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Abstract

JOHN ALBERT HELMS: The Sharp Lifespan for Quasilinear Wave Equations in Exterior
Domains with Polynomial Local Energy Decay

(Under the direction of Professor Jason Metcalfe)

We investigate the lifespan of quasilinear Dirichlet-wave equations of the form (02 — A)u =
Q(u, v, u") in [0,T] x R3\K, where K is a bounded domain with smooth boundary. Previous
results have demonstrated long time existence in the case that IC was assumed to be star-shaped.
We show that the same lifespan holds for more general geometries, where we only assume a
polynomial local decay of energy with a possible loss of regularity for solutions to the linear

homogeneous wave equation.
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CHAPTER 1

Introduction

This paper shall prove sharp lower bounds of lifespans to solutions to certain quasilinear,
multiple-speed Dirichlet-wave equations in exterior domains in three spatial dimensions. In
particular we will consider solutions to quasilinear wave equations with small data whose do-
mains are [0,7] x R3\K, where R3\K is the complement of a bounded domain K C R3 with
smooth boundary 0K.

Before stating the form of the wave equations that we will be considering, we will define
all of the common notation that we will be using. We shall take A to be the the standard

Laplacian on R™:
n
_ 2
A= E 5.
=1

As we are dealing with multiple-speed systems of wave equations, we shall let u be vector-
valued in RP. We will define our wave operator [0 to be the vector-valued, multiple-speed

d’Alembertian
(1.1) O = diag(O,, ..., Ocp)s

where

O, u = (82 — 3A)u,

The constants ¢y, which are referred to as the wave speeds, are assumed to be positive but
not necessarily distinct. Since we are dealing with systems of wave equations with multiple
wave speeds, we will require estimates that apply in this setting. The only estimates where we
will have to be mindful of the fact that we are dealing with a system of wave equation with
multiple speeds will be those in Section 3.1. The remaining estimates in Chapters 2 and 3 will
be proved only for scalar unit-speed wave equations. This shall not present a problem to us

since the estimates for the unit-speed wave equation easily extend to equations with multiple



speeds. When we are dealing with scalar wave equations, we will slightly abuse the notation in
(1.1) and let 0 = 0? — A, the unit-speed wave operator.

We define the spacetime gradient to be
Vigu =u' = (O, Vyu),

and u” to be the collection of all second-order partial derivatives of u. We define the radial
derivative O, to be the vector field such that d,u = <%,Vx> u. We also define the angular
derivative of u to be ¥,u = 0;u — %&«u, which is the standard i-th derivative of v minus its
radial component in the x; direction. Similar to the standard gradient, we define the angular

gradient to be
Yu = (W1u7 R Wnu)

Due to the fact that we will be dealing with a systems of D wave equations, we will write u to
represent the vector-valued function v in RP whose components are u!. To see the connection
between this definition and the standard gradient, one can use the orthogonality of the angular

and radial vector fields to check that the following identity holds:
Vaoul® = |Wul® + 0vul”.

One can also decompose the Laplacian into its radial and angular components to obtain the

identity:

A=83+(";1)8T+W-Y7-

In the context of this paper, by requiring the nonlinearity @) to be quasilinear, we shall assume
that @ be a smooth function of u,u’, u” vanishing up to second order and linear in u”. We shall

also assume that the highest order terms are symmetric. This means that ) has the form:

3
(12) Q)= A+ Y S B (wu)gdu’, 1<I<D,
1<J<Di,j=0

where AL and B¥!7 are smooth functions such that each A vanishes to second order and the

B! vanish to first order and satisfy the following symmetry conditions

(1.3) Biill — giilJ _ gijJI



Due to the fact that we will be dealing with small initial data, we will only deal with the lowest
order terms in the Taylor expansion for (). By this, we mean that we will truncate ) at the
quadratic level so that each A is a quadratic form of v and v’ and that each B%!” is a linear
form in u and /. The case where () has higher order terms can be dealt with using the fact
that these higher order terms are easier to control in the iteration argument that is presented in
Chapter 4. It will be clear that this simplification does not affect the lifespan since the lifespan.
We will also write A to represent the vector u in RP whose components are AL.

Throughout the paper, we define a quasilinear function to be a function of u,u’,u”. The
letter @ shall always denote a quasilinear function. We shall use the notation Q(u,u,u”) to
emphasize that @Q is a quasilinear function depends on u,u’ and u”. In some discussions of
previous results where the nonlinearity depends only on «’ and v, we will write @ as Q (v, u”).
It should be noted that the dependency of @ on u introduces more complications than are
present in cases where  does not depend on u. This shall be made clearer in the discussion of
the past results for nonlinear wave equations.

In many estimates we will use the convention A < B which will mean there is a constant
C > 0 that will be independent of important parameters such that A < CB. Also, unless
otherwise specified, if the constant C' is explicitly written in an estimate, it is assumed that C
is allowed to vary from line to line. From the proofs of the estimates, it will be clear that C is
independent of important parameters, such as the time, T', and the size of the initial data, €.

We shall be considering wave equations of the following form:

Ou(t,z) = Q(u,u’,u"), (t,z) €[0,T] x R3\K,
(1.4) w(0,2) = f(z), Owu(0,z) = g(x),
u(t,z) =0, =z € k.

Without loss of generality, one can use scaling and translation to assume that the obstacle K is
contained in {|z| < 1} and that 0 € . We will assume this throughout the paper. Note that K
is not necessarily connected. As indicated in the third line in (1.4), we are also assuming that

the solution v vanishes on 9K.

1.1. Geometric Assumptions

Unless specifically noted, in each estimate of this paper we shall assume that the exterior

of IC satisfies a local energy decay condition with a possible loss in regularity. We suppose that



there exist a positive integer M and constants Ag,o > 0 such that if u € C*°([0,T] x R3\K)

solves

Ou(t,z) =0, (t,z) € [0,T] x R3\K,
(1.5) u(0,z) = f(x), Owu(0,z) = g(x),
u(t,z) =0, =z € oK.

where (f, g) are supported on {|z| < 10}, then the following estimate holds:

1/2
1.6 /t, 2 d < A (t —2—0c 83 ,07. .
( ) </{J:ER3\IC:|:C|<1O} ‘U ( x)‘ x) = 40 < > Z H U ( )HQ

o] <M
Informally, this assumption says that for solutions to the linear wave equation with compactly
supported initial data, one has a polynomial local energy decay estimate with a loss in regularity
on the right hand side. Omne can also think of this assumption as embodying the physical
notion that after an initial disturbance near a reflecting obstacle, the energy of that disturbance
propagates away from the obstacle at a fixed rate. This rate is determined by the geometry of
the boundary of the obstacle.

The motivation for our assumption (1.6) comes from a long history of results proving local
energy decay for a variety of geometries. One of the main objectives of these studies was to
investigate the relationship between the geometry of the boundary of the obstacle and the rate
of local energy decay. Two early papers [50,51] by Morawetz studied the decay of solutions
of wave equations in the exterior of star-shaped domains in three spatial dimensions. In [50],
Morawetz used a local energy decay estimate to prove pointwise decay rates for solutions to
the linear wave equation. In [51], stronger local energy decay estimates were used to study
the asymptotic behavior for wave equations with a harmonic potential. A seminal paper by
Lax, Morawetz and Phillips [36] used the results in [50] to show that the local energy decays
exponentially when the obstacle is star-shaped. In the context of our problem, their result can

be stated as follows.

THEOREM 1.1. (Laz, Morawetz, Phillips [36]) Suppose that u € C*([0,T] x R3\K) solves
(1.5) and that the initial data f, g have supports that are contained in the set {|x| < 10}. If K is

star-shaped, then it follows that there are uniform constants ay,as > 0 such that for 0 <t < T,

(1.7) [/ (M 2 oersviciag<ioy < @re” ™ [0,



This result was complemented by a later paper [52] which used sharp Huygens’ principle to
prove that for any exterior domain in R™, where n > 3 is odd, if the local energy decays to
zero, then it actually does so at an exponential rate.

Lax and Phillips proposed in [37] that the decay rate of local energy near an obstacle
was closely tied to the behavior of geodesics in the exterior of the obstacle. Specifically, they
conjectured that the local energy decays to zero at a uniform rate if and only if the geometry of
the exterior of the obstacle is nontrapping. A Riemannian manifold M is said to be nontrapping
if for every compact set K, all geodesics that start in K escape from K within a fixed period of
time. More precisely, this means that for any compact set K C M, there is a time T'(K) > 0 such
that for any unit-speed geodesic 7 such that 1(0) € K, it follows that there a time 0 < 7 < T'(K),
such that n(+£7) € M\ K. The conjecture of Lax and Phillips was subsequently proved in one
direction by Ralston in [57]. He showed that if the exterior geometry has trapped geodesics,
then one cannot obtain energy decay estimates such as (1.7). In our context, Ralston’s result

implies the following theorem.

THEOREM 1.2. (Ralston [57]) Suppose that the region {x € R3\K : |z| < 10} fails the
nontrapping condition as stated above. Then for any p > 0 and any time ty > 0, it follows
that one can construct initial data f,g € C°({z € R®\K : |z| < 10}) such that the solution

u € C*([0,T] x R3\K) that solves (1.5) with f,g as initial data satisfies the inequality

[/ (to, ‘)HL2({xeR3\/c;\x|g1o}) > (1= p) [0, )], -

The other direction to the conjecture of Lax and Phillips was resolved for the 3 dimensional
case by Morawetz, Ralston and Strauss in [54] when they showed that (1.7) holds provided that
the geometry of the exterior of the obstacle is nontrapping. They also showed that for all even
dimensions, the rate of decay for the local energy is at least O(t~!). Melrose [41] improved this
estimate by showing that for all even dimensions n, the rate of decay is actually O(t‘”/ 2). This
estimate was further strengthened by Ralston [56] who showed that for even dimensions n, one
can actually show that the local energy decays like O(t~("~1)). One can also see Vodev [70]
for results in nontrapping metrics. Thus, it is clear that our hypothesis (1.6) holds when the
exterior of the obstacle I is nontrapping.

The first major step in finding local energy decay estimates in trapping geometries came

from Ikawa [17,18]. For exterior domains consisting of a finite number of convex obstacles



satisfying certain technical assumptions (see Theorem 1 in [18]), there is an exponential decay
of local energy with a possible loss in regularity. For the results of this paper, Ikawa’s theorem

implies the following estimate.

THEOREM 1.3. (Ikawa [18]) Let KC consist of a finite number of conver domains that are
sufficiently separated. Also let u € C*([0,T] x R3\K) solve (1.5) and suppose that the initial
data f,g have supports that are contained in the set {|x| < 10}. Then it follows that there are

uniform constants ai,as > 0 such that for 0 <t <T,

[ (M 22 ((oers v pol <a0p) < a8 > v (0,
<2

Ikawa’s result demonstrates that in certain trapping geometries, it is possible to obtain uniform
energy decay estimates provided one allows for a loss of regularity. From this discussion, it
is clear that the results of Ralston [56,57], Morawetz-Ralston-Strauss [54] and Ikawa [17,18]
illustrate a dichotomy between the local energy decay estimates that are available in trapping
and those that apply in nontrapping geometries. Thus, our assumption (1.6) holds in some
trapping geometries, such as in the examples provided by Tkawa [17,18].

We know from a paper by Burq [2] that if one allows for a sufficient loss in regularity,
then one can show that local energy decays at a logarithmic rate in any domain that is the
exterior of a compact obstacle. However, we also know from Ralston [58] that if the trapped
rays are sufficiently stable in the sense that they cause nearby geodesics to remain near them
indefinitely, then one cannot generally expect for any exponential energy decay estimate to
hold. Thus, we should only expect our hypothesis to hold provided that all of the trapped
geodesics are sufficiently unstable.

It should be noted that the study of local energy decay of solutions to the linear wave equa-
tions is closely related to the study of local smoothing for the linear Schrédinger equation, which
dates back to the work of Sjolin [65], Constantin and Saut [8], and Vega [69]. There are also
more recent results on local energy decay estimates and local smoothing in the presence of hyper-
bolic trapped rays. For example, the reader should see de Verdiére-Parisse [9], Burq, Gerard
and Tzvetkov [3], Burg-Zworski [4], Christianson [5], Nonnenmacher-Zworski [55], Wunsch-
Zworski [71] and Christianson-Wunsch [6].



1.2. Main Theorem

Before stating the main theorem, we must also impose certain well-known “compatibility
conditions” on the initial data (f, g) so that they agree with the Dirichlet boundary conditions
on OK. We first let Jyu = {0%u : 0 < |a| < k} denote the collection of spatial derivatives of u
up to order k. If we fix m and suppose that u is a formal solution to (1.4) in H™, then it follows
that we can write OFu(0,-) = Yp(Jrf, Jr_19), for 0 < k < m — 1. By using the relationship
given by Ou = Q(u, u’,u”), we can see that 1, depend on @ as well as Jy f and Ji_19. We then
say that (f,g) € H™ x H™~! satisfy the compatibility conditions up to order m if 1} vanishes
on OK for 0 < k <m — 1. We say that f, g satisfy the compability conditions to infinite order
if this holds for all m. A simple example of these conditions can be seen by considering the
homogeneous wave equation Ou = 0 with initial data (f,g) € C2°. Due to the fact that we
want 02u(0,x) to equal zero on 9K, we can use the wave equation Ou = 0 to conclude that
Au(0,z) = Af(xz) = 0 on 0K is a compatibility condition if we want to solve the linear wave
equation in an exterior domain. For more details, the reader should refer to [27]. We now state

the main theorem:

THEOREM 1.4. Let K be a fized bounded domain with smooth boundary that satisfies (1.6).
Assume also that Q and O are as in (1.2), (1.3) and (1.1), respectively. Suppose that (f,g) €
CX(R3\K) satisfy the compatibility conditions to infinite order. Also assume that there is a
fixzed R* > 0 such that f(x) and g(x) vanish for |x| > R*. Then there are constants c,eg > 0

and an integer N > 0 such that for all € < €p, if

(1.8) STt + D 102glly <

la|<N la|<N-1

then (1.4) has a unique solution u € C*([0,T] x R3\K), where

c
(1.9) T > —.
€
It should be emphasized that in this case, we are assuming that (f,g) are smooth, compactly
supported functions that vanish outside of a fixed set {|z| < R*}.
Before, we proceed, we shall some explain some vocabulary that is commonly used when

discussing lifespans of wave equations with small data. A solution u is said to exist almost

globally if u(t, ) exists in the classical sense (that is, u solves (1.4) and lies in C2([0, T] x R3\K)),



where the lifespan T' grows exponentially as the size of the intial data, €, shrinks to zero. A

solution w is said to exist globally if u(t,-) exists in the classical sense for all time.

1.3. Past Results on the Wave Equation in Minkowski Space

Early works on the wave equation such as Lax [35] and John [19] demonstrated that 1-
dimensional wave equations in R'*! that are “genuinely nonlinear” inevitably develop singu-
larities in finite time that is on the order of 1/e, where € is the size of the initial data. In a
follow-up to [19], John [20] proved rough lower bounds on the lifespan of wave equations in
R where n > 3, that demonstrated that one can get better lifespan bounds in dimensions

n > 3. Specifically, John considered scalar quasilinear wave equations of the form

Ou(t, @) = 31— aij(u')0i0ju, (t,x) € [0,T] x R,
u(0,z) = f(x), Owu(0,z) = g(x),

(1.10)

where (a;;) is a symmetric matrix with coefficients that are smooth for |u'| small. He showed

that if € is small, then the lifespan T satisfies the bounds

T > C(elog(1/e))™!, n=3,

T>C/e? n>3.
John explained that, in higher dimensions, one should observe that the higher rate of decay of
solutions will delay the onset of singularities.

The next major breakthrough came from Klainerman [29] who considered scalar nonlinear

wave equations of the form

Ou(t,x) = F(u',u"), (t,z) €[0,T] x R™,
'LL(O, x) - f(.%'), atu(ov x) - g(ac),

(1.11)

where F' is a nonlinear function that is smooth near the origin and vanishes up to second order.
Note that, unlike the nonlinearity @ in this paper, F' can depend on «” in a nonlinear manner.
Klainerman showed that solutions to (1.11) with sufficiently small initial data actually exist
globally for all time for dimensions n > 6. This result was also reproved by Shatah [59] and

Klainerman-Ponce [33] using simpler methods.



A key point of concern in this line of research was the physically significant case n = 3 since
lifespan bounds for this dimension appeared to be more difficult to attain. A relevant point
to our current result is that John was also able to show in [21] that solutions to Du = u? in
3 dimensions blow up in finite time, T = C/e?. For more on the behavior of such solutions,

the reader can also see Lindblad [39]. Since Cu = u?

is a special case of (1.4), it follows from
finite propagation speed that the best lower bound for the lifespan that we can hope for in
our current setting is 7 > C/€%. John also showed in [22] that one cannot generally hope for
global existence in 3 dimensions, even when the nonlinearity does not depend on the solution
u itself, when he proved that there is a class of solutions to (1.11) which blow up at time
T = ¢ exp(ca/€?). For related results, see John [23], Klainerman [30] and Sideris [61].

John and Klainerman [25] later proved that in 3 dimensions, with certain mild conditions on
F, solutions to (1.11) exist almost globally with a lower lifespan bound of T' > ¢; exp(c2/€). The
key innovation behind this result was using the translation and rotation-invariance of the wave

operator to prove their lifespan in conjunction with weighted estimates for the inhomogeneous

wave equation. The collection of vector fields they used consisted of

0 0
1.12 =0y = — ;= ,
( ) % = ot’ ? ox;
and Euclidean rotations,
(1.13) VF =20, — a0, 1<j<k<n.

By translation and rotation-invariant, we refer to the fact that the vector fields in (1.12) and
(1.13) commute with the single-speed wave operators . = (97 — ¢2A). Due to the fact that
this collection of vector fields will be essential in the main result of this paper, we will write Z

to denote a translation or spatial rotation:
Z=10;QY:0<i<3,1<j<k<3}.

Throughout the paper, we will use multi-indices when different kinds of vector fields are being
applied to a function, such as with the collection Z of translations and spatial rotations. For

example, if V = {Vi,...,Vx} is a collection of vector fields, then for u € C°,

@, a1 aN —
VO =V VyVu, a=(ai,...,an).



Klainerman later employed his method of using the invariant vector fields in [31] to prove
global existence to (1.11) in dimensions n > 4 and almost global existence in dimensions n = 3
with the same lifespan bound as [25]. In this paper, Klainerman used the Lorentz-invariance
of the wave operator. That is, in addition to translations and spatial rotations, he also used

the fact that Lorentz boosts,
(1.14) O =10, + 2,0, 1<j<n,

commute with the unit-speed wave operator [l

Q% Oy=0, 1<j<n.

He also used the scaling vector field,

(1.15) L=1t0; +7r9,, wherer=|z|

One can check that the scaling vector field L almost commutes with the d’Alembertian:
(1.16) [L,0] = —20.

We shall return to discussing these commutator properties in Chapter 2.

While one cannot hope in general to obtain global solutions to (1.11), an advancement
was made by placing certain restrictions on the nonlinearity. Using Klainerman’s suggestion of
imposing a “null condition” on the nonlinearity, Christodoulou [7] and Klainerman himself [32]
independently proved global existence for single-speed systems of nonlinear wave equations with
small data in n = 3. While we will not go into any detail regarding the null condition, it is
worth noting that the null condition requires that the nonlinearity be quasilinear.

While the results of Klainerman and Christodoulou included applications to systems of
wave equations, their limitation was that their result only applied to systems of a single wave
speed. A major step in understanding multiple-speed systems of nonlinear wave equations
came from Klainerman and Sideris [34] when they proved almost global existence for multiple-
speed systems of quadratic, divergence-form wave equations, which have applications in classical

problems such as elasticity. This result not only gave an improved version of an older proof of

10



the same result by John [24], but it also used a smaller collection of invariant vector fields than
those used in [31]. This enabled them to adapt Klainerman’s method of invariant vector fields
to classical systems that are not relativistic in nature. That is, these systems have multiple,
distinct wave speeds associated with them. Specifically, Klainerman and Sideris only used
translations, modified Euclidean rotations along with scaling. The absence of Lorentz boosts
from this collection comes from the fact that Lorentz boosts have an associated wave speed and
do not have suitable commutator properties with the vector-valued d’Alembertian in systems
where there are distinct wave speeds. For the remaining vector fields, the same commutator
properties hold. It turns out that if we replace [ with a scalar wave operator with an associated
speed ¢ > 0, O, = 07 — A, we get

[Z,0.] =0,
(1.17)

[L,0.] = —20..
More results concerning multiple speeds and elasticity are presented in Sideris [62, 63] and
Agemi [1]. There are also more recent results on multiple-speed systems of wave equations. For
example, the reader can consult Sideris and Tu [64], Sogge [66], and Yokoyama [72].

Lifespan bounds for the boundaryless version of (1.4) for a single wave speed was resolved
by Lindblad [40] in which he showed that the lifespan of such equations satisfies the bound
T > C/e®. Due to the previous work of John [21], we know that Lindblad’s result is sharp.
This also means that the lifespan (1.9) must also be sharp. For more results in this direction,

see Hormander [15] and Li-Xin [38].

1.4. Past Results on Dirichlet-Wave Equations

The first major results that resolved many of the issues with extending the earlier results
for wave equations in Minkowski space to exterior domains were due to Keel, Smith and Sogge
[26-28]. In [26], Keel, Smith and Sogge were able to prove almost global existence in 3
dimensions for semilinear wave equations. Following up on this result in [27], Keel, Smith and
Sogge were able to prove the global existence theorems of Klainerman [32] and Christodoulou [7]

for certain exterior domains. Specifically, they demonstrated global existence of small data

11



solutions to single-speed systems of quasilinear wave equations

Ou(t,z) = Q(u/,u"), (t,z) € [0,T] x R3\K,
(1.18) uw(0,z) = f(z), Owu(0,z) = g(x),
u(t,x) =0, =z €Ik,

where the obstacle K is star-shaped and () is a smooth function that vanishes to second order
and satisfies a null condition.

Keel, Smith and Sogge also showed in [26] that if one were to eliminate the dependence of @
on the second derivatives of u, then one can show almost global existence to scalar quasilinear
wave equations where the exterior of I is nontrapping. This proved the semilinear analogue
of John and Klainerman’s [25] almost global existence theorem. Under stronger geometric
assumptions, Keel, Smith and Sogge [28] were able to extend the work of Klainerman and
Sideris [34] by proving almost global existence to multiple-speed systems of quasilinear wave

equations of the form

DCIUI(t7x) = Q[(U,, UH)’ (t,.%‘) € [OaT] X R?’\IC, 1<I<D,
(1.19) u(0,7) = f(z), 0w(0,z)=g(x),
u(t,z) =0, x €Ik,

where K is star-shaped. The main innovation of the last two papers was the adaptation of
Klainerman’s method of using invariant vector fields to exterior domain problems. Using elliptic
regularity estimates, Keel, Smith and Sogge were able to incorporate spatial translations into
their estimates. In addition to their difficulties with multiple-speed systems, Lorentz boosts
seem to be ill-suited for exterior domain problems, even when the system has only one wave
speed. This is due to the fact that the tangential component of the boost becomes unbounded
as t — 00. On the other hand, as demonstrated in [28], the scaling vector field can still be useful
in exterior domain problems, since its worst component t0; preserves the Dirichlet boundary
conditions despite being unbounded as t — oo.

In [28], the scaling vector field was used to prove the necessary L? estimates to prove almost
global existence. Due to their use of the scaling vector field, Keel, Smith and Sogge modified
the proofs to variable coefficient energy estimates so that they could control the energy norms
that involved scaling vector fields in exterior domains. They also demonstrated the usefulness

of weighted L?L2 estimates to handle the lower order terms that arise in dealing with exterior
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domain problems. Another key ingredient in their proof was establishing an exterior domain
version of Hormander’s L', L estimate [16] that did not involve Lorentz boosts.

Another tool used by Keel, Smith and Sogge in both [27] and [28] that played a prominent
roll in their proofs were the local energy decay estimates (1.7) of Lax-Morawetz-Phillips [36]
and Morawetz-Ralston-Strauss [53]. However, it should be noted that a later paper by Metcalfe
and Sogge [48] was able to reprove the result of [28] without using the scaling vector field and
without using the local energy decay of Lax, Morawetz and Phillips [36]. One should also see
Metcalfe [42], Metcalfe-Sogge [46], Shibata and Tsutsumi [60], and Hayashi [13] for global
results for nonlinear equations in higher dimensions n > 4. For a recent result on certain kinds
of semilinear wave equations in n = 3,4 dimensions, see Yu [73].

The explicit use of the star-shaped hypothesis in papers such as [28,48] begged the question
if it were possible to prove analogous results in exterior domains where one were to weaken the
geometric assumptions to allow for some degree of trapping. Metcalfe-Sogge [45] gave an
affirmative answer to this question by proving global existence to (1.19) under the assumption
that @) satisfies a null condition and that one assumes exponential decay of local energy with
a possible loss of regularity for solutions to the linear wave equation whose initial data are
supported in a bounded neighborhood containing K. Using interpolation, one can deduce that
the example of Tkawa [17,18] satisfies this condition. Not only did their methods prove the
theorem of [27] under weaker geometric assumptions but they were also able to handle multiple-
speed systems. To do this, they also had to devise estimates that used their local energy decay
assumption to control L? energy norms where scaling vector fields were being applied to the
solution. For our purposes, the estimates of Metcalfe-Sogge [45] that utilize local energy decay
to deal with the scaling vector fields shall be vital in this paper. The result of Metcalfe-
Sogge [45] was further generalized by Metcalfe, Nakamura and Sogge [44] who showed that
under a weaker null condition, one can still prove global existence. Metcalfe, Nakamura and
Sogge [43] later strengthened this result to include a larger class of quasilinear wave equations,
including some such that the nonlinearity depends on u at the cubic level. Another paper by
Metcalfe and Sogge [47] was able to prove global existence for certain null form wave equations
that were addressed in [44] using techniques that did not require one to distinguish the scaling

vector fields from translations and rotations.
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The result of Lindblad [40] was later extended by Du and Zhou [11] to include domains
that are the exterior of a star-shaped obstacle in n = 3. Their chief innovation with this paper
involved an application of a weighted Sobolev inequality to prove suitable L? bounds for the
solution itself. A subsequent paper by Du, Metcalfe, Sogge and Zhou [10] refined these methods
in order to prove almost global existence when n = 4. As we mentioned earlier, Theorem 1.4
shows that we can relax the geometric assumptions of Du and Zhou by only requiring that the

exterior of K only satisfy a sufficiently rapid polynomial decay estimate (1.6).

1.5. Methods of This Paper

In this paper, we will be using the modified version of Klainerman’s invariant vector field
method, which was developed by Keel, Smith and Sogge [26,28] which was further illustrated
in Metcalfe-Sogge [45]. It will be convenient for us to utilize translations as these are easy to
control using elliptic regularity estimates coupled with variable coefficient energy estimates. We
will utilize the weighted L? estimates of Keel, Smith and Sogge [28] to handle the error terms
that arise from handling rotations. However, we will also need to use scaling vector fields in
order to control the terms that arise from the applying the L', L estimatesof Hérmander [16].
The issue of controlling energy norms that involve the scaling vector field will be dealt with
using Theorem 3.8, which was originally proved in Metcalfe-Sogge.

An intuitive way to understand the logic behind the estimates and their role in this paper is
to view the vector fields we are using in the context of a “hierarchy.” The vector fields that are
the highest on the hierarchy are heuristically the ones that are the easiest to bound. Elements
in lower positions on the hierarchy will almost always be bounded by elements that are higher
on the hierarchy. This will require elements that are higher on the hierarchy to occur in higher

quantities than those that are lower on the hierarchy. Our hierarchy is as follows:
81{ o
0%/,
Z%0P,
LFo*,

LM Z%0P.
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Thus, the order of vector fields in the hierarchy, from easiest to bound to the most difficult to

bound, is: 0,0y, QY L.

1.6. Background Information

Before proceeding any further, we review a couple of standard results that play an important
role in many of the estimates in this paper. We first prove the version of Gronwall’s inequality
that we shall be using in this paper. The version presented here is the same as proved in

Sogge [67].

THEOREM 1.5. (Gronwall’s Inequality) Suppose A, 3, E are bounded, nonnegative functions

on [0, T] and suppose E is also increasing on [0, T]. Then it follows that if 0 <t < T, and

(1.20) Alt) < E(t) + /0 " B(s)A(s) ds,

then it follows that

A(t) < E(#) exp ( /O "5(s) ds) .

Proor. Without loss of generality, it suffices to consider the case when ¢t = T. Because
of this, we can replace E(t) with a constant E; := E(T) since E(t) < E(T). Define B(t) =
E, + fot B(s)A(s) ds. We see that

It follows that O (B(t) exp <— f(f B(s) ds)) < 0. Integrating both sides with respect to ¢, we

B(t) < B(0) exp (/Otﬁ(s) ds> = By exp </0t6(s) ds> ,

for 0 < ¢ <T. Since A(T) < B(T), this proves the theorem. O

see that

Another estimate we shall need is a standard L? regularity estimate for an elliptic operator

P with smooth coefficients. We write
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as a differential operator of order k£ with C'°° coefficients. An operator P is elliptic at a point
ro € R™ if Z\a|:k aq(x0)€* # 0 for all nonzero § € R™. Using this definition, one can see that

there are constants A, R > 0 such that

> aalz0)€™| > Al¢lF, for [¢] > R.

o<k

Let €2 be an open subset of R". We also define H{({2) to be the closure of C°(Q) in H*(R").

We are now ready to state the estimate.

THEOREM 1.6. Suppose  is a bounded open set of R"™ and P = Z\a|gk ao(x)0% is elliptic
on an open neighborhood Qg of the closure of Q. Then for any s € R, there is a constant C' > 0
such that for all u € H§(2),

el zeny < € (1Pl ey + Il et oy ) -
We now state the corollary that we shall use in our estimates.

COROLLARY 1.7. Let u € C*([0,T] x R3\K) vanish on OK. Then it follows that for R > 2,
6>0and 0<t<T,

D05l M p2govkngial<ry < C D AT, ) p2roen (el < o))
|| <N || <N—2

+C > 105ult, ) 2 @s kel <))
ja|<N-1

where C' depends on 6.

This paper is organized as follows. Chapter 2 proves the free space estimates for the
wave equation that we will be using. Section 2.1 is devoted to the L? estimates that we shall
need. Section 2.2 covers the weighted L? estimates for u/. Section 2.3 covers the Du-Zhou [11]
estimates bounding the weighted L? and L? norms of u without the spacetime gradient. Section
2.4 is devoted to a couple of well-known Sobolev lemmas. Section 2.5 covers the Keel, Smith
and Sogge [28] variants of the L', L> estimates. We will also need divergence-form estimates
which are covered in Section 2.6. Chapter 3 covers the Dirichlet-wave equation analogues of
the estimates in Chapter 2. Section 3.1 covers the necessary L? estimates that we will be using

in the exterior domain setting. Section 3.2 deals with the weighted L? estimates. Section 3.3
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proves the exterior domain variant of Hormander’s estimate that was proved by Keel, Smith

and Sogge [28]. Chapter 4 covers the proof of Theorem 1.4.
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CHAPTER 2

Estimates for Wave Equations in Free Space

2.1. The Energy Inequality

In this section, we will motivate the general method that we will use for proving useful
estimates in Minkowski space [0, 7] x R3. In the cases where proving the estimate on [0, T x R™
does not provide any more difficulty, the more general case shall be considered. The norm in
which it is most natural to control solutions to the wave equation in free space is the L? norm

of the spacetime gradient,

3 / .
OzggTHu ()],

which corresponds to the conservation of energy law for the homogeneous wave equation (see

Proposition 2.1 below).

PROPOSITION 2.1. (Conservation of Energy) Suppose w € C*°([0,T] xR"™) solves Du(t, z) =
0 and that for any fized t, u(t,z) vanishes for sufficiently large |x|. Then it follows that for
0<t<T,

(2.1) Hu'(t,-)H2 = Hu’(O, )H2

ProoF. Differentiating with respect to ¢ and integrating by parts, we see that

Oy (Hu’(t, )Hz) = 2/ Ofu&u + Z 8t8ju8ju dx

Jj=1

= 2/ (8t2uatu — OulAu) dx

= Q/BtuDu dx = 0.

By Duhamel’s Principle and after an application of the Minkowski integral inequality, we get

the following corollary.



COROLLARY 2.2. (Energy Inequality) Suppose that v € C*°([0,T] x R™) solves

Ou(t, x) = G(t, x),
w(0,2) = f(x), 0wu(0,z) = g(x).

(2.2)

Also suppose that for any fized t, u(t,x) vanishes for sufficiently large |x|. Then it follows that
for0<t<T,

(2.3) 16, < 1(Vafo gl + /0 1G (s, )y ds.

To illustrate the true power of this method, we will recall the commutator relations for
translations, spatial rotations and the scaling vector field with [0 that were discussed in the

introduction to this paper:

[Z7 D] =0,

[L,0] = —20.

We also see that a few simple calculations also yield

Q9 QM) = 5,9 + 6,09 + 6,98 + 5,08, 1<i,j,k,1<3,
QY L] =0, 1<i,j<3,
0, ] = 6,;0h — 60, 0<i<3,1<jk<3,

0, L] = 04, 0<i<3.

where §;; is the Kronecker delta. We will often implicitly make use of the above facts in our
calculations. Because of this, it follows that for any fixed positive integers v, N, we also have
the estimate

Sz )l, < S I Zeuy 0, )], + / S 1L#2°0u(s, )l ds.

la|<N lo|<N la|<N
u<v usv p<v

Thus, it is clear that using Lorentz-invariant vector fields in conjunction with estimates for v’

such as the energy equality yields new estimates for L*Z%u/ .
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2.2. Weighted L? Estimates Involving the Spacetime Gradient

We shall need estimates in [0,7] x R? that bound certain weighted L? norms. Using the
local energy decay assumption (1.6), we shall be able to extend these estimates to the exterior
domain setting [0, 7] x R3\K. We shall prove an estimate similar to Theorem 3.6 in [11] and
Proposition 3.1 in [28]. The following estimates are proved in the more general case that the

spatial dimension n > 3.

THEOREM 2.3. Suppose ¢ € C°([0,T] x R™) vanishes for large |x| for every fized t. Then

it follows that if n > 3, then

T
(2.4) <T>*1/4H<x>*1/4 < 1400, Hﬁ/ 10 (s, )l ds,
0

L2([0,T]xR")

and

3/2¢’

LQ([O,T}XR") H L2([o, T]><R")>

(log(2+ 1))~ 1/2 <H —1/2
(2.5)
S

T
¢l + [ 1800, ds.

Also for any n > 3 and any fized § > 0, we have

(2.6)
H<$>_1/2_6 &'

+H< )~ 3/2— 6¢’

<600+ [ 19065, as,

L2([0,T]xR") L2([0,T]xR")

where the implicit constant in (2.6) depends on §.

The original proof of the first inequality (2.4) in 3 spatial dimensions used sharp Huygens’
principle (see Lemma 3.2 in Du-Zhou [11] and Proposition 2.1 in Keel-Smith-Sogge [26]). This
method of proof, however, is not robust as sharp Huygens’ principle holds only for the flat
wave equations in [0,7] x R" for odd n. For more generality, we shall use the energy methods
employed in the proof of Lemma 4.1 in Metcalfe-Sogge [48], which do not involve Huygens’
principle. Earlier examples of proofs that use the same method can be found in the works of
Morawetz [54] and the appendix to [68] by Rodnianski.

Since the exposition is eased by using tensor calculus, we shall introduce some new notation
for this proof. We shall use the Einstein convention where repeated indices are summed. We

will use Greek indices «, 8,7,0 and so on, when the summations run from 0,...,n. We will

20



use Roman indices a,b,c,d and so on, when the summations run from 1,...,n. We define
the Minkowski metric g,g = diag(—1,1,...,1). We define V to be the Levi-Civita connection
associated with the metric g. From this, one can define the covariant derivative D% associated
with the connection V. Due to the fact that Minkowski space is flat, we have the correspondence

D* = 9%. 0% is associated with the standard derivative 9, via the equivalence
9% = gaﬁ867

where ¢®? is the inverse of the matrix gap- Note that in this new notation, the d’Alembertian

operator becomes
(2.7) O¢ = —07040¢.
We define (), to be the energy-momentum tensor by

(28) Qusléd] = 050 — 5005000,

We shall now prove a well-known fact.

LEMMA 2.4. Let Qnp be defined as above and let ¢ € C°([0,T] xR™). Then Qqup[¢] satisfies

the equation

DQaple] = —O¢0s¢.

Proor. This follows from a simple calculation. We see that

D" Qusld] = 0 (090 — 500107606 ).
= 000056 + 0ad®Ig0
(2.9) a0 006 — 40000
= —O¢936 + Dap?*Dp0p
1

1
- 590458&6’%8'@ - 5%53%8«15@'

We see that the sum of last 2 terms in the right hand side of (2.9) are equal to —0,¢0703¢,

which shows that the sum of the last three terms in right hand side of (2.9) is zero. a
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We now define the momentum density that is obtained by contracting Q.s[¢] with a radial
vector field X7,

(2.10) Pal¢, X] = Qasl0]X”,
where
(2.11) X = f(r)o,.
This means that X¢ = mx“ fora=1,...,nand X% = 0. If one also defines the deformation
r
tensor of X,
1
(2.12) Tab = 5 (DaXb + DbXa) ,

using Lemma 2.4, one can prove the following.

LEMMA 2.5. Let Qapg, Pa, X, and 7 be defined as in (2.8), (2.10), (2.11) and (2.12), respec-
tively. Then it follows that

(213)  DP6.X] = -0of(are + () oo + L (wo - L w0000,
where
(2.14) trr=f(r)+ (n— 1)f§f")
Proor. We shall first establish the following:
(2.15) DPPul6, X] = ~00f (1), + Quulo}=

We can establish this using Lemma 2.4, and via the following calculation:
D*Palé, X] = D*Qapl¢] X" + Qup[¢] D* X"
= ~0¢930X" + Quy[¢] D X"
zB 1
= 007 "-950 + 5 (Qus1D* X" + Qualé] D" X*)

= —Oof(r)dr¢ + %Qab[qﬂ (D“Xb + DbX“) .
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Using (2.15), we see that
D*Paf, X] = ~06f (10,6 + (aaqbabqb - ;gabmqﬁa@ net
= ¢ f(r)0r¢ + apDpdm®® — %tr 7 70

Thus, to establish (2.13), it suffices to prove that 9,¢0,¢7® equals the sum of the second and

third terms in the right hand side of (2.13). We see that

D DT ® = %aaqﬁaw <aa ( ) L < S’ ))
a,.b " f
_ a¢ab¢<$rf () + <6b xf) :)

= 00 1) + 0> 10

We now establish (2.14). This follows from the calculation:

5 = 2558@ (fgf’)xb> 1500, (M:p>

We wish to introduce a modified momentum density that will enable us to control 9. We

observe that

. A<<>>¢|+ <>D¢

Using Lemma 2.5, we see that

DPy¢, X] = 0o f ()00 + f(1) |0,0]* + 2 |Vl

! (f’(r) +(n— 1)@) 0790,

2
fr)

f(r)

= ~06/(N0,0+ (1) 0,0 + L [T — (10760,
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Sl (fgf")qbam 5 <@> ¢I2> S s <fff)> 9

RUEDHUPER

If we define our modified momentum density to be

(n—1) f(r)
2 T

Pa[gb?X] = Pa[(va] +

n—1 r
o= 0, (100 o,
T
then it follows that

f(r)

D*Paf¢, X] = ~0 (106 + ['(r) 10,0 + == | Vo[’

(2.16) - 51 oreons = LA (1) o

_ (=D )

2

Our radial function f shall be conveniently chosen so that —A (f(T)> shall be positive for
r

n > 3. We are now ready to prove Theorem 2.3.

PRrROOF. (Theorem 2.3) By Duhamel’s principle, it suffices to prove this theorem in the case

O¢ = 0. From (2.16) and the divergence theorem, we see that

[ [ (oot + 12 1wop - Lrmonons - P08 (1) 162 o e

(2.17) = / DP[¢, X|(t, z) dz dt
0 R™

:/ Polo, X|(T, z) dx —/ Polo, X](0,7) dz.
1
If we choose f so that |f(r)| <1 and |f'(r)| < —, it follows that
r

/nPokb,X](Ow S (Ir7 00,1, + 1160, )[],) #'(0, )l

< lg©.)]3,
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by applying a Hardy inequality in the last step. Applying the same argument and energy

conservation for the linear homogeneous wave equation, we see that

[ Polo, X)(T.2) da| 5 9T )

= [l¢/©. ;-

From the previous two inequalities and (2.17), we get the inequality

- / ' I (f'(r) orol? + 10 [ - Lpornons - =V (f(r)) ‘ ¢|2> o

r 4 r
2
< [,
We now choose our weight function f:

B r
= p+r’

(2.19) f(r)

where p > 0. Observing that f(r)/r > f'(r), 8 ¢dy¢ = — 06> + |8,¢|* + |¥¢|*, and that

() -

we get the following estimate for p > 0,

T P 2 1 9 p ) o )
(2.20) /0 /n ((r+p)2 |0 0|” + m |V o|” + (r + p)? |0vp|” + r+ o) |9 ) dx dt

< 160,95

When we set p = 1 and restrict  such that |z| < 1, we get

T
/0 /x|<1 <W|2 * "b‘g) du dt

4D

(2.21)

Setting p = 2%, for k > 0, we get

' (@) o'+ (2) P gf?) da dt
0 J2k<|z|<2ktl

< llo'0,)]5-

(2.22)

We shall first prove (2.6) and show that (2.5) follows from similar arguments. Summing over

dyadic regions {2% < |z| < 281} and {|z| < 1} and applying the previous two inequalities, we
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see that

2 2
19"l 22 0.1 el <1y T ||¢||L2<0T1x{|x|<1}>

i 22 2ks <H 1/2
S 3275 40,
k=0

< 0,2

3/2¢‘

L2([0,T]x{2F <|z|<2FF1}) H L2([o, T]x{2k<|x<2k+1}))

(2.23)

where the implicit constant in the last inequality depends on . This proves (2.6). To prove
(2.5), we divide the proof into two cases: |z| < T and |z| > T. The latter case is handled by a

Hardy inequality and energy conservation:

“1/2 4|2 —3/2 ||
H<x> L2([0,T)x{|z|>T}) + H<x> (b’ L2([0,T]x{|z[>TY})
(2.24) < sup ||9/(5,0)]);
0<t<T
< @0, 2.

The former case is handled in manner similar to (2.23). By summing over {|z| < 1} and dyadic
regions {2% < |z| < 281}, where 0 < k < log(2 + T), we see that

[ e

H <.’I]>_1/2
L2([0,T]x{|=|<T})

L2([0,T)x{|z|<TY})

Slog(2+1T) ||¢/(0, -)}|2.

To prove (2.4), we shall again split this in two cases: |z| < T and |z| > T. The latter case is

dealt with by applying the same argument used in (2.24). To deal with the former case, we
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shall apply (2.21) and (2.22) to see that

(2.25)
log(2+T)

_ 2
“¢,“i2([0,T1x{|z\<1})+ > H<x> Yy
k=0

L2([0,T]x {2k <|z|<2k+1})

2 et ™) k/2 1/2 2
S HQSIHL2([O,T}><{|1|<1})+ > 2Y H<$> ¢
k=0

L2([0,T]x {2k <|z|<2k+1})

log(2+4T)

S Y 2P0,

k=0
<200, )3

This completes the proof. O
From this proof, we also obtain a useful corollary.

COROLLARY 2.6. Suppose u € C*°([0,T] x R"™) solves Ou = G with vanishing initial data.
Also suppose that u(t,x) vanishes for large |x| for every fixed t. Then it follows that if n > 3,
then

T
(2-26) ||U/HL2([0,T]><{\:E|<4}) + ||u||L2([07T]X{|$|<4}) 5 /0 HG(S, )||2 ds.

We will also need a lemma to deal with the spatial cutoffs that occur in the proofs of
the weighted estimates in Chapter 3. Estimates of this type were originally proved by Keel,
Smith and Sogge [26,28] using sharp Huygens’ principle. We will use techniques such as those
presented in Metcalfe-Sogge [47, 48] that instead rely on the energy methods that were just

discussed in the proof of Theorem 2.3.

LEMMA 2.7. Suppose that R > 1. Let G € C°(]0,T] x R"™), where n > 3 and the support
of G is contained in {1 < |z| < R}. Suppose that ¢ € C*([0,T] x R™) solves the boundaryless
wave equation U¢ = G with vanishing initial data. Then it follows that

21 s ¢ty + ) @
0<t<T

T S NGl 2o, x fzerr 1< |2)<R}) »

where the implicit constant depends on R.
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PRrROOF. Applying the fundamental theorem of calculus and integrating by parts in each x;

variable, we get

1 / 2 _ ¢
(2.28) 5 / |’ (t, z)|* dz —/0 /1<|x<R G(s,x)0s¢(s,x) dx ds.

From (2.16) and the divergence theorem, we see that

//( orol + L o - 2 mansane - “ola (1) o) v as

(2.29) Pulo, X|(T, z) dx — Polo, X)(0,z) dx

Rn

/ /n Oo(s,x) f(r)oro(t, z) + mgl)@gb(s,x)DqS(s,x) dz ds.

By a Hardy inequality, it follows that

= 2
[ Palo. X)(0,2) da| < 60,9} =
By a similar argument and (2.28), we see that
= 2
[ Palo. X)) do| 5 (7.0

T
N / / |G (s,2)0s¢(s,z)| dx ds.
0 Ji<|z|<R

From these calculations, we obtain the inequality

/ /n ( )00 + ——= (r) Vol — 1f’(r)87q587¢_ (”;1)A <f§r)> ‘¢|2> drds
0)

//1<|x<R (5,2) <\<Z>(s )| + 19(s,2 H)dds

If we let f be as in (2.19), then, as in (2.20), we get the inequality for p > 0,

[ [ (Gl + o iwo+ Lol + L lof) o ds

//1<x|<R Sx(hb(sw)\ 905, @ ”)d ds.

(2.3

(2.31)
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From (2.31) in the case p = 1, if we restrict = such that 1 < |z| < R, then we get

/ /1<x|<R (!eb! ik ) dz ds
(232) <[ el (e 20

S Gl L2 (0,71 x {zerr 1 <[a|< RY) X

(H(b/HL2([0,T]x{xER":1<\x|<R}) + Hr_l(bHL%[O,T}x{xeR”:1<|x\<R})> )

This implies that

/ -1
(233) H¢ HL2([O»T}X{xER":1<|ZL‘\<R}) + HT ¢||L2([O,T]X{xERn:1<|$|<R})
N HGHL?([O,T]x{xeRn:1<|x\<R}) :

Setting p = 2%, for k > 0, we get

/OT /2k<|:r<2k+1 <x>*1 M/‘Q dx ds
/ /1<:L“|<R (s x’<|¢’<5 )|+ 1222 )|> dz ds.

For |x| > T, we apply (2.28) see that

(2.34)

2

) () o N CR] s

LQ([07T}><{|96|>T}) 0<t<T

< G / dx ds.
N/O /mKR\ (5,0)|6 (s, 2)| da ds

For |z| < T, we sum over dyadic intervals just as in (2.25) to see that

T>—1/2 H<x>—1/4 /

L2([0,T]x{|=[<t})

//<|x<R (52) <¢(Sw)’ i )‘) dz ds.

The previous two inequalities and (2.28) show that

sup || ¢'(t, )| +

T>—1/2 H<$>—1/4 &' 2
0<t<T

L2([0,T]xR")

§/OT/1<$|<R|G(5,90)| <|¢'(s,m)|+ ‘d’(fjx)') dz ds.

(2.35)
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Applying Cauchy-Schwarz, we see that

/oT /1<x|<R!G(879:)! (W(S’m)! + |¢(37j x”) dz ds

2.36
(2.36) < NGl 20,11 x wermi1<fel< RY) ¥

(qu,HLQ([O,T]X{xeR":1<\x|<R}) + Hr_ld)HLQ([O,T]x{xeR":1<|x\<R})> )

Combining this inequality with (2.35) and (2.33), we get

/(t. . 2 T*1/2 —1/4 |2
oiﬁ%“gf)( ’ )H2+< ) H<x> ¢ L2([0,T]xR™)

2
S NG T2 (0,11 x {zerr 1 <|o|<R}) -

which proves the lemma. O

2.3. L? and Weighted L? Estimates without the Spacetime Gradient

We shall now prove the estimates that first appeared in Du-Zhou [11]. These estimates will
be necessary to control norms that arise in the Picard iteration where there is no spacetime
gradient being applied to u. Specifically, the estimate of Du-Zhou allows us to apply the
energy inequality when no spacetime gradient is present. While these estimates were originally
proved in [11], we shall present the proof from a subsequent paper by Du, Metcalfe, Sogge and
Zhou [10]. We will start by defining a mixed LPL%-norm:

Il zgaen = |10 asns.a | oy s

where dw is the induced surface measure on S"1. We also define C§°(R") to be the space
of smooth functions that vanish at infinity. That is, f € C§°(R") if, for every n > 0, the set
{x € R™ : |f(x)| > n} is compact. The key ingredient to proving estimates for the L? norm of
u(t,-) without the spacetime gradient shall be the following proposition, which was proved by

Du and Zhou [11].

PROPOSITION 2.8. Suppose h € C§°(R™) and n > 3. Then it follows that

(2.37) Vol g1 gy S Il on 2 g <y + [ 12177272

LiLg (Jx|>2)

To prove this proposition, we shall need the following estimate (See Lemma 4.1 in [34],

Lemma 2.1 in [10]).
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LEMMA 2.9. Let v € Cg°(R™), n >3, and R > 0. Then it follows that

<"—3>/2vzv‘

1/2 < iz~
R0l poo 2 (01> m) HM L2(je|>R)’

where the implicit constants are independent of R.

PRrROOF. Applying the Fundamental Theorem of Calculus and Cauchy-Schwarz, we see that

1/2 0 1/2
RY/? (/Sl v(rw)|? dw> < RY? </Sl/ |0pv(pw)|v(pw)] dde>
00 1/4 dp 1/4
< </ / 0,0]%p? dpdw> R'/? </ / |v|? dw>
Sn—1 JR Sn—1
< [l =720

1/2 1/4
y / R1/2 v H},/oip / -2 dp
L2(|2|>R) (2>B) \ Jg

Vg
L2(|z|>R) L2 L2 (Jz|>R) *

if r > R,

< Hm (n=3)/2yy v’

We are now ready to prove Proposition 2.8.

PRrOOF. (Proposition 2.8) We shall split h = hy + hg, where h; is a smooth function that
equals h(x) when |z| < 2 and zero when |z| > 3. Let H{(|z| < 3) denote the completion of
C®(Jz| < 3) in H*(|z| < 3). It follows from Proposition 6.15 in Folland [12] that in Hj(|z| < 3),
the norms for H® and H® are equivalent. By Sobolev Embedding L/ ("+2)(R") < H~1(R"),
we see that ||hq| ;- 1(gny is controlled by the first term in the right hand side of (2.37). If we
let v € C2°(R™) N H'(R™), we can see that

/ ha(@)o(a) de < ||l2]=02/2hy [ltim=2r4)
|z|>2

LLL2(|z|>2) Lz L2 (|z>2)

To control the second term in the right hand side, fix p > 2. Applying the previous lemma, we

see that

p(n—3)/2 ) (n—3)/2 H ‘x|—(n—3)/2vxv‘

PI/Q [v(p ')HL?(S?H) Sp L2(|z|>p)

S IVavllp2(z)>2) -
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By the definition of the H~'-norm, this shows that ||hg]| fi-1(rm) is controlled by the second

term in (2.37). O

We are now ready to prove an estimate that shall enable us to control the L? and weighted L?

norms of u without the spacetime gradient.
THEOREM 2.10. Suppose u € C*°([0,T] x R™) is a solution to

Ou(t,x) =0, (t,x)€[0,T] x R",
u(0,z) =0, Owu(0,x) = g(x),

Also suppose that for each fized t, u(t, x) vanishes for sufficiently large |x|. Then it follows that

sup. JJu(t, )|y + (1)~ | @) 4l
L2([0,T]xR"
(2.38) o<t<T ([0,T]xR™)
S gl iy + [l 2]
PRrROOF. Define D; = 0;/i. Let
wy(t.) = (2m) 02 [ St e) B e

where 7(t,-) is the the Fourier transform of u(t,-). It follows that u = Y%, Djv;. Observe

that each v; solves Ou; = 0 with initial data v;(0,z) = 0,0,v;(0,z) = g;(x). Observe that

oy(o) = (2m) 72 [[en<(6) & e

By Theorem 2.3 and the energy inequality, we see that

T>*1/4 H<$>71/4u)

sup lu(t, )|, +

o<t<T
—1/4 —1/4
<§juDv] o+ (174 ()7 Dy

S Z 951l
j=1

S gl -

L2([0,T]xR™)

L2([0,T] xR")

Applying Proposition 2.8 completes the proof. O

By Duhamel’s principle, we also have the following corollary,.

32



COROLLARY 2.11. Suppose u € C*([0,T] x R™) is a solution to

Ou(t,x) = G(t,z), (t,x) €[0,T] x R3,
u(0,z) = du(0,z) = 0.

Also suppose that for each fized t, u(t,x) vanishes for sufficiently large |x|. Then it follows that

sup. [Ju(t, )|y + (1) (@)l
o<t<T

L2(]0,T]xR)
(2.39)

T
5/0 G (s, )l L2/ nt2) (<) + H|95|_("_2)/2G(5,')‘ ds.

L L2, (Jx[>2)

To control the second term on the right hand side of (2.39), we will need to pass to the weighted
L? norms discussed in Section 2.2. Due to the amount of z decay present in this term, we will
only be able to use weighted norms with a <T>_1/ * weight instead of a log(2+T)~/2 weight in
our iteration argument. It shall be clear in the proof of Theorem 1.4 that using these weighted

~1/4 necessitates our lifespan bound (1.9). In dimensions 4 and higher,

norms that involve (T')
however, one does get sufficient = decay in the right hand side of (2.39) to use weighted L?
norms that involve only a log(2 + T )_1/ 2 weight, which tend to allow for longer lifespans.

We will also need an estimate analogous to Lemma 2.7 in case where no spacetime gradient

is being applied to the solution. This estimate was adapted from the proofs of Keel, Smith and
Sogge [26,28] by Du and Zhou [11].

LEMMA 2.12. Let G € C°([0,T] x R3) and the support of G is contained in {1 < |x| < 3}.
Suppose that u € C([0,T] x R3) solves Ou = G with vanishing initial data. Then it follows
that

(240)  sup_ flu(t, )y + (1) (@)l S NG 2 o7y g <5 -

0<t<T

L2(]0,T)xR3)

o0
PROOF. Fix a smooth function x such that y(s) =0 for |s| > 2 and Z x(s—7)=1. We

j=—00

[e.9]
will let G(t,z) = x(t — j)G(t,z). Thus, G = Z Gj. Let uj solve the boundaryless wave
j=—00
equation Uu; = G; with vanishing initial data. Since

it 7) = /Ot/E(t sz —y)Gi(s,y) dy ds,
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where E is the fundamental solution to the linear wave equation in 3 dimensions, it follows
from sharp Huygens’ principle that u; is supported on {(t,z) : j —5 < |t — |z|| < j + 5}
Since u = 3, u; and the supports of the functions {u;} have finite overlap, it follows that

lu? < > luj|%. By the above argument and Corollary 2.11, it follows that

2
u(t, I3+ (1)~ )Vt
fut, Y2 + (1) WZQNW\V T
p<v

<Z<Hug IR+ ()2 (@)

<Z(/ 1G5(s >||2ds)2

/ ZHG )N d

2
L2([0,T]><]R3)>

= G112 f0,71x el <3))

2.4. Sobolev Estimates

We will need to prove an analogue of the Sobolev embedding theorem for the sphere S™~!

(see Klainerman [32]).

PROPOSITION 2.13. Suppose h € C®(S™1). Then it follows that
HhHLOO(Snfl) 5 Z HQahHLl(Snfl)
|a|<n—1

and

Pl oo gsn1y S D 19%Bll L2(gnoy -
|| <(n+1)/2

PROOF. Define a partition of unity {x} subordinate to an atlas for S"~! that consists
of finitely many coordinate charts {pr : Uy — Vi}. For the first inequality, we apply the

fundamental theorem of calculus in each coordinate direction on each Vj. This gives us

T — gZ/V 101+ Ot (k) 0 0. (@) d
k k
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Since the collection {Q2¥} span the tangent space at each point on S™~!, this proves the first

inequality. To obtain the second inequality, we apply Sobolev embedding on each Vj to get

[l oo (gn—1) NZH ((xrh) o @™ “LOO(Vk)

S D 9%l gy
| <(n+1)/2

a

We also need the following local version of the Sobolev embedding theorem where x is taken

over an annulus.

PROPOSITION 2.14. Suppose h € C*°(R™). Then for R > 1,

(2.41) 17l oo (Refopeory S B2 1202 122y < )
o] +5<(n+2)/2

and

(2.42) 1]l oo (Re o< Re1) S R0 Z HQaathL2(R—1<|z\<R+2) :

lal+i<(n+2)/2
PRrROOF. Fix a cutoff p € C*°(R) such that p(s) =1 when 1 < s < 2 and zero when s < 1/2
or s > 4. Thus, p(s/R) = 1 when R < s < 2R and equals zero when r < R/2 or r > 4R. Just
as in the previous proposition, if we define a finite partition of unity {¢g : Uy — Vi} on S"~!

and apply Sobolev embedding on R x Vj, it follows that

1/2
(2.43) sup x(r/R)|h(rw)| < (/S" 1/ |07 h(rw)|? drdw) .

(rw)e(R,2R)xSn—1 |a|+]< n+2)/2

Since the volume element for R” in polar coordinates is 7"~ 'drdw, the last quantity in (2.43)
is controlled by the right hand side of (2.41). We obtain (2.42) via a similar argument. Define
¢ € C*°(R) such that £(s) equals 1 when 0 < s < 1 and equals zero when s < —1 or s > 2. By

Sobolev embedding, it follows that

(2.44)
R+2 1/2
sup E(r— R)|h(rw)| < </ / QY07 h(rw)|? drdw) ,
(rw)€(R,R41)xSn~1 \a|+]< (nt2)/2 N5
which is bounded by the right hand side of (2.42). 0
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2.5. Pointwise Estimates

We shall need the L!, L™ estimates of Hérmander [14,16] and Klainerman [32] who proved
them for wave equations in [0, T] x R3. We shall give the proof of Keel, Smith and Sogge [28]
which uses the positivity of the fundamental solution to the 3-dimensional wave equation. Their
proof was an improvement to previous versions of this estimate in that it only relied on scaling,
spatial rotations and spatial translations. The absence of Lorentz boosts in the right hand side

of the inequality will allow us to apply this estimate in the exterior domain setting.

PROPOSITION 2.15. Suppose u € C®([0,T] x R?) solves

Ou(t,z) = G(t,z), (t,z) € [0,T] x R3,
u(0,x) = Ou(0,x) = 0.

(2.45)

Then it follows that for 0 <t < T,

t dy ds
(2.46) (1t £+ [2)lult,2)] < / / S 1420G(s,y)| LE
0 R3‘ |[+u<3 !y|
al+u<
p<1

Before we prove this proposition, we need to prove a couple of lemmas.

LEMMA 2.16. Suppose u € C*([0,T] x R3) is a solution to (2.45). Fiz v € R3, and let

|x| = r. Then it follows that for 0 <t <T,

1 t r+t—s
(2.47) allutta) <5 [ [ sup (Gls.ph)] pdp ds.
0 Jlr—(t—s)| |6]=1

PRrOOF. Let U solve

QU (t,z) = F(t,|z]), (¢t,z)€[0,T] x R3,
U0,z) =0,U(0,x) =0,

(2.48)

where F(t,|z|) = sup |G(t,|z]0)|. Note that with a slight abuse of notation, we will write
6es?
U(t,z) = U(t,r) since U is aradial function. Since |G(t,z)| < F(t,|z|), it follows that |u(t, )| <

U(t,z). We will now show that rU solves a 1-dimensional wave equation. If we define [J, =

02 — 92

<, we see that O, (rU) = rOU. From the solution to the 1-dimensional wave equation,

1 [t r+(t—s)
rU(t,r) = / / F(s,p)p dpds.
2Jo Jyr—(t=9)]

From this solution and the fact that |u(t,z)| < U(t, z), one sees that (2.47) holds. O

we see that
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For the next lemma, we will be using the proof that appears in Keel, Smith and Sogge [28].

LEMMA 2.17. Suppose u € C([0,T] x R3) solves (2.45). Then it follows that for 0 <t < T,

(2.49) t]utx|<// 3 LG (s,y)] d‘lrcfs

ool 4+1<3
n<l

PROOF. Let (s, z) = u(ts,tx) and G(s,z) = t>G(ts, tz). We see that @ solves Di(s,x) =
G(s,x). Suppose we know that

(2.50) 1x/t|<// 3 ‘L“QO‘ dﬁs.

o] +p<3
pn<l

Introducing a change of coordinates, we set y' = ty and s’ = ts. By utilizing the fact that
homogeneous vector fields, such as those present in (2.50), are invariant under scaling, we see
that the right hand side of (2.50) is equal to

dy' ds'
// Z L“Q“Gs y)‘ y|/‘s

oo +p<3
u<l

This would imply that

tu(t, z)| = tlu(l, z/t)]

(2.51) / / S |Gy dy/ /C|ZS,~

|a|<2
n<l

Since the right hand side of (2.50) is independent of z, (2.51) shows that it suffices to prove
(2.49) in the case t = 1.
When |z| > 1/10, we shall apply (2.47) to see that
r+l—s
(2.52) |z||u(l, )| </ / sup |G(s, p0)| p dp ds.
Ir—(1—s)| 0€52
Applying Sobolev embedding on S?, we see that the left hand side of (2.52) is controlled by

Z/ 109G (s, )| dy ds
R? yl

|| <2

In the case that |z| > 1/10, this proves (2.49).
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To deal with the case where |z| < 1/10, we will want to restrict the support of G. Define
1 € C*°(R) such that ¢(y) = 0 when |y| > 4 and ¢(y) = 1 when |y| < 2. For our purposes, we

will need the fact that ¢ (y/|z|) = 1 when |y| < 2|z| and zero when |y| > 4|z|. We shall observe

that
07 (P(y/|2))G(s,y)) = %@M@//M)G(S’y) - %&w(y/\xl)G(s,y)
+(y/|z]) QVG(s,y),
and that

3 .
L((y/lzNG(s,)) = (Z é]ai@b(y”ﬂ)) G(s,y) +¥(y/lz) LG(s, y).
i=1

Due to the fact that |y|/|z| < 4 when ¥ (y/|z|) # 0, it follows from the two previous equalities
that

197 ((y/|zG(s,9)) | S 1G(s,9)| + 127G (s, y)],

and

IL (¢ (y/leDG (s, 9) | S 1G (s 9)| + [LG(s, )],

where the implicit constants depend only on the choice of the cutoff function . So if we use

the cutoff function to split G,

G(s,y) = o(y/lz)G (s, y) + (1= 9 (y/|2]))G (s, v),

then it follows that we can reduce matters to considering two different cases:

e Case 1: supp G C {(s,y) : ly| > 2Jz]}.
e Case 2: supp G C {(s,y) : ly| < 4Jo[}.

Case 1: From the fundamental solution to the linear wave equation, it follows that

1 d
(2.53) u(la) = [ G-lyla—y)
T Jlyl<1 ’y‘
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Following the proof of Keel, Smith and Sogge [28], we will first bound the integral by using
our assumptions on x and the support of G. We will then introduce a change of coordinates to
simplify the integrand. This will enable us to bound u(1, z) with relative ease.

To simplify the integral, we observe that when |z| > |y|, it follows that |z —y| < |z] + |y| <

2|z|. This implies that G(1 — |y|,z — y) = 0, when |z| > |y|. Hence, on supp G(1—|- |,z — ),
1 2
— < . Thus, we obtain the inequality
lyl = |z —yl
dy
ua)l s [ 1Ga-lyho-yl P
lyl<1 |z =y

To introduce a suitable change of coordinates, we will first show that |(1 —|y|,z —y)| > 2/5

on the support of G(1 — |- |,z — -). Suppose that |1 — |y|| < 1/2. Then it follows that

[z =yl > |y - |=]
= 1yl 1 o
> 1/24+1-1/10 = 2/5.
Thus, it follows that |(1—|y|,z —y)| > 2/5 on the support of G(1— ||,z —-). We take a cut-off

function p € C*°(R) such that p(s) = 1if s > 2/5 and p(s) = 0 if s < 1/5. Using this cutoff,

we define the function
H(s,y) = p(|(s,9) DG (s, 9)|/|yl.
Thus, it follows that

fu(1,2)| 5/” H( =yl = )| dy
yI<

We are now ready to define our change of coordinates. Let the map ¢(s,y) = s(1 — |y|,x — y).
(z,y)
AL ZA

[yl
and H(s,y) = 0 for |(s,y)| < 1/5 that the Jacobian is always bounded away from 0 on the

Noting that the Jacobian of ¢ is equal to s* < ) it follows from the fact that [z| < 1/10

support of H(¢(+,-)). Using this observation and applying the fundamental theorem of calculus,

we see that

/ H(1 |yl z— y)| dy:/ (H o 0)(L,y)| dy
ly|<1

lyl<1

1
< /O /|y|<1 10u(H 0 0)(s,9))| dy ds + / ((H 00)(0,9))] dy.

ly|<1
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Observe that (H o )(0,y) = 0 and |9s(H o ¢)(s,y)| = [(LH)(¢(s,y))|/s. Since the Jacobian
of ¢ is bounded below when H(p(s,y)) # 0, it also follows that s is bounded below when
H(p(s,y)) # 0. Thus, we get the inequality

1
|Mans/ / (LH)(p(s, )] dy ds
0 Jlyl<1
1
5/ / |LH(S,y)||J@_1‘ dy ds
0 R3
! dy ds
< L'G(s, :
NAAQ] (sl

pn<l

where J,-1 is the determinant the Jacobian of ¢~ 1. This deals with Case 1.

Case 2: If one rewrites (2.53) slightly differently (see Sogge [67]), one can see that

1
(2.54) u(l,z) = 417r/0 /32(1 —$)G(s,x+ (1 — s)z) dw(z) ds.

Since we are assuming that G(s,y) = 0 if |y| > 4|z|, then we see that the integrand of (2.54) is
nonzero only when |z + (1 — s)z| < 4|x|. Hence, it is nonzero only when s > 1 — 5|z|. It follows
that u(1,z) = up(1, z), where ug solves the inhomogeneous wave equation Cug(s,y) = Go(s,y),
where Goy(s,y) = G(s,y) if s > 1 — 5|z| and zero otherwise with vanishing initial data. By

Lemma 2.16 and Sobolev embedding, it follows that

1 [t dy ds
u(l,x)| = |ug(l, z ,S/ / QGo(s,y)| ——
) = o) S oy [ S 10°Go(sy)

= lyl
< a dy
S osup > 19%Go(s,y)| -
1-5|z|<s<1 JR3 lal<2 |y

Again we apply the fundamental theorem of calculus and the chain rule to see that
1
Golsv) = [ 5(0.Gu)(rs,70) + (0. (9,Go)) (7. 73)
0

1
:/0 —(LGy)(7s,Ty) dt.

T
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From this observation, we see that

dy dy dt
sup / Q%Go(s,y)| —= < / / LFQYGy(s, Ty .
(255) Z ’ 0 ’ ‘ 1- 5|:1:\<s<1 Z | 0 )| T

1-5lz|<s<1 lal<2 || <2 ’y‘
n<l

Notice that the determinant of the Jacobian of the map (7,y) +— (75, 7y) is s73. Due to the fact
that Go(7s,Ty) is supported on 1 — 5|z| < 7s < 1 and that s in the right hand side of (2.55)
is taken over 1 — 5|z| < s < 1, it follows that (1 — 5|z|)3 < s72 < (1 — 5|z|) 2. Recalling that
|x| < 1/10, we see that the right hand side of (2.55) is controlled by

[ [ X irerci) 4

|| <2
n<l

where the implicit constant is independent of . This completes the proof. O
We are now ready to prove Proposition 2.15.

PROOF. (Proposition 2.15) By applying (2.47) and Sobolev embedding, we only need to
consider the case when the weight (1 + ¢ + |z|) in the left hand side of (2.46) is replaced with
(1 +t). Using cut-offs, it suffices to consider the cases in which supp G C {(t,z) : t > 1}
and supp G C {(t,z) : 0 <t < 2}. The first case follows from the previous lemma and the
observation that our assumption about the support of G implies that the support of u is also
contained in {(t,z) : t > 1}. When G is supported on {0 < ¢ < 2}, we define @ such that u
solves the inhomogeneous wave equation Ju(t, z) = G(t — 2, x) with vanishing initial data. By
the first case, we see that

(+t|utx\<z// ILFQOG(s — 2,2 )|d?‘/"ls

|a|<2
u<l

t—2
< Y / |LrzeG(s,a) dﬁ’yfs.

|a|+u<3
n<l

(2.56)

Note that to get from the first inequality to the second in (2.56), we introduce time translations
from the substitution in the s variable. Because u(t,z) = @(t + 2,2) and ¢t > 1 on the support

of 4, it follows that

(T+8)|ut, )| < B+ t)|a(t + 2, )]
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t dy ds
< LFZ°G(s, x .
< ¥ /0/R| (5.

|oe|+u<3
p<l

The general case follows from using cutoffs in the ¢ variable. O

2.6. Divergence-Form Estimates

We will need a variant of Proposition 4 from Metcalfe and Sogge [49]. This will enable us
to control some of the terms where no spacetime gradient is being applied to the solution u in
the special case that Ou =) ;@;0;G for some smooth function G. Earlier estimates that were

obtained using these techniques can also be found in [15] and [40].

THEOREM 2.18. Suppose u € C*([0,T] x R3) is a solution to

3
Ou(t,z) = E a;0;G(t,x), (t,x)€[0,T] xR
(2.57) 5=0

u(0,x) = Ou(0,x) =0,

where a; € R and G € C°°([0,T] x R3). Also suppose that G(0,z) = 0 and that for each fized
t, G(t,x) vanishes for sufficiently large |x|. Then it follows that

(2.58) sup. JJu(t, ) aqesy + (1) 7 (@)™l
o<t<T

T
< / 1G(s, )l ds.

L2(]0,T]xR3) "

Proor. To prove this, we observe that

3
u = E a;0jw,
=0

where w solves Dw(t, z) = G(t,z) with vanishing initial data. To bound the first term on the

left hand side of (2.58), we apply Corollary 2.2 to w. It follows that

sup |[u(t,-)|l, = sup Hw’(t,-)”2
0<t<T 0<t<T

T
< /0 1G(s, ), ds.

Bounds for the second term on the left hand side of (2.58) follow from the same argument

except that one applies Theorem 2.3 to w. O
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CHAPTER 3

Estimates for Dirichlet-Wave Equations in Exterior Domains

3.1. L? Estimates

We shall need to prove some estimates for solutions u € C*°([0, 7] x R™\K) to a perturbed

Dirichlet wave equation

Oyu(t,z) = G(t,z), (t,z)€[0,T] x R"\K,
(3.1) u(t,z) =0, ze€dk,

u(0,z) = f(z), Ow(0,z) = g(x).

Let
D n 4

(3.2) (O,u)! = (87 — AW + Z Z AR (4 2)0;0pu”
J=14,k=0

where the 475!/ are our perturbation terms. We assume that each 475/ ¢ C>, that %!/

satisfy the following symmetry conditions

(3.3) ij‘JJ _ ,Yk:j,IJ _ ,ij,JI'

Slightly abusing notation, we set

> [0 e gy = I

I,J=1j,k=0

We also assume that

(3-4) 7t )l <9,

where ¢ is taken to be sufficiently small. We will also be concerned with norms that involve the

gradient of v. With another abuse of notation, we shall write

el =3 3 ot

I,J=1jk,1=0



We shall define the energy form eg(u) := Z?:l ed(u) that is associated with O, where for
I=1,....D, we define

eh = ep(u) = (Qou')” + ) cH(Opu')’
k=1

D n
,YOk,IJaoulakuJ o Z Z ,ijJJaquakuJ'
0 J—=1,k=0

(3.5)

n

D
+2)

J=1k=
We also define the following quantity, which will be the primary ingredient for the estimates in

this section:
N .

(3.6) Ex(t) = En(u)(t) = / S eo(@u)(t, 2) de.
=0

This particular quantity is important since Ofu satisfies the Dirichlet boundary conditions. We
now state our most basic estimate which shall enable us to control energy norms that involve
time translations J¢, which will be essential in the proof of Theorem 1.4. The proof of this
theorem shall also serve as a model for the proofs of many subsequent estimates in this paper.
The first estimate is a standard energy estimate that was employed in earlier works, such as

Keel, Smith and Sogge [28] and Metcalfe and Sogge [45].

THEOREM 3.1. Fiz N =0,1,2,... and assume the peturbation terms v are as in (3.3) and
(3.4). Also assume that & in (3.4) is small. Assume that u € C®([0,T] x R™"\K) solves (3.1)
and that for every fized t, u(t,x) = 0 for |z| sufficiently large. Then it follows that there is a

constant C > 0 such that
N

(3.7) ) [E}V/Q(t)} <cy Hﬂvagu(t, .)H2 + O ()| EY2 ).
§=0

PROOF. Due to the fact that OFu satisfies the Dirichlet boundary conditions, it follows that
we need only prove (3.7) in the case that N = 0. To do this, we shall need to define the
remaining components for the energy-momentum vector. For k =1,....,n,and I =1,..., D,
we define the remaining components of the energy-momentum vector:

D n
(3.8) el = el(u) = —2c29ou’ Opu’ + 2 Z nyjk’uaoul(‘?ju‘].
J=1j=0
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From (3.5), we see that

n
8066 = QOOuIOguI + 20% Z Opu! By’
k=1

D n D n
(39) +9 Z Z,)/Ok,IJaOulaoakuJ +92 Z Z ,)/Ok,IJagufakuJ

J=1k=0 J=1k=0

D n
— Z Z ’}/jk’l‘] [808ju18ku‘] + 8ju1808ku‘]} + RI,

J=1j,k=0
where
D n
(3.10) Ry =2) "> 00(y""")dou’ O’ Z Z Ao (1) ou O
J=1 k=0 J=1j,k=0

Using the symmetry conditions (3.3), upon summing over I, we see that

D n D n
2 Z Z’yOk’UBgulakuJ — Z Z AR LT [Goajulaku‘] + ajuf(?o@ku‘]]
I,J=1k=0 I,J=1 j k=0

D n o n
=_9 Z ZZ’yjk’Ijaoﬁkulﬁ U

I,J=1j=0 k=1

(3.11)

Thus, it follows that

(3.12) Z doel =2 Z doul 2ul + 2 Z Z Opul oopu”

I,J=1k=1
D n D n o n A D
+ 2 Z Z WOk’IjﬁouI%é?kuJ -2 Z Z’y]k’uﬁgﬁkulaju‘] + Z R(I).
I,J=1k=0 I,J=1j=0 k=1 I=1
We also see that
n n
(3.13) Z = —20%80uIAuI -2 Zc?@oﬁkuI@uI
k=1 k=1
D n n ' D n n ' n
+23 3N R gyl ou” + 2 y* 1 goul 0;00u” + Y Ry,
J=1j=0 k=1 J=1j=0 k=1 k=1
where
D n '
(3.14) Ry =2 op(v*")opu dju’.
J=1j=0
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We set
D
(3.15) eji=ej(u) =Y ef(u), j=0,1,...,m,

and

Note that when we sum over I, the third term in right hand side of (3.13) results in a quantity

that is equal to —1 times the term appearing in the right hand side of (3.11). Thus, we see that

n D n
Z 0je; =2 (0w, Ou) + 2 Z Z 01T oul 9;00u” + R(u o)
(3.16) j=0 1,J=1 j,k=0

=2 (0ou, Oyu) + R(u', '),

where (-,-) is the standard inner product on RP. Thus, we have the equation

(3.17) doeo + Z djej = 2 (0gu, Oyu) + R(u',u').
j=1

Integrating with respect to x and applying the divergence theorem, we see that

(3.18) 60/ eo(t,x) doe — Z/ e;n; dw = 2/ (Oou, dyu) dx Jr/ R(u',u') dz.
R\ K ‘= Jox R\

R\ KC

In the previous equation, 77 = (nq,...,n,) is the outward unit vector normal to K. However,

because dyu vanishes on 0/C, we see that

(3.19) 60/ eo(t,z) doe = 2/ (Oou, dyu) dx —I—/ R, u') dx.
RO\K RO\K RO\K

Noting that when ¢ is small, then
- 2 2
(3.20) (5 rnlax{c%, 01_2}> |u/(t, z)|” <eo(u)(t,z) <5 mlax{c%, ) [/ (t,z)|” .

Applying Cauchy-Schwarz to the first term in the right hand side of (3.19) and (3.20) to both

terms in the right hand side of (3.19), we see that
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1/2
Dividing both sides by (fR,L\,C eo(t, ) dw) , we have established (3.7) in the case N = 0.

This proves the theorem. O

Now that we can control basic energy norms that involve only time translations 9, it follows
that we now would like to control energy norms that involve a larger collection of admissible
vector fields. Specifically, we would like to be able to control L? norms where spatial and time
translations are being applied to u. We also want to control energy norms where we allow at
most one scaling vector field to be applied to u. We shall first prove the following estimate to
establish local control of norms where no spacetime gradient is applied u. In this lemma and

in the estimates to follow, we will often shorten notation by writing

s N 2 (zj<ry = 1t )l L2(fzern\jo/<RY) -

LEMMA 3.2. Let u € C*(]0,T] x R™\K) vanish on OK. Then it follows that for 0 <t < T,

and 1 < p < oo,
(3.21) ot Mo oy S IVt o oo
PROOF. Let us write for w € S?~1,
Sw)={0<r<2:17weR"\K}.

By the Fundamental Theorem of Calculus and the Dirichlet boundary conditions, we see that

[lu(t, - LP (zl<2) S /Sn 1/ / |0pu(t, pw)| [u(t, pw) P~ dp dr dw
S [ ottt p) dp d
Sn—1 JS(w)
S IVt ) ooy Nl ) oy
where we are applying Holder’s inequality in the last step. Dividing both sides by
et M2

proves (3.21) for 1 < p < co. The case when p = oo follows from the fact that if » < 2, then

u(t, rw) < Opu(t, pw) dp < 2 sup |Vyu(t, z)).
S(w) |z[<2
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We shall next prove a very useful elliptic regularity estimate (see Keel-Smith-Sogge [28]). This
will enable us to use the local energy decay assumption (1.6) and the previous lemma to control

L?-norms that involve spatial translations 0;.

PROPOSITION 3.3. Suppose u € C*([0,T] x R"\K) solves (3.1) and suppose that for every

fized t, u(t,x) vanishes for sufficiently large |x|. Then it follows that for fized N,v and for
0<t<T,

> o, s Y (o)
la]<N JHu<N+v 2
[158%

+ D LMDt ), -
lo|+u<N+v—1
u<v

(3.22)

PROOF. We shall first prove the boundaryless version of (3.22) where K = (). We will prove
this initial claim via induction on N where v is fixed. The base case is trivial. To deal with the
induction step, we first observe that if we integrate by parts and apply Cauchy-Schwarz, we get

S ot = 3 /R Opult, 2)B05ult, ) do

ij=1 ig=1
n S —
= Z dFult, x)@fu(t, x) dx
Rn

ij=1
2

< | D [18fult )],
j=1

< | Au(t, )3 -
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Using this calculation, we see that for N > 1,

Slrerd ), s S g rretu), ),

|| <N 4,j=1 |a|+pu<N+v—1
u<v

+ Y |re@iwe|
|| +pu<N+v—1
uv
Jj<1

s Y |jper@iure)|
la|+u<N+v—1

uv
J<1

2

(3.23)

2

+ ) IEre D, )|, -
|| +pu<N+v—1
u<v

Applying the induction hypothesis to the first term in the right hand side of the above inequality,

the claim is proved. We will now prove (3.22) for K # () and for general N in the case v = 0.
We shall first establish the bound on the region {|z| < 4}. We define the function

SN k2 N >0,
0, N =0.

s(N) =

We shall first prove inductively on N that for R > 4 the following inequality holds:

D N aagery S D2 100t ) 2o rasiy
lo|<N lo|<N-1
+ 3 [er@iwre)

la]<N-1
j<t

(3.24)

L2(Jz|<R+s(N))

The base case N = 0 is trivial. To handle the induction step, we will suppose that (3.24) holds

for N replaced by N — 1. By elliptic regularity, we see that for R > 4,

S o | ey S D Haaagu(t,.)‘

la]<N la]<N—1 L2 (el <F)
|B1=2
2 @] L.
ol <N—1 ’
j<1
S Y0 10°Tult )l g2 (i< min2)
la] <N—1
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+ > @

L2(|z|<R+1/N2)

By the induction hypothesis (3.24) and because 9, preserves the Dirichlet boundary conditions,

we have proved (3.24). Moreover, since s(N) < 2 for all N, we have the inequality

D 0w M aaery S Do 100t )l 2ai<ria

la|<N || <N—1

(3.25) ,
+ Z H@iu'(t,)‘ )
<N L2(|z|<R+2)

We shall now prove the bound in the region {|z| > 4}. We shall prove via induction that

> 10w @z aony S D0 107l

la|<N lo|<N—1
(3.26)
+3 Hagu’(t, )H
J<N

holds for all N. We again observe that the NV = 0 case is obvious. Suppose that (3.26) holds
for N replaced by N — 1. Fix a cutoff p € C*°(R?) such that p(x) = 1 when |z| > 4 and zero
when |z| < 3. If we let ug = pu, we see that ug solves Oug = pG — 2V ,p - Vu — (Ap)u with
vanishing initial data. Due to the fact that (3.22) holds when K = ), we get

> forupte ), < 3 [t

|| <N <N

+ Y 119°Duolt, )l

ja|<N-1

(3.27)

By Lemma 3.2 and the fact that ug = pu, we observe that

> o], s 3 ot
J<N J<N

which is controlled by the right hand side of (3.22). By Lemma 3.2, the last term in the right
hand side of (3.27) is controlled by

(3.28) ool Tult )+ D o ()],

o <N-1 la|<N-1

Applying (3.25) and the induction hypothesis (3.26) to the second term in (3.28), we have

proved (3.22) for the case v = 0 for general N. Our previous work establishes the base case.
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We shall now prove (3.22) holds for general v via induction. To do this, we will assume that

(3.22) holds for v replaced by v — 1 for any value of N. We observe that

Do ol s X0 loF0M (1) e gayes

la|<N o] +p<N+v
u<v

(3.29)
+ ) || Eroug(t, )], -

|| +pu<N+v
u<v

Since 9" preserves the Dirichlet boundary conditions, we can apply (3.25) for R = 4 to each
summand in the first term in the right hand side of (3.29). Thus, we see that the first term on
the right hand side of (3.29) is controlled by

R L RS P D D R
JHu<N4v lal+pu<N+4+v—1
p<v pn<v

52HLyagul(t")‘L2<\x|<6>+ Do Lo () o

JEN || +u<N+v
p<r—1

(3.30)

+ > 0 0ult, )l g2 g -

la|+pu<N+4+v—1
u<v

Applying the induction hypothesis to the second term in the right hand side of (3.30), we see
that the right hand side of (3.30) is controlled by the right hand side of (3.22). Thus, it remains
to control the second term on the right hand side of (3.29). Due to the fact that (3.22) holds

for boundaryless wave equations, we see that

S e, Y |reieo,

la|+p<N+v J+p<N+v
p<v u<v
(3.31)
+ > IO Buo(t, iy -
la|+u<N+v—1
n<v

Since up = pu, Lemma 3.2 implies that the right hand side of (3.31) is controlled by the right
hand side of (3.22). This completes the induction argument, which shows that (3.22) holds for
all v and N. O

Before proving the estimates that we will use in Chapter 4 to control L? energy norms that
involve a scaling vector field, we shall review the methods that Keel, Smith and Sogge used

in [28] in the case that K is assumed to be star-shaped. Their main estimate utilized the same
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kind of argument involving the energy-momentum vector that was used in the proof of Theorem
3.1. From the proof of Theorem 3.1, however, it is clear that the boundary terms that arise
from the divergence theorem are nontrivial when one allows for scaling to be applied to u. In
particular, it is troublesome that Lu(¢,z) does not vanish when z € OK.

Keel, Smith and Sogge in [28] managed to overcome this problem by noting that even though
the boundary terms are not zero, the most troublesome part of these terms has a favorable sign
and can be ignored. However, the boundary terms seem to have this property only if a strong
geometric condition is imposed on K, such as when K is star-shaped. Thus, it is not clear
how, in the general case, one could control the resulting boundary terms by applying this same
method. Optimally one would hope to reduce the number of scaling vector fields appearing in
the boundary terms in the right hand side of one’s estimate. This is the case in the following

estimate that was proved by Keel, Smith and Sogge in [28] for star-shaped K.

THEOREM 3.4. Let u € C*([0,T] x R™\K) solve

Oyu(t,z) = G(t,z), (t,z)€[0,T] x R"\K,
(3.32) u(t,x) =0, x €Ik,
u(0,2) = Ou(0,2) =0,

where v satisfy (3.3) and that, for 0 <t < T,

4]

3.33 t,- < —
(3.3 e < 157

where § is small. Also suppose that there is a uniform constant C > 0 that is independent of T

such that

T
(3.34) /O ()| dt < C.

Suppose that for every fized t, u(t,x) vanishes for sufficiently large |z|. Also assume K is
star-shaped. Then it follows that for 0 <t <T,

I(Zw) )], < / 10, Lu(s, ), ds
(3.35) 0

+ Z HaaulHLQ([O,T]X{xGR"\K:\xKQ})'
|| <2
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Note that the scaling vector field only appears in the first term in the right hand side of
(3.35) as desired. We should note that we will also need to prove a bound similar to (3.34) in
the proof of Theorem 1.4, but for expository reasons we will postpone that proof until Chapter

4.

Proor. To prove (3.35), we shall use the energy-momentum vector e; as defined in (3.5),
(3.8), and (3.15) where w is replaced by Lu. We apply the divergence theorem in the same

manner as in (3.18) to see that

80/ eo(Lu) dx — Z/ ej(Lu)n; dw
RI\K — Jox
(3.36) j

= 2/ (OoLu,0,Lu) dx +/ R((Lu)', (Lu)") dx,
RA\K RA\K

where R is the same remainder term that was defined in the proof of Theorem 3.1. Because Lu
does not satisfy the Dirichlet boundary conditions for 9K, the boundary term in the left hand
side of (3.36) does not vanish. However, we can rewrite this term so that the part of it that
grows like t can be ignored. Because of the Dirichlet boundary conditions, we see that on 9K

we have the equality

n
oL’ = dou’ +t3u’ + " wrOdou’
k=1

(3.37) = {1, Ve) dou’
= ((z, i) 7, V) Bou’
= (x, i) Oz 00u’,

where 0y = (71, V) is differentiation with respect to the outward unit normal vector on K. We

also see that

anakLuI =t (7, V) dou! + (71, V) (x, V) ul
(3.38) P

= taﬁaouf + aﬁ(<l‘, v$> uI).
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It follows that

D
— =2 Z te? (x, 1) (Oz00u’)? + % (x,7) OzOoul O ({2, V) ul)
I=1

B
Il
—

(3.39)

n D n
— (z, 1) O700u’ Z Z Z 'yjk’unkajLuJ].

k=1 J=1 j=0

Due to the fact that the perturbation terms 4/%!7 satisfy the bound (3.33), we can rewrite the

above equation as

Zek (Lu) k—QZth (z,7) (0z00u’)? + F(u/,u"),
k=1

where we have the following uniform bound for F"

F' u")| < Z lﬁau' 2

le|<1

where the implicit constant is independent of ¢. Thus, we can rewrite (3.36) as

D
80/ eo(Lu) dx + 2 Z/ tc? (x, i) (9p,00ul)? dw
(3.40) REAC =179k

= / F/' u") dw + 2/ (OoLu, 0, Lu) dx —l—/ R((Lu)', (Lu)") dz.
oK RO\K R\K

Since K is assumed to be star-shaped, the inner product (x,7) > 0, for € K, which means
that the second quantity in the left hand side of (3.40) is positive. Applying Gronwall’s in-

equality and (3.34), we see that

(L)' (£ )], < /0 15, Lu(s, )|, ds
(3.41) 2

+ Z//alcma/sx dw ds

|ar|<1
Applying the trace theorem, we see that second term in the left hand side of (3.41) is controlled
by

2 119°4 | o, remmicor<ay
ol <2
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Due to the fact that we are not requiring that IC be star-shaped, it is clear that the argument
used to prove the previous theorem breaks down. However, Metcalfe and Sogge in [45] showed
that the issue of controlling the boundary terms can still be circumvented using a similar line

of reasoning. One uses the fact that scaling vector field decomposes into two terms,
L=10; +7r0,.

We first note that the coefficient of the second term r0, is uniformly bounded on OK. Just as
in the proof of the previous theorem, the quantities that result from this term can be easily
controlled by applying the trace theorem. Another similarity to the star-shaped case is that
the first term 0, is still the most problematic to control since its tangential component grows
like t as t — oco. However, the fact that t0; preserves the Dirichlet boundary conditions should

indicate that energy methods still might be useful. We consider the modified scaling operator:
L = td; + n(x)ro,,

where n € C°°(R") is a bump function such that n(z) =0 for x € K and n(z) =1 for |z| > 1.
This definition for the cut-off n makes sense due to our assumption that  C {|z| < 1}. It
is clear from the definition that this operator does in fact preserve the Dirichlet boundary
conditions. The main idea will be to begin with estimates for the modified operator L. These
will then give rise to useful L2-estimates that involve the original scaling vector field L.

For the next lemma we will need the quantity:
X = /eo(i’jﬁfu)(t,x) dx.

We shall also be concerned with how the invariant vectors fields commute with the perturbed

wave operator [1,. With a slight abuse of notation , we define

P A o]l = Y [P o] v,
0<Ek,l<n
1<1,J<D

where P = P(t,z, 0, 0;) is a differential operator. We are now ready to state the lemma, which

was originally proved by Metcalfe and Sogge in [45].

LEMMA 3.5. Let u € C*°([0,T] x R"\K) solve (3.1) and assume the perturbation terms ~%

are as in (3.3) and (3.4). Also assume that ¢ in (3.4) is small. Also suppose that for every
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fized t, u(t,x) vanishes for sufficiently large |x|. Then the following inequality holds.

9,.X,; < UQHL”@”DW H+|h Mo Xo
1/2H[Lyag klakal} ult, )H2
(3.42) + XN HL“&?Du(t-)HQ
p<v—1
+X1/2 > 12700 (¢, )| L2 <1y -
Hlg

PRrROOF. Note that for all v and j, we also have that I:”@tju(t, x) =0 for x € OK. Repeating

the same argument in the proof of Theorem 3.1, we see that

(3.43) 0 X, X,

JN

X0 OB ogute)|| + e

)" Hoo
We then observe that

‘Dyf)”(?gu’ <

ﬂ”BfDA,u’ + ’ [i”@g,wklak 81} u’ + ‘ [ff’, D} 6§u‘

(3.44) < E”ag'myu‘ + ‘ [E”a,{,yklak al} u‘ + ( [i“ .y D} agu‘

+ ‘[L”,D] ag'u‘ .

From (3.44), it follows that

R L Y R
(3.45) + > ) | e +C D HL“é‘{DU(t ')‘2,
prtlal vt pev—1

p<v—1

which follows from Lemma 3.2, the fact that Vyn(x) = 0 for |x| > 1 and [, L] = 200. We see
that (3.42) follows from this inequality and (3.43). O

Using (3.22), we can now prove the following estimate, which was proved in [45], in order to

control L2-energy norms that involve the scaling vector field.

THEOREM 3.6. Let u € C*°([0,T] x R™\K) solve (3.1). Assume the perturbation terms ~%
are as in (3.3) and (3.4) and that the constant 6 in (3.4) is small. Suppose that for any fived

t, u(t,x) vanishes for sufficiently large |x|. Also suppose that (3.34) holds with the uniform
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constant C' being independent of T'. Suppose further that

5 (], [t raai |
JHus<N-+v
(3.46) r= |
< F(t) Z Hf)“@gu'(t,)Hz-l-Hu,N(t)a

where N and v are fived and F € C*([0,T]) satisfies the bound

T

(3.47) / F(s)ds <C,
0

where C' is independent of T'. Then it follows that

> ot ),

la|+pu<N+v
158%
<c Y recnut ), +c Y x,2(0)
lo|+u<N+v—1 put+j<N+v
<y u<v
(3.48)
t
e / S 20 0u(s, )l ds—i—/ Hyn(s) ds
|| +p<N+v—1 0
p<v—1

t

+C/ Z HLM@QUI(&‘)HLZ’(@|<1) ds.

O o] +usN4v
p<v—1

PROOF. We first reduce the proof to the case where we are dealing with L. We will show

that
> ool 3 |[roie|
la|-+u<N+v JHu<N+v 2
(3 49) u<v p<v
+ Z [ LH0%DCu(t, )|, -
lo|+pu<N+v—1
p<v
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We shall prove this via induction on v. Applying Proposition 3.3 proves (3.49) in the case

v = 0. The general case is handled by noting that

> peeols Y e,
la|+p<N+v J+p<N+v
p<v u<v

+ > 0 Dult, )l
la|+u<N+v—1
n<v

< Lol (t, - H
~ Z H vt 2
J+pu<N+v
u<v

+ Y H(L“ — imalu'(t, -)H2
J+u<N+v
(3.50) he

+ Y LDl
la|+u<N+v—1

n<v
S 2

J+pu<N+v
u<v

+ ) 12704 (£, )| L2 <1y

la|+pu<N+v
p<v—1

+ Y LDty

la|+u<N+v—1
n<v

rajd(t, -)H2

and by applying the induction hypothesis to the second term in the right hand side. Because

d in (3.4) is small, it follows that

(opsionei) | © xPos ¥ o),

la|+pu<N+v j+u§<N+u
(3.51) H= He
1 1/2
< 5mIaX{C],CI } Z Xm/j (t).
lo|+pu<N+v
p<v
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Thus, it suffices to show that Z X ;/f(t) is controlled by the last four terms on the right
|M+“§N+u

8%
hand side of (3.48). By (3.42) and (3.46) and (3.51), it follows that

o Y. XLSOSF® Y X0+ Ho()

JHpu<N+v J+u<N+v
<y p<v
1/2
Frele X %50
JHu<N+v
u<v
(3.52) .
Y HL“agDu(t, .)H2
JHpu<N+v—1
u<vr—1
D0 o )] e gy -
la|+pu<N+v
p<vr—1
Applying Gronwall’s inequality, (3.34) and (3.47) completes the proof. O

To control the last term in the right hand side of (3.48), we will need to use the estimates from
Lemma 2.9 in Metcalfe-Sogge [45]. Prior to proving this lemma, we will prove an estimate that

uses elliptic regularity and local energy decay (1.6) to control local L? norms.

LEMMA 3.7. Suppose u € C*([0,T] x R3\K) solves

Ou(t,z) = G(t,z), (t,z) € [0,T] x R3\K,
(3.53) u(0,z) = dpu(0,z) =0,

Also suppose that K satisfies (1.6) and that o, M are as in (1.6). If COu(t,x) =0 for |x| > 10,
then it follows that for 0 <t < T,

X e g S X IO,

|a|+u<§N+u \a|+u§<N+u—1
n<v n<v
(3.54) .
+ > (t — s) 727 | LFODus, -)]||y ds.
O o] +p<N4v+M
p<v

PRrOOF. We first observe that

(3.55) > o, M 2 gaf<ay < Y trarond(t, M 22 el <a)
|a|+pu<N+v |a|+pu<N+v
p<v p<v
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Applying (3.25) where R = 4 to the right hand side of (3.55), we see that

Z HLMaau/(t’.)HL2(|x‘<4) < Z t Hafﬂul(t")‘

2
o +p<N+v JHu<N+v L*(le|<6)
p<lv usv
(3.56)
(6%
+ > )00 0ult, )l 2wy -
la|+pu<N+v—1
u<v

By Duhamel’s principle and the local energy decay estimate (1.6), the first term in (3.56) is

controlled by

t
(3.57) > e[ Tl g

|| +u<N+v+M
u<v

Since (t) < (t — s) (s) for 0 < s < t, it follows that (3.57) is bounded by

t
/0 (t = &) 7277 ()1 040" Ouls, ) 12 (aj<10) ds-
o <NH4v+M
| |+M,7§j +

The above quantity is controlled by the second term in (3.54). The second term in (3.56) is
controlled by the first term in the right hand side of (3.54). O

The next estimate was originally proved in Metcalfe-Sogge [45] for 3-dimensional wave equa-
tions. Although we state the next estimate for 3 dimensions only, it should be noted that it is
possible to obtain analogous estimates in dimensions n > 4 (see Metcalfe-Sogge [46], Lemma

5.2) by using methods that do not rely on sharp Huygens’ principle.

THEOREM 3.8. Suppose u € C*([0,T] x R3\K) solves (3.53) and that for any fived t, u(t, )

vanishes for sufficiently large |z|. Also assume that K satisfies (1.6) and that M,o are as in
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(1.6). It follows that for 0 <t < T,

> |70 (8, )| L2 (<2

|a|+pu<N+v
p<v

t
< ¥ [/0 (£ — )72 DO G (s, )| oy s

|| +u<N+v+M
u<v

(3.58) +[|[LFO“G(t, ')HL2(|1|<4):|

t s
i Z /0 (t— S>—2—o+# </0 ||LM8QG(T,‘)HL2(||$|_(5—T)|<10) d7'> ds

|a|+u<N+v+M
u<v

t
+ > /0 ILHOG (s, )l L2 (|(2)—(t—s)|<10) DS

|| +u<N+v+M
u<v

and when v = 0, then it also follows that

t
/0 Z [0/ (s, ')HL2(\x|<2) ds

la|<N

t s
(3:59) < 3 [ (1060 Moy dr) ds

|a| <N+M

t
+ / S 107G, e gageny ds-

O |a|<N+M

PROOF. We shall consider two cases: (1) G(t,z) vanishes when |z| > 3 and (2) G(t,x)

vanishes when |z| < 2. By (3.54), it follows that

(3.60)
Z HL“&“U'(@ ')HL2(‘$|<2) SJ Z HLNaaG(t’ ')HLQ(\x|<3)
la|+pu<N+v lo|+u<N+v—1
n<v u<v

t
+ /0 (=) ST LR, ) | g ages ds-

|| +p<N+v+M
u<v

This handles case 1.
To deal with case 2, we fix a cutoff p € C*°(R3) such that p(x) = 1 when |z| < 2 and
p(z) = 0 when |z| > 3. Let u = ug + u, where ug solves the boundaryless wave equation

Oug = G with vanishing initial data. If we let w = pug + u,, notice that w solves Ow =
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pG — 2V ,p - Vaug — (Ap)ug. Note that pG = 0 since p and G have disjoint supports. Since

Ow(t,z) = 0 when |z| > 3, it follows from case (1) that

(3.61)
> 12700 (8, )| L2 ) = > 2100 (t, )| 15 0 <)
|a|+p<N+v |a|+pu<N+v
7% u<v
S D I Dw(t, ) a(ay <)
o +p<N+v-1
u<v

t
+ /0 (=)0 ST LR Dw(s, ey d5.

|| +pu<N4+v+M
p<v

One can then see that the right hand side is controlled by

(3.62)
Z [HLM&Q HL2(\:::|<3) + HL aau(J( )HL2 |:c\<3)]
|a\+ll§<]\;+l’*1

/ Z (t — S>727O+'LL (HL“@O‘UB(S, ')HLZ(‘x|<3) + | LF#0%ug (s, ')||L2(|:c\<3)) ds.

|a\+u<N+u+M
We will only bound the first two terms in the right hand side of (3.62) since the other terms
can be bounded using an identical argument. Fixing ¢, we observe that on the set {|z| < 3},
uo(t, z) is equal to
t
ui(t,z) = / /E(t — s, —y)Go(s,y) dy ds,

0
where E is the fundamental solution to the linear wave equation and Gy is a smooth function
such that Go(s,y) = G(s,y) when |(t—s)—|y|| < 9 and is equal to zero when |(t —s) —|y|| > 10.
Using the fact that H'(R3) < LS(|z| < 3) < L?(|z| < 3), we see that the first two terms in
the right hand side of (3.62) are controlled by

D V2T CS]

la|+p<N+v—1
u<v

2 )

which, by the energy inequality, is controlled by

t

Z ILHO“G (5, )| L2 (| (1—s) =yl | <10) @S-

O |o|+p<N+v+M
p<v
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This proves (3.58). To see how this implies inequality (3.59), one first integrates both sides of
(3.58) with respect to t. Inequality (3.59) is obtained after applying Young’s inequality to the

first and third terms in the left hand side of (3.58). This proves the theorem. O

We also will need a perturbed energy estimate that involves the full collection of admissible
vector fields, including scaling, rotations and translations. This estimate, which was proved in
earlier papers such as Keel, Smith and Sogge [28] and Metcalfe and Sogge [45], will also be
proved by using the same energy methods that were used to prove Theorem 3.1. We shall also

need to define the following quantity:

(3.63) Y (W)t = ) eo(LHZ2%9Pu)(t, ) dx.
|| +p<N1+v
|BI<N2
u<v

THEOREM 3.9. Fiz Ni, No,v and assume the perturbation terms ') are as in (3.3) and

(3.4). Also assume that ¢ in (3.4) is small. Assume that u € C*°([0,T] x R™\K) solves (3.1)
and that for every fized t, u(t,xz) = 0 for |z| sufficiently large. Then it follows that

ATRWOES A WONED DI (=82 TOb] I

|| +u<N1+v
[BI<N2
(3.64) WY
+ Hﬁyl(ta')HooYNhNQ,V(t) + Z HLMaau,(t")HiQ(mKl) :
|a|+,u§N1<+N2+l/+1
p<v

PRrROOF. From the proof of Theorem 3.1, it follows that

n
OLY Ny Ny (t) — 2/ epvy dw
k=1"9K

3.65 1/2
( ) < CYNl,NQ,l/ Z HD’yLMZaa/BU(tV)Hz +CH7/(t7 ')HLoo(Rn\;C) YN17N27V(t)7
|| +u<N1+v
|BI< N2
u<v
where e, = Z ek(L“ZO‘(‘)Bu)(t,x), for k =1,...,n, are the components of the energy-
lo|+p<Ni+v
|B|<N2
u<v

momentum vector defined in (3.8). Since K C {|z| < 1}, it follows from the trace theorem
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that

(3.66)

This completes the proof.

In this section, we will extend the weighted L? estimates that were proved in Sections 2.2
and 2.3. The first estimate was originally proved by Keel, Smith and Sogge [28] for star-shaped

obstacles with a different weight. They were reproved for exterior domains where local energy

Z/ lexvi| dw < C Z |L”8O‘u’(t,x)‘2 dzx.
k=1 v 0K

{zeR™\K:|z|<1} ||+ < N1 +No+v-+1

p<v

3.2. Weighted L? Estimates

decays sufficiently rapidly with a possible loss in regularity by Metcalfe and Sogge [45].

THEOREM 3.10. Let u € C°([0,T] x R3\K) solve (3.53). Also assume that K satisfies
(1.6), that for any fixed t, u(t,z) vanishes for |z| sufficiently large, and that M is the integer

appearing in (1.6). If v =0 or 1, then it follows that

(3.67)

Z <T>—1/4H<x>—1/4 LA

la|+p<N+v
u<v

and

(3.68)

Z <T)*1/4 H<x>71/4 L7

lo|+-p<N+v
u<v

Before proving this theorem, we shall need to prove a lemma that will use the local energy

T
< uao .
L2([0,T]xR3\K) N/ Z [1LH#0Du(s, )l ds

O Jal4+u<N+v+M
u<v

+ > 2Dl oo ryxrsii)

o] +u<N+v
u<v

T
< Ao .
L2([0,T]xR3\K) N/ Z [L#0%Ou(s, )5 ds

O |al+psN+v+M
u<v
T
+/ > IL#Z°Dus, )|, ds
O |aJ+p<N+v
n<v

+ Z IL#0°0ull 12 (0,11 xr3\K) -

la|+pu<N+v
u<v

decay estimate (1.6) to control the local L? norms.
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LEMMA 3.11. Let u € C*([0,T] x R3\K) solve (3.53). Also assume that K satisfies (1.6),
that for any fixed t, u(t, z) vanishes for |x| sufficiently large, and that M is the integer appearing
n (1.6). If v =0 or 1, then it follows that

Z HLuaau,HLZ([O,T]x{meR3\IC:|z|<2}) S Z IEH 0 Dul 2 0,77 xR\ )
|a|+p<N+v \a|+u<N+V 1

u<v
/ > | LFO°Thu(s, -)|, ds.
0

|a\+u<N+u+M

(3.69)

PrOOF. Using cutoffs, we split the proof into two cases: (1) G(t,z) = 0 when |z| > 4, and
(2) G(t,z) = 0 when |z| < 3. The first case is handled by Lemma 3.7. For we see that by
(3.54), we get

(3.70)
(6% 2 (6%
Z HL‘“@ ul(s’ ')HL2(|1|<4) S Z HLH@ DU(S, )Hg
lo|+pu<N+v la|+u<N+v—1
u<v u<v

2

/ S (s — )T 0D, ) dr

|O¢|+u<N+V+M
Integrating with respect to s and then applying Young’s inequality in the second quantity in
the right hand side, we have proved (3.69) for the first case.
To deal with the second case, fix p € C*°(R?) such that p(x) = 1 when |z| < 2 and p(x) =0
when |z| > 3. Write u = up + u,, where ug solves the boundaryless wave equation Cug(t, x) =
G(t,x) with vanishing initial data. Let w = pug + u,. Note that Ow = =2V p - ug — (Ap)ug

since G and p have disjoint supports and that Cu,, = 0. Applying (3.70), we see that

> o s M ey = 2o 10 () [aa1n)

|| +p<N+v lo|+p<N+v
u<v pu<sv
2
5 Z HL”&au{)(S,~)H2
lol+u<N+v—1
pv

+ >[I0 ue(s, )3

lo|l+p<N+rv—1
u<v
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2
/ Z (s — )27 || LrO ug(r, N, dr
|a\+u<N+u+M

2

S
" / Yo s =) T LE (T )|y dr
O ol +pu<N4v+M
u<v

Integrating both sides with respect to s, if we apply Young’s inequality, we see that

o, 1] a1 (2
Z HLH@ u,HLQ([O,T]x{meRS\IC:|x|<2})5 Z HL“E) u6HL2([O,T]><{\x|<3})
|o| +p<N+v |a|+u<N+v+M
u<v u<v
(3.71)
o 2
> Lol el
|a|+pu<N+v+M
u<v

Applying Corollary 2.6, we see that this quantity is controlled by the left hand side of (3.69).

O
We are now ready to prove Theorem 3.10.

PROOF. (Theorem 3.10) By Lemma 3.11, we only need to deal with the case |z| > 2. We
shall only prove (3.67) since it shall be clear that (3.68) also follows from the same argument.
Fix a cutoff p € C°(R?) such that p(x) = 0 if |z| < 1 and p(x) = 1 if |z| > 2. If we let w = pu,
then w solves the boundaryless wave equation Ow = pG — 2V ,p - Vyu — (Ap)u with vanishing
initial data. Write w = w; + we where Tw; = pG with vanishing initial data. Applying (2.4)

in Theorem 2.3, we see that

COREND SN (R 2] I D S O

lo|+p<N+v Ia\+u<N+v
u<v u<v

To deal with ws, apply Lemma 2.7 and Lemma 3.2 to get

(T>*1/2 Z H<x>—1/4 LFO 2

ol +H<N-+v LA(0.T]=R?)
u<v
< S (e + || L%
~ L2(0,7)x{Jz|<2}) L2(10,T)x{Jz|<2})
\Ot|+,u<§N+1/
pu<v
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o 2
S Z HL*‘@ UIHLQ([O,T}X{\xKQ})'

o] +u<N+v
u<v

By (3.69), this quantity is controlled by the square of the left hand side of (3.67). This completes

the proof. O

We are now ready to prove one of our main L? estimates which allows us to bound the L? norm
of the solution u without the spacetime gradient. This extends the L? estimates of Du and

Zhou [11] to exterior domains where the obstacle K satisfies our local energy decay assumption

(1.6).

THEOREM 3.12. Let u € C([0,T] x R3\K) solve (3.53). Also assume that K satisfies
(1.6), that for any fized t, u(t,z) vanishes for |x| sufficiently large, and that M is the integer
appearing in (1.6). If v =0 or 1, then it follows that for 0 <t <T,

S sw |20+ ()Y @ ez

L2([0,T]xR3\K
o +p<N+v OSIST la|+p<N+v (0 TTXRAK)
u<v u<v
wnao, !
S, 2 ol
== |a|+p<N+v
u<v

T
FO*Ou(s, - s
(3.72) +/ Y. IL*°Ouls. ), d

O a4 p<N4v+M
u<v

T
+ Z H<:B>_1/2 LFZ°0u(s, )‘

0 |a|+u<N+v
ulv

+ Z IL#0°Dul| 120,11 xR3\ k) -

|o|+u<N+v—1
u<v

ds
LILZ (|z][>2)

PrOOF. We shall first prove the case when |z| < 2. We observe that

Z ||L“Z“u(t,-)HL2(‘x|<2) + Z HLHZ&UHL%[O,T]X{ZGRS\IC:|2|<2})

|o|+pu<N+v la|+pu<N+v
u<v u<v
| >1 lo]>1

N Z [Lo (¢, ')HL2(\I|<2) + Z HL#aaulHLz([O,T}x{x€R3\K:\x|<2}) :

lo|+u<N+v—1 |o|+p<N+v—1
u<v u<v
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Applying Lemma 3.11, we see that the quantity in the right hand side is controlled by the right
hand side of (3.72). Thus, it suffices to handle the case where N = 0. We see that

Yo ult, M iegueny S D, |trorond(t, ‘)Hi2(\z|<2) + > Nt ofult, ')‘|i2(|xl<2)'

n<v la|+p<v—1 pu<sy
p<r—1

Applying (3.21) to the second term in the right hand side of this inequality, we see that the left

hand side is controlled by

> o g

o 4+p<v
u<v

This shows that

> <||L“U(t, M r2(e<2) + HL”UHLz([o,T]x{zeR3\;c:|z\<2})>
p<v

fs Z <HL“8°‘u’(t, .)HL2(|:U|<2) + HLuaaulHLQ([O,T]X{x6R3\IC:|z\<2})> )

o] +p<v
u<v

(3.73)

The first term in the right hand side of (3.73) is controlled by the first term in the right hand
side of (3.72). By Lemma 3.11, the second term in the right hand side of (3.73) is bounded by
the second and fourth terms in the right hand side of (3.72).

To deal with the case when |x| > 2, we fix a cutoff p € C°(R3) such that p(z) = 0 when
|| < 1 and p(z) = 1 when |z| > 2. If we let w = pu, then w solves the boundaryless wave
equation Ow = pG — 2V ,p- Vyu — (Ap)u with vanishing initial data. Write w = wy 4+ wg where
Cwy = pG with vanishing initial data. Applying (2.39), we see that

PR AP PRR S R DEN (COR A

L2([0,T]xR3\K)

|a\+u§u+N |a|+u§N+1/
pu<lv n<v
/ > P0G (s, 2 (ny<s) ds
0 |a|+u<u+N

ds.

o D DI (R PR

el LA (12/>2)
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To deal with ws, apply Lemma 2.12 and Lemma 3.2 to get

(3.74)

> Izt )l (1) (@) Lz wy|

|a|+pu<v+N
ulv

L2([0,T]xR3\K)

S Y Y permersvcaicay T Do IOl 2oy fwerevicial<zy)

la|+pu<v+N |o|+p<v+N
u<v u<v

S Z HLH@QU,HLQ([O,T] x {z€R3\K:|z|<2}) *
|Oé|+u<§V+N
n<v

To finish the proof, we apply Lemma 3.11 to see that the quantity

2; NHLuaaulHL2([0,T}><{x€R3\IC:a:|<2})
\a|+ﬁ§5+

is controlled by the second and fourth terms in the right hand side of (3.72). 0

3.3. L', L>® Estimates

We now prove the exterior domain analog of Hormander’s L', L estimate (see [16]) that
was proved by Keel, Smith and Sogge in [28]. Using Proposition 2.15, we will prove the following

analogous estimate in R3\K.

THEOREM 3.13. Suppose u € C([0, T] x R3\K) solves (3.53). Also suppose that K satisfies
(1.6) and that M is as in (1.6). Fiz o such that |a| = N. Then it follows that for 0 <t <T,

dy ds

aresaizaenls [ [ |rzee| %

BIHSN +6+M
(3.75) =

+/t 3 HL“(‘)’BG(S,-)‘
0 8N +5+M

L2({zeR3\K:|z|<5})

PrOOF. We shall split the proof into two cases: (1) |z|] > 2 and (2) |z| < 2. To deal
with case 1, fix a cutoff p € C°(R3) such that p(x) = 1 when |z| > 2 and p(z) = 0 when
|z| < 1. If we let w = pZ®u, then w solves the boundaryless wave equation Ow = pJ(Z%u) —
2Vp - VoZ % — (Ap)Z%u with vanishing initial data. Write w = w; + wg where w; solves

Owy = pO(Z%u) with vanishing initial data. Applying Proposition 2.15 to w; and recalling the
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commutator relations [, Z] = 0, we can see that the resulting quantity is controlled by the
first term in the right hand side of (3.75). Applying Lemma 2.16 to ws, if we let Owy = F,

then we obtain the following inequality:

|z|+(t—s)
(3.76) lwa(t, z)| < / / sup |F(s,rf)| rdr ds.
Jz| llz|—=(t—s)| 6]=1

We claim that (3.76) implies

1 1
wo <—— sup 14 8) [|Z%u(s,y)| + |(Z%u) (s, y)]] .
(3.77) healt 2)] 5 |z 1+t — |2]] - || — 2<s§t—\x|+2( At (s, 9)] +1(Z%u) (s, )]

lyl<2

If (3.77) were to hold, then it would remain to prove (3.75) only for |z| < 2. Observe that F' is
supported on {(s,76) € [0,T] x R* x §?: 1 < r < 2}. Tt follows that the integrand in the right

hand side of (3.76) is nonzero only if

—2< x| - (t—s) <2,
which implies that F(s,r#) is nonzero only if
(3.78) t—|z|—2<s<t—|z|+2

From this we see that the integral in (3.76) is nonzero only if ¢ — |x| > —2. This implies that
|t — |z|| < max{2,t — |z|}. Combining this with (3.78), we get

(3.79) I+ t—z]| S1+s.

By examining the support of the integrand in (3.76), we get the inequality:

1

lwa(t, 2)| S 7 sup
2] 4 |p|—2<s<t—|aj42 L + 8

lyl<2

(L+5) [1Z2%(s, )| + [(Z%u) (s, y)] -

Applying (3.79) to the right hand side of the above inequality, we have proved (3.77).

As we noted earlier, this reduces matters to considering the case (2) when |z| < 2. Because
the coefficients of Z are bounded when |z| < 2, it follows that we only need to show that for
v <la|+1=N+1

t sup |07u(t, z)|
lz|<2
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is controlled by the right hand side of (3.75). Applying the fundamental theorem of calculus,

we see that for |z| < 2,

t\@”utx]</ Z‘ 505)7 0 u(s, x )| ds.
71<1
Applying Sobolev embedding and (3.21), we see that the right hand side is controlled by

(3.80) / Z 30 Jaﬁ (s )‘LQ(\x|<3) / Z Luaﬁ (s, ')‘

\/3|<N+2 \5|+M<N+3

L2 (|| <3)

We now consider two separate subcases: (1) G(s,y) = 0 when |y| > 5 and (2) G(s,y) = 0 when
ly| < 4. In the first subcase, if we apply Lemma 3.7 to the right hand side of (3.80), we see

that resulting quantity is

[ % |woee

|5I+M<N+2

/ I (s — 7)o |06 |

|B\+,u<N+3+M

L2(|z|<5)

drds.
L2(|z|<5)

~279H s integrable on [0, 00) for any o > 0 and p = 0, 1, it follows that if we apply

Because (s)
Young’s inequality, this quantity is controlled by the second term in right hand side of (3.75).
To deal with the subcase when G(s,y) = 0 when |y| < 4, we write u = ug + u, where ug solves
the boundaryless wave equation [(Jug = G with vanishing initial data. Fix a cutoff n € C*°(R3)
where 7(y) = 0 when |y| > 4 and n(y) = 1 when |y| < 3. Let @ = nug + w,. Since nG = 0, it
follows that Ou = —2V,n - V,ug — (An)ug. Also observe that for |z| < 3, u(t,z) = a(t,z). It

follows from subcase 1 that the right hand side of (3.80) is controlled by

(3.81)

/t HLMaﬁ (5.9 12((al<3) ds:/ot 2 HLM&B&I(S")‘

|,8\+ <N+3 |Bl+u<N+3
p<1 <1

L2(|jz]<3)

t
< 3 LP0Pug(s, H ds.
N/o H uo(s; ) Leo@<lel<a)
|81+ < N+4+M
pu<l
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Applying Lemma 2.16 and Sobolev embedding on S?, we see that the left hand side of (3.81)

// / ’L“ZBG ’ydes
Js—7—[y]|<4 vl

|B\+M<N+6+M
u<l1

is controlled by

While the double integral in s and 7 might seem troubling, this can be controlled by observing
that the sets Cs = {(7,y) : 0 <7 <s,|s—7—|y|| <5} have the property that C; N C}, is empty

for |7 — k| > 10 . If we let [t] be the smallest integer that is less than or equal to ¢, then we see

dydr
Ade d
/ / /|s T—|y||<4 Z ‘L o (T’y)‘ |y| i

|Bl4+u<N+6+M
p<1

k+1
/ / / Z ‘L“Z’BG(T,y)‘ Mds
|s——y||<4 Y|

18|+ u< N+6+M
p<1

dydr
+/ // > L*MZ8G(T,y ds
100 J|s—r—|yl|<4 ‘ ( )‘ Y

|B|+u<N+6+M
pu<1

that

dyd
S5 /] > |pzery| B
{(r9)0<r <k-+1,Jk—7—|y||<5} PPN ros 1 [yl
p<1
i
{(7y):0<7 <t |t—7—|y||<5} |8+ < N+6+M
<1

/ / L1 27G(r, ) dydr
R3\K Y|

|ﬂ\+u<N+6+M
n<l1

dydr

|yl

’LNZfBG(T, y)‘

This completes the proof. O
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CHAPTER 4

Proof of Main Theorem

4.1. Preliminaries

Now that we have proved our necessary estimates, we are ready to prove Theorem 1.4. To
get started, we will use the following local existence result that follows from Theorems 9.4 and
9.5 in Keel, Smith and Sogge [27]. In the local existence theorem, we need to specify the spaces
that contain the local solution. We define L>([0,T]; H™ (R?\K)) to be the space of functions
that are bounded in the following norm:

Il oo (o, 17, v (R3\ 1)) = €58 sup_ [|A(t, )|l v sy -
te[0,7

We also write C%1([0,T]; HY (R?\K)) to denote the inhomogeneous space of Lipschitz contin-

uous functions whose topology is given by the norm:

1Al sup [Pt ) — Alt2, v @
0,1 .HN (R3 =
COMDILHY®AR) = o |t1 — to

t1#t2

+ ess sup Hh(ta')HHN(R3\IC)'
t€[0,T

We are now ready to state the local existence theorem that we will be using.

THEOREM 4.1. Suppose that the initial data (f,g) are as in Theorem 1.4 and that N in
(1.8) is greater than 6. Then there is a T > 0 such that the initial value problem (1.4) with f,g

as initial data has a classical C? solution satisfying
u € L2([0,T); HY(R*\K)) N C¥H([0, T); HYH(R*\K)).

The supremum of such T is equal to the supremum of all T' such that the initial value problem
has a C? solution with 0%u bounded for || < 2. Also, one can take T > 2 if || f|| g~ + |||l -1

1s sufficiently small.



Although this theorem was originally proved for diagonal single-speed systems, it also ap-
plies to multiple-speed, nondiagonal systems that satisfy the symmetry conditions (1.3) since
the proof relied solely on energy estimates.

Standard arguments also show that our local solution is uniformly small in proportion to the
size of the initial data (f, g). For the combinatorics in the proof of Theorem 1.4 to work out, we
will fix a positive integer Ny such that it satisfies the inequality No > [(No + 42 + 6M) /2] + 2,
where [k] denotes the largest integer that is less than or equal to k. Thus, if we take N in
Theorem 4.1 to be equal to Ny + 42 4+ 6M, then there exists an absolute constant Cy > 0 such

that

(41) wp Y 0%u(t, ), < Coe
t€[0.2] |y < Ny 424601

We will use Theorem 4.1 to simplify (1.4) by reducing to a quasilinear wave equation that has
an additional forcing term and vanishing initial data. This will enable us to avoid dealing with
the compatibility conditions on the initial data (f, g) in our Picard iteration. Let us fix a cutoff
n € C*°(R) such that n(t) =1 for ¢t < 1 and n(t) = 0 for ¢ > 2. If u is the local solution that is

provided in Theorem 4.1 above, we can set ug(t,z) = n(t)u(t,x). It follows that ugy solves

Oug(t, ) = nQ(u, v, u") + [O,n]u, (t,z) € [0,T] x R3\K,
(4.2) uo(0,2) = f(x), Ouo(0,2) = g(x),
uo(t,z) =0, =z € K.

If we let w = u — ugp, then it follows that w solves

Ow(t,z) = (1 —n)Qu,u,u") — [O,n]u, (t,z) € [0,T] x R3\K,
(4.3) w(0,z) = dw(0,z) = 0,
w(t,z) =0, =z € k.

By this argument, it follows that u is a solution to (1.4) on [0,7] x R3*\K if and only if w is a

solution to (4.3) on [0, T] x R*\K. To define our Picard iteration, we set wo = 0 and recursively

let w;, be the solution to

un(t,2) = (1 - m)Qui-1suy_y, o) — (Do, (t,2) € [0,7] x RIK,
(44) wk(07 l‘) = atwk(oa IE) =0,
wg(t,x) =0, =€ Ik,
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where ur = wi + ug for all kK > 1. By standard existence theory for linear wave equations, we
know that each wy(¢,-) exists for all ¢ > 0. To show our solution w exists in the classical sense
for our desired lifespan (1.9), we will first need to prove a uniform bound for all the functions
wg in our iteration. More specifically, we will show that in a certain normed vector space of

functions X7, there is a uniform constant B that is independent of k£ such that
(4.5) lwillx, < Be,

for € in (1.8) sufficiently small. We shall state the exact value for B at a later point in the
proof. Afterwards, we shall demonstrate this uniform bound will imply that the sequence {wy}

is Cauchy in a suitably chosen Banach space Yr. We shall let My(T') := [lwg]|x,. and also let
My(T) = 1i(T) + - - - + Vi(T),

where I (T), ..., Vi(T) are defined as follows.

M= S el
|a|§N0+40+6M0§t§T
T _1/4 H _1/4aa /
+(T) DI (CRAT L .
|| <No+35+5M
II,(T) = Z sup HZaaﬁwk(t, )H
|| < No+30+40 OSEET 9
[B1<2
T\ ~1/4 H ~1/4 gagB ’
+(T) > (z) W] 2 0.1 xRH k)
|| <No+30+4M
1B]<1
T =Y sw [P,
lal+u<No+264+3M OSIST
pn<1
TV~ 1/4 H ~1/4 prgay,!
+(T) > () Y .
|a[+p<No+21+2M
p<1
IVk(T) = Z sup HLuZaaﬁwk(t, )H
0<t<T )
|a|-+u<No+114M V5=
1B1<2
p<1
T —1/4 H —-1/4 LMZOCO/B ‘
+(T) > @ | oo
|a|+p<No+114+M
181<1
p<l
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VeT)= ) sup ()| Z%wk(t,) s
jal <N O =T

The logic behind the choice of norms follows informally from the “hierarchy” of combinations of
vector fields that was discussed in the introduction to this paper. By inspecting the number of
vector fields appearing in each quantity Iy (7), ..., Vx(T), it should be apparent that collections
of vector fields that appear higher in the hierarchy occur in larger quantities than those that
are lower in the hierarchy. It is no coincidence that all the norms that involve the scaling vector
field L are lower in the hierarchy since norms involving L will be the most difficult to control.

We shall prove (4.5) via induction. The base case, establishing the bound for w;, follows
from (4.1) and from the same arguments that will be made for the general case. This is due to
the fact that wg = 0 and wy satisfies Dw; = (1 — n)Q(uo, ug, (w1 + uo)”) — [0, n]u. Thus, we
assume that (4.5) holds for k£ — 1, where k > 2, and will prove (4.5) holds for k. We shall first
prove an estimate that will allow us to deal with the combinatorics that arise in applying the

product rule for derivatives.

PROPOSITION 4.2. Let p,q € C®. If {V'} is a collection of vector fields and || = N, then

it follows that
Vepg)l < ) ‘Vﬁp) x> Vgl+ )] ‘Vﬁp’ x Y |V7ql.
BN H<IN/2] 1BI<IN/2] <N

PROOF. Applying the Leibniz rule, we see that V%(pq) is a linear combination of terms of
the form VPpV7q, where |3| + |y| = N. Thus, either |3| or |y| must be less than or equal to
[N/2]. O

We will implicitly use this lemma throughout the proof of Theorem 1.4. To shorten some of

the notation, we will often write

Qk‘ = Q(uk—la u?@—la ulkt)

Although Dwy, = (1 — n)Qk — [, n]u, estimates for Qj will imply bounds for (1 — 7)Qk. The
terms that arise from [0, n]u will often be dealt with separately. Using this notation, we will

now state an important consequence of the previous proposition.
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LEMMA 4.3. Suppose that |a| = P, |B| = R. It follows that

z00°Qu| S S ‘27651%,1’ X
[y|<P
6| <R+1

+ ) |07l

Z ‘Z735wk_1‘+ Z ‘Z’Yc’)‘swg

IvI<[P/2] IvI<[P/2] [v|<P+R+2
[6|<[R/2]4+1 [6|<[R/2]
+ Z ‘Z’@‘ka_l‘ X Z ‘Z%‘?‘swk_l‘
[vI<[P/2] [v|<P
[6|<R+1 [6|<[R/2]4+1
(4.6)

+ Z ’ZW({?(S”LUH Z ’2785wk_1’ + Z ]87u0|
|y|<P I<[P/2] [V|<P+R+1
8I<R 18| <[R/2)+1

+ Z ’Z785w§€' X Z ‘Z”@‘ka_l‘

IvI<[P/2] [v|<P
[6|1<R [6|<[R/2]+1

2
x> Zvaéwk1+( > muo) ;

I6‘Iw[§; ] I%I‘S[Pﬂ] [v|<P+R+2
<[R/2 <R+1

7



and

(4.7)

[vI<P
|| <R+1

>

1vI<[P/2]

’Z’yaéwk

6|<[R/2]+1

+ Z ‘Zvaéwkfllx Z ]szaéwk,l‘

[vI<[P/2]
|§|<R+1

L2°0°Qi| S Y )LZWaka_l(x

,1]+ 3 ‘Zvaéw;pr S 107wl
BE{% |v|<P+R+3

[vI<P
[6|<[R/2]+1

+ Y ‘LZW?‘ka,l’x 3 ‘Zvaﬁwk,ll

[v[<[P/2]
I5|<R+1

+ 3 L2

[v|<P
|6|<R

Iv|<[P/2]
[6|<R

>

ly|<P
[6]<[R/2]

>

IvI<[P/2]
10]<[R/2]

>
<P

[v|<
[6]<[R/2]

>

Iv|<[P/2]
[6|<R

+(z

[y I<P
[6|<[R/2]+1

N AL Ea SR A

[vI<[P/2] |vy|<P+R+2
6| <[R/2]+1

> |rzotu |

Iv|<[P/2]

o|<[R/2]+1

L2 w],

L2 w],

L7279 w],

\muo]

[v|I<P+R+3

X Z ’LZV(?‘ka,ll
[yI<P
[6]<[R/2]+1

[vI<[P/2]
|§|<R+1

Y [z
|v|<P
|6|<R+1

X Z ‘Zvﬁ‘swk_ll

[v|<[P/2]
|6|<R+1

x Y 20w
lvI<P
8] <[R/2]+1

)2.
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Also if O, is the operator defined in (3.2) and the components of v are defined to be
(4.8) P (b x) = =B (upq, ug_y),

where B! are as in (1.2), then it follows that

0,2°0%w] 5 3 | 2700w %

[v[<P
[0]<R+1
S ‘Zva5wk,1‘+ 3 ‘Zva%g + Y (07wl
IvI<[P/2] [v[+10|<[P/2]+[R/2]-1 [vI<P+R+2
[6]<[R/2]+1 [v[<[P/2]
[6|<[R/2]
+ Z ‘Z785wk_1‘ X Z ‘Z’Ya&wk_l‘
[v<[P/2] lv|<P
|6]<R+1 |8|<[R/2]+1
(4.9)
+ Z ‘ZV@%}Q) Z ‘Z“@éwk,l’ + Z |07 g
|v+18|<P+R—1 [vI<[P/2] Iy|<P+R+1
[y|<P |6|<[R/2]+1
|6]<R
+ Y ‘Zvaéwg S ‘278510;9_1‘
[vI+18]<[P/2]+R—1 lv|<P
[v<[P/2] 10]<[R/2]+1
[6]<R
2
+ Z ‘Z’Yaéwg‘ X Z ‘Z“’@‘ka_l‘ + Z |671L0| s
[v[+]8|<P+[R/2]-1 Iy|<[P/2] || <P+R+2
[y|<P |6]<R+1
[0]<[R/2]

79



and

0,L2°0%w| S Y )szaﬁwk_l(x

[vI<P
|0|<R+1

3 ’ZVB‘ka,l‘—l— 3 ‘Z785wg‘+ ST 107w

[vI<[P/2] IvI+18I<[P/2]+[R/2] -1 [v|<P+R+3
6| <[R/2]+1 VI<[P/2]
16| <[R/2]
+ Y ‘Zvaéwk_l‘x S )Lzméwk_l(
[v1<[P/2] [y|<P
[6|<R+1 [6|<[R/2]+1
+ Z ‘LZVé)‘;wk_l) X Z )278510;9_1‘
[v1<[P/2] [v|<P
|6|<R+1 16| <[R/2]+1

+ Z ‘L“ZA*@‘SwZ‘ Z ’Z’yaawkfl‘ + Z |07 uo|

I8 +1<P+R YI<[P/2] I<P+R+2
y|<P 8 <[R/2)+1
6I<R
(4.10) u<l
SR DR AR D SR | ZA
[v|+18|<P+R-1 IvI<[P/2]
<P |8 <[R/2)+1
61<R
+ 3 ‘Z”&‘sw;’ < ¥ ’szaéwk_ll
Y I+181<[P/2]+ R—1 <P
I<[P/2] I81<[R/2)+1
5I<R
+ 3 ’ZVaéwg’x 3 }szaéwk_ll
I8 <P+[R/2]~1 I<[P/2]
<P |6|<R+1
181<[R/2]
+ Z ‘L“Zyﬁéwg)x Z ‘278510;@_1‘
I I+181+1<[P/2]+(R/2] y|<P
I<[P/2] 6| <R+1
81<(R/2]
p<1
Y e x Y 20w
Iy |+18|+1< P+R/2] yI<[P/2]
lv|<P |6|<R+1
181<[R/2]
p<l
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+ 3 )Lzmﬁwg

X Z ‘ZVB‘ka,l’

[v[+]o[<[P/2]+R-1 [v|<P
[v|<[P/2] 6| <[R/2]+1
[6|I<R
2
+ > 107ugl
|v|<P+R+3

PROOF. The first two inequalities are an immediate consequence of the previous proposition.
The last two inequalities follow from the additional observation that if one fixes v = 0 or 1 and

la] = P, |5| = R the commutator

3
Z fyij’”&-é?j, L”ZO‘E?B

1,7=0

is a linear combination of terms of the form

3
> Lz oy L2 7029520,0;,
1,7=0

where p1 + pp < v, |og| + || < P, |B1| +|B2] < R and |ao| + B2 +pe < P+ R+v —1.
The reason that L is not being applied to ug in any of the inequalities is because ugy(t,z) = 0 if
t > 2 and ug(0, ) is compactly supported. Thus, by finite propagation speed, one can see that
[Lug| S ) [0%uql.
o<1

a

The most difficult terms to control in (4.6)-(4.10) shall tend to be the terms that are grouped
in parentheses. These correspond to the terms where the maximum number of vector fields are

being applied to wy_; and wy.

4.2. Proof of Uniform Bound

Until it is noted otherwise, we will use C' to denote a constant that depends only on B, Cj
and the implicit constants that occur in the estimates in this paper. C; will denote a constant
that is independent of B and depends only on Cy and the implicit constants that occur in the

estimates in this paper. Both C' and (4 shall be allowed to vary from line to line.
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4.2.1. Term I Bounds. To control the first term in I;(7T"), we will be applying Theorem 3.1.
To do this, we let v be as in (4.8). Since we will want to apply our perturbed energy estimates
from Chapter 3, such as Theorem 3.1, we must show that (3.3), (3.4) are satisfied. (3.3) is an
immediate consequence of the symmetry condition (1.3). By the induction hypothesis, we see

that for 0 <t < T,
(4.11) |7 (wp—1, ug_) (2, ) < My—1(Te) < Be.

By the above inequality, if € is sufficiently small, then (3.4) is satisfied. It will also be useful to
note that (3.34) holds for our choice of 4%/, From the induction hypothesis, we see that for
0<s<T,

Be
< .
©~ 1+s

(4.12) 17/ (s,

Integrating both sides of (4.12), we get

Te Te (s
/
/0 Hry (5")Hoo dSSBG/O 1+s

(4.13) < Belog(1 +T.)

< Belog(1 + ¢/€?),

where T, and c are the constants appearing in (1.9). If we take ¢ < 1 and ¢ < 1, then this quan-
tity is bounded above by a uniform constant that is independent of k, ¢, T, and €. Furthermore,
we can make €y, which initially appeared in the statement of Theorem 1.4, sufficiently small

such that if € < g, then it follows that an even stronger version of (4.13) holds:

Te
(4.14) /O 17/ (s, )|, ds < 1.

We also observe that uy solves

(415) D’yuk = A(uk—17u271>1
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where the components of A(up_1,u),_,) are defined in (1.2) and O, is the operator defined in
(3.2). We now apply Proposition 3.3 and use (4.1) to see that

> swp [wie ), s Y swp ol

|a|<No+40+6M OSIST i< No 120460 OSEET

+ ) sup |[[0“Clwp(t, )|l

la|<No+39+6 OSE=T

(4.16) + > sup Haiué(t, -)H2
J< No+40+6M ISE=2

2
j<No+40+6M VSIST

+ > sup [|0°0hwy(t, )|, + Che.
|| <No+39+6M OSIST

By the definition of Dwy, Sobolev embedding, (4.1) and the induction hypothesis, we see that

the second term on the right hand side of (4.16) is controlled by

sup Moo 0w )|y o)+ DL 10%ut )y | x

OSEST \ | o)< No+39+601 || < No+41+6M

Sup > 0% w1 (8, )] + llwr—1(t, )l
0<¢<T || <No+39+6M

(4.17)

+ D> )+ Y [0,

|| <No+42+6M || < No+39-+6M

+ Z sup 100, n]u(t, )|,

|a| <No+40+60 OSE<2

< Ceé® + CeMy,(T) + Che.

It remains to control the first term on the right hand side of (4.16). We set
En(t) = En(ur)(t),
using the notation from (3.6). By (4.11), just as in (3.20), for 0 < ¢t < T¢, we have the inequality

(4.18) (5mfax{c%,c] 13 IEI/2 ;VH : H <5max{c],clz}E1/2()
j<
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By Theorem 3.1, it follows that for 0 <t < T,

) No+40+6M
) .
O EN/0+40+6M(t)} S Z HDvﬁiuk(t,-)HQ
(4.19) j=0
1/2
+ [/t HOOEN/O+40+6M(®-

Applying Gronwall’s inequality and (4.14) to (4.19), it follows that for 0 <t < T,

1/2 1/2
(4.20) Enorao+61 (1) S EN0+40+6M / Z |55 0%un(s, )|, ds.
§<No+40+6M

By (1.8), (4.18) and the compatibility conditions, we see that

1/2
(4.21) BN a061(0) < Che.
Applying Lemma 4.3, we see that
(4.22)
Z ‘D»Yaguk‘ S Z ‘8aw;€_1| + |’Ujk_1‘ + Z ‘aau0| X
j<No-+40+6M la| < No+40+6M |a| <No+42+6M
> |0%w_1| + > 0wy + > |0%ug|
la| <[(No+40+6M) /2] +1 || <[(No+40+6M) /2] la| <[(No+40+6M) /2] +2
+ 2 | > 01| + > 0% ol
|a| < No+39+6M la| <[(No+40+6M) /2] +1 || <[(No+40+6M) /2] +1

Before dealing with the terms in the right hand side of (4.22), we will prove a useful lemma.

LEMMA 4.4. Suppose that vi,ve € C°°([0,T] x R3\K). Then it follows that for 0 <t < T,

T
(4.23) /0 [v1(t, Jva(t, )y dt < log(2+T) supTHvl( )Iboiup () [lva(ts Ml oo -
and
(4.24) lvrvall L2 o, rxrevi) S OSHP o1 (t, ) llg % OSUP () lva(t, )l o -

PROOF. The left hand side of (4.23) is controlled by

T T
/ [o1(E, )l lv2(2: )l dtS/ (t)~" dt x sup ||vl( Mo sup (>Hv2(t,-)|!oo~
0 0 0< 0<
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Noting that fOT )" dt <log(2+ T), this proves (4.23). To prove (4.24), we apply the same

argument to see that

2
T T
/ loa(t, )lI3 oz (t, )15 dtS/ (t)™* dt x ( sup o (2, ')||2> X
0 0<t<T

0

2
( sup (t) [Jva(t, ')Hoo) :
0<t<T

Since fOT ()™ dt < 1, this completes the proof. 0

We will first deal with the term that appears in the third line of the right hand side of (4.22).

If we apply Lemma 4.4, we get, for T' < T, the inequality

(4.25)

T
[ el

|a| < No+39+6M
|8|<[(No+40+6M) /2]+1

(wetoo] <ot ] ) o

Slog(2+7) > sup [|0%wj (s, )|, | *
o] <No+39+60 05T
Z sup (s) [[0%wr—1(s, )|l + Z sup [[0%uo(s, )5 |,

L1 0Ss<T 0<s<T

|| <[(No+40+6M) /2] || <[(No+40+6M) /2]+3

where Sobolev embedding was applied to the ug term in the last step. Applying the induction
hypothesis and that [(Ng + 40 + 6M)/2] + 1 < Ny, we see that the left hand side of (4.25) is
controlled by C'log(2+T)eMy(T). Applying a similar argument, we can deal with the remaining
terms in the right hand side of (4.22):

T
/0 PO OO P (VSICDI 'S D DI CATICDI Y

|| < No+40-+6M || < No+42+6M
> rueats |
(4.26)  \|8|<[(No+40+6M)/2)+1 >
+ Z H@ng(s,-)H + Z H@'Buo(s,-)H ds
|8I<[(No+40+601) /2] *BI<[(No+4016M)/2]+2 =

< Clog(2 + T)e? + Clog(2 + T)eMy(T),
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for T < T,. Combining this with (4.17), (4.20), (4.21) and (4.25), it follows that

(4.27) > s [[0wi(t )], < Clog(2 + T)E + Clog(2 + T)eMi(T) + Cre,
|| < No+404+6M ==

provided T < Tt.
To control the second term in I (T'), we apply the first inequality in Theorem 3.10 to see
that

(4.28)

T
—-1/4 —1/4 qa, 7 < fe .
S @ 0w e S L 2 1@l ds

la|<No+35+5M la|<No+35+6M

+ > 10% Q| L2 (o, 11 x5\ 1)
|| < No+35+5M

+ Y sup [[9°%[T,mlult, )l -
|| <No+35+6M OSES2

By (4.1), the last term in (4.28) is controlled by Cie. To control the first term in the right hand

side (4.28), we apply Lemma 4.3 to see that

(4.29)
> |0°Qkl| < > |0%wj,_q | + |wr—1| + > |0%uol | X
|| <No+35+6M || <No+35+6M || <No+37+6M
> 0%wy_1| + > |0%wy| + > |6% |
|| <[(No+35+6M)/2]+1 || <[(No+35+6M) /2] || <[(No+35+6M) /2] +2
+ > |0 wy!] > |0%wy,_1| + > 0%
|a] <No+35+6M || <[(No+35+6M) /2]+1 || <[(No+35+6M) /2] +1

Using the same arguments that were used to obtain (4.27) from (4.25) and (4.26), it follows
from (4.29) that the first term in the right hand side of (4.28) is controlled by C'log(2 +T)e* +
Clog(2 + T)eMy(T) + Cye. By applying (4.29) and Lemma 4.4, one see that the second term
in (4.28) is also controlled by Ce? + CeM;,(T) + Ce. Before stating our final bound for term
I:(T), we make an observation to ease exposition. We note that log(2 + T') < (T)'/2. Thus,

(4.27)-(4.29) demonstrate that for 7' < T, and e sufficiently small, we get the bound

(4.30) I(T) < C(T)Y? & 4+ C(T)"/? eMy(T) + Cie.
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4.2.2. Term /I Bounds. To control term I} (7)), we shall start with the case that 1 < |5] < 2.

The case where |G| = 0 will require a different argument. Using the notation of (3.63), we set

(4.31) Yy, Mo (8) = Yivg Ng o (g ) (1)

By (3.20), for € sufficiently small and 0 <t < T¢, we have the inequality

(4.32) (5 Inlax{c%,cﬁ})_lyj\l,{l%o(t) < Z H(Z“@Buk)'(t, )H2 < 5mIaX{C%761_2}Y]\1],/1270(t)'
la|<N
1BI<1

By Theorem 3.9, we see that for, 0 <t < T, we have the bound

(4.33)
YNy +30+4m,1,0(t) < CY]\lfﬁgoHM,Lo(t) > HDVZ"‘aﬁuk(t, ')H2
|| < No-+30+4M
[BI<1
2
PO, Vrosmiamao+C S 100y

|a| <No+31+4M
Applying Gronwall’s inequality, for T < T;, we get
(4.34)

T
sup Yy +30+4Mm,1,0(t) SC'/ > Yvo+30+40,1,0(5) " HDWZo‘aﬁuk(s,-)HQ ds

0=t=T 0 |a|<No+30+4M
1811
2
+C oy 10" || 2 0.7 1o <1y) T CYNo+30+402,1,0(0).

|| <No+31+4M

The first term in the right hand side of (4.34) is controlled by

1 T
(4.35) = sup Yng43044m,1,0(t) +C / > HDWZ&@BW(S")HQ ds
0<t<T O |a|<No+30+4M
181<1
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After bootstrapping the first term in (4.35) back into the left hand side of (4.34), for T' < T,

we get,
sup HZ‘”‘Oﬁw;(t,-)H
|a| <No+30+4n OSEST 2
1BI<1
1/2
S sup YN(<+30+4M,1,0(75)+ Z Hzaaﬁug(t,.)H
0<t<T 2
st= || <No+30+4M
1BI<1
T
5/ Z HDvZo‘Oﬁuk(s,-)H ds
(436) 0 2
|| <No+30+4M
1BI<1
/
+ Z Haauk}|L2([O,T]><{\:v|<1})
la| <No+31+4M
+ YN0+30+4M,1,0(0)1/2
+ Z sup HZaaﬁug(t,-)H .
0<t<T 2
|| < No+30+4M
|BI<1

By (4.32), (1.8) and the compatibility conditions, it follows that

Yivg+3044n,1,0(0)1/2 + > HZ”‘(?B%(L -)H2 < Cie.
(4.37) |a|<No+30+4M
181<1

Also note that the second term in the right hand side of (4.36) is controlled by the same

quantities that bound term I;(7"). To control the term involving OJ.,, we apply Lemma 4.3 to
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see that

(4.38)
3 (szaaﬁuk‘ < 3 ‘Z‘laﬁwk_l‘ + 3 1Z% | x
|o¢\§]\|fo—‘|—30+4M |o¢|§]\|70—|&—30+4M || < No+31+4M
BlI<1 Bl<2

Z ‘Zo‘aﬂwk,l‘ + Z ’Z“@’Bwk‘ + Z | Z %]

la|<[(No+30+4M)/2] | <[(No+30+4M) /2] || < No+32+4M
181<2 181<2

+ Z ‘Za(‘?ﬂwk‘ Z ‘Za@ﬂwkq‘ + Z | Z%uo|

la|<No+30+4M || <[(No+304+4M)/2] la| <No+31+4M
181<2 |8]<2

We will first demonstrate how to deal with the terms in third line of (4.38). Using that fact

that [(No + 30+ 4M)/2] < Ny, we apply Lemma 4.4 and Sobolev embedding to get

T
[N S ]

|| < No+30+4M
1B1<2

2 Hzaaﬁwk—l(sv )H + Y 2% )l | ds

|| <[(No+30-+4M) /2] ' |a|<No+31+4M
|Bl<2
(4.39)
<log(2+T) | sup Z HZo‘aﬂwk(t, )H X
0<t<T . 2
|| < No+30+4M
18]<2
3 swp (1)[| 2200w ()| 4 DD sup 1 2%u0(s, ),
0<t<T o 0<t<T

|| <[(No+30+4M) /2]
18<2

|a|<No+33+4M

< Clog(2+ T)eMy(T).
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Applying the same argument to the remaining terms in (4.38), we see that

/OT S tteaeo| v X 0%l | %

|| < No+30+4M || <No+31+4M
|8]<2
agp . agp .
(w10 DR A E T D DR R RN
|| <[(No+30+4M)/2] |a| <[(No+30+41M)/2]
181<2 181<2
+ Z H@O‘uo(s, )Hoo ds
|| <[(No+30+4M) /2]+2
< Clog(2 + T)e? + Celog(2 + T)My(T).
Thus, by (4.36)-(4.40), we obtain the bound
sup 3 Hzaaﬁwg(t, )H < Clog(2 + T)é® + Clog(2 + T)eMy(T) + Che,
(441) 0se<T | N osanm 2
18]<1

provided that 7' < T,. We now turn our attention to the weighted term in I7;(T') in the case

that |3| = 1. We apply Theorem 3.10 to see that

(4.42)

T
T—1/4H —1/4Za / </ 920 . d
IRl (APt [T (D D = I
|| < No-+30+4M || < No+30+5M

T
4 / S 1 2°0us, )l ds

O |a|<No+30+4M

+ > 10°Cwk| 20,11 xr3\ ) -
|| < No-+30+4M

First observe that the first term and third terms in the right hand side of (4.42) are controlled
by the right hand side of (4.28), which is in turn bounded by (4.30). Applying Lemma 4.3, we
see that

> | Z*Cwy|

|a|<No+30+4M
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is controlled by the right hand side of (4.38), it follows from (4.39)-(4.40) that

S @z

(443) |a|<No+30+4M

L2([0,T]xR3\K)
< Clog(2 + T)e* + Clog(2 + T)eMy(T) + Che.

To handle the case |3 = 0, we will split the terms into two pieces:

> [ sup (| 2w (t, ), + (T) 7 [ (@) 7 20w
|| <No+30+4n OSIST

L2([0,7] ><]R3\IC)]

449) = Y lsup ||Zﬂwk(t,-)y|2+<T>*1/4H<x>*1/4zawk‘

L2([0,T]xR3 /c]
0| <NoT29-+4M 0<t<T ([0,T]xR3\K)

DY [Sup 12t )l (7)) 2

L2([0,T] <R3 IC] '
la|=Not 304401 LOSEST ([0,TTxR3\K)

We will deal with the first term in parentheses on the right hand side. Applying Theorem 3.12,

we see that

> [Ilzawk(t, My + (1) H<x>—1/4 Zo‘wk’
|| < No+29+4M

S Z sup Ha‘)‘w;(t,-)HQ
o] <No+29+50 OSEST

T
(4.45) +/0 S 0°Duwi(s, )l ds

la|<No+29+5M

L2([0,T] ><R3\IC):|

+/T Z H(a:)fl/z ZaDwk(s,')’

0 |a|<No+29+4M

LiLg(|2[>2)
+ Z 10°0wi |l 2 (jo,71 xr3\ ) -
la|<No+28+4M

The first term on the right hand side of (4.45) is bounded by the same quantities that bound
term [;(T"). The second and fourth terms on the right hand side of (4.45) are controlled by
the right hand side of (4.28), which is controlled by (4.30). To control the remaining term in

(4.45), we will prove the following lemma.

91



LEMMA 4.5. Suppose that vi,va € C®([0,T] x R3\K). Then it follows that

T
e /0 H <x>1/14/2 v1(s, - )va(s, )‘ L2 (ulo2) ds »
S H(x)‘ Ul‘ L2([0,T] xR3\K) ZI<:2 H } L2([0.T]xR3\K)

Proor. Taking the supremum in the w variable, we see that

T ~1/2
/0 H<$> vL(s, -Jua(s, ')’ L1L2 (j>2)

& /OT /:o | i (s,

If we apply Sobolev embedding on S? and Cauchy-Schwarz, we are done. O

ds

)<r>71/4 vg(s,r-)H r2dr ds.

L2(52) L>(S?)

We first see that the third term in the right hand side of (4.45) is bounded by

/0 Z H<x)71/2 Z“Cwy (s, )’ .

|a| <No+29+4M

(4.47) /0 > H (@)% Z°Qu(s, -)‘

|a|<No+29+4M

LLE (Jz])>2)

ds

LAL2 (2] >2)

1 D S (PR R R

|| <No+29+4M

Ly L3 (|=[>2)

By (4.1) and the fact that we are assuming the initial data (f,g) are compactly supported, the
second term on the right hand side of the preceding inequality is controlled by Cie. If we apply

Lemma 4.3, we see that

(4.48)
S 12°Qul S 3 \Zaaﬁwk_ll + Y 1z |
|| <No+29+4M |a| <No+29+4M |a| <No+30+4M
181<1
Z ‘Z“@Bwk_ll + Z }Zo‘a’@wk‘ + Z | Z%up
la| <[(No+29+4M)/2] la| <[(No+29+4M) /2] la|<No+31+4M
18]<1 1B1<2
+ Z ‘Z“@ﬁwk’ X Z ’Zaaﬁwk—1’ + Z |Z%uo|
|a| <No+29+4M || <[(No+29+4M) /2] |a| <No+31+4M
181<2 181<1
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If we note that [(No + 29 + 4M)/2] +2 < Ny and apply Lemma 4.5 and inequality (4.48), we

see that the first term on the right hand side of (4.47) is controlled by

> ferzeotu|
|la| < No+29+4M
181<1

+ Z ‘<x>_1/4 Zo‘ug‘

|a|<No+30+4M

L2([0,T]xR3\K)

L2([0,T]xR3\K)

Z H(:):)_1/4 Zo‘aﬁwk,l‘
| <[(No+29-+4M) /2] +2
|B1<1

+ Z H<x>_1/4 Z“Bﬁwk’
|| <[(No+29+4M) /2] +2
181<2

+ Z H<x>_1/4 Zo‘ug‘

|a|<No+33+4M

L2([0,T]xR3\K)

L2([0,T]xR3\K)

(4.49)

L2([0,T]xR3\K)

—1/4 zaqB
* z) M z200%w y
IaI<NoZ+;9+41\4H< > k‘ L2([0,T]xR3\K)
- 1BI<2
SR ERTETOR S
|| <[(No+29-+4M) /2]+2 L2([0,T]xR3\K)
181<1

+ > H<90>_1/4 Zauo‘

|a|<No+33+4M

L2([0,T]xR3\K)
< C{TYY? eMy(T) + C(T)/2 2.

Thus, it follows from (4.45)-(4.49) that

Z [ sSup HZo‘wk(t, )HQ + H<x>_1/4 Zozwk‘
(4.50) lal<No+29+4M LOSIST

LQ([O,T]XR?’\IC)]
< C(TY? & + C(T)Y? eMy(T) + Ce.

We should note that reason we dealt with the first term in the right hand side of (4.44) on
its own is because the argument we just used will not work for the second term in the right

hand side of (4.44). If one were to try to use the above argument to bound the case where
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|a| = No + 30 + 4M, one of the resulting terms would be

(4.51) 3 H(x>_1/4 Zaaﬁwk(

|| < No+30+4M
181<2

L2([0,T]xR3\K) ’

which just misses being bounded by term II;(T) by one derivative. The way we will avoid
having quantities such as (4.51) appearing in the right hand side of our estimates will be to
bound the term where all the vector fields Z% are being applied to u; using the divergence
form estimate from Section 2.6. The remaining terms will be bounded by using the same
argument used to prove (4.50). This issue is also present in the existence argument given by
Du-Zhou [11], although it is not addressed in their paper. The bound we are about to prove
repairs their argument as well as shows that their lifespan bound applies to a larger class of
geometries.

To get started on the case where || = No + 30 + 4M, it is easier if we work with a fixed

index . We will consider the cases: |z| < 3 and |z| > 2. In the first case, we observe that

sup [|[Z%w (o + H 1/4Zo‘w ‘
a|=No+ZSO+4M L<t 12706t Mazqet < #1220, lal<3))
(4.52) < H “1/4 e

|a|<No§+;9+4M 0<t<TH kt HLQ(MQ) F1 L2 0,11 %l <3})

S Ik(T),

which is controlled by the right hand side of (4.30).

In the case that |z| > 2, we split the forcing term Uwy into different pieces and apply
different estimates to each piece. First we fix a cutoff p € C°°(R3) such that p(x) = 0 when
|| < 1 and p(xz) = 1 when |z| > 2. If we let vy, = pwy, it follows that vi solves the following

boundaryless wave equation

Dclv,ﬁ = p(1 —n) A" (uy, 1, 1) + p(1 = Z Z B (uy, - 1, U—1)9;0; Uk;
(4.53) 1<J<Di,j=0

- pl0, W]UI —2Vap- Vmwlﬁ - (Ap)wi,
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with vanishing initial data. We see that Zavé solves the boundaryless wave equation

DCI (Zavljg—) =

3 3

R
D

(4.54) I m B (ug—1,uf,_1)0: 2%,
J=1

i=0 j=0

+ Z9—2Vp - Vowl — (Ap)wl],

with vanishing initial data. In the above equation, one should view RI kasa remainder term
consisting of quantities that are easier to control. One can see that RI kisa linear combination

of terms of the form

Z Z ZB n) B IJ(Uk—l,u;_l)) Zmiajui, 18] + |1y| = |al, |y] < |al,
J=11,7=0
Z% (p(1 = n) A (up—1,up, 1)),
(4.55)
D 3 )
SS9 (p(1 =) B (g, ) 20,
J=14,j=0

Z(p[Oep mlut).

We write Z%vy, = vy +v2 +v3 1, Where vy, solves the boundaryless wave equation vy, = Ry i

with vanishing initial data and vs j solves Qv j, = Z%[—2V,p - Vywy — (Ap)wy| with vanishing
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initial data. To handle, vy i, from (4.55), we see that

(4.56)

Rl < 3 ‘Zﬁc‘)”wk_l‘—k 3y ‘Zﬁuo‘ x
\BISJ\?OT30+4M |B|<No+314+4M
<1

Z ‘Zﬁavwk_l‘ + Z ’Z’ngl + Z ‘Zﬁuol
|8|<[(No+30-+4M) /2] |BI<[(No+30+4M) /2] |8]<No+32+4M
lv[<1

+ Z ‘Zﬁ’mwk’ X
|81< No+30+4M
[v1<1

Z ‘Zﬁmwk,l‘ + Z ’Z’BU,O‘
|BI<[(No+30+4M) /2] |B|<No+314+4M
[v1<2

+ Y ‘Z’B[D,n]u‘.

|8]< No+30+4M

One then applies Corollary 2.11 to vy . By (4.1), the term involving [0, n]u in the right hand
side of (4.56) is controlled by

[ S LR )

|8|<No+30+4M

1 D S [y S eS|

|8|< No+30+4M

ds

L2(Jz]<2)
(4.57)

ds < Cie
LYLZ (Jz][>2)

since the initial data are compactly supported. By previous arguments made in (4.45)-(4.50),

the remaining terms in the right hand side of (4.56) are controlled by the right hand side of

(4.50).
Observe that for any fixed 1 < I,J < D and 0 < 4, j < 3, there are constants /K Béj’UK
such that
D .. 3 ..
(4.58) B (wy_y ulh)0; 2% Z (i LTK K ZB@J’I‘]Kagu?_l)@iZaui.
K=1 =0

96



Consider the following boundaryless wave equations for fixed 4,4, 1, J, K,

e/ X (1, 2) = Y23, OO, (p(1 — myuf 0i2%u]),  (t,2) € [0,T] x BY,

(4.59) 1JK i [JK
vy (0,2) = By (0,2) = 0,
and
i, IJK,¢ 3 ii IJK a
(460) DC[UQ k ( 1’) = Zj:o BEJ 8](10(1 - n)afuf_lazz Ui), (t,(l?) € [OaT] X R37

vy 40, 2) = 93 0, 2) = 0.

Observe that

D

3
(461) U%,k: Z (zIJK+Z 1IJKE>

JK=1i=0

i, IJK

We will deal with the terms of the form v;,” " in (4.61). The remaining terms can be bounded

similarly. If we apply Theorem 2.18, we get

(4.62)

LIK (4 JJK T 1K

i i < HD i ) H d
OiltlgT U2’ H +‘ L2([0,T] xR3) N/O CIUQk (57 ) 9 $

< /0T||Uk—1(8,‘)loo Z HZﬁuz(s,-)H2 ds

|B]<No+30+4M

Slog(2+T) sup (s) [lug—1(s, )|l X
0<s<T

2245,
LD DR FATATS

0Ss<T' | 51< Ny +30-+4M

5 10g(2 =+ T)EMk(T) + 016.

It should be noted that one can carry out these arguments even when the B!/ are replaced

by arbitrary smooth functions. This more general case can be dealt with by writing
ij 7,1 J
B = B + Ofup—1, uj ),

where Bfﬂ;” is the linear component of B%!/ in its Taylor expansion. The linear term can
dealt with using the argument carried out above. The remainder term can be bounded using

Corollary 2.11 and the observation that

T
||~ 2u(s, v (s, Jw(s, )
[l

T
ds < / lus, Yo(s, My ds sup [lw(s, )]l
0 0<s<T

LiLg(|=[>2)

97



Slog(2+T) sup (s) [lu(s, )l
0<s<T

x sup (s, -)[ly sup Jw(s,)ll;-
0<s<T 0<s<T

Since all of the norms in the right hand side correspond to terms that are easier to bound in

our norm M (T). We are done with bounding the remainder term.

Thus, it remains to control

_ —1/4
(4.63) ozltlgT ”U3,k(ta )||L2(\x|>2) +(T) ”US,kz L2([0,T)x{|z|>2}) *

By Lemma 2.12, it follows that (4.63) is controlled by

S (Joru

|8|<No+30+4M

S

|6|<No+30+4M

+ Haﬂ

] )
L2([0,T]x{|z[<3}) L2([0,T]x{|x|<3})

(4.64)

L2(0,T]x{|z|<3})’

which is controlled by the bounds established for term I (7).
Thus, the arguments made in (4.52)-(4.64) show that for fixed |a| = Ny + 30 + 4M, the

following bound holds:

sup 2wt ooy + (1) @)™ 20wy
0<t<T

(4.65) L2([0,T]xR3\K)

< C(TYW2 2 4+ C(T)V? eMy(T) + Che.

Therefore, it follows from (4.41), (4.50) and (4.65) that for 7' < T, and e sufficiently small, we

have the bound
(4.66) II,(T) < C(TY? & + C(T)Y? eM,(T) + Che.

4.2.3. Term I1] Bounds. To control term I11;(T), we shall first bound

(4.67) S swp ||l
|a|+pu<No+26+3M 0<t<T 2
<l

Since (4.1) implies that

(4.68) Z sup ||L*0%uq(t, )H2 < Cie
o+ < No+26430 OSIST
<1
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and u = wy, + uo, it follows that it suffices to bound (4.67) with wy, replaced by ug. To do this,

a few preliminary calculations are needed, which we will state in the following lemma.

LEMMA 4.6. Suppose that vi,vy € C®([0,T] x R3\K). Then it follows that for 0 <t < T,

(4.69) a5 [ e ), 3 ™ 270t
laf<2

and

(4.70) lorv2ll 2o, 7y i) S H<x>_1/4 Ul’ L2([0,T]xR3\K) 0<5<T Z 12502 (s, )l -

|a|<2

PROOF. As (4.69) follows from Sobolev embedding when |z| < 2, we shall only prove (4.69)

when |z| > 1. We see that by applying Proposition 2.14, we get

WW%M

Nk

) un(t, |

L2(27 <|z|<27+1) L°°(2J'<z|<2i+1)>

<
Il
o

<3 ()
~ 7

Jj=

Z H —1/4 7%, )‘
L2(27 <|z|<29+1) t, L2(29-1<|z|<2i+2)

Applying Cauchy-Schwarz, we have proved (4.69). We see that (4.70) follows from (4.69) by

seeing that

[ s o} 3 e 2

laf<

2
< sup 301 2%s(s )3 % ()7

0<s<T| <2 L2[0,T]xR3\K

This completes the proof. O

We should note that, due to the R~! weight in the right hand side of (2.41), the above lemma
also holds when the weights in the right hand sides of (4.69) and (4.70) are replaced with
<az)71/ 2. However, our restriction on the kinds of weighted L? norms we can use prevents us

from utilizing the full decay given by Proposition 2.14.
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We will now prepare to apply Theorem 3.6. Letting v/’ be as in (4.8), we see that
Z D‘Bg U, uy is a linear combination of terms of the form

pu+ji<No+26+3M
pn<l

LM 0%up 1 D" 0Pup_y, | + p1 < No 426+ 3M, iy < 1,

(4.71)
181+ iz < [(No +26+3M)/2] + 1, < 1.
We also see that Z [ﬂ“@g ,0— 0O, ]uy, is a linear combination of terms of the form
pti<No+24+3M
pu<l1
L3 9;0;ukd®up—1, p+j < No+25+3M,pu <1,
la| < [(No+26+3M)/2]+1,

(4.72) LM °0;0u LM 0Puy,_1, |al + < [(No 426+ 3M) /2], 1 < 1,

18] + 12 < No+26 4+ 3M, pup < 1
p1 + p2 < 1.

From (4.71) and (4.72), it follows that

3 (‘iﬂ@{mvuk‘ + ([E“ag',m— Dv]uk‘)

p+ji<No+26+3M
pu<l
< S |l Y |ofu | x
JHu<No+26-+3M J+u<No+25+3M
<1 <1
> 0% 1|
<[(No+26+3M)/2]+1
(473) || <[(No+26+ )/ 21+
"
+ Z | LH0%up—1 | Z |0 uy|
||+ p< No+26+3M || <[(No+26+3M) /2]
p<l
"
+ > 10U > | Loy
|ar| <No+26+3M o< [(No+26+3M) /2]
<1
+ > 10Uk > | L0 up_q] .
|| < No+264+-3M || +p<[(No+26+3M) /2]
p<1
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Thus, it follows that from the fact that [(No+26+3M)/2] < Ny, (4.73) and Sobolev embedding

that
(4.74)
3 (HLWDM H +HL”8§,D O, Jug (t H)
i <No+26+3M
pn<l

S > [0%up—1(t, )] oo X
|| <[(No+26+3M)/2]+1

B, S ek,
]+H<No+26+3M jHu<No+25+3M

p<1
+ [ L#0%up—1(t, )l > | Zug(t, )]
\a|+u§N0+26+3M la| <[(No+26+3M) /2]
pu<l

1/4 aa —1/4 ppya, H
+ Y @ eua )|, > @)z
|| <No+26+3M || +p<[(No+26+3M) /2] +2

p<l1

1/4 qa 1/4 1 p o H
w3 @ teuwae], X @ e,
|or| < No+26+3M |a|+u§[(No+2?‘+3M)/2]+2

u<

If we apply one of our elliptic regularity estimates (Proposition 3.3), we see that

T /i J .1
> |petue],s 3 e,
J+u<No+25+3M JH+u<No+25+3M
pn<1 p<1

+ Y e-Droues)|,

J+u<No+25+3M
pu<l

(4.75) S 2 ”Euag”;“(t’ ) H2

pu+ji<No+264+3M
p<l

+ > 107w (t, )| 12101 <2)

|a|<No+26+3M

+ > [ L0 Dug (2, )5 -
|ov|+p<No+25+3M
p<1

To satisfy the hypotheses of Theorem 3.6, we set

F(t):= > [0%ug—1(t, )| oo

|| <[(No+26+3M)/2]+1
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By the arguments used in (4.12)-(4.14), it follows that F' satisfies the bound (3.47) that is
required to apply Theorem 3.6. From the induction hypothesis, we also know that F' satisfies
the bound

Vk_l(T) < Ce
1+t — 1+t

(4.76) F(t) <

for 0 <t < T. It follows from (4.75) that the right hand side of (4.74) is controlled by

(4.77)
ZONEED DR 1 TATSI N
-+ <No+26+3M
pu<l
+F(t) > [0%uk (8, )| f2 <2y + > [ LFO*Dluk(t, <) [l
|| < No+264+3M |a 4+ < No+25+3M
pu<l

+ > I ua ), > |zt )|

|| +p< No+26+3M || <[(No+26+3M) /2]
p<l
1/4 qa —1/4 yurpa, 1t .
£ 3 fweuaes], 3 @z,
|| <No+26+3M || +p<[(No+26+3M) /2] +2
pu<l
1/4 qa —1/4 7 p o .
+ 3 fweuaes], ¥ @ ez,
|| < No+264+3M |o|4+u<[(No+2643M) /2] +2
p<l
We set Hi ny+25+30m(t) equal to
(4.78)
20N DD ATACOT YRS D DI 14 =T (O]
|| < No+26+3M ||+ < No+254+3M
p<1
+ > [ L#0%uk—1(t, )|l > |2 (t, )|
|| +p< No+26+3M || <[(No+26+3M) /2]
pu<l
1/4 qa . —1/4 yprpa, iy
DI R ICD D DN R (]
|| <No+26+3M || +p<[(No+2643M) /2] +2
pu<l
1/4 qa —1/4 7 p o .
£ 3 f@Mrnaes], ¥ @z,
|| < No+264+3M |a\+u§[(No+§Eli+3M)/2]+2
K>
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and

(4.79) X, () = / co(E¥Oup) (¢, ) da,

where eg(u) is defined in (3.5). Thus, from Theorem 3.6, we see that for any 0 < ¢ < T, if € is

sufficiently small, then

> o],

||+ < No+26+3M

pu<l1
1/2
< 3 ILho°Ouk(t, )l + Y. X22(0)
\a|+u§Ng+25+3M p+ji<No+26+3M
p<l pu<1

(4.80)

t t
- / > 0% Cuy (s, )]l d3+/ Hi ny+25+30m(8) ds
0 0

|a|<No+25+3M

t
—I—/O Z H@O‘uZ(s,-)HLQOIKI) ds.

|| <No+26+3M
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By (4.1) and (3.20), the second term in (4.80) is bounded by Cie. By (4.76), we also see that

the term in (4.80) that is enclosed in parentheses is controlled by

t
C
[E5] S 10l X 10 0ul,

|| < No+26+3M ||+ p< No+25+3M
p<1

+ > 10" Buk(s, )l

|a|<No+25+3M

D D ST [
|et|+p< No+26+3M
p<1
> 12 ui (s, )] o
(4.81) || <[(No+26+3M)/2]

+ Z H(x>_1/4 8O‘uk,1(s,-)H2 X

|a| <No+26+3M

S ez
oo+ < [(No+26+3M) /2]+2 2
pu<1
+ Z H(x}fl/4 0%ug_1(s, )H2 X
|| < No+26+3M
> H<1‘>_1/4 LHZ%ug—1(s, )H ds,
oo +u< [(No+26-+3M) /2]+2 2
p<1
which is bounded by
Celog(2+T)x
(4.82) | swp D (075, )| agagcny + SUP Yoo I Du(s, )l
0<s<T| ) < No 26430 0<s<T

|a|4+p<No+25+3M
p<1

+ (Y2 CeMy(T) + C(T)V? € + Che.
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If we apply Lemma 4.3, we see that

> | LA 0|

|| +u<No+25+3M
pu<l

s| X peu s D uals Y (0wl | x
|| +p<No+25+3M p<1 || <No+264+3M
pu<l

(4.83) Yoo otwel+ > e+ YD 0%l

|| <No+26+3M || <No+25+3M la| <No+27+3M
+ E |0%wg—1] + E |0%ug| | x
|| <No+26+3M || <No+26+3M

> |LHO%wy_1| + > | L 0wy | + > 0%y
o]+ < No+26+3M || +u< No+25+3M la|<No+27+3M

pu<l pu<l
Using the induction hypothesis (4.5) and Sobolev embedding, the above inequality implies that
the term in parentheses in (4.82) is controlled by Clog(2+T)e2+Clog(2+T)eMy(T)+Che. This
handles the term in parentheses in inequality (4.80). If one also applies (4.83) to the first term
in the right hand side of (4.80), it follows that this term is controlled by Ce? + CeMy(T) + Che.

Thus, it remains to consider the last term on the right hand side of (4.80). By Theorem

3.8 and (4.1), it follows that the last term in the right hand side of (4.80) is controlled by

t S
> /0 (/O 10°Bwie (7, )| £2() 2] (s—1) | <10) dT) ds

|| <No+26-+4M

t
T A S =T T RS
O |a|<No+26+4M

(4.84)

It can easily be seen that the second term in the right hand side of this inequality satisfies the
same bounds as Ij(T"), which means that it is controlled by the right hand side of (4.30). To

deal with the first term in (4.84), will prove the following lemma.
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LEMMA 4.7. Suppose that vi,vy € C®([0,T] x R3\K). Then it follows that for 0 <t < T,

t s
/ / o1 (7, )va(T, ')||L2(Hx|—(s—7')|<10) dr ds Z < H<x>*1/4zavl‘
(4.85) 0 7° jal<2
[ e

X
L2([0,T]xR3\K)

L2([0,T]xR3\K)

PRrROOF. From Proposition 2.14, we see that the left hand side of (4.85) is controlled by

(4.86)

[ [ S 2o

<2
1
s Sz

H () o ')‘ L2(||z|—(s—7)|<10)

/[t]/ )z )

[ \<2

H<x>_l/4 vy (T, ')‘

dr ds
L2(||z]—(s—7)|<10)

(@) o, )|

L2(||z]—(s—T)|<20) H

k+1

X
L2(||z[—(s—7)|<20)

dr ds

X
L2(||z|—(s—7)[<20)

dr ds.

L2([Jx|—(s—7)[<10)

Just as in the proof to Theorem 3.13, we note that the sets Cs = {(7,2) : 0 <7 < s,||z| — (s —
7)| < 21} have the property that C; NC}, is empty if |j; — j2| > 50. Applying Cauchy-Schwarz
and the aforementioned observation, we see that the right hand side of (4.86) is controlled by

[t]

S (S,

L2([0,k4+1] x {||z|—((k+1)—7)|<21})

la|<2 \ k=0
1/2
+ @)1 zow | >/><
L2([0,]x{[|=[—(t—T)[<21})
(4.87) < 11, |7
kzzo H @ UZ‘ L2([0,k4+1] x| = ((k+1)—7)|<11})
1/2
14|12
" H<x> UQ‘ L2 ([0, t]X{wl(tT)<11})>
S 3 [tz Jia7t2e -
a2 L2([0,T]xR3\K) L2([0,T]xR3\K)
This completes the proof. O
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Due to the fact that

Y. 100w S Yoo 1wl YD 0%l | %

|a|<No+26+4M |a|<No+27+4M |a| <No+28+4M

(4.88) S wed Y e+ Y 0%l

|| <No+27+4M || < No+26+4M || < No+28+4M

+ Y 10Ol

|| < No+26+4M

if we apply Lemma 4.7, then the first term in (4.84) is controlled by

(4.89)

> H<$>71/4 3awk—1‘

la| < No+27+4M

~1/4 ya ’ H ~1/4 ya, 1
> H<x> k1| 2 0. r)xROVK) > (z) Yk
|| <[No+29+4M || < No+28+4M

+osup D [|0%uo(s )y |
L2([0,T]xR3\K) 0<s<T| 1< Nyt 28-+4M o

L2([0,T]xR3\K)

+osup Y [0%us )l |+ Y 0[O, nlus, )l

0<s<T || <No+30+4M || < No+26+4M

< Ce(TYY2 My(T) + C (T2 € + Cye.
Hence, for 0 <t < T, and e sufficiently small, it follows from (4.75)-(4.89) that

TR DR LA UR] (T)2 & 4 Ce (TYY? My(T) + Che.
‘ ="=" |a|+pu<No+26+3M
p<l

To handle the second term in I11(T), we apply Theorem 3.10 to see that

3 ()~ H (z) 4 LR,
|a|+pu<No+214+2M
p<1

L2(]0,T]xR3\K)

T
o) s[X It

||+ <No+21+3M
p<l

+ > I LH0“Owl| 12 (j0, 11 x5\ k) -

la|+p< No+21+2M
p<1
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Applying Lemma 4.3, we see that

(4.92)
> | L0 Dy |

|a|4+pu<No+214+3M
p<l

s| X praa s Xivuals Y (0%l | x
|| < No+2143M pu<1 || < No+-22+3M
<l

Z 0%wp_1| + Z 0wy | + Z |0%uo|

| <[(No+21+3M)/2]+1 | <[(No+21+3M)/2] || <[(No+21+3M)/2]+2
+ Z }8%1;,1\ + |wg—1] + Z |0%ugl | x
la|<No+21+3M la| <No+22+3M
> |LFO%wp—y | + > | L#9%w),
lal+u<[(No+21+3M)/2]+1 lal+pu<[(No+21+3M)/2]
p<l p<l

+ > 0%

|| <[(No+2143M)/2]+2

LD DR AT >, Lowal+ Y 0%l

|a|<No+21+3M || +u<[(No+214+3M)/2]+1 |a|<No+23+3M
pu<l

+ E |LFo*wy| x
|a|+p<No+214+3M
p<l

3 Pw+ S [0ul

|| <[(No+21+3M)/2]+1 || <No-+234+3M

+ ) Bl

la|<No+21+3M
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Observing that [(No + 21 4+ 3M)/2] + 1 < Ny, if we apply (4.92) and (4.1), then we see that

first term on the right hand side of (4.91) is controlled by

Z sup HLMBO&U);Cfl(S7 )Hg + Z sup [ LFwg—1(s, )|l
o +u<No+21+3M 05T <10ss<T
<l

+ sup Yo llo%uols )l | x

0<s<T | <Not2243M

log(2 +T) > sup (8) [[Z%wk—1(8, )|l oo
o +u<[(No+21+3M) /2] +3 0S5ST

+ Z sup (s) HZawg(s, )HOO

ol <[(No+21+3M) /242 O=*=T
+ sup > [0%uo (s, )l

0=8ST |4 <[(No+21+3M) /2]+4

~1/4 gay, —1/4

+ Z H<x> w"f‘l‘ L2([0,T) xR3\K) + H<$> wk_l‘ L2([0,T) xR3\K)

lo| < No+2143M

- s S 10%ug(s,)ly | x
4.
(4.93) 0§8§T|Q|SNO+22+3M

D
o 4+-u<[(No+214+-3M) /2]+3
pn<1

L2([0,T]xR3\K)

+ > )77 1z
o +u<[(No+21+3M)/2]+2
pu<l

L2([0,T]xR3\K)

+ sup > 10%uo(s; )l

<s<
0Ss<T ) <[(No+21+3M) /2] +4

S DR [ Rar

|| <No+214+3M

L2([0,T]xR3\K) .

D
||+ <[(No+214+3M)/2]+3
pn<l1

L2([0,T]xR3\K)

+ sup Yo 10%uo(s, )l

109



+log(2+4+1T)

|a -+ < No+214+3M
<1

> sup (s) [ 29w a(t )l + sup D0 [|0%uo(s
lo|<[(No+21+3M) /2] +1 OSEST 0<s<T'| | < Nyt 25+3M
+ sup > [0%[E, muls, )l
0<s<T' || <No+2143M
< Ce (T2 My(T) + Ce (TY/? + Cye.
To control the second term in (4.91), we note that
S 00w
|| +p<No+214+2M
pu<l
S| X [l X el Y (0%l |
|| <No+214+2M p<l || <No+22+2M
pu<1
S wewals Y |peu

> sup || Z*0%wi (¢, )| 12 0.1 xmo\ i) X

0<t<T
p<

oo+ < [(No+21+2M) /2] +1 o 4+-u<[(No+21+2M) /2]
<1 pn<l

(4.94)

>

|0%ug

|| <[(No+214+2M) /2] +2

>

la|<No+21+2M

|0%wj, > | L 0% wp—1 | +
lar|+u< [(No+21+2M) /2]+1
p<l

+ > | L* 0wy, > 0wy +
||+ < No+214+-2M lor| <[(No+21+2M) /2] +1
pu<l
+ Z |0%[0, n]ul .

la|<No+21+2M
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la|<No+23+2M

>

|a|<No+23+2M

sl

|0%ug

|0%ug|




Applying Lemma 4.6, (4.94) and (4.1), we also see that the second term on the right hand side
of (4.91) is controlled by

(4.95)

> @ el

|a|+pu< No+214+2M
pu<1

—-1/4 v
L2([0,T] xR3\K) + ; H<x> L wk*l‘ L2([0,T] xR3\K)

+ sup > 10%uo(s, )l | x

0<s<T') < No+22+2M
sup > | L Z % wg—1(8, )|
0<s<T

o +u<[(No+214+2M) /2]+3
p<l

+ sup > |22 (s, )],
0Ss<T | |4 u<[(No+214-20) /2] +2
p<l

T o > 0 uo(s, ),

0=s<T ) o <[(No+21+2M) /2] +4
> sup_[|L#0%wy(t, )],

lal+u<Not+21420 OSIST

pu<1
~1/4 a )
X H x VA wk_1’ + sup 9% ug(t,
Z < > L2([0,T)xR3\K) 0<t<T Z H ( )HQ

la| <[(No+214+2M)/2]+3

+ sup Z 1070, mlu(s, ),
0<s<T' | o)< No+23+2M

+ Z H<x>_1/4 0wy,

|a|<No+20+2M

la|<No+25+2M

L2([0,T]xR3\K)

X > sup ||LFZ%wg—1 (L"), + sup Yo l0%uo(t )l

o+ u<[(No+21+2M) /2]+3 OStST OSIST |4 <No+25+2M

< Ce (T2 My(T) + C(TYY? + Che.

Therefore, from (4.90)-(4.95), for T' < T, and for € sufficiently small, we see that

(4.96) ITT,(T) < C(TYY2 2 + Ce (T)/? My(T) + Cie.
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4.2.4. Term IV Bounds. To control term IV (T'), we shall apply an argument that is almost
identical to the one used to control I (7"). We shall again first consider the case where || = 1,2
for the first term in I'Vi(T). By (3.20), it follows that for e sufficiently small and 0 < t < T,

we get the following inequality:

(4.97) (5mIaX{c%,6;2})_11/]\1,,/1271@)S S HL“Zo‘aﬁuﬁc(t,-)HQS5mfax{c?,cl_2}Y]\1,7/127l(t).

la|+pu<N
1BI<1
p<l
By Theorem 3.9, we see that
(4.98)
1/2
OVNon1n(®) < OV () Y B Er2e0%ut)|
|a|+pu<No+11+M
IBI<1
pu<l
2
FO L Y@ O [0 e
|a|+pu<No+12+M
p<1
Applying Gronwall’s inequality, for T' < T¢, we get
(4.99)
T
sup Yng41140,1,1(¢) SC'/ > Ygs1140,1,0(5) " HDVL“ZC@BW(S, -)H2 ds
Ost<T O |al+u<No+114+M
18I<1
pu<l
/2
+C Z HLuaaukHLZ([O,T}X{|Q:|<1}) + C¥No+11401,1,1(0)-
|o|+p<No+12+M
pu<l

The first term in the right hand side of (4.34) is controlled by

1 T
(4100) — sup YN0+11+M,1,1(t) +C / Z HD’YL“ZQaBUk(S, )H2 ds
0<t<T O |al+u<No+11+M
18]<1
<1
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The first term in (4.100) can be bootstrapped back into the left hand side of (4.99). Thus, we

get
(4.101)
1/2
> |rzoues], s a0 X [rzee),
|a]+pu<No+11+M |a|+p<No+11+M
1B1<1 |BI<1
p<1 pu<l
< Yvgs114a1,1,1(0) 2
T
+/ 3 HDA,L“Zaﬁﬁuk(s,-)HZ ds
O |a|+u<No+114+M
1BI<1
pu<l
/
+ > 1 o ety
|| +u<No+12+M
p<1
+ Y HLﬂzaaﬂug(t,-)Hz.
|o|+u<No+114+M
8<1
p<t

By (4.97) and (4.1), it follows that

Ynorrnna©)'2+ 3 [pzeotue )| < o
(4.102) lo|+u< No+114+M

IBI<1
p<l

If we apply Lemma 3.11 to third term on the right hand side of (4.101), we see that this term

satisfies the same bounds as term IT1;(T).
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then by (4.1) and (4.102), it follows that the right hand side of (4.101) is controlled by To

control the term involving [1,, we apply Lemma 4.3 to see that

(4.103)
3 ‘DVL“Zo‘aﬁuk‘ < 3 ‘L“’Z“@Bwk_l‘ x
|a|+p<No+11+M || +u<No+11+M
|81<1 |8]<2
pu<l pu<l
Z ‘Zo‘aﬁwk,l‘ + Z ’Za(‘)ﬁwk‘ + Z ’Za’u,()‘
la| <[(No+114M)/2]+2 la<[(No+114+M)/2]+3 o] <No+14+M
181<1 |8]<1
o D DR VA EE S AR P
|| <No+11+M || <No+13+M
|B1<2
S |prdeals o
o] +p<[(No+11+M)/2]+3 loe|+p<[(No+11-+M)/2]+4
[B]<1 I81<1
p<1 p<l

+ > |20

|| <No+144+M

+ 3 ‘L“Z“@Bwk‘ X
la|+p<No+11+M

1B1<2
p<1

3 ‘Z“&ﬁwk_l‘ Y 2%l

| <[(No+-11-4M) /2] +2 || <No+13+M
|8]<1
+ Y ‘Zaaﬁwk‘ 3 ‘LMZaaﬁwk,l.
la|<No+13+M la+u<[(No+114M)/2]+1
Bl<1 1l<1
p<l
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We will first demonstrate how to deal with the term in the sixth and seventh lines of (4.103).

If we apply Lemma 4.4 and Sobolev embedding, it follows that

T
A SR PR

|a|+pu<No+11+M

[Bl<2
n<l1
x > ztwes| X 1z )l | ds
la|<[(No+11+M)/2] || <No+13+M
181<2
(4.104) < Clog(2+4T) sup Z HL"Zo‘ﬁﬁwk(s,-)H X
0<s<T 2
|a|+pu<No+11+M
|B1<2
p<l
sup 3 <s>Hzaaﬁw,€_1(s,-)H +osup > 2%, )l
0Ss<T ) 4|<[(No+11+M) /2] %0 0SsST | < No+154 M
[Bl<2

< Clog(2+ T)eMy(T).

Using the same argument, we see that the terms in the first and second lines of (4.103) result
in quantities that are controlled by Clog(2 4+ T)e? 4+ CeM;,(T). If we apply Lemma 4.6 to the
last line of (4.103), we see that these terms can be controlled by C (T)Y? eM;(T). Using the
same argument, it also follows that the remaining terms in the right hand side of (4.103) result
in quantities that are controlled by C' (T)l/2 e+ <T>1/2 €My (T'). Combining these arguments
with (4.101)-(4.104), we obtain the bound

sup 3 HLuzaaﬂw;(t, )H < C(TV2 & 4 C(TYY2 My (T) + Cre,
(4.105)  OSIST || pu<No+ 114 M 2
81
pn<l

for T <T..

115



We now turn our attention to the weighted term in I'Vi(7') in the case that |3] = 1. We
apply Theorem 3.10 to see that

> @z

|a|+pu<No+11+M
pn<1

T
s[0X 1Dt d
0

\a|+u<No+11+2M

/ ST Dz 0w, )l ds

|o¢|+u<Ng+11+M

L2([0,T]xR3\K)

(4.106)

+ > I L# 0 Owg| 210,11 x5\ k) -

|a|+pu<No+11+M
n<1

First observe that the first and third terms in the right hand side of (4.106) are controlled by

the right hand side of (4.91), which we proved is controlled by (4.96). Since the quantity

E |L* Z“Chwy|
|a|+pu<No+11+M
pu<1

is also controlled by the right hand side of (4.103), it follows from the preceding arguments
that the second term in the right hand side of (4.106) is controlled by the right hand side of
(4.105). Thus, we conclude that that

Z <T>—1/4 H<x>—1/4 LA 7%

|| +p< No+114+M ’ L20.TIxRAC)
(4.107) Tp<l

< (T2 + C(T)Y? eM,(T) + Ce.

To handle the case || = 0, we observe that due to arguments used to bound term IT(T),

it suffices to consider only the terms in IV (T") where u = 1. We split the terms into two pieces:

> [sup 122w (2, )y + (1) (@)™ Lzw

L2(]0,T] xR3 IC]
la|<No+10407 LOSIST ([0, T]xR3\K)

(4108) = > [sup ILZ%we(t, )l + (1) (@) 7/ L2
la|<No+o+M LOSIST

Y [sup 1222 wn(t, )l + (1) || (@)™ 20w
la|]=No+104+M LOSEST

L2([0,7] ><]R3\IC)]

L2([0,7] ><R3\IC)]
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We will deal with the first term on the right hand side of (4.108). Applying Theorem 3.12, we

see that it is controlled by

o
DR g AU PR
|a|+pu<No+104+2M
p<1

T
4 / ST e Tun(s, ), ds
0

\a|+u<No+10+2M

/0 3 H ()2 LR 20T (s, .)‘

\a|+u<N0+10+M

(4.109)

ds
LILZ(|z[>2)

+ > [ L0 Owl| 12 (j0,11xR3\ k) -
||+ u< No+9+ M
p<l1

We see that the first term on the right hand side of (4.109) is bounded by term I1I;(T"). We
can also see that the second and fourth terms on the right hand side of (4.109) are controlled by
the right hand side of (4.91). Since both (4.80) and (4.90) are controlled by (4.96), it remains
to bound the third term in (4.109). We see that

/O S H ()2 LB 20T (s, .)‘

|a|+u<No+10+M
n<l1

(4.110) /0 > H<:1:>’1/2 LM Z°Qu(s, ‘)‘ .

|a|+p<No+10+M
n<l1

1 D S (R RO

|| <No+10+M

ds

LA (|2]>2)

ds

LZ(jz[>2)

Ly L3 (|=[>2)

By (4.1) and the fact that we are assuming the initial data (f, g) are compactly supported, the

second term on the right hand side of the preceding inequality is controlled by Cie. If we apply
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Lemma 4.3, we see that

(4.111)
3 ILFZ2Qy] < 3 ’Lﬂzaaﬁwk_l} x
|| +p< No+104+M ||+ 1< No+10+M
p<l 181<1
pu<l
Z ‘Zaﬁﬂwk_l‘ + Z ‘Z“E)Bwk‘ + Z ‘ZauO|
|| <[(No+104+M) /2] | <[(No+104+M) /2] || < No-+12+M
1BI<1 1B1<2
+ Z ‘Z“Gﬁwk_ll + Z | Z %] | X
|| <No+104+M || <No+12+M
|B1<1
S ‘L“Z“@ﬁwk_l‘ + 3 \Lﬂzaaﬁwk(
|| +p<[(No+10+M)/2] |er|+p<[(No+10+M) /2]
BI<1 1B1<2
k<l pu<l
+ ) 12l
|| <No+13+M
+ Y ‘L“Zaaﬁwk‘ X S ‘Za(‘?ﬂwk_l) + Y 2%
|o| 1< No+10+M || <[(No+10+M)/2] || < No+124M
1B81<2 1BI<1
pu<1
+ Y ‘Zaaﬂwk‘ 3 ‘L“Zaaﬁwk_l‘.
|| <No+10+M |a|+u<[(No+10+M)/2]4+1
|B<2 \ﬂ|<§11
p<

Applying Lemma 4.5 and (4.111) in the same manner used to obtain (4.49), we see that the first
term on the right hand side of (4.110) is controlled by C <T>1/2 e Mi(T)+C (T>1/2 €2. Thus, it
follows from (4.109)-(4.111) that

D sup || LZ%wy(t, )|, + (1)~ H () 114 Lzawk‘
(4.112) la|<No+9+M LOSEST

< C(TYY? &+ C(T)Y? eMy(T) + Cye.

L2([0,T]xR3\ic)]
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To deal with the case where |a| = Ny + 10+ M, we consider the cases: |z| < 3 and |z| > 2.

Since it is the case that

Z sup ||LZ 'UJk?( )HL2 (|z|<3) + —1/4 LZaU)k ]
|a|=No+10+M L<t< H ‘ L2([0,T]x{]z|<3})

< su LPO%w, + —1/4 Lrooy),
4.113) = Z [ 1% H k(t HL2 z|<3 k
L) N0 0T e L2([0,7]x{||<3})

pu<l
+ sup t*of'w oleg) T —VA gy ,
Z 2 10004 2 ) ¢ 2

if one applies Lemma 3.2 to the term in brackets on the last line of (4.113), one can see that
the left hand side of (4.113) is controlled by I11I(T).

In the case |z| > 2, we proceed just as in the arguments used in (4.53)-(4.65). First we fix
a cutoff p € C°(R?) such that p(x) = 0 when |z| < 1 and p(z) = 1 when |z| > 2. If we let
vg = pwy, it follows that vy solve the boundaryless wave equation given in (4.53) with vanishing

initial data. If we fix o where |a| = Ng + 10 + M, we see that

O, (LZ%]) =

E
D ..
(4.114) ZZZ =) B (w1, uj_1)0:(LZu))

I . . . iy .
where R, . is a remainder term that includes some of the quantities that are easier to bound.
Just as in the arguments used to bound term Iy (7T), we note that Ei,k is a linear combination

of terms of the form

D 3
(a.115) S 128 (o1 = B g1 y)) L Z 0y,
J=14,j=0

where |5] + |v| = |a|, |7] < ||, and p1 + g2 = 1, and of the form

LZ% (p(1 = ) A" (up—1,up_1))
(4.116) Z Z 9; ( n) B (wy,_y,uf,_)) LZ%0ui,
J=11,j=0

LZ%(p[Oey, nju').
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We write LZ%vy, = vy i, + V2 i, + U3k, where Uy j solves the boundaryless wave equation [vy ;, =
R, ), with vanishing initial data and vy, solves Ovg, = LZ*[—2V,p - Vywi, — (Ap)wy] with
vanishing initial data.

To handle, Ty 1, we apply (4.115) and (4.116) to see that

Rak| < > |powa|+ Y |7 |

|8|+1u< No+11+M |B|<No+124+M

[v]<1
pu<l

3 ‘Lﬂzﬁmwk_l‘
|Bl4+1<[(No+114+M) /2]

[v1<2
pu<l

6 5
(4.117) + 3 ’L”Z mwk]Jr 3 ’Z uo‘

|B]+u<[(No+11+M)/2] |BI<No+124+M
lv|<2
pu<l

+ 3 ‘Lﬂzﬁmwk’ x

|Bl+u<No+114+M
[v1<1
<l

3 ‘L“Zﬁmwk_l‘ 3 ‘Zﬁuo‘

[Bl+p<[(No+11+M) /2]+1 |BI<No+12+M
[y|<2

pu<1

+ Z ‘ZB[D,U]U‘.

|B|<No+12+M

One then applies Corollary 2.11 and (4.117) to 71 ;. By (4.1) and Sobolev embedding, the term

involving [, n]u in (4.117) is controlled by

T
D S LX)

L2(|z|<2)
\B|§N0+14+M
(4.118) ,
—1/2 981 - ( ds < C
[y J@rremmu|,,,, b <o
|B|<No+14+M
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since the initial data are compactly supported. If we apply Lemma 4.5, we see that the remaining

terms that result from (4.117) are controlled by

(4.119)

iy ]|
T L*ZP 9wy, + su ZPu
Z H< ) Rl 2 0,1 xr3\K) ogth ot®

|Bl+p<No+11+M |B|<No+12+M
it
p<

Z H<x>_1/4 L“Z687wk_1‘
[Bl+u<[(No+11+M)/2]+3

[v]<2
pu<l

L2([0,T]xR3\K)

/4 7By ’ Hzﬁ H
+ > H<$> Twy L2(0,T] xR3\K) + ooty uolt

la|+p<[(No+11+M)/2]+3 |B|<No+14+4+M
[v|<2
p<l

+ Y H(:c>_1/4 L“Zﬂmwk‘

|B|+ < No+11+M
[vI<1
pu<1

X
L2([0,T]xR3\K)

Z H<IL‘>_1/4 L“Z667wk_1‘
|8]+1<[(No+10+M)/2]+3

lv[<2
pu<l

L2([0,T]xR3\K)

+ Z sup HZﬂuO H
|B|<No+14+M OSEST
which is controlled by C (T)Y? €2 + C (T)'/? My (T).

For any fixed 1 < I,J < D and 0 < 4,j < 3, there are constants Cij’IJK,Béj’IJK be
the same constants as in (4.58). Consider the following boundaryless wave equations for fixed
w0, 1,J K,

(4.120)
O, 03 (t2) = 320 COITK 9 (p(1 — )l 0:(LZ%u))),  (t,z) € [0,T] x R?,

@ZQIkJK( 7'r) = 8t61211gJK(07x) = 07
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and
(4.121)
O, 055t 2) = 3550 B R 0;(0(1 = mauf,0i(L2°w])),  (t,2) € [0,T] x R?,

ZhLTK G IJK,L
Uy'h (0,2) = ('?vzk (0,z2) = 0.
We note that

3
(4.122) o = Z Z (zIJ Z IJKZ)

J,K=11=0 /=0

We will deal with the terms of the form v;’i‘]K in (4.122). The remaining terms can be bounded

similarly. If we apply Theorem 2.18, we get

S / HDc,v;iJ%,-)HQ ds
0

[l X |z, o

|B8l+u<No+11+M

2,k

z IJK H _1/4 H<$>—1/4 oI K

L2(]0,T]xR3\K)

(4.123) psl
S1og(2+T) sup (s) lug—1(s,)llo X
0<s<T
sup Z HL“Z*BUZ(S, )H2
0=s<T g4 u<No+114M
pn<l

<log(2+ T)e* +log(2 + T)eMy,(T).
To control the terms involving v3 x,
1/4 ||
(4.124) sup ||U3 k(t, )||L2(\x|<3) +(T')~ ||U37k||L2([0,T}X{|x|<3}) )
0<t<T
we use the exact same argument used to control (4.63). It follows that

oS0, 12503l Mezaics) + 12705 01 20,175 1a1<a)

< Z HL“@ﬂwz

|Bl+1< No+10+M

(4.125)

L2([0,T]xR3\K) ’
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which is controlled by term III;(T). Thus, the arguments made in (4.113)-(4.125) show that
if the index « is fixed so that |a| = Ny + 10 + M, then we get the bound:

>71/4 H<m>71/4 Zo‘wk‘

sup 1 Z%wk(t, ) L2 o\ k) +

0<t< L2([0,T]xR3\K)

(4.126)
< C(TYY? &+ C(T)Y? M (T) + Che.

Therefore, by (4.107), (4.112) and (4.126) it follows that for T < T, and e sufficiently small, we

have
(4.127) IVi(T) < C(TY? & + C(TY? eMy(T) + Che.

4.2.5. Term V Bounds. To bound Vj(T'), we shall apply Theorem 3.13 to see that

dy ds
/ / L zeQy
R3\K |y

|a\+u<N0+6+M
n<l1

/0 > IRkl aersyipai<ay) 95

|Oé|+,u,<N0+3—|—M

/ /. 10°(0, mju(s, y)| 22
R3\K Y|

|a|<N0+6+M

/ Z 10%[03, nul| 12 ({zeR3\K:|z|<2}) ds.
O |a|<No+3+M

(4.128)

By (4.1) and the fact that the initial data are compactly supported, it follows that the last two
terms in this inequality are bounded by Cie. Thus, it remains to bound the first two terms in

(4.128). We apply Lemma 4.3 to see that

> D" Z°Qr| < > LM Zwea |+ Y |2

|a|4+p<No+6+M || +u<No+7+M || <No+8-+M
pu<l pu<l
(4.129)

+ > |L* Z %)

|oo|+pu<No+8+M
pn<l1
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Applying Cauchy-Schwarz, the terms that result from the right hand side of (4.129) are con-
trolled by C(T)/2 €2 + C (T)Y/? eM},(T). We observe that the second term in (4.128) is con-
trolled by the first term in the right hand side of (4.91), which is bounded by the right hand

side of (4.96). Therefore, we see that for 7' < T, and e sufficiently small, we get the bound
(4.130) Vi(T) < C(T)Y? € + C(T)V? M, (T) + Che.

4.2.6. My (T) Bound. For the remainder of the proof, we will assume that C,C in (4.131)
are fixed constants that do not vary from line to line. The reason we have made the distinction
between C' and C; throughout this proof is that we need to insure that our constant B is
independent of k. We will now prove that for € and c¢ sufficiently small, B = 2C'; is a constant
for which (4.5) is true for all k. This would guarantee that B is independent of k.

If we use the uniform bound on the local solution (4.1) and the induction hypothesis (4.5),

then it follows from our previous arguments that for k£ > 1,

(4.131) M(T) < C(TY? & + C(TY/? eMy(T) + Che.

We note that <T>1/2 e < e+ +/c, where ¢ is the constant appearing in (1.9). If we set

(4.132) ¢ <min{1, C;}/(1024C?),
and let
(4.133) e < min{1, C;}/(32C),

then we see that C' <T>1/2 e <min{l,C}/16, where C is the same constant appearing in (4.131).
Thus, from the preceding argument and the fact that we assumed that ¢ < 1, the following

inequality holds:

016 Mk(T)
M (T —_—
(1) < 16 + 16 + Cie
This implies that
1
Mp(T) < 7g16 < 2C4e = Be

This completes the proof of (4.5) for all k.
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4.3. Conclusion

Now that we have shown that the sequence {wy} is uniformly bounded in X7, we are ready
to prove existence in a slightly larger Banach space Y7 such that X7 < Y7. We define Yr to
be the space of functions whose topology is given by the following norm:

4.134 ||U||YT = Z sup [[0%v(t, ')||L2(R3\IC)‘
( ) laj<104 0 OSEST

We also define the quantity
AT) = Y sup [[0%w(t,-) = 8w (t, )| 2o i)
laj<t04ar OSIST

+ 30 )@y o wn — wne)|

o] <2

L2([0,T]xR3\K)

We shall show that for e sufficiently small that for & > 2,
1
(4.135) A(T) < 5 A1 (T)-

One can easily see that since A;(T") < M;(T") < Be. If one were to prove (4.135) as well, then
one could show that Ay (T) < (1/2)*~!Be for all k. Consequently, this would mean that the
quantity

[wj — welly,

could be made arbitrarily small for values of j, k that are sufficiently large. Thus, {wy} would
converge in Yr.
To begin proving (4.135), let us observe that there exist constants A//K AWK AGIIK for

1< J, K<Dand0<i,j <3 such that

D 3 3
AI(Q}, 1}/) _ § AIJKUJUK + § AZ,IJKUJal,UK + § Aij’IJKaﬂ}Jaj’UK ,
JK=1 =0 i,j=0

where A! are the quadratic forms appearing in (1.2). It should be mentioned that while these
calculations are done specifically for trunicated quasilinear terms, they can be done for general
quasilinear functions Q(u, ', u”) that are smooth, vanishing to second order and are linear in

u”. This is due to the fact that the higher order terms that are not present in our calculations
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are O(€?) and are, thus, easier to control. It follows that

I / I /
A (ug, up) — A (up—1, U 1)
D 3 3
_ AVE K ALIIE g K Azg,]JKaiuJauK
Uk kOl kO U
JK=1 1=0 i,j=0

D 3
1IK ] LITK K G, ITK 5, K
- Z A o1+ ZA 10y + Z AR Ogu,_y Ojuy

JK=1 i,j=0
(4.136) D
= Z [AUK ((Ui - Ui—l)“? + Ui—1(“kK - UkK—l))
JK=1
3
+ Z ALTIE ((Ui - Ui—ﬁaluﬁ( + Ui—ﬁl(“? - Uk;K—1))
1=0

+ Z AP, (uf] = wil_y)Ojuy + Qw1 0;(uf — ujy))
i,j=0

Hence, it follows that for N > 0,

Z ‘8 (ug, uy) A(Uk—lauzfl))‘

la|<N

(4.137)
S Y o —wedlx Y (107w + 07wl ).
o <N+1 |BI<N+1

Secondly, we compute O, (wy — wg—1):

Dcl(wi - wlifl) =(1- n)[QI(ukfl, Ugﬁp U/k/) - Q[(Uk—zv u%,Q, ulkLl)]

= (1 - n)[AI(uk*h u;c—l) - Al(uk*% u;c—2)]
D

3
+(1=m)) > B (wpy, uj_1)0i05uil

J=01,j=0

D 3
) Z Z B! (wg g, uj_5)0i0juj._,

J=04,j=0

= (1= m[A (up—1, 04 1) — A (w2, 1} )]

(4.138)

D 3
+(1—-n) Z Z B9 (ug g — up_g,uf_q — u)_s)0i05uf
J=04,j=0

Z ZB”U (up—2, wp— 2)8‘9( —Uk; 1)-

J=01,7=0
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We will again be needing to use the energy estimate for perturbed wave equations from Theorem
3.1. If we set

,yz‘jJJ(t’w) =—(1- n)Bij’U(Uk—Q,UZfz)a

then it follows from (4.138) that

Oy (g, = up—y) = (1= m[AT (w1, w—y) — AT (2, uj_)]
(4.139) D 3
Z Z B9 (ug g — up_g,uf_q — u)_o)0;0;uj.
J=01,j=0

Thus, it follows that for NV > 0,

Z ]D@O‘(uk — uk,l)]

la| <N
(4.140) S O 10w —wmeen) XY (yaﬁuk| + |85uk,1\)
|| <N 42 |B|<N+1
+ ) 0% (ke —up—2)| X Y (!5’6Uk|+|35w—1\>,
\aISNH |BI<N+2
and
> 10,0% (ur — uks))|
la|<N
(4.141) SO 0%k —we—n) XY (|85uk| + |8Buk_1|)
lo|<N+1 IBI<N+1
+ Z |0%(ug—1 — ug—2)| % Z (’8’8'&“ + |8ﬁuk_1‘) .
|| <N+1 |BISN+2

If we apply Proposition 3.3, we see that

sup Z 0% (up — wr—1)'(t, ) ||, S Z sup H@j wup — up_1) (t, )H

2
0<t<T || <9+M J<O+M 0<t<T

(4.142)
+ Z sup [ 0°0(wr — w—1)(t, ) |5 -
jaf<sta OSIST
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If we apply (4.140) for N = 8 + M and Sobolev embedding, we see that

S 107Dk — wien)(t )]l

|| <8+M
<G X 0 — w3 ([Ptue), + [oPua o))
(4.143) la|<104+M |8|<11+M
FC0 D 0w — )t o ([0t )|, + 00wt
|| <9+M |8|<12+M

< CgGAk_l(T) + CgGAk(T),

where ('3 is a positive constant that is allowed to vary from line to line. Thus, the second term

in (4.142) is controlled by CseAy_1(T) + C3eAr(T"). We set
EN(t) = EN(wk - ’u)kfl)(t),

using the notation from (3.6). From our uniform bound (4.5), for e sufficiently small, just as in

(3.20), we see that
(4.144) (5m?x{cf,cl 1E1/2 Z H@J up — up—1) (, )H2 < 5HlIaX{C[,CI_1}E]1V/2(t).
J<N
By Theorem 3.1, it follows that
1o 9+M )
O [EQ—/&-M(t)] < Cs Z HDvag(Uk — up—1)(t, )H
=0

(4.145) 2

+Cs |7/ (1) Ealfa (-

By our uniform bound (4.5), we know that by (4.14), for T < T,

T
/0 7/ (t,)] o < Cs,

which is independent of T.. Applying Gronwall’s inequality and (4.14), we see that

t 9+M

(4.146) B2, (1) / Z HD & (e — 1) (s, )H .

2

By (4.141), (4.144), (4.146) and Lemma 4.4, it follows that

447 Y Ha{(uk — ) (t, -)H2 < Cselog(2 + T)A(T) + Cselog(2 + T) Ay (T).
J<9+M
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To deal with the weighted terms where at least one derivative is being applied to up — ug_1, if

we apply Theorem 3.10, we get the bound

(4.148)

—-1/4 —1/4 qa _ o] _ t.- t
2T H O (g — - 1)‘L2([0T]XR5\IC) /0 2 100w —ue-1) (8l @
lo|<1 || <M+1

+ > 10°O(ur — uk—1)| L2 0.1 <\ -
lal<1

Applying (4.140) and Lemma 4.4, the first term in the right hand side of (4.148) is controlled
by Cselog(2 +T)Ak—1(T) + C3log(2 + T)eAr(T). Applying (4.140) where N = 1 and Lemma
4.4, we see that the second term in the right hand side of (4.148) is controlled by CseA;_1(T) +
C3eAg(T). To control the terms where no derivatives are being applied to uy — ux_1, we apply

Theorem 3.12 to see that

(4.149)

e V(4 Ty (@) ™Y (g — g
OzlgTH(uk up—1)(t,)lly +(T) H<x> (ke = 1)‘L2([0,T]><R3\IC)
< su foin| U —Uu i,
N0<t£T Z | k= uk—1)(t ) o

la|<M

dt

T
s 3 1B )ty | 200~ woie)

la|<M

Ly L3 (|=[>2)

+ 18wk — we—1)l| L2 (0,11 x R\ k) -

The first term on the right hand side of (4.149) is controlled by the left hand side of (4.143),
which is bounded by CseA(T") + C3eAr_1(T"). Applying (4.140) and Lemma 4.4, the second
and fourth terms in the right hand side of (4.149) is controlled by CseA;_1(T) + Czelog(2 +
T)Ap—1(T) + C3eAp(T) + Cselog(2 + T) Ax(T). If we apply (4.140) and Lemma 4.5, it follows
that the third term in the right hand side of (4.149) is controlled by

T
| 2 00m = w0

< (3 Z H —1/4 8a uk - uk,l)

|| <2

= (Jo 2o

LiLg(|=[>2)

X
L2([0,T]xR3\K)

+ H<x>*1/4 Zﬂuk_1]

L2([0,T]xR3\K) L2([0,T) ><]R3\IC)>

181<3
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+ C3 Z H A gy — Uk—Q)‘

la|<2

= (ot

< C3e (TY/2 e A(T) + Cse (TYV? €Ay (T)).

L2([0,T]xR3\K) .

+ (@) 2w |

L2(]0,T]xR3\K) L2([0,7] ><R3\IC)>

181<4

Recalling that € is small enough so that log(2 4+ T') < (T)'/2, it follows that
AR(T) < Cse (TYY? Ay(T) + Cse (TY? A1 (T).

To finish the argument, we now fix C5 so that it no longer varies from line to line. We also

make c, € possibly smaller by requiring that c, e must also satisfy
c < 1/(1024C3),

and

€ < 1/(3205).

We get
Cse (T)Y? < 1/4.

From this bound, we see that
which implies that

Therefore, we have proved (4.135). From this, we conclude that {wy} converges in Yp. If
D'([0,T] x R}\K) is the space of distributions on [0, T] x R3\K, then it follows that u; — u in
D'([0,T] x R3\K) implies that Duy — Ou in D'([0, 7] x R3\K). Thus, to see that u actually

solves (4.3) in the classical sense, it suffices to show that

Qug—_1,up,_q1,u) = Qu,u/,u"), in C([0,T7; LQ(R?’\IC)).
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This follows from the fact that @ is smooth in its arguments and from the boundedness of
{ur} and u in Y7. Using standard local existence theory (see Theorems 9.4 and 9.5 in Keel,
Smith and Sogge [27]), it follows from the fact that the initial data (f,g) are smooth that
u € C*([0,T] x R3\K).
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