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Abstract

ADAM GRAHAM-SQUIRE: Explicit Formulas for Local Formal Mellin Transforms

(Under the direction of Dima Arinkin)

Much recent work has been done on the local Fourier transforms for connections on the
punctured formal disk. Specifically, the local Fourier transforms have been introduced,
shown to induce certain equivalences of categories, and explicit formulas have been found
to calculate them. Our goal is to corroborate recent results for calculation of the local
Fourier transforms and then extend our methods to a similar situation, the local Mellin
transforms.

This dissertation is divided into three main parts. In the first part we prove explicit
formulas for calculation of the local Fourier transforms. These formulas have recently
been proved by others, and we reproduce their results using different techniques. The
other two parts of the dissertation are given over to applying those same techniques to the
local Mellin transforms for connections on the punctured formal disk. In the second part,
we introduce the local Mellin transforms and show that they induce equivalences between
certain categories of vector spaces with connection and vector spaces with invertible
difference operators. In the third part we find formulas for explicit calculation of the

local Mellin transforms in the same spirit as the results for the local Fourier transforms.
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Introduction

The main goal of this dissertation is the definition and calculation of the local Mellin
transforms on a punctured formal disk. In order to understand the local Mellin trans-
forms, it is necessary to understand recent work that has been done on an analogous
construction, that of the local Fourier transforms for connections on the formal punc-
tured disk. In this introduction, we wish to put our work on the local Mellin transforms
in its proper context by explaining the genesis and the recent history of research done on
the local Fourier transforms. In section 0.1 we give a brief historical background to the
local Fourier transforms. We describe in section 0.2 recent work that has been done on
the local Fourier transforms, and in section 0.3 we explain the theoretical origin of the
local Mellin transforms and what we wish to prove about them. Section 0.4 provides a

thumbnail sketch of the main body of the dissertation.

0.1. Historical context

0.1.1. Classical Fourier transform. In order to understand the origin of the local
Fourier transform, our narrative begins with the ‘classical’ Fourier transform. For a

suitable function f, the Fourier transform of f is given by

f(6) = / f(x)eivEd.

In particular, the Fourier transform has two main properties: it is invertible (and the

inverse is of virtually the same form) and the following equalities hold
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The equalities above can be useful in the following manner: one can apply the Fourier
transform to an ordinary differential equation and then solve the resulting, hopefully
easier, differential equation. In a related form, one can also consider the Fourier transform

as an action on a differential operator, which is described below.

0.1.2. Fourier transform on the Weyl algebra. Consider the ring of ordinary dif-
ferential operators with polynomial coefficients, also known as the Weyl algebra. We

write W for the Weyl algebra, and thus we have

W= C[z]<dilz> = {m(z)d%n +e o po(2)

w2 € Clel}

with the convention that d%z = z% + 1. In this context, the Fourier transform is the
automorphism FT : W — W defined on its generators by z d% and dilz — —z. What
we refer to as the local Fourier transforms can be derived from the Fourier transform on
the Weyl algebra as we explain in the following subsection. We note that the description
below is only for motivation; it is a framework and is not written in a completely rigorous
manner. Definitions of the local Fourier transforms are given a precise construction in

the body of the dissertation.

0.1.3. Local Fourier transform. For every element p of the Weyl algebra, one can “di-

vide through by the leading coefficient” to get a monic element of the algebra (C(z)<%>,

d

s with coeflicients that are rational functions in z. This allows

that is, a polynomial in
one to associate to every element of W a unique element of (C(z)<%>. By writing a higher
order differential operator as a system of linear differential operators, one can associate
to each element of C(z)<d%> a linear matriz differential operator with entries in C(z)
(for details of this process, see [vdPS03, Section 1.2]). If one is interested in looking
locally at a linear matrix differential operator with entries in C(z), one can choose a

local coordinate and consider the corresponding linear matrix differential operator with

entries that are formal Laurent series, which we denote as C((z)). Thus to each p € W



and x € C one can associate P,, a linear matrix differential operator with entries in
C((2))-

In a similar fashion, to the original differential operator p € W, one can apply the
Fourier transform to get FT(p) = p € W. One can then apply the process described
above to p in order to get a corresponding linear matrix differential operator with entries
in C((2)), call it P,. The local Fourier transform (LFT) is the map that takes the

equivalence class of P, to the equivalence class of Py and completes the diagram given

below:
in FT . um )
pu(2) 3 o po(2) — Pm(2) 5 + -+ Do(2)
dn dm ~
=t ql2) = A+ q(2)
d d i
=+ A =+ A
LFT .
% 4 L/ N e - % 4 L/ ~

Here p corresponds to p,(2)L" + -+ + po(z) with p; € C[z] (respectively p;) and
q; € C(2) (respectively ¢;). We also have A € M, (C(z)<£>>, Ae M, ((C(z)<d%>>,
L e M, (C((z))<%>), L € M, (C((z))<%>>, and the equivalence for the matrix
differential operators refers to gauge equivalence. It should not be clear at this point

that the map LF'T even exists or is well-defined. We describe in the next section the

recent work that has been done to put the local Fourier transform on a rigorous footing.

Remark. The local Fourier transform has different flavors depending on the point of
localization, hence in this dissertation we generally refer to local Fourier transforms.
Both conventions for terminology are found in the literature. In general, the study of
local Fourier transforms need not be restricted to the complex numbers. Thus in later

chapters we work over an arbitrary algebraically closed field of characteristic zero.



0.2. Local Fourier transform

0.2.1. Local Fourier for /(-adic sheaves. The seminal paper regarding the local
Fourier transform is [Lau87] by G. Laumon in 1987. To study the local behavior of
the Fourier transform, Laumon introduced the geometric stationary phase principle and
established the local Fourier transformations. The transformations as given in [Lau87]
are defined in terms of cohomological functors and thus are rarely computable, but in
[Lau87, 2.6.3], Laumon and Malgrange give conjectural formulas of local Fourier trans-

forms for a class of Q-sheaves, which were later proved (with a slight adjustment) by L.

Fu in [Fu07].

0.2.2. Local Fourier transforms for meromorphic connections over Laurent
series fields. In the case of formal differential systems defined over a field of character-
istic zero, the analogues of the local Fourier transforms defined by Laumon were given
independently in 2004 by S. Bloch and H. Esnault in [BEO4] and by R. Garcia Lopez
in [GLO4]. The methods used in [BE04] and [GL04] are different, though. The con-
struction of the local Fourier transforms in [GLO04]| follows the microlocal techniques of
B. Malgrange. In [Mal81], Malgrange gives a microanalytic construction for the local
Fourier transforms F(©) and F(*% which Garcia Lopez then extends in [GLO04]. In
[BEO04], rigorous definitions for the local Fourier transforms for meromorphic connections
over Laurent series fields are given and it is shown that they have properties analogous
to the local ¢-adic Fourier transforms. However, neither [BE04] nor [GL04] give explicit

formulas for how to calculate the local Fourier transforms.

0.2.3. Explicit formulas for local Fourier transforms. Calculation of the local
Fourier transforms was proved independently in 2007 by C. Sabbah in [Sab07] and J.
Fang in [Fan07]. The calculations were of a quite different flavor, with Sabbah taking
a geometric approach and Fang’s proof more algebraic in nature. An important tech-
nical tool used in the calculation is the formal reduction of differential operators to a

canonical form. This work goes back to H.L. Turritin [Tur55] and A. Levelt [LevT75],



with more recent expositions given by B. Malgrange [Mal91], D.G. Babbitt and V.S.
Varadarajan [BV85], as well as M. van der Put and M. Singer [vdPS03]. In [BBE,
Section 5.9], Beilinson, Bloch and Esnault present the canonical form in a way that is
useful to our construction, and in [Var96| Varadarajan gives a helpful historical overview

and summary of research on linear meromorphic differential equations.

0.2.4. Another viewpoint. In 2008 D. Arinkin’s paper [Ari| gave another framework
for the local Fourier transforms. His construction is beneficial because it makes relating
the singularities of a holonomic D-module and its global Fourier transform virtually tau-
tological. Such a relation is one of the central properties of the local Fourier transforms.
Arinkin goes on to give explicit calculation of the Katz-Radon transform in [Ari] as well.
In Chapter 2, we use the same methods of [Ari| to give another proof of the calcula-
tions done in [Fan07] and [Sab07]. Arinkin’s techniques are particularly advantageous

because they generalize nicely to making calculations for local Mellin transforms.

0.3. Local Mellin transform

The general motivation for the local Mellin transform is virtually identical to the
motivation given above for the local Fourier transform, so we do not repeat it in full
detail here. We mention only that the ‘classical’ Mellin transform can be stated as

follows: for an appropriate f the Mellin transform of f is given by

Fo = [ a2 s

and one can check that the following identities hold:

o nf = —(vLf)
« &f = (zf)

where & is the difference operator taking f (n) to f (n+1). These identities can be used to
define the local Mellin transform in the same way that properties of the Fourier transform

are used to define the local Fourier transform. As in the case of the Fourier transform,



the local Mellin transform has different ‘flavors” depending on the point of singularity, so
we refer to them as local Mellin transforms.

There is one large distinction between the local Fourier transforms and the local
Mellin transforms, however. Whereas the local Fourier transforms take a linear matrix
differential operator to another linear matrix differential operator, the local Mellin trans-
forms take a linear matrix differential operator to a linear matrix difference operator. In
[BE04| and [GLO04], clear connections are drawn between the local and global Fourier
transforms. Such connections can be made for the Mellin transform as well, but are not
included in this dissertation as our focus is purely on the local construction.

The global Mellin transform for connections on a punctured formal disk is given
by Laumon in [Lau96|, but since that time little work has been done on the Mellin
transform in this area. In [Ari, Section 2.5, Arinkin remarks that it would be interesting
to apply his methods to other integral transforms such as the Mellin transform. Chapters
3 and 4 of this dissertation are the answer to that query. In Chapter 3, we define the
local Mellin transforms in an analogous manner to the definitions of the local Fourier
transforms which were given in [Ari], [BE04], and [GLO4]. In particular, we mimic
the framework given in [Ari] in order to define the local Mellin transforms, as Arinkin’s
construction lends itself most easily to calculation. In Chapter 3 we also show that
the local Mellin transforms induce equivalences for certain categories of vector spaces
with connection and vector spaces with difference operators. Such equivalences could,
in principle, reduce questions about difference operators to questions about (relatively
more-studied) connections, although we do not do such an analysis in this work. In
Chapter 4 we give explicit formulas for the local Mellin transforms in the spirit of those
given in Chapter 2 (as well as [Fan07] and [Sab07]) for the local Fourier transform.
Again an important tool for the calculation will be the formal reduction of differential
operators described above, as well as the formal reduction of linear difference operators

given by C. Praagman in [Pra83] as well as G. Chen and A. Fahim in [CF98]. There



are considerable parallels between difference operators and connections, and we refer the

reader to [vdPS97] for more details.

0.4. Overview of dissertation

A brief description of the remainder of the dissertation is as follows: In Chapter 1 we
give a synopsis of the most important notation, conventions, results and definitions that
we will use. Chapter 2 is devoted to proving explicit formulas for calculating the local
Fourier transforms for connections on a formal punctured disk (e. g. Theorem 2.2.1),
reproducing the results of [Fan07] and [Sab07]| with a different method of proof. In
Chapter 3 we introduce the local Mellin transforms (e. g. Definition 3.3.1) and their
inverses and describe some of their properties, then we give explicit formulas for the local

Mellin transforms in Chapter 4 (e. g. Theorem 4.1.1).



CHAPTER 1

Background

In this chapter we give the definitions, notation, and results most pertinent to the
dissertation. We also describe recent research related to our topic so as to put our work
in its proper context in a rigorous manner. In section 1.1 we discuss connections on the
punctured formal disk and in section 1.2 we give an analogous construction for difference
operators on the punctured formal disk. Section 1.3 details some useful notation we will
use throughout the dissertation and section 1.4 has information about the norm and
order of an operator. We end with section 1.5, where we prove a lemma that will be
important for our calculations in Chapters 2 and 4.

We fix a ground field k, which is assumed to be algebraically closed of characteristic

Zero.

1.1. Connections on the formal disk

One of the primary objects we work with are differential operators, or connections,
on the formal disk. Specifically, the local Fourier transform takes a connection on the
formal disk and outputs a connection on the formal disk. The local Mellin transform
inputs a connection and produces a difference operator on the formal disk, which we

define in section 1.2. We write K = k((z)) for the field of formal Laurent series.

1.1.1. Definitions.

Definition 1.1.1. Let V be a finite-dimensional vector space over K. A connection on

V' is a k-linear operator V : V' — V satisfying the Leibniz identity:

V(fv) = fV(v) + %v



for all f € K and v € V. Equivalently, we can write that [V, f] .=V f — fV = f. A
choice of basis in V' gives an isomorphism V ~ K"; we can then write V as d% + A, where
A= A(z) € gl,,(K) is the matriz of V with respect to this basis. We sometimes refer to

the % (respectively A) as the differential part (respectively linear part) of the operator
V.

Definition 1.1.2. We write C for the category of vector spaces with connections over
K. Tts objects are pairs (V,V), where V is a finite-dimensional K-vector space and
V : V — V is a connection. Morphisms between (V,V;) and (V4, V3) are K-linear maps

¢ : Vi — V5 that are horizontal in the sense that ¢V, = Vyo.

1.1.2. Properties of connections. We summarize below some well-known properties
of connections on the formal disk. The results go back to Turritin [Tur55| and Levelt
[Lev75]; more recent references include [BV85], [BBE, Sections 5.9 and 5.10], [Mal91],
and [vdPS97].

Let ¢ be a positive integer and consider the field K, = k((2/9)). Note that K, is the

unique extension of K of degree ¢q. For every f € K,, we define an object £y € C by

d _
Ef=Epq = <Kq7@ +z 1f> .

In terms of the isomorphism class of an object E, the reduction procedures of [Tur55]

and [Lev75] imply that we need only consider f in the quotient

() k(=) / (z”qn«nz”qn " 3%)

where k[[z]] denotes formal power series.

Let R, (we write R,(z) when we wish to emphasize the local coordinate) be the set
of orbits for the action of the Galois group Gal(X,/K) on the quotient. Explicitly, the
Galois group is identified with the group of degree g roots of unity n € k; the action on
f € R, is by f(2Y9) — f(nz'/9). Finally, denote by Ry C R, the set of f € R, that

cannot be represented by elements of K, for any 0 < r < gq.



Remark. R can alternatively be described as the locus of R, where Gal(K,/K) acts

freely.

Definition 1.1.3. We define the direct sum @ and tensor product ® on the category C

as follows:

(‘/17 Vl) D (‘/27 V2) = (‘/1 S ‘/27 V+>>

where Vi (v; @ ve) = Vi(v1) ® V(va).
(‘/17 vl) ® (‘/27 VQ) = (‘/1 ® ‘/27V><)7

where V. (v; ® vg) = V1(v1) @ v3 + 11 ® Va(vg).

Proposition 1.1.4.

(1) The isomorphism class of Ey depends only on the orbit of the image of f in R,.

(2) Ejy is irreducible if and only if the image of f in R, belongs to Ry. As q and f
vary, we obtain a complete list of isomorphism classes of irreducible objects of
C.

(3) Every E € C can be written as

E ~ @(Efi,(h ® Jml)a

)

where the Ey, are irreducible, J,, = (K™, d% +27'N,,), and N,, is the nilpotent

Jordan block of size m.

Proofs of the proposition are either prevalent in the literature (cf. [BBE], [Mal91],
[vdPS97]) or straightforward and thus are omitted here. Analogous properties of differ-
ence operators are given in the following section, and we give proofs at that point.

Remark. We often refer to the objects (Ef ® J,,,) € C as indecomposable objects in C.

10



1.2. Difference operators on the formal disk

Vector spaces with difference operator and vector spaces with connection are defined

in a similar fashion.
1.2.1. Definitions.

Definition 1.2.1. Let V' be a finite-dimensional vector space over K = k((f)). A

difference operator on V is a k-linear operator ® : V' — V satisfying

O(fv) = o(f)®(v)

forall f € K, v € V, with p : K" — K" as the k-automorphism defined below. A
choice of basis in V' gives an isomorphism V' ~ K"; we can then write ® as Ay, where

A= A(0) € gl,(K) is the matriz of ® with respect to this basis, and for v(f) € K™ we

p(v(0)) = v (1;:9) = <i<_1y+lei> .

i=1

have

We follow the convention of [Pra83, Section 1] to define ¢ over the extension K, =
k((6'/)). Thus for all ¢ € Z*, ¢ extends to a k-automorphism of K} defined by
0/1)) = v | 0/ 0.
o) =vlom (7
Definition 1.2.2. We write N for the category of vector spaces with invertible difference
operator over K. Its objects are pairs (V,®), where V is a finite-dimensional K-vector

space and ® : V' — V is an invertible difference operator. Morphisms between (17, ®;)

and (V4, ®y) are K-linear maps ¢ : V3 — V5 such that ¢®; = $q0.

1.2.2. Properties of difference operators. In [CF98| and [Pra83|, a canonical form
for difference operators is constructed. We give an equivalent construction in the theorem
below, which is a restatement of [Pra83, Theorem 8 and Corollary 9] with different

notation so as to better fit our situation.

11



Theorem 1.2.3 ([Pra83], Theorem 8 and Corollary 9). Let & : V' — V be an invertible
difference operator.
Then there exists a finite (Galois) extension L of K and a basis of L&k V' such that

® is expressed as a diagonal block matrixz. Fach block is of the form
Fg = [p1

with g € Ky, A € %Z, g = agf + -+ a0, ag # 0, and a, defined up to a shift by

%OZH’\“. The matriz is unique modulo the order of the blocks.
Remark. The F, are the indecomposable components for the matrix of ®.

Theorem 1.2.3 allows us to describe the category N in a fashion similar to our de-

scription of the category C. For every g € K, we define an object D, € N by

Dy =Dyq:= (ng@)'

The canonical form given in Theorem 1.2.3 implies that we need only consider ¢ in the

following quotient of the multiplicative group k((6/7))*:
1

(1.2) K} / (1 + ~76 + 91+<1/q>k[[91/q]]) :
q

Let S, be the set of orbits for the action of the Galois group Gal(K,/K) on the quotient
given in (1.2). Denote by S; C S, the set of g € S, that cannot be represented by

elements of K, for any 0 < r < ¢. As before, S; can be thought of as the locus where

Gal(K,/K) acts freely.

Definition 1.2.4. We define the direct sum @ and tensor product ® on the category N
as follows:

(‘/17 <Dl) SY) (‘/27®2) = (‘/1 S7) ‘/27®+)7

12



where @, (v; @ vg) = P1(v1) B P(v2).

(‘/17 ¢1> ® (‘/27q)2) = (‘/1 ® ‘/27(I)><)7

where @, (v] ® vg) = Pq1(v1) ® Po(v2).

Proposition 1.2.5.

(1) The isomorphism class of D, depends only on the orbit of the image of g in S,.

(2) Dy is irreducible if and only if the image of g in Sy belongs to S7. As q and g

vary, we obtain a complete list of isomorphism classes of irreducible objects of

N.

(3) Every D € N can be written as

D~ @(Dgi,qz' ® Tmi)v

where the Dy, are irreducible, T,, = (K™, Uny), and Uy, = I, +0N,, where N,

1s the nilpotent Jordan block of size m.

PROOF. (1) For a given object Dy, Theorem 1.2.3 implies that D, ~ D, where

g’ = g as elements of the quotient given in (1.2). All that is left is to show that an
action of the Galois group does not affect the isomorphism class. Let u € k such
that ¢ = 1. Consider the morphism ¢ : K, — K, defined by ¢(8'/9) = uo'/a.
Then ¢ is a K-linear map that is easily seen to be an isomorphism sending
Dyorray 10 Dy(upr/a)-
Note that an object D = (V, ®) is irreducible if the only ®-invariant subspaces
of V are 0 and V. A proof of the first statement is as follows. To prove the
forward direction, let D, € N such that g ¢ S;. This implies that g € K, for
some 0 < r < ¢, and it follows that r divides ¢, so K, is a proper subspace of
K, fixed by the action of g. Thus D, is reducible.

For the reverse direction, assume that D, is reducible. Then there exists

a proper K-subspace V' of K, which is invariant under ®. After extension of

13



scalars from K to K, ® is diagonalizable with the diagonal entries of its matrix
being 0;(g) = g(u’z"/?) for all 0 < i < ¢, where y is a primitive ¢™ root of unity.
This implies that the diagonal entries of @[y, : V' @ K; = V' ® K, will be
of the form o;(g) for some i. However, the Galois group Gal(K,/K) acts on K,
so if the operator ®|y/gk, has one 0;(g) as a diagonal entry, it must have o;(g)
for all i. Thus V' being a proper subspace implies that o;(g) = 0;(g) for some
0 <1 # j < g, which only occurs if g € K, for some 0 < r < q.

To prove the second statement, we need to show that if D = (V,®) € N
is irreducible then D ~ D, , for some g and ¢ such that the image of g lies in
Sg. Consider D in canonical form: we extend to V ® K, (assume we choose
the minimum such ¢) and take an eigenvector v of the matrix of @[y g, with
eigenvalue g. The Galois group Gal(K,/K) acts on V ® K, and we let W be
the span of the orbit of v in Gal(K,/K). Thus W is invariant with respect to
the action of the Galois group, so it represents a subspace of V. Moreover, the
eigenvalues of the matrix of ®|y g, are of the form o;(g), so W is invariant with
respect to the action of ®|ygx, as well. Since D is irreducible, W must be all of
Vi and D ~ D, ,. Note that the image of g will be in S; because we chose the
smallest possible q.

The statement of Theorem 1.2.3 makes it clear that D can be written as a
direct sum of indecomposable operators, thus it suffices to prove that for an
indecomposable D ~ (K", Fyp) we have D ~ D, @ T, for some g and m.

Specifically, we show that

(K5 Fap) = (S 90) © (K, (L + ON) ) ).

14



From the reduction procedure outlined in [Pra83|[Lemma 4] we find that

g g
(kg oo o) = (B g0 - | 0) = (K gl + ONw)2),

so all that remains is to show that

(K;” 9 + 9Nm)90> ~ ((Kqu 9¢) @ (K™, (In + HNm)so))

To give such an isomorphism, we need an invertible map ¢ : K" — (K, ® K™)
such that ¢~' (g @ (Im + ONp)0)¢ = g(Im + ONm)p. Let v = Y vie; € K
where v; € K, and {e;} is the appropriate basis. Let €’ and {e/} be the bases
for K, and K™ respectively. Then we define the map ¢ : K" — (K, ® K™) on
its basis vectors by ¢(e;) = ¢ ® €. Note that ¢ is clearly invertible. We can

now show that

m

¢~ (9% @ (I + 0N )¢ (Z Uiei> =099 @ (L + ONu)) (Z vie' ® 62’)

i=1 =1

=1

= ¢ (Z lgp(vi)e’ @ (€] + 962@)])

¢! (9 > w(v)e ®ef +p(v)e’ @ 62’+1>

=1

—y (fj ol + so(vaeem)

=1

—g (Z [o(vi) + 00(v;-1)] )

=1

=gl +ONn)p <Z viei> )

i=1
Note that in the proof above we use the common notation that e, ; = vy = 0.

|
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1.3. Notation

At times it is useful to keep track of the choice of local coordinate for C and A, and
we denote this with a subscript. To stress the coordinate, we write Cy to indicate the
coordinate z at the point zero, C, to indicate the coordinate z — x := z, at a point x # 0,
and C., to indicate the coordinate ( = é at the point at infinity. Note that Cy, C, and
Co are all isomorphic to C, but not canonically. Similarly we can write N to indicate
that we are considering N with local coordinate at infinity. Since we only work with the
point at infinity for A/, though, we generally omit the subscript.

We also have a superscript notation for categories, but our conventions for the cate-
gories C and N are different and a potential source of confusion. Superscript notation for
vector spaces with connection is well-established and we continue to use the convention
that the superscript corresponds to slope (for a formal definition of slope, see [Kat87]).
Thus, for example, we denote by C<! (respectively CZ!) the full subcategory of C, of con-
nections whose irreducible components all have slopes less than one (respectively greater
than one); that is, £y such that —1 < ord(f) (respectively —1 > ord(f)).

The correspondence to slope makes sense in the context of connections because all
connections have nonnegative slope (i.e. for all £y we have ord(f) < 0). For difference
operators we have no such restriction on the order, though, and thus a correspondence to
slope would be artificial. The superscripts we use for difference operators therefore refer
to the order of irreducible components as opposed to the slope. Thus, for example, the
notation A"~ indicates the full subcategory of N of difference operators whose irreducible

components D, have the property that ord(g) > 0.

1.4. The norm and order of an operator

1.4.1. Definition of norm. In the discussion of norms in this subsection we primarily
follow the conventions of [CF86|, though our presentation is self-contained. Fix a real

number € such that 0 < e < 1. For f = Z 01 e K, with ¢, # 0, we define the order

of f asord(f) :=k/q. -
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Definition 1.4.1. Let f € K. The valuation | e | on K is defined as
] = e
with [0] = 0.

This is a non-archimedean discrete valuation and K is complete with respect to the

topology induced by the valuation.

Definition 1.4.2. Let V be a vector space over K. A non-archimedean norm on V is a

real-valued function || e || on V' such that the following hold:

(1) ||v]| > 0 for v € V — {0}.
(2) ||lv 4+ w|| <max(||v]|,||w]|]) for all v,w € V.

B) IS -vll = [f]-[lv][ for f € K and v € V.

Remark. Norms can be defined more generally, but for our purposes we consider only

non-archimedean norms.
Example 1.4.3. The function
[|(z1, ..., 2,)|| = max]|z]|
is a norm on K", and K" is complete with respect to this norm.

Lemma 1.4.4 ([CF86], lemma in Section 2.8). Any two norms ||e||1, || e]||2 on a finite-
dimensional vector space V' over K are equivalent in the following sense: there exists a

real number C > 0 such that
[ ] [ ) [ .
C 1= 2= !

It follows from Lemma 1.4.4 that all norms on a finite-dimensional vector space over

K induce the same topology.
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Definition 1.4.5. Let A : V — V be a k-linear operator. We define the norm of an

Av
LGNS
veV—{0} ||U||

Note that ||A|| < oo if and only if A is continuous ([KF75][Chapter 6, Theorem 1]).

operator to be

1.4.2. Invariant norms. The norm of an operator given in Definition 1.4.5 depends
on the choice of the non-archimedean norm || e ||. To find an invariant for norms of

operators, consider the following two norms:
Definition 1.4.6. The infimum norm is defined as
||Al|ins = inf{||A]| : || ®||is @ norm on V'}

and the spectral radius of A is given by

HAHspec = nll_{Tolo V || A™]].

Note that A must be continuous to guarantee that the limit defining the spectral
radius exists. It follows from Lemma 1.4.4 that the spectral radius does not depend
on the choice of norm || e ||. For operators in general the spectral radius is often the
more useful invariant, but for the class of operators we consider (such as connections,
difference operators, and their inverses) the two definitions coincide and we primarily use

the infimum norm.

1.4.3. Norms of similitudes.

Proposition 1.4.7. Let || o ||, and || e ||2 be two norms on V. Then for any invertible

k-linear operator A :V — V, we have ||A]|y - [|[A7||s > 1.

PROOF. Let v € V and consider the expression

1-3) (Hﬁ:ﬁyl) (HﬁNHH)
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where N > 0. By Lemma 1.4.4 we have §|[v]|; < |[v||> < C|[v|]1, and it follows that

L (1 (1)
2= UTelh ) Ul

In particular, (1.3) is bounded below by 2z > 0 for all N. Suppose that |[A[]; - [JA7}|]s <

1. Then [[A|Y - |]JA7YY — 0 for N > 0. We will show that (1.3) cannot exceed
[|A[|Y - [|A71|Y, which will give us a contradiction. First, for operators A and B we have

the property that ||[AB|| < ||A]| - || B]|- It follows that

1A% o]y
ol

where the second inequality follows from the definition of norm of an operator. For

(I|ANU|I2>1:( [lwll2 >_1
[|v]]2 1A= wl]

_ 1Al

(1.5) el

< [JA™l2

(1.4) AIY > 1A, >

w = ANv we also have

< [lA7l2"

Combining (1.4) and (1.5) it follows that

B ANy ANy -t
-y > (L) (i)

||U||1 ||U||2

which completes the proof. O

Corollary 1.4.8. Let A : V — V be invertible and ||e|| a norm such that ||A||-||A7Y|| = 1.
Then || ]| = [|Alliny-

PROOF. Suppose ||e||; is a norm on V such that ||A||; < ||A|]. Then ||A||;-||[A7Y] < 1

which contradicts Lemma 1.4.7. O

Definition 1.4.9. Let ||e|| be a norm on V. Then an operator A : V — V is a similitude

(with respect to || e ||) if ||Av|| = A||v]| for all v € V. It follows that ||A|| = A.
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Claim 1.4.10. If A : V. — V is an invertible similitude with ||Av|| = M|vl||, then
1Alling = A and [[A7!] = 5.

PROOF. Since A is a similitude, we have

A1 (A 1
A ap MO el 1
veV—{0} || Av]| veV—{0} AlJo]]
By Corollary 1.4.8 it follows that ||A|| = || A]|ins- O

1.4.4. Properties of norms. Given the canonical form of a connection or difference
operator, it is quite easy to calculate the norm. With respect to the canonical basis, in
particular we note that indecomposable connections with no horizontal sections, inde-

composable invertible difference operators, and their inverses are all similitudes.

Remark. We introduce here notation to clear up a potentially confusing situation. The
issue is the notation V = d% + A for a connection. In particular, at the local coordinate
¢ = 1 the change of variable gives us V = —g{i% + A(¢). To emphasize the local
coordinate we will use the notation V, (respectively V) to indicate that we are writing
V in terms of z (respectively ¢). In particular we have the equalities V, = —(*V and

2V, = —(V,. This change of variable is also discussed in the proof of Claim 3.3.8.

Proposition 1.4.11. For an indecomposable (V,V) = (Ef ® J,,) € C such that V has

no horizontal sections,
(1) [|V]ing = €41
If V is invertible we also have

(2) 119 g = o
(3) For (V, V) € Co, [[(2¥)iny = €,
(4) For (V,9) € Cao, [(:) g = [1(CTE)Hing = €.
(5) For (V,V) € Cy, [[(2V2,)Hling = €700,
Proposition 1.4.12. For an indecomposable (V,®) = (D, ® T,,) € N,
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(1) ||]ing = 4.

(2) |1(02) " [iny = €@

PROOF OF PROPOSITIONS 1.4.11 AND 1.4.12. As mentioned above, with respect
to the canonical basis and the norm given in Example 1.4.3, it is clear that V, 2V, ® and
0P are all similitudes. The results then follow from Claim 1.4.10 and the definitions of
E; and D,. Note that the result for Proposition 1.4.11, (5) is different from (3) and (4),
because in (5) multiplication by z has no effect on the norm of the operator (because the

local coordinate is z;). O

1.4.5. Order of an operator. The order of an operator is a notion closely related to
the norm of an operator. It is often more convenient to work with order as opposed to

norm, so we give a brief introduction to order below.

Definition 1.4.13. Let B : V — V be a k-linear operator and || e || a norm defined on
V. Then the order of B is
Ord(B) = log. || B||spec,

with Ord(0) := oc.

Example 1.4.14. The term “order” is suggestive for the following reason. Given Def-
inition 1.4.13, the properties of similitudes, and V an indecomposable connection with
no horizontal sections, the following property holds: Ord(V) = ¢ if and only if for all
n € Q we have V(2"I) = (*z"*) I+ higher order terms. Similarly for an indecomposable
difference operator @, Ord(®) = j if and only if ®(6"I) = (x0""7)I+ higher order terms.

Note that here x € k — Z if / = —1 and * € k otherwise.

In the context of the order of an operator, we can state the results of Propositions

1.4.11 and 1.4.12 as follows.

Corollary 1.4.15 (to Propositions 1.4.11 and 1.4.12). For indecomposable (V,V) =

(Ef ® Jm) in either Cy or Cs we have
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(1) Ord(V) = ord(f) — 1, Ord(zV) = ord(f), and Ord((zV)_1> = —ord(f).
For indecomposable (V. V,,) = (Ef ® J,,,) € Cy,

(2) OTd(ZVZx> — Ord(sz> — ord(f) — 1 and ord((zvzw)*) —1— ord(f).
For indecomposable (V,®) = (D, @ U,,) € N

(3) Ord(®) = ord(g) and Ord((@(l))*) — —ord(g) — 1.

1.5. Operator-root Lemma

In this section we prove a lemma which will be important in the calculation of both
the local Fourier and the local Mellin transforms. Namely, the Operator-root Lemma
tackles one difficult part of the calculation, that of defining what it means to take the
root of a particular operator. To define such a process, we first find a formula for taking
integer powers of an operator, and then extend that formula to define fractional powers
of the operator as well. The extension of the formula to define a root of the operator

relies on techniques found in [Ari].

1.5.1. Integer powers of an operator.

Definition 1.5.1. Recall Definition 1.4.13 for the order of an operator. Let A and B be

k-linear operators from K, to K,. It can be helpful to think of Ord(A) as

Ord(A) = inf (ord(Af) —ord(f)), with Ord(0) = oco.

fEK,

We now define the notation o(z*) by
A = B+ o(2") if and only if Ord(A — B) > k.

Lemma 1.5.2. Let A and B be k-linear operators on K,, with the following conditions:
A and A+ B are similitudes, and [A,[B,A]] = 0. Let Ord(A) = a, Ord(B) = b, and
suppose that a < b. Then

m(m — 1)

(1.6) (A+B)" = A" + mA™ VB ¢ ;

Amf2{B7A] +Q(Za(mfl)+b)
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for allm € 7Z.

PROOF. We first prove that (1.6) holds for m > 0 using induction. The case m = 0

is trivial. Assuming the equation holds for (A + B)™, we have

(A+B)™"' = (A+ B)™(A + B)

m—1)

— A g mAmipA 4 ™ 5 A"TIB, AJA + A™B + o(2m )

m(m — 1)

= A" 4 (m+1)A™B +mA™ B, Al + 5

Am_l[B,A] +Q(Zam+b)

m(m + 1)

=A™ 4 (m+1)A™B + 5

Am_l[B,A] +Q(Zam+b)

which completes the induction for the nonnegative integers . Since A + B is invertible,

the expansion
(A+B)'=A"1-A'BA + AT BAT'BAT —

is well-defined. Using that expansion (which verifies the base case m = —1), the proof
for m < —1 follows in the same manner as the proof for the nonnegative integers above.
Note that the condition Ord(A™") = —Ord(A) (which follows from A being a similitude)

is necessary for the induction on the negative integers. |

1.5.2. Fractional powers of an operator. We now wish to use (1.6) to define frac-
tional powers of the operator (A + B), given certain operators A and B. We follow the
method of [Ari, Section 7.1 to extend the definition, though our goal is more narrow;
Arinkin defines powers for all a € k, but we only need to define fractional powers m & %Z

for a given nonzero integer p.

Lemma 1.5.3 (Operator-root Lemma). Let A and B be the following k-linear operators
on K,: A= multiplication by f = jzP/9 + o(2P/7), 0 # j €k, and B = z"d% with n # 0,
p#0, and ¢ > 0 all integers. We have Ord(A) =% and Ord(B) =n—1, and we assume
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that 2 <n —1. Then we can choose a p™ root of (A+ B), (A+ B)Y?, such that

m(m — 1)

5 A" 2B, Al + Q(Z(p/q)(mfl)Jm,l)

(A+B)™ = A" + mA™ VB 4
holds for all m € %Z where (A + B)™ = ((A + B)'/»)rm,

PROOF. We use the notation found in [Ari, Section 7.1]. Letting P = (1/5)(A + B)

we have P : K, — K, is k-linear of the form

P (Z cﬁzﬁ/Q) _ Z cs Zp¢(5)2(6+i+p)/q-

B B i>0
Thus po(8) = 1 and all p; are constants or have the form 3/g+constant, so the necessary
conditions [Ari, Section 7.1, conditions (1) and (2)] are satisfied. We can now define P™,

and likewise (A + B)™ = j™P™, for m = O

1
>
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CHAPTER 2

Explicit calculations for local Fourier transforms

In [BEO4], S. Bloch and H. Esnault introduced the local Fourier transforms for con-
nections on the formal punctured disk. In [GL04], R. Garcia Lopez found similar results
to [BEO4] using a different method. Bloch and Esnault also apply the local Fourier
transforms to analyze properties of rigidity, in particular proving an invariance result
for the rigidity index under the global Fourier transform. Neither [BE04]| nor [GLO04]
gave explicit calculations for the local Fourier transforms, however. Explicit formulas
were proved by J. Fang in [Fan07] and C. Sabbah in [Sab07]. Interestingly, the calcula-
tions rely on different ideas: the proof of [Fan07] is more algebraic, while [Sab07] uses
geometric methods.

In this chapter, we provide yet another proof of the formulas given in [Fan07] and
[Sab07]. Our approach is closer to Fang’s, but more straightforward. Specifically, in
order to calculate a particular local Fourier transform, one must ascertain the ‘canonical
form’ of the local Fourier transform of a given connection. This amounts to constructing
an isomorphism between two connections (on a punctured formal disk). In [Fan07], this
is done by writing matrices of the connections with respect to certain bases. We work
with operators directly, using techniques described by D. Arinkin in [Ari, Section 7].

In section 2.1 we define the local Fourier transforms and mention some of their prop-
erties. We state theorems for the calculation of the local Fourier transforms in section
2.2, and then prove the theorems in section 2.3. In section 2.4 we show how our results

coincide with the earlier computations of Fang in [Fan07].



2.1. Local Fourier transforms

Recall the following notation: we write Cy to indicate the category C with the coordi-
nate z at the point zero and C, to indicate the coordinate ( = % at the point at infinity.
We also denote by CS! (respectively CZ!) the full subcategory of Co, of connections whose
irreducible components all have slope less than one (respectively greater than one); that
is, By such that —1 < ord(f) (respectively —1 > ord(f)). Note that for 0 # z € k,
calculation of the local Fourier transform can be reduced to the Cy case, so we do not

give explicit formulas for objects in C,.

Definition 2.1.1. We define the local Fourier transforms F(©:0) F(0) and F(oe.)
using the relations given in [BEO4, Propositions 3.7, 3.9 and 3.12] while following the
convention of [Ari, Section 2.2]. We let the Fourier transform coordinate of z be 2,
with 5 = % Let E = (V,V,) € Cy such that V, has no horizontal sections, thus V,
is invertible. The following is a precise definition for F(*>)(E), the other local Fourier
transforms can be defined analogously and thus precise definitions are omitted. Consider

on V the k-linear operators
(2.1) (=-V.":VoVadV;=—(22:V V.

As in [Ari], ¢ extends to define an action of k((¢)) on V and dimy )V < 00. We write V;
to indicate that we are considering V as a k((C))-vector space. Then @é is a connection,

and the k((¢))-vector space V; with connection @é is denoted by
FORUE) = (Ve V) € €L

which defines the functor F©) : ¢y — C<!.

Given the conventions above, we can express the other local Fourier transforms by

the functors

Fle st — Cp and Fo) o cZt — 2l
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If one considers only the full subcategories of Cy and C<! of connections with no
horizontal sections, the functors F(©) and F(*9 define an equivalence of categories.

Similarly, F(>°) is an auto-equivalence of the subcategory C2! [BE04, Propositions

3.10 and 3.12].

2.2. Statement of theorems

Let s be a nonnegative integer and r a positive integer.
2.2.1. Calculation of F(©>),

Theorem 2.2.1. Let f € R2(2) with ord(f) = —s/r and f # 0. Then Ey € Cy and
FOEy) = E,
where g € R;’+s(é) 1s determined by the following system of equations:

(2.2) f=-zz2

(2.3) g:f—i-m

Remark. Recall that ¢ = 1. We determine g using (2.2) and (2.3) as follows. First,
using (2.2) we express z in terms of C1/+9)  We then substitute that expression for z

into (2.3) and solve to get an expression for g(f) in terms of (V")

When we use (2.2) to write an expression for z in terms of é 1/(r+5) the expression is
not unique since we must make a choice of a root of unity. More concretely, let 1 be a
primitive (r 4 s)™ root of unity. Then replacing ¢/ with 7/ in our equation for
z will yield another possible expression for z. This choice will not affect the overall result,
however, since all such expressions will lie in the same Galois orbit. Thus by Proposition

1.1.4 (1), they all correspond to the same connection.
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Corollary 2.2.2. Let E be an object in C. By Proposition 1.1.4 (8), let E have decom-

position E ~ @ (Efi ® Jmi). Then

FO<UE) ~ P (E ® Jml)

i

for E,, = FO<)N(E}) as defined in Theorem 2.2.1.

SKETCH OF PROOF. ¢ ® J,, is the unique indecomposable object in C formed by
m successive extensions of Ey. Since we have an equivalence of categories, we only need

to know how F(>) acts on FE;. This is given by Theorem 2.2.1. ]

2.2.2. Calculation of F(0),

Theorem 2.2.3. Let f € Ry(C) with ord(f) = —s/r, s <r, and f #0. Then E; € CZ!
and

FeO(B) ~ B,

where g € R._(2) is determined by the following system of equations:

(2.4) f=zz

(2.5) g=—f+

Remark. We determine g from (2.4) and (2.5) as follows. First, we use (2.4) to express

1/(r—s

¢ in terms of 2 ). We then substitute this expression into (2.5) to get an expression

for g(2) in terms of 21/(=%).
2.2.3. Calculation of F(>**),

Theorem 2.2.4. Let f € R2(¢) with ord(f) = —s/r and s > r. Then E; € CZ' and

Fe ) = E,
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where g € Rg_r(f) 1s determined by the following system of equations:

(2.6) f=zz

S

(2.7) g=—f+ m

Remark. We determine g from (2.6) and (2.7) as follows. First, we use (2.6) to express
¢ in terms of é 1/(s=1)  We then substitute this expression into (2.7) to get an expression

for ¢(¢) in terms of (/7).

2.3. Proof of theorems

2.3.1. Outline of proof of Theorem 2.2.1. We start with the operators given in (2.1),
viewing them as equivalent operators on K,. We wish to understand how the operator
@é acts in terms of the operator f . The proof is broken into two cases, depending on the
type of singularity. In the case of regular singularity, we have ord(f) = 0, and the proof
is fairly straightforward. In the irregular singularity case where ord(f) < 0, the proof
hinges upon defining a fractional power of an operator. This was done in Lemma 1.5.3,
the Operator-root Lemma. Lemma 1.5.3 is the heavy lifting of the proof; the remaining
portion is just calculation to extract the appropriate constant term (see remark below)

from the expression given by Lemma 1.5.3.

Remark. We give a brief explanation regarding the origin of the system of equations
found in Theorem 2.2.1. Consider the expressions given in (2.1). Suppose we were to make
a “naive” local Fourier transform over K, by defining V. = 27! f(2) and @CA = (1g(0);
in other words, as in Definition 1.1.1 but without the differential parts. Then from the

equation —(z71f)~* = ¢ we conclude

(2.8) f=—zz
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Similarly, from —( 2z = (!¢ we find —2z = g, which when combined with (2.8) gives

(2.9) f=g

When one incorporates the differential parts into the expressions for V, and @CA, one sees
that the system of equations (2.8) and (2.9) nearly suffices to find the correct expression
for g(é ), only a constant term is missing. This constant term arises from the interplay
between the differential and linear parts of V., and we wish to derive what the value

of it is. Similar calculations can be carried out to justify the systems of equations for

Theorems 2.2.3 and 2.2.4.

2.3.2. Proof of Theorem 2.2.1.

PROOF. From [BEO04, Proposition 3.7] we have the following equations for the local

Fourier transform F(©:°9):
(2.10) 2 =—(%0;) and 9, = —C".

Converting to our notation, we write 86 = @é = d% + (Aflg(é) and 0, = V, =
4 4 >71f(2). Then (2.10) becomes

wd . .
_ 2

(2.11) z= Cdﬁ ¢y(¢)

and

(2.12) 4y iy =

Our goal is to use (2.12) to write an expression for the operator z in terms of é , at which
point we can substitute into (2.11) to find an expression for ().
Case One: Regular singularity (ord(f) = 0).

In this case we have s = 0 and r = 1, so f = o € k — Z. Then (2.12) has form

d% +< = —é ~1. But on K, the operator d% acts on monomials as multiplication by % for
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some n € Z, and f € R;(z) means that « is only defined up to a shift by Z. Thus the
operator dilz + 2 acts in the same manner as just 2. In other words, we can safely ignore
the differential part of the operator in the case of a regular singularity. The remainder
of this case follows from the remark below the outline in subsection 2.3.1.

Case Two: Irregular singularity (ord(f) < 0).

Consider the equation

(2.13) ==

which is (2.12) without the differential part, and coincides with (2.2). Equation (2.13)
can be thought of as an implicit expression for the variable z in terms of é , which one
can rewrite as an explicit expression z = h(C) € k((C/+9))) for the variable z. This
is the purely algebraic calculation which in Theorem 2.2.1 is stated as expressing z in
terms of (*/(+) Note that since there is no differential part in (2.13), h(¢) is not the
same as the operator z. Since the leading term of 27! f(z) is az="+9/" (for some a € k),
(2.13) implies that h(C) = a’/+9) (=)™ /0 +s) 4 o(¢/0+9)). Using (2.12) we find that the

operator z will be of the form

(2.14) 2= h(C) + (=) +a(()

where the x € k represents the coefficient that arises from the interplay between the
differential and linear parts of (—C) = (V.)~'. As explained in the outline, we wish to
find the value of *. Let A =27'f(z) and B = L, then [B,A] = A" = 27! f'— 272 f. From

(2.12) we have —( = (A+ B)~!, and we apply the Operator-root Lemma (Lemma 1.5.3)
to find

AT —r —-T Z, —-T —S r+s r+s
(—C)T“Zam(2+---+a_1{ (—)+ + }zj)JrQ(Zt))-

r+s\r r+s  2(r+s)
Remark. We use the notation % to represent the operator zd%. This notation makes
sense, because z4 : K, — K, acts as z-4(z"/") = 2(2"/") for any n € Z.
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Also from Lemma 1.5.2 we have
(_é) _ aflzlJr(s/r) —|—Q(Zl+(s/r)).

The appropriate value for * in (2.14) is the expression that will make the leading term

of #(—(), which will be *a~1z1(/") cancel with o™ =L =4 T L1/ Thus

we find that

Z+r S
2.1 = )
(2.15) * T+S+2(S-|—T)

Applying both sides of (2.11) to 1 € K., and using the fact that d%(l) = 0, we see that
z = —(g(¢). Thus to find the expression for ¢ we simply need to compute the Laurent
series in ¢ given by (—C~1)z. Substituting the expressions from (2.14) and (2.15) into

~

(—¢™ 1)z, we have

~

9(6) = —h(E) + (

Z+7°+ S +o(1)
r+s  2(r+s) -

By Proposition 1.1.4, (1), E,,+s will be isomorphic to E,,+, where

~

(2.16) 9(Q) = =Ch({) +

2(r+s)’

since ¢ and ¢ differ only by Z& ¢ L7 From (2.13) we have —6*1h 5 = —z2z=f,s0
r+s r+s

(2.16) matches (2.3) which completes the proof. O

2.3.3. Proof of Theorem 2.2.3.

PROOF. This proof is much the same as the proof of Theorem 2.2.1, so we only sketch

the pertinent details. From [BEO4, Proposition 3.9], in our notation we have
(2.17) (*°Ve=%and (' = —V:
We wish to write z = ¢! in terms of 21/("=%)_ Consider the equation

(2.18) (f =2
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which is the first equation of (2.17) without the differential part. We can think of (2.18)
as an implicit definition for the variable ¢, which we can rewrite as an explicit expression
¢ =h(2) = a " /=92r/0=9) 4 o(27/074)). Letting A = (f(¢), B=(*f and 2 = A+ B,

we have [B, A] = (*A’ and the Operator-root Lemma gives

sr/r=9) _ qrl (=) (C tga { r (?) N L} ) Q(g1+<s/r>))

r—s\r 2(r —s)
and
5 +)/(r=9) — qr+5)/(r=9) (L4 (s/7) | o((1+(5/7),
We conclude that the operator ¢ will be

—7Z —s
— h(3 —2r/(r—s) 5(r+s)/(r—s) 5(r+8)/(r=s)y
(=h(2)+a T_S+2(T_S) Z +o(2 )

Inverting the operator (, we find

and it follows that

R 1 —7 —S
g(2) = —z2z=—2h(2)" + — + 20— ) + o(1).

Note that f = 2h(2)~!. As in the proof of Theorem 2.2.1, we use Proposition 1.1.4,
(1), to find an object isomorphic to E, which matches the object given in the theorem,

completing the proof of Theorem 2.2.3. O

2.3.4. Proof of Theorem 2.2.4.

PROOF. The calculations are virtually identical to the proof of Theorem 2.2.3, but
the expressions are written in terms of f instead of Z, and s —r instead of r —s. Starting

with [BEO4, Proposition 3.12], in our notation we have

(*Ve=2and (' = -V,
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Repeating the calculations of Theorem 2.2.3 we conclude that

A 7 S

9(Q) = e = =CRO ™+ T+ gy el

Note that —f _1h(§ )~! = f. As before, by considering an appropriate isomorphic object

we eliminate the term with Z, completing the proof of Theorem 2.2.4. O

2.4. Comparison with previous results

One notes that in [Fan07], Fang’s Theorems 1, 2, and 3 look slightly different from
those given in (respectively) our Theorems 2.2.1, 2.2.3, and 2.2.4. We shall present a brief
explanation for the equivalence of Fang’s Theorem 1 and our Theorem 2.2.1. One large
difference in our methods is that Fang’s calculations are split into a regular and irregular
part, whereas we calculate both parts simultaneously. We first verify the equivalence for

the irregular part.

2.4.1. Equivalence for the irregular part. Suppose f in Theorem 2.2.1 has zero
regular part. In particular, this means that f has no constant term. Then with Fang’s

notation on the left and our notation on the right, we have the following relationships:
t corresponds to z

t' corresponds to 2

t0y(cr) corresponds to f

(L/t)0a,)(B) +

s
———— corresponds to
2(r + s) P g

Using the correspondences above and equation (2.1) from Fang’s paper, one can
manipulate the systems of equations to see that the theorems coincide on the irregular

part.

2.4.2. Equivalence for the regular part. In [Fan07], the structure of the theorems is
such that the calculation of the regular part is quite straightforward. Using our theorems,

however, the calculation of the regular part is hidden. To verify that the regular portion
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of our calculation matches up with the results from [Fan07], it suffices to prove the claim
below. We note that one can also calculate the regular part by using the global Fourier

transform and meromorphic Katz extension; our proof is independent of that method.

Claim 2.4.1. Let f(z) = az=*/" + -+ + b as in Theorem 2.2.1 and F*®)(E;) = E,.

P \pL 8
r+s 2(r+s)

Then g will have constant term <

Before we prove Claim 2.4.1, we first prove two lemmas regarding general facts about

formal Laurent series and compositional inverses.

Lemma 2.4.2. Let j(z) € K, with ord(j) = £, p € Z—{0} and ¢ > 0. Ifp >0, then
§ has a formal compositional inverse j=V € k((2'/?)). If p < 0, then j has a formal

compositional inverse 5V € k((¢C'/P)).

PROOF. Let h(z) = (21?0 j o 29)(2). Then h(z) is a formal power series with no
constant term and a nonzero coefficient for the z term. Such a power series will have a
compositional inverse, call it A=V (2). Then j¢9(2) := (22 0 ™Y o 2Y/7)(2) will be a

compositional inverse for j. |

Remark. Note that h (and h{~" as well) is not unique since a choice of root of unity is

made. This will not affect our result, though, since h? and (h{=")? will be unique.

Lemma 2.4.3. Let j(2) = az """ 4 4 b27t 4 o(27h), 4(2) € K,, with s a non-

negative integer and v € 7. Then the coefficient for the = term of 7V (2) will be

br
r+s’

PROOF. Let h(z) = (27Y/0*%) 0 j 0 27)(2). Then j(z") = h~"**) and from the proof

of Lemma 2.4.2 we have
(2.19) G (Y = (R0
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According to the Lagrange inversion formula, the coefficients of h and h{=" are related

by
(2.20) (r + ) [2" 5| (B0 = p[z]p= )

where [z 7°](h{=1)" denotes the coefficient of the 2"+ term in the expansion of (R{™1)".

Substituting (2.19) and j(z") = h~"*% into (2.20) we conclude that

(2:21) 2"+ () =

Since [z7"]j(2") = b, the conclusion follows. O

PRrROOF OF CrLAIM 2.4.1. Given the notation used above for the Lagrange inversion

formula, we can restate the claim as follows: if [2°]f = b, then [éo] g= T% 2(Tis).

Let j(z) = —z'f. Then

By (2.2) we conclude that 2 = j(z), and by Lemma 2.4.2 let 5~ be the compositional

iverse. Then j0(2) = 2. From (2.3) we have g = —=5 + iy which implics that
—2 (g - m) = j=1U(2). This gives

1D _ [0 s

(2773 [Z]g+2(7“—|—s)

or equivalently

(2.22) 59 = [0 +

By Lemma 2.4.3, [z7!]j = —b implies that [271]j~" = =2, The result then follows from

(2.22) and noting that [2°]g = [¢%]g. O
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CHAPTER 3

Introduction of local Mellin transforms

In this chapter we give rigorous definitions for the local Mellin transforms for connec-
tions on the punctured formal disk, as well as define the local inverse Mellin transforms.
We also prove that the local Mellin transforms induce certain equivalences of categories,
but leave explicit calculations for the next chapter. We denote the local Mellin trans-
forms by M) M@2) “and M) where the superscripts are indicative of the point
of singularity in the same fashion as for the local Fourier transforms. The results and
definitions of this chapter are analogous to those for the local Fourier transforms found
in Chapter 2, section 2.1, as well as [Ari], [BE04] and [GLO04].

In section 3.1 we present definitions and results regarding Tate vector spaces (which
are also found in [Ari, Section 5.3]) that are pertinent to our construction of the local
Mellin transform. Section 3.2 is devoted to taking the results in section 3.1 and aligning
them to our particular situation. In sections 3.3 and 3.4 we give formal definitions
of the local Mellin and local inverse Mellin transforms, as well as prove that they are
well-defined. We demonstrate the equivalences of categories given by the local Mellin

transforms in section 3.5.

3.1. Definitions and previous results

3.1.1. The z-adic topology. Let A =k[[2]].

Definition 3.1.1. We define the z-adic topology on the vector space V as follows: a
lattice is a k-subspace L C V' that is of the form L = @, Ae; for some basis e; of V' over
K. Then the z-adic topology on V is defined by letting the basis of open neighborhoods

of v € V be cosets v + L for all lattices L C V.



Note that one can fix a basis {e;} and define certain lattices L = @, 2" Ae; for all
k € Z. Then for any open neighborhood v + L of v € V|, there exists k € Z such that
v+ L, C v+ L. In particular, let {e}} be the basis corresponding to L and C' = (¢;;) be

the change of basis matrix sending e; to e;. Then k = —min{ord(c;;)} will do.

Remark. An equivalent definition for the z-adic topology, without reference to choice of
basis, is given in [Ari, Section 4.2]. The z-adic topology is also equivalent to the topology

induced by any norm, as described in Lemma 1.4.4.

For ease of explication, we copy the remaining definitions and results in this section
from [Ari, Section 5.3]. For more details on Tate vector spaces, see [BD04, Section

2.7.7).

3.1.2. Tate vector spaces.

Definition 3.1.2. Let V be a topological vector space over k, where k is equipped with
the discrete topology. V' is linearly compact if it is complete, Hausdorff, and has a base
of neighborhoods of zero consisting of subspaces of finite codimension. Equivalently, a
linearly compact space is the topological dual of a discrete space.

V' is a Tate space if it has a linearly compact open subspace.

Definition 3.1.3. An A-module M is of Tate type if there is a finitely generated sub-
module M’ C M such that M /M’ is a torsion module that is ‘cofinitely generated’ in the

sense that

dimy Ann,(M/M’) < oo, where Ann,(M/M’) = {m € M/M'|zm = 0}.

Lemma 3.1.4.

(1) Any finitely generated A-module M 1is linearly compact in the z-adic topology.

(2) Any A-module of Tate type is a Tate vector space in the z-adic topology.

Proposition 3.1.5. Let V' be a Tate space. Suppose an operator Z : V. — V satisfies

the following conditions:

38



(1) Z is continuous, open and (linearly) compact. In other words, if V' C 'V is an
open linearly compact subspace, then so are Z(V') and Z7(V").
(2) Z is contracting. In other words, Z" — 0 in the sense that for any linearly
compact subspace V' C 'V and any open subspace U C V', we have Z™"(V') C U
forn > 0.
Then there exists a unique structure of a Tate type A-module on V' such that z € A acts

as Z and the topology on V' coincides with the z-adic topology.

Definition 3.1.6. For a Tate space V/, if an operator Z : V' — V satisfies the conditions
of Proposition 3.1.5, we say it is nicely contracting. If an operator Z is invertible and

Z~! satisfies the conditions of Proposition 3.1.5, it is nicely expanding.

3.2. Lemmas

We prove some lemmas describing our situation in the language of Tate vector spaces.

Lemma 3.2.1. Let Z : 'V — V be a k-linear operator. If Ord(Z) > 0, then Z is

contracting.

PROOF. Let {e;} be a basis over which Z has positive order and k € Z. It suffices
to show that for the lattice L = @ 2F Ae;, any open subspace U, and some N € Z, we
have Z"(L) C U for alln > N. Thie fact that U is an open subspace implies that L' C U
where L' is the lattice @zj Ae; for some j € Z. We show that Z™(L) C L’. Because

)

Ord(Z) = u > 0 we will have Z(L) C @z’”“Aei as well as Z"(L) C @z“’”‘Aei. As
n increases, the exponent k 4+ nu can be made arbitrarily large, in particular larger than

j. We conclude that Z™(L) C L' C U for n > 0. O
Lemma 3.2.2. A K-vector space V is of Tate-type if and only if it is finite dimensional.

PRrOOF. Note that as a K-vector space, V' also has the structure of an A-module. For

the forward direction, there exists a finitely generated A-submodule M’ C V' such that
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V/M' is a torsion A-module. It follows that for every v € V there exists a € A — {0}

n
such that av € M’'. Then av = Zaim; where a; € A and {m]} are the generators of

M’ sov= Z(ai/a)mg and thus V' is generated by {m;}. Note that % € K, thus the
condition that V' be a vector space is necessary.
For the reverse implication, let V ~ K™ with basis {e;}. Then M' = @Aei is a

finitely generated A-submodule such that V /M’ is a torsion module. Since
dimgAnn, (V/M') = n,

V/M' is also cofinitely generated. Thus V' is of Tate-type. a
Lemma 3.2.3. For any object (V,V) € C or (V,®) € N, V is a Tate vector space.

PROOF. Since V is finite dimensional, this follows from Lemma 3.2.2 and Lemma

3.1.4,(2). O

3.3. Definition of local Mellin transforms

Below we give definitions of the local Mellin transforms. To alleviate potential con-
fusion, let us explain the format we will use for the definitions. We begin by stating the
definition in its entirety, but it is not a priori clear that all statements of the definition
are true. We then claim that the transform is in fact well-defined and give a proof to

clear up the questionable parts of the definition.

3.3.1. Definition of M©:),

Definition 3.3.1. Let E = (V,V) € C;°. Thus all indecomposable components of V
have slope greater than zero, so for each indecomposable component Fy ® J,, one has

ord(f) < 0. Consider on V' the k-linear operators

(3.1) 0:=—:V) "V oVadd:=2:V =V
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Then 0 extends to an action of k((#)) on V, dimyg))V < oo, and @ is an invertible
difference operator. We write V' = Vj to denote that we are considering V' as a k((f))-
vector space. We define the local Mellin transform from zero to infinity of E to be the
object

MOV (E) = (Vy, @) € N.

Claim 3.3.2. M) s well-defined.

PrROOF. To prove the claim we must show the following:

(i) € extends to an action of k((6)) on V.
(ii) Vj is finite dimensional.
(iii) @ is an invertible difference operator on Vj.

We prove (i) with Lemma 3.3.3 below. In the proof of Lemma 3.3.3 we show that 2V
is nicely expanding, and it follows by Proposition 3.1.5 that Vj is of Tate type. Lemma
3.2.2 then implies that Vj is finite-dimensional, proving (ii). To prove (iii), we first note
that ® is invertible by construction. To see that ® is a difference operator, we first show
that it suffices to show that for = =! one has ®n = (n+1)®. By definition, we need to
show that ®(fv) = p(f)®(v) for all f € K and v € V. Since ® is k-linear and Laurent
polynomials are dense in Laurent series, this reduces to showing that ®(6%) = ¢(6")®,
which can be proved by induction as long as you can show that ®(0) = (%) ®. This
last equation is equivalent to (7 + 1)® = ®n, which we now prove. Using the fact that

[V,z] =1 and the definitions given in (3.1) we compute
M+1)®=—-2Vz+z2=—20:EV+1)+2=2(-2V)=n.

|

Lemma 3.3.3. The definition for 0, as defined in (3.1), extends to an action of k((6))
onV.

PROOF. Since all indecomposable components of V have positive slope, V (and 2V)

will be invertible and thus # is well-defined. An action of k[#™'] = k[—2V] on V is
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trivially defined. If 2V : V' — V is nicely expanding, then by Proposition 3.1.5 we will
also have an action of k[[f]] on V. This will give a well defined action of k((#)) on V.
Thus all we need to prove is that 2V : V' — V is nicely expanding.

We must show that § = (2V)~! : V — V is continuous, open, linearly compact and
contracting. Thanks to the canonical form we can assume without loss of generality that

V is indecomposable. Thus, in canonical form, 2V will be

f
a
Z—
dz 1
with f € k[z7"/"] and ord(f) = —m/r < 0. Let {e;} be the canonical basis. Since

lattices are linearly compact open subspaces, to prove that (2V)~! is open, continuous
and linearly compact it suffices to show that (2V) and (2V)™! map a lattice of the
form L, = @(z")*A.e; to a lattice of the same form (note that here we are using
A, = K[[z""]]). We see that 2V (L) = @V ™Ae; = Ly and (2V) (L) =
@ (/") Ae; = Ly, so (V)™ is open, continuous and linearly compact.

To show that (2V)~! is contracting, by Lemma 3.2.1 we only need to show that
Ord((2V)™!) > 0. By Corollary 1.4.15, (1), then, it suffices to show that we have
ord(f) < 0 for the indecomposable (V,V) = E; ® J,,,. This condition is fulfilled by

assumption, since all indecomposable components have slope greater than zero. O

3.3.2. Definition of M @),

Definition 3.3.4. Let £ = (V, V) € C, such that V has no horizontal sections. Consider

on V the k-linear operators
(3.2) 0:=—:V) "V oaVadd:=2:V =V

Then 6 extends to an action of k((¢)) on V, dimyg)V < oo, and ® is an invertible

difference operator. We define the local Mellin transform from x to infinity of E to be
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the object
MEXN(E) = (V,, ®) € N.

Remark. Note that since £ € C,, we are thinking of K as k((z,)). This emphasizes

that we are localizing at a point x # 0 with local coordinate z, = z — x.
Claim 3.3.5. M®>) s well-defined.

PrOOF. To prove the claim we must show the following:

(i) @ extends to an action of k((6)) on V.
(ii) Vj is finite dimensional.
(iii) @ is an invertible difference operator on Vj.
We prove (i) with Lemma 3.3.6 below. The proofs of (ii) and (iii) are identical to

those found in the proof of Claim 3.3.2. O

Lemma 3.3.6. The definition for 0, as given in (3.2) extends to an action of k((0)) on
V.

PROOF. As in the proof of Claim 3.3.2, all we need is that 2V : V' — V is nicely
expanding. Since V has no horizontal sections, V (and thus zV) will be invertible. First
we show that (2V)~! : V' — V is continuous, open, and linearly compact. We can assume
without loss of generality that, in canonical form, V is a single indecomposable block.

Thus 2V will have the form

with f € k[z; /"] and ord(f) = (—s/r) < 0. It suffices to show that (2V) and (2V)~!
map a lattice of the form L; = @(zi/T)kAei to a lattice of the same form (note that here
we are using A = k[[zi/ "1]). Tt is helpful to note that the leading term of an operator

is often the only important term for theoretical calculation. Thus one can think of z as
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2+, and reduce to considering 2V as merely £V to conclude that 2V (L) = Ly_s_, and
(2V)"Y(Ly) = Lyt It follows that (2V)~! is open, continuous and linearly compact.

To show that (2V)~! is contracting, by Lemma 3.2.1 we need Ord((zV)) > 0. By
Corollary 1.4.15, (2) it suffices to show that we have ord(f) < 1 for the indecomposable
(V,V) = Ef ® J,,. This condition is trivially fulfilled since the slope of a connection is

nonnegative. O

3.3.3. Definition of M), Note that here we are thinking of K as k((()), since we

are localizing at the point at infinity ( = %

Definition 3.3.7. Let £ = (V,V) € CZ?, thus all irreducible components of V have

slope greater than zero. Consider on V' the k-linear operators
(3.3) :=—:V)':VaVad®=2:V =V

Then 6 extends to an action of k((¢)) on V, dimyg)V < oo, and ® is an invertible
difference operator. We define the local Mellin transform from infinity to infinity of E to
be the object

M) = (Vy, ®) € N.

Claim 3.3.8. M) is well-defined.

PROOF. The proof of Claim 3.3.8 is almost identical to the proof of Claim 3.3.2 (with
one caveat mentioned below) and is thus omitted. The ‘caveat’ was described previously
in the remark before Proposition 1.4.11, but we repeat the important parts here. In
particular we note that at infinity, due to the change of variable from z to (, we write

the canonical form for an indecomposable V, as

f

d
—(*V¢ = _CQd_C +C |1
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with f € k[(™Y/"]. Thus 2V, = (V, will be

f

d
—+ |1

_<dC

Remark. The local Mellin transforms above give functors to apply to all connections
except for certain connections with regular singularity. More precisely, the only invertible
connections for which M) AM(#:2) "and M) cannot be applied are those connec-
tions in Cp and C,, with slope zero. It turns out that these connections with regular
singularity will map to difference operators with singularity at a point y # oo. This
case is sufficiently small and different from the situation described above that we do not

discuss it in this dissertation.

3.4. Definition of local inverse Mellin transforms

3.4.1. Definition of M (0:),

Definition 3.4.1. Let D = (V,®) € N>% Thus @ is invertible and the irreducible

components of & have order greater than zero. Consider on V the k-linear operators
(3.4) z=0:VVandVi=—(00)':V -V

Then z extends to an action of k((z)) on V, dimy((.))V < oo, and V is a connection. We
write V, for V' to denote that we are considering V' as a k((z))-vector space. We define

the local inverse Mellin transform from zero to infinity of D to be the object
M~O®) (D) .= (V,, V) € Cp.
Claim 3.4.2. M=) s well-defined.

Proor. We must show the following;:

45



(i) z extends to an action of k((2)) on V.
(i) V, is finite dimensional.

(iii) V is a connection on V.

We prove (i) with Lemma 3.4.3 below. In the proof of Lemma 3.4.3 we show that
V, is of Tate type. Lemma 3.2.2 then implies that V, is finite-dimensional, proving (ii).
To prove (iii) we must show that [V, f] = f’ for all f € k((z)). We first show that it
suffices to prove that [V, z] = 1. Since V is k-linear and Laurent polynomials are dense
in Laurent series, to show that [V, f] = f” we merely need to show that [V, 2"] = nz""!
for all n € Z. Assuming that [V, z] = 1, though, we can prove that [V, 2"] = nz""! for
all n € Z with the following steps: an induction argument proves it true for n > 1. Then
using the fact that 0 = [V, 1] = [V, zz7!] one can derive [V, z7!] = —272. An induction
argument then proves [V, 2" = nz""! for the negative integers. All that remains is to
show that [V, z] = 1. We note that for n = 6=! we have ®~1(n)® = (n — 1). Then we

can use the definitions of (3.4) to compute

Vz -2V = —<8(I))71(I) + <I>(9<I>)’1 = —(I)iln(I) —+ n= 1.

Lemma 3.4.3. The definition of z, as given in (3.4), extends to an action of k((z)) on
V.

PROOF. @ is invertible, so an action of k[z"!] is defined. We prove that ® is nicely
contracting and then invoke Proposition 3.1.5 to show that an action of k[[z]] is well-
defined.

To apply Proposition 3.1.5, we need z = ® to be continuous, open, linearly compact,
and contracting. First we show that ® is open, continuous and linearly compact. We can
assume that ® is indecomposable, so in canonical form (V, ®) = D,®T,, for some g € K,
with ord(g) = s/r. Let {e;} be the canonical basis. As in previous proofs, it suffices to

show that ® and ®~! map a lattice of the form L = @(6'/7)* Ae; to a lattice of the same
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form (note that here we are using A = k[[#*/"]]). Calculation using the canonical form
shows that ®(Ly) = L, and ®1(Ly) = Ly, so ® is open, continuous and linearly
compact.

To show that an indecomposable ® is contracting, by Lemma 3.2.1 we need to show
that Ord(®) > 0. By Corollary 1.4.15, (3), we simply need that for (V,®) = D, ® T,,, we
have ord(g) > 0. This follows from the assumption that all irreducible components of ®

have order greater than zero.

3.4.2. Definition of M~ (@),

Definition 3.4.4. Let D = (V,®) € N=° such that all irreducible components of ® have
order zero with the same leading coefficient = # 0, and ® — z is invertible. Consider on

V' the k-linear operators
(3.5) z=®:VsVand V:i=—(0) " :V =V

Then the action of z — x = z, is clearly defined, z, extends to an action of k((z,)) on
V, dimy(;,))V < 00, and V is a connection. We write V. for V' to denote that we are
considering V' as a k((z,))-vector space. We define the local inverse Mellin transform

from x to infinity of D to be the object
M@Y= (V,,,V) € C,.

Claim 3.4.5. M~ js well-defined.

PROOF. To prove the claim we must show the following:

(i) z, extends to an action of k((z,)) on V.
(ii) V., is finite dimensional.
(iii) V is a connection on V.
We prove (i) with Lemma 3.4.6 below. In the proof of Lemma 3.4.6 we show that

V., is of Tate type. Lemma 3.2.2 then implies that V_ is finite-dimensional, proving (ii).
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To prove (iii) we simply note that [V, z,| = [V, z] and then refer to the proof of Claim
3.4.2,(iii). O

Lemma 3.4.6. The definition for z,, as given in (3.5), extends to an action of k((z,))

onV.

PROOF. z, = ® — z is invertible, so an action of k[z;!] is defined. To show that the
action of k[[z,]] is well-defined, we prove that z, is nicely contracting and then invoke
Proposition 3.1.5.

We first show that z, is continuous, open, and linearly compact. We can assume that

® is indecomposable, so according to Theorem 1.2.3, in canonical form z, = ® — z will

be
g

where g € k[[#'/"]] and ord(g) = s/r > 0. Let {e;} be the canonical basis. As in previous
proofs, it suffices to show that z, and z;' map a lattice of the form L, = @(0'/")* Ae;
to a lattice of the same form (note that here we are using A = k[[¢'/"]]). Calculation
using the canonical form shows that ®(L;) = Lj,s and @ (L) = Li_s, 50 2, is open,
continuous and linearly compact.

To see that z, is contracting, we note that although ord(g) = 0, we have ord(g—x) > 0.
Thus by Corollary 1.4.15, (3) we see that z, is an indecomposable difference operator

with Ord(z,) > 0. Lemma 3.2.1 then confirms that z, is contracting.

3.4.3. Definition of M (0%),

Definition 3.4.7. Let D = (V,®) € N<% Thus ® is invertible and the irreducible

components of ® have order less than zero. Consider on V' the k-linear operators

3.6 2=®:V3VandV:i=—0d) .V V.
(3.6)
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Then ¢ = 27! extends to an action of k((¢)) on V and dimy(¢)V < co. We write V;
for V' to denote that we are considering V' as a k(({))-vector space. We define the local

wnwverse Mellin transform from infinity to infinity of D to be the object
M=) (D) .= (V, V) € Cu.
Claim 3.4.8. M=) js well-defined.

ProOOF. The fact that all irreducible components of ® have order less than zero
implies that Ord(®) < 0. This in turn implies that Ord(®~!) = Ord(¢) > 0, and the

remainder of the proof is identical to the proof of Claim 3.4.2. |

3.5. Equivalence of categories

Assuming that composition of the functors is defined, by inspection one can see that
M) and M~(0>) are inverse functors (and the same holds for the pairs M @) and
M=@2) as well as M) and M~(>)). Thus in order to show that the local Mellin
transforms induce certain equivalences of categories, all we need is to confirm that the
functors map into the appropriate subcategories. We first prove an important property
of normed vector spaces which coincides with properties of Tate vector spaces. This will

be useful in demonstrating the equivalence of categories.

3.5.1. Normed vector spaces. Our first goal is to prove the following lemma, which
will greatly simplify the relationship between the norm of an operator and its local Mellin
transform. First we give some definitions related to infinite-dimensional vector spaces

over k.

Definition 3.5.1. Let V' be an infinite-dimensional vector space over k. A norm on V'
is a real-valued function || e || such that the following hold:

(1) ||v]| > 0 for v € V — {0}, ||0]| = 0.

(2) ||v + w|| <max(||v]],]||w]||) for all v,w € V.

(3) ||lc-v|| =||v]|| for ce k and v € V.
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Definition 3.5.2. An infinite-dimensional vector space V' over k is locally linearly com-
pact if for any r; > ro > 0, r; € R, the ball of radius r5 has finite codimension in the ball

of radius ry.

Proposition 3.5.3. Let V' be an infinite-dimensional vector space over k, equipped with
a norm || e || such that V is complete in the induced topology. Let 0 < ¢ < 1 and
Y : V =V be an invertible k-linear operator such that ||Y|| = €* < 1 and ||[Y Y| = .

Define € == e¢*. Then

1) V has a unique structure of a K =k -vector space such that y acts as'Y and
q Yy ’4 Yy
the norm || ® || agrees with the valuation on K where |f| = ¢ for f € K.

(2) V is finite-dimensional over K if and only if V' is locally linearly compact.

PROOF. (1) The action of K is defined by (3. c;y')v = 3. ¢;(Yw). This action

j
is clearly defined for Laurent polynomials chyz The definition extends to

i=k
o)

series Zciyi because |[Y"|| = (e*)" — 0 as n goes to infinity, which follows
from Cigfollary 1.4.8 and the fact that ||Y|| = ||Y||iny = € < 1. The fact that
|| ® || agrees with the valuation on K follows by construction: because Y is a
similitude we have [|[Y™(v)|| = €**||v]|| = €"||v]| = |y"]|||v]].

For uniqueness, suppose there is a k((y’))-vector space structure such that ¢’
acts as Y and || e || coincides with the valuation on k((y)). It is clear that the

two structures coincide for Laurent polynomials, so we only need to show the

same for infinite series. Specifically, we wish to show the following for any v € V:

If (Z ciyi> v =/{ and (Z ci(y’)i> v=2/ then ¢ = /(. Let (Z cl-yi> v =w,

i=k i=k 1=n

o
and Z ci(y') | v=w/. Since the norm agrees with the valuation, we have
i=n
lim [fw,|| = T [fwy[] = lim |y"] =0,
n—0o0 n—oo n—o0
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So by completeness, both {w,} and {w!} converge to zero. We now write

{=w, + (”2:1 cz-yi> vand V' = w!, + (”z:l ci(y’)Z) v. Since the action coincides
on Laurent §§1ynomials, it follows that lfz k— (' = w,, —w), must equal zero.

(2) We prove the forward direction as follows. Suppose V' is finite dimensional and
V ~ K" Forv €V we write v = )_ v;¢; and we use the norm given in Example
1.4.3 for K". Let r; > ry > 0 be constants, and write B,, to denote the ball of
radius r;. Then for j = 1,2, we have B,, = {v € V|||v|| = max{|v;|} <r;} =
{v € V| min{ord(v;)} > m;}} for some m; € Z with my < my. It follows that
the codimension of B,, in B,, will be n(my —m;) < oo.

For the reverse direction, suppose V' is infinite-dimensional over K. Then
there exists a infinite basis {e;} such that e; ¢ Span(ey,...,e;—1) for all i. Con-
sider the balls B = [[k[[y]]e; and B’ = [[Xk[[y]]ye;. Then B’ has infinite codi-
mension in B, so V is not locally linearly compact.

|

Remark. If V' is a Tate vector space then the unique structure of Proposition 3.5.3, (1)

coincides with that of Proposition 3.1.5.

Corollary 3.5.4. Let V be a k((y))-vector space, Z : V — V a similitude, and ||Z|| =
| Z||inf = €* < 1. Then V can be considered as a k((Z))-vector space (in the spirit
of Proposition 3.5.3 ) and for any similitude A : V. — V we have ||A|| = ||Al|lz. In
particular, A will be a similitude when V' is viewed as either a k((y))- or k((Z))-vector

space.

Proor. This follows directly from Proposition 3.5.3 because we take the valuation

on k((Z)) by using € = €* instead of e. O

3.5.2. Lemmas.

Lemma 3.5.5. The local Mellin transforms and their inverses map indecomposable ob-

jects to indecomposable objects.
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PROOF. We give the proof for M) the proofs for the others are identical. Suppose
that M©>)(V, V) = (V,, ®) and V, = W, @ W, for nonzero subspaces W;. Then by the
canonical form we have that ®(W;) C W; and ®~1(W;) C W;. Since Vj is a k((0))-vector
space we also trivially have that 6(W;) C W;. By definition of M) this means that
z(W;) € W; and —2V(W;) € W;. In particular, it follows that V(W;) C W;, so V
will be decomposable. This implies that if the local Mellin transform of an object is

decomposable, the original object is decomposable as well, and the result follows. ]

Lemma 3.5.6. Let E = (V,V) € C5°, 0, and ® be as given in Definition 3.3.1. Then
MOX)N(E) e N0,

PROOF. Due to the canonical decomposition it suffices to prove the lemma when E
is indecomposable. Then V and z are similitudes, so by Corollary 3.5.4, 8 and ® are also
similitudes. By Lemma 3.5.5, M©>)(E) is indecomposable, so to prove Lemma 3.5.6 it
suffices to show that ||®||y < 1. By Corollary 3.5.4 we have that ||A||, = ||A||s for any

similitude A, and it follows that
1]l =1l2]l: = ()" < 1.

|

Lemma 3.5.7. Let D = (V,®) € N0, 2, and V be as given in Definition 3.4.1. Then
M=02)(D) e c3°.

PROOF. Due to the canonical decomposition it suffices to prove the lemma when D
is indecomposable. Then ® and # are similitudes, so by Corollary 3.5.4, z and V are also
similitudes. By Lemma 3.5.5, M~(>)(D) is indecomposable. Thus to prove Lemma
3.5.7 it suffices to show that ||zV|| > 1 . By Corollary 3.5.4 we have that ||A||, = || 4|

for any similitude A, and it follows that

12V]]: = [|2(=02) o =16 [lo = ()" > 1.

52



Lemma 3.5.8. Let E = (V,V) € C,, 0, and ® be as given in Definition 3.3.4. Then
MEX)N(E) € N=0,

PROOF. The general reasoning is identical to the proof of Lemma 3.5.6, so we only
point out the differences in the calculations. We need to show that ||®||g = 1. Since the

local coordinate is z,, multiplication by z is an isometry and we have
1= lz]]z, = l|®]]o-
O

Lemma 3.5.9. Let E = (V,V) € CZ°, 0, and ® be as given in Definition 3.5.7. Then
MR () € <,

PROOF. The general reasoning is identical to the proof of Lemma 3.5.6, so we only
point out the differences in the calculations. We need to show that ||®||y > 1, which

follows from the calculation
®[lo = lzllc = [ lc=€"> 1.
O

Lemma 3.5.10. Let D = (V,®) e N<% 2, and V be as given in Definition 3.4.7. Then
M=) (D) € C20,

PRrROOF. The general reasoning is identical to the proof of Lemma 3.5.7, so we only
point out the differences in the calculations. It suffices to show that ||zV|| > 1, which

follows from

12VIle = |o(=0®) " o =[] =07 |lp =€ > 1.

3.5.3. Proofs for equivalence of categories.
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Theorem 3.5.11. The local Mellin transform M) induces an equivalence of cate-

gories between C3° and N0,

Proor. This follows from Lemmas 3.5.6 and 3.5.7, as well as the fact (stated above)

that M2 and M=) are inverse functors. O

Theorem 3.5.12. The local Mellin transform M@>) induces an equivalence of cate-

gories between the subcategory of C, of connections with no horizontal sections and N=°.

Proor. This follows from Lemma 3.5.8 and the fact that V (as defined in Definition
3.4.4) is invertible and thus has no horizontal sections, as well as the fact that M @)

and M~ are inverse functors. O

Theorem 3.5.13. The local Mellin transform M) induces an equivalence of cate-

gories between CZ° and N'<°.

PRrROOF. This follows from Lemmas 3.5.9 and 3.5.10, as well as the fact that M (5>

and M (%) are inverse functors. O
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CHAPTER 4

Explicit formulas for local Mellin transforms

In this chapter we give precise statements and proofs of explicit formulas for calcu-
lating the local Mellin transforms and their inverses. The results and proofs found in
this chapter are analogous to those given in Chapter 2 regarding the local formal Fourier
transforms.

In section 4.1 we state explicit formulas for calculating the local Mellin transforms.
In section 4.2 we give an explicit formula for the local inverse Mellin transform M ~(©:2°)

and explain how to derive formulas for the other local inverse Mellin transforms. Section

4.3 is devoted to proving the formulas given in section 4.1.

4.1. Statement of theorems for local Mellin transforms

4.1.1. Calculation of M0,

Theorem 4.1.1. Let s and r be positive integers, a € k — {0}, and f € R2(z) with
f=az"5"40(z7*"). Then
MO (E) ~ D

g»

where g € S2(0) is determined by the following system of equations:

(4.1) f=-0"
(4.2) g=2z— (_a)r/s (%) gL+(r/s)

Remark. We determine ¢ using (4.1) and (4.2) as follows. One can think of (4.1) as an
implicit definition for the variable z. Thus we first use (4.1) to give an explicit expression

for z in terms of #'/%. We then substitute this explicit expression into (4.2) to get an



expression for g() in terms of §/%.

When we use (4.1) to write an expression for z in terms of /%, the expression is
not unique since we must make a choice of a root of unity. More concretely, let 1 be a
primitive s root of unity. Then replacing 6'/° with n6'/* in our explicit equation for z
will yield another possible expression for z. This choice will not affect the overall result,
however, since all such possible expressions will lie in the same Galois orbit. Thus by
Proposition 1.2.5,(1), any choice of root of unity will correspond to the same difference

operator.

Corollary 4.1.2. Let E be an object in C5°. By Proposition 1.1.4, (3), let E have
decomposition F ~ @ <Ef¢ ® Jmi) where all Ey, have positive slope. Then

MOX)N () ~ @ (Dgi ® Tmi)

7

where D,, = M©)(E}) for all i.

SKETCH OF PROOF. The equivalence of categories given in Theorem 3.5.11 implies

that

MO [@ (£1 Jm)] =@M (B4, ).

The equivalence also implies that M©>) will map the indecomposable object E; ®
Jm (as the unique indecomposable in Cy formed by m successive extensions of Ef) to
an indecomposable object D, ® T,,, (as the unique indecomposable in A/ formed by m
successive extensions of D,). It follows that we only need to know how M (> acts on

FE;, which is given by Theorem 4.1.1. |

Remark. Analogous corollaries hold for the calculation of the other local Mellin trans-

forms, however we do not state them explicitly.

4.1.2. Calculation of M @),
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Theorem 4.1.3. Let s be a nonnegative integer, v a positive integer, and a € k — {0}.

Let f € RY(z,) with f = azg " —|—Q(Z;S/T). Then
M(x’oo)(Ef) ~ Dy,
where g € Sy, (0) is determined by the following system of equations:

(4.3) f=-(=)e

z

(4.4) g=z+ (ﬁ) 0

Remark. We determine g using (4.3) and (4.4) as follows. First, using (4.3) we explicitly
express z in terms of §'/("+*). We then substitute this explicit expression for z into (4.4)

to get an expression for g(f) in terms of §%/(+2),

4.1.3. Calculation of M(0:20),

Theorem 4.1.4. Let s and r be positive integers and a € k — {0}. Then for f € R2(()
with f = a(=*'" 4+ o(C™*/") we have

ME)(Ey) = D,

where g € SS(0) is determined by the following system of equations:

(4.5) f=—6"
(4.6) g=7z— (_a)r/s (%) pL=(r/s)

Remark. We determine g using (4.5) and (4.6) as follows. First, using (4.5) we express
z in terms of §'/5. We then substitute this expression into (4.6) and solve to get an

expression for g(f) in terms of /2.
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4.2. Statement of theorems for local inverse Mellin transforms

In Chapter 3 we explained that M~ M~@2) and M~(>>) are inverse functors
for (respectively) M) AM@2) and M) Tt follows that explicit formulas for the
local inverse Mellin transforms can be found merely by “inverting” the expressions found
in Theorems 4.1.1, 4.1.3, and 4.1.4. We give an example below of what this would look
like for M~(%2) the other local inverse Mellin transforms are similar. The proofs are

omitted.

Theorem 4.2.1. Let p and q be positive integers and g € S5(0) with g = afP/9+ o(67/7),
a#0. Then
MO (Dy) ~ By,

where f € Ry(z) is determined by the following system of equations:

(4.7) g+a (%) gi+@/a) —
q

(4.8) f=-07"

Remark. We determine f using (4.7) and (4.8) as follows. First, using (4.7) we explicitly
express 6 in terms of z'/?. We then substitute this explicit expression for @ into (4.8) and

solve to get an expression for f(z) in terms of z!/7.

4.3. Proof of theorems

Outline. We begin with a brief outline of the proof for Theorem 4.1.1. Starting with
Definition 3.4.1 of M) we set § = —(2V)~! and ® = 2. For irreducible objects E;
and D, we have V = diz +2z7'f and ® = gy, and our goal is to use the given value
of f to find the expression for g. Since z = z(1) = ®(1) = g¢(1) = g, this amounts
to finding an expression for the operator z in terms of the operator . The equation

0 = —(2V)7! gives an expression for # in terms of z, and we use the Operator-root
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Lemma (1.5.3) to write an explicit expression for the operator z in terms of . The
calculation primarily involves finding particular fractional powers of f, but we must also
keep track of the interplay between the linear and differential parts of V during the
calculation; this interplay accounts for the subtraction of the term (—a)’/* (TQ—*'SS) o1+
from our expression for g.

The proofs for Theorems 4.1.3 and 4.1.4 are similar and thus outlines for their proofs
are omitted. The only change of note is that in the proof of Theorem 4.1.3 we must also

prove a separate case for when our connection is regular singular (i.e. when ord(f) = 0).

Remark. We give a brief explanation regarding the origin of the system of equations
found in Theorem 4.1.1. In the same fashion as described in the remark of subsection
2.3.1, consider the equations in (3.1). As before, let V = 27! f (i.e. as normally defined
but without the differential part) and & = g (i.e. as normally defined but without the
shift operator ). Then the equations f = —0~! and g = z fall out easily. The reason
the extra term shows up in (4.2) is due to the interaction of the linear and differential

parts of V, as described above in the outline.

4.3.1. Proof of Theorem 4.1.1.

PROOF. Given § = —(2V) ™! and V =4 + 27! f, we find that

(4.9) —f= (zdilz + f) o

We wish to express the operator z in terms of the operator 6.

Consider the equation
(4.10) —0=f1

which is (4.9) without the differential part. Equation (4.10) can be thought of as an
implicit expression for the variable z in terms of the variable 6, which one can rewrite
as an explicit expression z = h(f) € k((6'/*)) for the variable z. Note that h(f) is not

the same as the operator z. Since the leading term of f is az~*/", (4.10) implies that
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h(0) = a’/*(—6)"/* 4+ 0(6"/*). Similar reasoning and (4.9) indicate that the operator z will

be of the form
(411) y = h(g) + *(_9)(r+s)/s _|_Q(9(7"+s)/s)

Here the x € k represents the coefficient that will arise from the interaction of the linear
and differential parts of the operator 8. We wish to find the value for *. Let A = f and
B =z then [B, A] = zf’. From (4.9) we have —0 = (A + B)~!, and we apply the
Operator-root Lemma (1.5.3) to find

(0)F = 1= — (1) 1 (z) SO (<L 1) £ 4 o)

zZr S S

7 _
(412) - (a_r/sz +... ) + a—(r—f—s)/s (T + %) Z(T+S)/T + Q(z(r-f-s)/r)
= air/s <Z + -+ CLi1 l;Z —+ —_(T - S):| Zl+(S/T) + Q(ZlJr(s/r)))
S 2s
and
(4.13) <_9>(T+S)/S — 1 0/8) 1+ (s/7) +Q(21+(S/r))_

Remark. We use the notation % to represent d% since the operator d% : K, — K, acts

on 2" as % for all n € Z.

We can now find the value for * as follows. Substituting the expressions from (4.12)

and (4.13) into (4.11) and making a short calculation indicates that * must be the value

such that
-7 —
(4.14) xa” 71 4 g7t [— + M} =0.
s 2s
Thus




and we have the following expression for z:

(4.15) 2 =h(0) +a {%ﬂﬂ

5 1 (_9)(r+s)/s +Q(9(r+s)/s>.
S S

According to (4.15), let us express §(6) as

(4.16) §(6) = h(8) — (—ay/* {% —

} e(r-i-s)/s +Q(9(T+S)/s).

We now explain how to reduce g to the expression given for g in Theorem 4.1.1. According
to Proposition 1.2.5, (1), M, will be isomorphic to M, where g is the expression given in
(4.16) but without the o term. Moreover, one can add to g any expression of the form

(—a/*)20+)/s where n € Z. Thus we can eliminate the expression Z in (4.16) and write

(4.17) g(0) = h(0) — (_ar/s> (gﬁ) gir+s)/s
s
Since h(f) = z, this matches equation (4.2) from Theorem 4.1.1. O

4.3.2. Proof of Theorem 4.1.3.

PROOF. Given § = —(2V) ™" and V = & + 2 f, we write 2 = 2, + « and find that

(4.18)

Thus in the expression for —~! there are three terms.
Case One: Regular singularity.

In this case we have f = a € k—{0}, s = 0 and r = 1. As in Case One of the proof of
Theorem 2.2.1, because « is only defined up to a shift by Z we can ignore the % term.
The remaining portion of the proof is as described in the remark following the outline in
subsection 4.3. Note that since s = 0, the extra 6 term in (4.4) will vanish.

Case Two: Irregular singularity.
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In this situation we have ord(f) < 0. As we shall see in the proof, the only terms in
(4.18) that affect the final result are those of order less than or equal to -1 (with respect
to z,). Specifically, since zwé has order zero, all terms derived from it in the course of
the calculations will fall into the o(#) term. Thus we can safely ignore the term zx& for

the remainder of the proof and consider only

d -1
4.1 — 0= z2z" — .
(4.19) 0 <zzl, f+xdzm)

We wish to express the operator z in terms of the operator . Our method will be
similar to the proof of Theorem 4.1.1, but we first solve for z, = z — x in terms of 6, then

add x to both sides to get an equation for z alone. Consider the equation
(4.20) —0= (22, )7,

which is (4.19) without the differential part. Equation (4.20) can be thought of as an
implicit expression for the variable z, in terms of 6 (note that we are thinking of z as
2, + ), which one can rewrite as an explicit expression z, = h(#) € k((6"/("+%))) for the
variable z,. This is the purely algebraic calculation which in the theorem is stated as
explicitly expressing z, in terms of #%/+%). Note that h(6) represents the variable z, (as
defined by (4.20)), which is not the same as the operator z,. Since the leading term of
227 f is waze U7, (4.20) implies that h(B) = (—ax)/ -+ s+ 4 o(67/(5+1)) . Using

(4.19) we find that the operator z will be of the form
(4.21) 2y = h(0) + *0 + o(0).

Here the * represents the coefficient that will arise from the interaction of the linear
and differential parts of #. We wish to find the value for *. For ease of computation, we
multiply both sides of (4.19) by z and let A = 1zz'f and B = %, so [B, A] = A’. Note

that the leading term of A is az; """, From (4.19) we have —z6 = (A + B)™!, and we
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apply the Operator-root Lemma (1.5.3) to find

(4.22)

T —T - Z - - =T
(—2)7 = Astr — — Azt ) L) as2a g
s+r 2T 2(s+71) \s+r

= (a—r/(s-&-r)zw + .. ) + a—r/(s+7~)_1 -7 i —92r — s s
S+ 2(3 + r)

-7  =2(r+s) +s}
s+r 2(s+71)

1+(s/r) + Q(Z;;-i-(s/r))

xT

T

) (Zx Lagd [ S/ Q(z;+<s/r>)>

-7
:a(r/s+r)(zx_|_...+a1|: _1+;:|

1+(s/r) 1+(s/r) >
s+r 2(s+r) : t+olz )

which implies that

-7 14 ; 21+(s/r) —{—Q(ZH_(S/T)).
s+ 2(s+)

(423)  (—azf)/CH) =z, 4o fa (

We also have

—1
(4.24) 0= azﬁ(s/ﬂ + o(2M /M),

Remark. We use the notation % to represent % since the operator % K, — K,

acts on 2" as = for all n € Z.

We can now find the value for * as follows. Substituting the expressions from (4.24)

and (4.23) into (4.21) and making a short calculation indicates that * must be the value

such that
-1 —7Z s
4.25 — -1 —1+——| =0.
( ) *(ax>+& L—l—'r +2(5—|—7’)
Thus
xZ s

Xk =

S+T+2(S+’/‘)

and we have the following expression for z,:

xZ n s
s+r  2(s+r)

(4.26) 2 = h(0) + ( ) 0 + o(6).
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Letting z, = z — x gives

xZ n s
s+r  2(s+r)

(4.27) z=x+h(f)+ < >9+g(9).

According to (4.27), we express §(f) as

xZ+ Ts
s+r  2(s+r)

(4.28) g(0) =z + h(0) + ( > 0+ o(0).

We wish to reduce ¢ to the expression given for ¢ in (4.4). According to Proposition 1.2.5,
(1) D; will be isomorphic to D, where g is the expression given in (4.28) but without the
o term. Moreover, one can add to g any expression of the form x (#) 0 where n € Z.

Thus we can eliminate the expression ;% in (4.28) and write

TS

2(s+ 7“)6'

(4.29) g(8) =z + h(0) +

Since h(0) = z, and = + z, = z, this matches equation (4.4) from Theorem 4.1.3.

4.3.3. Proof of Theorem 4.1.4.

PROOF. Recall that z = + and f € k((¢)). Given 6 = —(2V)"' and V = —¢* £ +(/,

we find that

d _1
4.30 —0=-C— :
(4.30) ( Cdg—%f)
We wish to express the operator z in terms of the operator #. First we find an expression

for ¢ in terms of #, and then we will invert it.

Consider the equation
(4.31) —0=f"

which is (4.30) without the differential part. Equation (4.31) can be thought of as an
implicit expression for the variable ¢ in terms of 6, which one can rewrite as an explicit

expression ¢ = h(f) € k((6'/%)) for the variable (. Since the leading term of f is a{ ™%/,
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(4.31) implies that h(0) = a’/*(—0)"/* + o(9™/*). Using (4.30) we find that the operator
¢ will be of the form

(4.32) C = h(B) + =005 4 o(gU+9)/5).

Here the % € k represents the coefficient that will arise from the interaction of the linear
and differential parts of the operator 8. We wish to find the value for *. Let A = f and
B= —Cd%, then [B, A] = —(f’. From (4.30) we have —0 = (A + B)™', and we apply the

Operator-root Lemma (1.5.3) to find

(4.33)
(—=0)/* = (A+B)™"/*

1/— _
_ A—r/s _ gA—(r/s)—lB + 5 (g) <?T . 1) A_(T/s)_2[B,A] +Q(<1+(r/s)>
—r/s T p(=r/s)—1 Z r(l r —(r/s)—2 / 1+(r/s)
=fr =t _CG -3 \3 (—g—1>f (=) + (¢ )
—r/s —(r+s)/s —Z r+s r+s)/s r/s
(a4 ) 4 a (?+2_S) (s 4 o(HI)
—r/s -1 Z r+s 14+(r/s) 1+(r/s)
=0 (Cb e b | S DD (1))
S 25
and
(434) (_9)(r+s)/s _ CL_I_(T/S)CH_(T/S) +Q(C1+(T/S))'
Remark. We use the notation % to represent d% since the operator d% : K, — K, acts

on (" as % for all n € Z.

We can now find the value for * as follows. Substituting the expressions from (4.33)
and (4.34) into (4.32) and making a short calculation indicates that * must be the value

such that

Z +
w(—a) /I a7t (E + 7“285) = 0.

65



Thus

e (L T+s
*:(—a)/ (§+ 2s )

and we have the following expression for (:

Z
(4.35) ¢ =h()+ (—a’*) (— + E) O o o(gtr /ey,

s 2s
We now invert both sides of (4.35) to get an expression for z in terms of #. This gives

Z r+s

(4.36) 2= h(O) " = (—a) <_ N

PL-(/9) o (gl
5 2s ) ol )
According to (4.36), let us express §(0) as

9(6) = ) = (- (54 15

gL=(r/s) gL—(r/s)
S 2s ) + Q( )

and note that the leading term of (€)' is (—a)™"/*6~"/*. As in the proof for Theorem

4.1.1, we can choose an appropriate isomorphic connection to give us

g(0) = h(®) " = (=a)"/* (T2_J;5> gL-(r/s).

Since h(0)~! = z, this matches the expression found in Theorem 4.1.4.
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