfer, 2007)
This realworld connectiorhas developed into a sub category elesrning and is
referred to as contexdware ubiquitous learnin@ontextaware dlearning; Lonsdale et al.,
2004). Hwang,Tsai, and Yang (2008) describedntextaware dlearning as:
The | earner d6s si tua t-wasldenwonmentinewhishitheuat i on
learner inocationcan besensed, implying that the system is able to conduct the
l earning acti viti e sawarededrriing can actvély provade | d € c o
supports and hints to the learners in the right way, in the right place, and at the right
time, based on the engimmental contexts in the real world. (p) 84
To develop an idea of what this looks like in preetiHwang et al. (2008) providedable of
contextaware dlearning moded and examples of each. Tablprbvides a few of those

models and examples
Tablel.1

Models and examples of contextare ulearning activities

4 The full table can be accessed at Hwang et al., 2008, p. 86.
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Model Context Aware UbiquitousLearning Examples

Learning in the real world The students learning in the real world and are guided by

with online guidance system, based on the reabrld data collected by the sensor:
For example, for the students who takes a chemistry cours
hints are provided automatically based on his or her real
world actions during the chemistry procedures.

Learning in the realvorld ~ The studentgearn in the real world, and support is

with online support automatically provided by the system based on thewedtl
data collected by the sensors.
For example, for the student who is learning to identify the
types of plants on campus, relevant information concernin
thefeatures of each type of plant is provided automatically
based on his or her location and the plants around him or

Collect data in the real The students are asked to collect data byrebsgobjects in

world via observations the real worldandto transfer the data to the server via
wireless communications.
For example, observe the plants in this area and transfer t
data (including the photos ydake and your own descript®r
of the features of each plant) to the server.

Identification ofa reat Students are asked to answer the questions concerning th
world object identification of the reaWorld objects.
For example, what is the name of the insects shown by the
teacher?
Observations of the learnin Students are asked to answer tbheggions concerning the
environment observation of the learning environment around them.

For example, observe the school garden, and upload the
names of all the insects you find.

Cooperative data collecting A group of students are asked to cooperatively collectidat:
the real world and discuss their findings with others via
mobile devices.

For example, Cooperatively draw a map of the school by
measuring each area and integrate the collected data.

Cooperative problem The students are asked to cooperatigelye problems in the

solving real world by discussing through mobile devices.

For example, search each corner of the school and find th
evidence that can be used to determine the degree of air
pollution.

However, not all learning need take place in the realdv®obile devices may be used to

complement decontextualized learning of mathematics within the classroom with
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contextualized learning outside the classrg@angney, O'Hanlon, Munnelly, Watson, &
Jennings2010)

In arecentstudy, students were using atextaware dlearning to studglementary
geometry conceptsithin the realworld setting Elisson andRamberg2012)used Desigh
based research tmnducta studywhere studentwere asked to complete two activities. In
the first activity, students workewith the concept of volume as they were asked to play the
role of architects planning for new buildindss.the second activity, the students studied area
as they relocated imaginaspecies from the local zoo to a field close to the school. Both
activities required the use of a mobile software application which measures the distance
between two mobile devices via Global Positioning System (GPS). For example, in the
second activity, studentgere placed into groups of three @alen to anearby field. Ty
were asked to estimatiee area of two small rectanglesrked by plastic cones, then using
premade cardboard squarhe studentsneasurd the area antyped this answer into the
mobiledevice.

Once the measuseas inputted into the device correctlynew task was given. This
task asked students to estimate the area of the rectangle @@0@ntarger field. Next, to
measure the rectangle, students stoatlher end of the sides and uskd GPS measuring
application on the mobile devices. Mulyimg two sidesthe students typed the area of the
rectangle into the application. The fingrt of thistask required the students to use the
mobile device to construct a coned area of 4800sing the measurement application.

The purpose of the studyasto considerguidelines for designing contextual mobile

learning activities to ensure that mobile devices enhance and support learning, rather than
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distractstudentdrom the mathematical content to be studied. Results of this study identified
the following guidelines.
The design of the mobile devices should:
1 Let students assume roles
1 Be used by students as contextual tools for measuring or probing the physical
environment.
The locatiorbased and contextual mobile learning activities should:
1 Be designedor physical interaction with the environment.
1 Letteachers assume roles
1 Encourage facéo-face collaboration
Learning activities should
1 Introduce unfamiliar aspects of the locatie®sed and contextual mobile
learning activities before going into thelfle
This study used one of many measurement applications for mobile devices which can
extend and enhance students understanding of elementary geometry and measurement
conceptsSketchpad Explore2012 is atype of DGE which isnow available on mobile
devices.With this application, gecific addons allow the students to interact with the real
world to take phoographs of physical objects in the environmamtironments. The many
tools within the DGE can be used while the student is still in the sameitotadowever,
while these tools are available, as ElissonRachberg2012)repored, there are also
considerations that need to be made to ensure the activities are well designed in order to

utilize these applications for learning to take place.
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Task design It is clear from the literature review thus far that mobile devices, DGEs,
and realworld environments can provide a cocktail of supports for students to effectively
learn d@out angle and angle measurais sectiorhighlights the importance of taslesign in
considering appropriate activities to challe
sectiondescribes ways in which activities can be constructed to successfully incorporate
mathematical discussion and teeuke guidance provided bgn Hele-Geldo® €957/
1984)instructional phases, to think about the way students develop geometrical
understandings.

Doyle (1983) describesit udent s6 wor k i n Theeaturesofteef acad
tasks contributes not only to what students learn, but also howhih&about, develop, use,
and make sense of mathemafigtein, Grover, & Henningsen, 1996)oyle definedfour
categories of academic tasks: memory tasks, procedural or routine tasks, comprehension or
understanding t&s, and opinion tasks. He clairtiet each of these categories varies in
terms of the cognitive operations required during each differentWashg this idea of
cognitive loadStein, Smith, Henningsen, and Silv20Q0)developed a model which
delineates four levels of cognitive taskswvloognitive demand tasksmemorization, low
cognitive demand taskgrocedures without connections, high cognitive demand tasks
procedures with connections, high cognitive demand tadkéng mathematics.

For example, the least taxing of these, mepadion tasks, involve reproducing facts,
formulas or definitions from memory without understanding, and doing mathematics, a high
cognitive demand task requires effort, exploration, understanding, knovdadgen
algorithmic thinking. To provide studentsth tasks to deepen and extend their mathematical

knowledge, tasks should have three feat(idesbert & Wearne, 1996First, the tasks
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should be a challenge to students; leading to higher cognitive demand as the students are
requred to think and proleimsdve. Second, the tasknust connect with where the student
are at in terms dearning. In other words, they should have prior skills and learning to draw
from. Third, the tasks must engage students in thinking atmmatrtant mathematical ideas
andhavethe students to reflect on these ideas.

Student interaction is an essential component of {@&élkebert et al., 1997)Jsing
tasks designed withia contextaware dlearning approach, students can take advantage of
the portability, size, and sensdeatures (e.gcamera and scanners) of mobile devices, to
interact easily with peers and the environment. Connectivity is a key feature in learning with
mobiledevices (Laurillard, 2007; Sharples, Sanchez, Milrad, & Vavoula, 2009), and
cooperative, discsson based approaches to learning are well documented as being
advantageous in students developing a deep understanding of the mathematical concepts
(Richardson, 1999%van de Walle & Lwin, 2006).DGEs were also highlighted earlier in the
literature reviewfor the way in which the programs fostered mathematical discourse.
Nonetheless, discussions need to be well planned and pwidosafder for the
mathematical ideas to be heard (Nyikos & Hashimoto, 1997; van Hiele, 195[7)1984

These practices, oftereskcribed aacademic tallor accountable talkwhich
highlights discourse as being accdahle to the learning communiity which participants
listen to and build their contributions in response to those of others (Michaels, O'Connor, &
Resnick,2008) Vande Walle and Lovin (2006) proffedthat effective discussions include:
active-participation, reflective responses, and turn taking. Richardson (1999) and Hiebert et
al. (1997) suggestithat students should be given time during discussions to refl¢kaeon

ideas of othersAlthough talking is a simple activity for many peogle engagestudentsn
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effective mathematical discussions can take a lot more practice. To support students in

conducting these conversatio@aplinet al.(2009)devised a set dalk moves which can

be used by the teacher to support mathematical thinking. There are five talk moves in total

which are listedn Table2.1

Table 21

Talk Moves

Talk Moves

Move 1 Revoicing. (ASo youobdre saying tF

Move 2 Repea i ng: Asking students to rest
repeat what he just said i your

Move 3 Reasoning: Asking students to afrf
reasoningl iDo you agree or disagree

Move 4 Addi ng on: Prompting students f ol
|l i ke to add something more to tF

Move 5 Waiting: Using wait time. (fATake

Table21Adapted from fiClassroom Discusdieamand YRinng edat)h

Chaplin, C. OO0 cAndersan,l2009.Sausali;a @AaMathrSolutions.

Strategies, such as the talk moves, assist students in participating in academically productive

conversations.

Mathematical discussions play angartant role in van Hiek&s e | d a9541984)(

instructional phases. There are five phases in total, designed to promote learning through
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each of the van Hiele levels of geometrical thinking (van Hiele, 19844, 1957/1984b
van HieleGeldof, 19571984) The phaseare sequential, altiugh students may go back and
forth through the phases as the students encounter new concepts.

Phase 1{Inquiry/Information)During this initial stage, students get acquainted with
the geometric concepts as the students engage in conversations andsaahuitt the
objects of study. For example, students examine examples afekamples of angles.
Students make observations and questions are raised.

Phase 2(Guidedorientation) Students explore the concept through a carefully
designed sequence of atiies. The activities are designed to slowly reveal particular
characteristics of the concept.

Phase 3(Explication)Studens havenow gainedsome understanding of the
geometric concept from the earlier activiti®@&schnical language will be introduceahd
during this phase in the activities, students wilebeouragedo express and exchange views
about the geometrical phenomena while using the technical language.

Phase 4{Free orientation)Students work on more difficult activities to use the
knowledge they have gained in the other phases. They will be asked to select parts of this
newly gained knowledge to solve problems, or develop further relationships.

Phase 5(Integration)Activities would involve students summarizing all that they
have learnedbout the subject. Students will be asked to develop a newly organized network
of what they understand about the geometric concept.

Contextaware dlearning connects students to readrld phenomena and
technological tools, such as DGE, to support legroinangle and angle concepts. However,

the design of activities needs to be intentionally developed in a way that will allow students
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to take advantage of these supports, while also ensuring that they progress in their
understanding of angle and angle swea The van HieleG e | d (@9571984)instructional
phasepr ovi de a way i n which activities can be

understanding, while building on prior knowledge.
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CHAPTER THREE: DESIGN -BASED RESEARCH

Designbased research (DBR) is a methodologt Bupports the development of and
research concerning a local instruction theory to be used to support students learning
concepts in mathematics. DBRusedn this study to address the following research
guestions:

1. How do students come to understandlarand angle measure?

2. What are effective means of support to facilitate understanding of angle and angle

measure?

The DBR methodology is discussed as the theoretical framework to undergird this
study. This chapter has two main sectidnghe first sectin, the tenets of DBR are
explained. In the second section, the methodology is applied and reflects literature reviewed
in chapter twoA conjectured local instruction theory is proposed and a brief summary of
instructional activities reflecting the apmtton of this local instruction theory is provided.
The testing and revision of this conjectured local instruction theory through the use of the
instructional activities is the focus of thigsertation
DesignBased Research

The t er mrse SiasadiRieeves, 2010) fndevel opment resea
(Conceicao, Sherry, & Gibson, 2004 and fdesi ¢Browrg X9p2have bmennt s 0

used interchangeably to describe the DBR methodology. The more current term in the
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l'iteratubasiced i &e Andersdn & ShatidkR2O12nd is the term that
has been selected for use within this study.

DBR emerged as the practical research methodology to bridge the gap between
theoriesand practice (Anderson & Shattuck, 2012). The methodology permits the hesearc
to focus on | earner so6 uatdaevebplacal thstrmcion The go a
theories and to extend theoretical frameworks related to learning mathematics concepts
(Gravemeijer & Cobb, 2006)

DBR i s fda series of farpdpangrew theorges, artifacts,h t he
and practices that account for and potentially impact learning and teaching in naturalistic
s et t (Barap & 8quire, 2004, p. 2Anderson and Shattuck (2012) highligthseven
characteristics of this methodology. Tiesearch is:

1. Stuated in areal educationalcontexs: As the research is conducted in the
real educational context, this provides validity to the research, and the results
can effectively be used to inform, assess, and improve practice in one (and
often dher) contexts.

2. Focuse®n thedesign andesting of asignificantintervention:The
intervention is one that can be used in other classrooms, by teachers with
students, and is not simply an intervention to be used for experimental
purposes. The design thfe intervention is a key feature in DBR.

3. Usesmixedmethods:DBR typically involves a mixed methods approa&h.
Maxcy notes, it is logical for researchers to select and use different methods,

chosen as needé¢lllaxcy, 2003 p. 59).
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4.

Involvesmultiple iterations: The implementation of desigmsed

interventions involves the testing of prototypes, through iterative refinement,
and evolution of the design tested in authentic practice.

Involvesa collaborativepartnership letweerresearchers angractitioners:

In DBR the teacher and the researcher work collaboratively. The partnership
recognizes that the teachers are often may be ill equipped to conduct rigorous
research and also have limited time is to do so. The researcher may not
understand the complexitie$ the classroom culture and the politics of the
specific educational system to effectively create and measure the
intervention. A collaborative partnership supports joint understanding of the
instructional implications.

Involves the evolutioaf designprinciples: The methodology leads to the
development of practical design principles, patterns, and grounded theorizing.
The design principles reflect the conditions in which they operate and provide
tools and conceptual models to help understand and adfusitérvention to
maximize learning.

Provides pactical impact orpractice: Anderson and Shattuck (2012) nibte

that research is often disconnected from practice. Often research that seeks to
advance theory but does not demonstrate the value of the dgsigmating

an impact on learning in the local context of study does not adequately justify
the value of the proposed thedBarab & Squire, 2004o. 6. Effective DBR

has a direct impact on the theory and the practice.
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Local instruction theory. One of tke primary aims of DBR is the development of a
| ocal instruction theory (Gravemeijer & Cobb
of alocal instruction theorys developed within the context of DBR, and describes a frame
of reference for designinghd engaging students in a set of exemplary instructional activities
which support studentso | earning of a partic
Whitacre, 2010). In the DBR process, initiallyjg@njectured local instructional theory
developed from empirical evidence (i.e., literature review) and proposed theories of learning
and pedagogy addressing a particular mathematical domain.

Through the process of DBRgonjecturedocal instruction thegris modified and
strengthenedAnalysis is ongmg and the implementation afstructional interventions
provides information about how students are, or are not, learning and the methods by which
learning is made possib{&ravemeijer & van Eerde, 2009jhe information collected from
an instructional exgriment contributes to the revision of the conjectured local instructional
theory (through a thought experiment), and results in potential revision of the instructional
sequence and the subsequent instructional experiment (Markworth, 2010).

In DBR, the icentification of a local instruction theoogccurs in the first phase of the
research and is then revised throughout the research process and provides a framework of
analysis (Markworth, 2010). This revision begins during the micro cycle prdtgase3.1
provides a graphical representation of the micro cycle process. For examnpig,tbe
course ofa twoweek instructional cyclemini cycles occuapproximatelytentimesduring

an instructional sequence, which is referred to as a teaching experiment.
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thought thought thought thought thought
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instruction instruction instruction instruction
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Figure 3.1 Reflexive Relation between Theory and Experiments

Figure3.1Adapted from fiDesign Research from a | earning De
2006. In K. Gravemeijer. J. van den Akker, S. McKenney, & N. Nieveen (EdRi;ationaldesign research,
London: Routledge, pp. 171.

The micro cycles comprise the long term macro cycle. For exampledayen
instructional sequence, when completed, is a magarte, which is followed by a second
macrocycle as shown in Figui22. The secad macrocycle consists of the implementation
of the revised instructional sequences based on the revisions to the conjectured local

instruction theory.
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Figure 3.2. The Micro and Macro Cycles

Figure3.2.Adapted from fiDesign KRegraPehspeomi aedbebynGngv Ok

2006. In K. Gravemeijer. J. van den Akker, S. McKenney, & N. Nieveen (Ethij;ational design research,
London: Routledge, pp. 171.

There are three phases conducted within BRawvemeijer & van Eerde, 2009;
Shavelson, Phillips, Towne, & Feuer, 20@mon, 1995)Gravemeijer and van Eerde
(2009) described DBR as a cyclical iterative process of anticipation, enactment, and
evaluation. The anticipation is the development of the conjectured local instruction theo
and the design of the instructional activities, the second component is the teaching
experiment with the daily mini cycle analysis, and the third component involves the
retrospective analysis (the reflection on the macro cycle). Iterations of these thre
components make up the macro cycle, which underpins the emerging conjectured local
instruction theory.

Theoretical Framework: Conjectured Local Instruction Theory
The purpose of this section is to articulate a conjectured local instruction theory about

studentsod devel opment of angl e @awmade angl e

48

me a



ubiquitous learning tasks. The conjectured local instruction theory was framed as a result of

the literature review. This framework is the initial conjecture of a localictsbn theory
about a how students develop their knowledge of the cont@ngle and angle measure
Based on this theory, a proposed set of
developed. Throughout the study, the conjectures can be refutettemdtive conjectures
developed and testé@obb, Confrey, diSessa, Lehrer, & Schauble, 2003)

Gravemeijer and Cobl2006)describedheconjectured local instruction theory
consisting of a learning process and a means for supporting that procesterahedi
review identified a number of different frameworks to use as lenses for the way in which
students develop an understampdaf angle and angle measuhe particular, the van Hiele
levels utilized byScally (1990) provide a set of level indicatorthat encompadsoth angle
and angle measur®litchelmore and colleagues (viz., Mitchelmore, 1989, 1993, 1998;
Mitchelmore & White, 2000, 2004, 2007) provitie focus on angle abstraction and
generalizationand Piaget and Inhelder (194867) offered a thesis on spatial reasoning in
relation to angle concepts.

What also emerges from the review of the literature is the isupcgtof context
aware dlearning tasks using realorld connections and applied texilogy learning tasks to
support studentsd understandi nguorldf angl e
connections students can mathematize intrinsic environmentahgsdtal experiences
(Clements et al.1996), determine relevant attributes of anfflesh those that are irrelevant
(Clements & Battistal992; Munier et al.2008), make abstract angles comprehensible, and
the standard angle generalizable (Mitchelmore & White, 2000). Dynamic Geometry

Environments provide effective supports to aid stuslentearning angle concepts while
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avoiding the potential difficulties and misconceptions. The dynamic attributes of computer
programs also allow students to see angle measures agGleaments & Burns, 2000)
enablingstudents to uncover the salient gesdric attributes of angle to take into account the
abstract and the generalized concept of angle (Clements & BattistaZb@&id et al, 2007.

In preparation for the classroom design experiment, Gravemeijer and Cobb (2006)
describé how goals must fitsbe selected based on history, tradition, and assessment
practices, then those goals muspbeblematized to considéne essential understandings for
the mathematical topic. During the review of the literature, it appears that students are
developmentdy ready to learn about angle concepts by fourth grade. Curricular expectations
were reviewedCCSSONGA, 2010 NCTM, 2006) angleinstruction typically beging;
fourth grade and trajectories for this instruction appear to be well aligned to the research.

However, the CCSSO/NGA(Q10 suggests studente taught the static definition of
angle inthe fourth grade while also introducing angle measures. This is problematic as
theoretical and empirical evidence indicates that static definitions inhibit students thinking in
regard taunderstanding angle measuared other angle concepts. Therefore,redijto the
researchthe students in this study aepported in develop their own definition of angle
based on angle as a turn. The goals determined for this study will be based on the essential
understandings highlighted in the literature review.

The gal of the instructional intervention wade develop an empiricalgubstantiated

instructional theory about student storldevel
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connections and technological tools through the use of ceaexte ulearning. he
essential understandings identified in the literature regieiy
1. Recognize angles as geometric shapes that are formed whenever two rays
share a common endpoint.
2. Understand that angles can be identified in a real world setting.
3. Recognize that thereeaan infinite number of angles.
4. Recognize and compare angles based on size usirgtanmhard and standard
language (acute, obtuse and right angles).
5. Recognize acute, obtuse, and right angles in different contextsvddland
paper and pencil).
6. Recognze acute, obtuse, and right angles in different orientations and with
rays of different lengths.
7. Recognize salient attributes of angles, suctwasrays with a common
endpoint.
8. Understand that angles can be measured with reference to a circle and that
andes are fractions of a circle.

9. Understand that angles are measured by units called degrees.

5 Although numbered, this is not to connote a hierarchy orldewental
progression. It is conjectured that students may develop some understandings before others,

which may be different than the progression of another student.
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10.Understand that benchmarks can be used to understand angle measures. For
example, a full circle turn is 360Straight angles 180°, and right angle is
90°.
11.Recogiiee that the same angle can appear to be a different size depending on
different visual perspectives.
12.Understand that angles are defined by particular attributes which involve
angleasatun(e,dit wo rays, the common endpoi ni
the ot her around that endp¢Ciemants& and mea
Sarama, 2009, p. 186)
Instructional materials. A sequence of six lessons wdesigned for use in fourth
grade classrooms. The lessam#olve seven class periods; fivasting approknately 60
minutes long, antésson three taking 12Qinutes. An overview of the instructional sequence
is provided in Tabl@.1. The table includes the learning progression and the instructional
activity. This is followed by a more detailed descriptiorath of the lessonslowever, the
full lesson plans can be found as Appendix B.
This instructional sequence is comprised of seven lessons that utilize van Hiele
Ge | d a9511984)five phases of geometric instruction: 1) inquiry/information, 2) guided
orientation, 3) explication, 4) free orientation, and 5) integration. The phases are described in
chapter two. The progression of these phases is tied to the mathematical concepts. Therefore,
the phases follow a somewhat linear path beginning at tha! imigjuiry phase as the
students begin to explore the angle concept, but the activities move back and forth between
the stages during the lessomkese lessons have baafluenced bythe format of Van de

Walle andLoviné 2006)three part format for ptdem-based lessons, and discussion has a
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critical role in the lessons which also include Chaplin, O'ConnorCamévarAndersoml s

(2009)Talk Moves described in the literature review.
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Table 3.1

Overview of the Instructional Sequence

Lesson Learning Progession Instructional Phases Instructional Activity

(van HieleGeldof,

1957/1984)

1 Recognize angles as geomet { Initial Inquiry Students are introduced to the concept of angle via
shapes that are formed 1 Direct Orientation projected images of different examples of angles in
whenever two rays share a different orientations with sides of different lengths.
common endpoint. The term angle is introduced.

Identify angles in a reakorld Students look for angles in the reebrld.
setting.
2 Identify anglesm a realworld § Explication Students are introduced to the application Sketchpad

setting. Explorer and taught how to use the DGEs to take




3&4

Recognize that themrean

infinite number of angles.

Recognize and compare angl 1 Guided orientatior

based on size using non
standard and standard
language (ght, obtuse, acute,

and straight angles).

1 Explication

photographs and how to use the dynamic protractor.
Students takphotographs of angles in a reebrld
setting disregarding orientation and length of rays.
Students will use the tools in the DGESs to highlight the
angles found.

Students will work in groups making angles with straw
and compare size of those angles usingstandard
language.

Introduced to the terms: right, obtuse, acute, and strai
anges.

Using the benchmark of 90° on the dynamic protractol
students find examples of right, obtuse, acute, and str
angles in a realvorld environment. An angle gallery wil
be created from the screenshots.

Students will work in pairs to discuss theegirization

of an angle in the realorld and check their accuracy
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using QR codes.
Understand that angles can b { Explication Wedge activity to create benchmarks.
measured with reference to a f Free orientation  Using the wedge® measure a set of materials such as
circle and that angles are 1 Integration coat hanger, books, scissors, and a car ramp, noting t
fractions of a circle. the latter two can be changed to vary angle size.
Understand that angles are
measured by units called
degrees.
Understand that benchmarks
can be made for angle
measures. For example, a ful
circle turn is 360°, therefore a
straight angle is 180° and a
right angle is 90°.
Recognize acute, obtuse, righ { Guided orientatior Students work in groups to identify and categorize rigl

and straight angles in differen { Explication acute and obtuse angles in paper and pencil and real
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contexts (realvorld and paper f Free orientation
and pendi 1 Integration
Recognize salient attributes ¢

angle.

Recognize that the same ang § Free orientation
can appear to be a different  Integration

size depending on different

visual perspectives (positions

Understand that angles are

defined by partic@r attributes

which involve angle as a turn

(e.g,Ait wo r ays,

endpoint, the rotation of one

ray to the other around that

endpoint, and measure of tha

rotationo; Cl

world contexts.
Angle walk to identify angls in different settings.

Class discussion to determine salient attributes of ang

Students work in pes to photograph and measure angl
from different perspectives.
Work in groups to create a poster to define angle to

students who have not yet studied angle.
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Sarama, 2009, p.186).
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The content and structure of the lessan

A designrbased researcher resemblédsiaoleur, aFrench term to denote an
experienced tinker/handy person who uses the materials that happen to be available
(Gravemeijer & Cobb, 2006Y herefore, resources such as mathematical curricula and texts
are adapted to construe an instructional sequence,heittetections and adaptations guided
by the conjectured domain specific instruction thg@ysavemeijer, 1994Gravemeijer &

Cobb, 2006) This instructional sequence employad theoryguided bricolage
(Gravemeijer, 1994) approach with curricula adaptedre possible. However, as context
aware dlearning is a relatively new field of learning, many of the activities were designed
for this study.

Lesson OneThis is the initial inquiry phase where student become acquainted with
angle. The goal of this Issn wador students to recognize angles as geometric shapes that
are formed whenever two rays share a common endpoint, and to begin to identify angles in a
realworld settingIt was conjectured that the students waogking within the van Hiele
Geldof L957A984) initial inquiry phase where student become acquainted with angle, then
move into the direct orientation abe as the students explthe topic of angle though
finding and discussing angles in a reairld setting.Furthermore, the activitiesexe
gradually revealing the geomietconcepts of angle as they welesigned to have the
students begin considering the salient attributes of angle.

Students werentroduced to the concept of angle via projected images of different
examples of angles. Thangles weréntentionally portrayed in different orientations with
sides of different lengths, to avoid the misconception that orientation and length of sides are

salient attributes of angle. Students will initially work in pairs to describe what they can



visually observe from the figures (e.lipes, a point, and two lines different directions).

This was followedy whole group discussion to determine the similarities of the figures. The
ss udent s 0 Ireaondgdiaadgiged tov determine whatiagie is. The term angle was
formally introduced at this time.

Students wendut into the area surrounding the school to identify angles in the real
world setting. Some difficulties were be expected as students could hstvegglel to see
angles in a dferent context. The teachsupporédthe students in pointing out some
examples and neexamples to discussith the class; the angles warieosen of various sizes
and orientatias. In addition, students wegesen cardboard tubes to use as a viewer to
minimize the amount of visual information beipgcessed while the students were
searching for angle&or the final phase of the lesson, the shisieeturredto the classroom
for a discussion on what they found out about arigie.objective of the discagn wago
determine if students can identify what an angle looks like usindgaroral language, and if
students could identify angles in a r@adrld setting connecting that angle attributes
identified earlier in the lesson to the angles identified.

Lesson TwoThe goal of this lesson wésr students to find angles in a remabrld
setting, and recognize that there are an infinite number of affighess conjectured that the
students would bmvolved in the van Hiel&eldof (19571984) exlication phase as
students begato become conscious of the relationships of anategeometrical shapes and
began to express those ideas as woEsch student wagiven an iPad2, with Sketchpad
Explorerloaded onto the device with the add sketch titled Measure a Picture (Steketee &
Crompton, 2012)At the beginning of.esson Wo, the students weretroduced to

Sketchpad Explorer, and taught how to use the DGEs to take photograptusiaiadise the
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dynamic protractor. Students waaksotaught how to take screenshots to save their work to
the device. Te viewfinder of the camerainimized the viewing area, similar to the effect of
cardboard tube from the day before. Students prabtiseg Sketchpad@plorer to take
photographs of ales in class. The teachdemonstrate getting into position to take
photographs of the angles from a direct front view. Laténeénsequence, students took
photographs from different angles.

Students wenback outsideto the areaurrounding the school, and wexrgked to
work in pairs to take photographs of angles using SkettlExplorer. As the students found
angles, they werasked to use the protractor to place against the angle to identify the
different angles fouthin the one picture. Studerftscusedon one agle or multiple, and they
workedwith a partner to initially confirm with each other that they have found an angle
based on the discussion from the dafpte Then the student®ntinue to work in pairs to
study the differences or similarities between the angles they have found. For the fiodl part
the lesson, studentsroa back to the classroom to share screenshots with the rest of the class
via a projectd screen. Probing questions stattsmting to theconclusion that there are an
infinite number of angles.

Lesson Thre€eThe goals of tis doublelesson were that studemeognize and
compare angles based on size usingstandard and standard language (right, obtuse, acute,
and straight angles). Duag this lessonit was conjectured that trstudents wer@volved in
thevan HieleGeldof (19571984 guided orientation phase involved in looking for
relationships, and the expditon phase as new terminology waisoduced.This lesson
startedoy having the students recap on what they have learned over the ldstafoup

lessons. The teachtcilitated a discussion to cover the essential points to ensure
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understanding. Nexstudentswill workedin groups of about four to make angles from

different lengths of straws. Tltkfferent straw lengthevorkedt owar d avoi di ng st
misconceptionsf the length of the rays being salient angle attribitexreate the angles

the studentplacel the straws with one end of each straw touching.

Studentscompare the angles themade with straws, to éhangles the other students
made in the group. Tovaid having studentsonsider orientation, they wespecifically
asked to think about the dynamic protractor and the movement of the turning sides and think
about the difference in angle size. The moveroétite dynamic protractor wassplayed on
a progected screen for theads to observe. The teachefrairedat this time from explaining
any further details about angle size, or using any further measurement terms, beyond the
description of the turning sides and the words angle size.

As the students arkedin groups to categorize the angles, therevequired to share
some of the findings with the class. Diagisaand notes on poster papapporedstucents in
explaining what they had found. The teacieided the discussion to finally introduce the
concepts right, straight, acute daobtuse angle. The words werasted on the classroom
wall with various examples. Students weodd that a rght angle is 90° and this was
displayed on the dynamic protractor. At this time, the full meaning of measaneoty
described in any further detaiWorking in pairs, studentssel the iPads to take photogitagp
of angles in the reakorld usingSketchpad Explorer. Studentgorkedin pairs to find
examples of right, straight, acute, and obtuse angles. @hgteswvereidentified with the
dynamic protractor. Studentsel the screenshots on the iPads to create a galigliyfor
students to lookat other examples. Students tlashed questions to other students during

this time.
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The final activty hadstudents conder their understanding of right, straight, acute,
and obtuse angles. Various anglesa ieaiworld environment werandicated by using
colored tape. Students wadkin pairs to discuss each angle to determine the categorization.
Next to each of the angs wasa QR code and the studestamed the codes to see if they
were correct. The codes also tdbk students to aebsite to find further examples alegrn
more about theategorization.

Lesson FourThe goals of thisesson weréor students to remnize acute, obtuse,
right, and straight angles in different contexts and determine the salient attributes ot angle.
was conjectured thahé activities in Lessoni$would involve a number of different van
Hiele-Geldof (L1957/984) instructional phasg including guided orientation, explication, free
orientation ad integration. The lesson begaith a brief recap othe prior lessons, this was
conducted by using a photographa house and the teachesad talk moves to determine
what the students dar do not understand.

For the main activity, studentsorkedin groups of 4 or 5, anelach group of
students wergiven a set of cards with a selection of pencil drawn angles. Ahgtes
various orientation and ray lengths. Studématdto sort the angleards into categories of
acute, obtuse, right, and ayht angles. Some cards were fsxamples which werglaced
in the norangle category. Students wenecouraged to use mathematical discussions to
determine which group each angle should be placehiafinal closing activitynvolved a
class discussion on salient and fsafient attributes of anglelSrom this discussion a chart
wasdeveloped and posted on the classroom wall.

Lesson FiveThe goals of this less werefor students to understand tlaatgles can

be measured with reference to a circle, and that angles are fractions of a circle. Stexents

63



told that angles are measure by units called degrees and that benchmarks can be used to assist
in recognizing approximate angle measures. As triests complettthe activitiesn this
lessonjt was conjectured that trstudents wuld beinvolved in thevan HieleGeldof (L957/
19849 explication phasas they learn new terminology, also movento the free
orientation and the integration phase

To begin, students wessked various questiots think about angle measurghe
dynamic protractor wassed to demonstrate thagle enlarging to 360° with the angle
creating a full circle. The main component of this lesssedan adapted version of
Browningetald § 2 00 7 ) a n 8012)wedigé actaipy.sSéudeisorkedwith paper
circle of different sizes to create bendmks. For example, a full circle turn is 360°,
therefore a straight angle is 180° andghtiangle is 90°. Studentsel the wedges to
measurengles on a worksheet, then mdws toa set of materials such as a coat hanger,
books, scissors, and a car @mm

The measures wedetermined using the benchmarks to decide an approximate
measure and if it is an acute, right, obtusesti@ight angleStudentsisedreasoning skills as
they considerdan approximate measure in degréesally, theclass had discussion on the
measurement activities. Durinigis discussion, studendemonstrate tothe class the various
strategies they used and their thinking behind those strategies.

Lesson SixThis wasthe final lesson in the instructional sequence. Weerhan
goals of this lesson wefer students to recognize that the same angle can appear to be a
different size depending on different visual perspectives (positions), and to understand that
angles are defined by particular attributes which involve angldélas ée.9,it wo r ay s, tF

common endpoint, the rotation of one ray to the other around that endpoint, and measure of
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t hat rotationo; Cl e felmascongecduwed hat ttiestrobjectiv2 0 0 9
wouldinvolve the free orientationan Hide-Geldof (19571984 phaseand the final activity
would involve the integration phas&heinitial component of this lessaequiredthe
students to consider angle measurement and following a class questresamdession the
students wergiven the @portunity to look at the dynamic prattor and consider how it
movedand the size of angles.

Spatial gerception plays an importardle in geometry, and photography provides an
excellent example of how angles can appear different depending on whehetibgrapher
stands. It wasnade very clear to the students that the actual angle does not change; however,
the angle can appear to be a different size depending on the spatial perspective the
photographer has of that angkar themain activity Sudentsworkedin pairsto create two
different screenshots of the same angle, but from diffgrerspectives. Studenisel the
dynamic protractor to measure the two different anglsgeatives, and the students were
challenged to find thgreatestifferercein angle size. Students haxldetermine the
difference in degrees by using simple calculations.

For thefinal part of this series of lesspstudents woridtogether in groups of four
or five to create a poster to explain angle andeanmgasure. The stadts were informed that
they werecreating the poster to explain angle to other fourth grade students who have not yet
studied angle. Thstudents werérst directed tocreate a list of what should be included on

the poster, then ondke lists hadeen becked ly a teacher/researcher they werdegin

P

the poster. The teacheovedlar ound the room posing question:

and provide support where necessary.
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In this chapter, the tenets of DBR were explained. DBR was then applie to th
literature reviewed in chapter two. A conjectured local instructiearthwas proposed with
a descriptiorof the instructional activities reflecting the application of the local instruction
theory. The fulldetailedlesson plans can be foundAppendixB. In summarygcontext
aware dlearning was identified as a means through which students could bearnaamgle
and angle measuseipported by realorld connections and technological tools. Seven
lessons were developed to connect the conjectured fstaldtional theory to activities
based onvan Hiel€ e | d 4957%1984)five phases of geometric instruction. The next
chapter describes the participants involved in the study, the@&RBcol and the methods

used fordata collection and analysis.
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CHAPTER FOUR: METHODOLOGY

Designbased research (DBR) is a systematic yet flexible methodology utilizing an
iterative cyclical process of design, implementation, analysis, and revision. The purpose of
this particular DBR methodology is to develop a lanatruction theory that details the
process by which students learn a particular concept in mathelf@izxemeijer & van
Eerde, 2009)The central tenets of DBR are delineated in chapter three. DBR is a
methodology designed for use in r@abrld settingsand involves a collaborative partnership
between researchers and practitiorf@rsderson & Shattuck, 2012yhis methodology is
used in this study to address the following research questions:

1. How do students come to understand angle and angle measure?

2. What are effective means of support to facilitate understanding of angle and angle

measure?

This chapter is composed of three sections. First, those involved in the study are
described, including the participants and the research team. Next, the DBR Ipsotoco
detailed. Finallythe methods used in the data collection and anaysidescribed in full
Participants

The potocol for this research studyvolved two macro cyclesvith two teaching
experiments. The two teaching experimemésecarried out, oa each with a class of fourth
grade student3.here wee 30students in each cladsr a total of ® student participants in

the study. Eighof the 60studentomplete the pre and post instruction clinical interviews.
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Theeight students eremade up ofour randomly selectedtudents from each class. This
particular grade was chosen as the Common Core Standards require teachers to formally
begin teaching angle concepts at fourth grade. In addition, empirical evidence indicates that
fourth grade studentse developmentally ready to learn about angteepts (Lehrer et al.
1998;0lson, 1970)and studies of this concept should begin during the elementary years
(Clements, 2004)The studywvasconducted at the beginmgrof the school year, whehwas
anicipated thathe fourth grade students woluddve little prior experienceith angle or
angle measure

Two teachersvereselected to participate in the studyere were three teaclsan
total for that grade level. Two of the teachers each had ovgrsiar s experi ence
were selected for the study. The third teacher wWastayear teachewho chosenotto be
included in the studyOnce thetwo teacher participants wedetermined, the fourth grade
studentdaught by those teachers weeeruied for participation in the data collection
proceduresRecruitment scripts and the consent/assent fararspreapproved by the
University of North Carolina at Chapel Hill Institutional Review Board (IRB) can be found
in Appendix C.The class teachers atitk fourth grade students weeeruited from Phillips
School in Walker County This district was chosen for three reasons: (a) it does not follow a
restrictive pacing guide, (b) it is more flexible in allowing the incorporation of alternative
instructional sequences, and tbedistrict staffwerewilling to have the researcher carry out

instruction in fourth grade classrooms.

A1 | names have been changed to pseudonym
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The school was chosen becatlsgy haveaccess to a full set of iPad 2s, enough to
equip a class of up to 30 studer@sth stulents and teachers wdeamiliar with the basic
operation of the iPad 2 and dmbt need any further instruction beyond the use ohéve
applications, which wastilized in the design experimerithe Technology Coach at the
school provided lessons on howvoperate the iPads, such as searching for apps and taking
screenshots.

Research Team

The researcheaaciedas the teacher in both of the teaching experiments. In the DBR
process it is not uncommon for one researcher to serve as the teacher impletimenting
instructional intervention (e.gCummingsSmith, 2010 Markworth, 2010) For both
teaching egeriments, the class teaclservel as a witness to the teaching episodes, and
anothermathematic®#hD student and pri@ducatolacedas ceresearcher.

Dedgn-Based Research Protocol for this Study

The specific DBR selected for this study was developed by Gravemeijer and
colleaguesGravemeijer, 1994Gravemeijer & Cobb, 200&ravemeijer & van Eerde, 2009)
to connect directly with mathematics educationsTbirm of DBR has been used in
mathematical research methodologies within thE2kenvironment (e.gMarkworth,2010.
This specific DBR methodology watelineated in chaptehitee of this study. Thetudy
involves two macro cyclesvith one teaching expienent occurring in eacimacro cycle The
teaching experiments congdiof sevendays of mini cycles of thought and instruction
experiments to serve the development of the local instruction theory. The macro cycles for
this gudy are illustrated in Figur®. 1 Note the occurrence of the three phases within each

macro cyclethe design of instructional materials, classremssed teaching experiments and
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mini cycle analysis, and the retrospective analysis of the teaching experiments which
informedthe nextmacro cycle

Oneday prior to the commencement of the teaching experjrttentlinical
interview wasadministered to the four students from the first class. Next, using the
instructional materials described in chapter three,iteetéaching experimentasg
conductedn early fall for sevenconsecutiveschooldays. During the teaching experiments,
theco-researcher and witness obsehaand tooknotes on all clasoom instruction, and the
instruction wawideotapedSt u d e nt s @dleatedratkthe engfseach day. Alsaat the
end of instiuetiorgtiee yeéearcheco-researcher, and witneseet to discuss the
lesson.The conversatiwere audiaecorded. Following tls meeting, the researcher
complete a daily reflection journal, recording ingssions, feelings and thoughts for each of
the teaching episodes during each mini cycle.

During each daily mini cycle during a teachiexperiment, the researchdilized the
collected data to modify the seeondeachimyy 6s 1 nst
experimentook place two weekafter the conclusion of the first teaching experimeheré
weretwo retrospective analyses conducted, one at the conclusion of each macro cycle. The

local instruction theory canfeom the final retrospective anaisg.
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Data Collection and Analysis
One of the distinct characteristics of DBR methodology is that the researchers

develop a deeper understanding of the phenomenon while the research isaasprogr
Therefore, it is cruciahat the research team generatembmprehensive record of the entire
procesgCobb et al.2003) There wereseveral sources of data thagneused in this DBR
process. This section includes details of the purpose, desdjnpl@ction procedures for
each of these data. These data sources are:

a pre and post instruction clinical interview

co-researcher and witness classroom observations

whole class video recording

1
1
1
1 daily mini cycle reflection audioecording with research tea
1 artifact collection of student classwork
T researcherés daily reflection journal
1 retrospective analysis at the end of a mayde

These data sources sawarious purposes and are utilized at various points during
both the daily mini cycle analysis atite retrospective analysis phases at the end of each

macro cycle. Tabld.1 illustrates the points at which the information from thesewas

used.



Table4.1

Data Sources and when these Data waralyzel

Select Daily Mini Retrospective Retrospective
Students for Cycle Analysis 1 Analysis 2
Interviews  Analysis Macro Cycle 1 Macro Cycle 2
Preinstruction Clinical \% \% Vv
Interview
Postinstruction Clinical Vv Vv
Interview
Co-Researcher and Witnes: \% Vv Vv
Classroom Observations
Whole-class and Small Vv Vv
Group Video
Daily Mini Cycle Reflection \% \% \%
Artifact Collection Vv Vv
Researcher Reflection Vv Vv Vv
Journal

Pre and postinstruction clinical interviews. Van Hiele (19571984) believedthat
studentsé6é |l evels of geometric thought are ac
instruction. In this study, the pre and postruction assessments are clinical interviews

based on the van Hiele levelsggometrical thinking. The interviews determrdret udent s 6
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initial understanding of angles and overall growth following instruction. Clinical interviews
werechosen for this particular study as tmethod of data collection allowéke researcher
flexibility in pursuing comments made by the student (Ginsburg, 1981), and can be used as a
method for eliciting and recording naturalistic forms of thinking in mathematics (Clement,
2000).
S c a | (1990pcéinical interview allowethe investigator to react respvely to
data, asking new questions in order to clarify and extend student thinking. In addition, the
interviews permiedthe researcheo gaininsight into the depth of student understanding
with a collection of both oral and graphical explanatiodselT cr edi bi | i ty of Sc
interview has been determined w&B%reliability andthe contentvalidity of the instrument
established. Furthermore, Scéllg ( 1990) study ptoolamtibette evi den
instruments and scoring proceducesild be used effectively by other researchers and in
other settings. The design underpinning Scal
cognitive activities (structures, processes, and thought patterns), the identification of
cognitive activitiesand the evaluation of levels of compete(@asburg, 1981)which is
similar to the framework adopted by Piaget.
Adopting the first three |l evels (vaf the va

Hiele, 19571984a,1957/1984bvan HieleGeldof, 19571984) Scally (1990) developed a
set of level indicators that focused specifically on angle concepts. The level indicators are
visualization,analysis, and informal deduction

1 Level 1(visualizdion): In general, the student identifies, characterizes, and operates

on angles according to their appearance.
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1 Level 2(analysi9: In general, the student establishes properties of angles and uses
properties to solve problems.

1 Level 3(informal deductiojt In general, the students formulates and uses definitions,
gives informal arguments that order previously discovered properties, and follows
and gives deductive arguments.

Eachof thesdevels camewith a listof level indicators that wengsed to asseske angle
understanding of the fourth grade students in the study. These level indicators can be found
as AppendiXA.

The clinical interview is made up of six angle activities: drawing angles, identifying
and defining angles, sorting angles, measurimgesn determining the relationship between
angles, and deducing angl&se clinical interview has a scoring guide which correlates to
these three level§or each activity there can be multiple parts and a full scripos&ded
However,not all the agvities and questions needto be used in the intervie{@cally,

1990). For example, if students wesguggling with many of the early tasks, activity six
could beomitted as it ionsiderablynore difficult than the other tasks. For the purpose of
this study, activiies5c and 6 were omitted as they cover concepts such as parallelism that
would not have been formally taught prior to the study. The activity descriptions and the
scripts can be found in Appendix

The same clinical interviewasusedfor boththe preinstruction and poshstruction
interview. Thepreinstruction interview waadministered to the four selected participants
one daybefore the teaching experiment begand the posnstruction interview
administeresbneday following the caclusion of the teaching periment. The interviews

wereadministered and scored the primary research&rho conducted a number of pilot
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interviews with fourth grade students in preparation for this siligy.interviews lagtd for
approximately80 minues,although there weneo temporal restraints on this procedure
Followingthe preandpostn st r uct i on i (990 scaringentesizvas Sc al | vy
used to determine the van Hidevel at which each student wasrking. Interviewer notes
and scoringriteria can be found in Appendix The audio trar@ipts of the interviews were
analyzed to determine whether the student exhibited behaviors characteristic of the van Hiele
|l evel descriptors assigned to t hasthéenntervi ew
compared across the two interviews. Tésults of this analysis areported in narratives for
each student and summarized in the tables of van leiaéperformance. There wergo
tables completed for each student. Tahlerecordedhe studat s6 van Hiele | eve
indicators during the six activés. The van Hiele indicators wdabeled with numbers
which correspond to theveledscoring criteria. There are 19 van Hiele behavior indicators
in total and a copy of the levels and tlable can be found iAppendixF. Table G.1. was
used to recorthe van Hiele levels at each interview, so a comparison can be made between
the pre and posastruction levels. This table can be found in ApperglixAligned with
Scal y6s i nt erTableeFt TableGlt, and tbel narrative weresed tgether to
interpret studenégprogress during the study
All interview paperwork wasoded to identify th participants and names were
avoided during the interve w . | f a par usedcdumng#ae inténge, theanemee wa s
wasswapped for the participant code on thes@ipts. The interviews wesidio recorded
and traiscribed. The transcripts wensed during the reflective analysis at the end of each

macro cycle.
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Co-researcher and witness clasoom observationsWhile the researcher was
conducting the teaching experiment, the respective classroom teacher and #matiesh
education colleaguaciedas winesses to the process. Tlagerve the class and toatotes
during each of the teachimxperimentsFurthermore, they wergarticipant observers,
interacting with students and assisting in whole group and small grougciimtr This
participationinvolveda nswer i ng questions and posing ques
thinking. The observatin notes wereollected at the end of each day by the researcher.

Whole class and small group videdEach teaching episode wasgeo recorded to
capture both the instruction and student participafithe camera wastuated on a tripod to
obtain a good aarall view of theteaching As the students woeklin smallgroups, avideo
camera wagpositioned to focus otine group of four students who conducted the pre and post
instructional interviewsActivities perforned outside the classroom weesordedwith the
video camerak-or example, during a particularly interesting small grdelpate, the video
camera wasituated in a position to capture this discossiThe video recordings were
downloaded athe end of each day and transcribEde transcriptswereocd ed usi ng Sca
(1990) van Hiele level indicatars

Daily mini cycle reflection. Following each of the seveaaching episodes, the
researchero-researcher and teacheaeet to discuss the instructional activities of that day
and student progress inderstandinghe angle concepts taught. The sessions @i
recorded and transcribe@obb et al(2003) recommended having these conversations and
making audio recordings as a method of documenting the evolving conjectures, and to reflect
on these dattbgether with the observations of the teaching episodes that may support or

guestion the conjectures made.
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Artifact collection. Hardc o pi es of st wdlected astide endofrekch we r e
teach ng epi sode. Stidedtiberstremd@ed awoparticipamtacaestware
attached to each piece of work fdentification. Photocopies wetikenmade for further
analysis. In addition, screen captunesretaken of studems 6 wor k on t he i Pad:
downloaded at the end of each day. Screen capturesages taken by the iPad to record
the visible items displayed on the device. For example, if arsttioiek a photograph and
used tools in the DGEs to highlight or measure angles on the photograph, a snapshot of this
imagewasrecorded and saved for latanalysis. Participant ehtification codes were
included in the file names of the screen capturks.students wortkasc oded usi ng Sc:
(1990) van Hiele level indicators.

Researcher reflection journal. The primary researcheompletel a personal
reflection journal for each of the teaching episodes during each mini cycle. The journal is an
instrument that allows the researcher to step back from the action to record impressions,
feelings, and thoughts (Holly, 2002), and within the context of DBR, fytiares can also be
recorded. This form of data collection provides a medium for thinking aloud and is a
reflective tool for #Atrying out ideas for ac
the effectiveness of adtyt2e0yp.tvisTheéresearcher r oduce ¢
reflection journal completd during each mini cycle wascatalyst for change during the
teaching experiment and the retrospective analysis.

Retrospective analysis.During this study, there wete/o retrospective analysese
after each teaching experiment. Although this particular phase considers all the data collected
to that point in time (e.gvideo, discussions, interviews), this phase generates a new

synthesized set of data. In other words, the entiie diating thenacro cycle wastudied
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collectively, to |l ook for Apatterns in the
the data, testing those conjectures on the complete data set, and using the findings as data for
a subsequent r ouneder&vian Eeendea 2009spi. 0. Tlie Qataafrone thre

first retrospective analysis wased for the next macro cycle, and the data from itz fi
retrospective analysis wasel to create a more robust local instructional thebigure 4.2

indicates when eh of these data were collected using the diagrammatic representation of

the study.
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CHAPTER FIVE: FINDINGS

In Chapter threea conjectured local instructionthe vy about studentso
of angle and angle measure through the use of ceatextte ubiquitous learning tasks was
presented as a proposed theoretical framlefaorthis study. In addition, anstructional
sequence of taskgere designed and sumnzad. This sequence included six lessons
designed for use in fourth grade classrooms. The lessons were implemented in two macro
cycles (Figure 4.1). In the previous chapter,dbsignbased researcibBR) protocol is
detailed and the methods used indh&a collection and analysise explicatedData from
multiple sources were collected from macro cycle one and two to answer the following
guestions:

1. How do students come to understand angle and angle measure?

2. What are effective means of support to faaitunderstanding of angle and angle

measure?

In this chapter, the findings from the retrospective analysis are preseatgdd
teaching experiment consisted of six lessons over seven teaching episodes. The lessons
utilize van HieleG e | d a9581884){ive phases of geometric instruction: 1)
inquiry/information, 2) guided orientation, 3) explication, 4) free orientation, and 5)
integration. The lesson format has been based loosely on the format of Van de Walle and
Lovind 2006)three part formabf Before phase, During Phase ahftier Phasdor problem

based lessons



The Before Phase typically involved activities that had the students exploring their
own knowledge about a mathematical concept. This was often based on the concepts from
the prior lessors. The During Phase had the students complésics that involved the
students actively finding, measuring, and/or categorizing angles. These tasks were completed
inside or outside the classroom. The students often used Sketch Explorer on the iPad during
this time. For the After Phase, this was generally the timat students came togetheaas
class to hold matheatical discussions and synthesilae information they had gained from
thelessonSt udent sd cl asswor k and dectedamdsavddatt s f r o
the end of each day to be considered in the daily mini cycle analyses.

Various changes were made to the instructional materials following the retrospective
analysis at the conclusion of macro cycle one. These changes were implemantgd du
macro cycle two as part of the teaching experiment. Changes were made taoeftechs
about the activities and student learning in regard to those instructional acfiitss.
changes are discussed in this chapter. The findings from retrogpacélysis one, two and
the entire DR process affected the final changes to the instructional sequence. §be chan
are discussed ichapter sixand they are also reflected in the instructional materials provided
in Appendix B.

The framework for this chagr is based on the two research questionthis study
The first sectiorof this chapter presents findings around how students come to understand
angle and angle measure. The second part of this chapter dgbessffective means of
support to facitate understaaing of angle and angle measureconsideration of the way in
which the students learn and the supports to be provided, these created changes to the local

instruction theory. This reviseddabry is presented ichapter six
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How Students Come to Understand Angle and Angle Measure

The | earning goal for this instructional
understanding of angle and angle meadunelerstanding angle concepts requires the
apperception of the physical attributes nfke; these include the static (configurational) and
dynamic (moving) aspect&ieran, 1986 Scally, 1986) and the elationship to angle
measureFurthermore, students should understand that angles can be represented in multiple
contexts in regards to stdards, generalizable concepts and procedures for measuring angle
(Clements & Sarama, 2009).

Context aware dlearningwasone type of task that wagsoposed to lead to the
support and devel opment of studenCGosext under st
aware dlearning connects students to readrld phenomena and technological tools, such as
DGE, to support learning of angle and angle concepts. In addition, mathematical discourse
was also included as a support which is enhanced by the use of taobilelogiesWithin
the instructional sequence, contextare dlearning was intertwined with traditional
instruction, as the mobile devices were used to complement decontextualized learning of
mathematics taking place within the classroom with the ctudézed learning outside the
classroon{Tangney B., O'Hanlon P., Munnelly J., Watson R., & Jennings K, 2010)

This section is organized into three parts to represent the first three van Hiele levels
of geometric thinking. These three levels encompas$2tessential understandings
identified in the literature review whidonstitutedhe lesson objectives for the instructional
experimentFindings aboustudents understanding of angle and angle measure in relation to

these three levels of thinking are geatedalong with a discussion on angle and angle
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measure as applicabl€hesehree levelsre followed by the findings of the pre amaist
instruction interview for macro cycle one and two.

Level one: Visual level of geometric thinking.

Explanation ard conjecturesl n Scal |l yés (1990) adapted v
level one is the first of five levels. Students working within this level identify, characterize,
and operate on angles according to their appeatandie sequence of six lessonsy#s
conjectured that the students would be working at level one during the first two lessons. The
objectives for Lessons One and/@ were developed to have the students move to working at
level two; they were asked to focus on angle properties ratheatiegaing to the visual
appearance. Many of the students were expected to be novice learners with regard to angle
conceptsd6 and it was anticipated that many n
geometric thinking than level two.

Summary ofLessongOne and Wwo and gudent responsedn LessorOne students
wereintroduced to a set of angles and are required to determine whether the angles are alike
or different. Studentthen wenbut into the area surrounding the school to identify angles in
the realworld setting. This initial lesson wasimmarized with a discussionasd udent s o
journal entiesfocusing on the properties of anglesLissonTwo, students explokthe use
of a Dynamic Geometry Environment (DGE) and therduisis program tadentify angles in
the real worldusing screenshots from Lesson ORessible angles wediscusgd with a
partner. The lessonwasu mmar i zed with the studentsd scre

discussion about how the students identify angles.

7 A detaled list of level one indicators can be found in Appendix A.
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Althoughit wasconjectured thastudents wouldegin working at level onand move
to level two during kssons One andwo, students malgavereveredto levelone thinking
as new concepts wengtroduced. Therefore, it is likely that evidence of level one thonkin
may continue toappeathroughouthe sequete as the teaching experiment veasy seven
consecutive school days. Some students Imaagworked partially within level one for
longer than others as they proasbsnternalizel and grev in understanding tomove onto
subsequent levels.

The first activity in Lesson Qe requird students to recognize that angles have a
number of salient attributes, such as two rays and a common end point. At the beginning of
the first lesson, studentgeregiven a sheet of gtes and asked to work in pairs to study the
figures ancare asked tanswer two questiorstated verbally

What can you tell me about these figures from what you have noticed?

What do all these figures have in common?

Data was triangulateddm the vide and observer comments from teaching
experiment one (TE1), these dataggesthat approximately two thirds of the students in the
class described the important attributes of angles to their partners. Hootheestudents in
the classappeaednotto be able to decompose the figures into the individual attributes.

The video and observation data show that students also made visual comparisons,
such as one pair who based their observations on the gestalt angle appearance. The following

excerpt is taken fom a discussion during this initial activity:

8 Some of the excerpts of the transcripts were edited for readability. In these cases,

the content of the discussion did not change, but unrelated segments were removed.

85



Teacher: What do all of these figures have in common?

Samantha: They look sort of like a corner

Teacher: What else do you notice about the figures?

Cara: They all look like some sort of triangle.

These coments are indicative of students working at the visual thinking level. They
did not notice that each figure had two straight lines that were connected at one end point.
They see the figures as a collection of a whole rather than the individual attritietesnts
(1998) describghow students at this level are guided by perception and that visual
prototypes are used to name a figure. In this case, Cara connects the figures as being similar
to triangles. It is interesting how various orientations and simessed, yet still she wants to
connect the figure to a gestalt shapth whichshe is familiar.

Early in macro cycle on@ne teacher explainedathall the fourth grade students had
beentaught abouangle in third grade. From the observation ndtesppeared that the
students had rote learned a number of angle catefyjamessand had little understanding of
what an angle was. For example, during this initial activity on day one, this was an extract

from another pair discussion:

Teacher: So, what dall of these figures have in common?

Jeremy: They are angles

Teacher: What is an angle?

Jeremy: These (pointing to the figures).

Teacher: How do you know that these are angles? What makes you believe that

these are angles?

Carl: Because we learnet@ut angles a bit last year.
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The two students wergorking at level one as they h#te idea that angles look a certain

way to fit with particular agle categories. They are again not able to identify specific

Teacher:

Jeremy:

Teacher:

Jeremy:

Teacher:

Carl:

So are all figures angles? If | drew more figures on another sheet

would they be angles?
That depends.

Depends on what?

If they look like that (pointing to the sheet of figures). Theyaokl

like angles.

Would this be an angle (drawing a circular open shape).

Noébecause

attributes of the angles.

their observations and their languagéacous onthe attribute®f angles The reseacher used
these data to make some adjustments in instructional plans for the second round of

instructionto have students imagine that their pagnegrekindergarten studestind that

Fromthese sorts of discussiqgriswas evidenthat students were unable to reduce

t

does

not

ook

they had to describe the figures carefully using simple understandabluagéor their

k e

partners to understandheir partnersvere instructed to say that they did not understand and

seek further clarificatioif students reverted to technical mathematical language. The intent

was to help students move past any rote rizteom early grade level8ased orthe video

and observation evidence, this chaagpears to have beeffective in the second teaching

experimentln the second iteration of this set of lessons, there appear tdybe @w

instances of students ugimisual or technical mathematical language noted in the observer

notes
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In Lesson Twothe students used the Dynamic Geometry Environment (DGE)
Measure a PicturéSteketee, & Cromptor2012), the adeon program of Sketchpad Explorer
(2012) They used tlsi progranwith iPad mobile device® photograph anglekey
identifiedin their playground environment. In TE1, as students went out to find angles in the
playgroundvideo evidence, observation notes and studevadsk show that many of the
students gratated towards natural artifacts to find angleplaces such as trees. The
students would often find an artifact visually resembling an angle, but if stuaersidered
the attributes of angle, such as two straight lines, they would determine thatowaways
anangle. For example, in Figure 5.1 Claire found angle like shapes on a tree stump and
marked those as angles with the dynamic protractor. Under the protractor, the lines are

distinctly bent and distorted on the natural curves of the wood.

9:00 AM

unit Use the rulers and protractors to measure distances and angles in the picture.

Unlock and double-tap the picture to replace it from your album or camera.

[ Hide Minor Divisions’
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Figure 5.1. Student Found Angle Like Shapes in the Tree Stump.

Claire was identifying angles based on the visual appearance, searching for shapes
that look like angles and was not identifying angles by the properties okawijide she is
actively lookng for angles in the reatorld, Claire is working within the visualization level
of geometric thinkingOther students did similar work.

In light of this issueand before the second teaching experimietinstructional
materials were alteredtoincletdt he i nst r uc tloief dass dsaussidmboatthe n g a
best places to look for angles based on salient angle propertigsliSdussion focused
primarily on the point that straight lines are more likely to be founthanufacturedrtifacts
thanthose found in nature. This discussion was included to encourage students to work
towards the analysis level of geometric thinking as they had to consider the properties rather
than the gestalt appearance.

During this activity, students were requiredd&e screenshots of the angles they
found in both TE1 and TE2. The screenshots were coded forplodgeesthat were
(actually)angles owere (actuallynonangles. Students often identified more than one angle
in the screenshot, although there wewenore than five potential angles identified on a
screenshot. For each angle identified a code was @ieepexample of angle or not an
angle) This was completed for both teaching experiments and the results are presented in

Table 5.1.

Table 5.1

RealWald Angle Identification
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Teaching Experiment 1 (n = 30 Teaching Experiment 2 (n = 30

Angle 26 (28%) 55 (87%)

Non-Angle 68 (72%) 8 (13%)

Note There were 30 students in each class; however, each student may have identified
between one and five angles each screenshot.

In TE1, 30 students took screenshots of angles and identified them using the dynamic
protractor. Of the 94 potential angles found by the students, 28%ewamgles oangles
with 72%not being examples of angles, imoranglesasthey did not have the relevant
attributes required to be an angle. In experiment two (TE2), 30 students took screenshots of
angles and identified them using the dynamic protractor. Of the 63 potential angles identified
by the students, 87% weegamples oaingles and 13%ere not examples of angles, i.e.,
nonrangles.This was evidence that there was a change between the two teaching experiments

ins t u d a&bility te identifyanglesn realworld contexts

It would appear from the findinggimmarized offable 5.1 that this added discussion
implemented in TE2 was helpful as fewer ranrgles were identified in TE2. However, even
in the TE2 some students were still wiokat level one at the end of Lessomdl For

example, Matthew believed that he had foandangle in Figure 5.2.
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unit

(& ° Use the rulers and protractors to measure distances and angles in the picture. °
Unlock and double-tap the picture to replace it from your album or camera.
[[Lock Picture|  [[Unlock Picture| |[Reset] o o

Figure 5.2 Searching for RealVorld Angles.

This is an extract from a conversation foll o
Teacher: In your screenshot where is the angle Matthew?
Matthew: There (Pointing to the angle imdited on the screenshot).
Teacher: How do you know that is an angle?
Matthew: This is the corner of the table anct
In the van Hiele level indicators for the visualization level, one of those indicators describes
the way that a studenan exclude relevant angle properties. As Matthew chose this potential
angle he hadailedto consider relevant angle attributes,, that the two lines need to be
straight lines and that the two lines should meet at one end Poitrtangulate the
screenshot data | asked Matthew why he thought it was an angle and he said that it was a

corner so it was an anglgatthew may need supplementary activities to support his
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development towards level two thinking. For future iterations of the instrucsenaknce, it
would be useful for students to have an assessmé¢me end of Lessonwo to determine
how many students, like Matthew, need supplementary instruction to move from level one to
level two thinking.

Level two: Analysis level of geometric thirking.

Explanation and conjectured. n Scal |l yd6s (1990) adapted
level two is the second of five levels. Students working within this level estgibbplerties
of angles and uses properties to solve prolflelmshe sequence aix lessons, it was
conjectured that the students would be waglatlevel two during Lessonshfee and=our
and begimmoving into level three during Lessoive.

Summary ofLessonsThree and Four and student response$¥he objective of
LessonThreewasfor students to recognize acute, obtugght and straight angles in
different contexd (viz.,realworld and paper and pengiStudents had to sort angles they
had made with wooden coffee stirrers into similar groups.

Level one thinking beyond therit two lessondn TE1Lesson hree, students were

still showing some evidence of working within van Hiele level one. On day three, the

objective was to have students consider angle attributes to move towards the analysis level of

geometric thinking. Thebjective ofLesson Tiree was to recognize and compare angles
based on size using natandard and standard language (acute, obtuse and right angle). The

students made triangles using wooden coffee stirrers cut to different lengths. Then, working

in groups the students sorted those angles into similar groups. The students had to determine

their own groups using what they had learned about salient arshhent angle attributes.

9 A detailed list of levetwo indicators can be found in Appendix A.

92

\'



Triangulating the data bysing the video and the video transcripts codedgus
Scallydéds van Hiele | evel i ndicators, as well
of the students in TE1 class were moving into level two. However, the other one fifth,
represented as two groups of three students were working at thézétan level. One of
those groups of students sorted the angles by their rays;sahent angle attribute. This
inclusion of irrelevant properties is listed in the van Hiele levels as an indicator of a student
working at the initial visualization l&. One of the groups recognized some of the salient
attributes, such as two lines and an end point, but the sort was based on the length of the rays

classed as small angles for the short rays and big angles for the long rays, see Figure 5.3.

Figure 5.3 Sorting Angles by the Length of the Rays.
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This finding led to a modification to the atth program Measure a Picture. In the initial

program, the dynamic protractor did not have adjustable ray lengths. The rays appeared more
like line segments with anathend point. Modifications were made for the ray to have an

arrow and for the length to be adjustable, see Figure 5.4. In addition, the color of the rays was

changed to make the protractor more visible on photographs.

Uniock the picture to replace it from your atburk of camera. Unlock and doubic-tap the pictare to replace it from your album or camera.
[Lock Picture]  [Unlock Picture| Reset [ SF R D [Lock Picture]  [Unlock Picture] v 4

Figure 5.4.Modifications to Measre a Picture.

There were a total of ten posters with three students working on each poster in TE1
and TE2. In TE1, two groups provided evidence of working within the visualization level of
geometric thinking. One group included readient attributes (sdeigure 5.3) and the other
group based their sort on those that look like corners (right angles) and those that do not look
like corners. In TE2, all ten groups did not provide any evidence of geometric thinking below

van Hiele level two.
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Level two thinkirg in Lessons Tiree and Four. Fromthe angle sorting activity,
usingdata from the student work artifacts, video evideace observation notésappears
thatstudents inTE2 were analyzing and comparing angles in terms of their properties and
were abled formulate and use generalizations about properties of angles in problem solving
situations.This is congruent with the van Hiele level two indicators for thinking about
anglesFor example in Figure 5.5, the three students created a set of anglesyamdrthe
able to categorize the angles into the four groups (acute, obtuse, right and straight angles).
The angles were in different orientations with rays of different lengths.ifdicates that the

students understanehich were the salient angle attriba and those that were nsalient.

Figure 5.5. Angle Sorting Activity in Teaching Experiment Two.
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The changes to the DGE prograppear tdave also supported students earlier in the
instructional sequence. During Lessondl & the students in TE2 fad angles using the
modified program, from theideo evidece and observational notésippearghat sudents
werefocused orsalentangleattributeswith 87% of the angles found by students in TE2
correctly icentified in comparison to the 28correctlyfound by the students in TE1, see
Table5.1 In addition, students often made the rays of different lengths to point bthieha
length of the rays wenmgon-salient attribute For example, Catrin took this scnséot of

angles, see Figure 5.6, and thkolwing discussion ensued.

Figure 5.6. Rays are a Noesalient Angle Attribute.
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