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ABSTRACT

YUNXIAO LIU: Essays in High-frequency Financial Econometrics
(Under the direction of George Tauchen and Chuanshu Ji)

With the advent of intraday high-frequency data of financial assets since the late 1990s,
the research of financial econometrics has entered into a “big data” era. New theoretical
techniques using the theory of continuous time stochastic processes has been extensively
developed, and new empirical evidence has been documented. In particular, due to its
far-reaching applications in various fields such as risk management and option pricing, the
study of volatility, which quantitatively measures the uncertainty of prices of financial as-
sets, has drawn substantial attention from researchers and there has been a large amount
of literature devoted to this topic, including both modelling and prediction. In this dis-
sertation, we are firstly concerned with the statistical inference of the so-called integrated
volatility functionals, which is a general class of quantities that are computed from volatil-
ity. Secondly, we also devise a simulation method to recover the probability distribution of
prices of financial assets by taking advantage of the information contained in sampled price
data.

Accordingly, the dissertation consists of two parts. In the first part, we focus on the
estimation of integrated volatility functionals, where the volatility process is assumed to
be a long memory It6 semimartingale (LMIS), which is defined as the sum of an It6 semi-
martingale and a process satisfying certain regularity assumptions that in particular is able
to capture the long memory property of financial volatility that has been vastly documented
in literature. We provide central limit theorem (CLT) in such context. Furthermore, un-
der the such LMIS assumption, we consider both parametric and nonparametric bootstrap
inference methods of integrated volatility functionals, and we show the validity of both
bootstrap methods by providing CLTs. Furthermore, with the usual assumption of volatil-

ity being It6 semimartingale, we consider an empirical-process form of integrated volatility
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functionals, and offer functional CLTs when the indexing parameter is of arbitrary finite
dimensions. We also consider bootstrap inference in this empirical-process setting.

In the second part, we consider Euler method with estimated spot volatility, from which
we are able to regenerate and realize the stochastic dynamics of price of financial asset by
taking advantage of the information contained in the observed prices. We provide both

theoretical foundation and empirical application of this method.
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CHAPTER 1

Introduction

With the advent of intraday high-frequency data of financial assets since the late 1990s,
the research of financial econometrics has entered into a “big data” era. New theoretical
techniques using the theory of continuous time stochastic processes has been extensively
developed, and new empirical evidence has been documented. In particular, due to its far-
reaching applications in various fields such as risk management and option pricing, the study
of volatility, which quantitatively measures the uncertainty of prices of financial assets, has
drawn substantial attention from researchers and there has been a large amount of literature
devoted to this topic. In this Introduction, we offer an overview of the dissertation including
the basic set-up, the research questions we are to explore, the main results we have obtained
and a direction of future work.

We start with the basic statistical setting. For simplicity, we only consider one-
dimensional case in the Introduction and the multivariate setting will be discussed in the fol-
lowing chapters. Consider a filtered probability space (€2, F, (F¢)¢>0, P) satisfying the usual
conditions (see e.g., (Jacod and Shiryaev, 2003)), on which are defined a one-dimensional
Brownian motion W and a Poisson random measure y on Ry x E with deterministic inten-
sity v(dt,dz) = dt ® A\(dz). Here E is a Polish space. As is usual the case (e.g. (Ait-Sahalia
and Jacod, 2014)), we model the logarithm of the price process X; of a given stock as an

1t6 semimartingale in the following Grigelionis form:

t t
Xy =mo+ / beds + / osdWs + (61 51<1y) * (0 — )¢ + (61 s)>1)) * vt
0 0

where o is an R—valued predictable (or simply progressively measurable) process on
(Q, F, (Ft)t=0,P), and § is a predictable R—valued function on € x Ry x E. Through-

out the dissertation, all stochastic processes, unless otherwise specified, are assumed to be



Figure 1.1: A typical price path and return
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(a) The price path and returns of SPY from 01/03/2007-12/31/2015, based on 5-min data.

cadlag adapted and hence locally bounded. A typical stock price path can be seen from
Figure 1.1.

In finance and econometrics, the process oy is called the spot (or local) volatility of X,
and accordingly the spot (local) variance process is defined as ¢; = o7. Since mathematically
the sign of o; cannot be identified and ¢; is always nonnegative, it is more straightforward
to consider ¢; in study, which, abusing the terminology, we still call volatility. Moreover,
since ¢; is latent (not observable), it can only be recovered by using the data of X sampled
with high-frequency via certain statistical estimation procedures.

A typical high-frequency sampling setting goes as follows: given a fixed time span
[0, T, which typically can be a trading day, the price process X is discretely sampled with

equidistant step size A,. Hence for any ¢ = 1,2,...,[T/A,], the log-return of X over



interval [(i — 1)A,,iA,] is given by
APX = Xin, — X(—1)A,-

We consider infill asymptotics where the mesh A,, of grid of sampling asymptotically tends
to 0 as n — oo.

Recall that in a traditional “low frequency” setting, the daily risk has been measured
using daily squared returns, see e.g. (Engle, 1982) and (Bollerslev, 1986), or daily range
(difference between maximum and minimum within one day), see e.g. (Alizadeh et al.,

2002). With the availability of intraday high-frequency data sampled as above, however, a

T
/ csds
0

and called integrated volatility, becomes prevailing. A consistent and efficient estimator for

new measure, which is defined as

the intergrated volatility is realized volatility, which is defined as the sum of squared intraday
returns. Such a method is proposed by (Andersen and Bollerslev, 1999) and popularized
by, e.g., (Andersen et al., 2001a) and (Andersen et al., 2003a). More generally, it would be

interesting to study the random object of the form

for some (possibly nonlinear) function g, which is called integrated volatility functional and
accommodates many quantities that are related to volatility, including integrated volatility
as a special case when g(z) = x. For other representative examples of g, see Chapter 3.
The first part of this dissertation, which includes Chapter 3, 4 and 5, focuses on the
statistical inference for S(g) under various conditions on the variance process ¢; and test
function g. More precisely, for given g, the estimator for S(g) can be constructed in two
steps: firstly, we nonparametrically recover the spot variance ¢; over the sampling grid by

employing a local average of sum of squared truncated returns (see (Jacod and Protter,



2012), Chapter 9 and 13), that is, for any 0 <i < N, = [T/A,] — ky, let

k
1 = n 2
G5 = A ; (A%5X) " 1giag,, Xli<un)

where k,, is a sequence of integers that goes to infinity representing the number of increments
employed in a local window and u,, determines the truncation threshold for eliminating
jumps in X, see (Mancini, 2001). Next, plugging the estimated spot volatilities into a

Riemann approximation framework, the estimator of S(g) is given by

[T/An]—=kn 1
Sn(g) = An Z <g(élAn) - kg,/(élA'rl)é’LzAn) ’ (11)
i=0 "

where a higher order bias term is subtracted off.

Assuming that the volatility process follows an It6 semimartingale, (Jacod and Rosen-
baum, 2013a) shows a CLT (see (4.5) in Chapter 4 below) for S,,(g) approximating S(g) with
rate v/A,, provided test function g and its derivatives satisfy a polynomial growth condition.
By a local spatialization argument, (Li et al., 2016a) extends the CLT result to the case of g
satisfying a much weaker condition given as Assumption 3.2.1, and (Li and Xiu, 2016) shows
an empirical-process-type CLT in a similar setting. However, all these results assume that
volatility process is an It6 semimartingale, which is actually not able to capture the long
memory property of volatility dynamics that has been widely documented in literature, see
for example, (Comte and Renault, 1998). In contrast, in Chapter 3 we derive the same CLT
result for S,,(g) approximating S(g) with rate v/A,, for a larger class of volatility processes:
we assume the volatility process follows a long-memory Ité semimartingale (LMIS) which
is given by

or =01t + 024,

where o1 ¢ is an Itd semimartingale and o9 ; can be a fractional Brownian motion or a Weiner
integral with respect to fractional Brownian motion. We state the result below, which can

be viewed as one-dimensional version of Theorem 3.4.1.



Theorem 1.0.1. Under Assumptions 3.1.1-3.4.1, it holds that

L (5u(9) - S(9)) £3 MN(0,V(g).

b

where MN(0,V) is a centered mized normal distribution with conditional variance
T 2 5
Vig) = /0 (9'(cs))” cids.

Here £ denotes stable convergence in law which will be elaborated in Chapter 2.

In light of Theorem 1.0.1, inference can be done for S(g): for example, one can con-
struct confidence intervals provided that the asymptotic variance V' (g) can be consistently
estimated, as Corollary 3.7 in (Jacod and Rosenbaum, 2013b). On the other hand, however,
a consistent estimator for S(g) is not indispensable to obtain confidence intervals for S(g),
as one may turn to bootstrap method.

In Chapter 4, under the assumption that the volatility process o; follows LMIS, we
propose algorithms for constructing confidence intervals for S(g) via both parametric boot-
strap method and nonparametric bootstrap method. Given bootstrap samples of returns
D; = {A7X*,i=1,...,n} generated either parametrically or nonparametrically, the boot-
strap estimator for S(g) is given by, not surprisingly, an analogue form of (1.1):

i [n/kn]—1 1
S0 =S (o) - o' @),

=0

where

kn
mn
n,i ki E zkn—l—j

n

are bootstrap spot covariance estimators using D). Here we take T' = 1,A,, = 1/n and
both ¢}, ; and Sy, (g; D},) are constructed over non-overlapping blocks [iky, /1, (i +1)ky/n] for
i €Z,=A{0,...,[n/ky] — 1}. Then the bootstrap confidence interval of coverage 1 — « is

formed as

[Sn(QS Dy) + gn(.g; Dn) - QI—a/2(Sn(g§ D:))a Sn(g; Dn) + gn(Q? Dy) — QQ/Q(Sn(g; ,D;kz))]v



where q,/2(Sn(9; D;,)) and q1_q/2(Sk(g; D;,)) are the a/2 and 1 —a/2 quantiles of S, (g; D;,)

respectively, computed from a large number of bootstrap repetitions, and

k
Sn(g; D ;" ZO

is the uncorrected estimator for S(g). Here we use D, = {A’X,i = 1,...,n} to denote
the set of original returns, in contrast to its bootstrap counterpart D;;. Theoretically, the
asymptotic coverage rate of 1 — « is guaranteed by Theorem 1.0.2. In the sequel, we use
Zn, E2 7 to denote L(Z,|F) N L(Z|F) for a sequence of random variables (Z,),>1 and
Z, namely, the conditional distribution of Z,, given F converges to that of Z in probability

under Prokhorov metric. Such a mode of convergence in commonly used in the setting of

bootstrap, as well as together with stable convergence in law.

Theorem 1.0.2. Suppose the Assumption 8.1.1-3.4.1, it follows that

Vit (8009 D3) = Sulg: D)) 5 MN0,V(9)),

where

T
Vi) =2 [ (o)’ s

Furthermore, we implement Monte Carlo simulation to study the coverage rates of
both the parametric and nonparametric bootstrap confidence intervals in finite sample, the
results of which validate our theoretical asymptotic result given in Theorem 1.0.2.

Chapter 5 considers a more general form of test function g. We focus on a functional

form of the test function g, namely,
g:Vx0 =R,

where V C R is the range space of spot volatility, and © C R9™ is the space of some
indexing parameter 6. So for each fixed value ¢, g(c, ) is a function over ©. For example,
when g(x) = exp(—uz) for u € (0,00), S(g) is the Laplace transform of the volatilty

occupation time (Todorov and Tauchen, 2012b), which summarizes the complete spatial



information of the volatility process within the time span. See also (Li and Xiu, 2016)
Section 3.3 for other econometric applications in this context.

Our goal is to (uniformly) estimate the quantity of the form

T
S(g:0) = /0 g(cs;0)ds.

Similarly as in (Li and Xiu, 2016), the proposed estimator is

(T/An]—kn

. 1 . .
Su(g:0: D) = Ay > (Q(Cmn; 0) — ?3029 (¢in,;0) CZZA”) -
i=0 "

Under the assumption that the volatility process o; is an Itd6 semimartingale, plus other

regularity conditions, we are able to obtain the following functional central limit theorem.

Theorem 1.0.3. Suppose Assumption 3.1.1 with o9 = 0, and Assumption 3.2.2. Moreover,
assume g : V x © = R satisfies Assumption 3.2.1 with respect to the first variate and is
continuously differentiable with respect to § € ©, where © C R¥™ s a compact set, with
dimf < co. Then the sequence Af,,l/2 (Sn(g;3Dn) — S(g;+)) of processes converges F—stably
in law under the uniform metric to a process £(-) which, conditional on F, is centered

Gaussian with covariance function Sy(-,-), where Sq(-,-) is defined as, for any 0,0" € ©,
T
Sg(e’ 9/) = 2/ acg(cs; g)acg(cs; HI)CzdS.
0

Furthermore, in this functional setting we also develop both parametric and nonpara-
metric bootstrap algorithms to conduct statistical inference as regard to S(g;-). The al-
gorithms are very similar to the ones in Chapter 4 and we provide empirical-process-type
asymptotic results to justify both bootstrap algorithms. From an application point of view,
such asymptotic results could help constructing (empirical) uniform confidence region for
S(g;)-

The second part of the dissertation consists of Chapter 6 alone, where we develop Euler

method with estimated spot volatility. In the field of financial econometrics, there is always



need to simulate the following diffusion process

dXt = btdt + O'tth,

where W is Brownian motion. Very often X denotes the log-price of financial asset, say
stock, and o is referred to as the volatility process related to X. The most commonly used
method to simulate X is the so-called Euler-Maruyama approximation, which is named
after Leonhard Euler and Gisiro Maruyama, and is actually a simple generalization of the
Euler method for ordinary differential equations to stochastic differential equations. More
precisely, to obtain the value of X at terminal time T over a fixed time span [0, 7], one uses

the recursive equation:

XTn+1 = Xr, +br, (Tot1 — o) + 07, (WTn+l - WTn)’

with given discretization grid 0 = 19 < 71 < --- < 7y = T. Usually, the equidistant
discretization scheme is used, namely, 7,41 — 7; = § for some time step 0 < § < T. For
a thorough treatment on Euler-Maruyama approximation and its extensions, see (Kloeden
and Platen, 1992).

However, to implement such procedure, the values of (b;);>0 and (o¢);>¢ have to be
prespecified (or simulated) beforehand, which might not replicate the true world as much
as possible, even if the specified values for parameters are claimed to be “calibrated to the
real world”.

Alternatively, instead of specifying particular dynamics for (o¢)¢>0, we can use estimated
spot volatility based on high-frequency data in the Euler method. In other words, we would
like to design a data generating mechanism, via Euler method, to regenerate data that
mimics the real world more realistically, by taking advantage of the information contained
in the observed real data. As seen below, “mimic the real world” is in the sense that the
probability distribution of the simulated data generated by our Euler method with estimated
spot volatility uniformly approximates (measured by Wasserstein metric) to that of the true

data, under certain assumptions. In fact, we have already used this method in constructing



parametric bootstrap confidence interval for integrated volatility functionals (see Algorithm
1 in Chapter 4).

Put it more precisely, we assume that the log-price process follows

dX, = JedW,

Xo = 0

where T is the terminal time, c is the variance process and W is one-dimensional Brownian
Motion introduced above. In particular, X has neither a drift part nor a jump part. We
consider an equally spaced time discretization grid over [0, 7] for Euler approximation, i.e.,
for some § > 0, let

=0, 7 =1I.

where i € {0,1,...,|%]}. At each discretization time point id, the spot volatility estimation

is given by

- 2
G = A ; <A?gi1+eX> '

Then for fixed n and ¢, the global Euler approximation with estimated spot volatility is

given by the process:

[t/6]-1
V' = 3" Ves(Wisns — Wis), 0<t<T,
=0

where W is Brownian motion on the simulation space, which is independent of all the
information living in the real world. In particular, for Y9 to be well-defined, the condition
6 > A,, has to be satisfied.

We derive the theoretical results associated with Y™9. The very first thing one should
notice is that since in simulation only W is available, Y9 is a “consistent estimator” for

the simulated log-price defined by

~ t —~—
Xt:/ Ve dWs, 0<t<T,
0



rather than the true price observed process X;, which has the same distribution as )?t under
the no leverage assumption, i.e., the volatility process ¢; and Brownian motion W;, both of
which are defined from the real world, are independent. To derive the convergence rate of

Y9 approximating X , we have
Theorem 1.0.4. Suppose Assumptions 6.2.1 and 6.2.3. Assume further that {c; : t > 0}
has sample paths satisfying for any t > s > 0,

Ele, —cs]? < K|t — s, 0<p<1,

for some constant K. Then it holds for any fized discretization distance § € [A,,T) that

E| sup [V - Xi|| <K 1—|—(kA)p—|—5p—|-<5lo (2T)>;

for some constant K.

From Theorem 1.0.4 we are able to derive the “optimal” simulation scheme in the sense
of fastest convergence rate: to make Y™9 converges to X as fast as possible, one should

first take §, — 0 as small as possible, i.e.
571 = An’

which means taking each data sampling point as a discretization point; then we strike
balance between statistical error and target error arising from spot volatility estimation, by
requiring

1
K TEAR = B e (0,00),

P
T
or equivalently k, ~ A, 2 In this fashion, our “optimal” Euler approximation becomes:

[t/An|—1
Y= > Vea AW, 0<t<T,
=0

10



with convergence rate

1
- 1 2T\ \ 2
E( sup |V - X < K +knAn”+A¢;+<Anlo >
(ogé’T't t') (W (ki) 23,
T
P

We show that such a convergence rate is actually exact (not only an upper bound).

As far as applications are concerned, we are able to evaluate the accuracy of estimation
of diffusive beta (see (Reiss et al., 2015)). Simply speaking, it is done by obtaining the
sampling distribution of the diffusive beta. More generally, we can use the Fuler method
with estimated volatility to obtain the sampling distribution for any functional of the path

of log-price process.

11



Future Work: The results obtained above give us a solid foundation for future work.

As for the project of bootstrap inference, we have the following to do

e Consider the over-lapping case, besides the non-overlapping case studied already;

e Prove a similar asymptotic result when the volatility process is of the mixed form

considered in Chapter 3.

e Prove a similar asymptotic result when ¢ is a functional, characterized by another

indexing parameter 0, as the setting in Chapter 5.

As for the project of Euler method with estimated spot volatility, we can continue the

study in both theory and application:

e Theory: An interesting direction to generalize our Euler method with estimated

volatility is to take into account the so-called leverage effect, which refers to the

negative correlation between volatility and returns. Since the Brownian motion w

used in simulation is independent of everything in the real world, to create (negative)

correlation between the simulated prices and volatility, we need to use the same 1%

to regenerate volatility process, which requires to model volatility process as an It6

semimartingale as well and estimate the volatility of volatility (vol. of vol.). As one

may imagine, the convergence rate in this situation would be even slower than A

as both volatility and vol. of vol. are latent.

e Application: The daily range of a given price process X, defined as the difference

between max X; and min X; within one day, had been a popular measure to quantify

daily risk. Obviously, the daily range depends on the whole price path over a single

day, and hence its sample distribution can be realized by the Euler method with

estimated volatility. Consequently, we are able to implement empirical study using

the Euler method developed here.
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CHAPTER 2

Preliminaries

We start with notation that will be used throughout the paper. For a vector B, we use
B’ to denote its j-th component. For an integer d > 0, M, denotes the space of d x d
nonnegative semidefinite matrices. For a matrix A, we use AY and AT to denote its (4, j)
element and transpose, respectively. For a matrix valued process A;, the notations Aij
and A] are interpreted similarly. For a matrix A € M, and a differentiable function g
defined on My, the first two partial derivatives of g are denoted as 0;,g(A) = 0g(A)/OA;x
and O?kylmg(A) = 0%g(A)/0A;x0 A respectively. For a set B, 15() denotes the indicator
function of set B. The symbol = indicates equality by definition. ||-|| denotes the Frobenius
norm. For any two (possibly random) real-valued sequences (ay)n>1 and (by,)n>1, we write
an = Opy(by) if ay, /by, is bounded in probability and write a,, = op,(by,) if ay /b, converges to
0 in probability. All limits are for n — oo. We use &, £, and £ to denote convergence
in probability, convergence in law and stable convergence in law, respectively. We use K to
denote a generic constant which may vary from line to line.

In this section we give a brief introduce to two important notions that will be used
frequently in the rest of dissertation. Section 2.1 introduces It6 semimartingale, which
is a basic class of stochastic processes commonly used in econometrics and finance. Sec-
tion 2.2 discusses the so-called stable convergence in law, which is stronger than the usual

convergence in law (or weak convergence).

2.1 Ito6 semimartingale

We begin with the definition of general semimartingale. For a comprehensive treat-
ment on this topic, together with other notions in stochastic analysis, such as theory of

It integral, (Poisson) random measures and stochastic integral with respect to random
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measures, see (Jacod and Shiryaev, 2003), (Jacod and Protter, 2012) and (Ait-Sahalia and
Jacod, 2014). We consider a filtered probability space (2, F, (F)t>0, P), where the filtration
(Ft)e>0 satisfies the usual condition as given in (Jacod and Shiryaev, 2003) p.2. Through-
out the paper, all stochastic processes, unless otherwise specified, are assumed to be cadlag

adapted and hence locally bounded.

Definition 2.1. (a) A semimartingale is a process X of the form X = Xy+ M + A where
X is finite-valued and Fy—measurable, M is a local martingale with My = 0, and A

is a stochastic process of finite variation.

(b) A special semimartingale is a semimartingale X which admits a decomposition X =

Xo+ M + A as above, with a process A that is predictable.

Given an R¢—valued process X, the jump measure associated with X is defined as

X
wo = Z €(s,AX5)>
s>0:AX#0

where ¢, denotes the Dirac measure sitting at a. Then we can rewrite a semimartingale as

X =Xo+ A; + M + ZAX51{||AX3H>1}

s<t

where My = A, = 0 and A’ is of finite variation and M is a local martingale. Then the
semimartingale A’ + M by construction has jumps of size always smaller than 1. Hence by

Lemma 4.24 in (Jacod and Shiryaev, 2003), A" + M is special and we can write
A'+M=B+N,

where Ng = By = 0 and N is a local martingale and B is a predictable process of finite

variation.

Definition 2.2. The characteristic of a R?—valued semimartingale X is the following triple

(B,C,v):

(i) B = (B")1<;<q is the predictable process of finite variation defined above;
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(ii) C = (C¥)1<; j<a is the quadratic variation of the continuous local martingale part X ¢

Of X, that iS, CZJ = <X7;707ijc>;
(iii) v is the predictable compensating measure of the jump measure pX of X.

One should note that the characteristic triple does NOT characterize the law of the
process except for special cases. An important special case of semimartingale is Levy

process, the characteristic triple of which is
Bi(w) =bt, Ciw)=-ct, v(w,dtdr)=dt F(dx),

which are not random actually. For a general treatment of Lévy process, see (Bertoin,
1998).
In financial modelling, it is common to use a special class of semimartingales, but which

is also a direct extension of Lévy process:

Definition 2.3. A R?—valued semimartingale X is an It6 semimartingale if its character-
istic (B, C,v) are absolutely continuous with respect to the Lebesgue measure, in the sense

that

t t
B; = / bsds, Cp= / csds, v(dt,dx) = dtF(dx),
0 0

where b = (b;) is an R?%—valued process, ¢ = (ct) is a process with values in My, and
F; = Fy(w, dx) is for each (w,t) a measure on R%.

Now we come to give a fundamental representation theorem for Itd semimartingale,
which is usually referred to as the Grigelionis form of It6 semimartingale. The following
theorem is Theorem 2.1.2 in (Jacod and Protter, 2012). Let d’ be an arbitrary integer with
d" > d, E be a Polish space with a o—finite measure A having no atom, and ¢(dt,dz) =
dt @ \(dx).

Theorem 2.1.1. Let X be a d—dimensional It6 semimartingale on the space
(Q, F, (Ft)t>0,P), with characteristics (B,C,v). There is a very good filtered extension

(Q,f ) IF) of (Q, F,P), on which are defined a d'— dimensional Brownian motion W and a
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Poisson random measure p on R x E with Lévy measure A, such that

t t
X, =x0+ /0 bsds + /0 osdWs + (01qs1<13) * (P — @)t + (d1g5)>1}) * Pt (2.1)

and where ¢ is an R ® R —valued predictable (or simply progressively measurable) on

(Q F, (Ft)i>0,P), and § is a predictable RY—valued function on Q x Ry x E.

For a more detailed description of extension of probability space, see (Jacod and Protter,
2012) p.36-37. The point of Theorem 2.1.1 is that any d—dimensional 1t6 semimartingale
can be expressed in terms of a Brownian motion and a Poisson random measure, and in
fact, (2.1) can be used as the definition for It6 semimartingales, up to extending the space.

It6 semimartingales of form (2.1) have been widely used in modelling prices of financial
assets for various reasons. At first, it has been widely known that the prices of financial
assets, say stocks, have jumps, which for example occurs when there is significant macroeco-
nomic announcements. Although we consider Poisson random measure with a compensator
of product form, dt ® A(dx), which is time-homogeneous, the whole jump part in (2.1) is
actually time-inhomogeneous since the jump size function § is random and time-varying.
As a consequence the jump part of stock price is driven by a very general class of processes.
As for continuous part, the drift part captures the persistence in the process, and also rep-
resents the compensation for risk and time, while the continuous martingale part given as
a stochastic integral models the small moves.

In fact, as (Back, 1991) points out, special semimartingale appears to be the most
general concept of a gains process for which the notion of a local risk premium can be
well-defined. On the other hand, (Barndorff-Nielsen and Shephard, 2004a) (Remark 1) and
(Barndorff-Nielsen et al., 2006) (Remarks 3) demonstrate the generality of the continuous
(local) martingale part fg osdWs in (2.1). More precisely, by a representation theorem of
local martingale as stochastic integral (e.g., (Karatzas and Shreve, 1991) p.170-172), all
continuous local martingales with absolutely continuous quadratic variation can be written
in the form of fot osdW for some process &;. Using the Dambis-Dubins-Schwartz theorem,
the difference between the class of continuous local martingale and the class of stochastic

integrals with respect to Brownian motion is the local martingales with continuous, but not
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absolutely continuous quadratic variation. Thus the form of continuous (local) martingale

part we consider here is only slightly smaller the class of general continuous local martingale.

2.2 Stable convergence in law

In this subsection we introduce the notion of stable convergence in law, which is stronger
than the usual convergence in law or weak convergence. We first review the definition of
the latter for illustrative purpose.

Let E be a Polish space, with Borel o-field £. Let {Z,} be a sequence of E-valued

random variables, allowing each of them defined on its own probability space (£, Fp,, Pp).

Definition 2.4. We say that Z, converges in law if there is a probability measure p on

(E, ) such that
E(f(Zy) — / f(@)uldz).

for all (Lipschitz) continuous bounded functions f on E.

Usually, one could “realize” the limit as a F-valued random variable Z on some proba-

bility space (2, F,P), then the above convergence reads as

E(f(Zn) — E(f(2)).

However, the usual convergence in law defined as above may not be enough in the area
of financial econometrics. As one can see, quite often we will be in the following scenario: we
need to estimate some (multivariate) parameter § and we propose a sequence of consistent
estimators 6,. We are able to show a central limit theorem with certain convergence rate,

say y/n and mixed normal limiting distribution, namely,
Jn (an . 9) £5 N(0,9).

Very often the limiting variance Y is random as well, especially in the case of stochastic
volatility. In order to do statistical inference from CLT (for example, to construct confidence

intervals for ), one needs to scale the limiting distribution to (multivariate) standard normal
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distribution. However, this may not be achieved even if > can be consistently estimated, as

Zn 57, Y, Y
do NOT in general imply
(Zn, V) == (Z,Y),

the only exception being Y is a constant, which is case of the so-called Slutsky Theorem.
We hence need a stronger version of convergence in law to make sure the joint convergence
(Zn, Yn) N (Z,Y), still holds even if Y is random.

We require E-valued sequence {Z,} of random variables to be defined on the same
probability space (€2, F,P).
Definition 2.5. We say that Z, stably converges in law if there is a probability measure

n on the product space (2 x E, F ® &), such that n(A x E) = P(A) for all A € F and

E(Yf(Zy)) — / Y (@) ()1 (deo, de)

for all bounded (Lipschitz) continuous functions f on E and all bounded random variables

Y on (Q,F).

As before, we can “realize” the limit Z on an (arbitrary) extension (2, F,P) of (22, F,P),

then the stable convergence in law above can be written as

E(f(Zn) — E(Yf(2)),

provided P(AN{Z € B}) =n(A x B) for all A € F and B € £. Then we say Z, converges
stably to Z, denoted by

Zp — Z.

By definition, it immediately follows that stable convergence in law implies convergence

in law. Moreover, we do have the desired property

7,537, Yo Y = (Z,,Y,) 3 (Z,Y).

18



In fact, stable convergence in law is very much like convergence in probability: when the

limiting variable Z is defined on the same space €2 as all Z,,, it follows that

7,537 — 2,5 7

We end this section with a brief literature retrospection. The notion of stable conver-
gence in law dates back to (Rényi, 1963), and is developed by (Aldous and Eagleson, 1978),
(Jacod, 1997) and (Jacod and Protter, 1998). An early use of this concept in econometrics
is (Phillips and Ouliaris, 1990). For a brief summary of stable convergence in law used in a
high-frequency financial econometrics setting, see (Jacod and Protter, 2012), Section 2.2.1,
and a more detailed exposition in general context of stochastic analysis is in (Jacod and
Shiryaev, 2003), Chapter VIII 5c. See also (P. and Heyde, 1980) for some different insights

on the topic.
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CHAPTER 3

Efficient Estimation of Integrated Volatility Functionals with General
Volatility Dynamics

3.1 Setting

We start with introducing the formal setup for our analysis. Consider a complete filtered
probability space (2, F, (Ft)t>0, P). Throughout the chapter, all stochastic processes, unless
otherwise specified, are assumed to be cadlag adapted and hence locally bounded. Our basic

assumptions of underlying processes are collected in Assumption 3.1.1.

Assumption 3.1.1. For some constant r € [0,1), and a sequence of a sequence (Tpm)m>1

of stopping times increasing to oo, we have

(i) The process X; is a d—dimensional Ité semimartingale with the form

t t t
Xt:xo—i—/ bsds+/ oldWe+J;,  Ji=)_ AX, :/ /5(s,z)u(ds,dz), (3.1)
0 0 0 JR

s<t

where the drift by is d—dimensional; the spot volatility process oy is REQRY valued; W
is a d—dimensional Brownian motion; p is a Poisson random measure on Ry x E for
an auziliary Polish space E with the deterministic intensity measure v(dt,dz) = dt ®
A\(dz) for some o—finite measure A on E; 6 : QxR x E — R% is a predictable function.
Moreover, there are a sequence (Jpm)m>1 of nonnegative A—integrable deterministic

functions on E such that ||6(w,t,2)||" A1 < Jp(z) for allt < 7p(w) and z € E.

(ii) The spot volatility process o is of the form

Ot = 01t + 024 (3.2)
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Moreover, both o1 and c1; = Ul,tUIt € My are Ité semimartingales of the following

Grigelionis form

¢ ¢
o1t = 010-1-/ bl )dS—i—/ o) qw; +/ /5( (85 2) 145000 (5,2) | >1314(d5, dz)

/ /5 S z 1{“5(61)(82)“<1}( —V)(ds dZ)

car = 0104—/ bl )ds+/ ol dw, +/ /(5( V(s s 2) L5 (5,2) || >13 (s, dz)

/ /5 (s,z 1{H5(v1)(3 z)”<1}( v)(ds, dz)

where W and p are the same as in (3.1); blon) pler) 5@ §(e1) gre d x d—dimensional
and o) o(1) gre dxdx d—dimensional; 67V, §(¢1) are predictable functions such that
for a sequence of nonnegative \-integrable functions J,, on E, ||6(7)(w,t,2)|2 A1 <

Jm(2) and || (w, t, 2)|[2 A1 < Jp(2) for all t < 7py(w) and z € E.

On the other hand, ooy is a stochastic process satisfying, for some € > 0,

E (||loos — 02,5])?) < K(t —s)'+* (3.3)

In finance area, X is usually the logarithm of price of a given stock and o is the asso-
ciated volatility process. For a proper introduction to It6 semimartingale, see (Jacod and
Protter, 2012), Chapter 2. In particular, up to expanding dimensions, it is no restriction
to let all It6 semimartingales be driven by the same Brownian motion and Poisson random
measure. We note that Assumption 3.1.1 accommodates a large class of models commonly
used in finance and economics, which allows for jumps in both price and volatility processes
and for arbitrary dependence structure between components within the model. More im-
portantly, the volatility structure (3.2) considered in Assumption 3.1.1 consists of a general
1t6 semimartingale plus a component satisfying certain regularity conditions, which cov-
ers fractional Brownian motion (and related processes) that may be used to capture the
long-memory property of the volatility process. We refer the readers to the seminal works
by Comte and Renault (1996,1998), which for the first time introduce the modelling of

long-memory property in finance area. In view of such a mixture of It6 semimartingale
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and long-memory process, in the sequel we refer to model (3.2) as the long-memory Ité
semimartingale (LMIS) volatility model.

On the technical level, as long as o1 is an [t6 semimartingale, ¢ is also an It6 semimartin-
gale by Itd’s formula. The processes b(¢1), g(¢1) and §(¢1) can be expressed as deterministic
functions of oy, b®), ¢(?1) and §(°1), but we do not need this here. On the other hand,
as far as the conditions imposed on the process oy is concerned, since oo may not be a
martingale any more (e.g., when oy is fractional Brownian motion), the conditional expec-
tation of o9 — 09 s given Fy could be difficult to compute and hence complicates the proof
of Theorem 3.4.1 below. This is the reason why more smoothness on the second moment
(3.3) is needed, which can be seen as compensation for the loss of martingale property.

Now we state the statistical setting in this chapter. At stage n, we assume that the
process X is sampled at times iA,, for some time step A,,, for 0 <i <n = |T/A, ], within

the fized time interval [0,7T]. For any process Y, the increments of Y are denoted by
A?YEEATL _Yii—l)Ana 1= 1,,77, (34)
Below, we consider an infill asymptotic setting, that is, A,, — 0 as n — oc.

3.2 Integrated volatility functional

With model (3.1), the spot (co)variance process of X is given by ¢ = 00T, which is also
Mg-valued. The (random) object of interest considered in this chapter is the integrated

volatility functional of the form

T
S(g) = /0 o(c)ds, (3.5)

for some (possibly nonlinear) test function g : My — R, which is assumed to satisfy the
following assumption. Below, for a compact set K C My and € > 0, we denote the e-

enlargement about K by

K E{MGMd:AlrgCHM—AH<e}.
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Assumption 3.2.1. There exist a localizing sequence of stopping times (Tm)m>1 and a
sequence of convex compact subsets ICp, C My such that ¢y € Ky, fort < 7, and g € C3(KS,),

the space of three times continuously differentiable functions on K5, for some € > 0.

Assumption 3.2.1 is easily verified in specific setting, which in particular holds, in one-
dimensional case, for g(c) = log(c) or \/c, provided that both ¢; and 1/¢; are locally bounded
with KCp,, being compact intervals on (0, 00).

Many quantities of interests in finance and econometrics can be written in the form of
(3.5), with Assumption 3.2.1 satisfied. For example, when c is scalar, g(x) = x corresponds
to the so-called integrated volatility S(g) = fOT cidt, which has been a popular measure of
volatility in high-frequency setting, see (Andersen and Bollerslev, 1999), (Andersen et al.,
2001b) and (Andersen et al., 2003b). Moreover, g(x) = x? corresponds to the integrated
quarticity, which is the (half of) asymptotic variance when using realized volatility to ap-
proximate integrated volatility. The more generally defined power variation S(g) = fOT cdt
for some p > 0 is associated with polynomial test function g(x) = zP, see for example,
(Barndorff-Nielsen and Shephard, 2003), (Barndorff-Nielsen and Shephard, 2004b) and (Ja-
cod, 2008). In bivariate case, the beta for the diffusive movement of the stock with respect to
the market is given by ; = c12.¢/c11,1, where the market and the stock are labelled by 1 and
2 respectively, with the test function being g(A) = A12¢/A11+ for A € My, see (Mykland
and Zhang, 2009). Moreover, the idiosyncratic spot covariance of the stock can thus be ex-
pressed as 22+ —ﬁt20117t = cooy —C%Q’t/CH,t, with test function g(A) = Ag s — A%Q’t/AlLt, see
(Mykland and Zhang, 2006). Other examples include: correlation/leverage effect (Kalnina
and Xiu, 2016), volatility Laplace transform (Todorov and Tauchen, 2012b), variance betas
(Liet al., 2016b), eigenvalues (Ait-Sahalia and Xiu, 2015). Moreover, general forms of S (g)
also serve as integrated moment conditions in specification tests and estimation problems in
economic models (Li and Xiu, 2016), following which we will consider a functional version
of function g in Chapter 5. We also note that early discussion on the estimation of diffusion
process and the sampling frequency of data goes back to (Merton, 1980) and (Zhou, 1996).

In order to give the estimator of S(g) for a given function g, we first nonparametrically

recover the spot variance c;a, by employing a local average of sum of squared truncated
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returns (see (Jacod and Protter, 2012), Chapter 9 and 13), that is, for any 0 < i < N,, =
[T/An] - kna let

k

1 n
Al — N
C;Kn = A, E 1 A?_HX Ai-l-ijl{HA?HXHSUn}

1=

where 1 < [, m < d, k, is a sequence of integers that goes to infinity representing the number
of increments employed in a local window and wu,, determines the truncation threshold for
eliminating jumps in X, see (Mancini, 2001) and (Mancini, 2009). If X is continuous, then
there is no need to truncate in forming ¢ by taking u, = oo . The conditions on tuning
parameters k, and u, are collected in Assumption 3.2.2. We note that the study of spot
covariance estimation dates back to (Foster and Nelson, 1996), which features a continuous
setting; one can also see (Ait-Sahalia and Jacod, 2014) on this topic in a more general

setting.

Assumption 3.2.2. k, ~ A" and u, ~ AZ for some constants v and w satisfying

In particular, kA, — 0 and k24, — 0o,

We then define the estimator for S(g) as

[T/An]—kn d
n 1 o ~jl Akm N LN
Sulg) =00 > 9(éin,,) — T Y Bmgllin,) x (CﬁlAanAn +eln A, | (3.6)
i=0 "kl m=1

Assuming that the volatility process is an It6 semimartingale, (Jacod and Rosenbaum,
2013a) shows a CLT for S, (g) approximating S(g) with rate \/A,, provided test function g
(and its derivative) satisfy a certain growth condition. (Li et al., 2016a) extends the CLT
result to the case of g only satisfying Assumption 3.2.1, and (Li and Xiu, 2016) shows an
empirical-process-type CLT in a similar setting, while both papers still assuming volatility
process is an Ito semimartingale. In contrast, in this chapter we want to derive an associated

CLT for S, (g) approximating S(g) with convergence rate /A, and the same asymptotic
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variance as in the aforementioned papers for a larger class of volatility processes given as

LMIS (3.2).

3.3 Examples

In this section we provides some concrete examples for the process oo satisfying certain
regularity conditions introduced in Assumption 3.1.1. We begin with fractional Brownian
motion in Section 3.3.1, and then proceed to Wiener integrals with respect to fractional

Brownian motion in Section 3.3.2.

3.3.1 Fractional Brownian motion

Fractional Brownian motion (fBm) (Bf);>¢ with Hurst index H € (0,1) is a centered
Gaussian process with the covariance function

1
R(BBI) = (s + 2 — |t — sf¥),

where for simplification we assume Bé{ = 0. The process was introduced by (Kolmogorov,
1940), followed by pioneering works including (Hurst, 1951), (Hurst, 1956) and (Mandelbrot,
1983). Fractional Brownian motion has been widely used in hydrology, engineering and
finance. When H = %, the process reduces to the usual standard Brownian motion.

For a more comprehensive description of fractional Brownian motion, see, e.g., (Duncan
et al., 2000), (Nualart, 2005), (Nualart, 2006) and (Mishura, 2008). We briefly summarize

some important properties of fractional Brownian motion below:

1. Self-similarity: for any a > 0, {BX u € R} g a™{BH w € R}, where £ denotes the

equality in any finite-dimensional distributions. This property can be regarded as a

“fractal property” in probability.

2. Stationary increments and moment estimates: From definition it follows that the
increment of B over a finite time interval [s,t] is normally distributed with mean

zero and variance

E <(BtH - Bf)2> — [t — s,
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Indeed, for any integer k > 1, we have

2%)!
E ((B;H 7 Bf)2k> _ (mi It — s|2HE,

Then by Kolmogorov’s continuity criterion (e.g. (Revuz and Yor, 1999), Theorem 2.1
in Chapter 1), BH has a version whose sample paths are y—Holder continuous for any

v < H.

More generally (see, e.g., Corollary 3.11 in (Duncan et al., 2000)), for any o > 1,

there is a C,, < oo such that
E|Bff — BH|* < C,|t — s|*. (3.7)

. Long memory property when H > 3: Let r(n) = Cov (B{, B, — BH) be the
autocovariance function, then if H > 1/2, we have > >, r(n) = oo, in which case we

call that the fractional Brownian motion exhibits long-range dependence.

. Non-semimartingale: B is not a semimartingale when H # 1/2. This can be proved
by studying the p—th variation of B¥, see, e.g., Proposition 7.1.1 of (Pipiras and

Taqqu, 2016).

. Prediction formula: The conditional expectation of B{I given the past information
is given as (3.8). This is first proved by (Gripenberg and Norros, 1996) for the case
H >1/2, and extended to H € (0,1/2) by (Pipiras and Taqqu, 2001) (Theorem 7.1).
To state the result more easily, let Kk = H — 1/2, then for any 0 < s < ¢ < T and

k€ (—=1/2,1/2), we have
E (Bf|Bj,v € 0,s]) = Bf +/ U (s,t,v)dB", (3.8)
0

where for v € (0,1),

) B e [ EC,

s Z—U
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We note that the function W* (s, t, v) is related to the so-called Appell’s hypergeometric

function, see e.g., Remark 6.4.5 in (Pipiras and Taqqu, 2016).

(Comte and Renault, 1996) and (Comte and Renault, 1998) for the first time introduced
fractional Brownian motion to modelling the price and volatility processes of financial as-
sets. In fact, the long memory property of volatility processes has been documented in
economics and finance for a long time. As one may expect, it is the long range dependence
property described above that makes fractional Brownian motion an ideal stochastic process
to capture such features exhibited by volatility. As a consequence, in the remainder of this
chapter we will only consider fractional Brownian motion B with H > 1/2, as well as its

continuous version. Then BH satisfies the conditions imposed on o9 in Assumption 3.1.1.

Remark 3.3.1. On the technical level, since BY is not a semimartingale, and also in light

of the prediction formula (3.8), it would be rather hard to verify the estimate
|E (Bfi, - B{'|R)| < Ks

for some constant K, which is always true for any It6 semimartingale under certain bound-
edness conditions (see Lemma 2 in the Proofs). The lack of such an estimate complicates
the proof of Theorem 3.4.1 when o9 = B . However, the difficulty is overcome by the more

smoothness BY provides as shown in (3.7) when H > 1/2.

3.3.2 Wiener integrals w.r.t. fractional Brownian motion

In this example, we focus on the integral over an finite interval [0, 7] of the form

/ fdBH, 0<t<T. (3.9)

where B is a fractional Brownian motion with H > 1/2. Since fractional Brownian motion
is no longer semimartingale, the usual theory of It6 integral cannot be applied to defining
stochastic integrals with respect to fractional Brownian motion. Indeed, one needs the

theory of Malliavin calculus to define such stochastic integral. However, when f(u) is a
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deterministic function, (3.9) can be defined in a relatively easier fashion, in which case (3.9)
is called fractional Wiener integral.

The integration with respect to general Gaussian processes has been studied for a long
time and we refer readers to (Huang and Cambanis, 1978) for an extensive presentation.
(Pipiras and Taqqu, 2000) discussed some related questions of Wiener integral of determin-
istic integrand w.r.t fractional Brownian motion over the real line, and (Pipiras and Taqqu,
2000) discussed that of over a finite interval, which is the case of (3.9) we consider here. The
basic idea is to define (3.9) first with f being elementary(step) functions, and then extend
the definition to some bigger classes of f in the L?(Q2) sense using isometry. Indeed, when

H >1/2, (3.9) can be defined for each of the following four increasing classes of integrands:
L2[0,7] c LYH[0,T]  |Al% C A%,

where k = H — 1/2 and

T
A} {f [0,7] — R such that/ [s77(I5%_u” f(u))(s)]?ds < oo} ,

Al = {f [0, T]—>]Rsuchthat/ / w)||f (v |u—v\2“dudv<oo}.

Here I7_ is (right-sided) fractional integral operator of order x defined as

(I7_f)(s /f Y(u—s8)""tdu, s€(0,T), feL'0,T].

For definition of (3.9) for each specific class of integrands, see (Pipiras and Taqqu, 2001) and
references therein. For our purpose, it would be sufficient to consider the space L'/# [0, 7],
as seen from the properties of (3.9) listed below. Moreover, as the theory of fractional
Brownian motion is closed related to fractional integrals and fractional derivatives, we refer
readers to (Samko and Marichev, 1993) for a comprehensive treatment on this topic.

When H > 1/2 (or equivalent x > 0), (3.9) has the following properties:

1. Continuity: As explained in (Mishura, 2008), Section 1.11, when f € Ll/H[O,T], the

Trocess d } 1s continuous 1n ¢t.
P {f 0 U Jo<i<T
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2. Moment estimates: For any p > 1,0 < a < b < oo, define

b 1/p
1 o) = ( [ f(u)|pdu> |

As proved in Theorem 1.1 in (Mémin et al., 2001), there exists a constant ¢(H,«)

such that for every a > 0 and for every a,b with 0 < a < b < 0o, we have

“

3. Prediction formula: Similar to (3.8), for any 0 < s <t <T and f € A%, we have

E </0tf(v)dB7’j

where for v € (0,t),

[ rewasz

) < o(H,0) | F131/m gy (3.10)

sioes) = [ rwas (w0 @)
0 0

Wi(s,t,0) = Sin(ﬂﬁ)v*”(s - v)"‘/ Mf(z)dz

T z—v
(3.11) is proved in Lemma 1 of (Duncan, 2006). One can see (Fink et al., 2013) for
derivation of conditional variance, .

By moment estimates (3.10), if f is uniformly bounded from above by some constant M > 0

(as in Assumption 3.5.1 in the Proofs), we have

“

which is the RHS of (3.7). Therefore, together with the continuity in time, the process

Ha

b a b
/ f(u)dBH ) < c¢(H, ) HfH(zl/H(a,b) = (/ ]f(u)’l/Hdu> < ¢(H,a)M*(b—a)f?,

{ fg f(u)dBH } satisfies the conditions imposed on o5.
0<t<T

3.4 Results

In this section we state our main result. In order for the CLT to hold under the setting
described in Section 3.1, we need one more assumption on the smoothness of the second

moment of oy.
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Assumption 3.4.1. Assume € > ﬁ

Under Assumption 3.4.1, it holds that kt€A¢ — 0, which plays an important role
in the proof of Theorem 3.4.1. In light of Assumption 3.2.2, Assumption 3.4.1 implies
that € > 1/4, which in the case of fractional Brownian motion corresponds to the Hurst
parameter H > 3/4. Such a requirement is consistent with the empirical results documented
in (Comte and Renault, 1998), (Andersen and Bollerslev, 1997), (Andersen et al., 2001b)
and (Bollerslev et al., 2013). In particular, those papers estimate the fractional parameter
of the underlying volatility process under both low frequency and high frequency settings,
and all of the estimated fractional parameters have a value larger than 0.25.

Now we state our main result.

Theorem 3.4.1. Under Assumptions 3.1.1-3.4.1, it holds that

L (5u(9) - S(9)) £3 MN(0,V(g).

5

where MN(0,V) is a centered mized normal distribution with conditional variance

d T
Vo= 3 [ ouatematen (cek + k) as.

7,k lm=1
We give some comments as follows on Theorem 3.4.1.

1. Theorem 3.4.1 extends the results in (Jacod and Rosenbaum, 2013a), (Li et al., 2016a)
and (Li and Xiu, 2016) by establishing the asymptotic distribution of S, (¢) under the
LMIS volatility dynamics. In particular, in the absence of the long-memory component
o2, Theorem 3.4.1 coincides with those in prior work. Since both the convergence rate
and the asymptotic variance remain the same as shown in those papers, the estimator
Sn(g) is still efficient in the sense of (Jacod and Rosenbaum, 2013a) under the more

general LMIS volatility dynamics.

2. The “cost” of including the long-memory component is that we need an additional
upper bound for the divergence rate of the local window size k,, that is, v < 2¢/(1+2¢).

This restriction is weaker when ¢ is larger, which corresponds to the case with “longer”
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memory. In the extreme case with € = 1/2 (i.e., o2 has locally Lipschitz path under
the Lo-norm), this restriction is absent, because o2 then behaves essentially like a

drift term.

. As already pointed previously, the condition (3.4.1) implicitly imposes a restriction
on ¢, that is, € > 1/4. In other words, oy is Holder-continuous under the Lg-norm
with an index at least 3/4, which shows an apparent discrepancy relative to the
1/2 Holder continuity of the Itd semimartingale component. This “gap” arises as
a compensation for the lack of martingale property in the long-memory component,
whereas the martingale property is heavily exploited in previous work based on the It6
semimartingale volatility dynamics. The proofs in the more general LMIS framework

thus contains nontrivial additional complications.

. Last but not least, as far as the application of Theorem 3.4.1 is concerned, one can
conduct statistical inference, constructing confidence interval for example, for S(g).
More specifically, as shown in (Jacod and Rosenbaum, 2013a), a consistent estimator
for the asymptotic variance V' (g) is given by

(T/An]=kn

Su(h, D) = Ay > h(éin,),
=0

where h(z) = ¢

edm=1 0jk9(x)Opmg(x) (lea:km + xjmxkl) . In particular, gn(fz,Dn)

is robust to the long memory assumption of volatility. Then it follows that
Sn(h,Dn) — V(g)a

n b I n L-s ]

Confidence intervals for S(g) can be constructed accordingly.
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3.5 Proofs

Throughout this section, we use K to denote a generic constant that may change from
line to line; we sometimes emphasize the dependence of this constant on some parameter g

by writing K,. Recall that N,, = [T'/A,] — ky,, we write ), for Zfi”o for simplicity.

3.5.1 Preliminaries

By a standard localization procedure (see Lemma 4.4.9 in (Jacod and Protter, 2012)),

it is enough to show Theorem 3.4.1 under a stronger version of Assumption 3.1.1.

Assumption 3.5.1. We have Assumption 3.1.1. The process o takes value in a convex
compact set of My. Moreover, the processes b, b pler) gnd o0 o) gre bounded and
there is a bounded A—integrable function J : E — R, such that for all w € Q,t € [0,T] and

z € E we have ||6(w, t,2)|]" < J(2) and |60 (w,t, 2)||> V [|6©) (w, t, 2)||? < J(2).

In the following analysis, it would be much more convenient to consider the continuous

part of the process X; defined by
t t
Xt’:/ bsds+/ osdW,, 0<t <T.
0 0

Accordingly, define for each i = 0,1,..., Ny,

k
1 n
A~ _ n I'AT /
knAy, Z
J=1

Then we introduce the following notations that will be used throughout the Proofs, most

of which are analogues to those used in (Jacod and Rosenbaum, 2013a):

Qni = A?X,A:LX,T - C(i—l)AnAn
R
Cni = Ga, —Cin, = D (omivs + (Ciajna, — cing)An)
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With any process Z we associate the variables

ns(Z) = sup ||Zewo — Z|
ve(0,s]

nii(Z) = \/E (MG=1)an,jan (Z)|Fi—1)an)

ni'(Z) = 0, (2)

and we recall Lemma 3.1 of (Jacod and Rosenbaum, 2013b).

Lemma 3.5.1. For all t > 0 and all bounded cadlag processes Z, we have
A,JE(ZEZIA"] n(Z)) — 0, and for all j k such that j + k < ky, we have
E (072 Fi-1a, ) < 0(2).

We collect some standard estimates for 1t6 semimartingale in the following lemma, the

proof of which depends heavily on the decomposition of ¢; —¢s for 0 < s <t < T,

co—cs = (o1t+024)(014+024)T — (015 +025)(01,s + 025)T
= (01401, = 01,500 ) + (02403, — 02,505 ) + (01,405, + 02,407, — 01,505, — 02,501 )
= cip—Clstcar—cos+ (01— 01,5)0578 + al,t(ag,t — 0578). (3.12)

+o2,5(0]; — 0] ;) + (024 — 02,5)07]

Notice that the third and fourth terms are transposes of the fifth and sixth terms, respec-
tively. Moreover, we have for i = 1,2 (in fact we only need i = 2 below, as ¢ is itself an

It6 semimartingale by Itd’s lemma),

. . — . T . T
Cit — Ci,s = O4t0;4 = 0is0,; ¢

= (ot — Ui,S)UiT,t + ULS(UiT,t - UiT,s) (3.13)

One will see both decompositions (3.12) and (3.13) will be repeatedly used in the sequel.

Lemma 3.5.2. Under Assumption 3.5.1, we have
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(1) for any s,t >0 and q¢ > 0,

€[0,s

E ( sup || X[, — X[ F | < Kgst?,
v

IE (Xis = X{|R) Il < Ks,

AN
=
V2)
-
>
2
S

ve[0,s]

E ( sup ||o1,t40 — 01,t||q|ft>

”E(Ul,ws—ffl,t‘ft)ﬂ < Ks,

E ( sup |le1 o — Cl,t||q‘—7'—t>

vE(0,s]

A
=
»
=
>
g
\'I\D

IE (c1e4s —c14| F2) || < Ks.

(2) Let cay = 02,404, for any s,t >0,

E(|logt —o2sl]) < K(t— s)l/2 e
E (|le2t+s —c24]|Y) < KE(||o2,t4s —o24]|7), ¢=1,2,3,4
IE (s — et Fe) | < K (IE (crivs — e Fe) | + B (0161s — 016] Fr) ||
+E (|lo2,04s — 02,4l F2))
E(llcers —ee||?) < K(E(||lo1t4s —o14l|?) + E(||o2,e4s —024]|7)) , ¢ =1,2,3, 4.

In particular, as one can see from the proof of the third estimate in (2), it would suffice to

consider o1 — 01,5 and o2 — 02 5 when it comes to the difference c; — ¢, in the sequel.

Proof. The estimates in (1) follow from (4.3) in (Jacod and Rosenbaum, 2013a), as X’ has
no jump part and both o1; and c;; are It semimartingales.
For part (2), the first estimate is implied by (3.3). For ¢ = 1,2, 3,4, by (3.13) and the

fact that for any matrix A, ||A|| = ||AT|| and that o9 is bounded, it follows

IN

E (10205 = 02008 s + 020(0T 0 = 01 I1)
< KE (02015 = 020)084.l17) + KE (|lo0s(0], 04, — o)1)

KE (||(02,t45 — 02,6)]|%) -

E (llea,t+s — c2.117)

IN
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Hence the second estimate is proved. For the third one, by (3.12)

IE (ctqs — ct| F2) |

as desired.

IN

IN

IN

I|E (c1t4s — c1,t + Cap4s — Cot

(01045 = 011) 09 + O1ts(09 415 — 03 ,)

+02,4 (0] 145 — 01 4) + (02,045 — U2,t)01t+s‘}—t> |

B (cvets = cval F) [+ 1B (01045 = 010003, | 72 ) |

HIE (02(0T g = L)) 11+ [ (et — 24| F2) I

HIE (01,0460 s = TLINF) 14+ B (02045 = 020)0L 14| F) I
E (c1045 — cre|Fo) [ 4+ B (01,0405 — 01.4)|F2) 03|

l1o24E (0] 4 = T IF) 1|+ (s — c2e| ) |

HIE (01,0008 = 03| Fe) 1+ 1B (0200 = 0200T 1|7 I
K (||E (c14s — c14|Fe) || + K|[E (01,645 — 01,0) | F2) )

+K (E (||c2,t4s — C2,t|||]:t) +E (||o2,t45 — 02,t|||]:t))

K (HE (Cl,t+s - Cl,t‘}—t) ||+ ||E (01,t+s — 01,t|-7:t) I

[F2))

+E (||o2,45s — 02,

As for the last estimate, by (3.15) and the fact that ¢1,01 and o9 are all bounded,

E (lletrs — el

IN

IN

K (E([le1,ts — c1,el|?) + E(l|or,irs — o1,6]|T) +E([|o2,t4s — 024](%))

K(E(loirs —ovg

) + E(lloz.ts — 02.]7)) -

3.5.2 Proof of Theorem 3.4.1

In light of a spatial localization argument as in the proof of Theorem 2 in (Li et al.,

2016a), we assume that the test function g satisfying Assumption 3.2.1 is indeed compactly

supported, and thus both function g and its existent derivatives are bounded from above

by some positive constant. This assumption will not be recalled in the sequel.
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The next two results are analogues to Lemma 4.1 in (Jacod and Rosenbaum, 2013a),
but more involved since the volatility process ¢ under Assumption 3.1.1 may not be Ito

semimartingale any more.

Lemma 3.5.3. Under Assumption 3.5.1, we have

B (31 X5A X 1P ) = s, A

< KA?/Q (nz + VA ) + K 1A E (||O‘27S - UQ,(i—l)AnH ]:(i—l)An) ds

E[E (A7 X7ATX™Fi 1)a,) = i1y, Anl

< KA} (B (1 (0) + v/An + A5 )

Proof. For the first claim, by using It6’s formula for f(x,y) = xy, we have

APXTARX™ c””

(i—1)An,
) iAn iAp
_ m m m !/
= Yi_na, /(H) o K" = Xa,)ds b na, /(“) NS = X{1a,)ds
iAp, ) ) 1Ay
+ /(i—l)A (X;m X(z 1)An)(b?‘5_bgi—l)An)ds_F/(i_l)A (X/J X(, 1A, )(bm (z HA )ds
iAp . .
! /(z A (™ = "1y, )ds + Mia, (3.14)

¢ t ;
Mtz/(‘ A (X" = Xy, s]j,-dWSjL/(A A (XY = X{_pya,loslm AW,

is martingale vanishing at time (i —1)A,, and [o];. denotes the j—th row of the matrix oy.
Since b is bounded, by Lemma 3.5.2 and Cauchy-Schwartz inequality, the absolute value of

F(i—1)A,-conditional expectation of the first four terms of RHS of (3.14) is of order

A3y (b) + A2
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Now, for the term 67 c7 m ds, note that
I)A

d
m Jr _im ]Z m
d = q" E :(‘71 02 03 01 )

=1

and hence for any 0 < s < ¢ < T, we have a component-wise analogue of (3.12)

A I R G +Z(alt ol )i + ol (ot — oim)

+ ol (ol — o) + (o - a%@alt) (3.15)

as well as a component-wise analogue of (3.13)

wqm
= 3
|
WS
G S
I
(=

Ji 7t
02t02t 03, 5‘723
1

)

I
.M&

(o8, = oAy + of, (ol — i) (3.16)

=1

Then in view of (3.16) and Lemma 2 (2), it yields

/(z DA, ‘E (Cj (z DA, | F i I)An)‘ds
iAn
<KAZ+K A E (lloa,s = o2,ii-1)a, 1| Fi-1)a,) ds.

Moreover, by Fubini’s Theorem and double expectation theorem, plus Lemma 3.5.2 (2), we

have
iAp
E / E (||o2,s — 0o 1yan || Fi-1a,) ds | < KA
(i—1)An
and hence the second claim follows. O

Lemma 3.5.4. Under Assumption 3.5.1, we have

E[E (A?X’iAyx'kAgX’lAyxfm\f(H) An) -
(Cgfflmn l(TlA +C]l (zmlA +C] (1 1)A>A2|

< KAY?
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Proof. As in the proof of Lemma 4.1 in (Jacod and Rosenbaum, 2013a), by It6’s formula,

4
[[arxi = M, +Y / oo I &= XEm,,ds
=1

=1 Y =DA i <p<amAl

Z / Jsz/ _ cﬁj_"l ) An> H (X7 — ngl)An)dS

1<l7él’<4 (i-1)A 1<m<4,m#All

. iAp
+§ > A, / | [T (o xgn, s
1<IAI'<4 (=D)An | < <d a1

where M, is a martingale vanishing at (i —1)A,,. Then by the first estimate in Lemma 3.5.2,
Cauchy-Schwartz inequality and the fact that b is bounded, the absolute value of the
F(i—1)a,,—conditional expectation of the second term above is of stochastic order A?/ 2,
In view of the last estimate in Lemma 3.5.2, Cauchy-Schwartz inequality yields that the
F(i-1)a,,—conditional expectation of the second term above is of stochastic order A 5/2

well. For the fourth term, note that

Then the second claim in Lemma 3.5.3, plus the fact that n;';(b) is bounded, yields the

result for the fourth term. O

Lemma 3.5.3 and 3.5.4 offer us a way to obtain estimates of the statistical error arising
from nonparametrically estimating spot covariance, the result of which is summarized in

the following lemma.
Lemma 3.5.5. Under Assumption 3.5.1, we have
(1) For any q >0, E (||anil|?|Fi—1)a,) < kgA%
(2) El[E(anil F-na)ll < KAV (B 1) + VA + AF)

<KA75/2

(5) BJE (ol Fona,) = (Ao, flm, + e, dina,) A2
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Proof. The first claim is directly derived from Lemma 3.5.2, or is just (4.10) in (Jacod and
Rosenbaum, 2013a). The second claim is exactly the second claim of Lemma 3.5.3, in view
of the definition of ay, ;.

To show (3), Recall that a,,; = AP X'APX'T — ¢(;_1)a, An, We have

a‘szz Z’E— (Cgf DA C?ZmnAn +6Z21)AHC’§L1)A”) A
= (apxtarxt—dl . A (A?X”A?X’m — " )a,An)
(- cbmya, + s, dina, ) A2
= Agx’myx'kAyX’lAyX’m
(Cjzk DA Cl—1) Ay +CZ§—1)AnC’(€in11 An +C]m lle DA, )Ai
A, (Bndll pya, — ATXTAIX™)

ik
FAncl o, (Bncliyya, — ATXTATX™).
Then by Lemma 3.5.4 and the second claim in Lemma 3.5.3, plus the fact that ¢ and 7} (b)
are both bounded, the result follows. ]

With the help of Lemma 3.5.5, we are able to obtain the bounds on spot volatility

estimation error

??‘

~ Al
Cni = Cin, — Clitj—1)Ap, —¢ing)An).

Define the “spot covariation” of the continuous martingale parts of X and ¢; and oy,

respectively, as

(X,01) z‘jk:: d i (1) jkaw (X,e1) ik jkaw
( ) th (Ut > ’ <Ct ) ZU ( ) .

Then both ¢X:91) and ¢(X:¢1) are cadlag adapted.

Lemma 3.5.6. Under Assumption 3.5.1, we have
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(1) For q=2,3,4,

Bllendl”) < K (k" + ko + B (loia, = o26-na[) +

1 o

k- ZE (||02,(i+j—1)An — 02,iA,
n j=1

)

(2)

o 1 . ,
B[ (et n.) - - (ch, e, + 2,
n

< KA, (k;l/Q + ki /B + KYZTEAS + (o (b))

HE (i (X)) +E (nfia (7)) )

Proof. For the first claim, we have by definition,

q q

kn kn

. 1 1
E(||énqll") < KE N Zan,iﬂ' + KE . Z(C(HjAmn — Cin,)

For the second term on the RHS above, by Jensen’s inequality since ¢ > 2, and Lemma 3.5.2

(2), we have

=
|
I
R
=
s
|
S
>
e
AN

k

1 n

% D E ([legis—na, —cian]l’)
j=1

IN

k
1 n
K | knAn + & ;E (lo2.6+5-1a, = 02ia,[|)

q
We need a bit more work on the first term E <‘ ﬁ Z§l1 O it j H ) First note that

q
kn

E Z it j < K(Aipi+ Azni)s
=1
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where

q

kn,
Aipi = E Z(an,iJrj_E(an,i+j|f(i+j—1)An))
=1
kn I
Asni = E ZE(%,@M\]‘—(HJ’A)AJ
j=1

Since A1 ; is the g—th moment of the sum of a martingale difference, by Burkholder-Davis-
Gundy inequality, Jensen’s inequality (note ¢ > 2) and double expectation theorem, plus

the first estimate in Lemma 3.5.5, we have
E(A1n,) < KkY2A9,

On the other hand, by Jensen’s inequality, and the first estimate in Lemma 3.5.3,

kn
E(Agpi) < KKV E(|E (aniilFari-va,) [|*)
j=1
< KEI(A3/2 4 A29)
) kn (i4+§)An q
+KkL~ ZE / E (|lo2,s = 09 (i4j—1)anll| Fiz1)a, ) ds
= (i4i—1)An
< KEI(A32 4 A20)
kn (i+7)Anp
Ry At E (|los,s — 0 i4j-1a[17) ds
et (i45—1)An
< KEH(A? 4+ A20) + KESALE (||o2ia, — 09 6-1a, )
Therefore
1 !
E A ;an,iﬂ <K (k;q/2 +AY2 4+ E (||oza, — 02,(1'—1)An“q))

and hence the first claim in Lemma 3.5.6 follows as k2A,, — 0.

Now for the second claim, as in (Jacod and Rosenbaum, 2013a), we let

Chj = g T (Citj—1)a, = Cirg)An,
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| kn
then én; = =522 ¢/, and we can write

kn—1 kn kn—1 kn
ik ~lm __ ,jk nlm ,]k nlm nlm n,jk
CZL’L nz_szQ Zgzu i,u k2A2 chzu 1,V k2A2 ZZQU 3,0 ‘(317)
u=1 n u=1 v=1 nou=1 v=1

For the first term ﬁ Sk (f’jk(:jm in (3.17), we have

N7

Jk ~n,lm 1 jl m m
ZQ 1 "k (cinantfoa, + s, dina,) = Buni+ Rani + Rang

k2A2 i
u=1
where
1 & ke onl k
n,jk ~n,lm i Im
RL"KL ~ k2A2 (Cz,u C7L,u _an,i—i-uan,i-l-u)
TN oy=1
1 &
Jk Im A2 il km jm kl
RQJ"M ~  k2A2 (an,i+uan,i+u An (Cgi—f—u—l)Anc(H—u—l)An + cZi-l-u—l)Anc(i-i-u—l)An))
e oy=1
Rar . = izn: le ckm ij Ckl n,jl km ij k:l
dmi o = 12 (i+u—1)A, C(i+u—1)Ap (i+u—1)An Clitu—1)A, ~ GA, :
nu=1

As derived in the Lemma 4.3 of (Jacod and Rosenbaum, 2013a), it holds that

¢rakerm — alf ol < 20 |[eruyan — Cinn|| lamivall + A2 [legyu1ya, — cinn ||’

,U n,i+u

n H—u

In light of the first estimate in Lemma 3.5.5 and the last estimate in Lemma 3.5.2, Cauchy-

Schwartz inequality, plus triangle inequality, yield

E (|Rinil) < Kk Y2 /A,.

Next, by successive conditioning(tower property), triangle inequality and the third claim in

Lemma 3.5.5, we have

E (|E (E (Rl Fiitu-1)a,) [Fian)])
E (‘E (RQ,n,i|-7:(i+u—1)An) |)

Kk AL

E (IE (Ron.il Fian))

IN

IN
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As for R3, ;, observe that

Cn,jl Cn,km B Cn,jl n,km
(i+u—1)Ap " (i+u—1)Ap (VAN VANY

= (s, o) e, b, (s, — ).

By the last estimate in Lemma 3.5.2 and the fact that ¢; is bounded, we have

(’ (w18 e )An — O, Ok D < K\knA,,.

The same results holds for cgl L 1A, ﬁl ul1)A, c7m . Therefore

E (|R3nil) < Kk Y2/A,.
So we have shown that

<k2A2 ZC Jk nlm‘ n) _ k»ln (c” . zAn ngnncflAn) < Kk:;l/Q /A,

nlm n,jk .

At last we come to deal with the cross-product term kQAQ Zk” ! Z iw Gao in

,U ZU

(3.17), and the other term kQAQ Zk"_l Zk” o ’]k M could be dealt with similarly by

interchanging the superscript. Recall that,

¢t = ol + (]

ik
n,z—‘ru (i+u—1)Ap _CgAn)An7

we have the following decomposition by tower property

(i) - B(E(EE i) o)
— E(Cfulm ( ,Jk‘}'zﬂ n) ]}‘mn)

= E(Zini+ Zomi+ Zsni + Zan,il Fin,) (3.18)
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where

Zini = G {E< G Firua ) (c]zk-i-u *Cfgn) An}
Zopi = O (ngk-&-u ~ truna, )An

Zyni = Opliyu (Csz—&-u A, ~ A, )An

Zini = (s, —@B.) (o, —h,) A%

We proceed from easy to hard. For Zy, ;, by Cauchy-Schwartz inequality and the last

estimate in Lemma 3.5.2, we have

E \E (Zani

iAn)]

IN

)

AZE (‘( ru—1)An ?&L) (Cj(ﬁu)a - CzZ)
Kk,A3

IN

For Zs,;, by tower property and double expectation theorem, and the fact that ¢; is

bounded, we have

E|E (ZsnilFin,)| = E[E(E(ZsniFiru-1)a,) [Fin,)]

< E|E(Zspi| Flrunan)|

= S| (s, ~ ) B (ol Foransn)

< KALE ‘IE (af;j; +u]f(i+u_1mn)
< KA?@/Z( 771+u1 +F+AE>

On the other hand, by Lemma 3.5.7 and Lemma 3.5.8 respectively, we have

E‘E (Zl,n,i‘EAn)‘ S A5/2( (17 ( )_|_k \/7+k1/2+6A6>

E[E (ZonilFin,)| < KAY?(E (o1 (eX) +E (n (X)) + A5 +VA,).

Combine all the results derived above, and recall from Lemma 3.5.1 that E (77:1 ix(Z )) <

E (n}(Z)) for all bounded cadlag adapted processes Z and all j, k such that j + k < k,,
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then we have

kn—1 kn . .
(Mg > D GG | Fia )‘

nTmnoy=1 v=1

kn—1 kn

< > ZE!E( i Fia,)
1 kn_l kn
< k2 A2 ZZE‘E Zlnz+Z2nz+ZgnZ—|—Z4nZ|f'ZAn)‘
T y=1 v=1
< KV (/B + B () + KA + 5 (3 ()

+E<771+1 (X,01) )-l-\/i—l—Ae)

Thus we prove the second claim in Lemma 3.5.6.

Lemma 3.5.7. In the context of Lemma 3.5.6, we have

E‘E [c;?gf’” (% = (et s, —@I5,) ) fmn]

< KA (B (11 (0) + b/ B + KA.

Proof. By definition, observe that
g:vj = A} XA X — chnA
simple calculation yields

C{L{,jk - (dzk—&-u A, T CZZJ Ap = AYLXTAR X -

C]er nHA (CZ1k+v 1A, _‘/Jeru )An-
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Hence by triangle inequality and tower property, we have

‘E( G~ <Cgf+u)A —d, )An|f(z‘+umn)
(A?HXUA?HX% cfzkﬂ A, An|F (i+u)An)
* ((szw DAn ~ i) )An\f (z’+u)An)
‘E (E (A?MXUA?WX% iro-1)anBnl F (z’+v—1)An> |]:(i+u)An>
- (ngk-&-v 1An = Siru)an “Fi-&-u)An)

< 5 (a8 g Sl
+ (Cff+v DA -q zk-l—u An‘}_ (z’+u)An>

< KE (A3/2771+v 1(b) + A2

IN

n

n

(i+v)Apn
+/(A+ Ha (HJ2S ) ,(i+v—1)Ap ||’f(z+v 1A )dS ‘F(i+u)An

+ (knAn +E (HUQ,(H-v—l)An — 02 (i)l Fliswan)) An

where for the last inequality we first use the first claim in Lemma 3.5.3 but replace i by
i+ v, and Lemma 3.5.2.

Therefore, by tower property again, we have

’E [Cﬂlm (6" = (i, —ci5,) ) A]
=]E [c?;me (cr® = (s, = FA,) BalFirwa,)
(6" = (hma, — ) AulFerma.)

= Wini+Woni+ Wsni+ Wini,

E‘An]

< IE( an)
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where

Wl,n,z = E ( Cn lm‘ E (nz—i—v 1 ‘]:(H—u > ’]:ZA ) A?z/2
Woni = <<—nlm‘ [ Fia, ) (A2 + ko A2)
W3,n7z = ( Cn JIm
1+v
E(/Jr _1)a HUQS_ 2,(i+v—1)A, |Hfz+v 1A )dsf(z+u ‘_EA
W4,n7i = E ( g’fl lm‘E |0'2 (i+v—1)A, — GQ,(H‘U)AnH f(H—u)An) iAn> An

By the first estimate in Lemma 3.5.5, tower property and and the fact that ¢; is bounded,

we have
E (||t [Fia.) < KAn, B (|Ic0]* |Fia, ) < KAZ. (3.19)
Then in view of (3.19), by definition of 17, , ;(b) and Cauchy-Schwartz inequality, we have

AR <ny+1(b)\/1a < ’ |;fmn>>

KAZ/QE (77?-5-1 (b)) .

IN

Cn
7,U

IN

By (3.19) again, we have
B (Wani) < Kk, A3

Moreover, by using Jensen’s inequality multiple times and Cauchy-Schwartz inequality, plus
y g q y

(3.3), it follows

E(Wsni) < \/ Cznu

A

z+v
/ ||U25 - U2,(i+v—1)An||2) ds
(i+v—1)A
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At last, by Cauchy-Schwartz inequality, (3.19) and (3.3), it holds that

A,/E c:au wa (102, 40-1)8, — 240, I?)

< KA2 ]{7 A 1/2+6

E (W4,n,i)

IN

KAY2RPens.
Combine all the results above, we obtain

E ‘E [c;?;fm (G = (i, — dk,) An) fmn}
< KA3/2 (IE (NP1 (D)) + kn /D + AG + Y “%Z)

< KAY? (B (0 (0) + ka/B + 1/ )

Hence we prove the lemma. O

Lemma 3.5.8. In the context of Lemma 3.5.6, we have

BJE (s (s, — i) ol
< KA (B (n (eX90) +E (2 (€X0) ) + A5 + VA,

Proof. By tower property and double expectation theorem, we have

’E< Onsitu (ijJru)A CZZru DA ) }}—iAn)
-k ’E [E( Onitu (CZZZ"U)An Cjzk+u 1A n) ’f(i—&-u—l)An) }]:mn]

<E’E< Unitu (Cjzk+u)A — runa )}f”“ Dn ) A

An

In view of (3.15), (3.16) and Lemma 3.5.2 (2), we make the following decompositions

k ik
E ( Ay it (C]H_u C]H—u DA, ) ‘f(i—&-u—l)An) = Dl,n,i + DQ,n,i
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(itu)An c{,(i—l-u—l)A and oy (itu)A, o] (itu—1)An
_ o'ék(l w1y, (recall that by (3.16) the differ-
jk k )

2,(i+u) Ay, (z+u71)An

where D; ,,; involves the differences c7

ik
and Dy, ; involves only difference 02 (i+u)A

jk

ik
ence C] 2,(i+u)Ap, C],(iJru 1)

A, can be expresses via the difference o7,
By Cauchy-Schwartz inequality, Lemma 3.5.5 (1), (3.3) and the fact that both o7 and

o9 are bounded, we have

E(D2pni) < K\E(lani)P\E (1026008, — o2grunal?)

As for D1 ;, we are going to show

E|Dyal < KAY? (VB0 +E (0 (@) + E (i (X)) ).

for which it suffices to show

K ( Fn,itu (Cjkwu N Cﬁ(i—}—u—l)An) ’f(i+u—1)An>‘
< KAY? (VA0 + 0 (X)) (3.20)

d
Im Jw Jw wk
E (an,i—i-u Z |:( 91 J(iFu)A Ul,(i+u71)An> 92,(i+u—1)An,

+‘72 (itu—1)An (Oﬂllj](C’iJru)An _Uw?wru DA )] “Fz-i-u DA, )
< KAY? (VA0 + i (€X)) (3.21)

(3.20) is derived from a word-for-word reproduction of the proof of Lemma 3.2 (c¢) in (Jacod
and Rosenbaum, 2013b), plus the estimates in Lemma 3.5.2. More precisely, for any ¢ > 1,

we have

ol = Bia, + Mia,,

n,i

ik ik _ / /
lin, ~ C—na, = Bia, +Mia,,
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where By and M, are respectively the drift part and continuous martingale part of

(Xt = xiya, ) (X0 =X, ) i, £ LG DA i),

Likewise, B, and M/ are the drift and (possibly discontinuous) martingale part of c{kt -

c{ii_l) A, respectively. In particular, M’ may contain the compensated big jumps and

the subtraction of the compensator, which is well-defined under Assumption 3.5.1 and is
absolutely continuous with respect to Lebesgue measure, is then contained in B’. By (3.14)

and Lemma 3.5.2, we have
E (Bia, | Fi-na,) < KA, E(MZA, | Fi-na,) < KA.

Moreover, since cikt — cjlk(i_l) A 1s itself an one dimensional It6 semimartingale, by
’ ’ n

Lemma 3.5.2,
|B;An’ < KAn7 E (Mz/in{f(zfl)An) < KAn

Then it follows by (conditional) Cauchy-Schwartz inequality that the absolute values of the
F(i—1)a,— conditional expectations of BiAnBz/'An7 BiAan‘/An and MiAnBz{An are smaller

than KAZ. As for M;a, M, , notice that
E (Mia, Min || Fi-na,) = E{M M)ia,|[Fi-1)a,)

and

iAn kEin,
(’L—I)An (’L—l)An

iAn ki,
(c1) oyl
" < </(i—1)A 7 dWS) ,/(i—l)A s X(i_l)A")[JS]m"dWS>



where the first term can be further written as

1Ay 1,jk
/ CgX’Cl)) (X" = X(2 1A, )ds
(i_l)An

0 A
_ (X,e1) Lik " m m
= (d5h) /(H) o K = X, )ds

iAp 1k x 1k
+ / < (X)) ((Koer) ) X - XU )ds.
(i—1)An ( ) ( (i 1)An> ( (i—-1)Ap )

71—

Note X’ is continuous It6 semimartingale, by Lemma 2 and (conditional) Cauchy-
Schwartz inequality, the JF(;_1)a, —conditional expectation of the above term is smaller
than KA?/z (\/Tn + ﬁ?ﬂ(c(X’Jl)))- It is also true for the term with [ and m interchanged.

On the other hand, (3.21) can be proved in a similar fashion, in view of the facts that
02, (i+u—1)An 18 F(itu—1)A, —measurable and that o2 is bounded.

Therefore, we have shown that

2[2 (e (s, livcn) )] o
ey s S
KA (IE (”z+ o(Xoe1) ) (Th L(Koen) ) + AL+ @) )

as desired. O

Proof of Theorem 3.4.1. With all the preparations above we can move on to the proof
of Theorem 3.4.1. As in (Jacod and Rosenbaum, 2013a), we consider the following decom-

position
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where

Vl,n = A1/2Z( CzA (égAn)

d
1 . i Mmoo~
D I GG G GE
™ klm=1
~Banaléis, A + ) )
(i+1)An T
Ve = A5 [ gleis,) —gleds = A0 [ gleds
5 JiA, (Nn+1)Ap
d 1 kn
Van = A}Lﬂz Z 8lm9(CiAn)k*Z (Cl(?j_u_nAn _Cﬁn>
i l,m=1 " =1

V4,n = A}Z/Q <g(éiAn) CzA Z almg CZA
I,m=1

A7l Atk A A1kl
T2k, 8jk‘lmg(/ )(fA G+ ¢ " iA))

V5,n _ 1/2/{7 IZ Z 8lmg CzA ZOénH_u

i Iy,m=1

In view of this, Theorem 3.4.1 is the consequence of the following claims

Vin — 0, i=1,2,34

Van =5 MN(0,V(9)).

Now we proceed to show these claims one by one.
Case i = 1: Here we extend the proof of (A.18) in (Li and Xiu, 2016) to multidimen-

sional case. Define

d
1 , .
hn(z) = g(x) = o~ > D9 (@) (@ 4 2,
" Gk lm=1
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Since g(+) is compactly supported and hence uniformly bounded, so is h(:). Then by mean

value theorem, we have

E[Vin| < KAY?> E(||éia, — &a,l)
< KA711/2 Z anASLer w
< KanA%Q_r)w_l/a

for some sequence a,, tending to 0, where for the second inequality we use (4.8) in (Jacod

and Rosenbaum, 2013a). By Assumption 3.2.2, (2 — r)w > 1/2, hence V; ,, = o).

T

Case i = 2: The remainder term A, "/? anJrl)An g(cs)ds = o0p(1) can be proved as in

(
(Jacod and Rosenbaum, 2013a). On the other hand, by Taylor expansion up to the second

order

(i+1)An

WZ / —glein,))ds = Vi, + VL,
with

(i+1)A

Ve = Ay [
VQ// - 1/22/

Z Amg(cin,) ( —dn )ds

I,m=1
(i+1)A

02 im9(nals)) (B = eIk ) (0 = eI, ) ds.

7 k,l,m 1
where &, ;(s) lies between ¢, and ¢;a,,. Since 02 ki g(+) is bounded, Lemma 3.5.2 gives

., A1 (i+1)Ap T
E‘Vv&n < K n Z ) E(HCS cZAnH )dS

z—l—l)An

< KA- 1/22/ E (|jons — o1a,][?) ds

< KAY?
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As for V3, in view of (3.15), (3.16) and Lemma 3.5.2 (2), it suffices to show

i d
174 AT1/? s >0 : bm ds = 1 3.22
on1 = A Z img(cin,) (o175 — Ule s = op(1), (3.22)
lm 1
(i+1)An d

2 Omg(eian) (o2 —obia, ) ds = o,(1). (3:29)

V2n2— 1/22/

(3.22) can be proved using the martingale difference argument used in (Jacod and Protter,

2012), p.153-154. For (3.23), we have by Lemma 3.5.2 (2)

E "/QI,TLQ’

IN

(i+1)An
k8725 [ B (losinna, o) o

KAS,

IN

which vanishes as n — oco.
Case i = 3: We want to show V3, = 0,(1). In view of (3.15), (3.16) and Lemma 3.5.2

(2), it suffices to show that

d kn
Vi = A2 Omglein,) Z (oA, — olia, ) = op(1)  (3:24)
i I,m=1 n u=1
d kn
VE%/,/n = A}l/QZ Z 8lmg(CiAn 02 (i+u—1)A O-éf’ilA,,L :0p(1>. (325)
i Lm=1 =1

(3.24) is proved exactly as in (Li and Xiu, 2016), p.7-8 in their Appendix, observing that
o'™ is an one dimensional It6 semimartingale. On the other hand, by Lemma 3.5.2 (2), we

have

k
1 n

E“/?;//n < KAi/QZk*ZE(HUz(Hu—nAn—0'2,¢AHH)
% " u=1

—-1/2 1/24¢
KA (kpAy)

IN

IN

KkYHeAs

which tends to 0 by Assumption 3.4.1.
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Case i = 4: By Lemma 3.5.6 and Assumption 3.4.1, we have

A1/2ZIE< :

kn 'AYVEY TR (JEnal) = 0

|3>~>0

kn—1

Z\/ (knAp)

Then by a multidimensional version of the argument in (Li and Xiu, 2016), we have Vj,, =

op(1).

Case it = 5: Now we deal with the leading term V5 ,,, which can be rewritten as

[T/An]-1 4
V:’) n = A 1/2 Z Z wn z+1an i+1>
=0 I,m=1
where
iN(kn—1)
l _
nn;+1 =k, ! Z 8lmg<c(i—j)An)'

J=(=[T/An]+kn)*
Note that in our notations, w!™ i1 and ap i1 are Fip, and F(;p1)a, measurable, respec-

tively. Then by Theorem 2.2.15 in (Jacod and Protter, 2012), it suffices to show

(/A
1/2 Z wm+1 (Z,Y;Jrﬂ}—mn) LN 0, (3.26)

[T/An] 1
Z wn z+1wn Z+1E ( nz+1an Z+1‘]:1An>

i>/ Ojkg(cs)Omyg(cs) (cglc];m—i—cgmcfl) ds, (3.27)
0
ey 4 4 P
A Y lwintl'E (leninl* [Fia,) = 0, (3.28)
i=0
(T/An] .
ALY Z wit 1B (m+1A?+1N|EAn) — 0, (3.29)
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where N = W¥ for some k = 1,...,d, or is an arbitrary bounded martingale that is
orthogonal to the driving Brownian motion W.

Recall ¢(-) is compactly supported, Og(-) is bounded and so is wy,;. Hence by
Lemma 3.5.5 (2) and (1), respectively, we have (3.26) and (3.28). Moreover, note c is
cadlag adapted with no fixed time of discontinuity since both o; and o9 are so, the proof of
(4.16) in (Jacod and Rosenbaum, 2013a) gives (3.27).

At last as for 3.29, when N = W*, (3.29) holds because of (3.20) with ¢; replaced by W*.
On the other hand, if V is a bounded martingale orthogonal to W, the “usual argument”

gives the result, see (Jacod and Rosenbaum, 2013a) p.21 and the reference therein.
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CHAPTER 4
Bootstrap Inference for Integrated Volatility Functionals

In this chapter we introduce alternative ways to do statistical inference for integrated
volatility functionals. In the last comment that follows Theorem 3.4.1, it is shown how
statistical inference could be done for integrated volatility functionals using the asymptotic
result. In this chapter, we propose both parametric and nonparametric bootstrap algorithms
to construct confidence intervals for integrated volatility functionals. We justify the two

bootstrap methods by both asymptotic results and Monte Carlo simulation.

4.1 Setting

The basic set-up of this chapter is similar to the one in Chapter 3. To make it more
convenient for readers to directly start this chapter without going over the previous one, we
give a brief introduction to the setting here. In particular, we slightly update the notation
to accommodate the bootstrap setting considered in this chapter.

Throughout this chapter, all processes are assumed to be cadlag adapted. We consider
a d-dimensional multivariate It6 semimartingale process X defined on a filtered probability

space (2, F, (Ft)t>0,P) with the form
t t
Xe = Xo+ / bsds + / o dWs + Ji, (4.1)
0 0

where b is the d-dimensional drift process, o is the (co)volatility process taking values in
the space My, W is a d-dimensional Brownian motion and J denotes the jump process of
X. This setting covers most models used in continuous-time economics and finance (see
e.g., (Merton, 1992)), allowing for stochastic volatility, jumps and leverage effects.

On the statistical side, we assume that the process X is sampled at times t; = i/n for

i=20,1,...,n, over a fixed time interval [0, 7], which may represent a typical trading day.
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Without loss of generality, we assume 1" = 1. The increments of X are denoted as
A?XEXz/niX(z—l)/na 7::1,...,71,
and asymptotically the sampling interval tends to 0 as n — oo.

4.1.1 Integrated volatility functionals

With model (4.1), the spot (co)variance process of X is given by ¢ = ooT, which also
takes values in My. The goal of this chapter is to provide bootstrap confidence intervals

for integrated volatility functionals of the form

for some (possibly) nonlinear test function g.
The estimation problem of S(g) with its asymptotic results has been studied in the
recent literature, see (Jacod and Rosenbaum, 2013b), (Jacod and Rosenbaum, 2013a) and

(Li et al., 2016a). Define
n/kn)
n —" i) 4.2
Su(g: D) = Z% (¢ (42)

where for each i € Z,, = {0,...,[n/k,]| — 1}

kn
R n
Cnji = ? Z zk: +j zk +jX) 1{||Azkn+JX||<Un} (43)

n

is the local approximation for the spot covariance ¢; over the (non-overlapping) interval
likn/n, (i + 1)k, /n], and D,, = {A’X,i =1,...,n} represents the set of returns calculated
from the sampled data with the letter D denoting “data”. This is in contrast to the
bootstrapped data set D*. As in Chapter 3, here the tuning parameter k, is the number
of increments employed in a local window and u,, determines the truncation threshold for
eliminating jumps in X.

Under mild regularity conditions, S,,(g; Dy,) is a consistent estimator for S(g); see (Jacod

and Protter, 2012). However, for the associated unbiased central limit theorem with rate
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v/n to hold, a prior de-biasing term has to be added, see (Jacod and Rosenbaum, 2013a).

More specifically, define

[n/kn]—1

Sn(g;Dn) = k'ﬂ Z g(cnl - Z klmg C” 1) (CijAang + CZLWzLAlez> ’ (44)

n
=0 ],k,l,m 1

then under the Assumptions 3.1.1-3.4.1, Theorem 3.4.1 shows that

Vi (Sn(9: D) — S(9)) 53 MN(0,V (g)) (4.5)

with asymptotic variance

Vo= 3 [ onstedtmoten (cem  cined) s (16)

7.k, lm=1

Some of early works that develop this asymptotic result, under more restricted conditions,
though, include (Jacod and Rosenbaum, 2013a) and (Li et al., 2016a).

Based on the asymptotic result (4.5), confidence intervals for S(g) can be formed pro-
vided that the asymptotic variance V' (g) could be consistently estimated; see (Jacod and
Rosenbaum, 2013a). Alternatively, such statistical inference can be done via boostrap
methods, which is the goal of the present chapter. In section 4.2, we describe the algorithm
to construct parametric bootstrap confidence intervals for S(g), together with theoretical
results which justify the algorithm. The nonparametric way, which we call “local IID boos-
trap”, to construct bootstrap confidence intervals using resampling with replacement will
be introduced in section 4.3. We emphasize that in this setting we assume the same as-
sumptions that are imposed in Chapter 3, which are Assumption 3.1.1, 3.2.1, 3.2.2 and
3.4.1.

4.2 Parametric Bootstrap

4.2.1 Algorithm

We pick a sequence k, of width of local window for spot covariance estimation and

uy, of truncation threshold for eliminating jumps of X according to Assumption 3.2.2 as
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given in Chapter 3. Then for a given confidence level a € (0, %), the parametric bootstrap
confidence interval for S(g) with (asymptotic) coverage probability 1 —« can be constructed

using the following algorithm.

Algorithm 1. (Parametric Bootstrap Confidence Intervals)

Step 1. For each i € 7, estimate ¢, ; according to (4.3), and compute §n(g;Dn) and
Sn(g; Dy) according to (4.2) and (4.4) respectively.

Step 2. For each i € Z,, simulate Afj X" ~ N(0,2¢,;) for j =1,... kn.

Step 3. Compute bootstrap spot covariance estimators using A? X*, namely,

kn
n
A* _ n *\T
n,i L E Zk‘n+_] 'iknJrjX) .

n

Step 4. Compute bootstrap estimator for S(g) as

[n/kn]—1
k sl axk Axfm axkl
Sulg D =" Y e LS e (ehekm +eiral) ). @)
i=0 ™ Gk, lm=1
where D} = {A’X*,i =1,...,n} represents the set of returns calculated from parametric

bootstrap samples generated from Step 2.
Step 5. Repeat Step 2 - 4 for a large number of times. Set q,/2(Sn(g;D;)) and
q1—a/2(Sn(g; D)) as the /2 and 1—a//2 quantiles of S,,(g; Dj,) respectively. The parametric

bootstrap confidence interval of coverage 1 — « is then formed as
[Sn(g; Dn) + gn(g; D) — Q1fa/2(Sn(g; D’:(L))’ Sn(g; Dn) + §n(g; D,) — Qa/Q(Sn(g; Dp))l- (4.8)

As one can readily see, the confidence interval (4.8) is constructed via parametric boot-

strap as bootstrap samples A, . X* are generated from normal distribution.

ikn+j

4.2.2 Result

Theorem 4.2.1 below justifies the confidence interval (4.8) has asymptotic 1 — « cov-

erage probability. Intuitively, the bootstrap confidence interval is (asymptotically) valid if
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Sn(g; D) —Sn(g; Dy) enjoys the same asymptotic result, conditional on the realized original
sample, as that of S,,(g;Dy) — S(g) in (4.5), see e.g. (van der Vaart, 1998).

In the sequel, we use Z, E% 7 to denote L(Zn|F) N L(Z|F) for a sequence of random
variables (Z,)n>1 and Z, namely, the conditional distribution of Z, given F converges to
that of Z in probability under Prokhorov metric. Such a mode of convergence in commonly
used in the setting of bootstrap, as well as together with stable convergence in law. For
the latter situation, see e.g., (Barndorff-Nielsen et al., 2008) Proposition 5 and (Li and Xiu,
2016) Lemma A3.

Theorem 4.2.1. Suppose the Assumption 3.1.1, 3.2.1, 3.2.2 and 3.4.1 given in Chapter 3

hold, and let S, (g;D}) be given by Algorithm 1. It follows that

Vit (Sa(g:D5) — Balg: D)) 5 MN(0, V(9)), (49)
where .
1
Vig= Y. / kg (cs)Oumyg(cs) (Cgcgm + c;‘m@;l) ds. (4.10)
.k lm=1"0

Several comments are worth mentioning. Firstly, under the same assumptions as im-
posed in Theorem 3.4.1, both the convergence rate and the asymptotic variance in Theo-
rem 4.2.1 are exactly the same as that in (4.5) and (4.6), which validates the constructed
confidence interval given in (4.8), as argued in (van der Vaart, 1998). Secondly, a closer
observation reveals that the left side of (4.9) has only one bias correction that is included
in S, (g; D%), while there is no biased correction term in S, (g; Dp). This is in line with the

original asymptotic result (4.5) where the only bias correction occurs within S, (g; Dy,).

4.3 The Local IID Bootstrap

In this section we introduce the algorithm to construct local IID bootstrap confidence
interval for S(g). The wording “local IID” emerges from the fact that the bootstrap samples
in this method are generated by resampling with replacement over each nonoverlapping local

window. The theoretical results to justify this procedure is also provided.
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4.3.1 Algorithm

Pick a sequence k, of width of local window for spot covariance estimation and wu, of
truncation threshold for eliminating jumps of X according to Assumption 3.2.2 as given in
Chapter 3. For a given confidence a € (0, 1), the local IID bootstrap confidence interval for
S(g) with (asymptotic) coverage probability 1 — v can be constructed using the following

algorithm.

Algorithm 2. (Local IID Bootstrap Confidence Intervals)
Step 1. For each i € 7, estimate ¢, ; according to (4.3), and compute §n(g;Dn) and
Sn(g; Dy) according to (4.2) and (4.4) respectively.

Step 2. For each i € Z,,, compute bootstrap spot covariance estimators

kn,
N

nz_k
n

( thntiie )(A”“ +7;, X) 1{IIA“c it Kllun}s (4.11)
=1

where for each i and £,

jie ~iid. Uniform{1,... k,}.
Step 3. Compute bootstrap estimator for S(g) as

[n/kn]—1

* k A% lA* A% &
=0 ],k,l,m 1
(4.12)
where D,, = {A’X*,i = 1,...,n} represents the set of returns calculated from local 11D

bootstrap samples generated from Step 2.
Step 4. Repeat Step 2 - 3 for a large number of times. Set q,/2(Sn(g;D;,)) and
q1—a/2(Sn(g; D;,)) as the a/2 and 1 — «/2 quantiles of Sy (g; D;,) respectively. The local

IID bootstrap confidence interval of coverage 1 — « is then formed as
[S7.(9; Dn) +§n(g; Dy,) _QI—a/2(Sn(g; D;,)), Sn(g; Dn) +§n(g; D) _Qa/2(8n(g; Dp))l. (4.13)

Algorithm 2 forms the bootstrap confidence interval in a nonparametric way, featuring

that the bootstrap samples A, * are generated from i.i.d. resampling with replacement

ikn +_]
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over each (nonoverlapping) interval [ik, /n, (i+1)k, /n], instead of using normal distribution
as in the parametric case.
4.3.2 Result

Theorem 4.3.1 below justifies the confidence interval (4.13) has asymptotic 1—« coverage

probability.

Theorem 4.3.1. Suppose the Assumption 3.1.1, 8.2.1, 3.2.2 and 3.4.1 given in Chapter 3

hold, and let Sy, (g; D)) be given by Algorithm 2. It follows that

Vit (Su(giD3) = Sulg: D)) 5 MN (0, V(9)) (4.14)
where
d 1 ) 4
V(g) = Z /0 8jkg(cs)8lmg(cs) (Célc’;m + cgmc":l> ds. (415)

J.k,lm=1
Theorem 4.3.1 implies that the local IID confidence interval has the same asymptotic ef-

ficiency as the parametric method, in spite of the lack of local Gaussianity. On the technical

n
ikn+j

level, this is because the i.i.d. resampling of bootstrap samples A X* with replacement
is only implemented locally over each (nonoverlapping) interval, rather than over the whole
time span [0, 1] as, for example, in (Gongalves and Meddahi, 2009). Therefore, the con-
structed confidence interval (4.13) has the desired coverage as argued in (van der Vaart,

1998).

4.4 Monte Carlo Study

4.4.1 The Monte Carlo Set-up

In this section we validate the confidence intervals constructed in (4.8) and (4.13) via
Monte Carlo study, where we consider the integrated idiosyncratic variance as mentioned
before. We set the time span T' = 60 days which is almost one business quarter, with
the time unit being one year or equivalently, 250 trading days. Each day contains 390 1-

minute sampled returns, corresponding to 6.5 transaction hours. We also consider 10-minute
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returns in the study. All continuous-time processes are simulated using Euler scheme with
a 5-second mesh. There are 1000 Monte Carlo trials and 500 bootstrap trials.
We consider a bivariate setting, in which the data generating process (DGP) is given

as follows:

dZy = \Jczz: AW +dJzy,

dYs = Bi/czzidWi + JcrdW; + dJy,

where W and W are two independent Brownian motions, and Jz and Jy are two inde-
pendent compound Poisson processes with intensity equal to 2 jumps per year and jump
distribution A/(0,0.022). One can consider Z as the log-price process of the market portfolio
and Y as that of some individual asset. The process 3, measuring the exposure of Y to Z,
follows:

Bt = 0.5+ 0.1sin(100¢).

The market variance processes czz and idiosyncratic variance process c, satisfy the following
factor structure:

ozzt =bi + f14,  cer = 0.1+ foy (4.16)

where b; is a fractional Brownian Motion with Hurst parameter 0.9, and the factors f;, for

7 =1,2, are simulated according to

dlog(f;) = 5 (10g(0.3%) — log(f;)) dt + 5 (psaWs + /1 = p3dBy, ) +dJl,.

where the negative correlation py = —0.5 represents the “leverage effect”, and (ij )j=1,2
are compound Poisson processes, which are mutually independent and independent of other
components in the DGP, with intensity equal to 4 jumps per year and jump size distribution

being exponential with mean 0.1.

"We thank Professor Vladas Pipiras for generously sharing the Matlab code for simulating fractional
Brownian motion.
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In this setting, the volatility functional under consideration is the so-called idiosyncratic

spot covariance of Y, given by

g(ct) = eyva — Biczze = cyye — Cyyi/czzi,

where czy,; = ﬂfczz’t + cet- We would like to examine the coverage probabilities of the
confidence intervals for S(g; D,,) = fOT g(s)ds as constructed by (4.8) and (4.13).

Tuning parameters in the implementation are set as follows. The truncation threshold
for day t is given by 3.55;A%4° where &, is the annualized bipower variation (see (Barndorff-
Nielsen and Shephard, 2004c)). We consider two sets of local window k,, € {45,60,75} when
A =1 minute and k,, € {12,14,16} when A = 10 minutes, so as to check the robustness of

our inference procedure to the choice of tuning parameters.

4.4.2 Results

Monte Carlo coverage probabilities of confidence intervals formed by (4.8) and (4.13) are
reported in Table 4.1. The coverage probabilities for both parametric bootstrap confidence
intervals and local IID bootstrap confidence intervals are very close to the corresponding
nominal confidence levels, and the results are robust to the choices of local window k.
Astute readers may find that the performance for parametric bootstrap method is slightly
better than the local IID method, which is not surprising in this artificial simulation setting
as the underlying process dynamics is designed to be normally distributed given the real-
ization of volatility. Other finer observations include, for example, given A = 10 minutes,
the performance of local IID method of k,, = 14 and k,, = 16 is better than that of k,, = 12.
Overall, the simulation results reported here are consistent with our asymptotic theory, and

moreover, validate our inference procedure in the finite sample setting.

4.5 Future Work

So far, we have only considered non-overlapping case. It would be interesting to de-
rive the same asymptotic result in the overlapping case from a smoothness point of view.

Moreover, althought the bootstrap method could produce confidence intervals for estimat-
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Table 4.1: Monte Carlo coverage probabilities for non-overlapping bootstrap confidence intervals.

A = 1 minute A = 10 minutes
kn=45 k,=60 k,=175 kn,=12 k,=14 k, =16
Panel A. Parametric Bootstrap Method

a=1% 0.984 0.986 0.988 0.993 0.992 0.993

a=5% 0.947 0.952 0.947 0.946 0.959 0.956

a=10% 0.901 0.888 0.899 0.901 0.911 0.912
Panel B. Local IID Bootstrap Method

a=1% 0.978 0.976 0.975 0.973 0.983 0.980

a=5% 0.926 0.932 0.935 0.916 0.943 0.947

a=10% 0.873 0.884 0.876 0.860 0.894 0.891

Note: Panel A reports the coverage probabilities for the parametric bootstrap method.
Panel B reports the coverage probabilities for the local IID Bootstrap method. The left
(resp. right) panel reports results for 1-minute (resp. 10-minute) sampling. Rows and
columns respectively correspond to various choices of confidence level o and local window

width k.

ing integrated volatility functionals without computing the asymptotic variance, it is still
required to compute the second order derivatives of the test function g, which could be
quite cumbersome in practice. In view of the most recent work in (Li and Xiu, 2017), it

would be desired to derive a bootstrap method that has no bias correction term.

4.6 Proofs

In this section, we provide regularity conditions and formal proofs for Theorem 4.2.1
and 4.3.1 in the main text. To do so, we need to complement the notations to be used in
the sequel. We use K to denote a positive generic constant, which might vary from line to
line. Ex(-) and Varz(-) denote F-conditional expectation and variance, respectively. For
two (possibly random) real-valued sequences (an)n>1 and (by,)p>1, we write a, = Op(by)
if a, /b, is bounded in probability and write a, = 0p(b,) if a,/by, is converges to 0 in
probability.

We point out here that the conditions under which Theorem 4.2.1 and 4.3.1 hold are
exactly the same as in Chapter 3. More specifically, we assume the dynamics of X and
o follows Assumption 3.1.1, where, in particular, o is a LMIS. Furthermore, we assume

the test function ¢ satisfies Assumption 3.2.1, and tuning parameters k, and wu, satisfy
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Assumption 3.2.2 noting that A,, = 1/n in current setting. Also, we have Assumption 3.4.1
to compensate for the fact that the long memory part of ¢ might not be a martingale.

In the following we are going to present formal proofs for Theorem 4.2.1 and 4.3.1.
By a standard localization procedure (Lemma 4.4.9 in (Jacod and Protter, 2012)), we can
without loss of generality assume all locally bounded process are actually bounded. In light
of Lemma 2 in (Li et al., 2016a), we can restrict our attention to the set with probability
approaching to 1 on which local covariance estimates ¢, ; are uniformly bounded for i € Z,,.
Moreover, by using the spatial localization argument as in the proof of Theorem 2 in (Li
et al., 2016a), we can assume that test function g is compactly supported, and hence both

function ¢ and its existent derivatives are bounded from above by some positive constant.
4.6.1 Proof of Theorem 4.2.1

Observe that the left hand side of (4.9) can be written as

[n/kn]—1

vn (Sn(g; D;;) — Sulg ) Z f

where

o A ) kGl Ak %G Axkl
Hn,z*g(cn,i)_g( 0 E klmg )(cnz Cnyi +an nz)'
" gk lm=1

In light of Theorem 2.2.14 in (Jacod and Protter, 2012), which is a set of Lyapunov-type

conditions and by subsequence principle, it suffices to show

Ex (Vi (Sn(9:D5) = Sulg:Da))) = 0 (4.17)
Ex (Vi1 (Su(o:D}) s<g,z>>))2 5 V(g (118)

and

Wil <\F Hm>4 .o, (4.19)

=0

which will be proved via the following three steps.
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Step 1. We first show (4.17). Simple calculation using normality of A%, 4 X" gives

Ere) =k, Er (e - @) = 0,057

n,t n,1 n,t

A% k jk Axl Al [N ~kl
E]:|:( ! C] )(nzn_cm)} k‘ (szz nT+CZJrzL nz)'
n

Then by Taylor expansion and the fact that ¢, ; is F-measurable, we have for any i € Z,,

o . I . .

Er (9(&:) = 9(éns) Z i 9(@n) (080 + AR ) + G
] k,l,m=1
where by Cauchy-Schwartz inequality G, ; is the higher order term satisfying
d
ErlGoi < K Y B |(eff-al) (el —dn) (an - o)l
7kl mauv=1
= 0,k 2%),

By Assumption 3.2.2, k3 /n — oo, it follows that

[n/kn] 1

ViEs (Su(g:Dy) = SulgsDa)) = gr X it

where

I skm m ki
M = g 3 Gumstean (St + )
" gkl m=1
1 d
2 Ak ~kJlaxkm | aximoaxkl
ok Z Er [8jk,lmg(cn,i) (Cn,icn,i ¢ an):| .
"k lm=1

By mean value theorem and Cauchy-Schwartz inequality, one can readily derives that
E’nn,i| < Kk;3/27

which, plus the fact k3 /n — oo, gives (4.17).

68



Step 2. Next we show (4.18). In view of step 1, we have uniformly in i,
\/ﬁHn,i = Op(l).

Since H,; and H,, ; are conditionally independent if ¢ # j, we have

1z ((Sa(0D3) — Sl D)) —j kz o)+ op(1).
=0

Hence it remains to show

:\M

n/kn)
Z L v(g) (4.20)
=0

To show (4.20), Taylor expansion up to second order yields the following decomposition

Hy;=Hipn;+ Hopj

where
d
Hipng = Z Ijkg(Cn.i) (A:szk C]k)
jk=1

and, by Cauchy-Schwartz inequality and the fact that Ex (A*J ko k) = 0,(k;?)
Er(H3 ) = Opky?).

As for Hj i, an adaption of Theorem 9.4.1 of (Jacod and Protter, 2012) to the nonover-

lapping case yields

12 [n/kn]—1
" Er(H,.)
=0
k‘2 [n/kn]—1 d
=X X owsleadtgtendBr (5 - (s )]
i=0  jk,lm=1
L [n/kn]—1 d
B ;n > 0k9(En1)Omg(én i) <‘%le7’2 e Afﬂ)
i=0  j,klm=1
5 V(g)
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Therefore, by Cauchy-Schwartz inequality

12 [n/kn]—1 o2 [n/kn]—1
= N Ex(Hy) = = Er(H?,,; + 2H1niHopi + Hs )
n =0 7 n =0 o o
L2 [kl
= S Es(HE) + Oyl ) + Ol )
=0
P
— V(g)

Thus we prove (4.20), and (4.18) follows.
Step 3. At last we show (4.19). By mean value theorem and simple calculation, it holds
that

Er(H:))

n,i

AN
&=
&r’
—
Q
—
o
3
N
Q
—
>
=
N
S—
+
RS
—
eyl
S
B
N—

Plugging this into the left hand side of (4.19) gives the result.
Hence we finish the proof for Theorem 4.2.1.
4.6.2 Proof of Theorem 4.3.1

In this section we provide formal proof for Theorem 4.3.1, in which the bootstrap
samples are generated using resampling with replacement. One could expect that the proof
for Theorem 4.3.1 would be more involved than that of Theorem 4.2.1, due to the lack of
(local) Gaussianity.

4.6.2.1 Elimination of jumps and truncation

In the spirit of (Jacod and Rosenbaum, 2013a), we find it useful to replace truncated

returns by diffusive returns at the very beginning. To do so, define

t t
X'y = / b sds —|—/ osdWs,
0 0
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where

by = by +/5(Sa$)1{||6(s,ac)§1||})\(d13)- (4.21)
Correspondingly, define
n &
Cni = T (A%, X") (A, X)T
k [n/kn]—1
Su(giDn) = — 9(&,)
=0

o,
Il

n*,i k‘ Z( tknti], ) ( ikn+j} Xl)

/ k gl Ak A kil
Su(g:Dn) = — > e Z e m9(@ )(CJ;’ A o Al )
=0 ],k,l,m 1
We will show that under Assumption 3.2.2, it would be enough to consider the diffusive
returns A7,

e ﬂX” in place of the truncated returns (A?knﬂ ) 1{||Azkn+]X||<u”}’ which is

mainly due to the following lemma on the convergence in conditional law.

Lemma 4.6.1. Suppose (X,,)n>1 and (Yy,)n>1 are two sequences of random variables such
that

LIF

X, “5 L, EfY,] -0, (4.22)

L|F

for some distribution .. Then it holds that X,, + Y, — L.

Proof. By definition of convergence in conditional law (e.g., Definition A1l in (Li and Xiu,

2016)), it suffices to show that for any bounded Lipschitz continuous function f,

Er (f(Xn+ Y)) — / f(2)L(dz
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Note that

Ex (f(Xa +Y,)) / f(2)L(d2)

< [Er (f(Xn + Ya)) — B (F(Xu))| + \Ef 7)) - [ )|

The first term converges to 0 because of f being Lipschitz and the second condition in
L|F
(4.22), while the second term vanishes in probability due to the condition X, L> L in

(4.22). O
The following result officially allows us to replace truncated returns by diffusive returns.

Proposition 4.6.1. To show \/n (S’n(g; D*) — Sn(g; Dn)) 27 MN(0,V (g)), it suffices to
show

Vi (S1(9:D3) = Sh(g: D)) =5 MN 0.V (g).

Proof. Observe that
Sn(9; D) ~Sn(9: Dn) = Sn(g; D) —S,(9: D)+, (9 D) S (95 D) +Sh (9 D) —Sn(g; Do),

In the spirit of Lemma 4.6.1, it suffices to show

ViEF |Su(g;D;) — S, (9: D) — 0, (4.23)
VIE |85(9:Dy) — Su(9; Dn)| —= 0. (4.24)
To show (4.23), let
1 d A .
h(z)=g(z) — T Z 8J2k7lmg(a:)(a:]la:km + :L‘]mxkl) (4.25)
" ik lm=1
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which is in C}, since g € C2. By mean value theorem,

VIEF |Su(g;D}) — S, (9: D)

3\:??

?TII

A*]k; P *]k
n,z

SiF

~.
|

E;‘h
d
Z
k=1

where

n,l n,i

Eg [e77F - et

ki
n
< kZE}"( ikn+3; X/ ) (Azk +iie X )1{||Al,€ +if XHSUn}
™ e=1
"k
_< szrj*X )( 1k+J*X )’
k
Ao X (A?kn+eX )1{\|Alkn+eX||SUn}

- (A?knJreX J) (A?knJreX k)‘

(r—2)w

IN

Kayn

for some sequence of reals a,, converging to 0, and the last inequality is by the argument in

page 15 of (Jacod and Rosenbaum, 2013a). Therefore,

VAR |Sn(g:DE) — S, (g: D5)| < Kapn™=2=+3

which vanishes since @ > 3 _7 > ( 5 by Assumption 3.2.2. Hence (4.23) follows.
(4.24) can be proved in the similar (and in fact simpler) way. O
4.6.2.2 Proof for the continuous case

In the spirit of Proposition 4.6.1, we will show

L|F

Vi (Su(9:D3) = Si(g: D)) =5 M0,V (9)). (4.26)

As in the case of parametric bootstrap, we will again use Theorem 2.2.14 in (Jacod and
Protter, 2012) plus subsequence principle. To do so, we have to obtain the order of mag-

nitude of returns and spot volatility estimates computed based on bootstrap samples using
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diffusive returns, which is more involved than the case of parametric bootstrap due to the
lack of local Gaussianity. We collect the results in the following lemma, and again we

restrict our attention to the set on which spot covariance estimates are uniformly bounded.

Lemma 4.6.2. We have for any i € Z,,

Er(ydt) =&l Bp (e0" éj’“) = 0, (k)

n, n,t’

Arjk  AGREN (Almo Alm\ | 1 Jl A km ]m 'kl —3/2
E}— |:(cn,i —Cp ) (Cn,i _cn,i):| - F (an nz +cnz T8 + O ( / )
n

Moreover, for any p > 1,

Proof. The first identity can be obtained by simple calculations. Furthermore, note that
A xjk P jk jk
Cn,i Z Zn KN4

where ZflkM = (fAzk it ) (fAlk i, ) A]k By the fact that |Ajk| < K and

the standard estimates for continuous It6 semimartingale, it follows for any p > 1,
ik p n ' p Tk
(2] < B[V ) (80 6
1 7\ P 1\ P
= > (Vaah, o XT) (Vaah, X ")

= 0p(1)

Then the second equality in Lemma 4.6.2 follows from a direct calculation and the last one
can be deduced from Jensen’s inequality.

The third claim in Lemma 4.6.2 is a bit more involved. For notational simplicity, let

ki
RN = Al L XTAG G XFAT L XTIAY L X

n,i,l
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Direct calculation yields that

k
B [(a0k _ i) (gem _ gum\] = L (77NN pakim ik i
F A\ Cni — Cni Cni — Cnyi _? kiz nyil — CniCnyi
n

™ op=1

Then it suffices to show

jklm Ak’m AglSkem  Algmy -
. Z RIFI g dhetm g dlakm g ckl—Op(kn1/2), (4.27)

n,i,l nz nz N, M, n,n "N,

The proof for (4.27) relies on the decomposition

2 kn
n jklm N1 Al A K A gm Akl
ki RiL,z,E _Crfzch_Crf@Cn;n_Crf@ nz Rlnz+R2nz+R3nz
" =1
where
1 k’IL
2 pjklm 2 pjklm
Rl’n’z - E |: Rnlf _E < an@ ’F(an-i-f—l)/n
/=1
1 o
P ik lm
RZ,n,l - k; |:E < an( ~F(zk:nJrf 1)/ > cyzkn—l—f 1)/n (lkn—M 1)/n
/=1
—t ckm _dm o
(ikn+€—1)/n Clikn+t-1)/ (ikn+£—1)/n C(ikn+-1)/n
1
L= k g
R3»”vl - E (cgzan 1)/n (zan 1)/n+cjzkn+f 1)/n (zkn+£ 1 /n"‘cjzan 1)/n (1kn+€71)/n
/=1
AikAim NGl kmo A gmAEL
—CniCni ~ CniCnyi T Cpy Cni)

Note that Ry ,; is the sum of a martingale difference sequence, by the standard estimates

for Itd6 semimartingale, it readily deduces
Rini= Op(k;1/?%). (4.28)
Moreover, by Lemma 3.5.4 in the proof of Theorem 3.4.1 from Chapter 3, we have

Ropi = Op(n~/?). (4.29)
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Finally, for R3, ;, by estimates of the error of local covariance approximation under LMIS

assumption, as given in the first claim of Lemma 3.5.6, we have

E|Rs il <n Y2+ kY2 4+ (/)2

since k2 /n — 0 by Assumption 3.2.2, the leading term is k, 12,

Combining (4.28) - (4.30) gives (4.27), and hence proves the lemma.

Now we come to show (4.26). Write

[n/kn]—1
kn .,

Vi (Su(e: D) = 8o D)) = Y EH
=0

where

A R I
H;z,i = Q(Cr;i) - g Z k lmg ) (C:i ;l;:m +é *]m [kl

j k,,m=1

(4.30)

In light of Theorem 2.2.14 in (Jacod and Protter, 2012) and subsequence principle, it suffices

to show

Ex (v (Su(e:D3) = Si(9:Da))) =+ 0
Ef(\/ﬁ(sxg;p*) Seon)) 5 Vi)

[n/kn]—

Z Ef<\f )4 = o,

(4.31)

(4.32)

(4.33)

all of which, with the help of Lemma 4.6.2, can be produced word for word as in the

parametric case. Hence we finish the prove of (4.26) and hence Theorem 4.3.1.
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CHAPTER 5

Empirical-process-type CLTs for Estimating Integrated Volatility Func-
tionals

In this chapter we further generalize the results from Chapter 3 and Chapter 4 on esti-
mating and statistically inferring integrated volatility functionals. We consider a functional
form of integrated volatility functionals where the test function has an extra indexing pa-
rameter. We extend an empirical-process-type asymptotic result in (Li and Xiu, 2016) to
the case of allowing the indexing parameter to be of arbitrary finite dimension. We pro-
pose both parametric and nonparametric bootstrap algorithms which provide alternatives
for statistically inferring integrated volatility functionals in this setting. As is the case
with Chapter 4, we justify the two bootstrap methods by giving empirical-process-type
asymptotic results. We emphasize that this project is still on-going with several potential

applications to be done in the future.

5.1 Setting

The basic set-up in this chapter is quite similar to that of Chapter 3 and Chapter 4,
except for two differences: the first one is that in this chapter we only assume the volatility
process is an It6 semimartingale, which in particular does not contain a long-memory part
as considered in Assumption 3.1.1; the second difference is that we will consider a functional

form of the test function g given by

g:Vx0 =R,

where V C R is the range space of spot volatility, and © ¢ R4™? ig the space of indexing
parameter . Thus for each fixed value ¢;, which is already defined in the previous two

chapters, g(ct,-) is a function over ©. Given T > 0, which may be a typical trading day,
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our goal is to (uniformly) estimate the quantity of the form

Before we proceed to the estimation and statistical inference of S(g,6), we give a couple

examples to show the importance of S(g,#) defined as such in economics and finance.

e In the degenerate case where 6 is fixed, S(g;6) reduces to the ordinary integrated
volatility functionals S(g) = fOT g(cs)ds given in (3.5). Then the specific examples in-
clude integrated volatility, quarticity, power variation, beta and idiosyncratic variance

etc, see Section 3.2 for a more detailed discussion of this case.

e In general, 6 varies over some parameter space ©. In this case, a typical example
would be

g(z,0) = exp(—0z), 0 € (0,00),

in which case

T
S(g;0) :/0 e %ds, 6 e (0,00)

is the empirical Laplace Transform of ¢;, which summarizes the complete spatial in-
formation of the volatility process within the time span. We refer readers to (Todorov
and Tauchen, 2012b), (Todorov et al., 2012) and (Todorov and Tauchen, 2012a) for

more details on realized Laplace transform.

e (Li and Xiu, 2016) considers a variant of GMM setting where moment conditions take
the form of temporally integrated functionals of the sample paths of state variables
including latent stochastic volatility. More specifically, let X; be the price of an
underlying asset, and Y; be the price of a derivative contract written on it. Set
Zy = (t, Xy, 1¢,dy) with short interest rate r; and dividend yield d;. If (Z;,¢) is

Markovian under the risk-neutral measure, then

Yin, = f(Zia,,, cin,; 0%) + ain, i,
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where f is a R—valued function, 8* arises from the risk-neutral model for the dynamics

of Z;, and a; is the stochastic volatility of pricing errors x; which in turn satisfies
E(Xl’}— ) =0,

where F denotes the whole information set defined over the underlying probability

space. Then one can consider the integrated moment condition
T
5(g:07%) = / 9(Yi, Zy, 3 0%)dt = 0,
0
with
o(¥is i) = [ Vi~ (22 0)] B ()

where P, (dx) denotes the marginal law, independent of F, of pricing errors y;. To

infer 6%, we need to estimate S(g,#) and study the associated statistical properties.

5.2 An Empirical-process-type Central Limit Theorem

Throughout the rest of this chapter, we assume Assumption 3.1.1 with g9 = 0. That
is, the log-price process X is an It6 semimartingale with jumps of finite variation and
the volatility process ¢ is a general It6 semimartingale. In particular, unlike the case of
Chapter 3 and 4, we do not impose a long memory part on the volatility process.

We assume that only the process X is sampled at equidistant times 1A, with step size
A, at stage n, for 0 <i < |T'/A,,|, within the fized time interval [0,T]. Furthermore, the

increments of X over [(i — 1)A,,,iA,] are denoted by
A?XEXZ‘A”_X(Z?I)A,N izl,...,n.

Below, we consider an infill asymptotic scheme, that is, A,, — 0 as n — oo, while T is fixed.
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Generalizing the estimator of S(g,6) given in (Li and Xiu, 2016) to a multivariate case,
the proposed estimator is

(T/An]=kn

Sn(9:0:Dn) = Ay Z (g(émn;ﬁ)

Z klmg Cing;0) X (cj Akm +C]m iz )>7

jklm 1

where, following the convention in Chapter 4, D,, = {AX,i = 1,...,n} represents original
returns. Note here that the (usual) spot volatility estimator is, for any 0 <i < [T/A,] -k,

and 1 <[,m <d,

kn
Z AT GXIAT X LA, X |<un)

where k, is a sequence of integers denoting the number of increments employed in a local
window and u,, determines the truncation threshold for eliminating jumps in X. Assump-
tion 3.2.2 states the exact conditions imposed on the tuning parameters k, and w,.

Based on the proof of (Li and Xiu, 2016), we have the following empirical-process-type

central limit theorem:

Theorem 5.2.1. Suppose Assumption 3.1.1 with oo = 0, and Assumption 3.2.2. Moreover,
assume g : V x © — R satisfies Assumption 3.2.1 with respect to the first variate and is

continuously differentiable with respect to 0 € ©, where © C R¥™ is g compact set. Then

if
dimf < 2(1 —~)/~, (5.1)

the sequence Aﬁlﬂ (Sn(g; ;D) — S(g;+)) of processes converges F—stably in law under
the uniform metric to a process &(-) which, conditional on F, is centered Gaussian with

covariance function Sq(-,-), where Sy(-,-) is defined as, for any 6,0' € ©,

S,(0,0) = Z / 0j10(cx: )y e ) (clich™ + ekt ds

7,k lm=1

80



However, Theorem 5.2.1 is not quite satisfactory due to the restriction (5.1). Put it
more precisely, because of Assumption 3.2.2, it follows that 2(1 —v)/y < 4. As a result, it
shold hold that dimf < 4, which is not only restrictive from a theoretical point of view, but
confines the scope of applications.

We point out here that in the proof of (Li and Xiu, 2016), the condition (5.1) arises when
showing the stochastic equicontinuity of the empirical-process-type central limit theorem.
Nevertheless, by using a method which separates the jump part and the continuous part of

the underlying volatility process, we are able to get rid of (5.1), namely,

Theorem 5.2.2. Suppose Assumption 3.1.1 with oo = 0, and Assumption 3.2.2. Moreover,
assume g : V X © — R satisfies Assumption 3.2.1 with respect to the first variate and is
continuously differentiable with respect to 6 € ©, where © C R¥ s o compact set, with
dimf < oco. Then the sequence A;l/z (Sn(g;3Dn) — S(g;-)) of processes converges F —stably
in law under the uniform metric to a process &(-) which, conditional on F, is centered

Gaussian with covariance function Sy(-,-), where Sy(-,-) is defined as, for any 0,0" € ©,

d
se0= > | $030(cui )0mg(cai) (k™ + i) s,
jkdm=1"0

Several comments are worth mentioning, besides the condition (5.1) is removed. Firstly,
in order to prove the functional central limit theorem stated in the theorem, we need to
show the convergence of finite dimensional distributions and the stochastic equicontinuity.
Since the convergence of finite dimensional distributions is easily implied by Theorem 3.4.1
with Cramér-Wold device, we only need to show the stochastic equicontinuity, the details
of which are presented in the Proofs of this chapter.

Secondly, as far as the efficiency is concerned, although it has not been proved that in
such functional setting the asymptotic variance Sy(-,-) is the smallest, Sg(6,6’) turns out
to be smaller than the asymptotic variance of the functional central limit theorem proved
in (Todorov and Tauchen, 2012b) for some specific values of 6 and 6'.

Last but not least, from an application point of view, we can use Theorem 5.2.2 to

construct confidence band (region) for {S,(g;6;Dy),0 € © c R¥™?} by taking advantage
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of the fact that the “sup” functional is a continuous mapping on the space of continuous

functions, together with the continuous mapping theorem.

5.3 Bootstrap Inference

As pointed out above, Theorem 5.2.2 can be used to construct confidence region for
Sn(g;-). However, in practice the critical values for confidence region may not be determined
from the asymptotic covariance when O is not finite, see (Kosorok, 2007). Alternatively,
one may turn to bootstrap methods. In the sequel we introduce both parametric and
nonparametric bootstrap methods in this functional setting and provide empirical-process-
type asymptotic results to (theoretically) justify the two methods.

As is the case with Chapter 4, we only consider non-overlapping case and we defer

the study of overlapping case for future research. In view of this change we redefine the

aforementioned quantities as follows: for each i € Z,, = {0, ..., [T/knAy] — 1}, let
1 &
ban = A z; (A%, 4X) (A%, X) T Lgan, . Xli<un)
J:
[T/knAn]—1
Su(9:0;Dn) = Enln D> g(éin,;0)
1=0
T/knAn]—1
Su(9:0;Dn) = knln Y <g(émn;9)
1=0
Z klmg ClAna ) (C] Akm +Cz£n N )>
]k,l,m 1

5.3.1 Parametric Bootstrap

We start with the parametric bootstrap method, which regenerates the bootstrap return
samples by using normal distribution.
Algorithm 3. (Parametric Bootstrap)

Step 1. For each i € Z,, estimate é;a,, and compute gn(g;H;Dn) and S,(g;0;D,),
respectively

Step 2. For each i € Z,,, simulate A, . X* ~ N (0, Anéia,) for j=1,... k.

ikn, +]
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Step 3. Compute bootstrap spot covariance estimators using A7 X*, namely,

k
P 1 - * *
“dn T A, ;( o4 X ) (A X7)T

Step 4. Compute bootstrap estimator for S(g;60) as

[T/knAn]—1

S0P = kb > (olein0
i=0
xjl .
Z e tm9(En,,;0) (C:i R elnerk >) ;
],k,hm 1
where D} = {A'X*,i = 1,...,n} represents the set of returns calculated from bootstrap

return samples generated from Step 2. Then the empirical distribution of any statistic of
Sn(g;0; Dy) could be calculated accordingly.
In theory, such parametric bootstrap method is justified by the following asymptotic

result:

Theorem 5.3.1. Under the same assumptions as in Theorem 5.2.2, and let Sy (g;0;D}) be

given by Algorithm 3 (parametric algorithm). It follows that

A (Sn(gr;DZ) - §n(g;-;Dn)) 5 MN(0,5,(,)),

under uniform metric, where for any 6,0 € ©,

5(90 ) = Z / Ojrg(cs; 0)Omg(cs; 0 )(Cﬂ km, c]m kl)

7.k, lm=1

The proof of Theorem 5.3.1 consists of two parts: the convergence of finite dimensional
distributions under “£|F” with Cramér-Wold device, which is true by Theorem 4.2.1, and

the stochastic equicontinuity under “L|F”.
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5.3.2 The Local IID Bootstrap Bootstrap

Now we proceed to the nonparametric bootstrap method. As in Section 4.3, the name
“local IID” comes from the fact the bootstrap return samples are generated by resampling
with replacement. The algorithm goes as follows:

Algorithm 4. (Local IID Bootstrap)
Step 1. For each i € Z,, estimate ¢;a,, and compute §n(g;9;Dn) and S,(g;0;D,),

respectively.

Step 2. For each i € Z,, compute bootstrap spot covariance estimators

k
1 - T
Ak _ n n
nn = a2 (s X) (s, X) iy, L. Xli<un:
=1 v

where for each i and £,

jie ~iid. Uniform{1,... k,}.

Step 3-4 are the same as in Algorithm 3.

The theoretical justification of Algorithm 4 is given by the following theorem.

Theorem 5.3.2. Under the same assumptions as in Theorem 5.2.2, and let Sy (g;0;D};) be

given by Algorithm 4 (local IID algorithm). It follows that

Ay

[NIES

= L|F
(Snlg35D5) = Bulgi D)) S5 MN(0,5,(-, ),
under uniform metric, where for any 6,0 € ©,

d T
Sy0.0)= > / O319(€530)Omg(cs30') (elleh™ 4 cImekl) ds.
0

Jk,lm=1
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5.4 Future Work

It would be interesting to explore the efficiency of the asymptotic result given in The-
orem 5.2.2, namely, whether or not the asymptotic variance Sy(-,-), which is essentially
a kernel function, is small enough. In particular, it is worth comparing Sy(-,-) with that
of the asymptotic result proved in (Todorov and Tauchen, 2012b), in the special case of
estimating empirical Laplace transform of volatility.

On the other hand, we would like to see the finite sample performance of the proposed
estimator in such functional setting. We would also like to add more econometric applica-
tions, including misspecification test, in this setting. Furthermore, we want to see whether
the same asymptotic results would hold for volatility process being LMIS and the overlap-
ping case. Last but not least, it might be possible to estimate S(g;6; D,,) without explicit

bias correction in the sense of (Li and Xiu, 2017).

5.5 Proof

The proof in this section follows the proof in (Li and Xiu, 2016). To reduce repetition,
we only lay out the steps that are crucial to the theorems under proof, and we refer readers

to (Li and Xiu, 2016) for the context.

5.5.1 Proof of Theorem 5.2.2

Following the proof of Lemma A4 in (Li and Xiu, 2016), it suffices to show the uniform
convergence of R3,(0) and Ry ,(0) with respect to 6. Moreover, we inherit the notations
from (Li and Xiu, 2016) to facilitate the understanding of the proof here with that of (Li
and Xiu, 2016). In particular, we use V4, instead of ¢, to denote the stochastic covariance

process in the proof of Theorem 5.2.2. By polarization argument, we assume d = 1.
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5.5.1.1 Uniform Convergence for R3,(0) w.r.t. ¢

kn
Ryn(0) = A711/2 Z 8Zf(Zz'An; 9)’@:1 Z(V(z‘Jru—l)An —Via,)-
i u=1

We want to show

sup [[ Rz n(0)]| = 0p(1).
0cO

(5.2)

In order to do so we need to separate the continuous part and the jump part for the volatility

process V;: recall that by Assumption 3.1.1,

t
Vv, = V0+/ bds—l—/ 0sdWs +/ o(s, ) ML ay<ay 4 —

//5833 Loss,ays1yy (0 — v)(ds, dz)

Define

¢ ¢
yets = VO+/ bsds+/ Gy dW,
0 0
. t ~
|/ /0/R5(s,x)1{|5(S7x)§1|}(u—1/)(ds,d¢r)

t ~

and correspondingly Rj3 ,,(#) decomposes into two parts
Ry.n(0) = RS5(0) + RV (0),

where

kn

R (0) = AV 0;f(Zing: Ok, Y (VL . — ViKD)

u=1
kn

RMP(0) = A 32051 Zisui Ok PSS v ),

u=1
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By the martingale difference argument in Li and Xiu (2016), it is known that

bupl\RCtS( )= 0p(1).

Then to show (5.2), it is left to show

sup [R5 (0)]] = op(1).

which is proved as follows.

First of all, since 0, f(-) is uniformly bounded, we have

[R5 (O)]]

IN

|1A3/2282f(2mn, Z Ve v )

IN

kn
1/2 -1 j
A2 D DIV Vi, I
i =1

Since the right hand side does not depend on 0, taking supreme over § € © on the left hand

side and then the expectation on both sides gives

IN

N“Zk 1ZEH N AN ||

E (sup HR%?J”P(@)H)
0cO

<knAn
< AP kA,

7
= kA2 0.
where we have used the standard estimates of first moments for both compensated small

jumps process (Lemma 2.1.5 in Jacod and Protter (2012)), and big jumps process (Lemma

2.1.7 in Jacod and Protter (2012)).

5.5.1.2 Uniform Convergence for Ry ,(0) w.r.t. 6

Recall
Ryn(0) = R} ,(0) + Ry ,,(0).
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It is already known that

sup ||R4 n( )H = Op(1)7
(ISC]

see equation (A.37) in Li and Xiu (2016).

Then it remains to show
SupHRZ,n(e)H = Op(1)7 (53)
[<C)
where

Ry, (0)

AI/QZ 52 zAn7 )(~2,i E(@Zﬂ]‘—mn))

i = an—mn.

Decompose the local estimation error v, ; into statistical error S, ; and target error D, ;

as follows

{771,1' = AilAn VZA + VzA = Sn i+ Dn K

with

ViAn = k‘nAn /ZA” Vsds.

Plug this into R} ,,(f) we obtain
RZ,n(G) - RZ,n,S(e) + RZ,n SD(Q) + RZ n,D(e)

where

RZ,n,S(e) = A1/2Z 82 ZAn’ )(Sg,z_E(S'rQL,z|FlAn))
R, sp0) = A”ZZ 82 Zin, 1 0) (254iDni — EB(28,:Dpil Fin,))

Ri,pl) = Al/QZ 32 Zin,:0) (Dy; — E(D2 | Fia,))
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By the argument used in Li and Xiu (2016), we know that

sup || Ry, s(0)]| = op(1),
66

mainly due to the fact |]5’72”|| <kl
In view of Cauchy-Schwartz inequality (to take care of R}, s, (0)), it is only left to

show

sup ||Ry . p(0)]] = 0p(1),
=)

the proof of which goes as follows:

Since 8% f(+) is uniformly bounded, by triangle inequality

IR p0)]] = IIA”QZ 82 Zin,;0) (Dn; — E(D} i1 Fin,)) |

IN

AWZ 107 il + E(D; 3| Fia,,))

IN

A Z (I1Dnll* + E(D;, 4| Fia,,))

Note that the right hand side does not depend on 6 (which is removed together with 92f(-)),

taking supreme w.r.t. 6 gives
Sup 1R 50O < A2 (1| Dngil P + E(D; 1| Fin,)
€ i
and hence

?). (5.4)

E (supuRz,n,Dwm) < A2 S E (D
0c® i
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Since

IN
&=

IA
>
3
P
3

where we only use the standard estimate for It6 semimartingale for second moment, in
which case the magnitudes for both diffusive part and jump part are equal to one.

Substitute into (5.4), we obtain
E <Sup ||RZ7n7D(9)]|> SAYES knAp = AYPA kA =k AY? 0,
0c© ;
and thus (5.3) is proved.

5.5.2 Proof of Theorem 5.3.1

Now we come to prove Theorem 5.3.1. We start with the following lemma.

Lemma 5.5.1. For any p > 2, it holds that

_p
Erlléia, = Cin, P = Op(kn?)
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Proof. By definition of ¢}, given in Algorithm 3, we have for some constant K > 0,

kn p

Er ||&a, —Gan” = Z i+ X7) (B, 15 X7) = in,
=1

kn AR AT X* p
_ PEs Z << T+ X ) ( Ton+5X ) —52‘An>
=1 VA

kn s s AR XEN AR XENT 2"
< KKy Z << ik Z ) < z’anj > _ @An)
]:1 Vv n Vv n
A A e o|[P/2
_ 1 Thon+ it A
= Kk, Pk Er|— J d —é
i k§<( VA, >< VA, > CA”)
kn n X* p
_ 1 zk Azk + ~
< Kk p/2 H( e > < A — &a
= n \/Tn n
< Op(kﬁm),

where the first inequality is by Burkholder-Davis-Gundy inequality and the second last

inequality is by Jensen’s inequality. The last inequality follows by recognizing that

o () (55 e

is stochastically bounded because of the way the bootstrap returns A’

p

e _HX are generated.

Hence we prove the result. O

Now we proceed to prove Theorem 5.3.1. In view of Theorem 5.2.2, is suffices to show the
_1
stochastic equicontinuity of A, ? (Sn(g; +Dr) — S, (g5 )) We first have the following

decomposition by multivariate Taylor expansion,

Ay

[NIE

<Sn(g; g D:) - gn(g; g Dn)) = Rl,n<6) + RQ,n(e) + RS,n(g)
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where

[T/knAn]l—-1 d

Rin0) = koA > N Ouglein,;0)(EX — &k )

i=0  jk=1
[T /kn Ap]— Y d
~xjk ik ~ ~
R = bVE 3 5[ > Suamolein A, -G-8
7.k, lm=
Z e im9(Ea,10) (éfil ek 4 el e )) ,
jk,l,m 1
[T/knAn]—1
R3n(0) = kav/An ) X
1=0
1 d
~ ik Ak A~k ~
G > i@ 0)(EL — X NER — dR (ER — X))
7.kl mu,v=1

where ¢;a,, are intermediate values between é:-‘An and ¢;a, as is usual the case with Taylor

expansion.
It is easy to see that Rs3,(6) is stochastic equicontinuous. In fact, recall that we can

assume g is compactly supported according to Assumption 3.2.1, then it holds that

(T /kn D)1

E(zugllR:a,n(Q)H) < KhiV/B, S Eléa, — P
S 1=0

< A;l/Qk:f/z,

where the last inequality is due to Lemma 5.5.1. Then according to Assumption 3.2.2,

3
k; Ay, — 0o, and hence

sup [| 23, (0)[| = 0p(1)-
0cO

Therefore, R3,(0) is stochastic equicontinuous.
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Next we deal with R ,(¢). Note that by definition of ¢}, ,

[T/knAn]—-1 4

Rin@®) = kaV/Bu 3 D Ouglein,i0)@ER, - aa,)

=0 j,k=1
[T/knAr]—
= k \/7 Z Z a]kg czAn7 (k‘ A ZAlkn-Ff ?kn—l-ZX*k — éiAn)
= j,k=1
[T/knAn] 1 d kn
= A Z Z Djkg(Cin,; Z( Tl XTAL L X — AnéiAn> .
7,k=1 /=1

Then it follows that for any other #’ € ©, we have for any p > 2,

Bl Ryn(0) — Run(6)]P
[T/knlAr]-1 d

=Er ’A 1/2 Z Z 0ik9(Einn; 0) — Okg(éin,; 0')) X
k=1
kn N p
Z( Tt X TAG L X — AnéiAn>
[T/knAn]—1 k, d )
< KA;PPEx Z Z Z Oikg(Einn; 0) — Ojrg(éin,;0))" x
=0 (=1 k=1
p/2

n *] AT *k A
(Aikn+zX A 10X AnCzAn)

1 p/2 . A
< KAPP? ( Ay kn) ]EfH (Ojk9(Ein,: 0) — Or9(2ia,50))* X
' . 2 p/2
(A?kn+eX*J Al e X™ — Anciﬁn)
p
< KAanFH (9jr9(Cin,;0) — Ojrg(Cin,; 0")) (A?knJer* Al 46X = A”ém">

where we have in order used Burkholder-Davis-Gundy inequality and Jensen’s inequality.
Then the continuous differentiability of g with respect to indexing parameter # and the

stochastic boundedness of

n xj AT *k p
Aikn +EX AiknJréX

,—An ,—An —Gia,

=]
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imply
E[[R1n(0) — Rin(0)|IP < K1|6 — 6'”.

Then by taking p > max(dim(#), 2), we deduce that R; ,(8) is stochastic equicontinuous.

For Ry, (), we observe the following decomposition

Ron(6) = Ry, (6) + R'20(6)

where
Bonl®) = kav/Ba 3 2< S Bl O ek ek — %)
=0 gk, l,m=1
. Z e im9(in; )<cﬂ ek el e >>
jklm 1
[T/k’!lAn]_l
R2’n(0) - k‘n\/Kn Z < Z klmg cZAn? )(C]l Akm +ij pkl )
=0 " ikl m=1
Z im9(Ea,;0) (¢ (;kil AT+ A*ij‘ﬁln) >
Jk,l,m 1

By mean value theorem, the fact that 03 ke L g(+,0) is uniformly bounded and that
EFl€a, — Cin,ll = Op(kn ?),
we deduce that by Assumption 3.2.2
B (sup 5, (0)1) < A7 0,

So we prove that R/Q/,n (0) is stochastic equicontinuous.
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As for R,Zn(@),

[T/knAn]—1
1 A% ’\*m AT
o) = bVE > S Bl OEE - ek -4
=0 7.k, lm=1
Z e im 9 (Cin; )(le g +ng1 A, >>
jklm 1
[T/knApn]— 1
= VB3 Z Famatein,0) (62— ek ek )

],k,l,m 1

k <Czle ~km +C]m Akl >)

Now for any other # € ©, we have for any p > 2,

Bl Ry, (0) — Ry, (617

[T/knAn]—1
< Kk;gAIT)L/ZE}— Z Z ]k lmg CZAn’ 9) - 8]2k,lmg(éZAn’ 9/)) x
7,k lm=1
«jk ik ! ! Lk im Akl P
<( z]An CjAn)( :AWZ - C’LX ) (C] 'Lgln + CgA zAn ) H
[T/knAn]—1
< 1ALl —0VEs| Y S (2 - &b ek - e
7.k, Im=1
! p
L (c] Akm +Cym Akl )>
d [T/knAn]—1
cxgalo-op > B Y (@ -ak ek -z
Gkl m=1 i=0

o (e aman) )|

[T/knAp]—1

d
sxgarlo-olr Y e Y (@ - ek - d)
ok lm=1 i=0
21 1p/2
_7(cyl Akm +cym ~kl )>
| T/kan L
< PAP/2|19 — @'||P -p/2 AR A V2
< KHAL0 0P nd) PP 3 B (G, )

where we have in order used the continuous differentiability of 9%¢g with respect to 6 and fact

that 93¢ is uniformly bounded, Jensen’s inequality, Burkholder-Davis-Gundy inequality (in
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view of Lemma 4.6.2) and again, Jensen’s inequality. Then by Lemma 5.5.1, we deduce

that
E|[R),(0) — Ry, (0)|P < Kk, P/?||0 — ¢'|]”

and hence R, (0) is stochastically equicontinuous.
Thus we prove the stochastic equicontinuity of Ry, and that of

Ap? (Sn(g; 5Dy) — gn(éﬁ ‘;Dn))'

5.5.3 Proof of Theorem 5.3.2

The proof of Theorem 5.3.2 can be produced word for word as in the parametric case.
The only difference is that we should use Lemma 4.6.2 instead of the results given in Step

1 of the proof of Theorem 4.2.1.

96



CHAPTER 6
Euler Method with Estimated Volatility

6.1 Motivation

In the field of financial econometrics, there is always need to simulate the following
diffusion process

dXt = btdt + O'tth,

where W is Brownian motion. Very often X denotes the prices of financial assets, say
stocks, and o is referred to as the volatility process related to X. The most commonly used
method to simulate X is the so-called Euler-Maruyama approximation, which is named
after Leonhard Euler and Gisiro Maruyama, and is actually a simple generalization of the
Euler method for ordinary differential equations to stochastic differential equations. More
precisely, to obtain the value of X at terminal time T" over a fixed time span [0.7], one uses

the following recursive equation:

X7n+1 = XTn + an (TTH-I - Tn) + Orp, (WTn+l - WTn)7

with given discretization grid 0 = 19 < 71 < --- < 7y = T. Usually, the equidistant
discretization scheme is used, namely, 7(;,1) —7; = J for some time step 0 < 6 < T". For
a thorough treatment on Euler-Maruyama approximation and its extensions, see (Kloeden
and Platen, 1992).

However, to implement such procedure, the values of (bt):>0 and (o¢)i>0 have to be

prespecified (or simulated) beforehand. For instance, consider a version of Heston model
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(Heston, 1993) given as

axX; = (p— ct1/2)dt + ctl/det

dey = k(a—c)dt+ ’yci/Qth’

where W and W' are two Brownian motion with possible dependence, and parameters
1, a, k and -y are constants. It is an important example of stochastic volatility models, and
to simulate such a system, one has to specify the values for u, o, k and . If the researcher
is only to verify certain stochastic theory via Monte Carol simulation (e.g., finite sample
performance of asymptotic theory in a statistical setting), prespecifying the values is totally
fine and is actually necessary; however, on the other hand, one has to keep in mind that the
values of X generated in this way might not replicate the true world as much as possible,
even if the specified values for parameters are claimed to be “calibrated to the real world”.

Alternatively, instead of specifying particular dynamics for (o¢);>0, we can use esti-
mated spot volatility based on high-frequency data in the Euler method. In other words,
we would like to design a data generating mechanism, via Euler method, to regenerate
data that mimics the real world more realistically, by taking advantage of the information
contained in the observed real data. As seen below, “mimic the real world” is in the sense
that the probability distribution of the surrogate data generated by our Euler method with
estimated spot volatility is uniformly approximating to that of the true data, under cer-
tain assumptions. In particular, we need the notion of Wasserstein metric to measure the
distance between two distributions. With such properties, the data produced in this way
can be used to do other empirical studies including evaluating the accuracy of estimation
of diffusive beta as discussed in Section 6.5.

We note here that our Euler method with estimated spot volatility has a similar spirit
with resampling techniques in statistics, such as bootstrap, which also produces new data by
extracting information from the real data. In fact, the application we provide in Section 6.5
demonstrates how we can combine the Euler method with estimated spot volatility with

parametric bootstrap.
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This chapter is organized as follows. Section 6.2 gives the formal set-up and assump-
tions. Section 6.3 constructs the Euler approximation with estimated spot volatility. Sec-
tion 6.4 gives the main theoretical results. Section 6.5 gives an application of the Euler
method with estimated spot volatility, which is closely related to bootstrap. Section 6.6

concludes and offers the directions for future research.

6.2 Setting

6.2.1 Product Space

We consider two filtered probability spaces, (Q1, F1, {F;},P1) and (Qq, Fo, {FL}, P2).
Let {W;,t > 0} and {W,,¢ > 0} be two Brownian Motions defined on (€, 7, {FY,Py)
and (g, Fo, {F}'},P2), respectively. In the context of high-frequency econometrics, one may
think of the first space as the original probability space on which the stock price processes
live, and the second space as the space for simulation (or equivalently, the space for random
number generator of MATLAB).

Now we take the product space, i.e., let
QlexQQ, F=F1®F

Fi = r;t]-‘}@ff, Vt>0, P=P; xP,.
s

Without loss of generality, we assume {F;} are complete (otherwise, we can make it complete
by standard augmentation procedure). Under this construction, any random object defined
on either (1, F1, {FL},P) or (Q2, F2, {F7#},P2) can be naturally extended to the new space
(Q, F,{F:},P1), and in particular, W’ (w1, ws) = W (w1) and W' (wy,ws) = W(ws) are still
Brownian Motions with respect to {F;}. For notational simplicity, we continue using W and

W to denote them. At last, by construction of the new space, W and W are independent

from each other on (Q, F, {F},P).
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6.2.2 Basic models: no jump or leverage effect

For simplicity, throughout we will consider one-dimensional processes, and we conjecture
that all the results can be extended to multivariate case by polarization. Let P; be the raw

stock price for a given stock, and define

Xt =100 x logPt, Xo = 29,

with ¢ being known. Without loss of generality, we will assume in the following g = 0. Our
basic model is to assume the dynamics of {X; : t > 0} follows the following one-dimensional

stochastic differential equation (SDE)

dX, = JadW, (6.1)

Xo = 0

where 0 < t < T with T being the terminal time, ¢ is the variance process and W is one-
dimensional Brownian Motion introduced above. In particular, X has neither drift part nor
jump part.

Note that we assume the drift term in the log-price process X; to be zero. It is of
no restriction since we are considering a high-frequency setting in which the drift term is
almost negligible. In reality, there should be a drift in the stock price, but is only visible
if we consider a long time span (in years). This is the reason for assuming a log-price
dynamics without drift from a economic point of view. Mathematically, (Mykland and
Zhang, 2009) gives an argument to remove the drift part in X which involves change of
probability measure by using Girsanov theorem.

On the other hand, we can without loss of generality assume there is no jump in X
because if otherwise there are jumps in X, we can just truncate the jumps off from the real
date and then put them back to the simulate data. Such a step has nothing to do with the
Euler method we are going to develop.

We collect all the assumptions imposed on {¢; : t > 0} as follows.
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Assumption 6.2.1. There is no leverage effect, i.e., the volatility process c; is independent

of the driving Brownian motion W of the stock price dynamics.

The reason for assuming no leverage effect is two-folded. Firstly, on a technical level,
no leverage assumption enables us to use “conditioning on (¢);>p argument”, see e.g.,
(Barndorff-Nielsen and Shephard, 2003) and (Barndorff-Nielsen and Shephard, 2004a).
More importantly, as will be seen soon, the Euler approximation considered in Section 6.3

can only simulate data without leverage, which makes such an assumption necessary.

Assumption 6.2.2. {¢, : t > 0} follows a continuous one-dimensional It6 semimartingale:
t t
ct = ¢ +/ bgc)ds+/ ol Ddw!,
o 0

where b9 is locally bounded, o'9 is cadlag and W' is another Brownian motion living in
the original probability space. In the spirit of Assumption 6.2.1, we assume for the moment

that b9, o9 and W' are all independent of W, which drives the log-stock price (6.1).

Assumption 6.2.3. {c; : t > 0} is uniformly bounded (P'-almost surely no matter which

realization is) both from infinity and zero, i.e.

Cc = sup c(t,wy) < 00,
0<t<T, Pl—a.s.w1€0

€c = inf c(t,wy) > 0.
0<t<T, Pl—a.s.w1€M

Moreover, b9 and o(© are bounded.

Mathematically, Assumption 6.2.3 can be justified by a standard localization procedure
as Lemma 4.4.9 in (Jacod and Protter, 2012). But from financial point of view, in reality
the volatility for stocks would just never be infinity or touch zero.

In many situations we may use a weaker condition relative to Assumption 6.2.2, in

which we only require the pathwise continuity of {¢; : t > 0} to certain extent.

Assumption 6.2.4. The process {¢; : t > 0} is a one-dimensional adapted stochastic

process with sample paths being locally Hélder-p continuous for some index p € (0,1], i.e.,
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for almost surely wy € O, Vs, t € [0,T],
le(t, wi) — e(s,w1)| < A(wr)t — s|”,

for some constant A(wy).

Remark 6.2.1. We do not consider p = 0, in which case the volatility path is only bounded

but may not be continuous.

Remark 6.2.2. Recall that the paths for a general It6 semimartingale are locally p'—Holder
for all p/ < % (e.g., Brownian motion). So Assumption 6.2.2 implies Assumption 6.2.4. In
fact, (2.1.43) in (Jacod and Protter, 2012) for estimate for It6 semimartingale (ignoring the

jump part) implies that Vs,t € [0,T],¢t > s

t 2 t
E (Je; — es|?) < KE ((/ !b&‘f’!du) +/ afﬁPdu) < K|t — s,

where the second inequality follows from the assumption that b and ¢© are bounded in

Assumption 6.2.3.

Lastly, based on all assumptions above, ¢; is trivially progressively measurable, and
hence the stochastic integral in (6.1) is well-defined.

We end this section with the statistical side of our context. Equidistant observations of
X are sampled over a fixed finite time span [0, 7] with time step A,, at stage n. For each

i=1,2,..., LAan and any stochastic process Z, define
AYZ = Zin, — Zi-1)a,

to be the increment of Z over time increment [(i — 1)A,,iA,]. We will consider infill

asymptotics for which A,, — 0 as n — cc.

6.3 Euler Approximation

In this section we construct our Euler approximation with estimated spot volatility

through two steps. In the first we nonparametrically recover the spot volatility from discrete
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samples of X over a given discretization grid of [0,7] by using a local average of sum of
squared returns. Then we plug the spot volatility estimators into the Euler scheme to
generate the simulated data.

Consider equally spaced time discretization grid for Euler approximation, i.e., for some

d >0, let

9=0, 7 =16,
where i € {0,1,..., L%J }. At each discretization time point id, the spot volatility estimation
is given by

1 & 2
%:ml;@mm) ’

where the integer-valued k,, is the length of window we use to estimate spot volatility
satisfying

kn, — oo and k,A, — 0.

The conditions imposed on the tuning parameter k, is quite common in nonparametric

statistics, which represents a trade-off between bias and variance. In fact, we have

: R ’
Cis =G5 = - 2 ( ?&WJF@X) — Cis
1 & 2 1 ([ 221 +kn) An
Tkl & < ?i‘;H@X) TR s, O

Sn: statistical error
1 /Ugimnmn

[451A,

csds — ci5 .

Dy, target error

The two errors S, and D,, compete with rates v/k,, and m, respectively. More precisely,

let

Pt
kn 2AP — 3,
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Figure 6.1: Sampling and Discretization Grid when § < A,

4+—— O 0 X — %@ ———0—»
i (i+1)6
(a) When 6 < A,,, there are two distinct discretization points, 0 and (i + 1)0 (represented by
crosses), between two data points sampled (represented by disks).

then if 8 = 0, S,, dominates; if 8 € (0, 00), S, and D,, are of the same magnitude ; if § = oo,
D,, dominates. The maximum rate is achieved in the second case with the rate being A}/ 4,
implying that the convergence rate for spot volatility estimation is (much) lower than that
of integrated volatility functions (which is AY 2).

We note that such an estimator for spot volatility estimation dates back to (Foster and
Nelson, 1996) under the name rolling volatility estimators; see also (Jacod and Protter,
2012) Chapter 9 and 13 for a detailed treatment of asymptotics.

Then for fixed n and §, the global Euler approximation with estimated spot volatility
is given by the process:

[t/0]-1
Y = N Ves(Wirns — Wis), 0<t<T,
1=0

where W is Brownian motion on the simulation space (9, Fo, {F2},Py), which is inde-
pendent of everything defined on (€, F1, {F}},P1). In particular, Y*" depends on both
discretization grid  and sampling grid A,,.

For Y™ to be well-defined, the condition § > A,, is required. One may intuitively
understand this from the point of view of non-identifiability: once A, is given, the number
of observed data and hence the information provided by the data is given. Since we are
trying to mimic the reality from the information provided by the data via simulation, what
we can obtain from simulation at most would be no more than how much the data tell
us. In other words, the dimension of unknown local volatilities to be recovered (estimated)
should not exceed the dimension of known information (sampled data). Mathematically,
for given A,, (and k), there will be more than one discretization points between two data
points as soon as d is small enough. For example, in Figure 6.1, there are two distinct
discretization points, id and (i + 1)d (represented by crosses), between two data points

sampled (represented by disks).
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Then obviously (i—i} = [%} and hence

kn 2
) 1 n )
A > (A(&WX) K A Z( ULy, ) G
/=1

since they use the same k,, data points which are right after to ¢d. This fact suggests that

an arbitrarily small § (relative to a given A,) may not always improve Yr.

6.4 Main Results

In this section we present the theoretical results associated with the Y™9 constructed
above. The very first thing one should notice is that since in simulation only W is available,

Y9 is a “consistent estimator” for the simulated log-price defined by
~ t —_—
Xt:/ Ve dWy, 0<t<T,
0

rather than the true price observed process X;. The appearance of such a X may look
strange at the very beginning, but it actually becomes natural once we recall that our goal is
to reproduce the probability distribution of X, of which we think as a random variable taking
values in the Polish space C([0,7] : R). Under the assumption of no leverage, it follows
immediately that X and X, which is also a random variable taking values C([0, 7] : R), have
the same probability distribution. Hence (Y™%) approximating X is equivalent to (ym9)
approximating the distribution of X. Mathematically, such an idea can be realized by using
Wasserstein metric, we will discuss this issue at the end of this section.

The second question to ask would be how well the data Y™ generated by the Euler
method with estimated volatility approximate X. In light of Section 9.7 in (Kloeden and

Platen, 1992), Y™ weakly converges (which is actually convergence of moments, and different
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from the usual synonym for convergence in distribution) to X as

_ t N \7/8] -1 -
E(Xt) _ E(yvté,’n) = E (EC </ \/adWs>> —E Ec Z \/éi(;AZ'_HW
0 i=0
1t/6]—1 -
— 0-E E. (Ve )

where we have used the facts that conditioning on c,

t . t
/ VesdWs ~ N (0,/ csds> ,
0 0

and that ¢, which only depends on the random objects living in the original probability
space, is independent of w.
Apparently, convergence of moments alone is not enough for us. More interestingly, we

focus our attention on

sup V"0 — Xy, (6.2)
0<t<T

which globally measures the distance between Y™ and X. Then a natural question is
whether or not the quantity (6.2) tends to 0 as n — oo and d,, — 0, in which case Y™
is called strongly convergent to X uniformly over [0,7] as in Section 9.6 of (Kloeden and
Platen, 1992). If it is, what should the optimal simulation scheme be? Namely, given A,,,
what are the best choices of 8,, and k, such that the whole path of Y% approximates the

path of X as fast as possible? These questions will be answered step by step in Section 6.4.1.

6.4.1 Optimal simulation scheme and rate of convergence

Theorem 6.4.1. Suppose Assumptions 6.2.1 and 6.2.3, assume further that {c; : t > 0}

has sample paths satisfying for any t > s > 0,

Ele; — s> < K|t —s*, 0<p<1, (6.3)
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for some constant K. Then it holds for any fixed discretization distance 6 € [A,,T) that

E| sup [V - X;| | < K L +(I<:A)P+5P+<5lo (QT)>5
ogth K = Vkn, e &%

for some constant K.

Note that (6.3) is weaker than pathwise Holder-p continuity, and if (¢;)¢>0 is an contin-

1

uous Ito semimartingale, p = 3.

Theorem 6.4.1 immediately implies the “consistency” of Y™9.

Corollary 6.4.1. Assume that k, — oo and k,AA, — 0, then

lim limsupE [ sup |Ytn’5 ~- X/ | = o,
0—0 n—oco 0<t<T
lim limsupE | sup |Ytn’5 - X = o.
neo 550 0<t<T

More importantly, (6.4) provides a concrete structure of the convergence rate (upper

1
Vkn

and target error (k,A,)?), the discretization error §” from Euler scheme approximation, and

bound): the error arising from local volatility estimation (including the statistical error

1
the residual error (5 log (%)) 2 are separately additive, from which we are able to derive
the “optimal” simulation scheme in the sense of fastest convergence rate: to make Y

converges to X as fast as possible, one should first take §,, — 0 as small as possible, i.e.
571 = Am

which means taking each data sampling point as a discretization point; then we strike

balance between statistical error and target error, by requiring

1
PYEAL 5 B € (0,00),

P

1
oty

equivalently k, ~ Ap, . In this fashion, our “optimal” Euler approximation becomes:

[t/An]—1
P= ) Vea AW, 0<t<T, (6.4)
=0
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with convergence rate

1
- 1 2T\ \ 2
E( sup |V - X < K +knAn”+A¢;+<Anlo >
(ogé’T't t') (W (ki) 23,
T
P

We need to emphasize that there is an end-effect issue in the definition of Y": when
i > |t/A,] — ky, there will be no enough k, returns from the right side to give é;a,. To
overcome this, we assume that we can sample data up to time 7"+ h for some h > 0.
Asymptotically, as n — oo, k,A,, < h and Y is well-defined.

Now we know that under the “op‘cimad”1 simulation scheme, the upper bound of conver-
gence rate for Y™ approximating X is AF . Then the next natural question is whether
this rate is sharp. The answer is, not surprisingly, affirmative. To prove this, we start with
the approximation Y] — )A(:T| at terminal time 7'

We state the result in the following theorem. We say a sequence of random variables

X, converges to 0 at rate a,, if both f—: and ;”(—’; are tight.

Theorem 6.4.2. Under Assumptions 6.2.1,6.2.83 and 6.2.4, assume further that 6, = A,
and that

1
Ay, — 0, k5+2Aﬁ—>B€ (0,00) n — o0.

~ J
Conditioning on {c; : t > 0}, the exact convergence rate for supgc,<p |Y{* — Xy| is A7

6.4.2 Special case: constant volatility

Up to now, we have only considered p-Hoélder continuous for 0 < p < 1. It is also
interesting to examine the case when p-Hélder continuous for p > 1, ie., (¢t)i>0 = ¢ for
some constant ¢, in which case

Xt = ﬁWt

Then the question is: should we still take a discretization scheme to track the volatility

path? Intuitively the answer should be negative as using spot volatility estimates to track a
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constant volatility path would invoke extra variance. More rigorously, we have the following

result.

Proposition 6.4.1. Assume ¢; = ¢, where ¢ > 0 is constant. Then for any fived A, < d <

T,

1

- 1 oT \ 2

El sup Y —X,|| <K +<510 )
(oggT' ! t‘) - (M 8 J )

for some positive constants K1 and Ks.

1

T and a residual
n

Here the approximation error decomposes into a statistical error part

1
part ((5 log(¥)) 2. Similarly as above, to maximize the convergence rate, one should first
take 6, as small as possible, i.e., §,, = A,; then take k, as big as possible, i.e. k, = LALRJ

In fact, &k, = LALnJ corresponds to using realized variance to estimate local volatility.

So, the optimal Euler approximation in the case of constant volatility is given by

RV —
YW =\Zm W, 0<t<T
T
where RV = Zg/lA"] (A7 X)? is the realized variance. In particular, there exists no residual

error from such formulation (otherwise, the residual error would have the dominating rate

).

N

(Anlog(2T/An))

Theorem 6.4.3. Assume ¢; = ¢, where ¢ > 0 is constant, then it holds that

0<t<T

E ( sup |V —)~(t|> < KV A,

for some constant K.

To demonstrate whether /A, is the exact uniform convergence rate for supy<;<r [y, —

)~(t|, we can use the exact rate for approximating Xr at terminal time T.
Theorem 6.4.4. Assume ¢; = ¢, where ¢ > 0 is constant. Then it holds that

: SN (.1,

(YA — Xr) 55 N(0,

5
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where the two normal random variables on the right hand side are independent.

Theorem 6.4.4, together with uniform integrability and Theorem 6.4.3 imply that

JﬁwAngEQﬁW—Xﬂ)gE<sw|n ;%OSJQMAW

0<t<

and hence we conclude that the exact uniform convergence rate for supg<;<p [y, tV — )N(t| is
VA

Important remark: In fact there is a generalization of Theorem 6.4.4: even if ¢; is not
a constant over [0,77], we still have a CLT associated with Y;!. More precisely, define the
integrated volatility IV = fOT cidt, then by a standard result on RV approximating I'V
(e.g., (Ait-Sahalia and Jacod, 2014), p.89-90), we have

1
VA

T
(RV—IV}ﬁfN(QQ/ gw),
0

conditionally on (¢¢)o<<7. Then the delta method gives

1 IV — [T at
Y =W | S N :
VAn ( ! T> ( 2f0 Ctdt)

conditionally on (¢t)o<<7. This implies that under the transitional kernel, YV is actually

a consistent “estimator” for %WT with convergence rate v/A,, which has the same
distribution as )Z'T. In light of this, if one is only interested in regenerating the distribution
N(0, fOT ¢idt) of X at terminal time T, YV would be better than Y produced from the
Euler method with estimated volatility, as the former has a faster convergence rate v/A,,.
However, YQBV can only be used for terminal time 7" while Y" uniformly approximates the

path of X over [0,7].

6.4.3 Closing the gap: coupling and Wasserstein metric

In this subsection we revisit an issue brought before. We construct Y to approximate
the probability distribution of X via an intermediate object X. A mathematical way to

formulate such a relation is to use Wasserstein metric.
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Definition 6.1. Given metric space (€2, d), the Wasserstein metric between two probability

measures 4 and v on (€, d) is defined as
dw (p, v) = inf {E(d(X,Y)) : LX) = p, LIY) = v},

where the infimum is taken over all joint distributions J with marginals p, v.

Intuitively, one can understand the convergence under Wasserstein metric as the usual
weak convergence plus first moment convergence. We note that there exist many metrics
on the space of probability measures on a given underlying space, and the choice of which
metric to use depends on the specific application at hand. For a brief summary of different
probability measure metrics and their relations, see (Gibbs and Su, 2002).

In our context, recall that

(Xt)o<t<r € C([0,T]:R),
(Xozt<r € C([0,7]: R),

(Y)o<t<r € D([0,7]:R).

Take (©2,d) = (D([0,T] : R), ds) where dgi denotes the Skorohod metric on D([0, 7] : R), it
holds that

dw (Y™, X)

IN

E (dsk (Y", X’))

o
e (o b7 - 1) <27

I

IN

0<t<T

Therefore, we emphasize that even if the exact convergence rate for supg<;<p |¥;" — )Z't]
. <t<

is Alffi% , we only know that the distribution of Y™ approximate that of X with rate at most
Aff? , as we are not able to examine over all random objects having the same distributions
as Y" and X.

Finally, on the technical level, one can see that when working together with Y, X is

much more tractable than X as the latter completely lives on the space €21. In probability

theory, this technique is generally called coupling: to study the convergence of distributions
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of two sequences of random objects, construct two copies on the same probability space and

show L' convergence. For example, see (Asmussen, 2003) Chapter VII.

6.4.4 Summary: optimal simulation scheme

At this stage, let’s give a brief summary of the “optimal” simulation scheme for the
Euler method with estimated spot volatility in different contexts. In practice, we want to
choose 9,, and k,, appropriately to maximize the convergence rate of Y to X uniformly over
[0,T]. At first, we should take d,, = A,, namely take discretization points in simulation as
many as that of sampling data. Notice that this is the finest discretization frequency we
can take, due to an identification issue. One may argue that the smoother the volatility
path is, the more sparse the discretization should be, with the concern being the possibility
of introducing bias due to fine discretization when ¢; is smooth enough. However, we do
not need to worry about this since when taking d,, = A,,, the bias term is always of order
Al uniformly at each discretization point id,. In fact, taking d, as such enables us to make
the best of data we have: if the volatility path is smooth, then the smooth local estimates
would be revealed; if the volatility path is volatile, then this feature would be captured by
such finest discretization scheme.

Once 9y, is fixed, the next question would be how to choose the (local) window width

kn. The answer is that the choice of k,, depends on the knowledge of volatility.

(i) p > 1: constant volatility If p > 1, then ¢, has constant paths. Actually one just
can think of the Holder exponent for constant as co. By Theorem 6.4.4, we should

use RV rather than track the path by using local volatility estimation.

(ii) p < 3: Itd Semimartingale The common belief of the dynamics of {¢; : ¢t > 0} is
1t6 semimartingale, with p = % However, one should note here that for a general It6
1_

semimartingale, it only satisfies 5-Holder continuity on average, i.e., for any ¢t > s > 0,

Ele: — ¢l gK\t—s\%,
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while its paths are p’-Hélder for all p' < 1 (e.g., Brownian motion) and the continuity
constant depends on the path under consideration. With this fact in mind, if we have
no other information about the volatility path but It6 semimartingale, we can just
take p smaller than but arbitrarily close to %, with choosing window width according

to

2

ol _

1 1
kn~An 7 — Ap2, aSpTE.

Then convergence rate for Y7 — Xr approaches arbitrarily close to A‘i, ie.

1

72+l _1
3 _ 4
hnllAn r=An4,
PT§

but not achieved. We will discuss more about this case in Section 6.4.5.

(iii) % < p < 1: more than Ité semartingale If a researcher knows about the volatility
path more than just being an [t6 semimartingale, namely, it has paths of p-Holder

continuity (% < p < 1), then s/he should choose k,, according to

N

1

: . . 2+ 1
to achieve the maximum possible rate A, *.

On the other hand, if the true volatility path is of p-Holder continuity but we do not
know this information, we would still treat it as an general It0 semimartingale and
choose

ki ~ A2,

1

1
Obviously the convergence rate would be slower than A, h
Conclusively, the more information we have in hand, the better we design the (global)
Euler approximation with estimated volatility.
6.4.5 Extension: more than Holder continuity

So far, we have been characterizing the path regularity of volatility by p-Holder continu-

ity, as in Assumption 6.2.4. In fact, the theoretical results derived above for Euler method
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with estimated spot volatility can be extended to any modulus of continuity g(-). A function
g(+) is called a modulus of continuity for the function f : [0,7] - Rif 0 < s <t < T and
t—s < §imply

£ () = f(s)] < g(d),

for all sufficiently small positive §, see e.g., (Karatzas and Shreve, 1991). Suppose the
sample path of (squared) volatility process {¢; : t > 0} has modulus of continuity of g(-).

Then we could choose k,, according to

VEng(knAn) — 8 € (0,00).

In the special case of p-Holder continuity with p € (0,1], we have g(z) = |z|°.

The reason to introduce the general modulus of continuity g(-) is that it is well known
that almost surely sample paths of a general It0 process is of locally p-Holder continuity
for any p < %, but not p = % Then we may not properly choose k, according to the

mechanism introduced above since p could be arbitrarily close to % However, the modulus

of continuity other than Holder continuity might be obtainable in such situation.

Example 6.1(Brownian Motion). The first example would be that {c; : t > 0} is just a
Browinan motion. Then we know the (uniform) modulus of continuity of Brownian path,

which is derived by Lévy (1937):

. |Wt B Ws‘ _
P | lim sup sup —_— =
d—0t  t,s€[0,1],]t—s|=6 2610g(%)

1] =1,

which implies that there is a finite, non-negative random variable C(w) such that for P-
almost surely w € ),

sup  [Wy — W[ < C(w)g(9)
t,s€(0,1],[t—s|=6

9(6) = 15108(3)

with
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for ¢ sufficiently small. Note that g(6) — 0 as § — 0 but is faster than any 53¢ for any

€ > 0. In this case, we should choose k,, such that

1 1 1
\/k:n\/k:nAnlog(k A ):k:nAfM/log(k A ) — B € (0,00).

The exact convergence rate for Y@ — )?T is still v/k,, which is smaller than but arbitrarily

_1
close to A, *. O

Example 6.2(A class of Itd processes). For the case of {c¢; : t > 0} being general It

process, we investigate the case when {¢; : t > 0} satisfies Assumption 6.2.2, i.e.,

t t
o =co+ / b9ds + / olDdw!
o 0

with bgc) and U§C> being uniformly bounded from both above and below. Since the drift

term is always of higher order, we assume without loss of generality that bgc) = 0. Then
¢
¢ =co +/ o aw!
0

is a continuous local martingale with quadratic variation

Note that [c]; is a strictly increasing process tending to infinity as t — co. Then it is well-
known that {¢; : t > 0} can be time-changed to a Brownian motion run for all time, see,

for example, Theorem 9.3 in (Chung and Williams, 1990). More specifically, for any ¢ > 0,

Gt = Bfot cgc)ds

115



for some Brownian motion B in R. Then the modulus of continuity of {¢; : ¢ > 0} boils

down to that of the Brownian motion: for 0 < ¢ — s sufficiently small

e el = 1By 00, = B ol
/t (©) du 1 ( 1 )
< e dulog(———
s f(f cgf)du

< Ki(t—s)log(———

> 1( 5) Og(Kg(t—S))

1 1
= Ki(log E)(t —s)+ Ki(t—s) log(;)

where for the second last inequality we used the fact that ¢(© is uniformly bounded from
both above and below. Since the second term in the last equality dominates, we conclude

that

1
t—s

ler — ¢s] < \/(t—s)log( ).

Namely in this case the pathwise modulus of continuity of the (squared) volatility process
is the same as that for Brownian motion and hence the window width &, can be chosen

accordingly as above. %

6.5 Application

Generally speaking, the way to generate Y™ via Euler method with estimated spot
volatility can be viewed as parametric bootstrap in the high-frequency setting, as we use
the real sampled data to estimate the spot volatility, by which in turn we can regenerate the
data. However, different from the usual parametric bootstrap setting where one only needs
to estimate a few parameters, the volatility process itself we are to estimate is actually
nonparametric: we impose no parametric assumption on it except for certain regularity
conditions.

In light of this, as far as the application is concerned, we could use the Euler method
with estimated spot volatility the same way as (parametric) bootstrap, but under a high-
frequency setting. One such example is to evaluate the accuracy of estimation of regression

coefficient.
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6.5.1 Estimation accuracy of diffusive beta

We consider the setting proposed in (Reiss et al., 2015). Taking T'=1 and A,, = 1/n,

we have the following bivariate It6 semimartingale

t
X, = Xo+FX+ / ooV,
0

t t
Y, = Y0+Fty+/ BSUSdWS—I—/ oldW!
0 0

where FtX and FtY are finite variation processes (including both drift part and jump part)
and W and W' are two independent Brownian motions. This can be viewed as a continuous
version of CAPM model in finance: X plays the role of a systematic risk factor and Y is
of an individual asset. Then fg osdWsy is the diffusive part for X, fg oldW! is the so-called
idiosyncratic diffusive part for Y, and the process § (continuously) measures the exposure
of Y to X.

In such a continuous time regression setting, the coefficient 5 can be identified as

d(X,Y°),

Bt = d<Xc7Xc>t7

and a natural estimator for it is, after truncating jumps off from returns,

B = argmin Z(A?Y — BATX)?, (6.5)
i=1

which is analogues to the least square estimator in the usual linear regression setting.

Whether the value of 8 remains constant over certain time interval has been studied in
finance for a long time. Economically, the constancy of 8 is important for justifying the asset
pricing model, while statistically, as Figure 6.2 shows, there is a strong linear relationship
between continuous returns of market and individual stock revealed from high-frequency
data.

(Reiss et al., 2015) develops a statistical procedure to test whether 8 remains constant
over a given time interval under high-frequency setting, and they document that for stocks

like IBM, XOM and GLD, a weekly window would be a safe choice for treating market beta
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Figure 6.2: Linear Relation between Market and Individual Stock

15 Diffusive Regression CVX vs. Market, Jan.2008

® ® datat

° linear

Continuous Stock Price Returns

15 1 1 1 1 1 1 1 1 ]
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Continuous Market Returns

(a) The 5-min continuous returns of CVX are regressed on those of SPY, for the data sampled over
Jan. 2008. The plot reveals a strong linear relation and 5 = 1.0337.

118



as constant in an asset pricing study. In contrast, what we are planning to do here is to
use the Euler method with estimated spot volatility to evaluate the accuracy of estimator
of 8. There are at least two motivations for doing this: on one hand, the first step in the
testing procedure proposed by (Reiss et al., 2015) is to estimate [ using (6.5); on the other
hand, once we accept that § is constant over a given time span (e.g., after the test), we will
estimate the value of it for some other empirical use. In either case, we would like to know
the accuracy of estimators.

We propose the following algorithm to evaluate the accuracy of E, which is pathwise

dependent:
Step 1: Regress the continuous part of an individual stock on that of market to obtain B\ ;
Step 2: Estimate cx over the month, also estimate ¢, for e =Y — BX;

Step 3: Use Euler method with éx and é. to simulate one month of market data X* and

residual data €* respectively. Then form Y* = BX * 4 €
Step 4: Re-estimate B\* using simulated data X* and Y*;
Step 5: Repeat the above for M times, plot the histogram (kernel density estimation) of E*
Using the same dataset as in Figure 6.2, we obtain the sample distribution of B*, see
Figure 6.3a, from which we may compute the corresponding confidence interval.
6.5.2 Parametric Bootstrap Inference for Integrated Volatility Function-
als

(Liu and Li, 2016) considers (parametric) bootstrap constructing confidence intervals

for the so-called integrated volatility functionals of the form

/0 " glen)ds,

for some (nonlinear) function g over a fixed time of interval [0, T]. The first few steps in the
algorithm to construct such confidence interval can be viewed as using the Euler method we

discuss in this paper: nonparametrically estimate the spot volatility first and then generate

119



Figure 6.3: Sample Distribution of Diffusive Beta
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(a) The histogram and kernel density of B* generated by the Euler method with estimated with

spot volatility. The sample standard deviation of B* = 0.0299.
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bootstrap samples with these spot volatility estimators plugged in. However, they do not
consider the issue of convergence rate of the Euler method of estimated spot volatility but

rather use it in their bootstrap inference setting.

6.5.3 Extension: resampling functionals of prices

In the above example, B is a statistic that depends upon the whole paths of prices X and
Y over [0,7T], to which our Euler method with estimated spot volatility can be applied as
the convergence of the method is uniform as in Theorem 6.4.2. In principle, our method can
be used to regenerate any functionals that depends on the whole sample path of observed
prices.

More precisely, consider a general functional G(-), and we would like to obtain the
sample distribution of the statistic G(X). An important example could be the daily range,
an easy measure of risk, that will be discussed in detail below.

Intuitively speaking, the algorithm to obtain the sample distribution of G(X) will gen-

erally go as follows:
Step 1: Estimate spot volatility using high-frequency observations of price process X;

Step 2: Plug estimated spot volatility into Euler method to regenerate a whole path X* of

price process, and compute G(X*) ;
Step 3: Repeat Step 2 M times, and plot G(X*!),..., G(X*M).

We end this section with a more intuitive illustration of how well the path of price
process, produced by our Euler method with estimated spot volatility, is able to replace the
true path. In Figure 6.4a and 6.5a, we employ the data used in Figure 6.2 to reproduce a
sample path of returns of market and an individual stock, respectively (middle panel). In
the upper panels of two figures depicted the true returns, and only for illustrative purpose,
the bottom panels show paths generated according to a CIR process specified in the Monte
Carlo setting of (Reiss et al., 2015) with parameters prespecified. As one can see, for both
market and individual stock, the paths produced by our Euler method are very much like

the true ones.
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Figure 6.4: Simulated Returns for Market

Continuous Return Market, Jan.2008

1 T T T T T T T T
05 -
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(a) The top panel shows the 5-min continuous returns for SPY over Jan. 2008; the middle is
the continuous returns computed from the resampled prices by using Euler method with estimated
volatility; the bottom is simulated according to a CIR process for market prices dynamics with
parameters specified in the Monte Carlo study of (Reiss et al., 2015).
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Figure 6.5: Simulated Returns for Individual Stock

15 Continuous Return CVX, Jan.2008
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15 Simulated Continuous Return CVX, Jan.2008
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(a) The top panel shows the 5-min continuous returns for CVX over Jan. 2008; the middle is
the continuous returns computed from the resampled prices by using Euler method with estimated
volatility; the bottom is simulated according to a CIR process for an individual asset price with
parameters specified in the Monte Carlo study of (Reiss et al., 2015).
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6.6 Future Work

We can continue the study in both theory and applications:

e Theory: An interesting direction to generalize our Euler method with estimated
volatility is to take into account the so-called leverage effect, which refers to the
negative correlation between volatility and returns. Since the Brownian motion 1%
used in simulation is independent of everything in the real world, to create (negative)
correlation between the simulated prices and volatility, we need to use the same W
to regenerate volatility process, which requires to model volatility process as an Ito
semimartingale as well and estimate the volatility of volatility (vol. of vol.). As one
may imagine, the convergence rate in this situation would be even slower than A}/ 4

as both volatility and vol. of vol. are latent.

e Applications: The daily range of a given price process X, defined as the difference
between max X; and min X; within one day, had been a popular measure to quantify
daily risk. Obviously, the daily range depends on the whole price path over a single
day, and hence its sample distribution can be realized by the Euler method with
estimated volatility. Consequently, we are able to implement empirical study using

the Euler method developed here.

6.7 Proofs

6.7.1 A Preliminary result

Lemma 6.7.1. Under Assumptions 6.2.1 and 6.2.3 (no Assumption 6.2.2 here). Fix a
discretization distance §(> Ay), for i = 0,1,..., %] — 1, the statistical error at time id is

given by

csds,

kn 2 ([7“; 1+kn)An
1 Z " 1 An
P 114,
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then conditioning on {¢; : ¢ > 0}, it holds that

El(Sin) = O,
1
Ei(Sin)® = 0(,7),
1
EN(Sin)® = Ols5),
1
Ei(s’hnyl = O(F%)v

and the unconditional moments are of the same order. In particular, the constant on the

RHS does not depend on 1.

Proof. For notational simplicity, we drop the superscript ¢ in the rest of the proof. We have

- 2 4] ka)A,
s = s (Ohe) o, TR
tes(1 /., (a5 1+0A
k& (A (A[ 1 ) A, /Mml chs)
Z
— kn; .

It is important to recognize that conditioning on ¢, Z;' are independent as £ varies, and we
will first estimate various moments of Z;'.

For each ¢ € {1,2,...,k,}, the first moment of Z} are given by

1
El(z}) = E! <A"1 ) csds
( K) (An 6-‘+£ A |'z§~|_|_e 1
1 1 ]Jrﬁ)
= —FE! ((A" X)2> — / csds
A, € [an 1+ An J(12940-1)A,
1 (22140 An 2 1 (E2740A
= —E / VesdW -— / csds
An (T2 T+6-1)A, An J(r#+e-1)a,

27+0A —1+0)An
= csds — / csds
An /[ 4e-1)A, A Jir 21,
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and the second moment

2
1 m2y w1 n 1 02104
Ec ((Zé) ) - ]Ec (A A|’ 'H_Z An |’ _|+€ " Cst
2
1 1 Ua%1+0A
= A" s X 4> + / csds
An <( 21+ ) (An (251 +0-1)A,

(1221404
S E; ((A? 51y X)z) 1/ csds
A, An J(18940-1)A,

fwﬁ%wmn
(A& 1+e-1)An

1 ((A” > / An1+£ ] 2
= E, csds

A 2, ]+e 21+e-1)A,

1 (22140 An SRRV 2
= 33 / csds csds

An \Jr £ 1+e-na, rww 1A,

1 16 ‘|+£
= 2 / csds
Bn S +e-1A

~ O(1),

csds

where the last integral being of order 1 since {¢; : ¢ > 0} is uniformly bounded from below

and above. Moreover

E: ((Z)°) E( <A" X>2 L /([ TR )3
c ¢ = — ) CsaS
A, \ T Tan1+ An J(142940-1)A,
1 ( 6 4 (221404,
= —FE A" s X) (A" X) / csds
A% Exiky 31+ (451 +6-1)A0,

. (27404 2 (227 +0)An 3
+3 ( [A“51+£X> / s csds — / i Cst
n (a5 TH-DA, (a5 TH-1A,
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1 ([227+6)An 3
= - 15 / csds
An ([ 251 +e-1)An,
([227+0)A, 2 (2400,
-9 / csds / ceds
([221+0-1)A, (22 T+-1)A,
([221+0An ([221+0An 2
—|—3/_ csds / csds
([ A2 1+e-1)A, (T2 1+e-1)A,
(22740 An 5
— / csds
([21+-1)A,
1 02740, 3
= 8 / csds
An J(r#E1e-1a,

~ 0(1)

and

1 4 1 1+£ )
B (7)) = E A<A( 1+ > A, /[ B 4e-1)A, Cols

1 IR 1+0A ! Al 40X
= / ceds | EL -1
B (28161, \/f(f 1+’5>
(

(A5 e 4, 608

/

~NTO,1)
~ O(1)

In fact, all the moments of Z} are of order 1, due to the fact that {c; : t > 0} is

uniformly bounded from below and above.
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With all the moments computed above, we can calculate the associated moments of S,,.

Then

k 3
1 n
s - 5 (Y )

1
= B | D_(Z0+3) (2177 +6 Y 2177}
" t=1 i#J #iFk

k
] 1
= 13 § Ec(Z7)° ~ O(kfg)‘

At last, we have

k 4
1 n
sish - 51 (Y )
" op=1

k
1 n
= qale D (2 +6) (Z)(2p)?
n =1 i#]
1 1 1

Since all the estimates of convergence order of moments of S, do not depend on ¢
(because {c¢; : t > 0} is uniformly bounded from above and below), by law of iterated
expectation, the unconditional moments have the same convergence order as those of con-
ditional ones. Moreover, the convergence order does not depend on ¢, namely, does not
depend on which discretization time point i to consider, which can be easily seen from the

proof. O
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6.7.2 Proof of Theorem 6.4.1

Fix finite horizon T, and at stage n, fix discretization frequency ¢§, sampling frequency

A, and length of window k, for spot volatility estimation, consider Euler approximation

defined in Section 6.3:

[t/6]-1
v = Z Veéis(Wiirnys —Wis), 0<t<T,
i=0

which is now viewed as a stochastic process with time index ¢. By convention, if ¢ < §, the

sum above is just Yon"S = 0. We are going to derive the global/pathwise approximation of

Y™ to ()?t)ogtggp. First note that for any t € [0, 77,

[t/6]—1

o~ —~ —_—~ t —~—
YR =S e (Wi — Wis) — /0 JadW,
=0
[t/6]—1
= > (Veis — i) Witnys — Wis)
=0

local estimation problem

[t/8]-1

N N [£]0 N
+ Z \/Cié(W(z‘-i-l)é_Wi&)_/o VesdW
i=0

discretization part

[L]6 N t _
+/‘5 w::dws—/ Jediv,
0 0

residual part

Then by triangle inequality it follows that

[t/8]—1
E <021t1£)T IYtn"S — Xt|) < E| sup Z (Véis — /eis) Wiignys — Wis)

0<t<T | =5

+E [ sup Z Veis(Wiit1ys — Wis) —
i=0

0<t<T

The rest of the proof is to derive the above upper bound step by step.

0

0<t<T |J[t

t o~
+E ( sup / VesdW
16
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Step 1: Local estimation part. We first deal with the “local estimation” part. By

Hoélder inequality,

[t/0]-1
E | sup Z (Vs — v/cis) Wiir1ys — Wis)
o<t<T | =
1
[t/5]—1 2y 2
<qE sup Z V Cis — v Cz W(H—l W )
0<t<T | ‘=

The natural next step is to apply Doob’s inequality to convert the supreme value of the
stochastic process over time interval [0,T] into the value of the process at terminal time
T, which is easier to handle. However, to validate the use of Doob’s inequality, we have to

show that the stochastic process

/o)
Z0 = Z (Veis — ve) Wiy — Wis), 0<t<T,
=0

is a martingale associated with certain filtration.

Lemma 6.7.2. Define continuous-time filtration (G)o<i<7 as

G =FloF

by 0<t<T

Then the stochastic process (Ztn’&)ogth is a martingale associated with (G¢)o<t<7.
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The proof of the lemma is straightforward by the definition of martingale. In light of

this fact, by Doob’s inequality we have

2
[t/8]—1
E( sup | Y (Veéis — veio) Wesnys — Wis)
0<t<T | =5
[t/9]-1 ?
=[E| sup Z Véis — \/cis)( z+1)5_Wi5)
0<t<T | ‘=
T/8)-1 ?

< 4E Z (Véis — \/cig)(W(Hl)(; — Wm) evaluated at terminal time T
i=0

<K <kl + (knAn)2P>

n

where the last inequality follows from Proposition 6.7.1 plus Assumption 6.2.3 and 6.2.4,
replacing A, by d.

Step 2: Discretization part. Next we try to deal with the discretization part,
which is essentially a global approximation of discretization of a stochastic integral to the
stochastic integral itself. Define

[T/5]—1
Z Cis - 1[i6,(i+1)5)(3)a s € 0,77,
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which is an adapted cadlag process with paths being piecewise constant. Then we have

[t/6]-1
E | sup Z V¢is AerlW / \/adW
telo, 7)1 5o
(516 —
& swp | [7 (Ve - v,
tefo.1) | Jo
t —
B sw | [ (Va- .
te[0,[£16] 1 /0

[NIE

(510
< KE / (Vs — \/e3)ds by Burkholder-Davis-Gundy
0

1
[Z]g 2
< KE! {/ ’ (¢s — cs)2ds} ¢; is bounded away from 0
0

%15 :
=K {El </ (€s — 05)2d5> } Jensen’s inequality
0

(516 2
=K / El(és — ¢)%ds by Fubini’s theorem
0
1
(T/31-1 " (i4+1)s 2
=K Z / — ¢,)?ds
i—0 0
1
[T/0=1 r(it1)s ’
=K Z / Yeis — cs)?ds by definition of ¢
i—0 0
1
(T/81-1 (i4+1)s 2
=K / )% ds by definition of ¢,
i—0 10
T/‘S (i+1)0
<K 8%, ds
0
< K\/po.

Hence by using Burkholder-Davis-Gundy inequality, we show that the convergence rate
(upper bound) for the uniform “discretization part” is the same as that for only considering
the terminal time.

Step 3: Residual part. At last we deal with the residual part. It is not as easy as it

sounds like since we are essentially trying to control the moments of modulus of continuity
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of It6 process. Fortunately, (Fischer and Nappo, 2010) proves those results for us. More
specifically, by Theorem 1 in (Fischer and Nappo, 2010) and the assumption that (c;);>o is

uniformly bounded from both below and above, we have

) <K ((ﬂog (?))5,

t —
E| sup / VesdW
0<t<T |J[£]6

as desired.

6.7.3 Proof of Theorem 6.4.2

We already know that under the optimal simulation scheme, we have upper bound
1
~ on T
E( swp v —Xif | < KA
0<t<T

for some constant K.

Since E (|Y:,’f - )N(T|) < E (SUPogth Y, — )~(t|> , it suffices to show that the exact
1
~ T
convergence rate for |Y]' — Xp| is of order A7 as well.

133



Similar to the proof of Theorem 6.4.1, we decompose the difference between Y7 and

X T as follows:

[T/AR]-1
Y- Xp = Z Vein, A W — / VesdW,
[T/An]fl /Al N
= Z VEin, Aip1 W — Z Veis D1 W
[T/A -
+ Z ,WA Aj W — / VesdW,
[T/An] 1

= Z \Y CzAn V CzAn z—HW
=0

local estimation problem
[T/An]—

+ Z VEGiA, Az—l—lW / \/adws

discretization part

I
4 / Jadiv, — / Jediv,
0 0

residual part

We first deal with the “residual part”. Note that

[Z-1An N T N 2 T N 2
E(/ e, [ @WS) - E(/ @WS)
0 0 [A-]An
T
= E(/ csds> by It6 isometry
[2-]An

< KA, ¢; is bounded from above
It follows from Jensen’s inequality that

[2-]An N T N 1
E/ \/adWs—/ VesdWs| < KAZ.
0 0

As for the discretization part, by the Step 2 in proof of Theorem 6.4.1, we have
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[T/A

Z 1/C¢AHATL

[Z]1An

< KVTA?L.

Cs s

The local estimation part is the leading term, and is more involved to deal with.

Lemma 6.7.3. Under Assumptions 6.2.1, 6.2.3 and 6.2.4, assume that as n — o
Pt
Ay, —0, kp 2AP — g€ (0,00)

Conditioning on {¢; : t > 0}, the following functional convergence in law holds

An n  Trr

O‘-,n

—Y on [0,T]

where Y is a continuous centered Gaussian process with independent increments having

E(Y?) =1, Vte [O7T]

and
[t/An]—1 na 2 k) A, 2
A /Z+ 1 /’(7'+ TL) n
2 n
of, = csds + csds — cin,
b ; 4CiAn k% =1 ( (’L-‘rf 1) > (kTLA'ﬂ iAp

due to statistical error in local estimation due to target error in local estimation
Remark 6.7.1. {\/tY;} : t €[0,T]} is standard Brownian motion on [0, T7.

Proof. Fix a sample point w € . Throughout this proof, we will be conditioning on the
volatility path {¢;(w) : t > 0}. To emphasize this, we use, for example, E.(-) with subscript
¢ when taking expectation conditioning on {c¢;(w) : ¢ > 0}.

By Assumption 6.2.4, there exists p € (0,1] such that Vs, t € [0, 7],

le(t,w) — c(s,w)| < A(w)|t — s|?,
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for some constant A(w). Here by requiring
1
ki AL — B € (0,00),

we are actually taking
P

—_P_ 2p
pt+3g T2
ki ~ Ap" 7 =Ay, o )

or equivalently
2p

~ (knAn)p ~ A; 2p+17

=

kn

which means we strike the balance between the convergence rate of statistical error of local

estimation and that of target error. This immediately implies that
-y
EnAp ~ A, 772 = 0.

We fit our setting into Theorem 2.2.13 in (Jacod and Protter, 2012): for each n > 1

andi:O,l,...,[Aln]—l, define

1 ~ —~
77’7 = (CiAn - CZAn)A’?L’L—‘er

2./¢n,
GF = Flotkan @ Flrna,

with stopping rule N, (t) being deterministic LALHJ (note here the index i starts from 0 while
in (Jacod and Protter, 2012) 7 starts from 1). Then immediately n* € G (in fact, we can
think of G' as the filtration generated by n}").

Note that for any i = 0,1, ..., [Aln] —kn,

28
9n +k-n .
. 5 ey Jn
C‘(Sn = C‘An =
o = Fnn 2.5
=[R2+

2
@d%)

(G=DAn

1 i+kn AR 2
=3 (]

O Ji—1)An
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Then as usual we decompose local estimation error into statistical error and target error:

1 Zikn iAn 2 1 Zi’f: An
Gin, — CGin, = / VesdWs | — / csds
knAn L (j—l)An ° ° knAn L ( j ) n °

J=i+1 J=i+1 J-1HA
Si,n
1 ke A
+kA Z/ csds — ca,,
nSn 2 G-1DAn
Di,n
= Si,n+Di,n7
where S; ,, can be written as
ithn [ 4 iAn 21 it
Z’,n = k Z X / \/Cde — K / Cst
i+kn
=Y Zin
j =141

with Z; j, being centered and independent as j varies (recall the moments estimates for

Sin are given by Lemma 6.7.1). Then for any t € [0, 77,

2

[t/An]-1 t/An]—-1
O‘?,n = E Z no| = Z E. (77?)2
i=0 i=0
[t/An]-1 [t/An]—1
An 2 An 2 2
= E 1 0 - EC in D
= Acian (Gia ) ; dein, (Be(Sin)” + Du)
t/An]—1 )
= Z = / csds |+ D?’n
=0 4C1A kn =1 n 7,+€_1)An
By undergraduate analysis, it follows that
[t/An]_l k‘ i+OA 2 ¢
A, 2 / i+0)An 1 /
k oY csds - = csds < o0
! ; dein,, %Z::< A Jire-na, 2 Jo
2 2 1 [t
knD;, = (VknDin)™ < K(ﬁ)i C—ds < 00
0 Cs
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Therefore

2
k‘natm

~0(1)

or in other words, the exact convergence rate of agn is kp,.

Now note

1

E.(
2,/Cin,
1 .
= ]EC( (CZAn

2\/cin,,

Ec(n'1Gi1) =

(Cin,

—cing)|Git1)

Then it suffices to show

- Cz’An)A?+1W|gz‘n—1)

E.(AF, W) =0

[t/An]—1
- Z PG > 1, V>0
tn =0
1 [t/ nl— .
— c(ln?\‘llgfil) — 0, Vt>0
tn =0
To prove (6.8), first note
2SS 2
Ecd 5 > Ee(nfPIgr,) -
R
. [t/An]-1 2
= — K¢ Z Ec(!n?IQ\g?_l) - a?,n
Yt i=0
[t/An]-1 [t/An]-1
1 AN An
= — e E. ((Gia, —ci zn v
a?,nE { Zz; 4CiAn ((C An T Gt |g ! Zz; 4CZA CA
A2 [t/An]—1 1
_ n A _ 21on _ A, _ 2
= @Ec ; 4CiAn (Ec ((CzAn CzAn) ‘gz—l) Ec(CzAn czAn) )
A2 [t/An]—1 2
= 477, E. Hi,n
at,n i=0
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1

where Hi,n = Ion.
n

(EC ((émn — cmn)2|gp_1) —Ec(én,, — cmn)2), and in particular the

randomness of H; , is up to time (i + k, — 1)A,,. Then we immediately have

E.(H;,) =0

)

Since

1
YIIN

1Aan

Ec(|n!2|G7 1) = Eo(~——(Gin, — cin, ) (AL, W)2(GE )

A R
= 402 Ec((Gin, — cin,)?1GI1)
10n
A
= fov (B(SLG) +2DinBe(SinlGiy) + DY)
(ZAN)
. 2 ) .
A, 1 [T 9 [ 1 [ltkn)An 2D;, et
= — Zijm | +— / cods | + == Zijn + D?
4CiAn k% J:;-J,-l w k% An (i+kn—1)An ° kn ];1 b:m 2,
it follows that
. 2 ) ,
1 A 9 (1 [U+ka)An 9D;, Tent
= —E. — Zi g, + — / ceds | + —21 Zij,
16¢7, ) k2 j;l b k2 \ An Jisk—1)A, ° kn j§1 v
2
. 2 )
1 T A 9 (1 [ltkn)dn
= —Eq{5 Zi g, + / csds
16, 1k jzi-i:-l e ki \ An Sk, —1)A, ’
, 2
2D; i+kn—1
+ kl7n Z Zi,jzn - EC(S’LQ,’N,)
" =it
. , 4
1 1 [T& 4 (1 [Otk)An
< —— ¢ —E Zi j, + / csds | +
165, | Bn ‘ jzi-i:-l o ki \ An J(irk,-1)A, ’
2
B | D0 Ziga |+ (Ee(SE)
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n
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Therefore,

Rz 2
E.q —— Z Ec(|77?|2|g?—1) -1
-
Az /A P WA ) 0 [t/An]-1
= E > Hinp = — Eo(Hp,) + —Ee S HinHpp
t,n i=0 t,n i=0 t,n 0<i<m
[t/An]-1 [t/An]—-2 [t/An]-1
A2 2A2
= QT Z EC(HZ%TL) + O[4 EC Hi,n Z Hm,n
tm  i—o t,n i=0 m=i+1
A2 [t/An]—-1 ) 2A2 [t/An]—2 min{[t/An]—1,i+kn—2}
= OéT Z EC(Hi,n) + Oé4 Z ]Ec Hi,n Z Hmm
tn =0 tn =0 m=i+1
[t/An]—1 [t/An]—2 min{[t/An]—1,i+kn—2}
A2 2A2
- 1 Ec(Hz%n) + a4 Z Ec {HLnHm,n}
t,n =0 t,n i=0 m=i+1
[t/An]—1 [t/An]—2 min{[t/An]—1,i+kn,—2}
A2 2A2
< oY EdHR)+ > VEHZ)\JE(H, )
tn 0 tn =0 m=i+1

~ An + kpnAp — 0,

where for the third equality is due to the fact that H;, and H,,, are independent if

|m—i| > k,—1 (finite range dependence) and for the inequality we use the Cauchy-Schwartz
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inequality. Thus we have shown (6.8). Next to show (6.9)

1 [/an-1 =
Ec o Z Ec(Inf G| < —— Z Ee [Ee(In}11G7-1))
R — R —
1 WAan-t
= A Z Ec(|77?|4)
tn =0
[t/An]—1
1 1 =\ 4
LS (s - cm A0 )
afm ; 160%An +
L e .
= -1 —5—Ec(¢ia, — cin, ) 'Be(AL L W)?
oy & Ty, e e AT
ga2 Menl=t g
- = c(CzAn — CiA, )4
aﬁn ; 16012An
[t/An]—1
3A2 1
= a2 G
M =0 n
~ A, =0
Therefore (6.9) holds and the theorem follows. O

Proposition 6.7.1. Under Assumptions 6.2.1, 6.2.3 and 6.2.4, assume that as n — oo
Pty
A, —0, ky AP — € (0,00).

Then conditioning on {¢; : ¢ > 0}, it holds that

TN iy e VN 17
Z CZAn 'L+1 L N(O 1)

T n
where
[T/An)=1 \ 9 I /1 l+0A, 2 1 (i+kn)An 2
2 n
of, = Z 5 — csds + csds — cip,,
due to statistical error in local estimation due to target error in local estimation

Proof. Fix a sample point w € €. As in the proof of Lemma 6.7.3, we will be conditioning

on the volatility path {¢;(w) : ¢ > 0} throughout this proof.
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By Taylor expansion, for each i = 0,1,...,[T/A,] —

VECin, = /G, +

1 ) 1 -3
\/T(Cmn = cing) = 567 (G, — cing)?,
Ci n
where &, = 0; néin,, + (1 — 0;)c with 6;,, € [0,1]. Then

(T/An]-1

Z \/ Y CiA, z+1W
=0
(T/An]-1

1 1 -3 —

= & —Cin—-Qéz‘n—Cz‘n2>A?W

ZZ:% (2\/@( An —Cing) = g (Gin An) 't
[T/An]—1 1 1 [T/An]

= éi — G z W zn Cz — CiA, 2A? W

1 11

Conditioning on {¢; : t > 0}, by Lemma 6.7.3 and continuous mapping theorem (pro-

jection to terminal time T), we have

T/Ap]—1 A 17
ZE:{) ] 2\/cliTn(c7;An - CZA7L>A?+1W

OT n

L5 N(0,1)

By Slutsky’s Theorem, what is left to show now is that the part IT converges to 0 in mean

square (in probability) after being scaled by a7 ,.

| /A 2
CiA. — C; A W
arn ; 5zn Ap Ap ) +1
1 (T/An]-1 2
Z ]E ( CzA CiAn)2> E (A1+1W)2
aT” 1=0
(T/An]—1
Ay, 3.
= o2 z; E. (fiﬁ(cmn - CiAn)4) .
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Notice that Vi

Ee (62, — cin)!)
E. (é;ff(émn - CiAn)41{éiAn>cmn}> +E. (fm(cm — CiAn)41{amn<cmn})
<E. <c*3(émn — Cmn)41{@mn >cmn}> + E¢ <é[§n(émn - CiAn)41{éiAn<ciAn}>
E

e ((@in, = cin,)?) +Ee (&8 (&in, — cin,)?)

~kp 2

Recall that the exact convergence rate for onTn is k,,, so we have

(T/An
A
Z ((Cian = cinn)?) ~ O3

m =0 n

On the other hand, note

IEc (ézn (ézAn - ciAn)4) < \/ Ec (é;AGW) \/Ec(ézAn — CiAn)g

We first consider E. (é;fn), note that

1 ke /eiA, 2
éz‘An = csdWy
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B 1 itk /jAn e f(J ha \/QdW
knAy, °

. JANS
j=it1U=DAn f(jj N csds
—_— n
ZECATL v
~N(0,1)
1 2

> .
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and hence

6
1
E. (679 ) < KE. <2) 2 kS~ O(1).
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Now we come to focus on \/E. (éia, — cin,, )?).

Ee(éin, —cin,)® = Bo(Sin+ Diy)®

where as for D?n,
K

. 8
1 (’L+kn)An
D,En = (k; A /A CSdS — GiA,

<

< A /A (cs — cin,)" ds
nBn JiA,
. .

IN

For EC(SEH), recall

| i ®
EC(st,n) = E. kf Z ZZ'Jm
" j=it1
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with Z; ; , being centered and independent as j varies. In particular, any moments of Z; ; ,,

is of order 1 (behaves like constant), independent of ¢ and j. Therefore,

i+kn 8

EC(SZB,TL) = Z Z:]n

] =i+1
i+kn

1
= ke Y Zjm
n

j=i+1

Z 1,5,m 1mn+ZZ,]n zmn+ZZ,],n i,m,n

j#m j#Em Jj#FEm
+ 2
zyn zmn zkn zg,n zmn zkn
JjFEmM#Ek JFEmMFEk

+ Z z]n 'LngzanzZn
JFm#EkFL

as the four additive terms are of order ky, ky(k, — 1), ky (kp, — 1) (ky, —2) and &y, (ky, —

2)(ky, — 3), respectively. Taking all above together, we have

Ee (6,2 (Gin, —cin,)*) < \/Ee (68 )VEc(éin, — cin, )8

~ O(1)\/O(ka")

~ O(k,?)
which implies
A [T/3a)-1 )
z Z Ee (&2 (Gia, — cin,)") ~ O(I?) — 0.
aT,n ; n
Consequently, we prove
2

(T/An]—1

QT n
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and hence

Z f;; (Gin, — cin, ) Az—l-lW Q&)) 0,

where Q(w, -) is a transition probability kernel, given the volatility path w being conditioned

on. Thus by Slutsky’s theorem, the result follows. O

Continuation of Proof of Theorem 6.4.2: Now we come to decomposition 6.8. At this

stage we can blow up our original target Y — )?T by
-1
V kn ~ An 2+F 9

which gives

1

1 ~
Ay TP (YE — Xp)

_% [T/An]—1
24 = —
= An +p Z \/ \/C’LA ’L+1W
=0
-1 [[T/An]-1 LA,

T — —] —
0TS Ea AW — [T ed,
i=0 0
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0 0
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T 1 N
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AT n

as constant —N(0,1), by Proposition 6.7.1

5T [T/ 20 I
AP AL ) A ST aa, AW - VesdW,
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—0 tight
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1

Tl
where we have used the facts that the exact convergence rate for ar, is vk, ~ A, o ,

and that for p > 0,

6.7.4 Proof of Proposition 6.4.1

When ¢; is constant, namely the pathwise continuity is of p > 1, we have for 0 < ¢ < T,
~ t —~ —~
K= [ Ve, = el
0

In light of (6.7), there exist neither the target error induced from spot volatility estimation

nor the discretization error, and as a result the convergence rate (upper bound) becomes

N

[t/6]—1
E (021%!1@"’5 - Xt|> < E| sup Z (Véis = Vo) (Wiirnys — Wis)

0<t<T | 5
+ E < sup /c|W; — W5[t]]>
0<t<T °

K (\/%n + (6 log(¥)) ) .

D=

IN

6.7.5 Proof of Theorem 6.4.3

First note that

E( sup [V —ﬁ!) = E ( sup \/th — W, )
0<t<T 0<t<T T
- E<sup Rv—ﬁm)
0<t<T T
= E( ﬂ—ﬁ sup ’Wto
T 0<t<T
- E(‘ RV—ﬁ)E( sup !th),
T 0<t<T
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where the last equality is due to independence. Now, on one hand, we have

2 2
(E ( sup \WA)) <E ( sup \WA) =E ( sup ]Wt\2) < AR(W3) < 0o
0<t<T 0<t<T 0<t<T

where the two inequalities are due to Jensen’s inequality and Doob’s inequality, respectively.

On the other hand, we have

[T/A4) [T/An) [T/A4) T
ERV)=E[ > (A7X)’ ]| = ) E((AX)?*) = > cAn = c| ] A,

i=1 i=1 i=1 n
and
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=1
[T/ An]

2
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RV 2
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< KE(RV —Tc)?

Therefore, it holds that

eSSl
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= K (B(RV)? - 2TcE(RV) + (T¢)?)
2
_ 22| i (CLATHJA,L> —2TC2LATnJAn+(Tc)2>

i |
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which implies

(e

) < K(Ap +A2)2 < K(VAL+A,),
as desired.

6.7.6 Proof of Theorem 6.4.4

Note WO = 0 and that

~ RV —~ —~ —~ —
YRV - Xp = ,/T(WT—WO)—\E(WT—WO)

- <\/RTV —ﬁ) (Wr — o)

- \}T(m— VTe) Wy — Wo).

By a classical result from integrated volatility estimation (see, e.g.,(Ait-Sahalia and Jacod,

2014)), we have the following central limit theorem

1 _ L 9
T (RV = Te) 5 N(0,27¢2)
By Delta’s method (f(z) = /z, f'(x) = ﬁ), it follows that
1 L 2y 1
RV — VT 0,27c") ——=
m(v VTe) =5 N(0,2T¢ )2\/17
~ N(O.3).

Notice that Vn, \/%(\/ RV —+/Tc) is independent of Wr — W, then

(A AT~ VT0. T 0) £ (V0. 5N 0.1)).

By continuous mapping theorem, it follows

Jlfnwﬁ VT ~ W) 55 N(0, N0, T).
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Therefore,

1 - 11 I
m(YTRV—XT> - mﬁ(\/ﬁfm)(wrwo)
C 1 c
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