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ABSTRACT

Ai Ni: Variable Selection For Case-Cohort Studies With Failure Time Outcome
(Under the direction of Jianwen Cai)

Case-cohort design is widely used in large cohort studies with failure time data to
reduce the cost associated with covariate measurement. Many of those studies collect a
large number of covariates. Therefore, an efficient variable selection method is needed
for the case-cohort design. In this dissertation, we study the properties of the Smoothly
Clipped Absolute Deviation (SCAD) penalty based variable selection procedure in Cox
proportional hazards model and additive hazards model in a case-cohort design with a
diverging number of parameters.

We prove that the SCAD penalized variable selection procedure can identify the true
model with probability tending to one as n - oo under Cox proportional hazards model.
We then establish the consistency and asymptotic normality of the penalized estimator. We
show via simulation that the BIC-based tuning parameter selection method outperforms
the AIC-based method under typical case-cohort study settings. The proposed procedure
is applied to the Busselton Health Study (Cullen 1972, Knuiman et al. 2003).

Additive hazards model is a useful alternative to the Cox model for analyzing failure
time data. In the second part of the dissertation, we extend the SCAD-penalized variable
selection procedure to the additive hazards model with a stratified case-cohort design
and a diverging number of parameters. We again establish variable selection consistency,
estimation consistency, and asymptotic normality of the penalized estimator under this
setting. We propose a new tuning parameter selection method and evaluate its performance

via simulation. We show that the proposed tuning parameter selection method outperforms

il



the conventional k-fold cross-validation method. The proposed procedure is applied to the
Atherosclerosis Risk in Communities (ARIC) study (Ballantyne et al. 2004).

Tuning parameter selection is critical to the success of a regularized variable selection
method. A consistent tuning parameter selection method has not been established for the
SCAD-penalized Cox model with a diverging dimension. In the last part of the disserta-
tion, we propose a generalized information criterion (GIC) for tuning parameter selection
and establish conditions required for its variable selection consistency under this setting.
Simulation study shows that GIC performs well under the required conditions with finite

sample size. It is then applied to the Framingham Heart Study (Dawber 1980).
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CHAPTER 1: INTRODUCTION

Modern epidemiological cohort studies and disease prevention trials often need to fol-
low thousands of subjects for many years. There are two typical features of large-scale
cohort studies and prevention trials. First, the investigators are usually interested in the
association of a large number of risk factors with an outcome. However, the assembly of
some covariates may require the analysis of previously stored precious biological samples
such as serum and genetic materials using expensive bioassays, genotyping, or sequencing
technology. Therefore, it can be prohibitively expensive to collect all covariates from every
subject in the study. Second, the rate of occurrence of event of interest is usually low,
especially for such events as cancer or death. Consequently, subjects without the event of
interest (noncases) constitute a predominant portion of the cohort, and if the covariates
were to be measured for every subject, most of the associated cost would be spent on the
noncases, which do not contribute as much information as subjects with the event of inter-
est (cases) in the analysis of failure time data. To reduce the cost and effort in collecting
expensive covariates without decreasing much efficiency in the analysis of failure time data,
Prentice (1986) proposed the case-cohort design, where the complete covariate information
is only obtained from a random subcohort sample plus all cases. Case-cohort design has
been widely used in practice. For example, in the Busselton Health Study (Cullen 1972,
Knuiman et al. 2003) a cohort of 1,401 Australian from Busselton in West Australia was
followed for 15 years, and the time to stroke was analyzed under case-cohort design where
the main risk factor serum ferritin level was only measured for the case-cohort of size 513.

In case-cohort studies where a large number of covariates are collected, researchers are



often interested in selecting a subset of the covariates that are related to the event of
interest. With the inclusion of interaction terms and polynomial terms, the number of
candidate covariates can be very large. In the aforementioned Busselton Health Study,
there are a number of potential confounders or effect modifiers that need to be considered
in the modeling process. With the pairwise interactions between ferritin level and all the
other covariates as well as the squared continuous covariates, the total number of terms
in the model exceeds 30, which is fairly high considering that there are only 118 incidence
of stroke in the cohort. As Huber (1973) argued, in the context of variable selection the
number of parameters should be considered as increasing with sample size, and goes to
infinity as sample size goes to infinity. Therefore, an efficient variable selection proce-
dure that allows a diverging number of parameters is needed for the case-cohort design.
Although we consider the dimension of the parameter to increase with sample size, we
restrict ourselves to the p << n scenario in this dissertation. The traditional variable selec-
tion methods such as stepwise and best subset selection suffer from two major drawbacks.
First, they are unstable in that covariates are either retained or dropped from the model,
and therefore small changes in the data can result in very different models being selected.
Second, they are computationally intensive, and becomes infeasible when the number of
covariates increases with sample size. To overcome these drawbacks, penalized likelihood
based variable selection procedures have been developed over the last few decades. Under
certain regularity conditions, these procedures can automatically and simultaneously select
variables and estimate their coefficients. The penalty-based variable selection procedures
have been successfully applied to linear, generalized linear, Cox proportional hazards, and
additive hazards model. However, to our knowledge, the properties of these procedures
have not been studied under proportional hazards or additive hazards model with case-
cohort design and a diverging number of parameters. This dissertation intends to fill in

this gap.



The properties of the regularized variable selection procedures depend on the penalty
function that is applied to the likelihood function. Many penalty functions have been pro-
posed in the literature. Among them, the smoothly clipped absolute deviation (SCAD)
penalty (Fan and Li 2001) has been shown to possess the so-called oracle property, namely,
as sample size goes to infinity, the procedure correctly identifies the true model with prob-
ability one and estimates the standard errors of nonzero parameters as efficiently as if the
zero parameters were never included in the estimation process. For the first topic of the
dissertation, we investigate both the asymptotic and finite sample properties of the SCAD
estimator under Cox proportional hazards model with a case-cohort design and a diverg-
ing number of parameters. We first establish the rate of convergence of the maximum
SCAD-penalized pseudo-partial likelihood estimator. We then prove its oracle property
and establish its asymptotic distribution. As mentioned before, the rate of event of inter-
est is often very low in case-cohort studies (typically over 90% censoring rate). However,
most previous studies on regularized variable selection in survival analysis investigated
its finite sample properties with fairly low censoring percentage. The performance of the
method in high censoring percentage situation is largely unknown. We conduct extensive
simulation studies to assess its finite sample properties under a case-cohort design with
high censoring percentages.

Although Cox proportional hazards model has gained tremendous popularity in the
analysis of time-to-event data, its proportional hazards assumption may fail to hold in
many situations. The additive hazards model was developed as a useful alternative to
the proportional hazards model. It does not require the assumption that the covariate
effect on the hazard function is proportional. It has sound biological and empirical basis.
The additive covariate effect on the hazard function is easier to interpret and communicate
with investigators. In fact, investigators are sometimes more interested in the risk difference

attributed to the covariates. The risk difference is more relevant to public health because it



translates directly into the number of disease cases that would be avoided by eliminating a
particular exposure (Kulich and Lin 2000). Over the years, estimators for additive hazards
model with full cohort and case-cohort have been proposed and their asymptotic properties
studied (Lin and Ying 1994, Kulich and Lin 2000). Variable selection procedures under
additive hazards model have also been extensively studied with Lasso (Leng and Ma 2007),
adaptive Lasso (Martinussen and Scheike 2009), and SCAD penalty (Lin and Lv 2013).
However, to our knowledge, variable selection under additive hazards model with case-
cohort design has not been studied. As the second topic of the dissertation, we theoretically
and empirically investigate the properties of SCAD-penalized variable selection procedure
in additive hazards model with a stratified case-cohort design and a diverging number of
parameters. We also propose an effective tuning parameter selection method for the SCAD-
based variable selection procedure in additive hazards model under case-cohort design.
All regularized variable selection procedures involve one or several tuning parameters
that control the complexity of the selected model by adjusting the magnitude of the penalty.
The optimal performance of these variable selection procedure are heavily dependent on the
selection of the tuning parameters. There are mainly two data-driven tuning parameter
selection methods: K-fold cross-validation (Efron and Tibshirani 1993) and generalized
cross-validation (GCV) (Craven and Wahba 1979). The latter is more computationally
efficient and is analogous to the Akaike information criteria (AIC) whose properties are
thoroughly studied in the traditional variable selection literature. It has been shown that
the original GCV is selection inconsistent. That is, the tuning parameter selected from
GCYV identifies a model different from the true one with probability tending to one as sample
size goes to infinity. A number of authors developed various modified tuning parameter
selection method that is selection consistent. However, their work lies in the framework
of linear and generalized linear model. The tuning parameter selection method has not

been theoretically studied for Cox proportional hazards model with a diverging number of



parameters. The third topic of the dissertation is devoted to developing a variable selection
consistent tuning parameter selection method. We provide theoretical justification and
empirical evidence via simulation that the proposed tuning parameter selection method
leads to the correct tuning parameter that identifies the true model with probability tending
to one under Cox proportional hazards model with a diverging number of parameters.
The overall goal of this dissertation is to provide theoretical foundation as well as
practical guidance for regularized variable selection in a case-cohort design, and thereby

facilitates large-scale epidemiological studies on public health issues.



CHAPTER 2: LITERATURE REVIEW

In this chapter, we review the literature on the following topics: 1) estimation method
for Cox proportional hazards model under a case-cohort design; 2) regularized variable
selection procedures for Cox proportional hazards model; 3) estimation method for additive
hazards model under a case-cohort design; 4) regularized variable selection procedures for
additive hazards model; 5) tuning parameter selection for regularized variable selection

procedures.

2.1 Estimation Method for Cox Proportional Hazards Model under a

Case-Cohort Design

The Cox proportional hazards model (Cox 1972) has been the most widely used model
to study the effect of covariates on failure times. Under Cox model, the hazard function

for the failure time 7" given time-dependent covariate vector Z(-) is given by

MHZ (1)} = Mo(t) exp{5 Z(1)},

where A\g(¢) is an unspecified baseline hazard function and S is a vector of regression
coefficients.

Let C be the censoring time and X = min(7,C') be the observed time and A = I[(T' < C)
be the failure indicator, where I(-) is an indicator function. 7" and C' are assumed to be
independent conditional on Z. Define the counting process N(¢) = I(X <t,A =1), and

the at risk process Y (t) = I(X > t). The partial likelihood function introduced by Cox



(1972) is given by

L(5)=3 [M(t) “log 3 Y;(1) exp{ﬁTZj(t)}] A

i=1 j=1

The maximum partial likelihood estimator of §y can be obtained by solving the score

equation

n (1)
Un(ﬁ) = ; {Zi(t) - %}Ai =0,

where SO (3,t) =n1 ¥, Y;(t) exp{BTZ;(t)} and
SM(B,t) =nt Y, Yi(t) Zi(t) exp{ ST Z;(t)}. If the longest follow-up time is 7, then the

score equation can be equivalently written in the counting process format as

T

{Zi(t) M}dl\fi(t) - 0.

U® =2, |, " 5O(5.0)

The covariance matrix of the above estimator B can be consistently estimated by the
inverse of the observed information matrix 31 = —{0U,(8)[9Bl5-5}"" (Andersen and Gill
1982).

In the case-cohort design, the covariate information is available only for a random
subcohort plus all cases. As a result, the risk set at each failure time needs to be modified so
that only subjects with available covariate information are used. Prentice (1986) introduced

a pseudolikelihood to estimate the regression coefficients,
0(B) =2 | Zi(t) ~log Y. V() exp{BTZ;(1)} | A,
i=1

jeR(t)

where R(t) = D(t)u C, D(t) = {i : Ni(t) # N;(t")}, and C is the random subcohort.
In words, the risk set at each failure time ¢ includes all subcohort members at risk at ¢

and any subjects outside the subcohort that fail at ¢. The author provided a heuristic



estimation procedure for the pseudolikelihood. Self and Prentice (1988) slightly modified
the risk set by setting R(t) = C. That is, only subcohort members at risk are included
in the risk set of each failure time. While the estimator of Prentice is score-unbiased,
that of Self and Prentice is not. Nevertheless, the latter is asymptotically equivalent to
the former provided an individual’s contributions to S(*) and S(©) are asymptotically neg-
ligible. Under mild regularity conditions, the authors used a combination of martingale
and finite population convergence results to prove that the maximum pseudolikelihood
estimator has an asymptotic normal distribution with mean (5, and covariance matrix of
the form n=1X-1(X + A)X-1. The matrix X can be consistently estimated by the observed
information matrix. The matrix A takes on a very complicated expression and reflects the
extra variance induced by the sampling of the subcohort. To circumvent direct estimation
of A, Wacholder et al. (1989) developed a bootstrap estimate of the variance of the maxi-
mum pseudolikelihood estimator. Their method imitates the original sampling scheme by
resampling separately cases and subcohort controls. However, it is very computationally
intensive. Barlow (1994) and Lin and Ying (1993) proposed different variance estimators
that are easily computed.

Barlow (1994) proposed a robust estimator of the variance based on the influence of an
individual observation on the overall score function. The author also proposed a slightly
different pseudolikelihood function than those of Prentice (1986) and Self and Prentice
(1988). In the modified pseudolikelihood function, the author introduced a time-dependent
weight for individual i given by w;(t) = dN;(t) + {1 = dN;(t) }§;m(t)/m(t), where & = 1 if
individual 7 belongs to the subcohort and 0 otherwise, m(t) is the number of individuals in
the full cohort at risk at time ¢, and m(t) is the number of individuals in the subcohort at
risk at time ¢. This weight is different from that in Prentice (1986) in that individuals with

dN;(t) =0 and &; = 1 receives a weight of m(t)/m(t) instead of 1. The log-pseudolikelihood



function is then given by

&L(ﬁ):i OT[BTZi(t)—logzzlzlYj(t)wj(t)exp{BTZi(t)}]dNi(t)=O. (2.1)

Lin and Ying (1993) developed a general solution to the problem of missing covariates
under the Cox proportional hazards model. It approximates the partial likelihood score
function with full covariate measurements and includes case-cohort design as a special
case. Let the p—dimensional covariate vector (possibly time-dependent) for individual i be
Zi(-) = {Z1("),.... Z,(-)}T. Let Hy;(t) be an indicator function that equals 1 if Z;(t) is
completely observed and 0 otherwise. Let H;(-) be a p x p diagonal matrix with indicator
functions {Hy;(-), ..., Hpi(+)} as the diagonal elements, where H;;(t) = 1 if Z;;(¢) is available
and 0 otherwise. The authors proposed the following approximate partial-likelihood score

function for estimation of 3,
U(B) = 3. AHi(Xi){ Z:(X:) - B(B, Xi)},
i=1

where X is the observed time for individual ¢, E(3,¢) = SM(8,t)/S(8,t), and S (B,t) =
n U™ Hoi(0)Yi(t) exp{ 8T Z:(t)} Z;(+)®?, d = 0, 1. Let 3 be the root of the above score func-
tion. Under certain regularity conditions, the authors showed that nl/Q(B - Bo) converges
to a zero-mean normal distribution. Under case-cohort design, the covariance matrix of
the limiting distribution is much easier to estimate than those in Prentice (1986) and Self
and Prentice (1988).

If the complete covariate history is available for the cases outside the subcohort, then
a more efficient pseudolikelihood function can be constructed as proposed by Kalbfleisch
and Lawless (1988). Their original pseudolikelihood function (13) can be equivalently ex-
pressed as (2.1) with the weight function w; = A; + (1 - A;)&;/a, where a = n/n is the

sampling probability of the subcohort and A; and &; are the same as defined before. With



this weight function, cases outside the subcohort are always included in the risk set for all
failure times rather than only the ones at which they fail. Borgan et al. (2000) considered
a time-varying version of this weight in their Estimator II in which the true sampling prob-
ability « is replaced with its sample estimate a(t) = i, &(1-A)Y;(t)/ Xm, (1-A,)Yi(t).
Using an estimated rather than the known true sampling probability can actually im-
prove efficiency (Robins et al. 1994). Kulich and Lin (2004) rigorously proved the asymp-
totic properties of the estimator based on this efficient time-varying weight function and
generalized it to doubly weighted estimator by replacing the scalar &(t) with a matrix
a(t) ={Xi (1-2)A,)} H{XEr, &(1 = A) A ()}, where A;(t) is a p x p diagonal matrix
with p potentially different random processes on the diagonal to capture the covariate in-
formation that is available for all cohort members as well as surrogate measurements of
the expensive covariates. Kang and Cai (2009) extended the efficiently weighted estimator
of Borgan et al. (2000) to studies with multiple outcomes of interest. The authors used a
marginal model to handle the correlation among multiple outcomes and derived a sandwich
estimator of the covariance matrix of the estimated parameters. Kim et al. (2013) further
improved the efficiency of the estimators for case-cohort studies with multiple outcomes
by replacing the weight function w;(t) in (2.1) with a modified one that uses the covariate
information from cases of all types. Let K be the number of outcome types. A;; =1 if
individual 7 has the outcome j and 0 otherwise. The modified weight function for outcome

type k is given by
K K
on) = 1= 110 - )+ TT0 - A o),
j=1 j=1

where a(t) = ¥, &{H]—Iil(l—Aij)}Yik(t)/ Z?zl{ﬂjlil(l—Aij)}Yik(t). In words, this weight
function makes use of the complete covariate history of cases of all other types that are out-

side the subcohort when constructing the pseudolikelihood function for a specific outcome

type.

10



In this dissertation, we use the time-varying efficient weight considered in the Estimator

IT in Borgan et al. (2000) and Kulich and Lin (2004) in a univariate case-cohort design.

2.2 Regularized Variable Selection Procedures for Cox Proportional

Hazards Model

Variable selection is an important component of statistical modeling. The idea of penal-
ization has long been used in the modeling process to achieve the balance between goodness-
of-fit and model complexity. Among others, Akaike’s information criterion (AIC) (Akaike
1973), Mallows’ C, (Mallows 1973), and Bayesian information criterion (BIC) (Schwarz
1978) are probably the most commonly used traditional penalty-based variable selection
criteria. These criteria, however, rely on stepwise or subset selection procedures and are
separated from the parameter estimation procedure. As a result, they are computationally
intensive and unstable (Breiman 1996), and their sampling properties are hard to derive.
Tibshirani (1996) proposed a seminal method for variable selection in linear models based
on penalized sum of squares. The author named the procedure least absolute shrinkage
and selection operator or Lasso. Let X; = (Xj1,...,X;y)T be the p-dimensional covari-
ate vector for individual ¢ (i = 1,...,n), y; be the response variable for individual i, and
Bo = (Bo1s .-, Pop)T be p-dimensional regression coefficients. In its original form, the Lasso

estimate B is defined by

n p 2 p
3 = argmin {Z (yl - Zﬁjxij) } subject to Y |3;] <t, (2.2)
j=1

i=1 J=1

where t > 0 is a tuning parameter that controls model complexity. The Lasso estimator can

be more generally expressed as the maximizer of the L; penalized log-likelihood function

~

[ = argmax {En(ﬁ) - i |5J|} ,
=1

11



where ) is a tuning parameter that has a one-to-one relationship with ¢ in (2.2). Tibshirani
(1996) showed that the Lasso procedure shrinks all parameter estimates towards 0 and sets
some estimates to exactly 0, thus achieves model selection purpose. There are a number of
algorithms proposed in the literature to compute the Lasso estimator. Tibshirani (1996)
used an iterative reweighted least squares (IRLS) method. Fu (1998) developed a "shooting
algorithm" in the linear model framework. Efron et al. (2004) proposed an elegant and
powerful variable selection algorithm named least angle regression or LARS that computes
Lasso estimator as a special case. Moreover, LARS can compute the entire solution path as
a function of the tuning parameter. Tibshirani (1997) extended the Lasso variable selection
method to the Cox proportional hazards model, where the Lasso estimator is the maximizer
of the L, penalized log-partial likelihood function. Park and Hastie (2007) introduced a
Ly penalty solution path algorithm for generalized linear and Cox proportional hazards
model.

Fan and Li (2001) proposed a new penalty function under linear and generalized linear
models, which they named Smoothly Clipped Absolute Deviation Penalty or SCAD. The

SCAD estimator is the maximizer of the following penalized likelihood function

p
Qu(B) = a(B) -1 Y PA(IB5]),
j=1
where the first derivative of the penalty function satisfies
PL(0) = X(O<\) + @I(e > \)
a/ f—

for some a >2, A >0, and 6 >0, with P,(0) = 0.
The SCAD penalty is different from the Lasso penalty in that it does not over penalize

large ’s. The authors showed that, under some regularity conditions, SCAD estimator

12



correctly shrinks zero-valued parameters to 0, and consistently estimates the non-zero pa-
rameters. Moreover, it estimates the non-zero parameters as efficient as if the underlying
true model is known a priori, a property often called oracle property in the literature. As
pointed out by the authors, the Lasso estimator does not possess oracle property because
it underestimates the non-zero parameters due to its over-penalization on large parame-
ters. Fan and Li (2001) also proposed a new unified algorithm to compute the estimates
from penalty functions that are singular at the origin, which include Lasso and SCAD.
In this local quadratic approximations or LQA algorithm, the penalty function is locally
approximated by a quadratic function as follows. Suppose an initial value 3(®) is obtained.
If 53(.0) is very close to 0 by a pre-specified threshold value, then it is set to 0. Otherwise

the penalty function for 3; is approximated by

P(B}) » (18] + % (P8O B2 - (B2} for By = B,

With the approximated penalty function, the minimization problem becomes a quadratic
minimization problem and standard Newton-Raphson algorithm can be used to solve for
the minimizer, which is used as the new initial value 3(®). These steps are iterated until
convergence. In practice, the authors suggested using the unpenalized maximum likelihood
estimator as the initial value 3(°). Tt should be noted that the SCAD penalty is not convex
on (—o0,00), and therefore the SCAD penalized likelihood function is not concave. As a
result, the SCAD estimator obtained by the above algorithm cannot be guaranteed to be
the global maximizer. In practice it is suggested that different initial values be used to
increase the probability of obtaining the global maximizer. Fan and Li (2002) extended
the SCAD estimator to Cox proportional hazards model and proved its oracle property.

Several other penalty functions have been proposed and their properties studied in Cox
proportional hazards model. Zou (2006) proposed an adaptive Lasso method for variable

selection where the L; penalty for §; is multiplied by a weight defined by w; = 1/|B]~|’Y,
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where Bj is a root-n-consistent estimator of the true parameter [, and v is a positive
constant that is chosen by the analyst. Under certain regularity conditions, the author
established the oracle property of the adaptive Lasso estimator. Zhang and Lu (2007)
extended the adaptive Lasso estimator to the Cox proportional hazards model and proved
its oracle property. Zou and Hastie (2005) proposed a new penalty function that is a linear
combination of Ly and L; penalties. The authors named their penalty elastic net. The
elastic net penalty successfully addresses the p > n scenario and high correlation among
groups of covariates. Wu (2012) recently extended the elastic net method to Cox model
and developed a path algorithm for it.

As mentioned in the introduction, in many real data applications the number of co-
variates should be modeled as diverging with sample size. On this frontier, Peng and Fan
(2004) provided a rather complete theoretical framework for the asymptotic properties of
nonconcave penalized likelihood under generalized linear model with a diverging number
of parameters. Cai et al. (2005) investigated the SCAD penalty in Cox proportional haz-
ards model with correlated outcomes and a diverging number of parameters. The authors
proved the oracle property of the variable selection procedure and derived the asymptotic
distribution of the parameter estimates. Zou and Zhang (2009) proposed an adaptive elas-
tic net penalty which is a modified elastic net penalty with the L; penalty component
replaced by a weighted L; penalty as in the adaptive Lasso. The authors established the
oracle property of the procedure with a diverging number of parameters and showed by
simulations that the proposed method dealt with collinearity problem better than other

oracle-possessing variable selection methods.
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2.3 Estimation Method for Additive Hazards Model under a Case-Cohort

Design

Additive hazards model is an important alternative to the Cox proportional hazards
model. It models risk difference, which bares more intuitive interpretation than risk ratio
in many epidemiological and biological studies (Huffer and McKeague 1991). Additive
hazards model was originally proposed by Aalen (1980). The hazard function under the
additive hazards model for the failure time 7' given time-dependent covariate vector Z(-)

is given by
AHZ (1)) = Mo(t) + B3 Z(1), (2.3)

where A\g(¢) is an unspecified baseline hazard function and S is a vector of regression
coefficients. Lin and Ying (1994) proposed an estimator for model (2.3) and derived its
asymptotic properties. The authors proposed the following score equation under counting

process framework

U(8) - z OT {2:(t) - Z()} {aNi(t) - i(£) BT Zu(t)dt}

where Z(t) = ¥7_, Y;(t) Z;(t)/ Xj-, Y;(t). The estimator # is obtained by solving U(f) = 0,

which has a closed form

B=[i Tié(t){Zi(t)—Z(t)}mdt]_ [i T{Zi(t)—Z(t)}dNi(t) . (2.4)

i=1J0 i=1J0

Under some regularity conditions, nl/Q(B - fp) has been shown to converge in distribu-

tion to a p-dimensional normal distribution with mean 0 and covariance matrix that can
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be consistently estimated by a sandwich type estimator A-'BA-!, where
A= i {z) -z at,  B=nY [ {Zi(t) - 2(1)}* dNi(b).
i=1J0 i=1J0

Kulich and Lin (2000) extended the additive hazards model to case-cohort studies.
Sharing the same spirit of Kalbfleisch and Lawless (1988), the authors proposed a weighted

pseudo-score function
Un(8) = 30 [ {200~ Zu(O M) - Yi()5" Z ()t}

where Zg(t) = $7_y p;Y;(8) Z;(1)] o1 p3Y5(t)s pi = Ai + (1= Ai)&/pi and p; = Pr(§; = 1).
The estimator 3 solves Uy(8) and takes a similar closed form as (2.4). Under some
regularity conditions, the authors showed that nl/Q(B - Bo) converges to a p-dimensional

normal distribution with mean 0 and covariance matrix D;'(X4 + Xg)D !, where

D=5 / A0 - )], 2=k / REAGEEGRIOIE

EH(BO) _ E{(l _pl)(]' B Al)Sigz(/BO)}

Y41

where e(t) = E{Z,(t)Y1(t) }JE{Y1(t)}, Si(Bo) = [y {Zi(t)—e(t)}dM;(t), and M;(t) = Ni(t)-
Jo Yi(s)dAo(s) = [y B8 Zi(s)Yi(s)ds.

2.4 Regularized Variable Selection Procedures for Additive Hazards Model

Many researchers have applied the penalty-based variable selection procedures to the
additive hazards model to achieve a sparse model from a large number of candidate co-

variates. Ma and Huang (2005) proposed a Lasso type estimator to select important genes
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under additive hazards model. The authors applied an L, constraint that Y%, |8, < u (d
is the number of the covariates; u is a tuning parameter) to the loss function

d " " N 2

)= (S e oe s (St - S

s=1 (\i=1 i=1 i=1

where L;, is the (s,l) component of matrix L' = Jo Yi(t) {ZZ- - Z(t)}®2 dt and R is the
st component of R = [°{Z; - Z(t)} dN;(t). The Lasso type estimator is the minimizer
of the above loss function under the L; constraint. The authors proposed using weighted
bootstrap technique to compute the covariance matrix of the Lasso type estimator. This
estimator shares the same drawback of regular Lasso estimator that it is not path consistent.
In other words, there is a positive probability that the solution path of this procedure does
not contain the true model. Leng and Ma (2007) proposed a weighted Lasso estimator

under additive hazards model which is the maximizer of the following objective function
Loor T C
5(5 Anﬂ - 25 bn) + n)\n Z;wj‘ﬁjya
iz

where A, = Y1, [ Yi(t) {Zi—Z(If)}®2 dt, by, = ¥y [ Zi - Z(t)}dNy(t), and w; is a
non-negative weight whose inverse is a consistent estimator of 3;. The authors showed
that the weighted Lasso estimator is path consistent and possesses the oracle property.
Martinussen and Scheike (2009) independently proposed the same weighted Lasso estima-
tor. They formally justified the choice of the loss function L(53) = BT A, 5 - 257b, used
in the variable selection procedure. Unlike the Cox proportional hazards model where the
log-partial likelihood function is a natural choice of loss function for variable selection,
under additive hazards model the likelihood function is difficult to work with due to the
nonparametric baseline function and the additive structure of the model. Motivated by
the similarity between the Lin-Ying estimator (Lin and Ying 1994) and the least square

estimator, Martinussen and Scheike (2009) argued that the above loss function L(/) should
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be used in variable selection for additive hazards model. In fact, L(S) can be obtained by
integrating the Lin-Ying score function U () with respect to 5, which further justifies the
use of L(3) as the loss function.

Lin and Lv (2013) applied a class of penalty function that includes Lasso and SCAD to
the aforementioned loss function L(), and investigated their variable selection properties
in a high dimensional framework. Under mild regularity conditions, they proved the weak
oracle property (Lv and Fan 2009) and the oracle property for the penalized estimators.
Gaiffas and Guilloux (2012) applied the same weighted L; penalty as in Leng and Ma
(2007) and Martinussen and Scheike (2009) to a more general form of loss function which
includes the L(f) used in Leng and Ma (2007) and Martinussen and Scheike (2009) as
a special case. The authors established non-asymptotic sharp oracle inequalities for the

estimator under high dimensional setting using a new version of Bernstein’s inequality.

2.5 Tuning Parameter Selection for Regularized Variable Selection

Procedures

Tuning parameter selection plays a central role in the implementation of penalty based
variable selection procedures. The realization of the desirable theoretical properties of the
variable selection procedures in real data analyses is heavily dependent on the selection
of the correct tuning parameters. In practice, tuning parameters are usually selected by
a data-driven fashion that involves minimization of a certain criterion over the tuning
parameter space. A grid search method is typically used to identify the minimizer of the
selection criterion. There are two major categories of tuning parameter selection methods:
K-fold cross-validation (Efron and Tibshirani 1993) and generalized cross-validation (GCV)
(Craven and Wahba 1979). In K-fold cross-validation method, the full dataset D is evenly
divided into K random subsets D* (k =1, ..., K). Denote the training and test set by D-DF

and D, respectively. Denote the observed response and covariate vector for individual 4
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by (y;,2;). For each tuning parameter value \ over a pre-specified grid and subset D,
a penalized estimator B(’“)()\) is obtained using the training set D — D*. Then the cross-

validation criterion is given by

V= X - THO0)
k=1 (yi,a;)eDk
The X is chosen as the minimizer of CV(N). The K-fold cross-validation method is compu-
tationally intensive, and CV () is less intuitive for right censored outcome such as survival
time. As an alternative, generalized cross-validation has been widely used in tuning param-
eter selection for various penalty based variable selection procedures. The GCV criterion

is defined in linear model as

[Y - X5,
n{l-e(\)/n}?’

GCV()) =

and defined in generalized linear model as

_gn(BA)

GOV = ey )

where £,,(3,) is the log-likelihood function evaluated at the penalized estimates, e(\) is
the effective number of parameters given by e()\) = tr[ X {XTX + nX,(5,)} "1 XT] for lin-
car model and e(\) = tr[{¢”(5x) - nEx(5:)}"17(5,)] for generalized linear model, and
a(By) = diag{ P(|8x)/|5xl, ...7PA’(|B,\p|)/|B,\p|}. The GCV criterion can be deemed as a
weighted version of the leave-one-out cross-validation criterion (Craven and Wahba 1979).
In Cox proportional hazards model, the partial likelihood is used in the numerator of the

GCV statistic.
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Wang et al. (2007) demonstrated in linear model the similarity between GCV and

traditional AIC criterion with a logarithm transformation of GCV
log{GCV(A)} =log(|Y = XA\ [*/n) - 2log{1 - e(A)/n}.
When e(\) > n we have
log{GCV(\)} ~ log(|[Y = X Br[*/n) +2e(N)/n,

which is analogous to the traditional AIC criterion. The authors showed with SCAD
penalty that GCV is not a consistent selection criterion. Namely, tuning parameter selected
by GCV criterion results in overfitted model with a positive probability as sample size goes
to infinity. The authors proposed a new criterion that is analogous to the traditional BIC

criterion, which is defined in linear model as
BIC(\) = log(|Y = X Bx]?/n) + log(n)e(\)/n.

They showed that the BIC criterion can identify the true model with probability 1 as n
goes to infinity. Zhang et al. (2010) obtained similar results in generalized linear models

with nonconcave penalized likelihood. The authors introduced a generalized information

criterion (GIC) defined as

GIC(A) = D(y; B2 /n + kne(N) /n, (2.5)

where D(y; 3) = 2{€,(y;y) - (Bx; )} is the deviance and &, is a positive constant chosen
by the analyst. The tuning parameter is selected as the minimizer of GIC. The authors
showed that when k,, is bounded above, then the selected tuning parameter overfits the

model with a positive probability, whereas when k,, > oo and k,,/\/n — 0, then the selected
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tuning parameter identifies the true model with probability tending to one.

Both Wang et al. (2007) and Zhang et al. (2010) considered tuning parameter selection
in a finite dimensional setting where the number of candidate covariates is a fixed finite
constant. Wang et al. (2009) extended the investigation on tuning parameter selection
into the realm of diverging number of parameters. In linear model framework, the authors

defined a slightly modified BIC criterion as
BIC»(By) = log([Y = X Bx[?/n) + Cyy log(n)|Sxl/n,

where |S,| is the size of the model identified by tuning parameter A and C,, is a positive
constant chosen by the analyst. The selected tuning parameter minimizes this criterion.
The authors showed that, under some regularity conditions, the BIC criterion consistently
identifies the true model as n goes to infinity given that C, — oo and C,plog(n)/n —
0, where p is the dimension of the parameters that goes to infinity with sample size,
and ||P/((B,\a)||2 = o,{log(n)/n}, where f, is the penalized estimates of the non-zero
components of By. The authors showed that both SCAD and adaptive Lasso penalties
satisfy the last condition.

Chen and Chen (2008) investigated the selection property of an extended BIC in high
dimensional linear model where p grows at a polynomial rate with n. Assume that the
model space S is partitioned into U§:1 S; such that models in each S; have equal dimension.
Let 7(S5;) be the size of S;. Therefore, 7(S;) = (’?). The authors proposed an extended

J

BIC for a model s € .S;
BIC, (s) = -26,{0(s)} + v(s) log(n) + 2y1log 7(S;),

where B(s) is the maximum likelihood estimator for model s, v(s) is the size of model s,

v €[0,1] is a constant that is related to the divergence rate of the model dimension. The
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authors showed in linear model that when p = O(n*) for some constant x> 0, v > 1-1/(2k),
and certain asymptotic identifiability condition is satisfied, the extended BIC can identify
the true model with probability tending to one as sample size goes to infinity. Wang and
Zhu (2011) further proposed a new family of BIC-like criteria for ultra-high dimensional
variable selection in linear model where log(p) = O(n*). The new criteria they proposed is

defined as
1
HBIC, (M) = nlog (ERSSM) + 29 log(p)| M,

where |M| is the size of model M, RSS), is the residual sum of squares of model M, and
v > 1 is a constant as in the above definition of extended BIC (Chen and Chen 2008).
Let integer K be the upper bound of the true model M, that is set by the researcher.
This bound relieves the searching endeavor by focusing exclusively on the class of sub-
models {M : |M| < K}. Under some regularity conditions, if v > 1, for any K satisfying
Klog(p) = o(n), the authors proved that the HBIC, consistently selects the true model
from the model space {M :|M|< K} as sample size goes to infinity.

Fan and Tang (2013) studied tuning parameter selection in generalized linear model
under ultra-high dimensional setting with log(p) = o(n). They used the GIC defined in
(5.3) as the selection criterion. They introduced a quantity J, which they call the signal
strength of the true model. For any model «, let |a| be the size of model. Define its
"population parameter" S*(«) to be the minimizer of the Kullback-Leibler (KL) distance
I{B(a)} = Eg, [log{fo(Bo)/fa(B())}], where f, and f, are the density under the true
model and model «, respectively. Note that the expectation is taken under the true model.
Let K be the upper bound of the true model as described in Wang and Zhu (2011). For
K =o(n), the signal strength 9,, is defined as

0, = inf l]{ﬁ*(oz)}.

apog, [a|<K N
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Then under some regularity conditions, the authors showed that GIC is a consistent tun-
ing parameter selector provided the constant x, diverges to infinity at a rate that is a
function of ¢§,,, K, parameter dimension p, and true model size s, and the form of the
function depends on whether the outcome variable is bounded, Gaussian, or unbounded

non-Gaussian. They recommended for practical implementation to use a uniform choice of

kin = log{log(n) } log(p).
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CHAPTER 3: REGULARIZED VARIABLE SELECTION FOR COX
PROPORTIONAL HAZARDS MODEL WITH A CASE-COHORT DESIGN

3.1 Introduction

Large-scale epidemiological studies and disease prevention trials often need to follow
thousands of subjects for an extended period of time. The assembly of covariates for the
entire study cohort can be prohibitively expensive, especially when it requires precious
biological samples or expensive bioassays. Moreover, the occurrence rate of the event of
interest is usually low in these studies, especially for such events as cardiovascular disease,
cancer, or death. We refer to subjects who develop the event during the study as cases and
the others as noncases. If the covariates were to be measured for everyone in the study,
most of the cost would be spent on noncases, which do not contribute as much information
as cases. To reduce the cost and effort in collecting expensive covariates without decreasing
much efficiency in the analysis of time-to-event data, Prentice (1986) proposed the case-
cohort design, where the complete covariate information is only obtained from a random
subcohort of the sample plus all cases.

Various estimation methods have been developed for case-cohort studies under the pro-
portional hazard model (Cox 1972). Prentice (1986) and Self and Prentice (1988) proposed
a pseudo-partial likelihood method that modifies the risk set to account for subcohort sam-
pling. Barlow (1994) introduced a time-dependent weight to estimate the risk set from the
subcohort sample and developed a robust variance estimate for the regression parameters.
Kalbfleisch and Lawless (1988) proposed a more efficient weight that uses the complete

covariate history of all cases. Borgan et al. (2000) further studied several types of weight
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under the stratified case-cohort design. Kulich and Lin (2004) rigorously proved the asymp-
totic properties of the efficiently weighted estimator (Kalbfleisch and Lawless 1988). Kang
and Cai (2009) extended the weighted estimator to studies with multivariate failure time
outcome. Kim et al. (2013) further improved the efficiency of the estimators for case-cohort
studies with multivariate failure time outcome. In this chapter, we focus on the efficient
weight proposed by Kalbfleisch and Lawless (1988) in a univariate unstratified case-cohort
design.

In the large epidemiological studies that use the case-cohort design a large number of
covariates are usually collected, especially with the increasing availability of the electronic
medical record data. Thus, one research goal is often to identify a subset of them that are
related to the event of interest. With the inclusion of interaction terms and polynomial
terms, the number of candidate covariates can be very large. As Huber (1973) argued, in the
context of variable selection the number of parameters should be considered as increasing
to infinity with sample size n. Therefore, an efficient variable selection procedure that
allows a diverging number of parameters is needed for the case-cohort design. In this
chapter of the dissertation, we consider the scenario where the model size d,, diverges to
infinity at a slower rate than the sample size. Therefore, d, — o but d, < n. The
traditional variable selection methods such as stepwise and best subset selection are known
to be computationally intensive and unstable. Since the introduction of Lasso method by
Tibshirani (1996), penalty-based variable selection procedures have achieved great success.
Under certain regularity conditions, these procedures can simultaneously select variables
and estimate their coefficients. Many penalty functions have been proposed, among which
the smoothly clipped absolute deviation (Fan and Li 2001), adaptive Lasso (Zou 2006),
adaptive elastic net (Zou and Zhang 2009), and minimax concave (Zhang 2010) penalties
have been shown to possess the so-called oracle property, namely, as n goes to infinity,

the procedure correctly identifies the true model with probability one and estimates the
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standard errors of nonzero parameters as efficiently as if the zero parameters were never
included in the estimation process. Fan and Li (2002) applied the smoothly clipped absolute
deviation penalty to the proportional hazard model and proved its oracle property. Cai
et al. (2005) further extended the penalized partial likelihood procedure to multivariate
models with a diverging number of parameters. However, to our knowledge, the properties
of penalized variable selection procedure have not been studied under the case-cohort design

where not all covariates are fully observed. This chapter intends to fill this gap.

3.2 Pseudo-Partial Likelihood for Case-Cohort Design

Suppose there are n independent subjects in a cohort. Let T and C' be respectively
the time to the outcome of interest and the censoring time. Let Z;(t) be the d, x 1
possibly time-dependent covariate vector for subject i at time ¢t. Let 5= (31, ..., 84,)" be
a vector of unknown regression coefficients. Let X = min(7",C') be the observed time and
A = I(T < C) be the censoring indicator, where I(-) is an indicator function. 7" and C
are assumed to be independent conditional on Z. Define for subject i the counting process
N;i(t) = I(X; <t,A; = 1), and the at risk process Y;(t) = I(X; >t). Let \;(¢t) denote the
hazard function for subject i. Cox (1972) proposed the proportional hazard model where
MNf{t| Z;(t)} = Xo(t) exp{TZ;(t)}, where \o(t) is an unspecified baseline hazard function.
Under the case-cohort design, suppose we randomly select a subcohort of fixed size n from
the full cohort of size n. Let & denote the indicator for the ith subject being selected into
the subcohort, and a = n/n = Pr(&; = 1) denote the selection probability of the ith subject.
Here we consider simple random sampling without replacement with fixed subcohort size.
Under this sampling scheme (&, ...,§,) are correlated. The covariate histories are not

observed for censored subjects outside the subcohort. Assuming the complete covariate

histories are available for all the cases, one can use the following pseudo-partial likelihood
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to estimate the regression coefficients § (Kalbfleisch and Lawless 1988):

L0 =3 [ [ 20 -l T OV O el Z 0N, (3)

where 7 is the time at the end of study, p;(t) = A; + (1 - A)&AH(E), a(t) = Y, (1 -
ANEGY: ()X (1 - Ay)Yi(t)} is an estimator of the true sampling probability «. The

corresponding pseudo-partial score equation is

50(8,1)

ﬁn(5)=zn: T{Zi(t) m

i=1J0

}dNi(t) =0, (3.2)

where S$(8,1) = n U % p; () Yi(t) Zi(#)®FeP % ®) for k = 0,1,2. For a vector a, a® = 1,

a®! = a, and a®? = aa”.

3.3 Variable Selection with a Penalized Pseudo-Partial Likelihood

3.3.1 Penalized Pseudo-Partial Likelihood
We define a penalized pseudo-partial likelihood as

dn

Qn(B) = 1n(B) - n;PAjn(

Bil), (3-3)

where Py, (|5;]) is a nonnegative penalty function with );, as the nonnegative tuning pa-
rameter controlling the model complexity. We use smoothly clipped absolute deviation
penalty proposed by Fan and Li (2001) with the modification of covariate-specific tun-
ing parameters \;,, which allows different regression coefficients to have different penalty
functions. When A;,, = 0, no penalty is applied to ;. The first derivative of the penalty is
— 7
a-1

Py (0) = \n (0 < \jw) + (0> Ajn)
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for some a >2 and 6 > 0, with Py, (0) = 0.

3.3.2 Notations and Regularity Conditions

We denote by 3 the penalized pseudo-partial likelihood estimator that maximizes (3.3).

We denote by fy the true value of 8. Let 8y = (8%, 5%,,)T, where S and S are the

nonzero and zero components of 3y, respectively. Let B = (B}F,BITI)T, where BI and BH are

the penalized pseudo-partial likelihood estimators of 379 and Srjo, respectively. Denote by

k, the dimension of 8¢ and k,/d, converges to a constant c € [0,1]. For each n, we define

the following notations:

1 & ,
S B,1) = = Y V(1) Zi(1)®FeP %0k =0,1,2,
n

=1
SP(8.8) = - 3 OV Z() A0, k=0,1,2,
n.3
S (8,0)S(8,1) - S, 1)=2

S8, 1)2

S (8,650 (8,t) - S (8, 1)
S(8,t)?

sP(B,8) =EB{SP(B,1)},k=0,1,2, e.(B,1) = s (8,8)/s(8,1),

Vn(ﬂvt) =

Y

vn(ﬁa t) =

)

L@ -B{ [ G0 G0a0]. T0) = el @),
ay, = 12}2;]2‘(71{|P>,\jn(|6j0|)|}7 b, = g;gﬁﬂpﬁgnﬂ@d)”,
Zy = diag{ Py} (|B1l), .. FX,, , (IBr.0])},
B, = {P5,, (1Bw])sen(Bo); - Px,  (1Br.0l)sgn(Bra0)} "
We require the following regularity conditions:

(A) [y Xo(t)dt < oo.
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(B) E{Y (1)} > 0.

(C) | Zi5(0) | + [, 1dZ;;(t)| < Cy < oo almost surely for some constant Cy and i = 1,...,n

and j =1,...,d,. That is, Z;;(t) has bounded variation almost surely.

(D) There exists a neighborhood % of /3 such that for all 3 € Z and t € [0, 7], 8320)(@ t)]0p =
s$V(B,1), and 025 (8,1)/0B0BT = s (B,t). The functions s$(3,¢) (k =0,1,2) are

continuous and bounded and s\ (3,t) is bounded away from 0 on 2 x [0,7].
(E) a=n/n converges to a constant Cy € (0,1] as n — oo.

(F) For each n, there exist positive constants Cs, Cy, Cs, and Cg such that

0 < Cs < eigen,, {1,(5o)} < eigen, . {1.(Bo)} < Cy < o0,

0 < Cs < eigen,y, {T'n (o) } < eigen,, {T'n (o)} < Cg < oo,

where eigen,; {-} and eigen_, {-} are the minimum and maximum eigenvalues of a

matrix.

(G) minlgjgkn 60j|//\jn — 00 asS N — o90.

(H) liminf, e liminfoo, Py (0)/Ajn >0 for j=1,...,d,.

3.3.3 Asymptotic Properties of Penalized Pseudo-Partial Likelihood

Estimator

Throughout this dissertation we use O,(-) and 0,(-) to denote in probability order rela-
tions and O(-) and o(+) to denote almost sure order relations. We first prove the existence of
a penalized pseudo-partial likelihood estimator that converges at rate Op{di/ ("2 +ay,)},
and then establish its oracle property. The proofs of Theorem 3.3.1 and 3.3.2 are provided

in section 3.7.
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Theorem 3.3.1. Under Conditions (A) to (G), if b, - 0 and di/n — 0 as n — oo,
then with probability tending to one there exists a local mazimizer B of Qn(B) = 0,(B) -

n ¥ P, (185]), such that |8 =Byl = Op{dil® (/2 + )}

From Theorem 3.3.1 one can obtain a (n/d,)'/?-consistent penalized pseudo-partial
likelihood estimator, provided that a, = O(n=1/2), which is the case for smoothly clipped
absolute deviation penalty under Condition (G). This consistency rate is the same as that

of the maximum likelihood estimator for the exponential family (Portnoy 1988).

Theorem 3.3.2. (Oracle property) Under Conditions (A) to (H), ifb, - 0,d>[n — 0, \j, -
0, \jn(n/d,)'/? - oo, and a, = O(n~'1?) as n — oo, the (n/d,)?-consistent local mazimizer
B = (BIT, BITI)T must satisfy that BU = 0 with probability tending to one and for any nonzero

k, x 1 constant vector u with uTu =1,
nVPuTT 3 (Lay + S){Br = Bro + (Inay + 30) " Bu} = N(0,1)
in distribution, where I,11 consists of the first k, x k, components of 1,(5y), and T'p11

consists of the first k, x k, components of T',(5o)-

The matrix I,,(8;) can be estimated by I,(3) =n-1 37, N V,,(3,4)dN;(t). The estima-
tion of matrix I',, (o) is derived in section 3.7. For the smoothly clipped absolute deviation
penalty, a, =0, ¥, =0, and B, = 0 for large n under Condition (G). Therefore, the result

of Theorem 3.3.2 reduces to
V2T 0 (B - N(0,1
n 2t T T (Br = Bro) = N(0,1)

in distribution. The conditions d} /n — 0 and d3/n — 0 in the above theorems only describe
the divergence rate of d,, when sample size goes to infinity. They do not impose any one-

to-one relationship between finite d,, and n.
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3.4 Considerations in Practical Implementation

3.4.1 Local Quadratic Approximation and Variance Estimation

Since the smoothly clipped absolute deviation penalty function is singular at the ori-
gin, in practical implementation the Newton-Raphson algorithm cannot be directly applied
to maximize (3.3). Instead, we use a modified Newton-Raphson algorithm with a local
quadratic approximation to the penalty function. The unpenalized pseudo-partial likeli-
hood (3.1) can be seen as a special case of the penalized pseudo-partial likelihood (3.3) with
Py, (18;]) =0forall j=1,...,d,. Applying Theorem 3.3.1 with a,, = 0, we know there exists
a (n/d,)'?-consistent maximizer of (3.1). We use this maximizer as the initial value 5%
for the modified Newton-Raphson algorithm. If |6j(0)| is less than a pre-specified small pos-
itive constant c¢;, then set Bj = 0. Otherwise, the penalty function is locally approximated

by a quadratic function as
P 180) ~ P (187D + B3, (187D 218D (8 - £7)

and therefore PA,jn(WJD ~ {P/(jn(|ﬁj(.0)|)/|ﬁj(0)|}6j. With the approximated penalty function,
one step Newton-Raphson algorithm is performed and the updated nonzero estimate is
used as the new initial value. The process is iterated until convergence or no nonzero
estimate is left.

The sandwich estimate of the covariance matrix for B can be directly obtained from the
last iteration of the above algorithm as cov(3) = {€7(3) — nEA(B)}~var{l" (8)}{£"(3) -
nA(8)}, where $5(8) = diag{P}, (18" D18, ., F¥, (B D/IBY]}. The sandwich

estimate of the covariance matrix is only applicable to the nonzero estimate of the param-

dnpn

eters.
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3.4.2 Selection of Tuning Parameters

The tuning parameter A\ in the smoothly clipped absolute deviation penalty function
P,(-) controls the magnitude of the penalty on each regression coefficient and thereby
control the complexity of the selected model. In practical implementation, the proper-
ties of the penalized estimator heavily depend on the choice of the appropriate tuning
parameters. The typical methods of selecting the tunng parameters are data-driven proce-
dures such as K-fold cross-validation and generalized cross-validation (Craven and Wahba
1979). We use the generalized cross-validation method in our implementation. For pro-
portional hazard model the effective number of parameters is defined as e(A1,, ..., Ag, n) =
tr[{07(5) = nEA(B)}10"(5)]. The generalized cross-validation statistic is defined as

~0u(B)
n{l=e(Ain,-.rs Aayn)/n}2

GCV (A1, oy Adyn) =

.....

dimensional optimization problem is difficult to solve in practice. We follow Cai et al. (2005)
to take \;, = A7Lsé(ﬁ;o)), where s%(6§0)) is the estimated standard error of the unpenalized
pseudo-partial likelihood estimator used in section 3.4.1. Then the optimization problem
reduces to 1-dimensional search for the optimal A,,.

When e(),)/n is small, as is the case under the conditions for Theorem 3.3.1 and 3.3.2,

the log-transformation of GCV(\,) can be approximated by

log{GCV (\,)} = log{~0,(8)[n} = 2log{1 = e(An)/n} ~ log{~Ln(B)/n} +2¢(An) /1.

This expression is analogous to the Akaike information criterion (Akaike 1973). Therefore,
we denote log{GCV(\,)} as AIC(\,), and define A31IC := argmin, AIC()\,). Wang et al.
(2007) and Zhang et al. (2010) showed in linear and generalized linear models with finite

number of parameters that AIC(\,) overfits the model with a positive probability as
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n — oo. Following the idea of Bayesian information criterion (Schwarz 1978), we define
another tuning parameter selection criteria, where the optimal tuning parameter, denoted
by ABIC. minimizes BIC(\,) := log{~(,(8)/n} +log(n)e(A\,)/n. In the simulation section
that follows, we will empirically investigate the performance of the tuning parameter \AIC
and APIC in penalty-based variable selection. Following Fan and Li (2001), we set the
second tuning parameter a in the smoothly clipped absolute deviation penalty function to
3.7 in our simulation.

In practice, researchers can perform a grid search to identify A2I€ and APIC. The lower
limit of the search range is 0 and the upper limit is the minimum )\, that gives an empty
model. From our simulation experience, the upper limit rarely exceeds 2. Moreover, the

model selection result is fairly insensitive to the fineness of the search grid.

3.5 Numerical Study and Application

3.5.1 Simulation Study

Independent failure times are generated from the proportional hazard model. We set

[5ni/5_1/500] to reflect its dependence on sample size,

Ao(t) = 2 and model dimension d,, =
where n, is the number of cases and [z] rounds x to the nearest integer. We relate the model
dimension to the number of cases rather than sample size as the former better represents
the amount of information in the dataset. The first component of 3 is the smallest nonzero
parameter in terms of the absolute value and is set to either 0.34 (large effect scenario with
corresponding hazard ratio of 1.4) or 0.18 (small effect scenario with corresponding hazard
ratio of 1.2). There is one nonzero parameter for every two zero parameters, with the
other nonzero parameters recycling from values 0.6 and -0.8. For example, when d,, = 15,
f1 = 0.34, then 5 =(0.34,0,0,0.6,0,0,-0.8,0,0,0.6,0,0,-0.8,0,0). We generate the design
matrix Z as a mixture of correlated binary and continuous variables. First, d,,-dimensional

multivariate standard normal variable Z* are generated with the correlation coefficient
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between Z! and Z being 0.5/=71. Then the first three components of Z* are kept as
continuous, and the next three components are dichotomized at 0, and this pattern is
repeated for the rest of Z*. Thus half of the covariates become binary with parameter 0.5.
Censoring times C; are generated from a uniform distribution U(0, ¢) where ¢ is adjusted
to achieve desired censoring percentage.

Two sample sizes, two censoring rates, and two noncase to case ratios are considered
for each f; value (0.34 or 0.18). Performance of penalized variable selection procedures
with tuning parameter A2I€ and APIC are assessed. As a benchmark, we include the hard
threshold variable selection procedure, where the component of the the unpenalized max-
imum pseudo-partial likelihood estimator from the full model is selected if it p-value from
the Wald test is less than 0.05. We also include the result from the oracle procedure where
the correct subset of covariates is used to fit the model. As the censoring rate is typically
high in case-cohort studies, we set it to 80% and 90% in the simulation. For each setting
1000 replications are conducted.

We define model error of a variable selection procedure as ME(j1) = E{E(T|z) - j1(2) }?,
and the relative model error as the ratio of its model error to that of the unpenalized
pseudo-partial likelihood estimates from the full model. We use the median and the median
absolute deviation of the relative model error to compare the performance of different
variable selection procedures. We also calculate the average number of parameters correctly
estimated as 0, the average number of parameters erroneously estimated as 0, and the
overall rate of identifying the true model. Point estimates, empirical and model-based
standard errors, and the empirical 95% confidence interval coverage are also calculated for
Bl using replications with nonzero Bi.

Table 3.1 summarizes the variable selection performance under large effect size (f; =
0.34). Larger sample size, lower censoring rate, and higher noncase to case ratio are as-

sociated with better variable selection performance in all three methods. The penalized

34



method with ABIC outperforms the other two methods in all settings. The inferior per-
formance of M\AIC is apparently due to its overfitting effect as shown by the low average
number of correctly identified zero parameters. This is consistent with the theoretical find-
ings from Wang et al. (2007) and Zhang et al. (2010) that AAC overfits the model with a
positive probability when n goes to infinity in linear and generalized linear models. Table
3.2 summarizes the parameter estimation of §; under the same settings as in Table 3.1.
Given that [3; is correctly identified as nonzero, all procedures produce approximately un-
biased point and standard error estimates and the 95% confidence interval coverage is close
to the nominal level. The parameter is slightly overestimated under 90% censoring rate.
This is due to the fact that very small 5, are set to 0 in the variable selection algorithm
and therefore excluded from the computation of the average of point estimates. This bias
decreases as the variable selection performance improves.

Table 3.3 summarizes the variable selection performance under small effect size scenario
(81 = 0.18). Similar patterns are observed as in Table 3.1, although the variable selection
performance of all three procedures decreases substantially. Nevertheless, the procedure
with ABIC outperforms the other procedures in all settings. Even with small effect size,
ABIC method performs almost as well as the oracle procedure when n = 10000 with 80%
censoring rate, which is a reasonable setting for case-cohort study. Table 3.4 shows the pa-
rameter estimation of §; under settings in Table 3.3. Conditional on correctly identifying
By all procedures perform reasonably well in parameter estimation. Again, slight overes-
timation is observed under 90% censoring rate for the same reason as described before,
which disappears when the variable selection performance increases.

We also conducted simulation with smaller effect size (8; = 0.095 corresponding to haz-
ard ratio= 1.1). The sample size and censoring rate needed to achieve reasonable variable
selection performance under this effect size become unrealistic. The result is not shown

due to space limit.
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Finally, the normality of the sampling distributions of Bl under all scenarios is graphi-
cally assessed by Q-Q plots (Figure 3.1 to 3.4). It can be seen that the sampling distribution
of 51 is a mixture of a point mass at 0 and a left-truncated distribution, which is well ap-
proximated by a truncated normal distribution as indicated by the straight line in the plots
and the conditional 95% confidence interval coverage in Table 3.2 and 3.4. Furthermore,
from the Q-Q plots and Table 3.1 and 3.3, the number of 0 estimates decreases as the rate

of identifying the true model increases.
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Table 3.1: Model selection performance with large effect size (5 = 0.34, hazard ratio = 1.4)

80% Censored

90% Censored

RME Zero Parm. RITM RME Zero Parm. RITM
Method median (MAD)  C I (%)  median (MAD) C I (%)
n = 2500, noncase:case — 1:1, d,, = 17 for 80% censored, d,, = 15 for 90% censored
HT 0.69 (0.23) 10.28 0.06 479 0.92 (0.31) 9.09 0.75 15.7
SCAD(AIC) 0.67 (0.23) 9.75 0.02 293 0.93 (0.16) 6.36  0.22 0.9
SCAD(BIC) 0.46 (0.3) 1097 0.27  74.8 0.77 (0.35) 9.24 0.7 21.8
Oracle 0.35 (0.18) 11 0 100 0.33 (0.18) 10 0 100
n = 2500, noncase:case — 2:1, d,, = 17 for 80% censored, d,, = 15 for 90% censored
HT 0.69 (0.21) 1035 0 52.9 0.78 (0.33) 9.33 0.36 35.5
SCAD(AIC) 0.54 (0.22) 1046 0 58.4 0.82 (0.2) 7.58 0.06 8
SCAD(BIC) 0.39 (0.21) 11 0.14  86.7 0.58 (0.38) 9.75 047 49.3
Oracle 0.37 (0.18) 11 0 100 0.32 (0.16) 10 0 100
n = 5000, noncase:case = 1:1, d,, = 20 for 80% censored, d,, = 17 for 90% censored
HT 0.67 (0.21) 1223 0 16.2 0.8 (0.28) 10.2  0.25 35.1
SCAD(AIC) 0.64 (0.21) 11.79 0 31.5 0.89 (0.13) 7.2 0.03 2.1
SCAD(BIC) 0.35 (0.17) 12.99 0.01 98.1 0.57 (0.29) 10.48 0.23 49.1
Oracle 0.34 (0.17) 13 0 100 0.35 (0.16) 11 0 100
n = 5000, noncase:case = 2:1, d,, = 20 for 80% censored, d,, = 17 for 90% censored
HT 0.65 (0.21) 1225 0 48.2 0.68 (0.21) 10.32 0.06 48.5
SCAD(AIC) 0.48 (0.2) 1249 0 62 0.8 (0.17) 8.41 0.01 7
SCAD(BIC) 0.34 (0.15) 13 0 100 0.42 (0.21) 10.85 0.08 81.2
Oracle 0.34 (0.15) 13 0 100 0.35 (0.16) 11 0 100

RME: relative model error; MAD: median absolute deviation; C: average number of 0 pa-
rameters correctly identified as 0; I: average number of nonzero parameters incorrectly iden-
tified as 0; RITM: rate of identifying true model; HT: hard threshold method; SCAD(AIC):
smoothly clipped absolute deviation with MAC:; SCAD(BIC): smoothly clipped absolute de-
viation with ABIC,
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Table 3.2: Parameter estimation for 5, with large effect size (8; = 0.34, hazard ratio = 1.4)

80% Censored 90% Censored
Method B se. sen 95%CIL By se. sen 95% C1.
n = 2500, noncase:case = 1:1, d,, = 17 for 80% censored, d,, = 15 for 90% censored
HT 0.35 0.08 0.07 93.1 0.41 0.11 0.12 92.4
SCAD(AIC) 0.35 0.07 0.06 92.1 0.37 0.12 0.11 91.2
SCAD(BIC) 0.35 0.07 0.06 95.3 0.38 0.1 0.11 93
Oracle 0.34 0.07 0.06 93.7 0.34 0.12 0.11 92.4

n = 2500, noncase:case — 2:1, d,, = 17 for 80% censored, d,, = 15 for 90% censored

HT 0.35 0.07 0.06 91.8 0.37 0.09 0.1 94.5
SCAD(AIC) 0.34 0.06 0.05 92.4 0.35 0.1 0.09 91.4
SCAD(BIC) 0.34 0.06 0.05 94.5 0.36  0.08 0.09 95
Oracle 0.34 0.06 0.05 93.7 0.35 0.09 0.09 93.3

n = 5000, noncase:case — 1:1, d,, = 20 for 80% censored, d,, = 17 for 90% censored

HT 0.34 0.05 0.05 93.6 0.36 0.09 0.09 92.5
SCAD(AIC) 0.34 0.05 0.05 93.1 0.36  0.09 0.08 90.3
SCAD(BIC) 0.34 0.05 0.05 94.5 0.36  0.08 0.08 93

Oracle 0.34 0.05 0.05 94.6 0.35 0.09 0.08 92.7

n = 5000, noncase:case = 2:1, d,, = 20 for 80% censored, d,, = 17 for 90% censored

HT 0.34 0.04 0.04 95.5 0.35 0.07 0.07 94.1
SCAD(AIC) 0.34 0.04 0.04 94 0.35 0.07 0.06 92.7
SCAD(BIC) 0.34 0.04 0.04 94.8 0.34 0.06 0.06 94.2
Oracle 0.34 0.04 0.04 94.8 0.34 0.06 0.06 94

se.: empirical standard error; se,,: model-based standard error; 95% CI.: empirical 95%
confidence interval coverage; HT: hard threshold method; SCAD(AIC): smoothly clipped
absolute deviation with \AC; SCAD(BIC): smoothly clipped absolute deviation with ABIC.
The parameter estimation results are calculated based on replications with nonzero Bl.
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Table 3.3: Model selection performance with small effect size (8; = 0.18, hazard ratio = 1.2)

80% Censored 90% Censored
RME Zero Parm. RITM RME Zero Parm. RITM
Method median (MAD)  C I (%)  median (MAD) C I (%)

n = 5000, noncase:case — 1:1, d,, = 20 for 80% censored, d,, = 17 for 90% censored
HT 0.66 (0.21) 12.21 0.06 434 0.79 (0.26) 10.17 0.63 21.5
SCAD(AIC) 0.63 (0.22) 11.75 0.02  29.1 0.89 (0.14) 727  0.17 1.6
SCAD(BIC) 0.42 (0.22) 12.98 0.33  66.7 0.6 (0.28) 10.45 0.6 30.5
Oracle 0.35 (0.16) 13 0 100 0.36 (0.16) 11 0 100

n = 5000, noncase:case — 2:1, d,, = 20 for 80% censored, d,, = 17 for 90% censored

HT 0.65 (0.21) 12.27 0.01  48.2 0.7 (0.21) 10.29 0.32 33.6
SCAD(AIC) 0.5 (0.22) 125 0.01 61.6 0.79 (0.18) 8.49 0.09 8.4
SCAD(BIC) 0.44 (0.22) 13 026 74.2 0.48 (0.23) 10.83 0.45 51.2
Oracle 0.35 (0.16) 13 0 100 0.35 (0.16) 11 0 100
n = 10000, noncase:case = 1:1, d,, = 23 for 80% censored, d,, = 20 for 90% censored
HT 0.66 (0.18) 14.15 0 43.8 0.7 (0.2) 12.1  0.17 33.9
SCAD(AIC) 0.61 (0.18) 1374 0 30.3 0.89 (0.14) 8.75 0.03 0.6
SCAD(BIC) 0.38 (0.17) 15 0.03 96.7 0.49 (0.21) 12.51 0.18 53.2
Oracle 0.37 (0.16) 15 0 100 0.33 (0.15) 13 0 100

n = 10000, noncase:case = 2:1, d,, = 23 for 80% censored, d,, = 20 for 90% censored

HT 0.66 (0.17) 1416 0 4438 0.67 (0.19) 1226 007 448
SCAD(AIC)  0.49 (0.2) 1455 0 653 0.79 (0.18) 1027 0.02 63
SCAD(BIC)  0.39 (0.17) 15 0.02 984 042 (0.19) 1285 012 774
Oracle 0.38 (0.17) 15 0 100 0.35 (0.16) 13 0 100

RME: relative model error; MAD: median absolute deviation; C: average number of 0 pa-
rameters correctly identified as 0; I: average number of nonzero parameters incorrectly iden-
tified as 0; RITM: rate of identifying true model; HT: hard threshold method; SCAD(AIC):
smoothly clipped absolute deviation with MAC:; SCAD(BIC): smoothly clipped absolute de-
viation with ABIC,
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Table 3.4: Parameter estimation for §; with small effect size (5 = 0.18, hazard ratio = 1.2)

80% Censored 90% Censored
Method B se. senm 95%CIL B, se. senm 95% C1,
n = 5000, noncase:case = 1:1, d,, = 20 for 80% censored, d,, = 17 for 90% censored
HT 0.19 0.05 0.05 96.4 0.26 0.06 0.09 92.2
SCAD(AIC) 0.19 0.05 0.05 94.8 0.22 0.08 0.08 92.6
SCAD(BIC) 0.21 0.03 0.05 95.9 0.25 0.06 0.08 90.7
Oracle 0.18 0.05 0.05 94.5 0.19 0.08 0.08 92.3

n = 5000, noncase:case — 2:1, d,, = 20 for 80% censored, d,, = 17 for 90% censored

HT 0.18 0.04 0.04 96.3 0.22 0.06 0.07 94.5
SCAD(AIC) 0.18 0.04 0.04 93.9 0.2 0.06 0.06 94.8
SCAD(BIC) 0.2 0.03 0.04 96.8 0.22 0.04 0.06 95.7
Oracle 0.18 0.04 0.04 94.1 0.18 0.06 0.06 94.8

n = 10000, noncase:case — 1:1, d,, = 23 for 80% censored, d,, = 20 for 90% censored

HT 0.18 0.04 0.04 95 0.21 0.05 0.06 95.8
SCAD(AIC) 0.18 0.03 0.03 94 0.19 0.06 0.06 94.7
SCAD(BIC) 0.19 0.03 0.03 97.1 0.2 0.05 0.06 95.9
Oracle 0.18 0.03 0.03 94.9 0.19 0.06 0.06 94.7

n = 10000, noncase:case = 2:1, d,, = 23 for 80% censored, d,, = 20 for 90% censored

HT 0.18 0.03 0.03 94.9 0.19 0.05 0.05 95.9
SCAD(AIC) 0.18 0.03 0.03 93.4 0.18 0.05 0.05 94.1
SCAD(BIC) 0.19 0.03 0.03 95.2 0.19 0.04 0.05 96.6
Oracle 0.18 0.03 0.03 93.7 0.18 0.05 0.05 94.7

se.: empirical standard error; se,,: model-based standard error; 95% CI.: empirical 95%
confidence interval coverage; HT: hard threshold method; SCAD(AIC): smoothly clipped
absolute deviation with \AC; SCAD(BIC): smoothly clipped absolute deviation with ABIC.
The parameter estimation results are calculated based on replications with nonzero Bl.
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Figure 3.2: Q-Q plot of B for the smallest nonzero parameter by three procedures (Hard
threshold, AATC ABIC) Sample size n = 5000. True (= 0.34 (hazard ratio=1.4).
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Figure 3.4: Q-Q plot of B for the smallest nonzero parameter by three procedures (Hard
threshold, AATC ABIC)  Sample size n = 10000. True S = 0.18 (hazard ratio= 1.2).



3.5.2 Analysis of Busselton Health Study

We use the proposed variable selection procedures to analyze the Busselton Health
Study data (Cullen 1972, Knuiman et al. 2003). The study is a series of cross-sectional
health surveys conducted in the town of Busselton in Western Australia. Every 3 years from
1966 to 1981, general health information for adult participants were collected by question-
naire and clinical visit. In this analysis we are interested in the effect of cardiovascular risk
factors on the risk of stroke. In particular, the main risk factor of interest is the serum fer-
ritin level. We also consider several other risk factors in the variable selection process: age
(years), body mass index (BMI), blood pressure treatment (0—no, 1—yes), systolic blood
pressure (mmHg), cholesterol (mmol/L), triglycerides (mmol/L), hemoglobin (g/100ml),
and smoking (1=never, 2=former, 3=current). The full cohort of this analysis consists of
1401 subjects aged 40 to 89 years who participated in the Busselton Health Survey in 1981
and had no history of diagnosed coronary heart disease or stroke at that time. Subjects
were followed until December 31, 1998, and their time to stroke was recorded if any. They
were treated as censored if they left Western Australia during the follow-up period. There
were 118 (8.4%) incidences of stroke in the full cohort during the follow-up period. To
reduce costs and preserve stored serum, a case-cohort design was used where the serum
ferritin level was measured for a randomly selected subcohort plus all stroke cases only.
The random subcohort size was 450, and the case-cohort size was 513.

Table 3.5 summarizes the baseline characteristics of the full cohort and the subcohort.
The average ferritin level is not available for the full cohort due to the case-cohort design.
The summary statistics of the baseline characteristics are similar between the full cohort
and sub-cohort, suggesting that the subcohort is representative of the full cohort.

We apply the hard threshold, penalty with tuning parameter A2I¢ and APIC variable
selection procedures to the Busselton Health Study data to identify important risk factors

for stroke. In order not to miss any potentially important effects, we also include the
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Table 3.5: Baseline characteristics of the Busselton Health Study

Full cohort (n=1401) Subcohort (n=450)

Variables Mean (SD) or % Mean (SD) or %
Age (yis) 53.0 (10.8) 53.9 (10.9)
Body mass index 25.9 (3.9) 25.9 (4.0)
Blood pressure treatment (%) 17.2 18.4
Systolic blood pressure (mmHg) 132.2 (20.0) 132.9 (20.2)
Cholesterol (mmol/L) 6.14 (1.14) 6.24 (1.17)
Triglycerides (mmol/L) 1.52 (0.97) 1.55 (0.97)
Hemoglobin (g/100ml) 141.9 (12.0) 142.0 (11.5)
Smoking (%)

Never 49.5 01.6

Former 32.4 32.0

Current 18.1 16.4
Ferritin (pg/L) - 148.1 (140.8)
log(ferritin) - 4.57 (1.01)

quadratic terms of all continuous covariates as well as interactions between ferritin and all
covariates in the initial model. The total number of parameters is 32. To decrease the
skewness in the distribution we log-transform ferritin and triglycerides values. The follow-
ing continuous covariates are standardized: age, body mass index, systolic blood pressure,
cholesterol, log(triglycerides), and hemoglobin. The tuning parameter selector identified
AAMC =0.1724 and APIC = 0.2405. Table 3.6 shows the selected terms and their estimated
coefficients and standard errors by the two penalized procedures with A€ and ABIC. The
ABIC selected 16 terms and AAIC selected additional 6 terms. This is consistent with the fact
that AMAIC tends to select more variables than ABIC. Both methods selected the main effect
of log(ferritin) and a number of interaction, suggesting that the effect of ferritin on risk
of stroke is modified by other risk factors. The 6 terms selected by only AAC are squared
systolic blood pressure, squared log(triglycerides), hemoglobin, log(ferritin)*hemoglobin,
log(ferritin)*squared log(triglycerides), and log(ferritin)*sex. Hard threshold method only

selected the blood pressure treatment into the final model.
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Table 3.6: Estimated coefficients and standard errors from Busselton Health Study data

SCAD (BIC) SCAD (AIC)
Variable 3 (se) 3 (se)
Age (yrs) 1.76 (0.28) 1.55 (0.27)
Age? 20.58 (0.02)  -0.57 (0.4)
Sex (1=female) 0 (-) 0(-)
Body mass index 0 (-) 0(-)
Body mass index? 0 (-) 0(-)
Blood pressure treatment 0.73 (0.26) 0.80 (0.27)
Systolic blood pressure 1.06 (0.06) 1.04 (0.71)
Systolic blood pressure? 0 (-) 0.12 (0.01)
Cholesterol 0 (-) 0(-)
Cholesterol? -0.59 (0.01)  -0.62 (0.03)
log(triglycerides) 0 (-) 0(-)
log?(triglycerides) 0 (-) -0.30 (0.02)
Hemoglobin 0 (-) 0.24 (0.004)
Hemoglobin? 0.19 (0.06) 0.25 (0.07)
Smoking (former vs. never) 2.12 (1.42) 2.04 (1.43)
Smoking (current vs. never) 2.23 (1.20) 2.26 (1. 22)
log(ferritin) 0.40 (0.13)  0.27 (0.09)
log(ferritin)*body mass index 0 (-) 0(-)
log(ferritin)*body mass index? 0 (-) 0(-)
log(ferritin)*age -0.20 (0.03)  -0.14 (0.02)
log(ferritin)*age? 0.12 (0.03) 0.11 (0.09)
log(ferritin)*cholesterol 0 (-) 0(-)
log(ferritin)*cholesterol? 0.11 (0.02) 0.12 (0.02)
log(ferritin)*hemoglobin 0 (-) -0.05 (0.02)
log(ferritin)*hemoglobin? -0.03 (0.02)  -0.05 (0.02)
log(ferritin)*systolic blood pressure -0.16 (0.02)  -0.19 (0.15)
log(ferritin)*systolic blood pressure? 0 (-) 0(-)
log(ferritin)*log(triglycerides) 0(-) 0(-)
log(ferritin)*log?(triglycerides) 0(-) 0.08 (0.01)
log(ferritin)*sex 0 (-) -0.10 (0.02)
log(ferritin)*smoking (former vs. never)  -0.38 (0.28)  -0.41 (0.29)
log(ferritin)*smoking (current vs. never) -0.42 (0.26)  -0.46 (0.26)

SCAD(AIC): smoothly clipped absolute deviation with AAC; SCAD(BIC): smoothly
clipped absolute deviation with ABIC.

47



3.6 Discussion

In this chapter of the dissertation we proposed a variable selection procedure based
on smoothly clipped absolute deviation penalized pseudo-partial likelihood in case-cohort
studies with failure time outcome. We showed that under certain regularity conditions,
as sample size goes to infinity, the variable selection procedure identifies the true model
with probability tending to one, and the nonzero estimate from this procedure is consistent
and asymptotically normally distributed. Moreover, the nonzero estimate is estimated as
efficient as if the true model is known by the investigator. The theorems presented in this
chapter only establish local consistency and oracle property in the neigborhood of 5y. Due
to the non-convexity of the penalty function, there may be multiple maximizers for the
penalized objective function. However, since the initial value 89 for the local quadratic
approximation algorithm is (n/d,, )'/?-consistent, the maximizer identified by this algorithm
will also be likely to converge to [.

Our simulation study found that the penalized variable selection procedure with tun-
ing parameter selected by Bayesian information criteria performs much better than that
selected by Akaike information criterion. The poor performance of variable selection with
tuning parameter A2 may seem inconsistent with previous simulation studies such as Fan
and Li (2002), Cai et al. (2005) where the finite sample performance of AAI€ is quite good
despite its theoretical property of overfitting the model with positive probability. However,
those studies used much lower censoring rates (15-40%) than our simulations. Our results
demonstrate that in survival analysis with high censoring rate, as is usually the case in
case-cohort studies, the overfitting effect of A2I€ becomes prominent, and AB'C works much
better in comparison. Based on our simulation results of different noncase to case ratios,
we also recommend including more noncases in a case-cohort design if possible to improve
the accuracy of the proposed variable selection procedure.

Since the smoothly clipped absolute deviation penalty is a non-linear function of the
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parameter, the variable selection result is not invariant to covariate standardization. In
practice, we recommend standardization of continuous covariates before carrying out the
proposed variable selection procedure so that the estimated coefficients are comparable
across covariates. For covariates that are not available for all subjects due to the case-
cohort design, the random sub-cohort should be used to compute the sample mean and
standard deviation for standardization. Another practical issue is that as the number of
noncases in the random subcohort becomes small, &(t)~' becomes less reliable. When
there is no noncase left in the subcohort, &(¢)~! is not well defined. In practice, to avoid
this difficulty, we recommend selecting the stopping time 7 such that there are at least 10
subjects at risk from the subcohort on [0, 7].

The proposed variable selection procedure does not guarantee a hierarchical final model.
Although it does not pose any theoretical difficulty, it makes the interpretation less straight-
forward. This is a future research topic that could incorporate a group penalized variable
selection method into case-cohort design to ensure hierarchical model structure.

With any given sample size the proposed procedure may not be able to detect some
very small effect, resulting in false negative finding. By decreasing the tuning parameter
size one can decrease the false negative rate but it also increases the false positive rate.
Therefore, the proposed procedure bares a trade-off between the two types of error under
a finite sample as any other variable selection methods do. If some covariates are known
scientifically to be associated with the risk of outcome, the investigator can set the tuning

parameters to 0 for them to ensure their inclusion in the final model.

3.7 Proof of Theorems

Throughout the proofs, we denote /,(80); = 00,(50)/0B;, £2(80)x = 020,(50)/0B;0Br,
and 07/ (Bo) j1a = 030 (o) [0B;0B:081. We let Viyji(Bo, 1), Vi (Bos 1), S (Bo, 1), and S (5o, )

be the (j,k) component of corresponding matrices. For a matrix A = {a;;}, (4,5 =1,...,n),
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the norm is defined as |A| = (X7, X7, aZ;)"/?. The following two lemmas will be used

repeatedly in the proof of the theorems.

Lemma 3.7.1. Let £ = (&1,...,&,) be a random vector containing N ones and n —n zeros,
with each permutation equally likely. Let B;(t),i = 1,...,n be i.i.d. real-valued random
processes on [0, 7] with E{B(t)} = up(t),var{B(0)} < oo and var{B(7)} < co. Let B(t) =
(B1(t), ..., Bn(t)) and & be independent. Suppose that almost all paths of B;(t) have finite
variation. Then n~ 12 Y &{B;(t)-up(t)} converges weakly to a tight zero mean Gaussian
process and therefore n=t Y, E{Bi(t) — pp(t)} converges in probability to 0 uniformly in
t.

The proof of this lemma can be found in Lemma A1l in Kang and Cai (2009). Under
finite population sampling, pp(t) = n' ¥, B;(t). It follows that n=1/2¥", &{B;(t) -

pp(t)} =n P EL (& —n/n)Bi(t) = n™ Pa Bk, (&ifa = 1) Bi(D).

Lemma 3.7.2. Let W, (t) and G, (t) be two sequences of processes with bounded variation
almost surely, and G, (t) is progressively measurable and cadlag. For some constant T, as-
sume that supg,, [|Wn(t)-W ()| = 0 in probability for some bounded process W (t), W,,(t)
is monotone on [0,7], and G,,(t) converges to a zero mean process with continuous sample
JoAWa(s) = W ()}dGo(3) | andsupogre, | 5 Gu(5)A{Wa(5) = W (s)}

converge to 0 in probability.

paths. Then both supg.,.,

The proof of this lemma can be found in Lemma 1 in Lin (2000).

We also need the following lemmas.

Lemma 3.7.3. Given that £ is independent of A and Y (t), n'/?{a"1(t) - a~'} converges

to a zero-mean Gaussian process.

Proof. By Taylor expansion of &(t) around a,

nl/2
WA (1) o) = s (A0 ~ o)
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__n'P {2?:1(1 - A)&Yi(1) _&}
a*(t)* | Xt (1-49)Yi()

S n Y B A N
TP TL (- AV /;(1 a)(l A)Y;(1),

where a*(t) lies between &(t) and «. Since var{(1 - A;)Y;(0)} < oo, var{(1 - A;)Y;(7)} <
oo, and (1 - A)Y(¢) is of bounded variation, by Lemma 3.7.1, n'/2¥ (&/a - 1)(1 -
A;)Y;(t) converges weakly to a tight zero mean Gaussian process. This implies that
ntYr(&fa—-1)(1-A;)Yi(t) converges to 0 in probability uniformly in ¢ € [0,7]. Since
n 230 (1 - A)Yi(t) -E{(1-A)Y(t)}] can be seen as a special case of the expression
n 12y & [(1-A)Y (1) -E{(1-A)Y(¢t)}] with & =1 for all 4, by Lemma 3.7.1 it con-
verges weakly to a zero mean Gaussian process. This implies that n=! Y7, (1 - A;)Yi(¢)
converges to E{(1-A)Y(¢)} in probability uniformly in ¢. Under Conditions (A) and (B),
E{(1-A)Y (¢)} is uniformly bounded away from 0 on [0,7]. By law of large numbers and
Slutsky’s theorem, under Condition (E), it follows that &(t) and « converge to the same
constant limit Cy uniformly in ¢. Therefore, a*(t) and « also converge to the same limit.

By Slutsky’s theorem,

1 a &
V26104 — a1 = -1/2 (1——’) 1-A)Y(t 1
n {O[ ( ) «Q } OéE{(l—A)Y(t)}n ; a ( Z) Z( )+OP( )7
which converges to a zero mean Gaussian process. O

Lemma 3.7.4. Under Conditions (C) and (D), for any nonzero d, x 1 constant vector u

with |u| = C < oo and ||ulo = ¢, > 0 where | - |o denotes the number of nonzero compo-
nents of a vector, n1/2{§,(l0)(60,t) - Sﬁo)(ﬁo,t)}, (n/cn)l/QuT{gfll)(ﬁo,t) - Sﬁl)(ﬁo,t)}, and

nl/chluT{g,?)(Bo,t) - ST(LQ)(BO,t)}u all converge to tight zero mean Gaussian processes.
Proof. The three processes can be written in a unified form as (k =0, 1,2),

ni2|pt Z pi(t)yg(t)eﬁgzi(t){C;I/QUTZZ'(t)}k _nl Z Y;(t)eBOTZi(t){C;I/2UTZi(t)}k

i=1 1=1
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=0 YA+ (1= A& () YY) A O (G P Zy (1))
i=1
Y2 Z(l _ Ai)fioz_ly;(t)eﬁgzi(t){c;lmuTZi(t)}k
i=1

n n—1/2 Z [(1 . Ai)&a_lY;(t)eﬁoTZ"(t){c;Ll/QUTZi(t)}k _ Yi(t)eﬁoTZi(t){0;1/2uTZi(t)}k]

=1
=T N (1= A)&A() i)™ A0 (e, PuT Z;(t) )
1=1
—n 21 = A)EQTY(1)eP ZO (e PuT Z, ()}
=1

s 2 (1= A& Vi) B0 e PuT Z,(1)

i=1

(1= AV O (2T 7,(1))]

:n-”f}{a(t)-l o H(1= A&V () A0 e Pul 2 ()}

2y (1 i) (1= A0)Yi(£)e™ 20 e, PuT 7;(t) }*

i:—11/2 n
(e aman £ 0- 2 a-amo-om)-
LS 0- ap St oz
a2y (1- gl) (1- A)Yi(£)eH 5O 2T 7,(1) 1. (3.4)

i=1

The last equality holds by Lemma 3.7.3. By Cauchy-Schwarz inequality, u” Z;(t) <
lul|1Z:()] = C{X Z 2 (t)}/2. Under Condition (C), Z7,(¢) has bounded variation, and
therefore ¢,/ uTZ;(t) has bounded variation. This along with Condition (D) gives that
(1= 2;)Y;(1)e® 7O {c; PuT Z,(¢)}* is of bounded variation for i = 1,...,n. Therefore, by
Lemma 3.7.1, n- ' ¥, (1 - A& /aYi(t)e Z® (¢, PuT Z,(t) }F converges to a deterministic

process L(t) in probability uniformly on [0,7]. Therefore,

)= 55080 (1 )30 ey~ 20

+0,(1). (3.5)
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Under Conditions (C) and (D) the term in the square brackets of (3.5) is of bounded
variation. It follows by Lemma A3.7.1 that (3.5) converges weakly to a tight zero mean
Gaussian process. Therefore, n'/2{S% (8o, )-S5 (Bo, 1)}, (n)en) 2uT{SE (Bo, )-S5 (Bo, 1)},
and nl/%;luT{S'le)(ﬁo,t) - Sr(f)(ﬁo,t)}u all converge weakly to tight zero mean Gaussian

processes. O

Lemma 3.7.5. Under Conditions (A) to (D), for any nonzero d, x 1 constant vector u
with |u| = 1, n=2uTT3 "2 (8o) 0 (Bo) converges to a standard normal distribution, where

T.(80) is the covariance matriz of n=Y20 (By).

Proof. Let ¢, = |u]o, the number of nonzero components of u. We first consider the

quantity (nc,)"Y2uTl" (5,), which can be decomposed as

) ~ ) n [T ngl)(ﬁo t)
ney ) Pt = (ne,) Pu” Zi(t) — ———"=+dN;
(ncn) (Bo) = (ncn) ; i { (1) SO Gt) (t)

e s [T S B0,t) 85 (Bost
+ (ncy,) 1/2uTi; : {ST(LO)EQZJ; _Sflo)iﬁit;}d]vi(t)

:[1+[2.

I; is a linear combination of the partial likelihood score vector of the full cohort data.
The score vector was shown by Andersen and Gill (1982) to converge to a zero mean mul-
tivariate normal distribution. Therefore, I; converges to a zero mean normal distribution.

I5 can be further decomposed as

T (1) T &(1) n
I, = 7—11/2 uTSn (ﬁ[):t) _ u' Sy (607t) d{ -1/2 M;(t }
’ /0 ‘ { SO Got) 80t | L 2 v

T TS (Best)  uTSEY (Bo,t) SV (£) e 2D gA 3.6
+/0 (new) { Oy S & D
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The first term on the right-hand side of (3.6) can be written as

T iz JuT S5 (Bo,t) _UTgél)(ﬁoat) d{ 12N ) }
/o " {S£0>(ﬁo,t> O U M0

_ T -1/2 UTST(L1)(/BO7t) T { -1/2 S ] }
—/O Cn { 57(10)(50’25) U en(ﬁ()yt) din ;Mi(t)

T -1/2 Tgél)ﬁ,t T _12n
—/0 et {'“ST(LT;);))—U en(ﬁo,t)}d{n / ;Ml-(t)}. (3.7)

Under Conditions (C) and (D) along with |u| = 1, ¢n'*u”S$ (80, 1)/S” (Bo,t), and
cﬁlﬂuTS’q(f)(ﬁo,t)/g,(lo)(ﬁo,t) are of bounded variation, so they can both be written as
sum of two monotone functions in ¢. By the fact that s$?(8,t) = E{SY(8,t)} for
k=0,1,2 and Lemma 3.7.1 (with & = 1 for all 7) it is easy to show that n'/2{S\” (8, t) -
5,(10)(50,15)} and (n/cn)l/QuT{Sr(Ll)(ﬁo,t) - sfll)(ﬁo,t)} converge weakly to tight zero mean
Gaussian processes. It is then straightforward from Lemma 3.7.4 that n1/2{§7§°)(50,t) -
s (Bo, 1)} and (n/e,)2uT {5 (8o, t) — s (Bo,t)} converge weakly to tight zero mean
Gaussian processes. Thus, we have that cﬁl/QuTSS)(ﬁo, t)/S,(LO)(ﬂo, t)- cﬁl/ZuTen(ﬁo, t) and
e PuT S (8o, 1)/S8 (Bo, t) = en*uT e, (Bo, t) both converge to 0 in probability uniformly
in tel0,7].

On the other hand, Y1 M;(¢) is a sum of i.i.d. random processes whose sample paths
are of bounded variation under Condition (C). Therefore, M;(t) can be decomposed into
two monotone functions in t. Since E{M;(t)} = 0, it follows from the Example 2.11.16
of van der Vaart and Wellner (1996) (p215) that n~'/2%", M;(t) converges weakly to a
tight zero mean Gaussian process, say Gj;(t). It can be shown that E{G y(t) - Gp(s)}* <
Cr(t—s)? for all ¢,s € [0,7] and some constant Cy;. Therefore, by Kolmogorov-Centsov
Theorem (Karatzas and Shereve, 1988, p53), G/ (¢) has continuous sample path almost
surely. Since Gy;(t) is also of bounded variation almost surely, it follows from Lemma

3.7.2 that both terms of (3.7) converge to 0 in probability. Therefore, the first term on the
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right-hand side of (3.6) converges to 0 in probability.

For the second term on the right-hand side of (3.6) we have

o [ G 8y oy
(nc,) /0{57(10)(50715) 5O (o.1) ;K(t)e dAo(t)

12 rr _ (1) ¢ (0)
(ﬂ)/ {“TSé”wo,t)—uTsP(Bo,t)+“Tsn (Bo. )5 _(fo.t)
0

n SSLO)(BOJ)
u"SY (B0, 1) S (Bo. )
57(10) (607 t)

:/OTl(Cﬁ)l/QuT{SS>(5O,t)—Sé”(ﬁo,t)}

n

}d/\o(t)

_ (Cﬁ)m {5§o>(ﬁo,t) - Sgw(go,t)}u%n(go,t)] dAo(t) +0,(1). (3.8)

n

By Lemma 3.7.4, (n/c,)2u”{S" (8o, t) = S (Bo, 1)}, n2{S(Bo,t) = S (Bo, )}
converge to tight zero mean Gaussian processes. Let e;,,(8o,t) be the j* component of
en(Bo,t) (7 =1,...,dn), and €, (Bo,t) = I(u; # 0)ejn(Bo,t). Since e;,(Bo,t) is a bounded
deterministic process, by Cauchy-Schwarz inequality, e 2uTen(ﬁo,t) = zuTe;;(Bo,t) <
e Pl ez (Bo, )| = en?O(c?) = O(1). Hence by Slutsky theorem, n'/2{S” (8o, t) -
5'7(10)(60,t)}c;muTen(ﬁo,t) converges to a tight zero mean Gaussian process. It then fol-
lows that the integrand of the integration in (3.8) converges to a tight zero mean Gaus-
sian process, say G(t). Therefore, (3.8) = [ G(¢)dAo(t) + 0,(1). Under Condition (A),
Jy G(t)dAo(t) is a continuous linear function from ¢=[0,7] to R. By the tightness of G(t),
it follows from Lemma 3.9.8 of van der Vaart and Wellner (1996) (p377) that [ G(t)dAo(t)
is normally distributed with mean zero. Therefore, (3.8) converges to a zero mean normal
distribution. It follows that I converges to a zero mean normal distribution.

Finally, we need to show that I; and I5 are independent of each other. I, can be written

35



as

) "T85 (Bo, 1) — S5 (B0, 1)} 55" (o, 1)
Iy = (ncn) I/QUT/O [ ;(0)(ﬁo,t)§7(z§)(ﬁo7t) -

S (B, t) = SV (Bost)
S (8o, 1) ] {ZN t)}

Replace S',(lo)(ﬁo, t)- Sﬁo)(ﬁo, t) and 5’7(11)(50, t)- S,(ll)(ﬂo, t) in the above expression with
(3.5), and denote AN (8,1) = nt 7, (1 - A)&aYi(t)eP %O (¢, PuT Z,(¢)}F where k =

0,1. Then I, is asymptotically equivalent to

~1/2 L 52 i A%O)(ﬁo,t) TZ:(¢
L=n /;(1_&)(1_5)/0 Yi(t)(lE{(l_A)Y(t)}_eﬂ ()]x

C’_ll/%TS?(ll)(ﬁo t) [ Agl)(ﬁo t) BTZ(t),~1/2, T ]
9 _ ) _ zt - Z,L t x
SO (B39 (5o.t)  LEIA-A)Y (1)} € o Ut Zy(t)

1
“”(%,t)) { ZN t)}
S 3-2)(1-2) [CReanal s o).

i=1

where R;(So,t) denotes the integrand of the integration in the second last expression above.
Define .Z (1) to be the sigma algebra generated by Y;(t), N;(t), and Z;(t) for 0 <t <7 and
i=1,...,n. Thus, conditional on .% (1), the only random element is &;, and E{{|.# (1)} = a.
Given that E(/;) =0 and E(/3) =0, we have

R A DU (1) [N
gy {Z’(t) 5(0)(ﬁo,t)}le(t)

Z(l A)(l__)/OTRi(ﬁo,t)d{ izv(t HJ(T D

=n" cn1/2 |:UT§: T{Zi(t)—m}d]\fi(t)x

cov(ly,Is) =n" Ly PE (E

i=1Jo S (Bo, 1)

g(l _A)E (1 _& ﬁ(f)) /0 Ri(ﬁo,t)d{%gNj(t)H _
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Therefore, (nc,)"Y2uTl (5y) converges to a zero mean normal distribution. Now define
vector u* = uTT % (Bo)|ul T *(Bo)|~!. Then |u*| = 1. Let ¢t = |u*[o. The quan-
tity n 2T (80) 0, (Bo) = |uT T3 (B0) | ()2 (nes, )2 (w) T, (), which converges
to a zero mean normal distribution up to a scalar by the above result. Its variance
var{n-Y2uTT,"*(Bo) 0, (Bo)} = uTTR?(Bo)var{n=120" (Bo)}Tn""*(Bo)u = 1, since T (Bo) =
var{n-1/20" (3y)} and |u| = 1. Therefore, n~"2uTT,"*(8,)¢" (Bo) converges to a standard

normal distribution. O

Lemma 3.7.6. Under Conditions (A) to (D), n=Y2{07(8o)x + nl(Bo)jx} is Op(1) for
J.k=1,...,d,, where I,(Bo)jx is the (j, k) component of I,(By) as defined in the Notations

and Regularity Conditions section.

Proof. The (j,k) component of the quadratic variation matrix of the partial score func-

tion under full cohort is (¢,(80))jx = 1 fy Vajr(Bo,t)Sn 0)(ﬂo,t)dA0(t) We decompose

nY2{0(Bo)jk + nLn(Bo)jk} as

o {Z VG an(o) - wmo»jk} V2 (00,(B0)) st~ L (Bo) )
= -n!/2 /OT {Vain(Bo, t) = Vija(Bo, 1) } % idMi(t) -n'/? /OT V”j’“(ﬁo’t)% Zn; AMi(?)
a2 /0 (Vi (Bo,t) = Ve (Bo, ) } S8 (Bo, t)dAo(t) = n/? {%(%(ﬁo))jk - In(ﬁo)jk}

:—[1—[2—[3—14.
The integrand of I; can be further written as

n1/2 {ank(ﬂOa Zf) - ank(ﬁOa t)}
SEMBot) Sl (Bo) 1, [55 (Bet)SS (Bot) S5 (8o, 1) (Bort)
=nl/ 2

(0)(ﬁ0’t) (0)(ﬁ0’t) (0)(60775)2 7(10)(ﬁ07 )
ni2 g { e (Bo,t) - Sﬁii(ﬁo,t)}_nl/z { SO (6o, t) - 5<o>(50,t)} S (o, )
. S (Bo.t) 5 (B0, )5 (Bo, 1)
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n2 {510 (Bo,t) = 15 (B0 1)} S (Bost) 2 {S10(Bo.1) = 53 (B 1)} 517 (5o 1)
5 (o, t)2 ) SO (5o, t)?
0112 {0 (o, 8) = S8 (Bo, ) { S (8o, t) + S (Bo, 1) } S5 (5o, 1) S5 (8o, 1)

(33,005 (50.1) )

+

Jl—JQ—Jg—J4+J5.

By Lemma 3.7.4 and Slutsky’s theorem together with Condition (D) we have that
J1, Jo, J3, Jy, and Jy all converge to tight zero mean Gaussian processes. Therefore,
ni/2 {f/njk(ﬁo,t) - ank(ﬂo,t)} converges to a tight zero mean Gaussian process. It implies
that ank(ﬁo,t) — Vojk(Bo,t) converges to 0 in probability uniformly in ¢. It can also be
shown that V,,;.(5o,t) is of bounded variation. As shown in the proof of Lemma 3.7.5,
n- 12 ¥ dM;(t) converges weakly to a zero mean Gaussian process with continuous sample
paths and has bounded variation almost surely. It follows by Lemma 3.7.2 that [; converges
to 0 in probability.

Since V,,1 (0o, 1) is a predictable process, I is a locally square integrable martingale. To
use martingale central limit theorem, we verify the two required conditions. Its quadratic

variation process is

(L) = /OTn-lv,?jk(@o,t)ZY(weﬁoZdAo ) = / V2 (B0, 0)SO (G, )dbo(t). (3.9)

By Conditions (A) and (D), Lemma 3.7.4, and Slutsky’s theorem, (3.9) converges to a
finite value as n goes to infinity. Thus, the first condition is satisified. Next we verify the

Lindeberg condition. For any € > 0,

/ n Ve (Bo ) {[n V2 (Bo, )] > €} im(t)eﬁg o (1)
. .

_ /O V2G0T {2V (Bos )] > €) 5 (B, ) (1), (3.10)
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By Condition (D), Lemma 3.7.4, and Slutsky’s theorem, V.2, (8o, 1) converges uniformly
to a bounded process, thus I{|n 12y ]k(ﬁo,t)| > e} converges to 0. Then by Conditions
(A) and (D) and Lemma 3.7.4, (3.10) converges to 0 as n goes to infinity. Therefore, the
Lindeberg condition is satisfied. By martingale central limit theorem, I converges to a

zero mean normal distribution.

I, - / 012 (oo ) = Vst (B )} 59 (B, ) (1)
0

S/ sup
0 te[0,7]

2 (Vo (Bo,t) = Vaja(Bo, }S<°><5o,t>\{Ao(T> Mo(0)} = Oy(1).

02 (Vi (Bo, ) = Vs (Bo, 1)} S (B0, )] dio(t

= sup
te[0,7]

The last equality holds because n'/2{V,,;1(80,t) = Vi;x(Bo, 1)} converges to a tight zero mean
Gaussian process and Sy, (o )(ﬁo,t) converges uniformly to sy, )(/Bg,t) which is bounded away
from 0.

We now consider /. By Chebyshev inequality, for any € > 0 and any sequence ~,, - oo,

{1
pPry|(—
n

(0,(Bo)) ik — Ln(Bo) x| 2 E’Ynn_l/z} < nk {n_1<€%(62):/]: = In(Bo)jk}

_ var{{6,(Bo) )i}

ne2~2

(3.11)
Let vie(fo,1) = {55 (8o, )5 (B, 1) = 553 (B0, )55, (Bo, )} /557 (Bo, 1)2. Then

Y RNV RO X0
n/ {n<£n(60)>]k /0 n]k(ﬁOat) (BOat)dAO(t)}

1725 (1) _S(l) )
- [ (S0 a1} - SO D )

S (Bo.t)
s (Bo, {813 (B0, 1) = 5 (Bo. 1))
S (Bo, 1)
(1)(50, £)s'y) (Bo. )n2{ S5 (Bo.t) = 55 (Bo, 1)}
S (Bo, 1)s%” (Bo, 1) ]

dAo(t). (3.12)
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Denote the integrand of (3.12) as H,;x(5,t). By the weak convergence of SO (8o, 1),
SO (Bo,t), and SC) (8o, 1) to respectively s (Bo.t), s$(Bo,t), and s\ (Bo,t) (j.k =

1,...,d,) and Slutsky’s theorem, H,;;(f5o,t) converges to a tight zero mean Gaussian pro-

cess. Therefore,
‘(312)| < / s[up] ‘Hnjk(ﬁo,t)‘d/\()(t) = b[Lolp] |Hnjk(607 t)| {Ao(T) - Ao(O)} = Op(l)
0 telO,7 te[O0,7

By Conditions (A) to (D), the variable n=(¢,(80))jx = Ji Vijs(Bo, t)S” (Bos t)dAo(t) is
bounded, and therefore its first and second moment exist. Using the fact that |(3.12)] =
0,(1), it follows that var [n1/2 {n—1<e;(ﬁo)>jk- fgunjk(ﬁo,t)sg‘”(ﬁo,t)dAo(t)}] = 0(1).
With some algebra and the fact that [ ynjk(ﬁo,t)s%o)(ﬁo,t)d/\o(t) is a constant, we have
that var{(¢,(50))jx} = O(n). It follows that (3.11) is o(1). Therefore, n=1(¢,(5o));r -
L.(B0)jx = Op(n~1?) and I, = O,(1).

Taking all results together, we have shown that n-/2{0"(8,)x +nI,(80);1} is O,(1) for

I k=1,...,d,. O

Proof of Theorem 3.3.1. Let [y be the true parameters, and «,, = d,l/2(n‘1/2 +ap).
It suffices to show that, for any € > 0 and any constant vector u with |u] = C, there exists
a large enough C' such that pr{supj,_c Qn(Bo + ) < Qn(Bo)} 2 1 —¢. This implies
that there exists a local maximizer 3 such that |5 - G| = Op(ay). Since Py,,(0) =0 and

Py, (+) 20, we have

Qn(ﬁo + anu) - Qn(ﬁo) < {gn(ﬁo + CYnu) - gn(ﬁo)} -n Z:;{PAJ'TL(WN + anuj|) - PAjn(lﬁjOD}

=[1+[2.
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We first consider I;. By Taylor expansion we have

d
oI
gi (ﬁ*)jklujukul = IH + 112 + 113,

2

~ 1 ~ 1 & &
I = cu" £,(Bo) + sapul 0 (Bo)u + ~a,
2 6 1=1 j,k,l=1

where 5* lies between 5y and Sy + aj,u.

From Lemma 3.7.5 we have ¢/ (83;); = O,(n'/?) for j =1, ...,d,. Therefore,
[Tl < ] 12,(50) | = o |ul Op{ (dn) 72} = [u] O, (dr*n7 e = [u] Op(a2n).

The term I, can be written as a2u?{"(8y) +nl,(5o) }u/2 - a2uTnl,(By)u/2 = J, - Jo. By
Cauchy-Schwarz inequality and {”(50);x + nl,(Bo)jx} = Op(nt/2) for j k = 1,...,d,, and

Lemma 3.7.6, we have |.J;| < o2 |u]2|07( o) +n L, (Bo) /2 = |u|20,(a2nt/2d,) = |u|?0,(a2n).

By spectral decomposition of I,,(5p) and Condition (F) we have that |Jo| > o2 |u|?neigen, ;,{[.(50) }/2 >
|u|2(a2n)Cs/2. Under Conditions (A) to (D), 8V, (8*,t)/df; is of bounded variation in ¢
fori=1,...n, j,k,l=1,..,d,. Therefore lZ’.”(ﬁ*)jkl = —fOT Gvnjk(ﬁ*,t)/ﬁﬁld]\fi(t) is Op(1).

Along with o, = di/*(n"12 + a,,),d4/n - 0 and d2a, — 0, we have |I3| = Op(dip)na?lHuH?’ =
Op{d2(n~? + a,) Ina2|ul® = O,(d2n"Y? + d2a,)nal|ul® = |ul?0,(a2n). Therefore, for

large enough |u|, |Jo| dominates |I11|, |J1|, and |I13].

We now consider I,. By Taylor expansion and Cauchy-Schwarz inequality

15| =

& ’ 1 o "
03P (s G » 30 3 P2, (5l 1+ o(0)
j= j=

1
<n +-n
2

Fon
> Py (1BjoD) ey
j=1

kn
S P! (|Bol)azu {1 +o<1>}‘
j=1
1
< napanky|ul + §naibn\|u||2{l +0(1)}

= [ulOp(azn).
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The last equality holds because a,, = Op(a,d, '2) and b, - 0 under Condition (G). There-
fore, |.J5| dominates |I5| for large enough C. Since J, is negative, it follows that for large

enough C, Qn(Bo + ant) — Qn(Bo) is negative with probability tending to one as n — co. 0

Lemma 3.7.7. Under Conditions (A) to (G), if di/n — 0,\;, = 0, and \;,n'/2d, 2 oo,
then with probability tending to one, for any By satisfying || B;— Brol = O(di/zn‘l/Q) and any

constant C; we have Qn{(ﬂ?7 OT)T} = maXHBUHSCd,l/Qn*l/Q Qn{(ﬁ?vﬁ}})T}

Proof. Tt suffices to show that with probability tending to one, for any f; satistying |5; —
Bro| = O(d*n"12) and |B1;| < Cdy/*n=12, 8Q,(8)/08; and B; have different signs for

j=(kn+1),...,d,. By Taylor expansion,

8%%(5) B(o); + Zf" BB~ ) + 55 878G~ B (B~ )
j k,l=1

- nP)'\jn(WjDSgn(ﬁj)

:Il+[2+[3+147
where (* lies between 3y and 8. From Lemma 3.7.5 we have I, = O,(n'/2) = o, (dy/*n1/2).

dn - dn
Iy = Z {a{(ﬁo)jk + nIn(BO)jk} (ﬁk - 50k) - Z n[n(ﬂo)jk(ﬂk - 50k) = Iy = Ip.
k=1 k=1

From Lemma 3.7.6 we have Z;{(ﬁo)jk +nl,(Bo)jk = Op(nt/?) for j,k = 1,...,d,. Using

Cauchy-Schwarz inequality along with |8 — 5o = Op(d}ﬂn‘l/?)7

dn 1/2
(x| < 8= Bol {Z{a{(ﬁo)jk + nfn(ﬁo)jk}Q} = 0p(dy) = Op(d;/2n1/2).
k=1

As eigen, . {1,(Bo)} is bounded by Condition (F), it follows that

d, 1/2
[ 12| <1 B = Bol {Z L%(ﬁo)jk} = nOp(d}A/Qn_l/?)O(l) = Op(di/in/?).
k=1
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It follows that |I,| = O,(dy/*n'/?). By Cauchy-Schwarz inequality,

n dn _ n dn ~
L) = >0 0 (8%) (B — Bow) (B = Ba)| < |1B-Bol* D (D (8 ?kzz)m-
=1k 1k

As shown in the proof of Theorem 3.3.1, Eg”(ﬁ*)jkl = 0,(1). Therefore, we have that
(S (B3 = 0y(d) and |I| = O,{(dufr)nd,} = Op(d2) = O,p(di/*n!f?), and
therefore I + I + I3 = Op(dil/znm). Hence,

Q. (3) = —nP]. (|Bj|)sgﬂ(ﬁj) +Op(d,11/2”1/2)
9B, o

Py (1850) di/*n-1/2
= n)\jn {—Jngn(ﬁ]) + Op()\—) .
AL Jn

For j = (k, +1),...,dy, since |3;| = O{(d,/n)'/?} and \;,(n/d,)'> — oo, the quantity

P/{jn(|ﬁj|)/)\jn is positive under Condition (H) for all sufficiently large n. Therefore, the

quantity in the curly brackets is negative with probability tending to one. Thus, dQ,,(3)/05;

and j3; have different signs with probability tending to one as n — oo. O

Proof of Theorem 3.3.2. The assertion that B}FI = 0 with probability tending to one
as n — oo follows directly from Lemma 3.7.7. To prove the second assertion, we first show

that

P20 T 2 (L + 5, (Br = Bro) (1 + 0,(1)) + 020" T 2B,

= n V2T (Bo) + 0,(1), (3.13)

where ¢/ () consists of the first k, components of /(). Since f; is the maximum
penalized pseudo-partial likelihood estimator, dQ,(53)/d8; = 0. By Taylor expansion of

8@,1(3)/851 at [ro and the fact that BH—BHO =0 with probability tending to one, we have
01(B0) + 0, (Bo)(Br = Br0) + (Br = B1o)T 03 (8 )(Br = Br0) /2 = n By =S (B = Bro) = 0 with
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probability tending to one, where !7;1’1(60) consists of the first k, x k, components of £/(3,),
677’1”1(5*) consists of the first k, x k, x k, components of £/(3*), 8* lies between 3 and By,
Yrx = %,(6**), B lies between 3 and fBy. After rearranging the above equation we have

for all large n,

{01,(Bo) =22 }(Br — Bro) —nBy = 04, (Bo) - %(BI ~ Bro) 0 (BY(Br - Bro). (3.14)

Denote v, = (BI - BIO)TK;{&(B*)(B[ - B1o). Multiple both sides of (3.14) by n‘l/QuTF;j{Q,

- 1~ * % A -
V2T {E%(ﬁo) - } (Br - Bro) - " T2 B,

= =0 2T (Bo) = 7 P P 2. (3.15)

By Cauchy-Schwarz inequality, |v,| < |31 - Bio? ST o (G 2312 As shown in
the proof of Theorem 1, //7(5*) ;u = O,(1). Therefore, |vp| = Op{(d,/n)nk*} = O, (d2/?).

By spectral decomposition of F;f, d>/n — 0, and Condition 6,

1 12, T2, < [w]lvn] 126 —1/2) < ”U”gyﬂ 126 (F;Ll/2)

571 nll “n = 9 genmax(rnll elgenmax

= 0, (d*n1?) = 0,(1). (3.16)

The second inequality in (3.16) holds by interlacing inequality of symmetric matrix. Mean-

while, u” T 120102, (80) (Bi=Bro0) = uT Ty {n~ 100, (Bo) +Lun (Bo) } (Bi=Bro) =uT Tt L (Bo) (Bi-
Bro) = J1—J2. By Cauchy-Schwarz inequality and Lemma 3.7.6, we have |J;| < HuTF;ﬂQH |n=10", (Bo)+
L1 (Bo) 131 - Buol = HuTF;ﬂQ 151 = Bro]| Op(dnn=/2). By spectral decomposition of I,;;, we

have [.Jo] > [u" T %11 B1 = Broleigen g, (Inn1) > [w T 1?81 = Brolleigen,y, (I). Therefore,

by Condition 6 we have

2!

S| T8 = Brol Op(dun ™) _
Ja

< — = 0,(d,n"1?) = 0,(1).
|TT 281 - Broleigenin (1) ’
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Therefore, Jl = Op(JQ), and uTF;ﬂZn‘lﬂ”l(/Bo)(ﬁj - B[()) = —UTF;}IZ nll(ﬁO)(ﬂI - 510){1 +

0p(1)}. Since /3 converges to /3, in probability, it follows that

TF;&{?{ (8o - 2**}(@—%)—— TP Y2 6T 1 (Bo) + S} (Br = Bro){1 + 0,(1)}.

(3.17)

By (3.15), (3.16), (3.17), we know (3.13) holds. By Lemma 3.7.5, n-Y2uT 120" (5,)
converges to the standard normal distribution. Therefore,

1/2 TF 1/2([7111 + En){BI - BIO + (Inll + Zn)ian} - N(07 1)

nll

in distribution. O
Derivation of T',(3). As defined in Section 3.3.2, T'),(8o) = n-tvar{f’ (5,)}. We
first derive its asymptotic expression. Since the dimension of 2;1(60) goes to infinity, it
is only meaningful to consider the variance of its linear combination (nc,)Y2uTl (53,),
where u is an arbitrary constant vector with |u| = 1, and |u[o = ¢,. Under this setting,
var{(nc, )" Y2uTl" (5y)} = c;'uTT,(Bo)u. Let the limit of ¢;'uTT,(8)u be T'(Sy).
As shown in the proof of Lemma 3.7.5, (nc,)"Y2ull’ (3,) is asymptotically equivalent

to

e s [T S (Bo, 1) pn(, &
/ () = 2 AP0 . / )«
(ney) 1QUT; O {Zz(t) S (00 dN;(t) +n 12;(1 a)

T AL (Bo, 1) T7:(t e PuT S (B, )
[, a=00) ([E{(l T Sy

_ Afll)(ﬁo,t) _ BTZi(t) ~Y2, T o ]; { }
[E{(l—A)Y(t)} e e Ut Zi(t) SO ZN(t (3.18)

where A (Bo,1) = n1 7, (1 = A)&ar 1Y (4)efs 20 { e, PuT Z(t) Y+ (k = 0,1). Consider

the quantity ¢, *uT Z;(t) in A% (Bo,t). By Condition (C) and |u| = 1, it is a bounded
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1/2

deterministic process for each sample path Z;(t) and all n. Assume ¢, '“u” Z;(t) converges

to L{u, Z;(t)} as n - oo. Then by Lemma 3.7.1, Aglk)(ﬁo,t) is asymptotically equivalent

to E[(1 - A)Y (t)efo Z® L{u, Z;(t)}*]. Therefore, (3.18) is asymptotically equivalent to

om0 S (Bo, t)
(nc,)Y?u Z: {Zi(t) —m}d]\fi(t)

s E{(1 - A)Y (1) 20}
JRY /(1 A)Y(t){l E{(1-A)Y(t)}

_eﬁgm] cn”QuTsS’wo,t) ) (Em - A)Y (£)e% 2O L{u, Z;(t)}]
SO (5o, 1159 (5o, 1) E{(1-2)Y(t)}

5O (5,1 t) i

:,[1-1-[2.

The quantity I; is a linear combination of the partial likelihood score vector of the
full cohort data. Let s (By,t), s (Bo,t), and s (By,t) be the limit of S (So,1t),
cﬁl/zuTST(Ll)(Bo,t), and c;luTSsz)(ﬁo,t)u respectively as n - oco. By Andersen and Gill

(1982), the asymptotic variance of I is

7 5D (Bo, 1) 5O (o t) = {sD (o, 1)}
fl(ﬁO) _/0 S(O)(ﬂo,t) dAo(t)

Let W;(53) be the integration in I, which equals n='/2 Y7, (1-&/a) W;(Bo).

Define .% (1) as the sigma algebra generated by Y;(t), N;(t), and Z;(t) for 0 <t <7 and

i=1,...,n. Conditional on .% (1), the only random element in I, is £. Since E{{|.#(7)} = a,
the asymptotic variance of I3, denoted by #(/3y), can be derived as
1 - 52 or 1 S fl
So(f) = 2B [var{ > (1= 2 ) Wia)| #(r) [+ Zvar [ B4 S5 (1 2 ) wig0)| #(7)
i=1 i=1

- nE lz wa(ﬂo)] N %var(i [1 _ W] Wi(ﬁo))

=1 i=1
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= B3}

Finally, since I; and I, are independent as shown in the proof of Lemma 3.7.5, the

asymptotic variance of (ne,) Y2uTl (5,) is

L(Bo) = A1(Bo) + H2(Bo)

- /T 53 (Bo, )5 (Bo, t) - {3(1)(ﬂ0’t)}2d/\ ot) +

O BV ().

Under finite sample, the matrix I',,(5y) has finite dimension and is therefore well defined.
Then it can be estimated by estimating .# () and #(fy) without linear combination.
Thus,

f (B) :jnl(B)+jn2(B)
L3 528,405 (B, 1) ~ {5 (B, t)}®2
= {5(B.t:))2
1

_1"5_ - A) S ALY, ([E{({—A)Y(tj)eBTZi(tj)}_eﬁTZi(tj)]x
”Zla{( Ol ey

S,(ll)(ﬁ,tj) ~ [E{(l_AA)Y(tj)GBTZi(tj)Zi(t]‘)} _eéTZi(tj)Z‘(t-)] 1 )}2
{S(5,))2 E{(1-A)Y(t)} SSOB,¢)

Z

where

B{(1-A)Y (1)} = 1%(1—&)1@-(7:),

E{(1-A)Y (1) 20 - % il a(t) DYi(t)eP Zie),
B{(1-A)Y (1) 40 Z,(1)} = % > @é) (1= A)Y;(t)e? %) Z,(1).
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CHAPTER 4: REGULARIZED VARIABLE SELECTION FOR ADDITIVE
HAZARDS MODEL WITH A STRATIFIED CASE-COHORT DESIGN

4.1 Introduction

In modern large-scale epidemiological cohort studies, investigators are usually inter-
ested in assessing the association between a large number of risk factors and the outcome.
Collecting information on risk factors often requires expensive bioassays and precious bio-
logical specimens such as serum and genetic material. When the outcome is time-to-event
data, Prentice (1986) proposed a case-cohort design to reduce the cost and effort in mea-
suring expensive covariates without decreasing much efficiency in the estimation. In a
case-cohort design, the complete covariate information is only obtained from a randomly
sampled subset of the full cohort plus all subjects who developed the outcome. In prac-
tice, some covariates that are correlated with the more expensive exposure variables may be
readily available for the entire cohort. Borgan et al. (2000) proposed a stratified case-cohort
design based on the correlated covariates to gain efficiency in the estimation. For example,
in the Atherosclerosis Risk in Communities (ARIC) study (Ballantyne et al. 2004) a large
cohort of 15,792 individuals aged 45 to 64 years old were sampled from four U.S. communi-
ties and were followed for ten years for the development of Coronary Heart Disease (CHD).
The primary interest was to assess the association between the protein hs-CRP level and
risk of incident CHD. To preserve stored plasma and reduce costs, a stratified case-cohort
design was implemented, where a random subset was selected from each stratum defined
by sex, race, and baseline age. The hs-CRP level was measured only on these subsets plus

all incident CHD cases.
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Perhaps the most popular model for the analysis of time-to-event data is the Cox
proportional hazards model (Cox 1972), where the effect of covariates on the risk of event
is assumed multiplicative. The popularity of the Cox proportional hazards model is largely
due to its desirable theoretical properties and wide availability of its implementation in
computer programs. However, the critical assumption of proportional hazards may fail to
hold in many situations, making the Cox model invalid. For example, in the ARIC study
there is evidence that the risk of CHD does not satisfy the proportionality assumption
(Kang et al. 2013). Moreover, investigators are sometimes more interested in the risk
difference attributed to the covariates. The risk difference is more relevant to public health
because it translates directly into the number of disease cases that would be avoided by
eliminating a particular exposure (Kulich and Lin 2000). The risk difference is also easier to
interpret and communicate to medical practitioners. Therefore, the additive hazards model
is often used as an important alternative to the Cox proportional hazards model to analyze
time-to-event outcome. As its name suggests, the additive hazards model assumes that the
effect of covariates on the risk of event is additive. Since Aalen (1980) first introduced the
additive hazards model, many authors have investigated its estimation procedure and the
properties of the estimator. Lin and Ying (1994) proposed a semiparametric estimating
equation for a special case of additive hazards model where the regression coefficients
are time-independent. The authors derived the limiting distribution of the estimator and
studied its semiparametric efficiency. Kulich and Lin (2000) extended this estimation
method to case-cohort design and assessed its asymptotic relative efficiency with respect
to the full cohort analysis.

In case-cohort studies where a large number of covariates are collected, researchers are
often interested in selecting a subset of the covariates that are related to the event of
interest. With the inclusion of interaction terms and polynomial terms, the number of

candidate covariates can be very large. In the ARIC study, there are a number of potential
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confounders or effect modifiers that need to be considered in the modeling process. With
the pairwise interactions between hs-CRP level and all the other covariates as well as the
squared continuous covariates, the total number of candidate covariates is quite large in
comparison to the number of events. As Huber (1973) argued, in the context of variable
selection the number of parameters should be considered as increasing with sample size,
and goes to infinity as sample size goes to infinity. Therefore, an efficient variable selection
procedure that allows a diverging number of parameters is needed for an additive hazards
model with a case-cohort design. Here we allow the number of parameters to increase at a
slower rate than the sample size. Thus, the model dimension is still less than the sample
size even though it diverges to infinity.

Regularized variable selection procedures have been developed over the last few decades.
Under certain regularity conditions, these procedures can simultaneously select variables
and estimate their coefficients. Among various penalty functions used in these procedures,
the smoothly clipped absolute deviation (SCAD) penalty (Fan and Li 2001) and a few other
have been shown to identify the true model with probability tending to one as sample size
goes to infinity and estimate the non-zero parameters with full efficiency as if the true
model is known a priori. The SCAD variable selection procedure has been successfully
applied to linear, generalized linear, Cox proportional hazards, and additive hazards model.
However, to our knowledge, its properties have not been studied under additive hazards
model with stratified case-cohort design where covariates are not observed for all subjects.
The diverging number of parameters adds to the complexity of the theoretical derivation.

In this chapter of the dissertation, we investigate the asymptotic properties and fi-
nite sample performance of the SCAD-penalized variable selection procedure in additive
hazards model with a stratified case-cohort design. We focus on Lin and Ying (1994) es-

timation method assuming time-independent parameters and simple random sampling in
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the case-cohort design. We first establish the rate of convergence of the maximum penal-
ized pseudo-partial likelihood estimator. We then prove the model selection consistency
of the procedure and derive the limiting distribution of the estimator. As tuning param-
eter selection is critical for the performance of regularized variable selection procedure,
we propose a new cross-validation based tuning parameter selection strategy, and empiri-
cally evaluate its performance under large cohort size but fairly high censoring percentage
settings, which are two typical features of case-cohort studies. The aim of this chapter
is to provide theoretical foundation as well as practical guidance for variable selection in
additive hazards model under stratified case-cohort design and a diverging dimension, and

thereby facilitates large-scale studies on public health issues.

4.2 Additive Hazards Model with A Stratified Case-Cohort Design

Suppose the full cohort of size n is divided into H mutually exclusive strata based on
some categorical variables that are available for all subjects. For subject ¢ in stratum h,
let T" and C' be respectively the time to the outcome of interest and the censoring time,
and Z(t) be the d,, x 1 possibly time-dependent covariate vector. 7" and C' are assumed to
be independent conditional on Z. Let 5= (84,...,84,)T be a vector of unknown regression
coefficients. Let X = min(7,C) be the observed time and A = I(7 < C') be the censoring
indicator, where I(+) is an indicator function. Let 7 be the time at the end of study. Define
for subject i in stratum A the counting process Ny;(t) = [(Xp; <t,Ap; = 1), and the at risk
process Yy (t) = I(Xp; > t). Let A\p;(t) denote the hazard function for subject ¢ in stratum

h. The additive hazards model assumes

i (8 Zni (1)) = Mo (t) + BY Zi(t), (4.1)

where A\g(t) is an unspecified common baseline hazard function for all strata, and 3 is

constant over time. Under the stratified case-cohort design, we randomly select a subcohort
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of fixed size from each stratum. We assume that the selection of subcohort is independent
across the strata. Let nj, denote the size of subcohort in stratum h, n; denote the size of
stratum h, and &; be the indicator of subject ¢ being selected into the subcohort in stratum
h. Then for subject in stratum h =1, ..., H, the selection probability pr(&,; = 1) = np/ny =
ap. Under the simple random sampling (£1,...,nn, ) are correlated. Assuming the complete
covariate histories are available for the cases outside the subcohort throughout their at-risk

periods, we proposed the following estimating equation for the regression coefficients [,

H’I’Lh T

U=y, Z Pni(t) {Zhi(t) - Z(t)} {thi(t) - Yhi(t)ﬁTZhi(t)dt} ;

h=11=1

where Z(t) = 501 5% pn (0 Yo (8) Zng (0) ] Sy 2525 ong (0 Y (1), pni () = At (1= )i (1),
and ap(t) = X0 Eni(1— Api) Yai(t)/ 20 (1 = Ap;)Yii(t). This estimating equation is based
on Kulich and Lin (2000) with the selection probability «a;, replaced by its time-dependent

sample estimate é;,(t). The estimator 3 solves U(3) and takes on a closed form

[22 Tth‘(t){Zhi(t)—Z(t)}mYm(t)dt] [zz {Zn(®) - Z() V(1) .

(4.2)

where a®? = aa® for a vector a.

4.3 Variable Selection in Additive Hazards Model with A Stratified

Case-Cohort Design

4.3.1 Penalized loss function

Unlike the Cox proportional hazards model where the log-partial likelihood function
is a natural choice of loss function for variable selection, under additive hazards model
the likelihood function is difficult to work with due to the nonparametric baseline hazard

function and the additive structure. Motivated by the similarity between the Lin-Ying
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estimator for additive hazards model (Lin and Ying 1994) and the least square estimator,
Martinussen and Scheike (2009) proposed the loss function that is the integral of the Lin-
Ying estimating equation with respect to 8. We propose a loss function under stratified

case-cohort design

E(8) = (87 A5~ 2657h,),

where
.

pri(t) { Zni - Z(t)}®2 Yyi(t)dt,

n

. H
A=Y,
h=1

H\

0

%

33 / {Z- Z(1)} dNw(t).
h=1i=1J0

We then propose the following objective function for variable selection,

. i dn
@n(5) =Ln(ﬁ)+n;PAJ-n(!ﬁj|)a (4.3)

where Py, (|5;]) is a nonnegative penalty function with );, as the tuning parameter con-
trolling the model complexity. We use SCAD penalty proposed by Fan and Li (2001) with
the modification that the tuning parameter ), is covariate-specific, which allows different
regression coefficients to have different penalty functions. When Aj, = 0, no penalty is

applied to 3;. The first derivative of the SCAD penalty is given by

P (0) =X\ J(0<N,) + M[
o

(0> \,), (4.4)

for some a >2 and 6 >0, with P, (0) = 0.

4.3.2 Notations and Regularity Conditions

We denote by B the penalized estimator that minimizes (4.3). We denote by /3, the true

value of 8. Let 8y = (87, 8%,,)T, where (19 and Sy are the nonzero and zero components
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of By, respectively. Let 3 = (B}F, B}FI)T, where (; and f3;; are the penalized pseudo-partial
likelihood estimators of B9 and By, respectively. Denote by k,, the dimension of ;o with

k. /d, converging to a constant c € [0,1]. We define the following notations.

H np H np

SO@) =17 Y S VO Zu(D SO =0 3 Y o Vi) Zus( D, k=0,1,2
s® @) =EB{SP ()}, k=0,1,2,  e(t) = _zz(l);gg

4 (0) =B [ {20 -cn (] 1.0) = Tl L(3)
On = max {|P5, (18o])l},  vn = max {|P3 (|50])[}

v, = diag{Pj\’ln(

Brol), s Py, ([Braol) }
@, = (P, (|Bil)sgn(Bro), -, P),\Snn(|6kn0|)sgn(ﬂkn0))T

We require the following regularity conditions. The conditions on the higher-order

moment of the loss function is necessary due to the diverging number of parameters.
(A) [y Ao(t)dt < 00 and E{Y ()} > 0.

(B) |Znij (0)] + [ |dZni;(t)| < Cy < 00 almost surely for some constant Cy and h=1,...,H,

i=1,..,n,and j=1,...,d,, i.e. Zy;;(t) has bounded variation almost surely.

(C) There exists a neighborhood 2 of 3, such that for all 3 € B and t € [0,7], 9s(D(3,t)/08 =
sW(B,t), and 925 (3,¢)/0B0BT = s)(B,t). The functions s (3,t) (k=0,1,2) are

continuous and bounded and s(9(3,t) is bounded away from 0 on £ x [0, 7].
(D) ay = g /ny converges to a constant Cyp, € (0,1) for h=1,..., H as n — oo.

(E) For each n, there exist positive constants Cs, Cy, C5, and Cg such that

0< 03 < eigenmin{%(ﬁo)} < eigenmax{ﬂn(ﬁo)} < C’4 <0
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0 < C5 < eigen i {I'n(Bo)} < eigen, {Tn(Bo)} < Cs < o0

where eigen,, {-} and eigen , {-} are the minimum and maximum of the eigenvalues

of a matrix, respectively.
(F) liminf,_ . liminfyo, P)’\jn(ﬁ)/)\jn > 0.

(G) minlgjgkn |50j|//\jn —> 00 as 1 —> 00,

4.3.3 Asymptotic Properties of Penalized Estimator

We first prove the existence of a penalized estimator and establish its convergence rate.
Only main results are presented here. The outline of the proofs are provided in Section

4.7.

Theorem 4.3.1. Under Conditions (A) to (E), if ¥, - 0 and d?/n - 0 as n — oo, then

with probability tending to one there exists a local minimizerB of Qn(ﬁ), as defined in

(4.3), such that |3 - Bo| = Op{d*(n"12 + ¢,)}.

From Theorem 4.3.1 one can obtain a nl/zd;m—consistent penalized estimator, provided

that ¢, = O(n~'/2), which is the case for SCAD penalty.

Theorem 4.3.2. Under Conditions (A) to (H), as n — oo, if 1, - 0,d2/n — 0,\;, —
0, )\jnnl/Qdﬁl/Q - 00, and ¢, = O(n~112), then the n\2d, 2 consistent local minimizer B =

(BT, BT)T must satisfy

(i) Bir = 0 with probability tending to one;

(ii) for any nonzero k, x 1 constant vector u with uTu =1,

n 2T T 2 (Bo) 11 (Bo) + W HBr = Bro + (Hun (Bo) + W,) '@, } - N(0,1)

in distribution, where <7,11(By) consists of the first ky, x k, components of <#,(5),

and T'p11(Bo) consists of the first k, x k, components of I',,(Bo)-
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For the SCAD penalty, ¢, =0, ¥,, =0, and &, =0 for large enough n under Condition

(G). Therefore, the result of Theorem 4.3.2 reduces to

n 20T Y2 (By) o (Bo) (Br - Bro) = N(0,1)
in distribution.

4.4 Considerations in Practical Implementation

4.4.1 Local Quadratic Approximation and Variance Estimation

Since the SCAD penalty function is singular at the origin, in practical implementation
the penalized estimator cannot be directly obtained by solving the first derivative of (4.3).
Instead, we follow Fan and Li (2001) to use a local quadratic approximation (LQA) to
the penalty function. The unpenalized loss function L, (3) is a special case of (4.3) with
Py, (185]) =0forall j =1,...,d,. Applying Theorem 4.3.1 with a,, = 0, we know there exists
a n'/2d,"*-consistent minimizer of (4.3). We use this minimizer as the initial value 8
for the LQA algorithm. If ]6§O)| is less than a pre-specified small positive constant c;, then
set @ = 0. In practice ¢; is set to equal Aj,. Otherwise, the penalty function is locally

approximated by a quadratic function as

(0)
1B, (857D
0 n Mg 0)2

Pu, (18 = P, (180 + 5 =282 - 5%,

165

and therefore PA’jn(|5j|) ~ {P/{jn(|ﬁj(.0)|)/|6](.0)|}ﬁj. With the approximated quadratic penalty
function, a closed-form maximizer can be computed by solving the first derivative of the
approximated objective function. The absolute value of each component of the minimizer

is again compared to the pre-specified constant c; and set to 0 if it is smaller than c;.

The remaining nonzero updated parameter estimate is used as the new initial value. This
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process is iterated until convergence or no nonzero parameter estimate is left.
The sandwich estimate of the covariance matrix for 5*, the nonzero components of 3,

can be directly obtained from the last iteration of the above LQA algorithm as

cov(B*) ={Ly +n®,(5*)} var{Ly (5 HL; +n®.(5*)}

={ Az +n®,(6%) )l (6°) HAL +n®, (87)} 7Y,

where A% is the sub-matrix of A, corresponding to 5%, ®, (%) = diag{PA’ln(|Bf|)/|Bf|, o
P (5D,

that the sandwich estimate of the covariance matrix does not apply to the zero estimate

}, T(B*) is the estimate of T',,(3*), and k is the dimension of 5*. Note

of the parameters.

4.4.2 Selection of Tuning Parameters

The tuning parameters \’s involved in the SCAD penalty function Py(-) control the
magnitude of the penalty on each regression coefficient and thereby control the complexity
of the selected model. In practical implementation, the attractive properties of the penal-
ized estimator heavily depend on the choice of the appropriate tuning parameters. The
typical methods of selecting the tuning parameters are automatic data-driven procedures
such as K-fold cross-validation and generalized cross-validation (GCV) (Craven and Wahba
1979). The d,-dimensional optimization problem is difficult to solve in practice. We follow
Cai et al. (2005) to take \;,, = /\nse(ﬁj(.o)), where se(ﬁj(o)) is the estimated standard error of
the unpenalized estimator. Then the optimization problem reduces to 1-dimensional and
a grid-search can be performed to identify the optimal \,. In the literature of variable
selection in Cox’s proportional hazards model the GCV is predominantly used due to the
availability of the partial likelihood function. Under additive hazards model, however, no
such likelihood function is available. Therefore, authors have been exclusively using K-fold

cross-validation with L,() as the natural choice of loss function. In this study we take
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K =5. Denote the full dataset by D and the training and validation dataset by D - D" and
DV, respectively, for v =1,...,5. For each A\, compute f}nu(B*”(/\)) based on the validation
dataset, where B"’()\) is the penalized estimate based on the training dataset and A. The

conventional cross-validation statistics is defined as

CV(N) - z L (B (V), (45)

and \ is chosen by minimizing (4.5). However, cross-validation method is based on minimiz-
ing the prediction error rather than model selection consistency. In fact, it is asymptotically
equivalent to the Akaike information criterion (AIC) (Akaike 1973), which has a positive
probability of overfitting the model as sample size goes to infinity. Case-cohort studies
usually bare the distinctive property of large sample size. Therefore, the overfitting effect
of cross-validation may become more prominent in case-cohort studies. In this study we
propose a modified cross-validation method that incorporates an additional penalty term

in the cross-validation statistics. The penalized statistic is defined as
P T
CVi(A) = Z;{Lnl’(ﬁ_y(/\)) +k7%, (4.6)

where k7 is the number of nonzero components of B"’. We denote the minimizer of
(4.5) and (4.6) as ASV and ASVFP, respectively. In the simulation section that follows,
we empirically investigate the model selection performance of these two tuning parameter
selection criteria. According to Fan and Li (2001), the second tuning parameter a in the

SCAD penalty is set to 3.7 in our study.
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4.5 Numerical Study and Application

4.5.1 Simulation Study

Independent failure times are generated by the additive hazards model \;(¢|Z;(t)) =
Xo(t) + BT Zi(t). We set Ao(t) = 2 and the dimension of 3 to be d,, = [0.3%n¢/*] to reflect its
dependence on sample size, where n, is the number of cases and [z] rounds z to the nearest
integer. We use n. instead of n to determine model size because the former better represents
the amount of information in the dataset. The smallest nonzero parameter in terms of
the absolute value is set to 0.70 or 0.43, which represents 35% and 22% increase from the
baseline hazard for one standard deviation increase in the covariate. The remaining nonzero
parameters recycling from values -0.8 and 1. There is one nonzero parameter for every two
zero parameters. To generate the design matrix and strata, we first generate a (d, +
1)-dimensional multivariate standard normal variable Z* with the correlation coefficient
between Z and Z7 being 0.5, The first component is then dichotomized with a cutoff
value of 0 and used to define two strata. For the remaining d,, components, we dichotomize
half of them with a cutoff value of 0. As a result, the design matrix consists of a mixture
of correlated binary and continuous covariates that are correlated with the stratification
variable. A simple random sample is selected independently for each stratum. Censoring
times C; are generated from a uniform distribution U(0, ¢) where ¢ is adjusted to achieve
desired censoring percentage.

Two sample sizes, two censoring rates, and two sampling proportions of the random sub-
cohort are considered for each minimum effect size (8;,=0.70 and 0.43). Comparisons are
made on the performance of penalized variable selection procedures with tuning parameter
AV and ACVP. As a benchmark, we include the hard threshold variable selection procedure,
where the component of the minimizer of the unpenalized loss function in( B) is set to 0 if
its p-value from the Wald test is larger than 0.05. We also include as another benchmark

the Oracle procedure where the correct subset of covariates is used to fit the model. As
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the censoring rate in case-cohort studies is typically high, we set it to 80% and 90% in
our simulation to better mimic real-world studies. For each setting 1000 replications are
conducted.

The performance of the model selection procedure is evaluated by model error defined
as ME(f1) = E{E(Y'|Z) - 41(Z)}?. Under the additive hazards model with constant baseline
hazard ), it can be shown that E(Y|Z) = (A\o+81 Z)~! and 4(Z) = (Mo+53T2Z)1. Therefore,
ME(p) = E{()\0+BTZ)*1—(>\0+60TZ)*1}2. We further define the relative model error (RME)
of a model selection procedure as the ratio of its model error to that of the unpenalized
estimates from the full model. Following Tibshirani (1996), we use the median and the
median absolute deviation (MAD) of the relative model error to compare the performance of
different model selection procedures. We also calculate the average number of parameters
correctly estimated as 0, the average number of parameters erroneously estimated as 0,
and the overall rate of identifying the true model (RITM). In addition, point estimates,
empirical and model-based standard errors, and the empirical 95% confidence interval
coverage are calculated for Bmin using replications with nonzero Bmin.

Table 4.1 summarizes the model selection performance when (., = 0.70. The CVP
tuning parameter selection method outperforms the CV tuning parameter selection method
in all settings in terms of relative model error (RME) and the rate of identifying the true
model (RITM). It also outperforms the hard threshold method except for the scenarios with
n = 5000 and 90% censoring rate. Further, higher sampling proportion of the random sub-
cohort is associated with better model selection performance of the CVP method but seems
to have no effect on the performance of CV and hard threshold methods. The relatively
low RITM for the CV method is apparently due to its overfitting effect as shown by the
low average number of correctly identified zero parameters. Table 4.2 summarizes the
estimation result of £,,;, under settings in Table 4.1. Given that S, is correctly identified

as nonzero, all procedures produce approximately unbiased point estimates. The estimates
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are slightly smaller than the true value when the model dimension is the largest (d,, = 13).
The model-based standard error estimates are very close to the empirical standard errors
and the 95% confidence interval coverage is close to the nominal level.

Table 4.3 summarizes the model selection performance when (,;, = 0.43. Under the
same setting, there is a decrease in the model selection performance for all three procedures
in comparison to that with larger 5,,;,. This is expected as smaller effect is more difficult to
detect. Nevertheless, similar to Table 4.1, the procedure with ASVP outperforms the other
procedures in all settings. Higher sampling proportion of the random sub-cohort is again
associated with better performance of the CVP method but not the other two methods.
Table 4.4 shows the estimation result of 5, under settings in Table 4.3. Conditional on
correctly identifying Sy, all procedures produce fairly unbiased estimation in the parame-
ter and its standard error and the 95% confidence interval coverage is close to the nominal

level.

4.5.2 Analysis of ARIC Study

We use the model selection procedures investigated in Section 4.5.1 to analyze the
ARIC study data (Ballantyne et al. 2004). As mentioned in Section 4.1, a cohort of 15,792
individuals were sampled from four U.S. communities and followed for ten years for the
development of CHD. After excluding subjects for missing data and other reasons, a total
of 12,351 subjects comprised the potential full cohort. Those who were alive or free of
disease by the end of 1998 or lost to follow-up in the middle of the study periods were
treated as censored. A random subcohort of size 890 was selected by stratified random
sampling from strata defined by sex, race (black versus white), and age at baseline (<
55 versus >55). After including all CHD cases, the case-cohort size is 1567. There is a
total of 735 CHD cases, corresponding to a censoring rate of 94.1%. In this analysis we

are primarily interested in identifying risk factors for incidence CHD. In particular, the
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Table 4.1: Model selection performance with S, = 0.70

80% Censored 90% Censored
RME Zero Parm. RITM RME Zero Parm. RITM
Method median (MAD) C I (%)  median (MAD) C I (%)

n = 5000, « = 0.3, d,, =9 for 80% censored, d,, = 7 for 90% censored

HT 0.76 (0.33) 57 0 742 0.81 (0.33) 378 0.06 76.2
0y 0.79 (0.21) 509 0.02 63.6 0.92 (0.19) 323 0.08 56.6
CVP 0.63 (0.29) 592 0.08 86.6 0.84 (0.46) 393 031  66.6
Oracle 0.58 (0.28) 6 0 100 0.59 (0.29) 4 0 100

n = 5000, « = 0.5, dy, =9 for 80% censored, d,, = 7 for 90% censored

HT 0.79 (0.32) 5.68 0 71.6 0.78 (0.31) 3.79 0.03 784
Ccv 0.78 (0.22) 5.08 0.01 65 0.93 (0.18) 316 0.09 55.6
CVP 0.58 (0.29) 596 0.05 91.2 0.76 (0.43) 3.95 026 716
Oracle 0.54 (0.26) 6 0 100 0.59 (0.28) 4 0 100

n = 10000, a = 0.3, d,, = 13 for 80% censored, d,, = 9 for 90% censored

HT 0.77 (0.25) 7.97 0 65.2 0.72 (0.31) 5.69 0 73.8
Ccv 0.77 (0.28) 7.09 0.01 65.6 0.74 (0.26) 5.13 0.02 678
Cvp 0.6 (0.32) 7.88 0.04 864 0.54 (0.26) 5.96 0.06 91.6
Oracle 0.51 (0.27) 8 0 100 0.5 (0.25) 6 0 100

n = 10000, o = 0.5, d,, = 13 for 80% censored, d,, = 9 for 90% censored

HT 0.76 (0.24) 7.99 0 67.4 0.79 (0.32) 5.69 0 73.8
Ccv 0.79 (0.26) 7.07 0 66 0.76 (0.24) 5.09 0.01 654
Cvp 0.59 (0.31) 796 0.02 946 0.54 (0.27) 5.96 0.04 92.8
Oracle 0.57 (0.31) 8 0 100 0.51 (0.26) 6 0 100

n: sample size; a: sampling proportion of random sub-cohort for both strata; d,,: number
of parameters; RME: relative model error; MAD: median absolute deviation; C: average
number of 0 parameters correctly identified as 0; I: average number of nonzero parame-
ters incorrectly identified as 0; RITM: rate of identifying true model; HT: hard threshold
method; CV: SCAD-penalized method with cross validation for tuning parameter selec-
tion; CVP: SCAD-penalized method with modified cross validation for tuning parameter
selection.
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Table 4.2: Estimation result for 5, = 0.70

80% Censored 90% Censored
Method  fBmin  se.  se, 95% Cl, Bmim  se. se, 95% CI,

n = 5000, o = 0.3, d,, =9 for 80% censored, d,, = 7 for 90% censored
HT 0.69 0.14 0.13 94.4 0.68 0.14 0.15 97.4
CV 0.69 0.12 0.11 92.4 0.68 0.13 0.14 96.4
CVP 069 0.1 0.1 94 0.69 0.13 0.13 96.8
Oracle 069 0.1 0.1 94.6 0.68 0.13 0.13 95.8

n = 5000, o = 0.5, d,, =9 for 80% censored, d,, = 7 for 90% censored
HT 0.69 0.12 0.11 92.8 0.67 0.13 0.14 96.4
Y% 0.68 0.1 0.09 92.4 0.68 0.12 0.12 96
CVP 0.69 0.09 0.09 94.2 0.68 0.12 0.12 97.1
Oracle 0.69 0.09 0.09 94.2 0.68 0.12 0.12 96

n = 10000, o = 0.3, d,, = 13 for 80% censored, d,, = 9 for 90% censored
HT 0.67 0.1 0.1 93.8 0.69 0.11 0.12 95.6
(Y 0.67 0.09 0.09 93.6 069 0.1 0.1 94.4
CVP 0.67 0.09 0.09 94.2 0.68 0.09 0.09 94.4
Oracle  0.67 0.09 0.09 94.8 0.68 0.09 0.09 94.4

n = 10000, o — 0.5, d,, = 13 for 80% censored, d,, = 9 for 90% censored
HT 0.67 0.09 0.09 92.6 0.69 0.11 0.11 95.6
CV 0.67 0.08 0.08 90.8 0.68 0.09 0.09 93
CVP 0.67 0.08 0.08 92.2 0.68 0.09 0.09 93.6
Oracle  0.67 0.08 0.08 92.4 0.68 0.09 0.09 93.4

n: sample size; a: sampling proportion of random sub-cohort for both strata; d,: num-
ber of parameters; se.: empirical standard error; se,,: model-based standard error; 95%
C1,: empirical 95% confidence interval coverage; HT: hard threshold method; CV: SCAD-
penalized method with cross validation for tuning parameter selection; CVP: SCAD-
penalized method with modified cross validation for tuning parameter selection. The
parameter estimation results are calculated based on replications with nonzero Bmin.
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Table 4.3: Model selection performance with S, = 0.43

80% Censored 90% Censored
RME Zero Parm. RITM RME Zero Parm. RITM
Method median (MAD) C I (%)  median (MAD) C I (%)

n = 10000, a = 0.3, d,, = 13 for 80% censored, d,, = 9 for 90% censored

HT 0.7 (0.26) 7.61 0.02 66.8 0.73 (0.33) 574 0.03 75.2
(Y 0.72 (0.28) 6.83 0.03 61 0.76 (0.24) 5.06 0.06 59
CVP 0.54 (0.28)  7.89 0.9 83.8 0.6 (0.34) 595 022 76.8
Oracle 0.47 (0.24) 8 0 100 0.47 (0.27) 6 0 100
n = 10000, a = 0.5, d,, = 13 for 80% censored, d,, = 9 for 90% censored
HT 0.7 (0.25) 7.63 0 68.6 0.69 (0.32) 573 0.02 76
CcvV 0.69 (0.31) 7.07 0.01 67.2 0.75 (0.25) b} 0.04 61.8
CVP 0.53 (0.28) 7.92 0.05 88.6 0.58 (0.3) 595 0.17 80.8
Oracle 0.49 (0.25) 8 0 100 0.49 (0.26) 6 0 100
n = 15000, o« = 0.3, d,, = 16 for 80% censored, d,, = 11 for 90% censored
HT 0.73 (0.28) 9.46 0.05 54.9 0.72 (0.32) 6.67 0.03 70.5
v 0.7 (0.3) 881 0.08 53 0.78 (0.28)  5.82 0.05 574
CvVPp 0.58 (0.31) 9.78 0.25 66.5 0.61 (0.35) 6.86 0.22 74
Oracle 0.44 (0.23) 10 0 100 0.48 (0.26) 7 0 100
n = 15000, a = 0.5, d,, = 16 for 80% censored, d,, = 11 for 90% censored
HT 0.73 (0.27) 9.46 0.01 a7.1 0.72 (0.35) 6.7 0.01 73.2
(Y 0.73 (0.28) 8.84 0.03 57.6 0.8 (0.27) 591 0.04 61.3
CvPp 0.59 (0.32) 9.85 0.18 75.6 0.58 (0.32) 6.92 0.13 83.4
Oracle 0.47 (0.26) 10 0 100 0.51 (0.3) 7 0 100

n: sample size; a: sampling proportion of random sub-cohort for both strata; d,,: number
of parameters; RME: relative model error; MAD: median absolute deviation; C: average
number of 0 parameters correctly identified as 0; I: average number of nonzero parame-
ters incorrectly identified as 0; RITM: rate of identifying true model; HT: hard threshold
method; CV: SCAD-penalized method with cross validation for tuning parameter selec-
tion; CVP: SCAD-penalized method with modified cross validation for tuning parameter
selection.
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Table 4.4: Estimation result for 5,;, = 0.43

80% Censored 90% Censored
Method fBuin  see  sen 95% Cl,  Buin  see  se,  95% C1.

n = 10000, o = 0.3, d,, = 13 for 80% censored, d,, =9 for 90% censored

HT 0.43 0.09 0.1 95.9 0.44 0.1 0.12 98.6
Ccv 0.43 0.09 0.09 95.7 0.44 0.09 0.1 96.8
CvVp 0.43 0.08 0.09 97.2 0.45 0.08 0.09 98

Oracle 0.42 0.08 0.09 95.6 0.43 0.09 0.09 96.2

n = 10000, o = 0.5, d,, = 13 for 80% censored, d,, =9 for 90% censored
HT 0.42 0.09 0.09 93.6 043 0.1 0.11 97
CcV 0.42 0.08 0.08 93.5 0.43 0.09 0.09 95.4
Ccvp 0.43 0.07 0.08 96 0.44 0.08 0.09 97.9
Oracle 0.42 0.08 0.08 94.6 0.43 0.08 0.08 96.2

n = 15000, o = 0.3, d,, = 16 for 80% censored, d,, = 11 for 90% censored
HT 0.43 0.1 0.11 98.5 0.44 0.11 0.11 96.2
CV 043 0.1 0.1 95.9 0.43 0.1 0.09 94.8
CVPp 0.44 0.09 0.1 97.2 0.45 0.09 0.09 96.9
Oracle 0.42 0.1 0.1 95 0.43 0.09 0.09 94.4

n = 15000, a = 0.5, d,, = 16 for 80% censored, d,, = 11 for 90% censored
HT 042 0.1 0.1 96 043 0.1 0.1 96.5
CV 0.42 0.1 0.09 92.9 0.43 0.09 0.09 93.9
CVPpP 0.43 0.09 0.09 96.6 0.44 0.08 0.08 96.4
Oracle 0.42 0.09 0.09 93.8 0.43 0.08 0.08 95.7

n: sample size; a: sampling proportion of random sub-cohort for both strata; d,: num-
ber of parameters; se.: empirical standard error; se,,: model-based standard error; 95%
C1,: empirical 95% confidence interval coverage; HT: hard threshold method; CV: SCAD-
penalized method with cross validation for tuning parameter selection; CVP: SCAD-
penalized method with modified cross validation for tuning parameter selection. The
parameter estimation results are calculated based on replications with nonzero Bmin.
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Table 4.5: Baseline characteristics of the cohort of ARIC study

Full cohort (n=12,351) Subcohort (n=890)

Variables Mean (SD) or % Mean (SD) or %
Age (yrs) 58.4 (5.5) 58.2 (5.6)
BMI 28.4 (5.4) 28.1 (5.5)
Systolic blood pressure (mmHg) 126.6 (20.2) 123.5 (18.9)
LDL (mmol/L) 139.4 (38.3) 133.3 (36.6)
HDL (mmol/L) 46.9 (15.6) 49.9 (17.0)
Diabetes (%) 22.9 18.0
Current Smoker (%) 25.5 20.9
CRP level - 3.12 (3.30)
CRP category (%)

Low (<1.0mg/L) - 35.7

Middle (1.0 - 3.0mg/L) - 33.6

High (>3.0mg/L) - 25.1

main risk factor of interest is the protein hs-CRP level, which is modeled as a categorical
variable of low (<1.0mg/L), middle (1.0 - 3.0mg/L), and high (>3.0mg/L) levels due to its
nonlinear effect on the risk of CHD. Since CRP level is the main exposure variable, we
do not penalize its regression coefficients and therefore set their tuning parameters to 0.
Similarly, we keep the CRP terms in the model for the hard threshold method regardless
of their p values. We also consider several other factors in the model selection process: age
(years), BMI, systolic blood pressure (mmHg), LDL (mmol/L), HDL (mmol/L), diabetes
(yes/no), and current smoker (yes/no). As shown in Kang et al. (2013), the empirical
cumulative hazards functions for the different CRP groups increase approximately in a
linear fashion. Therefore, the additive hazards model is a reasonable choice.

Table 4.5 summarizes the baseline characteristics of the full cohort and the subcohort.
Note that the CRP level is not available for the full cohort due to the case-cohort design.
It seems that the distribution of the covariates are similar between the full cohort and
sub-cohort, so the subcohort is representative of the full cohort.

We apply the Hard threshold, SCAD penalized variable selection procedures with tuning

parameter ASV or ASVP to the ARIC study data to identify important risk factors for
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CHD. We include all covariates in Table 4.5 in the initial model. To ensure we do not
miss any higher order effect of continuous variables and interactions between CRP and
other variables, we include quadratic terms of all continuous variables as well as pairwise
interaction between CRP and all other variables in the initial model. All continuous
variables are standardized. The tuning parameter selector identified AV = 1.577 and
ASVP = 2.467. Table 4.6 shows the selected covariates and their estimated coefficients and
standard errors by the three methods. The SCAD with ASV selected the largest model and
SCAD with ASVF selected the smallest model. This is consistent with the observation in the
simulation study that ASV tends to over-select variables compared to ASVP. Besides CRP
levels, all three methods identified current smoker, age, LDL, HDL, HDL?, systolic blood
pressure, and interaction between CRP2 and BMI as significant risk factors for CHD. The
SCAD with AV additionally included diabetes, age?, SBP2, interaction between CRP3
and BMI, and interaction between CRP2 and SBP in the model.

Based on the model selection result from SCAD penalty with ASVP | the risk of CHD
for subjects who are current smoker is 1.099 x 10~ per-day, or 4.01 per 1,000 person years,
higher than those who are not current smoker. Increased age, LDL level, and systolic
blood pressure are associated with higher risk of CHD. The effect of HDL level on risk
of CHD follows a quadratic form with the minimum risk achieved at an HDL level of 4.4
standard deviations above population mean. This point is so far away from the mean that
vast majority of the population lie below this level. Hence there is a negative association
between HDL level and risk of CHD, and the magnitude of the association decreases as
HDL level increases. This result is consistent with the common knowledge that HDL is the
“good" cholesterol. The interaction between CRP2 and BMI means that the effect of BMI

on risk of CHD is different in the middle CRP group than the other two CRP groups.
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Table 4.6: Estimated coefficients and standard errors from ARIC study data

Hard Threshold SCAD (ACY) SCAD (A\CVF)

Variable B (se) (x107°) B (se) (x107%) [ (se) (x1079)
CRP2 (middle (1.0 - 3.0mg/L))  -0.550(0.282)  -0.4(0.731)  -0.351(0.73)
CRP3 (high (>3.0mg/L)) 0.251(0.306)  0.27(0.787)  0.319(0.738)
Current, Smoker 1.062(0.362) 1.045(0.738)  1.099(0.733)
Diabetes 0(-) 1.861(0.879) 0(-)
Age 0.457(0.141)  0.401(0.327)  0.469(0.32)
Age? 0(-) 0.209(0.34) 0(-)
BMI 0(-) 0(-) 0(-)
BMI? 0(-) 0(-) 0(-)
LDL (mmol/L) 0.57(0.184)  0.615(0.316)  0.587(0.315)
LDL2 0(-) 0(-) 0(-)
HDL (mmol/L) 11.328(0.187)  -1.407(0.37)  -1.46(0.366)
HDL? 0.301(0.058)  0.319(0.173)  0.331(0.172)
Systolic blood pressure (mmHg) 0.745(0.21) 0.967(0.432)  0.858(0.318)
SBP? 0(-) 0.152(0.193) 0(-)
CRP2*age 0(-) 0(-) 0(-)
CRP3*age 0(-) 0(-) 0(-)
CRP2*BMI -0.906(0.339)  -0.569(0.647)  -0.515(0.633)
CRP3*BMI 0(-) -0.466(0.441) 0(-)
CRP2*LDL 0(-) 0(-) 0(-)
CRP3*LDL 0(-) 0(-) 0(-)
CRP2*HDL 0(-) 0(-) 0(-)
CRP3*HDL 0(-) 0(-) 0(-)
CRP2*SBP -0.546(0.266)  -0.746(0.642) 0(-)
CRP3*SBP 0(-) 0(-) 0(-)
CRP2*current smoker 0(-) 0(-) 0(-)
CRP3*current smoker 0(-) 0(-) 0(-)
CRP2*diabetes 0(-) 0(-) 0(-)
CRP3*diabetes 0(-) 0(-) 0(-)

All continuous covariates are standardized.
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4.6 Discussion

In this chapter of the dissertation, we proposed a variable selection procedure based on
SCAD penalty in additive hazards model with a stratified case-cohort design and a diverg-
ing number of parameters. We investigated its asymptotic and finite sample properties.
We showed that, under certain regularity conditions, the variable selection procedure iden-
tifies the true model with probability one as samples size goes to infinity, and the penalized
estimates from this procedure is consistent and asymptotically normally distributed.

In the simulation study we compared the model selection performance of the conven-
tional cross-validation tuning parameter selection method and the proposed AIC-penalized
cross-validation method. We found that the proposed tuning parameter selection method
outperforms the conventional cross-validation method in identifying the true model under
all simulation scenarios. The cross-validation method focuses on minimizing the prediction
error, and have been shown to yield overfitted models (Hastie et al. 2009). Our proposed
tuning parameter selection method incorporate an additional penalty term to compensate
for the overfitting effect of cross-validation, and therefore gives better result in terms of
identifying the true model. In many epidemiological studies, one typical purpose of model
fitting is to investigate risk factors and underlying biological mechanisms of diseases on
the population level. Under such situation, the emphasis is on identifying the true model
rather than predicting the risk of a new individual. In light of this argument, we rec-
ommend the AIC-penalized cross-validation method for tuning parameter selection when
performing SCAD-penalized model selection in additive hazards model with case-cohort
design. Although we have provided empirical evidence for the superiority of AIC-penalized
cross-validation method, a theoretical proof is yet to be established.

It is interesting to observe from the simulation study that the variable selection perfor-
mance of the hard threshold method is closely related to the number of parameters. More

parameters in the model leads to decreased performance even if the censoring rate is lower
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and sample size is larger. In contrast, the penalized variable selection method identifies
the true model with higher rate with increased number of cases and sample size despite the
associated larger number of parameters. Therefore, when the model size becomes larger,
one can expect the penalized variable selection method to be far more useful than the hard
threshold method.

The proposed variable selection method does not have any mechanism to ensure the
hierarchical structure of the candidate covariates such as polynomial terms and interactions.
As a result, the selected models from the ARIC study does not maintain the hierarchical
structure. For example, the model identified by SCAD with ASVP contains an interaction
between CRP2 and BMI but not the main effect of BMI. Although this issue does not pose
any theoretical difficulties and one can argue that the final model is still a special case of
hierarchical model with the coefficients of lower order terms being exactly 0, it poses some
difficulties in interpretation. Therefore, a future research topic would be to consider the
hierarchical structure of the candidate covariates in model selection of additive hazards

model with case-cohort design by using group variable selection techniques.

4.7 Proof of Theorems

Throughout the proofs, denote #,(85); = dLn(50)/08;, €7(Bo)jx = 02Ln(50)/0B;0Bk.

For a matrix A = {a;},i,7 = 1,...,n, the norm is defined as [A[ = (XL, X}, a?;)"/2,

Lemma 4.7.1. Given that & is independent of A and Y (t), for stratum h = 1,...,H,

/251 -1 3 :
n, “{a; 1 (t) — o'} converges to independent zero-mean Gaussian processes.

Proof. By Taylor expansion of a,(t) around ay,

w65 (1) - a5} = -

nfll/z (Z?fl(l = Dpi)6niYii(t) N )
ap ()2 \ 2 (1= Api) Yai(t) "

o {1 = An)&iYa (1) - an T (1 - Ani) Ya(1)}
()2 22 (1 = Api) Yii (1)
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a i *1/2 Ehi
%(ZP (1= Ahm)ym(t) h ;(1—@)(1-Ahi)Yhi(t),

where o (t) lies between &;,(t) and ap. Since (1 - A)Y () is of bounded variation al-
most surely, and var{(1 - A)Y(0)} < oo and var{(1 - A)Y(7)} < oo, by Lemma 3.7.1,
n;m St (Enifan — 1) (1 = Ap;) Yy (t) converges weakly to a tight zero mean Gaussian pro-
cess. This implies that n=t Y0 (&pifcan, — 1) (1 - Ap;) Yii(t) converges to 0 in probability uni-
formly in ¢ € [0, 7]. Since nhl/2 P = Ap)Yii(t) - E{(1 - Ap)Yn(t)}] is a special case of

23 6 [(1 = Api) Yai () = B{(1 = Ap)Ya()}] with &, = 1 for all 4, by Lemma 3.7.1 it
converges weakly to a zero mean Gaussian process. This implies that n;' 27 (1-Ay;)Ys,(t)
converges to E{(1-A,)Y,,(¢)} in probability uniformly in ¢. By Condition (D), dj(¢) and
ay, converge to the same constant limit Cy, uniformly in ¢. Therefore, o (t) and «y also

converge to the limit. By Slutsky’s theorem,

mP () =011 = o 31 (12 2 (1= A0 + o, (1). (47)

which converges to a zero mean Gaussian process. Since the sampling process is indepen-
dent across the H strata, nh/ {&;*(t) - a;'} converges to independent zero-mean Gaussian

processes for h=1,..., H. |

Lemma 4.7.2. Under Conditions (B) and (C), for any nonzero d, x 1 constant vector u

with |u] = C < oo and |ullg = ¢, >0 where |- |o denotes the number of nonzero components
of a vector, n'2{SO(3,t) - SO (B,t)} and (n/c,)?uT{SMD(B,t) - SV (B,t)} converge to

tight zero mean Gaussian processes.

Proof. The two processes can be written in a unified form as the following (k =0, 1),

{ inZ 1) Vi () {en' PuT Zpi (1)} - 1?2 Vi () {cn PuT Zyi (1)} }

= n_l/ i 3 A}n‘ + (1 - Ahi)fhi&h(t)_l}Yhi(t){cﬁl/zuTZhi(t)}k
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! Z i: = Api) i, Yai(t) {Cﬁl/2uTZm'(t)}k
1

-1/2;1”2';(0 An)éniai Vis(D) e uT Zi(D) Y = Via() e *u” Zi(1)})

=7t 251 A ()° Wii(t){en'uT Zyi()}"

=11=1

—n Y2 Z Z(l — Do) & Vs (t) { e PuT Zyi (1) 1
h=11i=1
H np

73250 Ao Vi) e T Zu(1))

h=11=1

~(1= M)V Zi(D)})

=n 2y %{dh(t) = 0 H(1 = )& Yai () {en P ul Zya (1)}

h=11i=1

55 (1) (1= A YO P 2 (1))

h=11=1

= n‘l/QH h hi + 0
{ B A & (1 ) G- 2o p(l)}
{1 >0 - 8 LY, () {67 2 <t>}}

Np =1

_ 12 ég (1 _ @) (1- Ahl)Ym(t){c;lm T Zni(t)}". (4.8)

The last equality holds by (4.7). By Cauchy-Schwarz inequality, u” Z;;(t) < |u|| Zn:(t)] =

C’{Zd” Zpi; ()32 Under Condition (B), Z,(t) has bounded variation, and therefore

hzg
cﬁl/ZuTZhi(t) has bounded variation. This along with Condition (C) gives that (1 -
An)Yai(£){enPuT Z,,;(£) }* is of bounded variation. By Lemma 3.7.1, npt Y (1- An) (Enifan) Yis (D) {cn 0

converges to a deterministic process Ly (t) in probability uniformly in [0, 7] for h=1,..., H.

Therefore,

n71/2H”h A Ehi L(t) ATy k}
;;(1 Am)(l )Yh’(t){E{(l—Ah)Yh(t)} {en*u” Zni(t) }

+0,(1). (4.9)
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Under Conditions (B) and (C) the term in the curly braces of (4.9) is of bounded varia-
tion. It follows by Lemma 3.7.1 that (4.9) converges weakly to a tight zero mean Gaussian
process. Therefore, n1/2{S©(3,t)-S©(3,t)} and (n/c,)2uT{SM(B,t)-SD(5,t)} con-

verge weakly to tight zero mean Gaussian processes. O

Lemma 4.7.3. Under Conditions (A), (B), and (C), for any nonzero d,x1 constant vector
w with |ul =1, n‘l/QuTFﬁl/Q(ﬁo)@;L(ﬁo) converges to a standard normal distribution, where

T.(80) is the covariance matriz of n=Y20 (By).

Proof. Let ¢, = ||lullo, the number of nonzero components of u. We first consider the

quantity (nc,)"Y2uT? (3,), which can be written as

(nc,)~2u® Z i [{Z1i(t) = Z(£)}dNwi(t) = {Z0i(t) = Z(£)}pui(£) Y0i () 55 Zyi (1)t

h=11=1

- (nea)2u T{zi‘: {Za(t) - Z()}dMu(2)

h=11=1

#3258 [ 10 - 2@ ) + B 20

H nyp T

I RCAOR Z(t)}Phi(t)Yhi(t)Bme(t)dt}
= (ncy)™'V? TZZ} {Zm(lf) Z(t)YdMyi(t)

h=11=1

+ (ney) ™ Z Z {Zm'(t) = Z(O)HL = pri(t)} Y () { o (t) + By Zni ()}t

h=11i=1J0

(eSS T{zhxt) Z(8)} ()Y (D Mot

h=11=1

= _[1 + 12 + 13.
Let Zo(t) = Y1, S0 Yoi(8) Zni(t) | iy S0 Yai(t). 1) can be decomposed as

(nen) 2™ 55 [ {20a(t) = Zo(8) ()

h=1:i=1J0
T -~ - H np
. / T Zo(t) - Z() 2 S S dM ()
0 h=11=1
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= Ill + 112.

Let .Z#(t~) be the filtration generated by Y;(s), N;(s), and Z;(s) for s € [0,¢). Since
E{dNp:(t)|.7 (t7)} = Yai(t){ ho(t7) + BL Zp:(t7) }dt, we have that dM,,(t) is a martingale
and therefore n-12 Y/, i dMyi(t) converges to a tight zero mean Gaussian process,
say G(t). Tt follows that I1; is a linear combination of a multivariate martingale. By
standard martingale theorem (Andersen and Gill 1982) I;; converges to a zero mean normal
distribution with variance ¥1(8y) = ¢,;'E {fOT ut{Z(t) - Zo(t)}®2udN(t)}.

It can be shown that E{G(t) - Gp(s)}* < Cp(t —s)? for all 0 < s <t <7 and some
constant C;. Therefore, by Kolmogorov-Centsov Theorem (Karatzas and Shereve, 1988,
p53), G(t) has continuous sample path almost surely. Gy,(t) is also of bounded varia-
tion almost surely. On the other hand, ¢, *uT{Zy(t) - Z(t)} = cu'"*uT{Z(t) - e(t)} -
c_l/QuT{Z(t) —e(t)}. By Lemma 4.7.2 and Slutsky’s theorem, both cgl/QuTZO(t) and

'l Y2yTe(t) in probability uniformly in . Moreover, ¢y *uT Zo(t)

uT Z(t) converge to c,
and ¢,'"*uT Z(t) are of bounded variation almost surely and ¢,"/*uTe(t) has bounded vari-
ation. It then follows from Lemma 3.7.2 that ;5 converges to 0 in probability. Thus, I;

converges in distribution to a zero mean normal distribution with variance ¥;(5p).

I5 can be further decomposed as

(et 558 (20 - 20} (1 22) (1= 30 (D 000) + 4 20}
~ (ne) V2u zz {Z;u(t ~ Z(1)HarM (1) - oyt x
Eni(1 = D) Yii (D { o (t) + BY Zpi (1) }dt

= ]21 - 122'
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By Lemma 4.7.1, Iy can be written as

-1/2, T L [T 1 & Enj
(nea)™Pul 3737 . {ahE{(l—Ah)Yh(t)}nh H(l—a—h)(l—Ahj)th(t)mp(l)}x

h=11=1

{Zni(t) = Z () }eni(1 = Dpi) Vs () { Mo (1) + B85 Zni(t) }dt

_ L1, T R 5’” Y (1)
= (nc,) Yu h;j;( (1 A’”)/ E{(1- Ah)Yh(t)}

{1 381 ) (20 - Z(t)}mt)wt)+/30sz<t>}}dt+op<)

Np =1

B 1o T h ch Vi (1)
= (nc,) M?u h;j;( (1 A’”)/ E{(1- Ah)Yh(t)}

E[(1=A{Zu(t) - e(t)}Ya(t){Ao(t) + 55 Z1(t)} ] dt + 0,(1).

The last equality holds by Lemma 3.7.1. Therefore, I, is asymptotically equivalent to

_1jg & Ehi T e Yai (1) E{(1 - Ap) Ri(Bo, 1)}
8 (1 ) - [ (i - OO

(4.10)

where Ry;(Bo,t) = {Zni(t) — e(t) }Yn:(£){ o (t) + BL Z1i(t)}. Under Condition (A), (B), and
(C), the integration in (4.10) is bounded in probability. By Lemma 3.7.1, I converges in

distribution to a zero mean normal distribution. Let

_ Toap Y (D) E{(1 - Ap) R (Bo, 1)}
Whi(Bo) —(1_Ahi)/0 U {Rhi(ﬁo,t)— E{(1= AV, ()] }dt.

For a given stratum h, define .%,(7) to be the sigma algebra generated by Y;(t), Npn:(t),
and Zp;(t) for 0 <t <7 and i = 1,...,n. Conditional on .%,(7), the only random element

in Iy is £ and E{&,|#n(7)} = ay,. Furthermore, .%,(7) are independent of each other for

95



h=1,...,H. Then the asymptotic variance of I5, denoted by ¥3(fp), can be derived as

¥2(Bo) = = i%v&r{(l £m)Vth(ﬁo)}

- %]ijz};E[var{(l—@)Wm(ﬁo) fh(T)}]
+ %}iiv&r[ {(1 - @) Whi(Bo) /h(T)}]

LSSl A )] L8 (- By )

h 1:=1 h h 1:=1
_15 n,E [MWh(ﬂo)]
h=1 h
H
- > LB (WE ()

It is easy to see that I3 = 0. Furthermore, I; and I, are asymptotically independent of
each other since their asymptotic covariance 315 = 0. To show this, notice that E(/;) =0
and E(l3) = 0. Define .#(7) to be the sigma algebra generated by Y};(t), Nyi(t), and

Zpi(t) for0<t<7,i=1,...,n,and h =1,..., H. Conditional on .%(7), the only random

o

- [ ?25% T{Z,”(t) Zo(t)Yd M (1) i ( E{ﬁmlﬁz(f)})whi(ﬁo)]

ncn h=11=1 h=1

element is £ and E{,|-# (1)} = ay,. Then

212:E[ { U1T2 f:nzh: T{Zhl(t) Zo(t }thz(t i%(l—@)wm(ﬁo)

ncn h=11=1

I
e

Taken the above results together, (nc,) Y2uTl (By) converges to a zero mean nor-
mal distribution with variance X(5p) = X1(00) + 22(5o). Now define a vector u* :=
uT T (B0) [u T (Bo)| . Let ¢ = [u o Then n2uT T3 (50)E(Bo) = [u™ Ta™ (o) [ () M2 (ne) 2

Since |u*| =1, the above quantity converges to a zero mean normal distribution up to a
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scalar by previous derivation. Since T',(fy) = var{n-1/20" (5,)} and |u| = 1, we have

var{n 2uTT 2 (80) 0, (Bo)} = uT T (Bo)var {n ™20, (o) YT (Bo)u = 1.

Therefore, n~/2u7T;" 2(8o)0" (Bo) converges to a standard normal distribution. i

Lemma 4.7.4. Under Conditions (A), (B), and (C), 07(50) ik — 0 (Bo) i is Op(ni/2) for
J.k=1,....d,, where o7,(Bo);i is the (j, k) component of <7, (o) as defined in the Notations

and Regularity Conditions section.

Proof. Let Zpi(t);, SO(t);, Z(t);, sV (t);, and e(t); be the jt* component of the cor-
responding vectors. Define Zp; (1)1 = {Zni(t); = Z(t);}{Zni(t)x — Z(t)x} and E(t)j =
(Zni(t); = e(t); 1 Zni(t)x — e(t)1}. Then n-2{07(By);x = np(Bo)jx} can be written as

n Y20 (Bo) g — i (Bo) ji}
=n1/? {Z > phi(t)zhi(t)jkyhi(t)dt -nk (/OT E(t)jth,-(t)dt)}

-t i % T {oni (0 Zni () 1.~ E(t) ji } Yo (£)lt
h=1i=1J0
+ n—l/? & ' i ~ T | i
;121; {/ Bt Yiu(t)di ~ E (/o E(t);xYn (t)dt)}
= ]1 + ]2.

We further decompose [ as

nl/? i%/T{Phi(t) — 1} Zpi () 5 Y (t ) dt
sl i 3 / Zn ()50~ E(t) ) Yiu (1)t

= ]11 +]12.
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The term I;; can be written as

n i % T(l Ap;) ( Aghz - 1) Zhi(t)jthi(t)dt
h=11=1 ( )
=2 Z Z (1 Api) (@ - 1) Zhi(t)jkyhi(t)dt
h=11i=1

+n-1/22i (1= 20671 (0) i) (1) Vi)l

h=11i=1

By Lemma 4.7.1 and following similar derivation as for /5 in the proof of Lemma 4.7.3, we

have

2SS0 A (6_ 1)

h=11=1

. {(1= AR Zn(t) 5 Yn (1) } Yni(t)
/o {Zhi(t)ﬂyﬁi(t)‘ R O S

Since the integration of the above expression is bounded in probability under Conditions
(A) and (B), by Lemma 3.7.1 I;; converges to a zero mean normal distribution. Thus,
I1 = O,(1).

Now we consider I1. We first show that Z(t); —e(t); is O,(n~112) for j =1, ...,d,.
20t 00010

_{8W(); - sO ()35 (1) ~ {SO(t) - sO@) s (t);
SO ()50 ()

By Lemma 4.7.2 with u, = I(k = j) for k = 1,...,d,, we have that SM(t); — s (t); and
SO (t) - s (t) are both O,(n"1/?). Under Condition (C), it follows that Z(t); - e(t); is
O,(n=112). Therefore,

Zni(t) jr — E(t) i
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={Zi(t); = Z();H{ 20O = Z (O} = { Zi(t)j = e(t) H{ Zni ()i — e(t)1}
= {Zni(t); Zni () = Zni(t); Z () = Z(£) 1 Zni(t)1 + Z(£); Z(t)k }
~{Z0i(1) Zni()r = Zni () je(t)i = e(t); Zni ()i + e(t) e ()i }
= ~Zp(WAZ(Ok = e} = Zu(Oi{Z(1); - e(t);} + Z(0){Z()k = e(t)r}
+e(t)r{Z(t); - e(t);}
= 0,(n1?).

Thus,

/ {Zhi(t)jk - E(t)jk} Yii(t)dt < / S[Up] ‘th‘(t)jk - E(t)jk‘dt
0 0 te|O,7

= s[up] |Zhi(t)jk - E(t)jk‘T = Op(n_l/Q).
te[0,7

It follows that I15 = O,(1), and therefore I; = O,(1).

By central limit theorem, we have that Iy is O,(1). Taken the above results together,
we conclude that n=1/2{"(8y) s -1 (80),1} = Op(1), which implies (o) jx -1 (80 ) 1 =
O,(n'/?). O

Proof of Theorem 4.3.1. Let 3y be the true parameters, and «,, = d}/Q(n‘l/Q +ay).
It suffices to show that, for any given € > 0, there exists a constant vector v and a large
enough constant C' such that pr{infj,j-c Q.(Bo + anu) > Q,(B0)} > 1 —e. This implies
that there exists a local minimizer 3 such that |3 - fo| = Op(v,). Since Py,,(0) =0 and

Qn(Bo + ant) = Qu(Bo) > {Ln(Bo + anu) = Lu(Bo) } + 1 é{PAjn(lﬂjo + anul) = Py, (1650]) }

:[1+[2.
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By Taylor expansion,
o1 1 T 1
Il—oznu 14 (50)4‘204 u'l (50)U Ill+112
By Lemma 4.7.3 we have ¢/,(5,); = O,(n'/?) for j =1, ...,d,. Therefore,

1] =l 0, (Bo)| € aun[ull |24, (Bo) | = cun[ul| Op(dl*n?) = | Op (o *n~ 2t
= [u[Op(ain).
The term 15 can be written as

Ly = %anuT{E"(ﬂ ) — ng, (50)}u+ aguTmof (Bo)u = Jy — Jo.

By Lemma 4.7.4, Cauchy-Schwarz inequality, and the fact that d2/n — 0,
1 o
1] < Sonlul?[14:(B0) = neu(Bo)ll = [l Op(azn'dn) = |ulo,(alin).
By spectral decomposition of <7,(/) and Condition (E)

1 , C
2|2 502 ulPneigen,, (o)} > lul(a2n) S

Then |[12| > | Jo|-| 1| 2 |ul?(a2n)C5/2—-|u|?0,(a2n) as n — oo. Therefore, for large enough
Hu||, |]12| dominates |111|.

We now consider I,. By Taylor expansion and Cauchy-Schwarz inequality

|Io] =

“ZP'M(Waol)Sgn(ﬁyo)%ua+ HZP'gn(Iﬁyol)a {1+0(1)}|

n

Z (lﬁJODO‘nuJ

+ n

3P0, (ol (1 o(1)
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<n

1
—nNn
2

kn
> dnanu;
j=1

kn
> tbnopui{l+0(1)}
j=1
1/2 1 2
< nan@nkn” [ul + Snog i ul*{1+0(1)}

= |ulOp(azn).

The last equality holds because ¢,, = Op(and;m) and 1, > 0 under Condition (G). There-

fore, |I12| also dominates |I5| for large enough C. By Condition (E) I15 is positive as n — oo,

it follows that for large enough C, Q. (80 + antt) — Qn(By) is positive with probability tend-

ing to one as n — oo. O
The following Lemma proves that the SCAD-penalized estimator must possess the

sparsity property BU = 0 with probability tending to one.

Lemma 4.7.5. Under conditions (A)-(H), asn — oo, if d2/n — 0, \;, = 0, and )\jnnl/Qdﬁl/z -

oo, with probability tending to one, for any given B satisfying |Br — Brol = Op(d}]/Qn*I/z)

and any constant C,

Qu{(B7.0)} = min  Qu{(5].81)".

|811]<Cdy/*n-1/2

Proof. 1t suffices to show that with probability tending to one as n — oo, for any f;
satisfying |57 - Bio|| = Op(di*n112) and |1 < Cdi*n112, 8Q,.(8)/95; and §; have the

same signs for j = k, +1,...,d,. By Taylor expansion,

. ) .
G%nﬂ(ﬁ) =0, (B0)j + 2 £n(Bo)jw(Br = Bro) +n Py, (18;])sen(8) = I + I + I,
J k=1

From Lemma 4.7.3 we have I, = O,(n'/?). The term I, can be written as

dn - dn
I =Y {0 Bo) ji = e (Bo) i } (B = Bo) + Y., ndy(80) 1 (Brs = Bow) = Ior = Ia.
k=1 k=1

From Lemma 4.7.4 we have @;{(ﬁo)jk - nep(Bo)jr = Op(n'f?) for j,k = 1,...d,. Using
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Cauchy-Schwarz inequality along with |8 - Gyl = Op(di/Qn‘l/Q)7
& 2] 1/2
(| < 8= Bol [Z {€2(B0) jx = nn(Bo) i} ] =0,(dy) = Op(dn/ n'/?).
k=1
As eigen,, {,(0y)} is bounded by Condition (E), it follows that
d 1/2
(o] <[ 8= Bol {Z Mf(ﬁo)jk} = nOp(d}zﬂn_l/z)O(l) = Op(d}/an/Q).
k=1

It follows that |I,| = O,(dy/*n'/2). Therefore, I + I, = O,(dy*n'/?). Hence,

~ P, (15 Vo
D) -, (5 sen55) + O/ = s {AJR—-S@W ' O(%)}

For j = (ky +1),...,dy, since |8;] = O{dy>n"12} and A\jud,'*n'/? - oo, the quantity
Py (18i1)/Ajn is positive under Condition (F) for all sufficiently large n. Therefore, the
quantity in the curly brackets is positive with probability tending to one. Thus, dQ,(5)/ dB;

and f; have the same signs with probability tending to one as n — co. O

Proof of Theorem 4.3.2. Part (i) follows directly from Lemma 4.7.5. To prove

assertion (ii), we first show that

R PUTT Y2 (e +0,) (Br = Bro) (1 +0,(1)) + n'2u T 0,

= —n V2T 20 (Bo) + 0p(1), (4.11)

where £/ () consists of the first k, components of ¢/ (8y) and 2711 (3,) is the first k, x k,,
components of <7,(5y). Since B is the minimizer of Qn(3), we have OQn(B)/GﬁI =0. By
Taylor expansion of 8@n(3)/8ﬁ1 at Bro and the fact that 877 — Brr0 = 0,

[7;1(50) + g&(ﬁo)(gl - Bro) + n®, + n‘I’Z(BI - Br0) =0,
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where @Zl(ﬁo) consists of the first k,, x k, components of /(3,), 5* lies between 3 and By,

Vs =, (5*), 5* lies between 3 and Bo. Rearrange the above equation we have,
{011 (Bo) +nW}(Br = Bro) + ny = =01, (o). (4.12)
Multiply both sides of (4.12) by nfl/QUTF;jf,

n

- 1 on * e - - 1z
n!2u T {m 1(fo) + qf} (B1 = Bro) + n'PuT T 12, = =n ™ 2uT T 120, (Bo).

(4.13)
The quantity u”T,1’n"0%, (80)(B1 - Bro) can be written as,
AR L (50) = () } (B = o) + 0 T (50) By = o) = 1+ e
By Cauchy-Schwarz inequality and Lemma 4.7.4,

-1/2
1] < [T,

181 = Broll = |u"T 211 81 = Brol| Op(dnn™72).

=, (B) - s (50)

By spectral decomposition of 7,11,
I > [u" T 181 = Brolleigenun () 2 [u" Tt 1181 = Broleigenyy, (7).

Therefore, by Condition (E) and d2/n - 0 we have

h
I

-1/2 A _
o TP = Brol Op(dun'12)
[uT 03571181 - Brolleigenyy, ()

= 0,(dun™2) = 0,(1).

Therefore, I = 0,(I2), and uTF;}/lzn’lggl(ﬁo)(Bz - Bro) = UTF;lifﬂfnll(ﬂo)(Bl = Bro){1 +
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0p(1)}. Since 3 converges to 3, in probability, U converges to W, in probability. Therefore

a0 B0) Ui B 510) =W T (s (Bo) + 0} (B - o) {1+ 0,(1),

(4.14)

By (4.13) and (4.14), we have that (4.11) holds.
By Lemma 4.7.3, nfl/QUTF;f!lbl fo) converges to the standard normal distribution.

Thus,
n U (Bo) {11 (Bo) + W 3 Br = Bro + (11 (Bo) + W) '@, } — N(0,1)

in distribution. O
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CHAPTER 5: TUNING PARAMETER SELECTION FOR
REGULARIZED VARIABLE SELECTION UNDER COX
PROPORTIONAL HAZARDS MODEL

5.1 Introduction

In the first two topics of the dissertation, we have shown that the SCAD-penalized
variable selection procedure can identify the true model with probability tending to one
as the sample size goes to infinity under Cox proportional hazards model and additive
hazards model with a case-cohort design. This result implies that with probability ap-
proaching one the true model is contained in the solution path of the tuning parameter
A. If one can select the correct tuning parameter Ay, then one will be able to identify
the true model. However, the theorems developed in the first two topics do not offer any
theoretical insight to the tuning parameter selection methods used there (AIC- and BIC-
based method). Wang et al. (2007) studied the asymptotic properties of the two tuning
parameter selection methods in linear models. Zhang et al. (2010) proposed a new tuning
parameter selection criterion in generalized linear models. Wang et al. (2009) extended
the investigation on tuning parameter selection to linear models with a diverging number
of parameters. More recently, Fan and Tang (2013) studied tuning parameter selection in
generalized linear model with ultra-high dimension. To the best of our knowledge, a con-
sistent tuning parameter selection method for regularized variable selection has not been
established for Cox proportional hazards model with a diverging number of parameters.
In this chapter of the dissertation we focus on regular Cox model without the case-cohort
design and propose a tuning parameter selection criterion that consistently identifies the

true model. We theoretically prove its asymptotic properties and empirically demonstrate
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its finite sample performance via simulation. We then apply the proposed method to the

Framingham Heart Study (Dawber 1980).

5.2 Tuning Parameter Selection Criterion under Cox Proportional Hazards

Model

Suppose there are n subjects in the dataset. Let T" and C' be respectively the time
to the outcome of interest and the censoring time. Let X = min(7,C) be the observed
time and A = I(T < C) be the censoring indicator, where I(-) is an indicator function.
Let Z;(t) be the d, x 1 possibly time-dependent covariate vector for subject ¢ at time ¢,
where d,, goes to infinity with the sample size n. T" and C' are assumed to be independent
conditional on Z. Let 8 = (f1,...,04,)" be a vector of unknown regression coefficients
and Sy = (Bot, -, Boa, )T be its true value. Without loss of generality, assume the first &,
components of 3 is nonzero and the other components of 3y are zero. Hence, k,, is the size
of the true model, which is allowed to go to infinity with sample size and k,/d, converges
to a constant c € [0,1]. Define for subject i the counting process N;(t) = [(X; <t,A; = 1),

and the at risk process Y;(t) = I(X; > t). The partial likelihood under Cox proportional

hazards model is

&wpiowmzm4%§nmwMM4m}mwx (5.1)

where 7 is the time at the end of study. Let Py, (-) be the SCAD penalty function with
tuning parameter \;,. For notational simplicity, we suppress the subscript n for A;, and
assume it is the same for all parameters. The SCAD-penalized maximum partial likelihood

estimator (3 is the maximizer of the following objective function,

ﬁd@—nZPﬂ@D (5.2)
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Let ) be the model that is identified by the tuning parameter X\ . Let |a,| be the size

of model a;,. We propose the generalized information criterion

GICO) = +{~£al(2) + anla), 5.3

where a, is a positive sequence depending on n. When a, = 2, GIC becomes the AIC
statistic. When a,, =log(n), GIC becomes the BIC statistic. The selected tuning parameter
X is the minimizer of (5.3). We have shown in the previous chapters that there exists one
or a range of A that gives rise to the true model ag. Note that |ag| = k,,. Our goal in this
chapter is to determine the characteristic of the sequence a, in (5.3) so that the A that
gives the true model is identified with probability tending to one as sample size goes to

infinity.

5.3 Notations and Regularity Conditions

Denote for any model a;, the penalized maximum partial likelihood estimator and the
unpenalized maximum partial likelihood estimator as BM and /@ak, respectively. Define
(Y, as the true parameter under the true model. Similar to Fan and Tang (2013), for any
model o, we define its "population parameter" 39, to be the minimizer of the Kullback-
Leibler distance Dgp(8a,) = n"'Egg {0n(83,) = n(Bay) )}, where £,(55,) and €,(5,,) are
the partial likelihood defined in (5.1) under model « and vy, respectively. The expectation
is taken under the true model with respect to all random variables.

We define the following notations for each n:

S (B,t) = ZY(t)Z(t)@’f vz B (5,1) = BLSM(8,0)}, k=0,1,2,

i=1

S (8,4)S8(8,1) - S (8, 1)22
S(8,1)2

s (8,1

n(ﬁﬂf) = (0)(6 )

Vn(ﬁﬂf) =
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024,(B)
0/5?

1) =B { TP =B { [ @080 @.0d0).

We require the following regularity conditions for theoretical derivations in this chapter:
(A) [y Xo(t)dt < 0.
(B) E{Y(7)} > 0.

(C) | Z(0) | + [, 1dZ;;(t)| < Cy < oo almost surely for some constant Cy and i = 1,...,n
and j =1,....d,. That is, Z;;(t) has bounded variation almost surely. This implies

that |Z;;(t)| is bounded almost surely. Define K, := maxicj<d, 1<i<n | Zij (1) | < 00.

(D) For any model a, there exists a neighborhood %,, of 33 such that for all 3, €
0 1 0

B, and t € [0,7], 051 (Bay,1)/0Bay = 58 (Bay, 1), and 925 (Bay,1)[08a, OBE, =

3512)(/8(“,15). The functions sff)(ﬁak,t) (k =0,1,2) are continuous and bounded and

sflo)(BM,t) is bounded away from 0 on %4, x [0, 7].

(E) For any model vy, there exists a neighborhood %, of 33, such that for all 3., € %,

A?

there exist positive constants C3, Cy such that

0< C3 < eigenmin{jn(ﬁa)\)} < eigenmax{ln(ﬁa)\)} < C4 < 00,

where eigen_; {-} and eigen_, {-} are the minimum and maximum eigenvalues of a
matrix.
(F) minygjck, |Boj|/ Ao = o0 as n — oo.

(G) liminf, . liminfy_q, P)’\O(Q)/)\O >0 for j=1,...,d,.

(H) d&/n -0 and k,/d,, > c€[0,1) as n — oo.
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(I) Ly :=|Bo|1 < o0, where |- |; denotes the L; norm. As a consequence of this condition
and Condition (C), we can define exp(|5f Zi(t)|) < exp(K,L,) = U, < oo for i =

1,....n.

5.4 Asymptotic Properties of the Generalized Information Criterion

Let Apax be the smallest A that results in an empty model (i.e. a model with no non-
zero parameters). We partition the tuning parameter space Q = [0, Apax | into the underfit,

true, and overfit subspaces as follows,
Q={A:axda}, Q={ :ar=ap}, Q={N:ay2a},

where a 2 b means a contains b but is not equal to b. Since B,\ is the maximizer of the
nonconcave objective function (5.2), the asymptotic property of £,,( B y) is difficult to study.
Instead, we work with the unpenalized version of the likelihood. Define an approximation

of GIC()\) as

GIC*(aA) = % {_gn(éa,\) + an|a}\|} :

Note that GIC()) is a function of the tuning parameter whereas GIC*(«,) is a function
of the model.
We only present main results in this section. The proof of the lemmas and theorems

presented in this section can be found in Section 5.7. The following lemma states that
the difference between GIC(A) and GIC()g) is no less than that between GIC* () and

GIC*(ay) for any A with probability tending to one as sample size goes to infinity.

Lemma 5.4.1. Under Conditions (A) to (H), for any X € Q, pr{GIC(\) - GIC(\g) >
GIC* (ay) - GIC*(ag)} = 1 as n — oo.

Lemma 5.4.1 allows us to study the asymptotic properties of GIC*(«,) instead of
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GIC(N).

The following theorem describes the uniform stochastic rate of the difference between
(n(Bay) = €n(Bay) and the corresponding Kullback-Leibler distance between model ay and
ap over all possible model o, the number of which increases to infinity combinatorially

fast with sample size. All expectations are taken under the true model.

Theorem 5.4.2. Under Conditions (A) to (I), uniformly for all models,

SUp = 0,[n'*{log(d.)}'"?].

|A|

Based on Theorem 5.4.2, for any underfitted model a, ? oy we have that,

inf {GIC*(ay) - GIC* ()}

axdag
= it = {£(B) = 6By + anllos] - o))}
= inf — —[z (Bao) = tn(Bay) = E{La(82,) = €a(82,)} + ELL.(BS,) = £a(85,)}

*an(lon] = fel)]

o) = B = |60 () = ALY+ imt D (80,)

1
> —— sup
T aypao

1
+ inf —an(|a)\| |vo])
axdag

1 1
2 __|O‘0|Op[nl/2{log(dn)}1/2] = —|ao|Op[n'* {log(dn) Y] + b, = —anks
n n n

2 1
> = k,0,[n**{log(d,) }'/*] + 6, - —ankn
n

=0, ——k: (Op[n'"*{log(dn)}'?] + ay) (5.4)

where 6, = info, 300 Drr(89,) defines the smallest Kullback-Leibler distance to the true
model among all underfitted models. It can be deemed as the signal strength of the true
model. Since §,, is always positive, when §,k;1n'/2{log(d,)} /2 - o0 and a, = o(d,nk;"),

(5.4) is positive with probability tending to one. By Lemma 5.4.1, we then have that
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pr[infyeq {GIC(A) - GIC(N\g)} > 0] - 1 as n — co. This result suggests that as long as the
signal strength of the true model does not decay to 0 too fast and the sequence a,, does
not go to infinity too fast, then the GIC of any underfitted model is larger than that of
the true model with probability tending to one as sample size goes to infinity. Note that
an = O,[n'?{log(d,)}/?] always works as long as d,, satisfies its requirement.

For overfitted models, the Kullback-Leibler distance based method used in Theorem
5.4.2 does not apply anymore. This is because for any overfitted model ay 2 ag, its
Kullback-Leibler distance to the true model is always 0. We instead study the asymptotic
property of £,,( BQA) —ln( Bao) directly. If the dimension of the model is finite, then it is well
established that 2 times the log-partial likelihood ratio converges to a x? distribution with
|| = || degree of freedom. However, when the model size goes to infinity, we have to
consider higher order terms in the linearization of the log-partial likelihood ratio statistic.
Moreover, obtaining a uniform stochastic rate of £, (34, )~ £n( Bay ) over all overfitted models
is also challenging since the number of overfitted models increases to infinity at an extremely

fast rate.

Theorem 5.4.3. Under Conditions (A) to (I), uniformly for all ay 2 o,

sup
xR0 |Oé)\| - |

|{£ (ﬁm — 4y (ﬂao)} Op{log (dn)}.

As a consequence of Theorem 5.4.3, uniformly for all overfitted model we have that

GIC* (ay) = GIC* ()

inf
ax2ap |Oz,\| - |040|
o i ()=o) )
1 n
" e e o) B} 2
= ~Oy{n " log(dy)} + . (5.5)
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Therefore, when a,/log(d,) — oo, (5.5) is positive with probability tending to one.
Since |ay| — |ap| is positive for all overfitted model, it follows that inf,, a0, GIC* () —
GIC*(«p) is positive with probability tending to one. By Lemma 5.4.1 we then have that
pr[infyeq, {GIC(A) - GIC(N\g)} > 0] = 1 as n — oo.

With Theorem 5.4.2 and 5.4.3, we finally arrive at the following theorem.
Theorem 5.4.4. Under Conditions (A) to (1), if 6,k;'n'/?{log(d,)} Y2 - o0, a, = o(§,nk;'),
and a,[log(d,) = oo, then as n — oo,

pr {/\ infQ GIC(\) > GIC()\O)} - 1.

eQ_uy

Theorem 5.4.4 is a direct consequence of Theorem 5.4.2 and 5.4.3. It entails that, if
the signal strength of the true model does not decrease to 0 too fast and a,, diverges with
sample size within a proper range of rate, then by minimizing GIC we can identify the
tuning parameter that leads to the true model with probability tending to one as sample

size goes to infinity.

5.5 Numerical Study and Application

5.5.1 Simulation Study

Independent failure times are generated from the exponential hazard model. We set
Ao(t) = 2 and the dimension of § to be d, = [10ni/5_1/500], where n, is the number of
cases and [z] rounds = to the nearest integer. We relate the model dimension to the
number of cases rather than sample size as the former better represents the amount of
information carried in the dataset. The first component of 3 is the smallest nonzero
parameter in terms of the absolute value, which is related to J,, the signal strength of
the true model. As it is not possible to verify the requirement on the convergence rate

of 0, under finite sample size, we consider two different values of the smallest nonzero
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parameter in terms of the absolute value: 0.34 (large effect scenario with corresponding
hazard ratio of 1.4) and 0.18 (small effect scenario with corresponding hazard ratio of 1.2).
There is one nonzero parameter for every two zero parameters, with the other nonzero
parameters recycling from values 0.6 and -0.8. For example, when d,, = 15, Sy, = 0.34, then
B =1(0.34,0,0,0.6,0,0,-0.8,0,0,0.6,0,0,-0.8,0,0). We generate the design matrix Z as a
mixture of correlated binary and continuous variables. First, d,-dimensional multivariate
standard normal variable Z* are generated with the correlation coefficient between Z* and
Z* being 0.5/, Then the first three components of Z* are kept as continuous, and the
next three components are dichotomized at 0, and this pattern is repeated for the rest of
Z*. Thus half of the covariates become binary with parameter 0.5. Censoring times C;
are generated from a uniform distribution U(0,c¢) where ¢ is adjusted to achieve desired
censoring percentage.

Two sample sizes and two censoring rates are considered for each [, value (0.34 or
0.18). Performance of the SCAD-penalized variable selection procedures with the GIC
tuning parameter selection criterion is assessed for four different choices of a,: 2, log(n),
log{log(n)} log(d,), and log{log(d,,)} log(d,). The first two choices correspond to the AIC
and BIC statistic, respectively. Obviously a, = 2 does not satisfy the required divergence
rate as described in Theorem 5.4.4, whereas the other three choices all meet the requirement
on a,. We will empirically evaluate their performance. As a benchmark, we include
the hard threshold variable selection procedure, where the component of the unpenalized
maximum partial likelihood estimator from the full model is selected if its p-value from
the Wald test is less than 0.05. We also include the result from the oracle procedure where
the correct subset of covariates is used to fit the model. For each setting 500 replications
are conducted.

We define model error of a variable selection procedure as ME(j1) = E{E(T|z) - 1(2) }?,

and the relative model error as the ratio of its model error to that of the unpenalized
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pseudo-partial likelihood estimates from the full model. We use the median and the median
absolute deviation of the relative model error to compare the performance of different
variable selection procedures. We also calculate the average number of parameters correctly
estimated as 0, the average number of parameters erroneously estimated as 0, and the
overall rate of identifying the true model. Point estimates, empirical and model-based
standard errors, and the empirical 95% confidence interval coverage are also calculated for
Bmin using replications with nonzero Bmin.

Table 5.1 summarizes the variable selection performance for different GIC statistics.
Overall, GIC 4 with a, =log{log(d,)}log(d,) gives the best performance in terms of rate
of identifying the true model and the median relative model error. This observation is
consistent across different [3,,;, sizes, censoring rates, and sample sizes. The only scenarios
where the performance of GIC 2 and 3 are similar to or slightly better than that of GIC 4
are when all these GICs have very high rate of identifying the true model (over 90%). Based
on the average number of correctly identified zero parameters (column C) and incorrectly
identified zero parameters (column I), GIC 1 tends to select more parameters into the final
model than does GIC 4, whereas GIC 2 and 3 tend to select less parameters than does GIC
4. This is consistent with the fact that the divergence rate of a,, in GIC 4 lies between that
in GIC 1 (a, = 2) and GIC 2 (a, =log(n)) and 3 (a, = log{log(n)}log(d,)). As a result,
the penalty from GIC 4 on the model size lies between that from GIC 1 and GIC 2 and
3. As expected, the variable selection performance of all procedures increases with larger
effect size, lower censoring rate, and larger sample size.

Table 5.2 summarizes the parameter estimation of 3,,;, for different GIC statistics under
the same settings as in Table 5.1. Under large By, (0.34) scenario, given that it is correctly
identified as nonzero, GIC 4 produces approximately unbiased point and standard error
estimates and the 95% confidence interval coverage is close to the nominal level. Under

small S, (0.18) scenario, given that it is correctly identified as nonzero, GIC 4 tends to
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overestimates the parameter as the other three GICs. However, the bias decreases as their
variable selection performance increases. The overestimation is due to the fact that very
small Bmin are set to 0 by the variable selection algorithm and therefore are not accounted
for in the computation of average of the point estimates. Eventually, when the rate of
identifying the true model is over 90%, all GICs give unbiased point and standard error
estimates and correct 95% confidence interval coverage. This observation is consistent with

the simulation result of Chapter 3.

5.5.2 Analysis of Framingham Heart Study

We apply the proposed tuning parameter selection method to the Framingham Heart
Study (Dawber 1980). This study was initiated in 1948, with 2,336 men and 2,873 women
aged between 30 and 62 years at their baseline examination. Participants were followed
up to the year 1980, and times to multiple cardiovascular events were observed from each
individual. For the analysis in this section, we only include participants who had an
examination at age 44 or 45 and were event-free at that time. We use that examination
time as the time origin for the survival analysis. We analyze the time to obtain the first
evidence of coronary heart disease (CHD). The dataset consists of 1,571 participants, 250 of
which developed evidence of CHD, corresponding to a censoring rate of 84.1%. We consider
the following risk factors of interest: body mass index (BMI), cholesterol level, systolic
blood pressure (SBP), smoking status (1=smoker and 0—=otherwise), gender (1=female,
O=male). The risk factors were measured at the time origin of each participant. Since some
individuals were in the study for several years prior to their time origin for this analysis,
the waiting time from entering the study to the time origin is used as another covariate to
account for the potential cohort effect. All continuous covariates are standardized for the
analysis. To explore possible quadratic and interaction effects of the risk factors, we include

quadratic terms of all continuous covariates and all pairwise interactions in addition to the
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Table 5.1: Model selection performance of different choice of a,, in the GIC statistic.

80% Censored 90% Censored
RME Zero Parm. RITM RME Zero Parm. RITM
Method median (MAD) C I (%)  median (MAD) C I (%)

n = 1500, Bmin = 0.34, d,, = 31 for 80% censored, d,, = 27 for 90% censored

HT 0.72 (0.17) 1875 0.0 29.6 0.81 (0.25) 16.87 0.63 16.6
GIC 1 0.46 (0.18) 19.25 0.02 48 0.71 (0.21) 1531 0.21 8
GIC 2 0.56 (0.39) 19.98 0.73  52.8 3.64 (2.48) 17.99 3.25 2
GIC 3 0.46 (0.29) 1997 0.53 624 2.65 (1.91) 1798 2.8 6
GIC 4 0.36 (0.18) 19.88 0.12  80.6 0.86 (0.57) 17.77 124 244
Oracle 0.33 (0.14) 20 0 100 0.29 (0.14) 18 0 100

n = 2500, Bmin = 0.34, d,, = 34 for 80% censored, d,, = 30 for 90% censored

HT 0.71 (0.15 2074 0 31.2 0.7 (0.19) 18.87 0.1 31.2
GIC 1 0.47 (0.18 21.45 0 60 0.63 (0.18 1755 0.02 9.8
GIC 2 0.36 (0.16 22 0.03 96.8 1.61 (1.25 19.98 159  20.6

)
(0.18) )
(0.16) (1.25)
GIC 3 0.36 (0.16) 22 0.03 974 1.22 (0.91) 1997 119 28
GIC 4 0.37 (0.16)  21.94 0 938 0.44 (0.25)  19.85 029 672
Oracle 0.36 (0.15) 22 0 100 0.31 (0.13) 20 0 100

n = 2500, Bmin = 0.18, d,, = 34 for 80% censored, d,, = 30 for 90% censored

OT 0.71 (0.15) 20.74 0.07 26 0.69 (0.19) 1887 038 21.8
GIC 1 0.49 (0.17) 21.45 0.05 546 0.66 (0.18) 1759 0.16 10.6
GIC 2 0.45 (0.21) 22 056 476 2.27 (1.74) 19.99 2.48 3

GIC 3 0.44 (0.2) 22 0.5 52.8 1.51 (1.15) 19.98 2.03 6.6
GIC 4 0.4 (0.17) 2192 0.17 772 0.5 (0.28) 19.85 0.79  35.8
Oracle 0.36 (0.15) 22 0 100 0.32 (0.14) 20 0 100

n = 5000, Bmin = 0.18, d,, = 39 for 80% censored, d,, = 34 for 90% censored

HT 0.71 (0.18) 2456 0 24.6 0.67 (0.16) 20.7 0.06 27.4
GIC 1 0.44 (0.16) 2547 0 59.2 0.66 (0.18) 19.59 0.01 9

GIC 2 0.37 (0.15) 25.99 0.08 916 0.47 (0.2) 21.99 0.62 4338
GIC 3 0.36 (0.15) 25.99 0.05 94 0.44 (0.19) 2199 049 534
GIC 4 0.37 (0.15) 25.94 0.01 932 0.4 (0.17) 21.93 0.17 792
Oracle 0.35 (0.14) 26 0 100 0.37 (0.16) 22 0 100

RME: relative model error; MAD: median absolute deviation; C: average number of 0
parameters correctly identified as 0; I: average number of nonzero parameters incorrectly
identified as 0; RITM: rate of identifying true model; HT: hard threshold; GIC 1: a,, = 2;
GIC 2: a, =log(n); GIC 3: a, =log{log(n)}log(d,); GIC 4: a, =log{log(d,)}log(d,).
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Table 5.2: Parameter estimation for (., for different choice of a,, in the GIC statistic.

80% Censored 90% Censored
Method  Bmin  s€e  sem 95% Cl. Bmin  S€e  S€m 95% C1,

n = 1500, Buin = 0.34, d,, = 31 for 80% censored, d,, = 27 for 90% censored

HT 0.35 0.07 0.07 92.8 0.37 0.09 0.1 96.1
GIC1 035 0.06 0.06 92 0.35 0.09 0.09 93.4
GIC2 035 0.05 0.06 96.7 0.36  0.07 0.08 48.8
GIC3 0.35 0.06 0.06 96.3 0.38 0.06 0.08 96
GIC4 035 0.06 0.06 94.4 0.36 0.07 0.08 96.8
Oracle 035 0.06 0.06 94.8 0.34 0.09 0.08 94.2

n = 2500, Buin = 0.34, d,, = 34 for 80% censored, d,, = 30 for 90% censored

HT 0.34 0.05 0.05 94.4 0.35 0.08 0.08 94.9
GIC1 034 0.05 0.05 94.2 0.35 0.07 0.07 93.2
GIC2 034 0.05 0.05 95.2 0.34 0.06 0.06 86.2
GIC3 034 0.05 0.05 95 0.35 0.06 0.06 98.3
GIC4 034 0.05 0.05 94.8 0.34 0.06 0.06 95.5
Oracle 0.34 0.05 0.05 95 0.34 0.06 0.06 94.6

n = 2500, Buin = 0.18, d,, = 34 for 80% censored, d,, = 30 for 90% censored

HT 0.19 0.05 0.05 97 0.22 0.05 0.08 95.7
GIC1 019 0.04 0.05 96.4 0.2 0.05 0.07 96.5
GIC2 0.23 0.02 0.05 92.3 0.24 0.03 0.06 19.7
GIC3 022 0.03 0.05 95.1 0.27 0.03 0.06 91.5
GIC 4 0.2 0.04 0.05 96.9 0.23 0.04 0.06 95.4
Oracle 0.18 0.05 0.05 94.2 0.18 0.06 0.06 95.6

n = 5000, Buin = 0.18, d,, = 39 for 80% censored, d,, = 34 for 90% censored

HT 0.18 0.04 0.04 95 0.19 0.05 0.05 96
GIC1 0.18 0.03 0.03 93.6 0.19 0.05 0.05 95.1
GIC2 019 0.02 0.03 96.9 0.2 0.03 0.05 59.8
GIC3 0.18 0.03 0.03 97.3 0.22 0.03 0.05 94.7
GIC4 0.18 0.03 0.03 94.5 0.2 0.04 0.05 96.4
Oracle 0.18 0.03 0.03 93.8 0.18 0.05 0.05 94.2

se.: empirical standard error; se,,: model-based standard error; 95% CI.: empirical 95%
confidence interval coverage; HT: hard threshold; GIC 1: a, = 2; GIC 2: a, =log(n); GIC
3: a, =log{log(n)}log(d,); GIC 4: a, =log{log(d,)}log(d,). The parameter estimation
results are calculated based on replications with nonzero Bmin.
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main effects. Thus, the full Cox proportional hazards model contains 25 covariates in total.
We analyze the data with the SCAD-penalized variable selection procedure with the
four tuning parameter selection criteria assessed in the simulation. The hard threshold
method is also used for comparison. The selected tuning parameters are: A = 0.2560 for
a, =2, A =0.3572 for a, =log(n), A = 0.3572 for a,, =log{log(n)}log(d,), and A =0.3235
for a,, = log{log(d,)}log(d,). The selected models are summarized in Table 5.3. Consistent
with the observations in the simulation study, the GIC with a,, = 2 identifies a larger model
than the other methods. The GIC with a, = log(n) and a, = log{log(n)}log(d,) both
identify the same model with only two covariates (gender and BMI*wait time). The hard
threshold method also selects a model with only two covariates (SBP and smoking status).
In comparison, the GIC with a,, = log{log(d,,)}log(d,,) identifies a model that contains the
smaller models selected by the GICs with a,, =log(n) and a, =log{log(n)}log(d,) and the
hard threshold method, yet not as many covariates as the one from the GIC with a,, = 2.
Based on the results from GIC 4 model in Table 5.3, with other covariates being equal,
higher systolic blood pressure, being a smoker, or being a male is associated with higher
risk of developing coronary heart disease. There is also a cohort effect represented by the
interaction between BMI and wait time. BMI seems to exhibit a negative association with

the risk of CHD in people with longer wait time.

5.6 Discussion

In this chapter of the dissertation, we propose a tuning parameter selection criterion for
the SCAD-penalized variable selection procedure under regular Cox proportional hazards
model with a random sample and a diverging number of parameters. We prove that
the proposed generalized information criterion (GIC) can identify the true model with
probability tending to one as sample size goes to infinity, and establish the conditions

required on the true model signal strength and divergence rate of the penalty term in the
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Table 5.3: Estimated coefficients and standard errors from Framingham Heart Study.

HT GIC 1 GIC 2 GIC 3 GIC 4
Variable B (se) B (se) B (se) S (se) B (se)
BMI 0(-) 0(-) 0(-) 0(-) 0(-)
Cholesterol 0()  0.17 (0.06) 0() 0 () 0(-)
SBP 0.45 (0.18)  0.20 (0.06) 0 () 0 () 0.24 (0.06)
Smoke (Y vs. N)  0.49 (0.24) 0.27 (0.14) 0 () 0(-) 0.30 (0.14)
Gender (F vs. M) 0()  -0.61(0.14) -0.82(0.13) -0.82 (0.13) -0.69 (0.13)
Wait time (years) 0(-) 0(-) 0(-) 0(-) 0 ()
BMI? 0 () -0.07 (0.05) 0 () 0(-) 0(-)
Cholesterol? 0(-) 0(-) 0(-) 0(-) 0(-)
SBP? 0(-) 0(-) 0(-) 0(-) 0(-)
Wait time? 0(-) 0(-) 0(-) 0(-) 0(-)
BMTI*Cholesterol 0(-) 0(-) 0(-) 0(-) 0 (-)
BMI*SBP 0(-) 0(-) 0(-) 0(-) 0(-)
BMI*Smoke 0(-) 0.22 (0.10) 0(-) 0(-) 0(-)
BMTI*Gender 0(-) 0(-) 0(-) 0(-) 0(-)
BMI*Wait time 0(-) 0.11 (0.08) -0.14 (0.07) -0.14 (0.07) -0.13 (0.06)
Chol*SBP 0(-) 0(-) 0(-) 0(-) 0(-)
Chol*Smoke 0(-) 0(-) 0(-) 0(-) 0(-)
Chol*Gender 0(-) 0(-) 0(-) 0(-) 0(-)
Chol*Wait time 0(-) 0(-) 0(-) 0(-) 0(-)
SBP*Smoke 0(-) 0(-) 0(-) 0(-) 0(-)
SBP*Gender 0(-) 0(-) 0(-) 0(-) 0(-)
SBP*Wait time 0(-) 0(-) 0(-) 0(-) 0 (-)
Smoke*Gender 0(-) 0(-) 0(-) 0(-) 0(-)
Smoke*Wait time 0(-) 0(-) 0(-) 0(-) 0(-)
Gender*Wait time 0(-) 0(-) 0(-) 0(-) 0(-)

HT: hard threshold; GIC 1: a, = 2; GIC 2: a, =log(n); GIC 3: a, = log{log(n)}log(d,);
GIC 4: a, =log{log(d,)}log(d,).
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GIC for the model selection consistency to hold.

The theorems developed in this chapter specify a range of divergence rates required
for the sequence a,. Any rate within that range leads to model selection consistency
asymptotically. However, in real-life applications with finite sample size, different choice of
a, may yield different result. Therefore, we conduct simulation to compare four different
choices of a,, three of which satisfy the asymptotic requirement. The simulation results
suggest that when the variable selection performance is close to perfect, there is not much
difference among the three choices of a,,. When the setting is such that the variable selection
performance is moderate, the choice of a,, = log{log(d,,)}log(d,) works much better than
the other choices. Based on this observation, we recommend using a,, = log{log(d,,)} log(d,,)
in practice.

Some of the parameter estimation and inference results presented in Table 5.2 are less
than satisfactory. This observation is related to the so-called post-selection inference prob-
lem (Buehler and Feddersen 1963, Leeb and Potscher 2005; 2006, Potscher and Leeb 2009),
which exists for all inference procedures that involve model selection process. The con-
ventional statistical inference does not take into account the fact that the selected model
itself is stochastic, and thereby distort the true sampling distribution of the estimates.
This topic is beyond the scope of this dissertation. Fortunately, when the variable selec-
tion performance is reasonably good, the parameter estimation and inference results are

acceptable.

5.7 Proof of Theorems

Proof of Lemma 5.4.1. We first consider the penalized estimate under the true

model, BAO, the support of which is {1, ..., k,}. By definition, B,\O solves the equations

M_nbA(ﬂ:O’ j:]~7"'7k”7

0B,
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where by,; = P/{(|B,\0j|)sgn(3,\0j) and f3,; is the jth component of 3y,. Under Conditions
(A) to (H), B)\O possesses the oracle property. Therefore, |B)\oj| — | Boj| = miny¢jcs, |Foj, and
|5ril/ Ao = o0. Consequently, pr(P/((|5AAOj|) =0) - 1 by the formula of the SCAD penalty,
and therefore pr(by,; =0) - 1 for all j =1,...,k,. As a result, with probability tending to

one, 3y, solves the equations

WnlBr) _, j=1,.k

0p;

which are the same equations that Bao solves by definition. This implies that B,\ = Bao with

probability tending to one. It follows that
pr{GIC()\g) = GIC*(ag)} - 1. (5.6)
On the other hand, for any A € {2 and any model «), by the definition of BaA we have
GIC(N) > GIC*(ay). (5.7)

By (5.6) and (5.7), Lemma 5.4.1 is proved. O
The log-partial likelihood function under Cox proportional hazards model can be writ-

ten in the summation format as

() = [ (1) - log X, Vit exp 87 Z, (1)} A

1=

Since the log-partial likelihood is a sum of dependent random variables, we introduce the

following intermediate function to facilitate the theoretical derivation:

£.(8) = Y[ Zu(1) ~log{ns¥ (5.1} A

i=1
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where s (3,t) is defined in Section 5.3. It is obvious that E{7,(8)} = E{¢,(83)}. Define
supp(f) to be the support of 8 consisting of indices of nonzero components of 3. Define
the set Bo, (N) = {8 eRd : |35 | <N, supp(f) = ax} u{BY, } for some N >0. We

then define

ZaA,N(ﬂ) =

En(ﬁ) - fn( gu) - [E{gn(ﬂ) _gn(ﬂgx)}]

1
n

for any 8 € A,,(N). Fan and Tang (2013) studied the stochastic order of the supremum of
Zoy N(B) over all § € B, (N) in a generalized linear model by using the Lipschitz property
of the log likelihood. In Cox model, however, the log partial-likelihood does not possess
Lipschitz property (Kong and Nan 2014). Therefore, we only consider pointwise stochastic
order of Z,, n(B) for any given 5 € A,,(N), which is adequate for our purpose because

our focus is only on the penalized estimator.

Lemma 5.7.1. Under Conditions (A) to (I), uniformly for all model cy,

00) "]

n

1
S;IP a_AZax,N(ﬁ) = Op [N{

Proof. We first restate some of the theorems from Van de Geer (2008) that will be used in
our proofs.
Theorem A.1 in Van de Geer (2008) (Bousquet concentration theorem):
Let X1,..., X, be independent random wvariables in space 2 and let I' be a class of

real-valued functions on X~ satisfying for some positive constants n, and T,

1o
1Yo <1 and EZVEH{’Y(XZ')}ST,% Vyel.
=1
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Define Z = sup, e [~ S {71(X0) = By (X))} |- Then for any & >0,

2e2n,,
pr [Z >EZ +¢ {2(7’3 + 277nEZ)}1/2 + %] < exp(-ne?).

Theorem A.2 in Van de Geer (2008) (Symmetrization theorem):
Let X4, ..., X,, be independent random variables in space 2" and let €1, ..., €, be a Rademacher

sequence independent of Xy, ..., X,, where pr(e; =1) =pr(e; = -1) =1/2 for all i. Let T' be

|

a class of real-valued functions on 2. Then

2 [sg 3241 - Ev()@)}\] < 2E{s;§> (X,

Lemma A.1 in Van de Geer (2008):
Let X4,..., X, be independent random variables in space X and let v, ...,Vm be real-

valued functions on 2~ satisfying for k=1,...,m,

Ee(Xi) =0 Vi ke <1n

SRS

Z EvZ(X;) <72
i1

Then

1<k<m n n

E { max |% ZQ;%(XZ») } < {273 log(2m)} , T log(2m)

We then introduce the following two intermediate quantities:

0a(B) = (8, - [BL(8) - 6 (B |
0a(B) = £a(,) = {0a(8) ~ 655}

Qe () =~

RaA,N(B) = %
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We will study the tail probabilities of the above two quantities separately.

We would like to use Theorem A.1 in Van de Geer (2008) to establish a probability
bound for Q., n(F). However, the theorem involves the expectation of the quantity under
study. Thus, we first derive a bound for E{Q., v(8)}. Let €1,....e, be a Rademacher
sequence, independent of £1(8) = 01(5Y,), ..., (a(8) = €,(8Y,). By Theorem A.2 in Van de

Geer (2008) with X; = £,(8) - £,(5,), 7 being the identity function, and I' = {~},

L(8) = Tu(38,) = [BAu(3) - £u(30,)) ]| < 2

B{Qu ()} = < F

iei{zz(ﬁ)—a( 2A>}|

-2g gei([ﬁTzi(ti)-1og{nsg°>(5,ti)}]Ai- [(82,)7 Zi(t) ~log {ns(80, 1) }] &)

= anez- {87 Z:(t:) = (B2) T Zs(t:) } A + 2ply € {logsgo)(ﬁ,ti)—logsqgo)(ﬂgk,ti)}Ai
L ) no |3

=1 +1

We first consider [;. By Cauchy-Schwarz inequality,

2 |» lau Y 1&
I=-E ;ei{Z;(Bj - gu‘)Zij(ti)}Ai =2E z_; {(ﬁj - ng)ﬁ Z;Eizij(ti)Ai}

1/2

[loal ((n 2
<218~ 8, IE| 335 ezy(ea

j=1 Li=1

}2 y
L

Since E{GlZZ](tl)AZ} = E(EZ)E{ZZ](tl)AZ} = 0, “EZZZ](tZ)Al”oo < ”Z”(tl)”oo < Kn; and

i € Zij(ti)A;

i=1

i € Zij(ti)A;

i=1

IEX 1
<21B- & |E Z{ max +

i1 Usislaaln

1
=2||ﬁ—ﬁgk|||ax|1/2E{ a1

1<j<lax| 1

nt Yt Bl Zi(t) A} <n P T E{Zi;(1:)?) < n7t EL B[ Z;(6)[% < K7, by Lemma A1

in Van de Geer (2008) with X; = ¢,A;Z;(t), 7(-) equal the k-th component of its argument,
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} g {m log(2la) }”2 . Kalog(2las))

1 n
E — iZij (L) A
{max z;e i(t:) - -

1gg<lax| | 52

It follows that,

2log(2 2 og(2
I < 2on 2N K, [{%} N og(nlouD]‘

Next we consider [5. By mean value theorem, for some 3} that lies between 5 and

£ we have that

o] s (B2, 1) o] s (Bt
’LA J Oé/\] —/\ =2B ‘ OQJ Z—A ’
Ze Z(ﬁ O (5s 1) ; ) Z s Bz, 1)

where sfllj)(ﬁ,t) denotes the j-th component of s,(ll)(ﬁ,t), which is defined in Section 5.3.

By Cauchy-Schwarz inequality we have that

o n 1) i
L<2|5- 50 |E z{ e L}

= st

971/2
-] 31 e 1350 2 )
S2 B_/BO( E max — - 2 -
A j=1 | 1sisleal n| i3 )(/Boo\vti)
ZQHB—BgJHOK,\P/QE max — Z )—* ‘
1gjglax| n | iH Sy, (ﬁa)\’ti)

By the definition of sfllj)(ﬁ, t) we have that

s$(8,t) =E[Y (1) Z;(t) exp{BTZ(t)}] < K.E[Y () exp{BTZ(t)}] = K,s(B.1).
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Therefore, we have the following fact for all i =1,....n and j =1,...,d,:

* 1 "
5o (B th) ”(ﬁw t;) K5 (82,
E E’LAZ(O)— 207 ) (0) )
Sn ( gf)\7ti) Sn (604/\7 1) o Sn (5;>\7t1)

(1) (1) (0) / 2+ 2
1& 7 (Ba, ti) 1 & (Ba,ti) 13 | Knsn (B2, ) )
N ElgA, 2L 7 N B 2 — = K.
nFZl { (0)(5awt )} . nFZl {Sn)(ﬂapti)} nlzl |: 20)( ;Mti) ]

By Lemma A.1 in Van de Geer (2008) with X; = ¢;A; 37(3)(5Wt ){3(0)(@;,@-)}‘1, Y (+)

equal the k-th component of its argument, 7, = K,, and 72 = K2,

s
1 n (/Ba)\7t )
E X — ZAl—
{ D T

1<j<lan| 1 n n

} {2K2log(2|ax|>}”2 K, log(2lan])

It follows that,

1/2
I < oy 2N K, [{M} . 1og<2|m|>] |

n n

Therefore, for any 5 € %,,(N),

2log(2la) }”2  log(2lan])
n n '

E{Qa,~n(B)} < I + I, <4|ay|'AN K, l{

Now we check the two conditions for Theorem A.1 in Van de Geer (2008). By Cauchy-

Schwarz inequality and mean value theorem, for all ¢ we have

)| <87 Ziti) - (82,)7 Zi(t:) |2 + [log 58 (8, 1:) = og 17 (8, 1)} |

o Pl - g0 s (B 1)
< ﬁ_ﬁgA Zij ti 2] ‘ J ang ay)
| ||L;{ (t:)} )(ﬂwt‘)

= aa["?18 - Ba, [ 5 + o218 - B2, |1 K

<18 - Ba, 1 K + 18 - B2,
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<2l ['2NK,.

Therefore, [£;(8) (83, )]l < 2lon|'2N K, and var{£;(8)~£:(52,)} < E{€:(8)~:(83,)}? <
Aoy |N2K2. Let a := n~2 {21og(2lan|)}'* + n-1log(2len]), 7 = 2lar[/2NK,, and 72 =

4lax|N2K2. Then by Theorem A.l in Van de Geer (2008) with X; = £,(83) - £,(8Y,), v

being the identity function, and I" = {7}, for any ¢ > 0,

4 2 1/2NK
pr [QO%N(B) > 4|an| AN Kpa + e{2(4|an| N2 K2 + 16|ax| N2 K2a) 2 + c |Ou|3 o

= pr [QM,N(B) > 2|y ['2NK,, {2& +e(2+8a)? + 2?82}] < exp(—nge?). (5.8)

Next we consider R, x(3). By mean value theorem, for some 3 that lies between

B9, and 8 we have that

n

Ra/\JV(ﬁ) = % Z

e

1 & Yj(t) exp{ BT Z;(t;)}
( [ ]Zl 0 (B, ;) ]

| oY) exp{(82,)7Z, ()
_10glgjz_; (0)( 0 7t) ) 7
n V(1) expl 72,1} 20 0l (,)72,0)
< sup |log | 23 =5 ]‘k’g R ‘

(0) (0)
= sup 10%{3 (/B’t)} log{w}

O<t<t )(ﬂ,t) 57(10)(62>\7t)
S (B 1) ”(6:“,0}

= sup |(6 - ﬁSA)T{

O<t<r S(O)(ﬂav) )(600\’)
o (S0(Ba,. ) 88 (B, 1) 1"
< 1= 6] Z{ D0 “”(ﬁkt)}

x| 1
= -B0 = eMyp (1)
- OSSEET Hﬁ 600‘ ” {Z (S(O)(ﬁa/\7t) [Sn] (604)\7 ) (ﬁam )

1/2

(1) 2
(501)\7 ) (O) - _S(O) - ])
(O)(/Ba)\7 ){ n (ﬁa)\a ) n (/804)\’ )}
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loex] 1
< sup |- 50 o
Ostg 16-5 2 ” {; (Séo)(B;A,t) L<J<|a |

1/2

1 1
SO 1) s Wt)‘

2
+ K|SV (B, t >—s£0>(6;,t>H) }

SO (31— s (3 ;A,t>|

1
_ 0 1/2
= su - « —
ouip 10 = Pealle S (B, {1<J<|a|

5@ ¢ )—sw(ﬂwt)‘}

1
<|B- a2 su ————— sup { max S(l) ot —5(1) st
5=l s s o e [5055,0~<8) 67,09
+ K|S (B2, 1) - s (B, t)‘} : (5.9)

Under Condition (I) we have that
1& 1& 1&
S (Banrt) 2 ~ 2 Y1) inf exp{57Z(1)} = =~ 3 Vi() exp{-sup 57 Zi(1)} = Uy~ - Vi(0),
nia B.2: nia B,Z; nia
Since Y'(t) is a non-increasing function of ¢, we have that

inf S(O)(ﬁ z€)>U1 ZY(T

Ost<r =1

and therefore

figoo)

sup ———— <
osizr SO (Bs,.1)

Define p:= E{Y(7)}. By Lemma 3.2 in Kong and Nan (2014),

1 & ] 1& o9 nju?
pr{;;}Q(T)Si}:pr[{E;Y;(T)} Z;]SQeXp(_T)'
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Therefore,

1 2U, ( n;ﬁ)
pr1 sup > <2exp|l-———].
O<t<r Sflo)(/ﬁgévt) 7] 2

By a modification of Lemma 3.3 and 3.4 in Kong and Nan (2014) we have that for any

positive constant e,

- { sup [SO (3 1) - O 1) > Uns} < L2 exp(cne?),

o<t<r

1
pr{sup max 5751.)(&*%,25) - 5(1.)(5%,25) > UnKna} < g|oz,\|W2 exp(-ne?),

ost<r 15j<lan] | ™ "
where W is a constant determined by the bracketing number of the class of functions
indexed by t, . = {Y(t)exp{BTZ(t)}U;' : t€[0,7],exp{STZ(t)} <U,}. Applying these
results to (5.9) we have

2N|ax|2U2K e
7

pr{RahN(ﬁ) > }SQexp (—nT’uQ)+%(|a,\|+1)W2eXp(—n62). (5.10)

Since Zy, N(8) < Qu, N(B) + Ra, n(B), by (5.8) and (5.10) we have that

2 2 2
pr [Z%N(B) > IN K|y /2 {2a +e(2+8a)% + % + U"E}]
1

2
<2exp (—%) + {é(|a,\| + W2+ 1}exp(—n52).

To establish the stochastic order of Z,, n(/), we use the following result: for any random
sequence X,,, a,, b, and a diverging sequence ,, pr(X, > a, + b,7,) = o(1) implies that
Xn = Op(a, +b,). Let e = {Jay|log(d,)}'/>n=1/2~,, where v, is any diverging sequence.
Then,

o[ log(dy ) (2 + 8a) }”2  Aon|log(d)2

pr(ZaA,N(B) > 2N Koy |2 [2a+%{ - ”
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Ua{lax[log(dn) /v
+ i

2 1
< 2exp (—%) + {g(|a>\| +1)W?2+ 1} exp{-|a,|log(d,)v2}. (5.11)

Since @ = nY2 {2log(2lan|)}* + n-log(2lax|) and log(2lan|) < |ay| for all ||, we have

that @ < (2]ay|)/2n 12 + 2|ay|n=' < 2(2|ay])/2n-1/2. Hence,

x| log(d,) (2 + 8a) }”2 2l log(da)r2

pr (ZaA,N(B) 2 2]\']l(n|05)\|1/2 l2a+7n{ n 3n

Uz {lax|log(dn)}' /v
* SV

loa|Tog(dn ) {2 + 16(2]ay|)/2n-1/2} 12

n

> pr

2|Oé)\| 1/2
Zar,n(B) 2 2N Kooy |2 4(—) +'yn[
n

L anl2di*log(da)r2 | U2{Jan|log(da)} 2,
3n nt2p

ONK,Ja o
=pr [ZOO\,N(B) 2 % (4 w 2M2 4oy [log(dn){Z +16(2|ax|)?n 1/2}] /

(5.12)

+2d3/2 log(dn)va | Uz{log(dn)}'"*ym
3nl/2 0 '

By (5.11) and (5.12) we have that

QNKn|Oé)\|

1/2
. [Z“”N(ﬁ > (4 2215, [log(dn) (2 + 16y 2012} ]

+2d71/2 log(dn)vs , Un{log(dn)}'* 1
3nl/2 ]

ny’ 1 2 2
<2exp (=225 ) +{ 2 (loal + W2 + 1} exp{-falTog(du)2}.

Now we derive the probability bound for the supremum of Z,, (/) over all possible

model |ay|. We use the fact that (dk”) < (dne/k)* for any 0 < k < d,, where e is the Euler’s
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number.

1 2NK,,
pr [sup —Zay N(B) 2 —— (4 + 212 4y [log(dn){Z + 16(2|04,\|)1/2n_1/2}]1/2

ax |CYA| 711/2

+2d71/2 log(dn)vi , Unflog(dn)}'*n
3nl/2 i

dn, INK,|o R
< 2 pr [Z%N(ﬁ) 2 % (4 « 212 1y, [log(d, ) {2 + 16(2|ax]) 20112} ]

Jan|=1

2d,* log(d,)v2 U2 {log(dn)} />3
" 3nl/2 " I

§ z (7)o (-245) + {30+ 02 1 exp -2

B () oo () (oo ot )]
- :21 (% ' [zdﬁ exp (—"7“2) + {%(k F1)W2 4 1}d$3‘”21”“] . (5.13)

By Condition (H), {(d, +1)log(d,)/n} = o(1). Thus dé"*! = o{exp(n)} and the first term
in the square brackets in (5.13) is o(d,;!). Since 7, diverges to infinity, the second term in
the square brackets in (5.13) is also o(d;'). Moreover, (e/k)* < 1 for all k£ > 3. Therefore,
it is easy to see that (5.13) goes to 0 as n — oo. Since 7, diverges at an arbitrary rate, it
follows that,

2NK,

ni/2

1 1/2
sup —Za, n(5) = Op
ax CYA|

24 log(d,) | Uz{logwn)}l/?)

(4*21/2+ [log(d,){2 + 16(2lax]) 2n772}]

_o, [N {M}lﬂ]

3nl/2 i n

since {d, log(d,)/n} = o(1) under Condition (H).
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Lemma 5.7.2. Under Conditions (A) to (I), uniformly for all model a,

1 5 log(d,)\*
“op ENEE | Bax = Ba ]l = On [{ n } :

Proof. Denote HBM 0. | = Nna,- Since BM maximizes (S, ), we have that £,(33,) <

n(Ba,). Since /39, minimizes the Kullback-Leibler distance, we have that E{(,(53,)} >
E{(,(Ba,)} and OE{(,( 9,)}/9p8 = 0, where the expectation is taken under the true model.

It then follows that,

0< E{gn(ﬁgx) - gn(BaA)} < gn(éax) - E{gn(gax) - [gn(ﬁgk) - E{gn(ﬁgk)}]

<7y N, (Bay)- (5.14)

By Taylor expansion, for some f3; that lies between Bm and 33, we have that

E{ln(Bar) = €a(52,)}

= (o= ) B L T G
5 By = BT (B2,) (B - B2,)
< =2 By - B8, [ eigen {1.(82,)}
<-TN2, Ci. (5.15)

The last two inequalities in (5.15) hold by spectral decomposition on 1,,(5;, ) and Condition
(E). By (5.14) and (5.15) it must hold for B4, that Ny.a, < {2Za,n, ., (Bay)}¥/2C; "%, Then

by Lemma 5.7.1 it can be shown that sup, || ™/2|Ba, = 82, || = O, [{log(d,,)/n}1/2].
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Lemma 5.7.3. Under Conditions (A) to (I), uniformly for all model o,

sup ||£ (Bar) = £a(83,)] = Op {log(dn)} -

ay Q)

Proof. Define the event <, := {sup,, a2 Ba, - B | < yn{log(d,)/n} 2}, where v, is

any diverging sequence. Denote @Z¢ as the complement of <7,. Then for any positive

>€} <pr{sup| |
€5}

we know that £,(59,) < (n(Ba,) and E{.(83,)} 2

number &,

) = a(B2,) n(Ba

pr {sup > | ,an} + pr(<Z°).

"

By the definition of Bak and 9

a)y?

E{(,,(54,)} for any model ay. Thus,

gn(éax) - gn(ﬁg)\) < En(ém) - E{én(ém) - [En(ﬁgk) - E{gn(ﬁgk)}] < nZOf)\,Nn,a)\ (Bax)a
(5.16)

where Ny o, = |Bay = 82, |. Define N;; = v,{log(d,)/n}"/2}. By Lemma 5.7.1, we have that
sup,, loa|™ Za,, N*(ﬁak) Op{7nlog(d,)/n}. Therefore, we also have that E {sup, n|os|" Za, n; (BAOQ)} =
O{vnlog(dy)}. Since sup,, n|oz>\|‘1ZaA,N;L(ﬁaA) is a positive integrable random variable, by

Markov inequality,

n 5 n - O{~, log(d,
pr {sup —Zay Nz (Bay) 2 E} <E {sup Loy, Nz (ﬁak)} el = {7 log( )}
Qax a>\| a) O()\| <
Let € = 77 log(d,), then
pr {SUP ] Zas vy (Bay) 270 log(dn)} <O(,") =o(1). (5.17)
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By (5.16) and (5.17), it can be shown that
prfsup ol Bu) )| 2 52108 4 = o).
ax
By Lemma 5.7.2, pr(<Z¢) = o(1). Therefore,

pr{sup Zﬁlog(dn)} <o(l)+o(1) =0(1).

oy

It follows that sup,, || ™[€n(Bay) = £.(82,)] = O, {log(d,)}.

Lemma 5.7.4. Under Conditions (A) to (I), uniformly for all model o,

0} = 0, [{nlog(dn)} 2]

1
S —_—
(ip |04A|1/2 !

Proof. Since £,(33,) is a sum of dependent random variables, we decompose the quantity

in the statement of the lemma as follows,

Sgp 1/2|€ A)_E{gn( gk)}|

SSBF—MW {Jen(80,) - 2820+ |E(82,) - ELL.(52,))]}
1

_ solip |Oé)\|1/2 (]1 + ]2)

We first consider ;.

n 0)( n0 L. (0)
_ Z]_Og Sno (60&7 Z) AZ sup log 5 (/BOQ\’ )
= ST(L )(52 ti) 0<t<T S( )(ﬁa)\,t)

log{ S\ (80,,1)} - log{s” (4,1} (5.18)

<n sup
0<t<r

(0) (0) (0) (0)
By mean value theorem, log{.Sy" (33, ,t) }-log{sn” (B3, ,t)} = () H{Sn (B, t)—sn (B2, 1)},
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where S lies between Sflo)(ﬁgk, t) and s”(5° . t). By Lemma 3.3 in Kong and Nan (2014)

a))

we have that for any positive number ¢,

pr {sup S(O)(ﬁak, ) - )(ﬁak,t)‘ > Une} < %WQ exp(-ne?), (5.19)

o<t<t

where W is a constant determined by the bracketing number of the class of functions
indexed by t, F = {Y(t)exp{STZ(t)}/U, : t € [0,7],exp{BTZ(t)} < U,}. Tt follows from

(5.19) that S,SO)( 9., 1) converges to 3(0)(5%,15) in probability uniformly on ¢ € [0, 7], and

therefore so does S;:. By Condition (D), s )(BOW t) is uniformly bounded away from 0. Let

C5 be a constant satisfying 0 < C5 < info<, S, )(ﬁ t). Define the event o7, := {S* > Cs}.

ay)

Denote o7¢ as the complement of .«7. Consider

pr[osgg log{ 5" (82,,1)} ~log {1’ ( Wt)}‘ ]
(0) SO
‘pr[i‘ﬁE S—{S (Bay:t) = sn (Ba,s }‘ ]
<o s [ (57300 - (68,00 |2 52t | et
O<t<r 5
= Iy + 1o

By (5.19) we have

55{5”)( 0 1) =B, 1)}

(0) (0)
S ( )y )_Sn (ﬁg/\,t)’ ZUnE}

e

0<t<r

Ly < pr | sup > 1

=pr { sup

o<t<r

1
< —W?exp(-ne?).

(S

Further, we have that 15 = o(1) since S} converges to sy )(6 t) in probability uniformly

ay)
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on t € [0,7]. Therefore, by replacing € with n='/2¢, from (5.18) we have that

W2 exp(-¢?). (5.20)

Next we consider I. For any 4, |(;(69, )| < |(62A)TZi(ti)—log{s%O)(ﬁgx,ti)}| <|(BY,)T Zi(ta)|+
[log{sn” (82, t:)} < [log(Un)| + [log(E[exp{ (83,)" Zi(t:)}])| < 2[log(U,)|. It implies that
~2log(U,) < £;(BY,) < 2log(U,) for all i. Therefore, by Hoeffding’s inequality, for any

positive number &,

g2 e’
pr([z > 8) < 2exp l—2 Z?:l 4{10g(Un)}2] = 2exp [_W] ‘

By replacing € with n'/2¢ we have

. 2 ) 2
pr(ly > n'?e) < 2exp [—2 s 4{10g(Un)}2:| =2exp [—W] : (5.21)

From (5.20) and (5.21) we get

nl2U,e

5

1 2
pr ([1 + 15> + n1/25) < 3W2 exp(—€?) +2exp l—g—] .

8{log(Un)}*

Let & = {v,]ax|log(d,)}'/2, where v, is any diverging sequence. Then,

pr [[1 + I > {ny,|on|log(d,,) } 2 (% + 1)]
5
1
5

’7n|a/)\| log(dn) :|

< W2 exp{—alax|log(dn) } + 2 exp | -2 mnas
exp{—7n|ax|log(d,)} + expl 8{log(U,)}?

By using the fact that (d,:) < (dne/k)* for any 0 < k < d,, we have that

: 1/2 Un
pr SBPW(A +1y) > {nv, log(d,)}" (55 + 1)]
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M:

[Il + I 2 {nyalas| log(d,) }? (% * 1)]
5

e 2 Yok log(d,)
(T) ( W? exp{-7uklog(dn)} + 2 exp l W])

1( ] (5.22)

) [ W2dk kyn + 2d " 8{log(Un)}?
Since 7, diverges to infinity, the two terms in the square brackets are both o(d;!). More-

IN
>
§ M: £

o

k

over, (e/k)¥ < 1forall k > 3. Therefore, (5.22) goes to 0 as n - co. Hence, sup,,, [o|"/2(11+

1) = O,[{nlog(dy)}'/2]. It then follows that supq, [a|"Y2|. (82, )-E{€.(82,)}] = O, [{nlog(d,)}/2].

O
Proof of Theorem 5.4.2. For all model oy, we have that
sup T A||e (Bax) = B (B2}
=sup A| )= La(8,) + (B2, - E{en<ﬁgk>}|
< sup n(Ba )|+ sup |1/2 (5.23)

Op{log(dn)} + Op[{n IOg(dn)}l/Q] = Op[{nlog(dn)}l/Q]

By Lemma 5.7.3 and 5.7.4, (5.23) =
a

under Condition (H).
Proof of Theorem 5.4.3. We first restate the corollary of Lemma 1 in Laurent and

Massart (2000) that will be used in our proof.

Corollary of Lemma 1 in Laurent and Massart (2000):

Let U be a x? statistic with D degrees of freedom. For any positive ¢,

pr{U — D > 2(De)"/? + 2¢} < exp(-¢).
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By Taylor expansion, for some 35 that lies between BM and Bao,

Cn(Bar) = n(Bao) = (Bay = B0)7€,(50,) + 5 (5%— o) (82, (Bay = B2,)
dn

S S8 Y i(Bans = B0 5) Bk~ B2 1) Bt = 2,)

i=1 j,k,l=1

ODIH

:Il+[2+13-

Since ay 2 ag, 82 = [y, the true parameter. As the regular Cox proportional hazards

[e5N
model is a special case of that with a case-cohort design with the subcohort sampling proba-
bility being one, from Theorem 3.3.1 in Chapter 3 we have that | (g, =39 | = Op(lan|/?n=1/2)
for any a, 2 ag. By using Lemma 3.7.5 and 3.7.6 in Chapter 3 we can derive the stochastic

orders of I, I, and I5 for any a, 2 aq as follows. I < | Ba, - 3° GBI  = Op(Jan). We

decompose [y as

Ty = 5By = B0 )T L0,) 4 (500} By = 50,) = 5 B~ B 0T (50,) B, ~ 50,)

= Iy — Ias.

Since g < [ Bay — 8, [20,(n2]as]) = O,(|aal?n"1/2) = 0,(Jas]) under Condition (H) and
Ly > 0| Bay = B9, [2eigen, {In(82,)}/2 > 1| Bay = B2, [2C3/2 = Oy(|av]), it follows that
Iy = 0,(I22). Also, in the proof of Theorem 3.3.1 we established that lZ”( )ik s Op(1).
Thus, I3 < O {(Jax|/n)*|cx]??n} = Op(JaalPn=12) = o,(|ar]). Thus, I3 = 0,(ls2). Let
Ry = Iy + I3 = 0,(122) = 0,(|vy|), then

Cn(Bay) = a(Bay) = (Bay = B5,)741.(52,) - (ﬁar o) L (B2,) (Bay = B0,) + R (5.24)

On the other hand, since Bak maximizes £,(fa,), by Taylor expansion, for some 3z
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that lies between BOM and Bao

0=, (Bay) = £n(82,) + {01(50,) + nLu(B0,)} (Bay = B2,) = 1dn(50,)(Bay = 52,)
n dp .
(Z Z gm(ﬁa)\)ﬂcl(ﬂau Bau)(ﬁoo\k_ﬂg)\k),---,

i=1 j,k=1

i=1 1

T
z ; glll(ﬂa/\)jkdn(ﬂa,\j /BCM)\])(BOO\]’C - ﬂg)‘k))

= Jl +J2—J3+J4. (525)

Denote the vector J, as (v4,...,Vq,)T and Js as (vi,...,va,)?. Since we have shown

that Io; = 0,(l52), it follows that Z'”'(ﬂam B Wi = op{Zm'(ﬁaU 89, ;)v;}. Since

er(BY,) +nly(BY,) and nl,(5Y,) are both symmetric matrices, under Condition (E) we

have that v; = 0,(v;) for all j, and therefore J; = 0,(.J5) component-wise. Since I3
0p(1I22), similar argument gives that Jy = 0,(J3) component-wise. Let Ry = Jy + J; =
0p(J3), then Jy — J3 + Ry = 0 by (5.25). Using proof by contradiction, it is necessary that

Ry = 0,(J1) = 0,{£;,(BY,)} component-wise. By solving (5.25) we have that Bay - =

Ol)\

nH{L,(6, ) H{0,(83,) + R} Plug this result into (5.24) we get

() = 00 (Bas) = {480, + oo (1,300} 0(80,)

- S0 + By L (80,1 (B0, ) (T (B0)Y HE(80,) + R} + B
= (B0 (50} (0,) + BE LI (50,)) (B0,)

- SO L)Y E(50) ~ RE (T (50,)) (60,

-SRI L)) R+ By
= ST} ) ~ SRE (30,0} e+ Ry

:Kl—K2+R1.
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Since Ry = 0,{/;,(8Y,)} component-wise, Ky = 0,(K;). Furthermore, by spectral decom-
position and Condition (E) we have that Ky > |[£,(53,)]*n  eigen,,;, [{1.(55,)}71]/2 =
1€, (B8P [eigen o, {10 (82,) 117 /2 2 Op(lanln)n ™ O3t = Op(Janl). Thus, Ry = 0,(K7)
since Ry = op(|ay]). Since for any ay 2 a, I, (59, ) is the covariance matrix of n=1/2¢;, (59, ),
it follows that 2K converges to a Chi-square distribution with degree of freedom |av,|—|avl.
Therefore, EH(BAQA) —fn(éao) converges to a Chi-square distribution with degree of freedom
|aa| = || for any ay 2 ag. Then, by the corollary of Lemma 1 in Laurent and Massart

(2000) as restated in the beginning of the proof, for any positive number &,

P [ £0(Bay) = €a(Bao) 2 o] = o] + 2 {(|as] = o] )} 2 + 2¢ ] < exp(-2).

Let € = v, 1log(d,,) (Ja| - |aw|), where v, is any diverging sequence. Then

P [£0(Bay) = Ca(Bao) 2 ] = lao] + 2v/ (o] = [ao]) 7 108 (dn) + 23 log (dn) (s] ~ [exo]) |
=1 (40 (Ban) = CaBan) > (Jan] = laol) [ 1+ 2 {7 10g(d)} 7 + 27, 0g(dn) )

< exp {=7yn log(dn) (laa| = |v]) }

Therefore, by using the fact that (d,:) < (dpefk)k for any 0 < k < d,,, we have that

pr[ gn(ﬁoo\) - gn(/BOéo) >1+2 {'Yn log(dn)}1/2 + 27” log(dn)]
ay2ap |Oé)\| - |Oé0|
dn, N ~
< Z pr(ﬁn(ﬁax)—gn(ﬁao) > (|C¥)\|—|CY0|) [1+2{"}/n10g(dn)}1/2+27n10g(dn)j|)
lax |=lowo]+1
o rd.e\"
< ) (—) exp {~7n log(dn) (k — |aol) }
k:|a0|+1 k
& 6)’“ {—(k-laol)
] €V ot 5.26
k=|§02|+1 (k ( )

Since 7, diverges to infinity and k = O(k-|ag|) as k - oo under Condition (H), ¢t~ *leohm}
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o(d;1). Moreover, (e/k)* <1 for all k > 3. Therefore, (5.26) goes to 0 as n — oo. It follows

that

sup ﬁ {02(Bay) = £n(Bag) } = O, [1 +2 {log(d,)}'* + 210g(dn)] = 0,{log(d,)}.

a)2ag |O‘>\| -
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CHAPTER 6: SUMMARY AND FUTURE RESEARCH

In this dissertation we have studied the regularized variable selection procedure in both
Cox proportional hazards model and additive hazards model with a case-cohort design
and a diverging number of parameters. We focused on the smoothly clipped absolute
deviation (SCAD) penalty, but the results can be extended to other penalty functions as
well. We investigated both the asymptotic properties and finite sample performance of the
variable selection procedures. Due to the non-predictability of the weight function p;(t)
in the estimating equations, we employed modern empirical process techniques instead of
traditional martingale theorems in most of the theoretical development. To accommodate
the common features of case-cohort studies, we considered high censoring rates and large
sample sizes in the simulation studies.

In Chapter 3, we proved that the SCAD-penalized variable selection procedure can iden-
tify the true model with probability tending to one as sample size goes to infinity under Cox
proportional hazards model with a case-cohort design and a diverging dimension. The con-
sistency and asymptotic normality of the penalized estimator were also established. Based
on the simulation results, the BIC-based tuning parameter selection method outperforms
the AIC-based one. The variable selection procedure was applied to the Busselton Health
Study. In Chapter 4, we extended the SCAD-penalized variable selection procedure to
additive hazards model with a stratified case-cohort design and a diverging dimension. We
again proved the model selection consistency of the procedure as well as the consistency and
asymptotic normality of the penalized estimator. We proposed a penalized cross-validation

method for tuning parameter selection for additive hazards model and evaluated its finite
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sample performance via simulation. It is found that the proposed penalized tuning pa-
rameter selection method outperforms the conventional five-fold cross-validation method.
The variable selection procedure was applied to the Atherosclerosis Risk in Communities
(ARIC) study. In Chapter 5, we shifted our focus to the tuning parameter selection for
regularized variable selection method under Cox proportional hazards model with a diverg-
ing number of parameters in a random sample. We proposed a generalized information
criterion (GIC) for tuning parameter selection and proved that, under certain conditions
on the signal strength of the true model and the diverging sequence a,,, GIC can identify
the true model with probability tending to one as sample size goes to infinity. We then
conducted simulations to compare the variable selection performance of GIC with four
different choices of a,,: 2, log(n), log{log(n)}log(d,), and log{log(d,,)} log(d,). It is found
that the GIC with a,, = log{log(d,,)}log(d,) gives better overall performance and therefore
we recommended it for practical use. The proposed tuning parameter selection method
was applied to the Framingham Heart Study.

There are several future directions where we can extend the research presented in this
dissertation.

First, we have only investigated in this dissertation the scenarios where the dimension
of the model is smaller than the sample size (p < n). With the increasing availability of the
so-called “Big Data”, it is desirable to extend the proposed variable selection procedures
and the tuning parameter selection methods to the high-dimensional realm where p > n.
The theoretical framework used in this dissertation will no longer be valid for this scenario.
More advanced dimension-reduction techniques need to be developed for the case-cohort
design with failure time outcome. One potential starting point could be to introduce the
iterative sure independence screening (ISIS) method proposed by Fan and Lv (2008) into
the Cox proportional hazards model and additive hazards model with a case-cohort design.

Second, we can extend the current variable selection methods to a case-cohort design

143



with multivariate failure time outcome. Multivariate failure time data arise frequently from
biomedical research. For instance, elderly people may develop both coronary heart disease
(CHD) and stroke; patients with kidney failure who are on dialysis may experience multiple
events of infection. The potential correlation among failure times of different events poses
additional challenge in the theoretical development. Meanwhile, a more efficient weight
function is available for the case-cohort design with multivariate failure time outcome (Kim
et al. 2013), the properties of which have not been studied in the context of regularized
variable selection and tuning parameter selection.

Last, as a natural continuation, the proposed GIC statistic for tuning parameter selec-
tion in Chapter 5 needs to be extended from regular Cox proportional hazards model to
one with a case-cohort design. The main challenge is to incorporate the weight function
pi(t), which is not independent across subjects, into the empirical process techniques used

to derive the probability bounds of various random quantities.
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