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ABSTRACT
LIHENG CAI: Structure and Function of Airway Surface Layer of the Human Lungs

& Mobility of Probe Particles in Complex Fluids
(Under the direction of Michael Rubinstein)

Numerous infectious particles such as bacteria and pathogens are deposited on the

airway surface of the human lungs during our daily breathing. To avoid infection the

lung has evolved to develop a smart and powerful defense system called mucociliary

clearance. The airway surface layer is a critical componentof this mucus clearance

system, which consists of two parts: (1) a mucus layer, that traps inhaled particles and

transports them out of the lung by cilia-generated flow; and (2) a periciliary layer, that

provides a favorable environment for ciliary beating and cell surface lubrication.

For 75 years, it has been dogma that a single gel-like mucus layer, which is com-

posed of secreted mucin glycoproteins, is transported overa “watery” periciliary layer.

This one-gel model, however, does not explain fundamental features of the normal sys-

tem, e.g. formation of a distinct mucus layer, nor accurately predict how the mucus

clearance system fails in disease.

In the first part of this thesis we propose a novel “Gel-on-Brush” model with a

mucus layer (the “gel”) and a “brush-like” periciliary layer, composed of mucins teth-

ered to the luminal of airway surface, and supporting data accurately describes both

the biophysical and cell biological bases for normal mucus clearance and its failure in

disease. Our “Gel-on-Brush” model describes for the first time how and why mucus

is efficiently cleared in health and unifies the pathogenesisof major human diseases,

including cystic fibrosis and chronic obstructive pulmonary disease. It is expected that

this “Gel-on-Brush” model of airway surface layer opens newdirections for treatments

of airway diseases.

A dilemma regarding the function of mucus is that, although mucus traps any in-

haled harmful particulates, it also poses a long-time problem for drug delivery: mobility
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of cargos carrying pharmaceutical agents is slowed down in mucus. The second part

of this thesis aims to answer the question: can we theoretically understand the relation

between the motion of a probe particle and the local structure and dynamics of complex

fluids such as mucus, or even one step back, simple polymer solutions and gels?

It is well known that the thermal motion of a particle in simple solutions like water

can be described by Stokes-Einstein relation, in which the mean-square displacement

of the particle is (1) linearly proportional to time and (2) inversely proportional to the

bulk viscosity of the solution. We found that these two statements become questionable

if the particle size is relatively small and the solutions become complex fluids such as

polymer solutions and gels. The motion of small particles with size smaller than the en-

tanglement length (network mesh size) of a polymer solution(gel) is sub-diffusive with

mean-square displacement proportional to the square root of time at relatively short

time scales. Even at long time scales at which the mean-square displacement of the

particles is diffusive, the mean-square displacement of the particles is not necessarily

determined by the bulk viscosity, and is inversely proportional to an effective viscosity

that is much smaller than the bulk value.

An interesting question related to the particle motion in polymer gels is that whether

particles with size larger than the network mesh size can move through the gel? An intu-

itive answer would be that such large particles are trapped by the local network cages.

We argue that the large particles can still diffuse via hopping mechanism, i.e., parti-

cles can wait for fluctuations of surrounding network cages that could be large enough

to allow them to slip though. This hopping diffusion can be applied to understand

the motion of large particles subjected to topological constraints such as permanent

or reversible crosslinked networks as well as entanglements in high molecular weight

polymer solutions, melts, and networks.
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Part I

Structure and Function of Airway

Surface Layer of the Human Lungs



CHAPTER 1

INTRODUCTION

The primary physiological role of the lung is a gas exchanger. In order to support

the metabolic activities of the organism it has to deliver O2 from the environmental air

into the blood and remove CO2 from blood. [1, 2] The amount of gas exchanged by the

lung ranges between40 and800 liters per hour in humans depending on body size and

physical activity. [3]

a

b

c

Figure 1.1: Fractal structure of the human lung.a, A resin cast of human lung [4];
b, Fractal tree of Mandelbrot [5].c, Model of airway branching in human lung from
trachea (generationz = 0) to alveolar (generationsz = 20 to 23) [1].

The lung is structurally optimized for the most efficient delivery of such a large

amount of fresh air. The structure of the lung resembles the self-similar fractal tree

(Figure 1.1), which has on average23 generations of dividing airways starting from

the trachea, branching through the bronchi, the bronchioles, and ending at the alveoli .

[1, 4, 6, 7] This self-similarity of the airway tree minimizes air resistance, establishes



sufficiently large surface of contact between air and the blood, optimizes packing of

this fractal tree structure into the lung. [1] This smart design makes the lung a perfect

gas exchanger allowing delivery of large amount of air to allalveoli at the same time

and in approximately the same amount, but it also brings the lung to a variety of risks.

b

c

Normal

CF

Cells

PCL

Mucus
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7 m
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a

Figure 1.2: Components of the human airway surface layer (ASL).a, Light microscopy
view of the airway surface layer (ASL), comprising of the mucus layer and the pericil-
iary layer (PCL). Cells were fixed with Osmium Tetraoxide in perfluorocarbon, Epon-
embedded, and stained with Richardson’s [8].b, c, Fine structure of mucus/PCL inter-
face in normal(b) and cystic fibrosis (CF)(c) cultures. Normal and CF cultures were
fixed at24 hours with perfluorocarbon (PFC)/Osmium tetroxide (OsO4) and examined
under low-power transmission electron microscope (TEM) (adapted from ref. [9]). The
PCL for normal people has a thickness about7 µm (b), whereas it is collapsed for cystic
fibrosis (CF) patients.

The extensive gas exchange process exposes the lung, especially the epithelial sur-

face of the conducting and respiratory airways (Figure 1.1c) between the trachea and

the alveoli, to a tremendous amount of infectious and toxicant particulates. In addition

to gas exchange, therefore, it is necessary for the lung to develop defense mechanisms

to protect it from harmful substances.

One of the primary defense mechanisms of the lung is mucociliary clearance (MCC).

[10–13] The airway surface layer (ASL) is a critical component of the mucociliary

clearance system. It consists of two parts [14–16]: (1) a mucus layer, that traps inhaled

particles and transports them out of the lung by cilia-generated forces; and (2) a peri-

ciliary layer (PCL) that provides a favorable environment for ciliary beating and cell

surface lubrication (Figure 1.2a). The critical importance of the MCC is illustrated by
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its failure in human lung disease, including primary cilia dyskinesia (PCD), in which

cilia do not beat and patients have to rely exclusively on coughing to clear mucus,

chronic obstructive pulmonary disease (COPD) [17], and cystic fibrosis (CF) with PCL

collapsed (Figure 1.2c) [18]. All these diseases are characterized by “dehydrated” air-

way surface layer, with mucus concentration several times higher than in normal mucus

[19, 20], and mucus adhering to epithelial cells [21, 22].

Despite studies linking increased mucus concentration to the pathogenesis of air-

ways disease, e.g., reduced rates of mucus clearance [23], inflammation [24], and in-

fection [25], the absence of quantitative models makes it impossible to predict when

mucus clearance fails and to develop novel therapies to treat this aspect of lung disease

[3, 16]. In the first part of the thesis, we develop a model for the ASL on the molecular

level to understand the physical reasons of mucus clearance. This model is based on

the accurate description of the PCL structure and an understanding of the functional

interactions between the PCL and the overlaying mucus layer.

In our new model, a gel-like mucus layer, with its physical properties determined

by gel-forming mucins, is laying over a brush-like PCL, in which tethered mucins are

grafted to cilia and epithelial cell surface. At least two physiologically important fea-

tures of the brush-like PCL were identified and tested by experiments. The first one

is that, in addition to the mucus barrier, the brush-like structure equips the PCL a fur-

ther protective layer in preventing external objects with size much smaller than bacteria

from approaching epithelial cell surface. The second one isthe strong repulsion be-

tween the tethered mucins within the PCL makes the PCL an osmotically stiff gel. This

osmotic stiffness stabilizes the PCL from the osmotic compression by mucus, which is

critical for maintaining effective mucus clearance.

The first part of the thesis is structured as follows. Chapter2 discusses the cur-

rent understanding of the composition of ASL and physical properties of the major

components in the ASL. A molecular model for the structure ofASL is proposed and

discussed in chapter 3. In this chapter, after identifying the limitations of the tradi-
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tional “gel-on-liquid” model of ASL, in which a mucus gel moves over a liquid like

periciliary layer, we propose a novel “Gel-on-Brush” modelas mentioned above sup-

ported by experiments. Following the experimental evidence we present quantitative

analysis of the structure of the ASL using the knowledge of polymer physics. Chapter

4 links the predictions from the “Gel-on-Brush” model to thereasons for chronic lung

diseases based on quantifying the osmotic properties of PCL, which is indirectly mea-

sured by challenging the PCL utilizing mucus/mucus simulants with known osmotic

properties. At the end of this part (chapter 5), we highlightthe key features of our new

“Gel-on-Brush” model, summarize the physical understanding of chronic lung disease,

and propose directions for the development of novel treatments of the lung diseases.
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CHAPTER 2

COMPOSITION OF AIRWAY SURFACE LAYER

The airway surface layer consists of two parts: the mucus layer and the periciliary

layer. Each of them corresponds to an emerging broad and active research area with lots

open questions and readers are referred to the cited references for more discussions.

The purpose of this chapter is to outline the properties of the major components of

airway surface layer that are necessary for understanding the work presented in the first

part of this dissertation.

2.1 Mucus: properties of mucins

Mucus is a viscoelastic gel with properties of both soft elastic solids like rubber and

viscous liquids like water. The main component of mucus is water, which accounts for

98% for healthy and92% or less for CF. The rest of mucus is solids, including mucins,

non-mucin proteins, lipids, DNA, actin filaments, and salts. [26, 27]

Mucins are complex glycoproteins synthesized by the gobletcells of the airway sur-

face epithelium and the submucosal glands. They are classified according to their MUC

genes, which are localized to chromosomes 1, 3, 4, 7, and 19. [28]. The mucins are re-

sponsible for the principle structure and properties of mucus and account for up to30%

of the solid content of mucus. [13, 28–30] The non-mucin proteins including secretory

IgA immunoglobulins, lysozyme, and lactoferrin could serve defensive purposes. For

instance, secretory IgA immunoglobulins form an immunological barrier whose im-

portance is appreciated by the increased susceptibility ofinfections of lung for patients

with deficiency in IgA. [31] Lysozyme and lactoferrin are bactericides. [32, 33] The

lipids in mucus could be secreted by the goblet cells of the airway surface epithelium



and the submucosal glands [34] and produced through cytochemistry [35]. The con-

tent of lipids may affect the adhesive properties of mucus. [36] The DNA and actin

filaments are from cellular debris including bacteria, luminal leukocytes, and epithelial

cells. [3] The salts account for0.9% of the total mass of the mucus.

MUC5B

MUC1

MUC5AC

MUC4

SEA-domain

Transmembrane domain

EGF-like domain

Nidogen domain

Cysteine-rich domain

VWF-D-like domain

Signal sequence

VWF-C-like domain

C-terminal domain

Mucin domain

500 aa
3000 -- 7300 aa

AMOP-domain

Membrane-tethered mucins  

Gel-forming (secreted) mucins  

Figure 2.1: The major structural domains of some airway mucins. Gel-forming (se-
creted) mucins: MUC5AC and MUC5B; membrane-tethered mucins: MUC1 and
MUC4. vWF-D and C-like domains are present in the von Willebrand factor glyco-
protein, which is a large, disulfide-linked, polymeric glycoprotein that is produced in
endothelial cells and is essential for blood clotting[37];SEA (sea urchinsperm protein,
enterokinase, and agrin) domain: a structural motif found in highly O-glycosylated
membrane proteins that is cleaved and then reassociates vianoncovalent bonds to
which numerous carbohydrate chains (O-glycans) are covalently attached via the link-
age sugars[30]; AMOP: adhesion associated extracellular domain; EGF: epidermal
growth factor-like domains; nidogen-like domain: an extracellular domain in nidogen, a
sulfated glycoprotein which binds to collagen IV and is tightly associated with laminin
[38]; PTS: proline, threonine, serine-rich domains. aa denotes amino acid. (Models
primarily adapted and modified from refs. [28, 30, 39, 40].)

All mucin molecules have at least one large mucin domain (Figure 2.1). The mucin

domain is characterized by its large polypeptide backbone (with molecular weights

ranging from0.5 × 106 Da to 20 × 106 Da [41, 42]), which contains regions rich in

serine and threonine residues (see insert of Figure 2.2). Numerous sugar chains are co-

valently linked to the hydroxyl groups of the serine and threonine residues via the link-

age sugar N-acetylgalactosamine (GalNAc). Those carbohydrate chains, also referred

to as oligosaccharides or named O-glycans, have the number of sugar residues varying

between1 and20 per chain. [43, 44] As a consequence, the heavily O-glycosylated
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mucin domain is negatively charged, due to the presence of sialic acid residues (N- or

O-substituted derivatives) and to the frequent present of sulfate easter residues attached

to carbohydrate chains, and about70% of the dry weight of mucins are carbohydrates.

[13]

linear mucins

branched
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S

S–

S–

S–

S–S

Threonine

Serine
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Figure 2.2: Cartoons illustrating the assembly and polymerization procedures of
mucins. The translated mucin polypeptide undergoes N-glycosylation and intramolec-
ular disulfide bond formation; A dimer is formed via intermolecular disulfide linkage;
N-acetylgalactosamine (GalNAc) is added to serine and threonine residues, which are
located primarily in the mucin domains; These glycan chainsare further elaborated by
adding sugar residues; The mucin dimers polymerize via intermolecular disulfide link-
age; Linear and branched mucins could be produced. (Models primarily adapted and
modified from [28, 30].)

A mucin domain consists of many macromonomers. A macromonomer contains

several globular regions separated by a highly charged dense molecular brush with side

chains (cross-section) of∼ 5 nm (see inset in Figure 2.2). A pair of macromonomers

forms a dimer by a disulfide link between their COOH terminal domains (red circles in

Figure 2.2). Dimers polymerize into very large mucins through disulfide bonds between

NH2 terminal domains (green circles in Figure 2.2). The resulted mucins could be linear

or branched depending the polymerization mechanisms. [30]
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According to their functions in airways surface layer mucins can be broadly clas-

sified into gel-forming (secreted) mucins, such as MUC5B andMUC5AC, and trans-

membrane mucins, such as MUC1, and MUC4 (Figure 2.1). The gel-forming mucins

are the major contributors to the structure of mucus and therefore its viscoelastic prop-

erties, because they can form associations with each other and with other proteins. [45]

These associations can be altered by chemical reagents suchas surfactants, as well as

by pH [46] and temperature, which consequently lead to the change of viscoelastic

properties of mucus. Although the bulk viscoelastic properties mucus can be measured

via conventional rheometer and microrheology [47] (see part II), the understanding of

polymeric properties of its major components—gel-formingmucins—is far from com-

pleteness, partly due to the difficulty in isolation and purification of mucins [48] and

the complexity of the mucin molecules themselves.

Typically the studies of mucins are performed after extraction and purification, us-

ing highly denaturing solvents (such as 6-M guanidinium chloride) to solubilize mucus.

[41, 42, 49–53] Therefore, although we have a relatively good understanding of mucins

in their denatured state, this does not necessarily represent either the native confor-

mation or the interactions between these molecules within the mucus. The purified

mucins are typically characterized by techniques such as gel permeation chromatogra-

phy (GPC) [49], light scattering [49], transmission electron microscopy (TEM) [54],

and atomic force microscopy (AFM) [55]. The studies of purified mucins suggest that

the average molecular weight of a MUC5B mucin molecule is about 150× 106 Da and

its average radius of gyration is150–250 nm. [56–59] It was claimed that MUC5AC

has a molecular weight of∼ 50 × 106 Da obtained from GPC characterization and a

contour length on the order of10 µm as measured by electron microscopy, whereas us-

ing light scattering one obtains the average radius of gyration in solution about∼ 140

nm. [42, 58]

In polymer physics one can relate the radius of gyrationRg of polymers to their

molecular weightM by a scaling law:Rg ≈ b (M/M0)
ν , in b is the Kuhn length
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describing the stiffness of the polymer,M0 is the mass of a Kuhn segment, andν is

the scaling exponent. [60] Larger values of Kuhn length correspond to stiffer poly-

mers. The Kuhn lengthb for mucin molecules is estimated to be between10 and15

nm [61]. The scaling exponentν was thought to be about0.55 in dilute solutions [26]

for MUC5AC, suggesting that mucin molecules are random linear coils. Recent exper-

iments suggest the exponentν ≃ 0.69 for MUC5AC [42], whereas it is slightly smaller

for MUC5B (ν ≃ 0.62) [58]. Yet some other works [62] indicate the same scaling

exponentν ≃ 0.62 for both MUC5AC and MUC5B. Such inconsistency among the

studies on mucin molecules implies that the understanding of their physical properties

is far from conclusive.

The trans-membrane mucins have a special transmembrane domain allowing them

to graft to the plasma membrane. The trans-membrane mucins are found to express to

the apical surface of epithelial cells. The contour length of mucins with trans-membrane

domain is∼ 0.1 µm (MUC1) and∼ 1 µm (MUC4). [40] The size of trans-membrane

mucins in solution is much smaller than their contour length. It was thought that MUC4

protein could extend up to∼ 300 nm. [40] However, exact values have not been re-

ported so far to my knowledge. In this dissertation we provide experimental evidence

supporting that MUC1 is primarily localized within the bottom of the PCL, with a

likelihood grafting to epithelial cells, microvilli and cilia, and MUC4 is distributed

throughout the whole space of the PCL and is primarily grafted to cilia (see chapter 3).

2.2 Periciliary layer (PCL): structure and function of cili a

The most visible objects in periciliary layer are cilia (seeFigure 2.3a, b). Cilia are

cylindrical structures, with a cross-sectional diameter of ∼ 200 nm and length∼ 7 µm

[63], extended from the apical epithelial surface of the ciliated columnar cells. Each

ciliated epithelial cell supports approximately200 cilia at a density of∼ 8 cilia/µm2

[63], suggesting that the space between two neighboring cilia is ∼ 200 nm. Short
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microvilli, with length of∼ 1 µm and diameter of∼ 100 nm [64], cover ciliated cells as

well as non-ciliated columnar cells that separate ciliatedepithelial cells from each other.

[3] The movement of the cilia is characterized by a beating frequency∼ 15 Hz under

normal conditions, but varies with temperature [65, 66], pHand salt concentrations

[67], with the alteration3−5 Hz. The motion of each cilium is coordinated with others

to generate metachronal waves [68], which is thought to be important for propelling

the mucus layer with a steady transport rate∼ 60 µm/s [18]. The beating cilia in

the periciliary layer of respiratory airways belong to the class of so-called motile cilia

(the other class of cilia is termed non-motile and will not bediscussed here). The

research of cilia itself is a rapidly growing and exciting field and readers are referred

to reviews [62, 69–74] and the references therein for detaildiscussions of the structure

and function of cilia as well as their relation to various diseases.).
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Figure 2.3: Composition of periciliary layer and structure of cilia.a, Scanning electron
micrographs (SEMs) of respiratory cilia (long cylindricalobjects) and microvilli (small
protrusions) [75];b, Cartoon illustrating the composition of periciliary layerbased on
its SEMs (a); c, Six sub-compartments of a cilium (modified based on models from
refs. [62, 69, 73]).

A cilium can be structurally divided into six sub-compartments that include the cil-
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iary membrane, axoneme, the matrix between ciliary membrane and axoneme, ciliary

tip, transition zone, and basal body (see Figure 2.3c). The ciliary membrane is con-

tinuous with but distinct from the cell membrane. [76] It contains many receptors and

channels that are thought to equip the cilium sensory function. [71]

Underlying the ciliary membrane is a cylindrical array of nine doublet microtubules

called axoneme (see Figure 2.4), which provides the structural support for the cilium

function. Each doublet is composed of one complete microtubule A made of13 protofil-

aments and the other partially complete microtubule B made of 11 protofilaments.

These two microtubules share part of their walls with each other, “glued” together via

tubulin [77] and possibly additional protein factors such as tektin [78].

The cilia beating is powered by dynein motors [79–81] with the “fuel” supplied

through hydrolysis of adenosine triphosphate (ATP). The dynein motors are anchored

to microtubule A of each doublet with their motor heads contacting the microtubule

B in the neighboring doublet. They are assembled into large complexes called dynein

arms, which are arranged along the doublet with a precise periodicity (24 nm periodic

spacing for outer dynein arm (green) and96 nm spacing for inner dynein arms (red);

see part9 in Figure 2.3c and Figure 2.4 for detail illustration), generating force to slide

one doublet against another. The sliding of doublets would not generate cilia bending

without the help of nexin, which is a flexible protein linkingthe nine outer doublets

(see Figure 2.4). The nexin is thought to prevent microtubules in the outer layer of the

axoneme from movement with respect to each other and thus it converts doublet sliding

into axoneme bending [82–85].

In addition to the nine outer doublets, the axoneme also contains a central pair

of singlet microtubules, which is surrounded by a fibrous sheath. The central pair is

connected with the nine outer doublets via a protein complexes called radial spokes.

The radial spokes are believed to influence the exact cilia bending pattern via linking

the position of central pair to the rhythmic activation of dynein arms. [86]
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Figure 2.4: Ultrastructure of the axoneme of a cilium as a complementaryillustration
of part9 in Figure 2.3.

Between the ciliary membrane and the axoneme is a fluid-like matrix. This matrix

contains the intraflagellar transport machinery [62, 87–89], which is necessary to as-

semble and maintain the structure of cilium, employing the anterograde (kinesin) and

retrograde (dynein) motors to transport axonemal subunitsfrom the cell body to the tip

of the cilium and return them to the cell body, respectively.

The kinesin motor can change to dynein motor (vice versa) andit is believed that the

switch between the kinesin and dynein motors is located at the ciliary tip [73], whose

detailed structure and function remain unknown. In addition to providing a switch

between the kinesin and dynein motors, it is also thought that the tip of cilium might

contain a structure that anchors the central pair of the axoneme to the ciliary membrane

and harbors the ends of microtubule A in the axoneme. [90, 91]

At the other end of the axoneme is the basal body [69] (parts1–4 in Figure 2.3c).

The basal body is a specialized centriole and serves as the foundation upon which the
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cilium is constructed. A cilium grows from the distal end of the basal body, with the

doublet microtubules in the axoneme directly nucleated by the microtubules found in

the basal body. Unlike the doublet microtubules in axoneme,the basal body contains a

short cylindrical array of nine triplet microtubules (part3 in Figure 2.3c). Each triplet

is composed of one complete microtubule A, and two partiallycomplete microtubules

B and C sharing their walls with adjacent microtubules. The nine triplet microtubules

are connected into a pinwheel like structure (part4 in Figure 2.3c) at the distal of the

basal body, change to a structure lacking appendages at the middle of the basal body

(part3 in Figure 2.3c), transform to a cartwheel structure (part2 in Figure 2.3c) before

embedding into a ring-like amorphous disc [92] at the extreme proximal end of the

basal body (part1 in Figure 2.3c), which is thought to play a role in the early stage of

the duplication of basalbodies [93].

The junction between the axoneme and the centriole-derivedpart of the basal body

is called the transition zone [94] (parts5–8 in Figure 2.3c), which converts the triplet

microtubular structure of the basal body into the axonemal doublet structure. Although

the structure of the transition zone is not well characterized [95], several general fea-

tures of the transition zone have been speculated. The transition zone has a character-

istic structure known as transition fibers (see green sickle-like structure in Figure 2.3c),

which are believed to demarcate the cytoplasmic and cilium compartments [62]. The

boundary between the two compartments (transition fibers) is believed to be the dock-

ing sites for intraflagellar transport machinery. [96] It isalso thought that the transition

fibers could connect each microtubule doublet to the ciliarymembrane, shown by parts

4 and5 in Figure 2.3c. The distal part of transition zone contains stellate fiber arrays

(small gray circles in parts6 and8 in Figure 2.3c) and an amorphous disk structure (the

large gray circle in part7 in Figure 2.3c), which may be the source from which two

central singlet microtubules in the axoneme are formed. [69, 73, 97]

In brief, cilia are a class of sophisticated biological machinery with lots of un-

known yet interesting questions regarding their ultrastructure and function of their sub-
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compartments. However, some important functionalities ofmotile cilia have been iden-

tified and widely accepted. For instance, one of the main functions of the airway cilia

is to provide driving force for the mucus clearance. In this dissertation we aim to un-

derstand the relation between the hydration state of the periciliary layer, within which

the airway cilia are localized and beating, and the effectiveness of mucus clearance.
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CHAPTER 3

STRUCTURE OF AIRWAY SURFACE LAYER

In chapter 2 we have briefly reviewed the compositions of the two major compo-

nents, mucus and periciliary layers, of the human airway surface. In this chapter we

focus on the structure of the airway surface layer, especially the periciliary layer.

We first present experimental evidence that suggests the limitations of traditional

“Gel-on-Liquid” model considering the periciliary layer as a low viscosity liquid layer,

then propose a novel “Gel-on-Brush” model considering the periciliary layer as a brush-

like layer with bio-macromolecules tethered to cilia and epithelial cells. The biophysi-

cal properties, such as mesh size, of the proposed brush-like periciliary layer is quanti-

fied using a “dual-labeling” technique. The mesh size distribution within the periciliary

layer is calculated using basic concepts and methods of polymer physics. The important

features of this brush-like periciliary layer are highlighted at the end of this chapter.

3.1 Traditional “Gel-on-Liquid” model of the airway surfac e layer

is qualitatively incorrect

Based on a variety of visualization approaches (e.g., Figure 1.2a) and the presumed

requirement for a low viscosity liquid layer to facilitate ciliary beating, the mucocil-

iary clearance system has been traditionally represented by a “Gel-on-Liquid” model

[98][99–101] (Figure 3.1a), in which the “gel-like” mucus layer is propelled by cilia

beating in a “watery” periciliary, i.e. “sol”, layer [102].However, the current “Gel-on-

Liquid” model does not adequately explain why there are two layers, i.e. why the major

macromolecules within mucus, the gel-forming mucins [28–30, 56, 59, 103] MUC5AC

and MUC5B with hydrodynamic diameters ranging from150 to 200 nm [42, 53], do



not penetrate into the200 nm space between cilia in the PCL. In fact, this200 nm in-

terciliary space appears to be impenetrable to objects significantly smaller than mucins.

For example, fluorescent beads with diameter of40 nm are excluded from the PCL

whereas only much smaller probes (green fluorescently-labeled albumin, with a hy-

drodynamic diameter of6 nm [104]) penetrate the PCL (Figure 1.2b, c). It has been

proposed that formation of a distinct mucus layer simply reflects the thixotropic ac-

tions of beating cilia [98, 105]. However, the observation that40 nm particles are also

excluded from the PCL when cilia beating was arrested, argues against a thixotropic

mechanism of the formation of a distinct mucus layer (Figure1.2d, e). Collectively,

these data demonstrate that the “Gel-on-Liquid” model of the airway surface layer is

qualitatively incorrect.

3.2 Novel “Gel-on-Brush” model of the airway surface layer

We propose a novel “Gel-on-Brush” model of ASL postulating that the PCL con-

tains membrane-spanning mucins and large mucopolysaccharides that are tethered to

cilia, microvilli, and epithelial surfaces (Figure 3.2a) [40]. We postulate that these teth-

ered glycoproteins form an extracellular brush with a sufficiently high concentration

to establish a mesh that prevents both MUC5AC and MUC5B mucins from the mucus

layer and inhaled particles depositing on the airway surface from penetrating the PCL

and reaching the cell surface. Further, we predict that the relatively high concentration

of mucins in this extracellular brush produces inter-molecular repulsions within this

layer, which stabilizes the PCL against compression by an osmotically active mucus

layer. Key features of this new model were tested by:1) identifying tethered macro-

molecules in the PCL;2) measuring the mesh size of the PCL; and3) measuring im-

portant biophysical properties of this layer, e.g., its osmotic modulus, and comparing

them with the corresponding properties of the overlying mucus layer.
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Figure 3.1: The periciliary layer is not a simple liquid layer.a, Schematic repre-
sentation of the traditional Gel-on-Liquid model showing amucus layer (comprised of
gel-forming mucins, MUC5AC and MUC5B) and the PCL being a liquid-filled domain.
b, Schematic illustration showing penetration of small (d ≈ 6 nm[104]) fluorescently-
labeled albumin (green) into the PCL, whereas40 nm polystyrene particles (red) are
completely excluded from the PCL.c, d, Representative XZ confocal images of well-
differentiated HBE cultures with normally beating cilia(c) and paralyzed, i.e., im-
mobile, cilia (d) (pre-treated for10 minutes with1% isoflurane to produce reversible
ciliastasis[106]). Here, the exclusion zone (green region) was accessible to the green
albumin, but not the larger particles, while the yellow region was accessible to both.
Note: the wavy streaks in image d are an artifact of beating cilia during image acquisi-
tion. Scale bars= 7 µm. e, Summary plot showing the exclusion thickness of40 nm
particles for cell cultures with beating and non-beating (immobile) cilia.

3.2.1 Evidence for a macromolecular mesh in the PCL

Utilizing rapid freezing techniques coupled with electronmicroscopy, an electron-

dense meshwork with apparent mesh sizes on the order of∼ 20–40 nm was observed

in the PCL region of human bronchial epithelial (HBE) cell cultures (Figure 3.2b, c).

Unlike the overlying mucus layer, this PCL mesh could not be extracted by vigorous

washings expected to remove adherent secreted mucins. We, therefore, hypothesized

that the large macromolecules, such as membrane-spanning mucins (MUC1, MUC4,

MUC16, and MUC20 [40, 107]) and tethered mucopolysaccharides (e.g., heparin sul-
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Figure 3.2: Gel-on-Brush model of the PCL.a, Schematic representation of the
Gel-on-Brush hypothesis of the periciliary layer: tethered macromolecules, such as
membrane-bound mucins, form a brush-like structure of the PCL. b, c, Morphological
evidence for the Gel-on-Brush model is revealed by rapid freeze imaging of HBE cul-
tures exhibiting extensive mesh-like structure with mesh (depicted by the arrow inc) on
the order of20−40 nm in the PCL.d, e, Immunological evidence showing the presence
of tethered mucins on freshly excised human airway tissue: MUC1 (red) is located at
the bottom of the PCL (d) and MUC4 spans the whole PCL (green,e). Scale bars in
b, d, and e= 7 µm, bar inc = 100 nm, double-head arrow inc = 30 nm. White box in
b denotes area of magnification.

fate [108]), occupy the interciliary space of the PCL. Indeed, immunohistochemistry

studies of freshly excised human airways identified severalof these membrane-bound

macromolecules, including mucins MUC1 (Figure 3.2d) and MUC4 (Figure 3.2e) and

heparan sulfate (not shown), attached to cilia, microvilli, and the cell surface of con-

ducting airway surfaces.

3.2.2 Quantification of the mesh size in the PCL

Mesh size is a parameter that describes important physical properties of polymer

solutions, gels, and brushes, including their permeability to particles/macromolecules

and their osmotic pressure. In polymer physics, the mesh size, called the correlation

lengthξ, is defined as the average distance between nearest segmentsof neighboring

macromolecules [60]. Images of the PCL generated from the rapid fixation/EM ap-

proach (Figure 3.2b, c) may not provide reliable values of mesh size due to fixation and

staining artifacts. Therefore, a technique was developed to quantify the PCL mesh size

in living HBE cultures.
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Figure 3.3: Size exclusion gradient in the PCL.a, (i), Schematic illustration of the
two-dye technique used to probe the mesh size distribution within the PCL. Insert (ii),
Probe molecules are expected to penetrate part of the PCL down to a distancez from
the cell surface at which the PCL mesh sizeξ is on the order of molecular diameterd. b,
Representative XZ-confocal images of: (i), small (d ≈ 2 nm) dextran fluorescently la-
beled with Texas Red exploring the whole PCL; (ii), green dextran with hydrodynamic
diameterd ≈ 40 nm, labeled by FITC; (iii), merged image showing the exclusion
thicknessz defined as the height of the red region bounded by the cell layer (black due
to lack of staining) and the yellow (green+ red) layer; (iv-vi), exclusion of dextran
molecules with decreasing sizes. Scale bars= 7 µm. c, Exclusion for dilute solution
of polystyrene beads with diameterd = 40 nm added to unwashed cultures, washed
3 times with PBS, washed (15 min) with 10 mM Dithiothreitol (DTT), to completely
remove all mucus and adsorbed macromolecules from the cell surface[19].d, Summary
plot showing the dependence of exclusion thicknessz on the size of dextran molecules
(green circles). The exclusion of fluorescently labeled20 and40 nm polystyrene par-
ticles (red squares) are added for comparison. Solid curve is the best fit to the data by
an empirical equation:z (d) ≈ 7µm[1− exp (d/15nm)], and dash-dotted line at7 µm
represents the height of the outstretched cilia.

This technique is based on the partitioning concept: if probes of sized enter the PCL

layer from dilute solutions [60], they are repelled by crowded tethered macromolecules

within the PCL and have to pay a free energy penetration price,F ≈ kBT (d/ξ)
γ (where
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γ = 2 for polymers andγ = 2 for particles,kB is Boltzmann constant andT is absolute

temperature). Note that scaling prefactor on the order of unity have been omitted from

this and following equations. The partition coefficientP (d) of probes of sized, defined

as the ratio of concentration of the probes in the PCL to theirconcentration in the dilute

solution outside the PCL, is the Boltzmann weight corresponding to this free energy

penalty:

P (d) = exp (−F/kBT ) ≈ exp (− [d/ξ (z)]γ) (3.1)

Functionξ (z) in this expression describes variations of mesh sizes in thePCL with

distancez from the cell surface. Since an exponential is a rapidly varying function, this

expression can be approximated by a step function [109], with a simple interpretation

that probe molecules or particles penetrate the PCL from dilute solutions down to the

depthz (d) at which the probe sized is equal to the mesh sizeξ (Figure 3.3a). Within

this step function approximation, the depth profile of mesh sizesz (ξ) is identical to

the exclusion profilez (d). More rigorous analysis accounting for both the exponential

form of the partition coefficient and the polydispersity of probe molecules led only to a

small correction in the depth profile of mesh sizesz (d) (see 3.3).
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Figure 3.4: 3 kDa Texas Red dextran molecules penetrate into the PCL and reach the
cell surface. Representative XZ-confocal images for HBE cells added with dilute mix-
ture solution of unfractionated Texas Red dextran with average molecular weight3 kDa
and Rhodamine110. Rhodamine 110 is a fluorescently green molecule of very small
size (hydrodynamic diameter∼ 1.6 nm[110]). The overlap between the penetration for
the 3 kDa red dextran and that for green Rhodamine 110 into thePCL, shown by the
yellow zone, suggests that the 3 kDa red dextran can also reach the cell surface. This
is further demonstrated by the overlap of the normalized intensity profiles for both the
red dextran and green Rhodamine molecules.

The PCL exclusion profilez (d) was measured by two-color fluorescent imaging of
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two probes of well-defined sizes:1) “large” green fluorescent dextran molecules of hy-

drodynamic diameterd and2) “small” red fluorescent dextran molecules. A mixture of

these red and green molecules was applied in dilute solutions to HBE cultures washed

free of the overlying mucus layer (Figure 3.3b). The small (d ≈ 2 nm) Texas red fluo-

rescently labeled dextrans completely penetrated the PCL and reached the cell surface

(Figure 3.3b(i)), as evidenced by the complete overlap of the fluorescence profile with

that of a sub-nanometer dye, Rhodamine110 (see Figure 3.4). In contrast, fractionated

large green fluorescein isothiocyanate (FITC)-labeled dextran molecules withd ≈ 40

nm, were excluded from the PCL (Figure 3.3b(ii)). The exclusion zonez(d) (red re-

gion in Figure 3.3b (iii)), defined as the part of the PCL accessible to small dextrans

but not to large ones, had a heightz ≈ 6.5 µm, close to the height of outstretched cilia.

The yellow region above the exclusion zone represents the region accessible to both

large (green) and small (red) dextrans. The6.5 µm exclusion zone is in agreement with

the results using the40 nm fluorescent beads (Figure 3.1b-d). Importantly, this exclu-

sion persisted after extensive washing of the cell surface in the absence or presence of

a reducing agent (10 mM Dithiothreitol; DTT), sufficient to remove adsorbed macro-

molecules, including the gel-forming mucins [19] (Figure 3.33c). Thus, these findings

confirmed the main hypothesis of our “Gel-on-Brush” model that the PCL is occupied

by macromolecules that are strongly tethered to cell surface. Furthermore, these teth-

ered macromolecules are at sufficiently high concentrations to produce a ‘tight’ mesh

with a maximum sizeξ of 40 nm, that prevents the40 nm dextran and beads (Figure

3.1b; Figure 3.3b(ii)) from penetrating the PCL.

By systematically changing the sized of the green probes and measuring their depth

of penetration into the PCL, variations of the exclusion thicknessz(d) for probes of

varying sized were observed (see Figures 3.3b (iv-vi) and 3.5). This variation is con-

sistent with a PCL macromolecular mesh that becomes “tighter” towards the cell sur-

face (Figure 3.3d). This PCL gradient mesh likely functions as a permeabilitybarrier to

prevent the cell surface from small infectious agents (e.g., Respiratory Syncytial Virus

(RSV), with diameterd ≈ 120-300 nm [111]; Influenza A, withd ≈ 80-120 nm [111];
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Figure 3.5: Representative confocal images showing the exclusion thicknesszPCL of
probe molecules of different sizes in the PCL. The table shows the exact numbers of
weight average hydrodynamic diameter〈d〉w (see 3.3 and Table B.1 in Appendix B)
and the corresponding exclusion thicknesseszPCL.

Adeno-associated Virus (AAV), withd ≈ 20-30 nm [112]), and as an osmotically-

active lubricating gel mucus.

3.3 Theoretical analysis of PCL permeability

The mesh size of PCL in living HBE cultures was determined from the measure-

ments of the penetration depth into the PCL by fractionated fluorescently-labeled probe

molecules (e.g. dextrans) of well-defined sizes following the addition of dilute solution

of these probe molecules to the luminal side of HBE cultures.The results are reported

as the dependence of penetration depth (distance from the epithelial cell surface) on the

weight average hydrodynamic diameter of probe molecules. The penetration depth was

measured as the average thickness of the red zone in the confocal images (see Figure

3.3b).

Note that each fraction of probe molecules obtained by size exclusion chromatogra-

phy is not perfectly monodisperse. The reported size corresponds to the weight average

hydrodynamic diameter of each fraction, which is shown in Tables B.1 and B.2 in Ap-
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pendix B. To rationalize this protocol we compare the results obtained by using the

weight average hydrodynamic diameter with the analysis that takes into account the

actual distribution of dextran sizes (the “full profile analysis”). Below we demonstrate

that the results obtained from these two methods are in reasonable agreement with each

other within the error of our measurements.

3.3.1 Profile analysis
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Figure 3.6: Protocol of “profile analysis” for penetration of moleculesinto PCL. a,
Typical intensity-size distribution curves of red dextranmolecules (3 kDa Texas Red
dextran; weight average hydrodynamic diameter〈d〉w = 2.2 nm; red line) and a frac-
tion of green dextran molecules (fraction36 of 2 MDa stock dextran (see Appendix
B; 〈d〉w = 13.8 nm; green line).b, Normalized concentration-size distribution curves
converted from the intensity-size distribution curves in(a) using relation eq. B.16 for
2.2 nm red dextran (red line) and13.8 nm green dextran (green line).c, Predicted nor-
malized concentration distributionS (d) of red (red line) and green probe molecules
(green line) smaller thand using “step function” approximation.d, Normalized mea-
sured fluorescent intensity (concentration) of red and green probe molecules within the
PCL versus their distancez from the cell surface.
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The basic assumption of “full profile analysis” is that probemolecules can freely

penetrate into the PCL down to the distancez from epithelial cell surface, at which the

mesh sizeξ (z) in the PCL is on the order of the diameterd of probe molecules. If we

denote the exclusion thicknessz for probe molecules with hydrodynamic diameterd,

the shortest distance of these molecules from the cell surface, byzd, then we conclude

that the mesh size at this distance:ξ (zd) ≈ d. This assumption approximates distribu-

tion profile of probe molecules with sized in the PCL by a step function: molecules

with sized are evenly distributed in the region with mesh size larger thand, correspond-

ing to the distance from the cell surface further thanzd; whereas they are excluded from

the region with the distance from the cell surface closer than zd, where the mesh sizeξ

is smaller thand.

Each fraction of dextran molecules was characterized by dynamic light scattering

(DLS) and a distribution of the scattered light intensity versus the logarithmic of hy-

drodynamic diameter (log d) was obtained. Dividing the intensity value by the corre-

sponding molecular sized one obtains the intensity distribution on linear molecular

size scale1: I (d) vs. d, shown in Figure 3.6a. Note that the scattered light intensity

is proportional to the product of concentrationc and massM of polymers:I ∼ cM .

Therefore, one can convert the intensity-size distribution I (d) to the concentration-size

distributionc (d) via

c (d) ∼ I (d) /M ∼ I (d) /d1/ν (3.2)

because the massM of polymers is proportional to the power of polymer sized: M ∼

d1/ν (see Appendix B), whereν is the Flory exponent in a good solvent. For flexible

linear polymersν ≃ 3/5 [60] and for randomly branched polymersν ≃ 1/2 [113, 114].

Dextran is a linear molecule at low molecular weights and a branched molecule at

high molecular weights. In our analysisν ≃ 0.5 was used for dextran fractions with

1Considering the invariance of the mass of molecules at different representations (linear-log and
linear-linear coordinate systems), the scattered light intensity Ilog for molecules with size in the in-
terval ∆(log d) within linear-log coordinates is the same as the intensityIlinearin the interval∆d
within linear-linear coordinates. Therefore, the transformation from linear-logarithmic to linear-linear
scale can be obtained by considering Jacobian transformation: Ilog∆(log d) = Ilinear∆d, which gives
I (d) ≡ Ilinear(d) ∝ Ilog/d. For more in detail please refer to appendix B.
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molecular weight higher than10 kDa [115] andν ≃ 3/5 was used for 3 kDa Texas Red

dextran.

A typical normalized concentration-size distributionc(d) of a fraction of probe

molecules is shown by the green solid line in Figure 3.6b. From this distribution one can

1) estimate the weight average hydrodynamic diameter as〈d〉w ≡ ∑

i cidi/
∑

i ci, in

which ci is the concentration for polymers with hydrodynamic diameterdi; and 2) cal-

culate the normalized concentration distributionS (d) of molecules within this fraction

that are smaller thand:

S(d) =

∫ d

dmin

c (d)dd
∫ dmax

dmin

c (d)dd
(3.3)

shown by the solid green line in Figure 3.6c. This normalized concentrationS(d) cor-

responds to the weight fraction of molecules that are able topenetrate mesh of size

ξ ≃ d and is therefore proportional to the fluorescent intensity of this fraction of probe

molecules in the PCL.

We measured the fluorescent intensity (concentration) of probe molecules in the

PCL as a function of distance from the cell surface. The normalized fluorescent inten-

sity at distancez from the cell surface is denoted byQ (z) and shown by the green plot

in Figure 3.6d. The cell surface is determined by the lower bound of the penetration

of small (weight average hydrodynamic diameter〈d〉w ∼ 2 nm, see Appendix B) red

dextran molecules (see extrapolation of the red curve toQ (z = 0) = 0 in Figure 3.6d).

As shown by Figure 3.4,3 kDa Texas Red dextran molecules penetrate into the PCL

down to the same distance as rhodamine-110, which has sub-nanometer size and thus

able to reach the cell surface.

Our step function approximation implies that for the same values of the normalized

distributionsS (d) andQ (z), the hydrodynamic diameterd of probe molecules is re-

lated to the distancez from the cell surface at which the penetration of these molecules

is stopped. This analysis allows one to obtain a profilez (d) describing the dependence

of exclusion thicknessz on molecular sized for any solution of probe molecules with
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known size distribution.
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Figure 3.7: Results of PCL permeability obtained from “profile analysis”. a, De-
pendence of distancez from the cell surface on the hydrodynamic diameterd of dex-
tran molecules: blue solid squares—results obtained usingthe weight average hy-
drodynamic diameter of dextran fractions, solid line—bestfit of these dataz (d) ≈
6.9µm[1− exp (−d/15.0nm)]; green symbols—results based on “full profile analy-
sis” using “step function” approximation, dashed line—best fit of these dataz (d) ≈
7.0µm[1− exp (−d/17.5nm)]. Note that the red solid circles are results for3 kDa
Texas Red dextran.b, Comparison between the results from the “full profile anal-
ysis” using “step function” approximation (green symbols,green dashed line—best
fit of these dataz (d) ≈ 7.0µm[1− exp (−d/17.5nm)]), “randomly branched” ap-
proximation assuming that dextran is a randomly branched polymer with γ = 2
in eq. 3.5 (blue symbols, blue dash-dotted line—best fit of these dataz (d) ≈
6.9µm[1− exp (−d/15.0nm)]), and “solid particle” approximation assuming that dex-
tran molecules are solid particles withγ = 3 in eq. 3.5 (red symbols, red solid line—
best fit of these dataz (d) ≈ 6.9µm[1− exp (−d/15.8nm)]). Black dash-dotted lines
in (a) and(b) correspond to the7 µm length of extended cilia.

The results on the exclusion profilez (d) of probe molecules obtained by the above

“step function profile analysis” of nine different fractions of green probe molecules

are shown by green symbols in Figure 3.7a. These results can be described by a phe-

nomenological equation

z (d) ≈ z0
[

1− exp
(

−d/ξ̄
)]

, for 0 < z < z0 (3.4)

in which z0 = 7.0 ± 0.5 µm is the maximum height of the PCL and the characteristic

PCL mesh size is̄ξ = 17.5±2.4 nm (see the dashed line in Figure 3.7a). This equation

describes the penetration profile of probe molecules with different sizes into the PCL.

The penetration profile obtained using the weight average molecular size as reported
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value is shown by solid squares in Figure 3.7a and the best fit to this profile is presented

by the solid line (eq. 3.4) withz0 = 6.9±0.8 µm andξ̄ = 15.0±3.7 nm. These results

indicate that the penetration profile obtained using the weight average molecular size

is in agreement with that using “step function profile analysis” within the error of our

measurements.

In the above we assumed that probe molecules of a particular sized in each fraction

follow a “step function” distribution in the PCL. In fact probe molecules with sized

can penetrate into the PCL to a distancez from the cell surface smaller thanzd, at

which the mesh sizeξ (z < zd) is smaller than diameterd, but they have to pay free

energy penalty on the order ofkBT (d/ξ (z))γ [116]. Here the exponentγ depends on

the type of the probes and solvent quality2. For a solid probe particleγ = 3, for a linear

flexible polymerγ = 5/3 in a good solvent andγ = 2 in a theta solvent [60], and for

a randomly branched polymerγ = 2 in a good solvent [113] andγ = 16/7 in a theta

solvent [114]. Therefore, the distributionP (z) of probe molecules with sized in the

PCL at distancez smaller thanzd becomes [116]

P (z) = const× exp [− (d/ξ (z))γ] , for z < zd (3.5)

The results obtained from “profile analysis” by consideringdextran as a randomly

branched polymer in a good solvent (γ = 2) [115] are shown by the blue symbols

in Figure 3.7b. The best fit of eq. 3.4 to these data is shown by the blue dash-dotted

line with z0 = 6.9 ± 0.4 µm andξ̄ = 15.0± 2.0 nm, which is in good agreement with

the results of analysis using the “step function” approximation, shown by the green

symbols and the green dashed line in Figure 3.7b. Furthermore, considering dextran

as a solid particle (γ = 3) leads to almost identical results (z0 = 6.9 ± 0.4 µm and

2The exponentγ in eq. 3.5 for different types of probes can be estimated by the following way. Con-
sider a probe of sized penetrating into a semidilute polymer solution (brush) with mesh size (correlation
length)ξ. The free energy penalty for the probe penetration is aboutkBT per correlation blob. The
number of correlation blobs involved in the length scaled is proportional to the power of the ratio of the
probe size to the correlation length:n ≃ (d/ξ)df , in whichdf is the fractal dimension of the probe in
dilute solutions. Therefore, the free energy penalty is about kBT (d/ξ)df , indicating that exponentγ is
equivalent to the fractal dimensiondf . The dimensionality for a solid particle is3; for a flexible linear
polymer it is5/3 in a good solvent and2 in a theta solvent [60]; for a randomly branched polymer it is2
in a good solvent [113] and16/7 in a theta solvent [114].
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ξ̄ = 15.8 ± 2.1 nm; red symbols and red solid line in Figure 3.7b). The fitting pa-

rametersz0 andξ̄ of eq. 3.4 to the results from different types of analysis arelisted in

Table 3.1. As clear from Table 3.1, all methods of profile analysis agree with each other

within experimental error bars.

Full profile analysis
Weight average Step function Randomly branched Solid particle

z0 (µm) 6.9± 0.8 7.0± 0.5 6.9± 0.4 6.9± 0.4
ξ̄ (nm) 15.0± 3.7 17.5± 2.4 15.0± 2.0 15.8± 2.1

Table 3.1:List of fitting parametersz0 andξ̄ of eq. 3.4 to results from different analysis.

3.3.2 Mesh size distribution in the PCL

As illustrated in Figure 3.8a, the PCL is modeled as an array of cylindrical brushes,

in which each brush consists of a cylindrical core (cilium) and grafted polymers (teth-

ered macromolecules), shown in Figure 3.8b. A single cilium brush in an unperturbed

state is shown in Figure 3.8c, in whichRcilium is the radius of the cylinder (cilium) and

the thicknessL0 is defined as the average distance from the center of the cylinder to

the free ends of grafted macromolecules. The mesh size (correlation length)ξ (r) in an

unperturbed cylindrical brush at distancer from the center of the cylinder is related to

the grafting densityσ of the macromolecules to the surface of the cilia as [117]

ξ (r) ≈ σ−1/2

(

r

Rcilium

)1/2

, for r > Rcilium (3.6)

which is shown by Figure 3.8c and the dashed line in Figure 3.8e. The volume fraction

profile of tethered polymers is

φ (r) ≈
[

ξ (r)

b

](1−3ν)/ν

, for r > Rcilium (3.7)

whereν is Flory exponent depending on solvent quality (for a theta solventν = 1/2

and for a good/athermal solventν = 3/5) [60] andb corresponds to the Kuhn length

of polymers. Hereν = 3/5 is used as the physiological solutions are good solvent for
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macromolecules like mucins. The volume fraction profile (eq. 3.7) can be rewritten in

terms of the distancer from the center of the cylinder

φ (r) ≈ (σbRcilium)
2/3
(r

b

)−2/3

, for r > Rcilium, good/athermal solvent (3.8)

Lateral distribution of mesh sizes in the PCL is almost uniform
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Figure 3.8: Cylindrical brush model of periciliary layer (PCL).a, PCL is modeled as
an array of cylindrical brushes;b, Lateral cross-section view of the PCL as an array of
cylindrical brushes, in which bio-macromolecules are tethered to the cylindrical cilia.
The radius of a cilium isRcilium and the distance between the centers of two neighboring
cilia is 2L. c, An unperturbed single cilium brush with thicknessL0 expected to be
larger thanL. d, The brush is compressed laterally from its unperturbed thicknessL0

to L due to the limited space between neighboring cilia.e, Mesh size profile for an
unperturbed cilium brush (dashed line) and a laterally compressed cilium brush (solid
line). Logarithmic scales.

The mesh size of a single cylindrical brush in its unperturbed state increases as a

power law of distancer from the center of the cylinder (eq. 3.6 and dashed line in Figure

3.8e) due to the steric repulsion between grafted macromolecules. Such non-uniform

lateral distribution of mesh sizes could lead to a non-uniform lateral distribution of

probe molecules and hence their fluorescent intensity. It will be shown below that the
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compression of cylindrical brushes (Figure 3.8c) due to the confinement by the neigh-

boring cilia leads to an almost uniform lateral distribution of mesh sizes and therefore

probe molecules.

The thickness of a cylindrical brush decreases under compression from its unper-

turbed thicknessL0 to a smaller valueL, as shown in Figure 3.8c&d. The volume

occupied by the grafted polymers is reduced and thus the lateral polymer concentra-

tion increases (mesh size decreases). The increase of the lateral polymer concentration,

however, only occurs at distancer larger than certain crossover valuerc, shown in Fig-

ure 3.8d and solid line in Figure 3.8e. In the region with distancer smaller thanrc the

concentration profile is almost unperturbed following the same power law as eq. 3.8.

The lateral concentration (mesh size) profile at distancer larger thanrc is uniform with

the value on the order ofφ (rc) (eq. 3.8) corresponding to the unperturbed concentration

of polymers at distancerc. The crossover distancerc is determined by the thicknessL

of the cylindrical brush under compression

∫ L0

rc

φ (r) 2πrdr = φ (rc)

∫ L

rc

2πrdr (3.9)

From the expression ofφ (r) (eq. 3.8) one obtains the relation between the compressed

brush thicknessL and the crossover distancerc

L2 =
1

2
r2/3c

(

3L
4/3
0 − r4/3c

)

(3.10)

The compression ratio defined as the ratio between the volumes occupied by the teth-

ered polymers after and before compression

Λ ≡ L2 − R2
cilium

L2
0 − R2

cilium

(3.11)

can be rewritten as

Λ =
1

1− (Rcilium/L0)
2

[

3

2

(

rc
L0

)2/3

−1

2

(

rc
L0

)2

−
(

Rcilium

L0

)2
]

(3.12)
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The fraction of the volume occupied by the tethered polymersin which the mesh size

has uniform lateral distribution is

Γ ≡ L2 − r2c
L2 − R2

cilium

(3.13)

Using eqs. 3.10, 3.12, and 3.13 one can estimate the lateral distribution of mesh

sizes under compression. The radius of a cilium isRcilium ≈ 50 nm. The distance

between centers of two neighboring cilia is about300 nm, corresponding to the com-

pression thicknessL ≈ 150 nm. The major component of tethered polymers is MUC4,

with a contour lengthlcontour ≈ 1 µm [118]. Therefore, the average end-to-end dis-

tanceR of an isolated MUC4 isR ≈ b (lcontour/b)
3/5 ≈ 150 nm, assuming that the

Kuhn length of mucin molecules isb ≈ 10 nm [61]3. The polymers (e.g., MUC4)

in a cylindrical brush are extended, implying that the unperturbed brush thicknessL0

defined as the sum of cilium radius and the size of a stretched polymer is larger than

Rcilium +R ≈ 200 nm. Even forL0 = 200 nm the compression ratio defined in eq. 3.11

is Λ = 0.53, at which the crossover distancerc = 50 nm is comparable to the cilium

radiusRcilium. This indicates that almost100% (Γ ≈ 1) of the volume occupied by

the grafted polymers has uniform lateral distribution of mesh sizes and therefore there

is no lateral concentration profile in this compressed cylindrical brush. Larger values

of L0 > 200nm result in stronger compression and thus uniform lateral distribution

of mesh sizes, leading to almost uniform lateral distribution of fluorescent intensity of

probe molecules.

Gradient mesh size profile in the PCL

The data from PCL-permeability experiments (solid circlesin Figure 3.7a) suggests

that probe molecules penetrate into the PCL further as theirsize decreases. Assuming

that probe molecules penetrate into the PCL down to distancez from the cell surface

3It was claimed that the Kuhn length of mucin molecules rangesfrom 10 to 15 nm. Consider the case
for b = 15 nm the sizeR of an isolated MUC4 isR ≈ b (lcontour/b)

3/5 ≈ 180nm.
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at which the mesh sizeξ (z) is on the order of probe diameterd, such dependence of

penetration depth on the size of probe molecules provides anindirect measurement of

mesh size profile in the PCL:ξ (z) ≈ d (z). The determined penetration profiled (z)

for probe molecules of different sizes is shown by the solid line in Figure 3.7a (see

eq. 3.4). The mesh size profileξ (z) in the PCL can be approximated by a logarithmic

dependence on the distancez from the cell surface:

ξ (z) = d (z) ≈ ξ̄ log

(

z0
z0 − z

)

, for 0 < z < z0 (3.14)

in which the characteristic mesh size of the PCLξ̄ ≈ 16 nm. Such decay of the mesh

size towards the cell surface indicates that the tethered macromolecules form a gradient

protective layer that prevents external objects from reaching the cell surface. Similarly

from the mesh size profile (eq. 3.14) one can estimate the concentration profile of the

grafted macromolecules in the PCL.

φ (z) ≈ b(3ν−1)/vξ (z)(1−3ν)/v ≈
(

b

ξ̄

)4/3 [

log

(

z0
z0 − z

)]−4/3

, for zmin < z < z0

(3.15)

where zmin is the minimum distance from the cell surface at which the mesh size

ξ (zmin) of the PCL is comparable to the Kuhn lengthb of mucins. Consideringb ≃ 10

nm the value ofzmin is about3 µm. The above expression (eq. 3.15) for the concentra-

tion of the grafted macromolecules is not valid because it predicts that in the region of

the PCL with distance from the cell surface smaller thanzmin the mesh size is smaller

than the Kuhn length of mucin molecules. In order to estimatethe concentration profile

one has to consider the detailed shape of a mucin Kuhn segment, which has length of

∼ 10 nm and diameter on the order of5 nm due to the carbohydrate side chains (see

chapter 2).
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3.4 Summary: brush-like PCL serves as a gradient protectivebar-

rier

In this chapter we have demonstrated the existence of bio-macromolecules within

the PCL. The bio-macromolecules are physically localized within the PCL by attach-

ing to cilia as well as the epithelial surface. It is expectedthat such tethered macro-

molecules form a brush-like structure. Several key features of the brush-like PCL have

been identified by using the combination of experimental andtheoretical approaches.

Here we would like to emphasize:

(i) The mesh size of the PCL is10–20 nm.

(ii) The mesh size of the PCL decreases towards to the epithelial cell surface, sug-

gesting that the grafting density of the tethered bio-macromolecules increases towards

the cell surface.

(iii) In addition to the mucus barrier, the brush-like PCL can serve as a gradient

protective layer in preventing external objects that can sneak through the mucus “filter”

attempting to approach the epithelial surface.
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CHAPTER 4

OSMOTIC INTERACTION BETWEEN MUCUS LAYER AND

PERICILIARY LAYER

The “Gel-on-Brush” model predicts that the densely tethered macromolecules within

the PCL generate biophysical forces that regulate hydration of both the PCL and the

overlying mucus layer. Flexible mutually interpenetrating polymers, such as the teth-

ered mucins, in the PCL repel each other and thus generate osmotic pressures within

the PCL. The rate of osmotic pressure change with polymer concentration (c) defines

the osmotic modulusK,

K = c
∂π

∂c
(4.1)

a parameter that quantifies the hydration (water-drawing) power of the system. The

higher the osmotic modulus, the higher the hydration (water-drawing) power. It is ex-

pected that the PCL is hydrated, and therefore, maintainingeffective mucus clearance,

as long as its osmotic modulus is larger than that of mucus/mucus simulants. To test

this hypothesis we first quantified the osmotic modulus of mucus/mucus simulants (see

4.1) and then applied mucus/mucus simulants to challenge the PCL (see 4.2).

4.1 Osmotic modulus of mucus and mucus simulants

4.1.1 Experiments

Endogenous (native) mucus accumulation

Endogenous (native) mucus refers to the mucus accumulated on well differenti-

ated HBE cell cultures without any perturbation other than adding physiological buffer



(PBS). HBE cells from donated lungs are harvested by enzymatic digestion as pre-

viously described [119]. Disaggregated human bronchial epithelial (HBE) cells are

seeded on12 mm diameter Transwell Clear supports (Corning Costar, Cambridge, MA)

at a density of2.5× 105 cells/cm2 in a well-defined airway cell media [119]. Cultures

are maintained at an air-liquid interface until fully differentiated (∼ 4 weeks). Mu-

cus accumulated on the full differentiated cell cultures was washed away using PBS.

These thoroughly washed well differentiated HBE cell cultures were placed back for

incubation to allow mucus to accumulate.
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Figure 4.1: Dependence of mucus concentration(a) and height (volume)(b) on incu-
bation time.

We first characterized the dependence of mucus concentration as well as the mucus

thickness (volume) on the incubation time. The mucus concentration (see 4.1.1) was

found to increase rapidly from almost0 to ∼ 0.06 g/ml (7% solids) within the first

week and then approach a steady value (∼ 14% solids) after3–4 weeks. Note that the

concentration of mucus has almost the same dependence on incubation time for both

normal and CF cases. A possible reason could be that the concentration of mucus on

cell cultures is controlled by water evaporation. The kinetics of water evaporation is

determined by the humidity of incubator (typically95%), surface area of cell cultures

in contact with air, and the amount of solutes (solid content) in the mucus. The mucin

secretion rate is determined by the number of mucin-secreting cells, which are expected

to be the same for both normal and CF cell cultures as long as the cultures are not

36



subjected external actuation such as inflammation and bacterial infection [120, 121].

This condition is fulfilled for cell cultures grown in sterilized incubator, and therefore,

the amount of solutes (solid content) in the mucus is expected to be the same for both

normal and CF cells.
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Figure 4.2: Mesh technique for measuring concentration of native mucus. a,Schematic
illustration for the mesh technique.b, c, Representative XZ confocal images showing
(b) the placement of the mesh within the mucus layer (labeled with 3 kDa Texas Red
dextran) and(c) the complete removal of the overlying mucus layer from the PCL.
d, Concentration of native mucus measured by the mesh technique as a function of
incubation time after placing mesh.

Measurements of native mucus concentration

The challenge for measuring the concentration of native mucus is that it is difficult

to grab the on-cell mucus layer as its amount is very small, typically with thickness

of tens of micrometers (volume∼ 10 µl). To overcome this difficulty we developed a

“mesh technique” to measure the concentration of native mucus (see Figure 4.2). In this

technique a flexible cellular mesh was placed on top of mucus accumulated on parallel

cultures, incubated for about2 minutes and then peeled off (Figure 4.2a). It was shown

that the cellular mesh can bind to the mucus strongly enough to allow peeling almost

all the mucus off (see Figure 4.2b, c). Furthermore,2 minutes was found to be the
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appropriate time that allows the mesh to tightly bind to the mucus (see Figure 4.2d).

Dry-to-wet ratio experiments [23] were performed to measure the wet and dry weights

of the peeled-off mesh with mucus. The obtained concentration defined as the ratio

of total mass of solids in mucus to the mass of mucus, including the salt contribution

(∼ 1%), is conventionally called%solids. By subtracting salt concentration0.9% from

this value one can convert%solids to the concentration in terms of g/ml, corresponding

to the mass of solids excluding salts per unit volume of mucus, as the density of mucus

is∼ 1 g/ml. For instance,2% solids is equivalent to0.01 g/ml.

Native mucus with various concentrations was obtained either by selecting different

incubation periods or by diluting (adding different amountof phosphate buffered saline

(PBS) to the mucus with high concentration).

Osmotic pressure measurement

In these studies, we employed a custom-designed direct-membrane osmometer [122]

equipped with a salt and small protein permeable osmotic membrane to measure the

osmotic pressure of various mucus simulants (dextran and agarose) as well as of en-

dogenous mucus. As shown in Figure 4.3, this device consistsof a fluid chamber con-

nected to a sensitive pressure transducer (Omega Engineering, Stamford, CT) affixed

to the bottom of the chamber. A25 mm diameter polyethersulfone membrane (Milli-

pore Inc., Bedford, MA) separated the test chamber from the reference chamber filled

with phosphate buffered saline (PBS). The osmometer was calibrated with commercial

osmotic pressure standards (Wescor Inc., Logan, UT).

An osmotic membrane with10 kDa molecular weight cutoff (MWCO), which has

pore diameter about2.8 nm extrapolated from the data in ref. [123], was used for

measuring the osmotic pressure of mucus simulants. In each measurement,0.2 ml of

the mucus simulant was placed into the fluid chamber, allowing it to come into contact

with the pressure transducer. The steady-state osmotic pressure of a mucus simulant
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Figure 4.3: Customized osmometer for measuring osmotic pressure of mucus simu-
lants and native mucus. Left: Schematic illustration of theosmometer. The osmometer
has the buffer chamber (filled with PBS) and the sample chamber separated by an os-
motic membrane with known molecular weight cut off (MWCO). The buffer chamber
is connected to an osmotic sensor. The seal cover with a hollow tube is used to reduce
the evaporation of the sample while keeping the sample chamber in contact with air.
Right: 3D illustration showing that the edge of osmotic membrane is covered by a vac-
uum sealant to reduce the effective area of osmotic membraneto make sure it is fully
covered by the native mucus.

with a given concentration was recorded.

The above system was modified to measure the osmotic pressureof endogenous

mucus accumulated on the surface of HBE cultures, using the approach for measuring

oncotic pressures of excised tissue samples [124]. Here, mucus was allowed to accumu-

late on the surface of the HBE epithelium for up to4 weeks. The culture-insert mem-

brane (Transwell-Clear; Corning Costar, Cambridge, MA) was carefully excised with a

scalpel and placed directly onto a100 kDa MWCO (pore diameter∼ 11 nm measured

by solute transport methods [123]) osmotic membrane (see Figure 4.3). To investigate

the change in the osmotic pressure with mucus concentration, parallel cultures were

exposed to various amounts of exogenous fluid (5 − 40 µl of PBS) approximately1

hour before the osmotic pressure measurements.
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In all experiments, the osmotic moduli of mucus simulants (dextran and agarose)

and endogenous mucus were calculated from the concentration dependence of osmotic

pressure using equations presented in section 4.1.2.

4.1.2 Results and discussion: osmotic pressure and modulusof mu-

cus and mucus simulants

The osmotic modulusK of a solution defined asK = c (∂π/∂c) (eq. 4.1) describes

the rate at which its osmotic pressureπ changes with concentrationc. Typically osmotic

pressure of polymer solutions in a good solvent [60] can be described by the crossover

phenomenological equation [60]

π =
NAvkBT

Mn
c
(

1 + (c/c∗)α−1) (4.2)

whereNAv is the Avogadro number,kB is the Boltzmann constant,T is the absolute

temperature,Mn corresponds to the number average molar mass of polymer, andc∗ is

the polymer overlap concentration. Therefore, the osmoticmodulusK defined by eq.

4.1 is

K =
NAvkBT

Mn
c
(

1 + α (c/c∗)α−1) (4.3)

Dextran

We have measured the osmotic pressureπ of dextran solutions at concentrations

ranging from dilute to semidilute regime, in which dextran molecules are overlapping

with each other [60]. The dependence of dextran osmotic pressure on solution concen-

tration was fitted by eq. 4.2 (see thin solid red line in Figure4.4):

πdex = 1.2× 104
Pa

g/ml
c

(

1 +

(

c

0.025g/ml

)1.25
)

(4.4)
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Figure 4.4: Osmotic pressure and modulus of mucus simulants and native mucus. Red
squares: osmotic pressure of dextran solutions in PBS at room temperature; thin solid
red line corresponds to dependence of osmotic pressure on solution concentration pre-
dicted by eq. 4.4. Blue triangles: osmotic pressure of agarose solutions in PBS; medium
solid blue line is the best fit of the concentration dependence of agarose solution os-
motic pressure (eq. 4.8). Green circles: osmotic pressure of native mucus; thick solid
green line—best fit of mucus osmotic pressure (eq. 4.10). Insert: thin dashed red
line—calculated osmotic modulus of dextran solutions (eq.4.7); medium dashed blue
line—calculated osmotic modulus of agarose solution (eq. 4.9); thick dashed green
line—calculated mucus osmotic modulus (eq. 4.11). Note that the concentrations of
mucus are all within the physiological range.

The value of exponentα = 2.25 is in perfect agreement with previous study [114].

Equation 4.4 corresponds to the number average molar mass ofdextranMn = 2× 105

g/mole and the overlap concentrationc∗ = 0.025 g/ml. The average molecular size
〈

R3
g

〉1/3

n
of polymers can be estimated from the number average molar mass and overlap

concentration

c∗ =
M

NAvV
≃

∑

i niMi

NAv

∑

i ni (Rg)
3
i

=
Mn

NAv

〈

R3
g

〉

n

(4.5)

whereM is the total molar mass of polymers in pervaded volumeV , ni is the number

fraction of polymers with molar massMi, and (Rg)i is the corresponding radius of

gyration. Therefore, the average molecular size of dextranmolecules is

〈

R3
g

〉1/3

n
≃ Mn

c∗NAv
≃ 24 nm (4.6)
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This average size of dextran molecules is consistent with the average molecular size

obtained from both size exclusion chromatography and dynamic light scattering char-

acterizations (see appendix B). From eq. 4.4 one can obtain the osmotic modulusK

(eqs. 4.1 and 4.3) of dextran solutions (see thin dashed red line in the insert of Figure

4.4):

Kdex = 1.2× 104
Pa

g/ml
c

(

1 + 2.25

(

c

0.025g/ml

)1.25
)

(4.7)

This equation was used to estimate the osmotic modulus of dextran solutions in the

PCL compression and collapse experiments.

Agarose

The concentration dependence of osmotic pressure of agarose in PBS solution was

measured at37 ◦C to keep low-melting point agarose from gelling (blue triangles in

Figure 4.4). Fitting these data to eq. 4.2 we obtained the expression for concentration

dependence of the agarose osmotic pressure (see the medium solid blue line in Figure

4.4)

πagr = 3.6× 104
Pa

g/ml
c

(

1 +

(

c

0.027g/ml

)1.25
)

(4.8)

The linear (van’t Hoff) term of agarose osmotic pressure is consistent with the number

average molar mass of7 × 104 g/mole and the overlap concentration leads to molec-

ular size
〈

R3
g

〉1/3

n
≃ 16 nm. This value is consistent with the average molecular size

obtained from dynamic light scattering characterization (see appendix B). The osmotic

modulus of agarose solution is calculated using eqs. 4.1 and4.8

Kagr = 3.6× 104
Pa

g/ml
× c

(

1 + 2.25

(

c

0.027g/ml

)1.25
)

(4.9)

and plotted by the medium dashed blue line in the insert of Figure 4.4. Equation 4.9

was used to estimate the osmotic modulus of agarose solution.
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Native mucus

The osmotic modulus of mucus was determined from the concentration dependence

of mucus osmotic pressure. We observed two regimes of the concentration dependence

of mucus osmotic pressure. Within the low concentration regime (from∼ 0.02 g/ml to

∼ 0.06 g/ml), the osmotic pressure of mucus has a linear dependence on concentration

π ∼ c. In the high concentration regime (from∼ 0.08 g/ml to ∼ 0.14 g/ml), the

osmotic pressure increases as a higher power of concentration π ∼ cβ, whereβ =

2.21± 0.17. Since there is a sharp crossover between these two dependencies, we used

a modified crossover expression

πmuc = kc

[

1 +
( c

c∗

)(β−1)m
]1/m

(4.10)

to fit the data over the whole concentration range, with crossover exponentm = 3,

coefficientk = (1.45 ± 0.29) × 104 Pa/ (g/ml) and crossover concentrationc∗ =

0.081±0.019 g/ml. The fit of the mucus osmotic pressure to eq. 4.10 is shown in Figure

4.4 (thick solid green line). Note that the crossover concentrationc∗ = 0.081 ± 0.019

g/ml is much larger than the overlap concentration of mucins, which is on the order

of 10−3 g/ml taking into account that the size of gel-forming mucins is about 200 nm

and their molecular weight is about50 MDa (see chapter 2). This linear-concentration-

dependence of native mucus osmotic pressure above overlap concentration might be

due to the interactions between mucins and other protein molecules in mucus.

Osmotic modulus (defined by eq. 4.1) of native mucus is calculated using eq. 4.10

Kmuc = 1.45× 104
Pa

g/ml
× c

[

1 +

(

c

0.081g/ml

)3.63
]1/3

×






1 +

1.21×
(

c
0.081g/ml

)3.63

1 +
(

c
0.081g/ml

)3.63






(4.11)

and is depicted by the thick dashed green line in the insert inFigure 4.4. This expression

of the osmotic modulus of mucus was used to construct the plotof the dependence of

PCL and cilia heights on mucus osmotic modulus.
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4.2 Height of PCL/cilia under osmotic compression

We measured the osmotic pressure and calculated the osmoticmodulus of the mu-

cus layer on HBE cultures with concentrations spanning normal to “abnormally” high

values (see Figure 4.4). The osmotic modulus (K) of the mucus layer strongly in-

creased with mucus concentration, from 200 Pa at normal mucus concentrations [23]

(roughly0.01 g/ml, which is equivalent to2% solids) to3, 000–8, 000 Pa for severely

dehydrated (concentrated) mucus in ranges reported in CF patients (> 0.07 g/ml i.e.

> 8% solids [23, 125]).

4.2.1 Height of periciliary layer

We measured the PCL osmotic modulus by exposing washed HBE cultures to so-

lutions containing very large (d > 50 nm) PCL-impenetrable polymers of varying con-

centrations and, hence, osmotic moduli (Figure 4.5). Similar to the PCL penetration ex-

periments (Figure 3.3), measurements of PCL osmotic moduliwere performed utilizing

a two-fluorescent-probe technique. However, unlike the PCLpenetration experiments,

only the concentration of the large green dextrans, and hence the osmotic modulus of

the test solution, was varied.

Solutions containing large dextrans with osmotic moduli smaller/comparable to the

modulus of normal mucus (K ≈ 200 Pa) did not affect the height of the PCL (Figure

4.5a(i, ii), b). Only whenK of the dextran solution exceeded300 Pa, did the PCL

begin to compress, as evidenced by the decrease in the exclusion height. Therefore,

300 Pa represents the osmotic modulus of a fully-hydrated (healthy) PCL (K0) (Figure

4.5b, grey zone). Exposure to a higher concentration of dextran with aK ≈ 4, 000 Pa

resulted in a significant collapse of the PCL (Figure 4.5a(iii), b).

Note, the probe penetration experiments described above (Figure 3.3) identified

a gradient of mesh sizes in the PCL, strongly suggesting thatthe grafting density of
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Figure 4.5: Osmotic compression of the PCL-brush by mucus and mucus simulants.
a, Representative XZ-confocal images showing progressive compression of the PCL
brush by large dextran molecules (d > 50 nm) of increasing osmotic moduli ((i) ∼ 70
Pa,(ii) ∼ 200 Pa,(iii) ∼ 4, 000 Pa). Scale bars= 7 µm. b, Summary data of the
exclusion thickness (z) of the large dextran molecules and endogenous mucus versus
their osmotic moduli. Dashed black line represents the bestlinear fit to the dependence
of PCL height on the logarithm of osmotic modulus of mucus/mucus simulants for
z < 6 µm: z ≈ 7µm−3.15µm log (K/340Pa). The highlighted region represents the
osmotic modulus of a fully-hydrated (healthy) PCL,K0 ≈ 300 ± 60 Pa, above which
noticeable decrease of the PCL height was observed.

macromolecules tethered to cilia increases towards the cell surface. Based on this ob-

servation, we predicted that the repulsion between these macromolecules, and there-

fore, the osmotic modulus of the PCL would also increase towards the cell surface.

Indeed, the exclusion zone for the probes was observed to decrease systematically as a

function of the osmotic modulus K of the mucus simulants (green circles, Figure 4.5b).

These findings were validated by the experiments in which thePCL was compressed

by endogenous mucus at various concentrations (and osmoticmoduli) (red squares in

45



Epithelial Cells

a

KPCLK <mucus

Kmucus

KPCL

K0=

Epithelial Cells

b

KPCLK << mucus
K0=Hydration

Epithelial Cells

d

KPCLK = K0>>mucus

KPCK <mucus

Water drawing KPCLK = K0=mucus

Epithelial Cells

c

Figure 4.6: Schematic illustration showing the effects of the relativewater-drawing
powers of the mucus gel and the PCL.a, Normal state: the osmotic modulus of normal
mucus (Kmucus) is smaller than that of the PCL (KPCL = K0). The two moduli are
depicted by the diameters of the springs (KPCL – purple andKmucus – green) and the
volume of water in the system is depicted by the fixed distancebetween two plates.
b, water added to the healthy airway surface preferentially enters and thus dilutes the
mucus layer, leaving the PCL unchanged. The resulting osmotic modulus of the mu-
cus layer is much smaller than that of the PCL.b, Increased hydration: water added
to the healthy airway surface (distance between plates increased) withKmucus < K0

preferentially enters and thus dilutes the mucus layer, leaving the PCL unchanged. The
resulting osmotic modulus of the mucus layer is much smallerthan that of the PCL
(Kmucus << K0). This state is depicted by larger length and diameter of thegreen
spring with no change in the purple spring.c, d, Dehydrated state (plates close to each
other): as water is removed it first preferentially leaves the mucus gel due to its lower
osmotic modulus (c). Further dehydration leads to removal of water from both the mu-
cus gel and the PCL. The moduli of both layers are increased and equal, represented by
smaller diameters of shortened springs (d). This state corresponds to diseased airways
(COPD, CF).
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Figure 4.5b). Note that mucus with high concentrations, mimicking those found in im-

mobile airway secretions from diseased lungs such as CF (i.e., > 0.07 g/ml [23, 125]

with > 3, 000 Pa), removed sufficient water from the PCL to cause its collapse (Figure

4.5a(iii), b).

These data suggest that the “Gel-on-Brush” model accurately describes the forces

that govern hydration of airway surfaces. The model predicts that water distributes be-

tween the two airway surface layers, i.e., the mucus layer and PCL, according to their

relative osmotic moduli (Figure 4.6). The layer with a lowerosmotic modulus changes

its concentration more readily than the layer with the higher osmotic modulus. This

relationship is analogous to the deformation of a pair of springs connected in series

(Figure 4.6a). Upon deformation of the pair, the softer spring (with lower modulus) de-

forms more than the stiffer one. Because the PCL is a “constrained” (tethered) system,

its concentration saturates upon hydration and, therefore, it has a “minimal” osmotic

modulus (K0) when the PCL is fully hydrated. In contrast, since the mucuslayer is

under no such constraint, its osmotic modulus can become very small upon extensive

hydration. As a result, liquid added to the hydrated/healthy airway surface preferen-

tially enters the mucus layer, leaving the PCL unchanged (Figure 4.6b). Conversely,

when the airway surface is dehydrated, liquid is drawn first from the mucus layer, in-

creasing its concentration and, therefore, osmotic modulus. As the osmotic modulus

of mucus layer exceedsK0 of the PCL, water is extracted from both layers, increasing

their concentrations and osmotic moduli resulting in compression of the PCL (Figure

4.6c, d). Thus, the “Gel-on-Brush” model posits that 1) for health,the osmotic mod-

ulus (of the PCL must be larger than that of the mucus layer (Figure 4.6a) to ensure

the required hydration and lubricating properties of the PCL, for normal mucus layer

transport; and 2) in disease, strong dehydration of the airway surface produces a mucus

layer osmotic modulus (Kmucus) that significantly exceeds modulus of the healthy PCL,

collapsing the PCL and slowing/abolishing mucus transport(Figure 4.6d).
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4.2.2 Height of cilia

There are contrasting scenarios for PCL collapse upon osmotic compression that

have important implications for cilia beating dynamics andmechanisms of mucus ad-

hesion to the airway surface. For example, one possibility is that the tethered mucin

brush is compressed against “extended” cilia upon exposureto dehydrated mucus or

mucus simulants with high osmotic moduli, allowing penetration of mucus into the in-

terciliary spaces (Figure 4.7a). This scenario is expected if cilia are elastically stiffer

than the surrounding brush of tethered macromolecules and dehydrated mucus. An

alternative possibility is that the cilia are compressed towards the epithelial surface

(Figure 4.7b).

To distinguish between these two possibilities, bright-field microscopy of HBE cul-

tures mounted in profile was utilized to directly measure themaximal height of the cilia

during the exposure to solutions of varying osmotic moduli.Large dextran (d > 50

nm) or agarose (d ≈ 44 nm) solutions with osmotic moduli< 800 Pa had negligible

effects on the height of the cilia (Figure 4.7c and points to the left of the highlighted

zone in Figure 4.7e). However, cilia height decreased significantly with increasing so-

lution osmotic moduli (Figure 4.7d and points to the right of the highlighted zone in

Figure 4.7e). The value of800 Pa represents the minimum osmotic modulus required

to deform the cilia (Kcc). With exposure to solutions withK > Kcc, the cilia still beat

within this restricted space, but not at their full heights.These data, coupled with dye

measurements ofK0 (see Figure 4.5), suggest that with moderate increases in osmotic

modulus of the overlaying polymer layer, e.g., betweenK0 = 300 Pa andKcc = 800

Pa, there was compression of the brush towards the cilia. Polymer solutions with higher

osmotic moduli caused cilia to collapse. Experiments with HBE mucus (red squares,

Figure 4.7e) revealed that mucus with osmotic modulusK = 5, 700 Pa, similar to that

observed in CF, also produced complete ciliary collapse. Based on these data, it is

apparent that airway cilia do not exhibit sufficient stiffness to resist osmotic collapse

during severe airway surface dehydration.
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Figure 4.7: Collapse of cilia by mucus and mucus simulants.a, b, Possible scenarios
for the compression of the PCL brush by mucus or mucus stimulants with high osmotic
modulus (concentration):a, tethered macromolecules are compressed towards the cilia
surface without significant deformation of the cilia;b, in addition to the compressed
tethered macromolecules, the cilia are also deformed by solutions with high osmotic
modulus;c, d, Representative bright-field microscopy images showing theeffects of
low (c; ∼ 300 Pa) and high (d; ∼ 5, 000 Pa) osmotic moduli on cilia height from HBE
cultures (viewed in profile). White bars denote the length offully extended cilia (7
µm). e, Summary plot of the cilia height versus the osmotic moduli ofthe overlying
mucus/mucus simulants, using large, PCL-impermeable dextran (d > 50 nm; green
solid circles), low melting point agarose (d ≈ 44 nm; blue solid diamonds), endoge-
nous mucus (red solid squares), and small PCL permeable dextran (d ≈ 2 nm; black
empty circles). Solid green line represents the best linearfit to the dependence of cilia
height on the logarithm of osmotic modulus of mucus/mucus stimulants forK > 1, 000
Pa:z ≈ 7µm− 3.33µmlog (K/807Pa). Dependence of the exclusion zonez(K) on os-
motic modulus of mucus/mucus simulants (Figure 4.5b) is shown for comparison by
the dashed black line. Highlighted zone represents the crossover osmotic modulus,
Kcc ≈ 800±120 Pa, above which noticeable decrease of the cilia height was observed.

Note that the interface between the mucus layer and the PCL brush is semiper-

meable. Thus only the large macromolecules that cannot penetrate the mesh of the
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opposing layer, and not the freely permanent salts and smallglobular proteins, generate

the “partial” osmotic pressures/moduli that govern water distribution between the two

layers. To test this prediction, HBE cultures were exposed to luminal solutions contain-

ing small dextrans (d ≈ 2 nm) with varying concentrations, and thus, ‘total’ osmotic

moduli. These small dextrans freely enter into the PCL, and hence, are predicted not

to produce osmotic compression of PCL brush. Indeed, no changes in the cilia height

were observed, even for solutions of small dextrans producing osmotic moduli exceed-

ing 15, 000 Pa (empty circles, Figure 4.7e). Based on these findings, we conclude that

it is the large macromolecules in the mucus layer (e.g. secreted mucins which cannot

penetrate the PCL) that are the ‘partially’ osmotically active molecules with respect to

the PCL-brush.

4.3 Summary: Brush-like structure stabilizes the periciliary layer

for maintaining effective mucus clearance

In this chapter we have demonstrated that in addition to the function of protec-

tive layer, the brush-like structure also stabilizes the periciliary layer (PCL) from the

osmotic compression of mucus. This osmotic PCL cushion is created by the strong

repulsion between overlapping tethered bio-macromolecules in it. It is expected that

the PCL is stable (un-collapsed) as long as its osmotic modulus is larger than that of

mucus, which is required for maintaining effective mucus clearance. Several important

features have been identified:

(i) The PCL has a minimum osmotic modulus with the valueK0 ≃ 300 Pa, which

is due to the tethered bio-macromolecules that are physically localized within the PCL.

(ii) The osmotic modulus of healthy mucus is smaller than theminimum valueK0 of

PCL osmotic modulus. Under this condition the effective mucus clearance is sustained.
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(iii) The osmotic modulus of diseased mucus is larger than the minimum valueK0

of osmotic modulus of PCL. Under this diseased condition themucus clearance slows

down (for COPD∼ 1000 Pa ) and eventually fails (for CF∼ 3000 Pa).
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CHAPTER 5

CONCLUSIONS AND REMARKS: PART I

The “Gel-on-Brush” model represents a fundamentally new description of the struc-

ture of airway surface layers. The brush-like periciliary layer enables itself a gradient

barrier with permeability (mesh size) decreasing towards cell surface. This gradient

permeability is of great biological importance as it suggests that inhaled harmful partic-

ulates sneaking through the mucus barrier could be prevented by the PCL from reaching

the epithelial surface.

The “Gel-on-Brush” model for the first time provides a consistent biophysical ex-

planation of mucus clearance. This model predicts that the normal mucus layer, with

a partial osmotic modulus (∼ 200 Pa) lower than the minimal modulus of the pericil-

iary layer (K0 ∼ 300 Pa), acts as a reservoir for water in healthy airways, swelling or

shrinking in response to depletion or repletion of water on airway surfaces [23].

The “Gel-on-Brush” model also predicts that when the partial osmotic modulus

of the mucus layer exceeds the minimal modulus of the periciliary layer (K0), mu-

cus transport slows and eventually stops, quantitatively explaining the failure of mu-

cus clearance observed in disease, e.g., cystic fibrosis [18]. The resulting immobile

mucus forms a nidus for inflammation and bacterial infections [126, 127], leading to

chronic lung disease associated with cystic fibrosis and chronic obstructive pulmonary

disease (COPD). The increase in the partial osmotic modulusof the mucus layer can

reflect either a decrease in the amount of solvent (water), e.g., in cystic fibrosis [18],

or an increase in mass of secreted mucins, e.g., in chronic obstructive pulmonary dis-

ease (COPD) [17]. Therefore, the “Gel-on-Brush” model has the capacity to unify the

pathogenesis of human airways diseases that have in common mucus stasis, inflamma-

tion, and infection. [128] Thus, the “Gel-on-Brush” model will yield novel therapeutic



strategies to treat these common human lung diseases that may include therapies de-

signed to restore normal osmotic moduli of mucus layer by hydrating airway surfaces

or reducing mucin secretion rates.
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Part II

Mobility of Probe Particles in Complex

Fluids



CHAPTER 6

INTRODUCTION

In the beginning of part I we have described the mucociliary clearance system (see

chapter 1), in which the main function of mucus is to trap any inhaled particles and thus

protects the lung from infection. However, this function also poses a problem for drug

delivery, which requires cargos carrying pharmaceutical agents to overcome the mucus

barrier. It has been found that motion of non-sticky cargos (nanoparticles) in mucus

significantly slows down as their size increases above length scales corresponding to

the characteristic structure of mucus [25, 47, 129]. This phenomenon suggests that

the motion of a probe particle in complex fluids might reflect their local structure and

possibly dynamics.

A class of technology called microrheology based on this idea has emerged within

past two decades. The physical basis of microrheology relies on the generalized Stokes-

Einstein relation [130–132], from which one can relate the time dependence of the

mean-square displacement (MSD) of probe objects, typically spherical particles, to vis-

coelastic properties of surrounding environments. This technique has been manifested

to be versatile and powerful in probing local dynamics of complex fluids [132, 133],

including polymer solutions and melts [134–140], bio-macromolecular solutions [141–

151], cells [152–158], and colloid suspensions [159].

In addition to the ability to probe bulk rheological properties, microrheology can

also probe local inhomogeneities of matrix materials sincesuch inhomogeneities di-

rectly determine the behavior of the particle motion. The particle motion could be

monitored by using diffusing wave spectroscopy [160], dynamic light scattering [159],

laser deflection particle tracking [161], fluorescence correlation spectroscopy [162], or

atomic force microscopy [163–165]. Depending on the driving force exerted on probe



particles, microrheology can be broadly classified as active or passive. Probe particles

in active microrheology [166] are driven by external forces, typically of magnetic [167]

or optical origin [145]; while in the case of passive microrheology probe particles are

undergoing thermal motion. The velocity of probe particlesin active microrheology is

required to be slow enough to be considered within the linearregime if one wants to

study the linear viscoelastic properties of probed environments. Compared to active mi-

crorheology, therefore, an advantage of passive microrheology is that the requirement

of slow velocity of probe particles is always satisfied.

Experimentally it is convenient to link the viscoelastic properties and local inho-

mogeneities of complex fluids to the MSD of probe particles. The theoretical under-

standing of particle diffusion in complex fluids, however, is far from being complete

and satisfactory. Even for relatively simple systems, suchas polymer liquids (solutions

and melts) and solids (gels and networks), the diffusion of probe particles in them is

not fully understood, though considerable theoretical effort [168–184] (see ref. [185]

for a summary) has been devoted. These theoretical works canbe divided into two

broad classes according to the physical concepts applied. The first class of theories is

based on the hydrodynamic interactions between particles and polymers. [168, 173] In

dilute polymer solutions chains with size smaller than the particle size are considered

as “spheres” with size equal to their hydrodynamic radii. [173] Particles diffusing in

dilute polymer solutions experience the hydrodynamic interaction with these effective

hard spheres. Semidilute polymer solutions are modeled as ahydrodynamic medium

in which polymers are treated as a background of fixed friction centers of monomer

beads. [168] The hydrodynamic drag between moving spherical probe particles and

fixed monomer beads is assumed to be screened at length scale of solution correlation

length [186]. The effects of depletion of polymers near the surface of spherical particles

on particle diffusion are considered in refs. [170–172]. All of these theories [168–172]

do not take into account the relaxation of polymer matrix andpredict an exponential

dependence of terminal particle diffusion coefficient (at long time scales) on different

powers of particle size and solution concentration (see section 7.2.2 for the discussion).
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By contrast we argue that the particle mobility is determined by the dynamics of poly-

mers and terminal particle diffusion coefficient scales as apower law of the particle

size and solution concentration.

The second class of theories is based on the concept of “obstruction effect” [174–

180], in which the polymer solutions are treated as a “porous” system with “pore size”

characterized by the distribution of distances from an arbitrary point in the system to the

nearest polymer. This distribution is obtained from a geometric consideration for a sus-

pension of random rigid fibers [174]. The diffusion coefficient of particles is assumed

to be linearly proportional to the fraction of “pores” in thepolymer solutions with size

larger than that of probe particles. This linear assumptionfails, however, when poly-

mers overlap at high concentration as the probe particles cannot diffuse through “pores”

with size smaller than the particle size. In addition, flexible polymers are very different

from rigid fibers as the polymers are coil-like. Therefore, the concentration dependence

of “pore” size in coil-like polymer solutions is different from that in solution of rigid

fibers. Furthermore, polymers are mobile and therefore particles with size larger than

the spacing between “obstacles” (correlation length of polymer solutions) are not per-

manently hindered by such “obstacles”. The mobility of suchparticles is determined

by the polymer dynamics.

In this part of the thesis we present a theoretical description of the thermal motion

(related to passive microrheology) of spherical probe particles in polymer liquids (solu-

tions and melts) and solids (gels and networks). We assume that there is no adsorption

of polymers onto probe particles and no interaction betweenprobe particles. In chapter

7 we discuss the motion of particles in polymer liquids. The motion of particles in poly-

mer solids (gels and networks) is investigated in chapter 8,in which a novel hopping

mechanism is introduced to describe the motion of particleswith size larger than the

network mesh size. In chapter 9 we extend our results of particles in polymer liquids

and solids to reversible polymer liquids in which the crosslinks are temporary and thus

can reorganize. Conclusions and remarks are presented in chapter 10.
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CHAPTER 7

MOBILITY OF PARTICLES IN POLYMER LIQUIDS

Mobility of particles in polymer liquids depends on the relative particle size with

respect to two important length scales. The first one is the correlation lengthξ, defined

as the average distance from a monomer on one chain to the nearest monomer on an-

other chain. [60] This length is on the order of polymer size at the overlap concentration

(φ∗) and decreases as a power of concentration (volume fraction) φ (thick line in Figure

7.1):

ξ (φ) ≃ bφ−v/(3v−1) (7.1)

whereb is the length of the Kuhn segment andv is the Flory exponent that depends

on the solvent quality. The correlation length in a theta solvent (with v = 1/2) de-

creases with concentration asξ ≃ bφ−1, while in an athermal solvent (v = 0.588) the

correlation length decreases asξ ≃ bφ−0.76. The second important length scale is the

entanglement length (tube diameter)a [60, 187, 188], which is typically a factor of5

larger than the correlation lengthξ and is proportional toξ in athermal solvent (medium

line in Figure 7.1)

a (φ) ≃ a (1)φ−v/(3v−1)

∼ φ−0.76 ∼ ξ, for athermal (or good) solvent (7.2)

but has a different concentration dependence in a theta solvent [60]

a ≃ a (1)φ−2/3, for theta solvent (7.3)

Herea (1) is the tube diameter in polymer melt with a typical valuea (1) ≃ 5 nm. The

size of a polymer chain ofN Kuhn segments

R ≃ bN1/2φ−(2v−1)/(6v−2), for φ∗ < φ < φ∗∗ (7.4)
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Figure 7.1: Three regimes for mobility of probe particles with sized in polymer so-
lution with volume fractionφ shown in the(φ, d) parameter space: regime I for small
particles (b < d < ξ), regime II for intermediate particles (ξ < d < a), and regime
III for large particles (d > a). Solid lines represent the crossover boundaries between
different regimes. Thick and intermediate lines correspond to the dependencies of cor-
relation lengthξ and tube diametera in good solvent on volume fractionφ, while thin
(top) line describes concentration dependence of polymer sizeR (φ). RF is the chain
size in dilute polymer solution in a good solvent andR0 corresponds to the chain size in
a polymer melt. Dashed lines represent crossovers between regimes of polymer solu-
tion at different concentrations: (1) the dilute solution regime with0 < φ < φ∗, where
φ∗ is polymer overlap concentration; (2) the semidilute unentangled solution regime
with φ∗ < φ < φe, whereφe is the concentration at which polymers start to entangle
with each other; (3) the semidilute entangled solution regime withφe < φ < φ∗∗; (4)
the concentrated entangled solution regime withφ∗∗ < φ < 1 [60]. Logarithmic scales.

is independent of volume fractionφ for theta solvent (v = 1/2) and has a very weak

concentration dependence in athermal (or good) solvent (v = 0.588) (see thin line

in Figure 7.1):R ≃ bN1/2φ−0.12. Hereφ∗∗ is the crossover concentration between

semidilute solution regime with partially swollen chains and the concentrated solution

regime with ideal chain statistics. [60]

The scaling theory for mobility of probe particles of different shapes in polymer

melt has been developed by Brochard-Wyart and de Gennes [189]. We extend the ideas

of ref. [189], in which only the terminal diffusion coefficient (at long time scales) of

probe particles in polymer melt is discussed, to describe the mobility of spherical par-

ticles in polymer liquids over a wide range of concentrationand time scales. In section

7.1 we present our prediction for the mean-square displacement of probe particles of

various sizes in polymer liquids at different time scales. We show that there are three
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regimes depending on the particle size: 1) mobility of smallparticles (d < ξ) is not

much affected by the surrounding polymers, 2) motion of intermediate size particles

(ξ < d < a) is coupled to segmental motion of the polymers, and 3) largeparticles

(d > a) are affected by entanglements. The contribution of hopping diffusion to the

mobility of large particles (d > a) trapped in entanglement cages is not taken into ac-

count for the case of polymer liquids and will be elaborated in section 8.5 in chapter 8.

Section 7.2 deals with the dependencies of terminal particle diffusion coefficient on so-

lution concentration, particle size, and polymer molecular weight and these predictions

are compared with existing experimental and simulation data as well as prior theoret-

ical models. Concluding remarks and future research directions of investigations are

discussed in section 7.3.

7.1 Mean-square displacement

7.1.1 Small particles

If the diameterd of a probe particle is smaller than the solution correlationlengthξ

(see regime I in Figure 7.1), the motion of the particle is notmuch affected by polymers

and is very similar to particle diffusion in a pure solvent. Mean-square displacement of

particles (see dash-dotted line in Figure 7.2) in this regime is

〈

∆r2 (t)
〉

≃ Dst, for t > τ0 (7.5)

Hereτ0 is the monomer relaxation time

τ0 ≃ ηsb
3/ (kBT ) (7.6)

in whichkB is Boltzmann constant andT is absolute temperature. The particle diffusion

coefficient is determined by solvent viscosityηs and is reciprocally proportional to the

particle diameterd (Stokes-Einstein relation)

Ds ≃ kBT/ (ηsd) (7.7)
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Particle diffusion coefficient decreases by a factor on the order of two with respect to its

valueDs in pure solvent as the solution concentration crosses from regime I to regime

II, in which the solution correlation lengthξ becomes smaller than the particle sized.

Here and below we drop all numerical coefficients and keep ouranalysis at the scaling

level.

<r2(t)>d

t

Figure 7.2: Time dependence of the product of mean-square displacement〈∆r2(t)〉
and the particle sized for small particles (b < d < ξ, dash-dotted line), intermediate
size particles (ξ < d < a, dashed line), and large particles (d > a, solid line) in polymer
solutions (ξ ≃ b in polymer melts). Hereτ0 is the relaxation time of a monomer
(eq. 7.6),τξ (eq. 7.8) is the relaxation time of a correlation blob,τd (eq. 7.12) is
the relaxation time of a polymer segment with size comparable to particle sized, τe
(eq. 7.15) is the relaxation time of an entanglement strand,andτrep (eq. 7.18) is the
relaxation (reptation) time of a whole polymer chain. Logarithmic scales.

7.1.2 Intermediate size particles

Motion of particles of size larger than the correlation length ξ (in polymer melt

ξ ≃ b) but smaller than the tube diametera (see regime II in Figure 7.1) is not affected

by chain entanglements, but is affected by polymer dynamics. There are three regimes

for the mean-square displacement of these intermediate size particles at different time

scales. At short time scales the motion of such particles is diffusive (see eq. 7.5 and

left part of the dashed line in Figure 7.2) as particles “feel” local solution viscosity
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comparable to that of solvent. This diffusive regime continues up to the time scale

τξ ≃ ηsξ
3/(kBT ) ≃ τ0 (ξ/b)

3 (7.8)

which corresponds to the relaxation time of a correlation blob with sizeξ. At time t

longer thanτξ the motion of intermediate size particles is sub-diffusiveas it is coupled

to the fluctuation modes of the polymer solution. The polymermode with relaxation

time t involves the motion of a section of the chain containing(t/τξ)
1/2 correlation

blobs (see Chapter 8 in ref. [60]). The effective viscosity “felt” by particles at time

scalet is the viscosity of a solution with polymers of size equal to the chain section size

ξ(t/τξ)
1/4. This effective viscosity is higher than the solvent viscosity by the factor on

the order of the number of correlation blobs in the corresponding chain section

ηeff(t) ≃ ηs(t/τξ)
1/2, for τξ < t < τd (7.9)

The effective diffusion coefficient of these particles decreases with time as

Deff(t) ≃ kBT/ (ηeff (t) d) ≃ Ds(t/τξ)
−1/2, for τξ < t < τd (7.10)

and the mean-square displacement of the particle is proportional to the square root of

time
〈

∆r2 (t)
〉

≃ Deff(t)t ≃ Ds (τξt)
1/2 , for τξ < t < τd (7.11)

This sub-diffusive regime (see the middle part of the dashedline in Figure 7.2) contin-

ues until the time scaleτd at which the size of chain sections controlling viscosity is

comparable with the particle sizeξ(τd/τξ)1/4 ≃ d.

τd ≃ τξ(d/ξ)
4 (7.12)

At longer times (t > τd) the motion of intermediate size particles is diffusive (〈r2 (t)〉 ≃

Dtt) with a terminal diffusion coefficient (see the right part ofthe dashed line in Figure

7.2)

Dt ≃
kBT

ηeff (τd) d
≃ kBTξ

2

ηsd3
, for t > τd (7.13)

where we used equations 7.9 and 7.12 forηeff andτd. Note that the mean-square dis-

placement of particles at the onset of this terminal Brownian diffusion (at timeτd) is ξd
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(dashed line in Figure 7.2), and the diffusion coefficient isproportional to the square

of the correlation length and inversely proportional to thecube of the particle size (see

eq. 7.13). The reason for this extra factor of(ξ/d)2 in the diffusion coefficient (eq.

7.13) is that the effective viscosity “felt” by the particles at long times is proportional

to the number of correlation blobs in a chain section with size on the order of particle

diameter,

ηeff ≃ ηs(d/ξ)
2, for t > τd (7.14)

The correlation length in polymer melts is on the order of monomer size (ξ ≃ b) and

equation 7.14 becomesηeff ≃ ηs(d/b)
2 [189]. Note that none of the above results

depends on the polymer molecular weight as long as the tube diametera and/or polymer

sizeR is larger than the particle sized.

7.1.3 Large particles

Particles larger than the size of entanglement mesh (d > a, wherea is entanglement

tube diameter [60, 187, 188]) are trapped by the entanglements. The arrest of particle

motion occurs on time scale on the order of the relaxation time of an entanglement

strand:

τe ≃ τξ(a/ξ)
4 ≃ τ0 (ξ/b)

3 (a/ξ)4 (7.15)

At short time scalest < τe the motion of large particles follows the same time depen-

dence as that of intermediate ones for the first two regimes (see section 7.1.2). The

mean-square displacement of these large particles at time scaleτe

〈

∆r2 (τe)
〉

≃ a2ξ/d (7.16)

depends on all three important length scales: the tube diametera, the correlation length

ξ, and the particle sized. The plateau modulus of the semidilute solution can be ob-

tained from this mean-square displacement (eq.9.37 in ref. [60])

Ge ≃ kBT/
(〈

∆r2 (τe)
〉

d
)

≃ kBT/
(

a2ξ
)

(7.17)
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Note that if we consider the polymer solution as a “melt” of correlation blobs, the

volume occupied by an entanglement strand isξ3 (a/ξ)2 ≃ a2ξ, and eq. 7.17 is con-

sistent with plateau modulus corresponding to thermal energy kBT per entanglement

strand. We stress out that the relation (eq. 7.17) between solution plateau modulus

and the plateau mean-square displacement of a probe particle (eq. 7.16) is identical

(up to numerical factors on the order of unity) to the one obtained via the generalized

Stokes-Einstein relation that equates the long time limit of the mean-square displace-

ment of a particle with the zero-frequency shear modulus in an elastic solid [131]. This

self-consistency between a polymer-dynamics-based scaling model and the fluctuation-

dissipation theorem, that makes no assumptions about microscopic dynamics, further

validates the approach relating the particle mean-square displacement to rheology.

The motion of large particles at time scales longer thanτe can proceed by two

mechanisms. The first one is the reptation of surrounding polymers leading to the

release of topological constraints at the reptation timeτrep, which is proportional to the

cube of the number of entanglements (N/Ne) per chain

τrep ≃ τe(N/Ne)
3 (7.18)

HereNe is the number of monomers per entanglement strand. Tube length fluctuations

[60] lead to even stronger dependence of reptation time on the degree of polymeriza-

tion: τrep ∼ N3.4. The second mechanism that could lead to the motion of particles is

due to fluctuations of local entanglement mesh that will allow particles to pass through

entanglement gates and thus hop between neighboring entanglement cages. The contri-

bution of hopping process will be important for diffusion ofparticles not significantly

larger (d & a) than the tube diameter of entangled polymer solutions. This hopping

mechanism will be discussed in chapter 8. Below we focus on the motion of large

particles due to chain reptation.

At time scales shorter thanτrep large particles (d > a) are trapped by entanglements
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and their mean-square displacement is on the order ofa2ξ/d (eq. 7.16)

〈

∆r2 (t)
〉

≃ a2ξ/d, for τe < t < τrep (7.19)

The motion of particles resulting from chain reptation at longer times (t > τrep) is

Brownian with diffusion coefficient determined by the bulk solution viscosityη

〈

∆r2 (t)
〉

rep
≃ kBT

ηd
t, for t > τrep (7.20)

where the viscosityη ≃ Geτrep increases as high powers of the degree of polymeriza-

tionN and solution concentration [60]. Eq. 7.20 can also be rewritten as

〈

∆r2 (t)
〉

rep
≃
(

ξa2/d
)

t/τrep, for t > τrep (7.21)

Diffusion coefficient of large probe particles due to chain reptation is

Drep ≃ kBT/ (ηd) ≃ ξa2/ (dτrep) , for d > a (7.22)

7.1.4 Microrheology

Figure 7.3: Viscoelastic properties of polymer liquids predicted fromtime-dependent
mean-square displacements of small particles (d < ξ, black thin line), intermediate size
particles (ξ < d < a, green medium lines), and large particles (d > a, red thick lines).
Solid lines correspond to storage moduliG′ and dashed lines represent loss moduliG′′

as functions of frequencyω. Logarithmic scales.

The viscoelastic properties of polymer liquids can be determined from the time de-

pendence of the mean-square displacements of probe particles within a wide frequency
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range by using generalized Stokes-Einstein relation (GSE)[130, 131]. The GSE relates

the viscoelastic spectrum̃G (s) of polymer liquids to the Laplace transform〈∆r̃2 (s)〉

of mean-square displacement〈∆r2 (t)〉:

G̃ (s) =
2kBT

πds 〈∆r̃2 (s)〉 (7.23)

wheres is the Laplace frequency. According to the Kramers–Kronig relations, storage

modulusG′ (ω) and loss modulusG′′ (ω) correspond to the real and imaginary parts

of complex modulusG∗ (ω), which is determined by substitutingiω for the Laplace

frequencys in eq. 7.23 .

Figure 7.3 shows the viscoelastic properties of polymer liquids predicted from time-

dependent mean-square displacements of particles with different sizes. Small particles

(d < ξ) probe solvent-like viscosity within entire frequency range (see thin line in Fig-

ure 7.3). Intermediate size particles (ξ < d < a) also experience solvent-like viscosity

at high frequencies (1/τξ < ω < 1/τ0). However, at frequencies lower than1/τξ they

probe segmental dynamics of polymer liquids (see medium lines in Figure 7.3). Parti-

cles with size larger than the tube diameter (d > a) are expected to probe full dynamics

of the polymer liquids (thick lines in Figure 7.3). Similar to intermediate size particles,

large particles probe solvent-like viscosity at high frequencies (1/τξ < ω < 1/τ0) and

probe the segmental dynamics of polymer liquids at frequencies1/τe < ω < 1/τξ. At

intermediate frequencies (1/τrep < ω < 1/τe) the large particles are trapped by en-

tanglements and probe the entanglement plateau modulus (see eq. 7.17). At very low

frequencies (ω < 1/τrep) large particles experience bulk viscosity. It is important to

point out that the probe particles in microrheology must be non-sticky, so that they do

not form strong physical or chemical bonds with surroundingmaterials.
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Figure 7.4: Dependence of terminal particle diffusion coefficientDt on particle sized
in entangled polymer solutions. Dotted line corresponds tothe crossover taking into ac-
count the contribution of hopping process to the particle mobility. Logarithmic scales.

7.2 Particle diffusion coefficient

7.2.1 Dependence on particle size

In section 7.1 we have discussed the time dependence of mean-square displace-

ments of probe particles of different sizes in polymer liquids with fixed volume fraction

(concentration). The mobility of particles in polymer liquids is investigated for three

main cases depending on the size of probe particles: small particles (d < ξ) (regime I

in Figure 7.1 and section 7.1.1), intermediate particles (ξ < d < a) (regime II in Figure

7.1 and section 7.1.2), and large particles (d > a) (regime III in Figure 7.1 and section

7.1.3). In Figure 7.4 we sketch the dependence of terminal diffusion coefficientDt on

particle sized. For small probe particles with sized smaller than the solution correla-

tion lengthξ the diffusion coefficientDt follows the classical Stokes-Einstein relation

(see eq. 7.7) and is mainly determined by the solvent viscosity ηs, as shown by the first

section of the curve in Figure 7.4. Terminal diffusion coefficientDt of intermediate

size particles (ξ < d < a) has a much stronger dependence on particle size (see eq.

7.13) because they “feel” effective viscosity that increases as square of the particle size
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(eq. 7.14), as shown by the second section of the curve in Figure 7.4. As long as the

particle size is smaller than the tube diameter the terminalparticle diffusion coefficient

is independent of polymer molecular weight. The diffusion coefficient of particles with

size larger than the tube diameter (d > a) (regime III in Figure 7.1 and section 7.1.3)

is determined by chain reptation process and particles “feel” full solution viscosityη

(see eq. 7.22). Note that our scaling calculation suggests asharp drop of the terminal

diffusion coefficient of particles with size on the order of the tube diameter (d ≃ a) by

a large factor(N/Ne)
3, as shown in Figure 7.4. This sharp crossover is broadened (see

the dotted line in Figure 7.4) by the contribution to particle mobility from the hopping

diffusion process. [190]

As mentioned in section 7.1.3, the mobility of particles with sized larger than the

tube diametera is due to both chain reptation and hopping processes. To hop from

one entanglement cage to a neighboring one the particle has to overcome an entropic

energy barrier that increases with the ratio of particle size d to the tube diametera.

Thus, the waiting time required for the hopping process increases exponentially with

this ratiod/a. This waiting time, however, can still be shorter than the relaxation of

time of the whole polymer system as long as the particle size is not significantly larger

than the tube diameter. Therefore, the motion of particles with size slightly larger than

the tube diameter will be dominated by the hopping process with diffusion coefficient

decreasing exponentially with the ratio of particle size tothe tube diameter asD ∼

exp (−d/a) (see chapter 8), shown by the dotted line in Figure 7.4; whereas diffusion

of very large particles (d ≫ a) is primarily controlled by the chain reptation process.

It is important to point out that the hopping-controlled diffusion does not probe

the macroscopic viscosity of the polymer solutions. In factthis process is possible

even in entangled polymer networks with infinite zero-shear-rate viscosity. The sharp

crossover with exponentially strong decrease of the diffusion coefficient of particles

with size d increasing above the tube diametera is qualitatively different from the

smooth crossover of the diffusion coefficient of linear probe chains from below to above
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the entangled molecular weight [191]. As the size of the linear probe polymers crosses

from below to above the tube diameter, the molecular weight dependence of the dif-

fusion coefficient smoothly crosses fromD ∼ 1/N to D ∼ 1/N2.3, which is unlike

the exponentially sharp decrease expected for particles (see Figure 7.4). In order to

understand the reason for this qualitative difference between linear chains and particle

probes, consider the limiting case with very long matrix chains of entangled polymer

solutions. The linear probe chains of size larger than the tube diameter can reptate

out of their original tubes and diffuse without encountering any significant entropic en-

ergy barrier.1 However, particles with size several times larger than the tube diameter

(d > a) is exponentially slowed down by the free energy barrier andthese particles are

effectively trapped by entanglement cages.

The diffusion coefficient of intermediate size particles ispredicted to be inversely

proportional to the cube of particle size:Dt (d) ∼ d−3 (see eq. 7.13). This prediction

of our model and also earlier ref. [189] has been verified by the molecular dynamics

(MD) simulations of diffusion of particles with different sizes in unentangled polymer

melts. [193]

7.2.2 Dependence on solution concentration

Experimentally it is often easier to systematically vary polymer concentration rather

than the particle size. Terminal diffusion coefficient of particles of a given sized de-

pends on the relative value of this sized with respect to two concentration-dependent

length scales: the correlation lengthξ (φ) (thick line in Figure 7.1) and the tube diame-

tera (φ) (medium line in Figure 7.1).

Mobility of probe particles with the intermediate sized larger than the monomer

size b but smaller than the tube diametera(1) of a polymer melt crosses over from

regime I to regime II (see Figure 7.1) as solution concentration φ increases. The

1For very large probe chains (N > N3
e ) there is a prediction of an entropic free energy barrier. [192]
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Figure 7.5: Concentration dependence of terminal diffusion coefficient Dt of parti-
cles in entangled athermal polymer solutions normalized bytheir diffusion coefficient
Ds = kBT/(ηsd) in pure solvent (see eq. 7.7). Dashed line is for intermediate size
particles (b < d < a (1)) and solid line is for large particles (d > a (1)). The crossover
concentrationsφξ

d andφa
d, at which the correlation lengthξ and the tube diametera are

on the order of particle sized, are defined in eqs. 7.24 and 7.26 respectively. Dotted line
corresponds to the crossover taking into account the contribution of hopping process to
the particle mobility (see discussion in section 7.2.1 and chapter 8). Logarithmic scales.

crossover solution concentration between these two regimes is

φξ
d ≃ (d/b)−(3v−1)/v (7.24)

at which the correlation lengthξ(φξ
d) is on the order of particle diameterd. In a theta

solvent (v = 1/2) the crossover volume fraction isφξ
d ≃ (d/b)−1 and in an athermal

solvent (v = 0.588) it is φξ
d ≃ (d/b)−1.32. Below this volume fraction (forφ < φξ

d) the

diffusion coefficient of particles is determined by the solvent viscosityηs and is almost

concentration independent (see eq. 7.7). At volume fractions aboveφξ
d particles “feel”

segmental motions of polymers (see eq. 7.10) and particle diffusion coefficient

Dt (φ) ≃
kBTξ

2

ηsd3
≃ kBTb

2

ηsd3
φ−2v/(3v−1), for φξ

d < φ < 1 andb < d < a (1) (7.25)

decreases with solution volume fraction as power−2 for theta solvent and−1.52 for

athermal solvent (see dashed line in Figure 7.5).

If the particle sized is larger than the tube diametera (1) in the melt, in addition

70



to the two regimes expected for particles smaller thana(1) (see dashed line in Figure

7.5), there is an additional regime in which particle diffusion coefficient is determined

by chain reptation. This regime begins at a solution concentrationφa
d, at which the tube

diametera (see eq. 7.2) is on the order of the particle sized: a (φa
d) ≃ d. In a theta

solventa ≃ a (1)φ−2/3 (see eq. 7.3) and in an athermal solventa ≃ a (1)φ−0.76 (see

eq. 7.2), therefore the corresponding crossover concentrations are

φa
d ≃











(d/a (1))−3/2 , theta

(d/a (1))−1.32 , athermal
(7.26)

Large probe particles (d > a (1)) are expected to experience full solution viscosity

above the crossover concentrationφa
d. The terminal particle diffusion coefficient in this

regime (see solid line in Figure 7.5)Dt (φ) ≃ Drep ≃ ξa2/ (dτrep) is dominated by

the contribution from the chain reptation process (see eq. 7.22). Recall the relations

τe ≃ τ0 (ξ/b)
3 (a/ξ)4 (see eq. 7.15) andτrep ≃ τe (N/Ne (φ))

3 (see eq. 7.18) and using

eqs. 7.1, 7.2, 7.15, and the relation

Ne(φ) ≃ Ne (1)











φ−4/3, theta

φ−1.32, athermal
(7.27)

one can simplify eq. 7.22 to obtain the concentration dependence of terminal particle

diffusion coefficient:

Dt (φ) ≃
kBT

ηsd

Ne (1)
2

N3











φ−14/3, theta

φ−3.93, athermal
for φa

d < φ < 1 andd > a (1)

(7.28)

which is the reciprocal of the concentration dependence of solution viscosityη (φ) (eq.

9.45 in ref. [60]).

We test our scaling prediction on the concentration dependence of the diffusion

coefficient of intermediate size particles (eq. 7.25 and Figure 7.5) using the data from

ref. [136], in which the authors measured the diffusion coefficient of gold nanoparticles

with diameterd = 5 nm in 240 kDa polystyrene/toluene (good solvent) solutions at

several solution concentrations by fluctuation correlation spectroscopy. For all solution
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Figure 7.6: Diffusion coefficient of5 nm gold nanoparticles in semidilute solutions
of polystyrene in toluene. Solid circles are data from ref. [136] for Mw = 240 kDa
polystyrene/toluene solutions above the overlap concentration. Lines are predictions of
different models: solid line—our scaling model (eqs. 7.25 and 7.29 withα = 0.53),
dashed line—hydrodynamic model (eq. 7.31 withkhydro = 0.96), dash-dotted line—
obstruction model (eq. 7.32 withkobst = 0.43).

concentrations studied in ref. [136] the size of nanoparticles is larger than the solution

correlation length but smaller than the tube diameter (in anentangled polystyrene melt

a (1) ≃ 9 nm [60]), and therefore, the data points are in the intermediate particle size

regime (ξ < d < a). The particle diffusion coefficients (see points in Figure7.6) at low

concentrations exhibit a power law dependence on concentration: Dt (c) ∼ c−1.52±0.15,

which is in good agreement with our scaling prediction (eq. 7.25). Note that one data

point at higher concentration corresponds to lower diffusion coefficient and much larger

error bar, possibly due to degradation of laser focus at suchhigh solution concentration.

For a good (athermal) solvent eq. 7.25 can be rewritten as

Dt (c) = αDs(c/c
ξ
d)

−1.52 (7.29)

whereDs is the particle diffusion coefficient in pure solvent,cξd (eq. 7.24) corresponds

to the solution concentration at which the particle sized is equal to the solution cor-

relation lengthξ, andα is the scaling prefactor to be determined by fitting the scaling

prediction to experimental data. The measured diffusion coefficientDs of the 5 nm

gold nanoparticles in pure solvent (toluene) is about141µm2/s [136] and the crossover
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concentrationcξd is about0.08 g/ml 2. The coefficientα ≃ 0.53 obtained by fitting the

scaling model to the three experimental points at lower concentrations is on the order

of unity confirming the consistency of the scaling estimate (eq. 7.29 and solid line in

Figure 7.6).

Earlier models [168, 180] predict stronger than power law concentration depen-

dence of diffusion coefficient. The theories based on the concept of hydrodynamic

interaction (hydrodynamic models) [168] predict the exponential dependence of the

particle diffusion coefficient on the ratio of particle sized and the solution correlation

lengthξ

Dt = Ds exp
(

−khydrod/ξ
)

(7.30)

In good solvent (eq. 7.1 withv = 0.588) this prediction corresponds to the stretched

exponential concentration dependence of particle diffusion coefficient

Dt (c) = Ds exp

(

−khydro
(

c/cξd

)0.76
)

(7.31)

With the values ofDs = 141µm2/s andcξd = 0.08 g/ml fixed by separate experiments

one can adjust parameterkhydro to fit this prediction (eq. 7.31) to experimental data.

The best fit of this prediction to the three experimental points at lower concentration,

shown by the dashed line in Figure 7.6, is qualitatively similar (slightly worse) than that

of our scaling prediction.

Terminal particle diffusion coefficient predicted by the theories based on the “ob-

struction effect” (obstruction model) [180] has an even stronger dependence on the ratio

of particle sized and the correlation lengthξ: Dt = Ds exp
(

−π ((d+ δ) / (ξ + δ))2 /4
)

,

whereδ corresponds the effective cylindrical diameter of a polymer chain considering

it as a rigid fiber. The value ofδ can be estimated byδ ≃ v0/b
2, wherev0 is the Kuhn

monomer volume and can be obtained from a polymer handbook. [195] Typically the

2The crossover solution concentrationcξd ≃ 0.08 g/ml for 5 nm gold nanoparticles is estimated by
expressioncξd = c∗ (Rg/d)

1.32 (refer to eq. 7.24), in whichc∗ ≃ 0.015 g/ml [136] and the radius of
gyrationRg of a 240 kDa poly-styrene chain in toluene is approximately19 nm as estimated by data
from ref. [194]
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value ofδ ∼ 0.3 nm is negligible compared with both the particle sized and the cor-

relation lengthξ. Therefore, the prediction of the obstruction model can be rewritten

as

Dt (c) = Ds exp
(

−kobst (d/ξ)2
)

= Ds exp

(

−kobst
(

c/cξd

)1.52
)

(7.32)

Similar to that in hydrodynamic model the adjustable parameterkobst in the obstruction

model is determined by fitting this prediction to the three experimental points at lower

concentrations with the fixed values ofDs = 141 µm2/s andcξd = 0.08 g/ml. The best

fit of the data by the obstruction model, shown by the dash-dotted line in Figure 7.6,

is qualitatively similar (slightly worse) than that of bothhydrodynamic and our scaling

models.

In spite of the similarities of the three fits to the experimental data at lower con-

centrations (Figure 7.6), we claim that our model is the qualitatively correct one, as it

properly takes into account coupling between polymer dynamics and particle motion,

which is the very basis of microrheology. Note that both hydrodynamic and obstruction

models completely ignore polymer dynamics and thus are not applicable to the case of

particle diffusion in polymer melts. In section 7.2.4 belowwe demonstrate that our

scaling model describes particle diffusion both in polymermelts and polymer solutions

in a consistent way by constructing a “universal” plot.

7.2.3 Dependence on polymer size

Consider the motion of probe particles of fixed sized in polymer solutions with

different degrees of polymerizationN but with the same concentrationφ. Terminal

diffusion coefficient of small particles with the size smaller than the correlation length

is almost independent of the polymer molecular weight (dashed line in Figure 7.7)

because these particles “feel” viscosity close to that of solvent.

As illustrated by the dash-dotted line in Figure 7.7, intermediate size particles (ξ <

74



Figure 7.7: Dependence of the normalized terminal diffusion coefficient Dt/Ds of
particles in solutions with fixed concentration on degree ofpolymerizationN , where
particle diffusion coefficient in pure solventDs is defined in eq. 7.7. Dashed line
corresponds to small particles (b < d < ξ), dash-dotted line corresponds to intermediate
size particles (ξ < d < a), and solid line corresponds to large particles (d > a). Here
Nξ ≃ (ξ/b)1/v is the number of monomers in a correlation volume (see eq. 7.33),Nd ≃
Nξ (d/ξ)

2 is the number of monomers in a chain section on the order of intermediate
particle size (see eq. 7.35), andNe is the number of monomers per entanglement strand.
Dotted line corresponds to the crossover taking into account the contribution of hopping
process to the particle mobility (see discussion in section7.2.1). Logarithmic scales.

d < a) “feel” the viscosity close to that of solvent in dilute polymer solutions with

degree of polymerization lower thanNξ

Nξ ≃ (ξ/b)1/v ≃











(ξ/b)2 , theta

(ξ/b)1.76 , athermal
(7.33)

The semidilute solution viscosityη increases above the solvent viscosityηs linearly

with degree of polymerizationN : η ≃ ηs (N/Nξ). Intermediate size particles that are

larger than polymers “feel” bulk solution viscosityη with terminal particle diffusion

coefficient inversely proportional to the degree of polymerizationN

Dt (N) ≃ kBT

ηsd (N/Nξ)
, for Nξ < N < Nd (7.34)

whereNd corresponds to the degree of polymerization at which the size of polymers is

comparable to the particle sized

Nd ≃ Nξ (d/ξ)
2 (7.35)
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Terminal diffusion coefficient of intermediate size particles that are smaller than poly-

mers is independent on the degree of polymerization in solutions withN > Nd (see eq.

7.13)

Dt (N) ≃ kBT

ηsd (Nd/Nξ)
≃ kBTξ

2

ηsd3
, for N > Nd (7.36)

The diffusion coefficient of large particles (d > a) is predicted to have similar

molecular weight dependencies as that of intermediate sizeparticles in dilute and in

unentangled semidilute (see eq. 7.34) solutions. In entangled solutions large particles

“feel” bulk solution viscosity at times longer than solution relaxation time (see solid line

in Figure 7.7). The terminal particle diffusion coefficientis reciprocally proportional to

the solution viscosityη and decreases with increasing degree of polymerizationN as

Dt (N) ≃ kBT

ηd
∼ N−3, for N > Ne (7.37)

The scaling exponent is expected to be even stronger with value of3.4 if one takes into

account tube length fluctuation [60, 188].
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Figure 7.8: Normalized terminal particle diffusion coefficientDt/Ds in polymer melt.
Solid circles are data from ref. [193] for diffusion of a particle with diameterd = 6σ
in melts of polymers with degree of polymerizationN ranging from10 (unentangled)
to 200 (entangled). Hereσ corresponds to Lennard–Jones length [196].Nd ≃ 24
represents the crossover degree of polymerization, below which the particle diffusion
coefficient is reciprocally proportional to the degree of polymerization (see eq. 7.34)
and above which it is independent of the degree of polymerization (see eq. 7.36). The
root-mean-square end-to-end distance of polymer chains with degree of polymerization
Nd is R ≃

√
6Rg ≃ 6σ, which is equal to the particle sized.
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We compare our predictions for dependence of intermediate particle diffusion coef-

ficient on molecular weight with available molecular dynamics simulation and experi-

mental data. It is predicted that the particle diffusion coefficient DL is independent of

degree of polymerizationN in melts and solutions of large (L) polymers with sizeR

larger than particles of sized (see eq. 7.36), whereas particles are expected to “feel”

bulk viscosity in melts and solutions of short polymers (R < d) (see eq. 7.34). The

ratio between diffusion coefficientDS of intermediate particles through the liquid of

shorter (S) polymers with sizeRS < d and degree of polymerizationNS and diffu-

sion coefficientDL of the same particles through the liquid of large polymers ofsize

RL > d is DS/DL ≃ Nd/NS. HereNd corresponds to the degree of polymerization

at which the polymer size is on the order of the particle size.As shown in Figure 7.8,

this prediction is verified by the simulation data from ref. [193]. Diffusion coefficient

of particles in polymer melts with degree of polymerizationbelowNd is reciprocally

proportional to the degree of polymerization (see eq. 7.34). The diffusion coefficient

DL of intermediate particles in melts with degree of polymerizationN aboveNd is

independent of the degree of polymerization (see eq. 7.36 and horizontal line in Figure

7.8).

Authors of ref. [138] measured the diffusion of gold nanoparticles with diameter

d ≃ 5 nm in two monodisperse poly(n-butyl methacrylate) (PBMA) melts of molecular

weight2.5 kDa and180 kDa. The root-mean-square end-to-end distanceR of 2.5 kDa

PBMA chain is approximately2.5 nm and the size of180 kDa PBMA chain is about

21 nm as estimated based on data from refs. [138] and [197]. The5 nm gold particles

are expected to experience bulk viscosity in2.5 kDa PBMA melt but in180 kDa melt

they only “feel” effective viscosity, which is predicted byour model to be the viscosity

of the PBMA melt with the chain size on the order of the particle size. It was found

that the diffusion coefficient of5 nm gold particles in180 kDa PBMA melt is about

4 times smaller than that in2.5 kDa PBMA melt at the same temperature above glass

transition. Therefore, the5 nm particles in180 kDa PBMA melt probe the viscosity

of an effective polymer melt with molecular weight of10 kDa, which is4 times higher
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than2.5 kDa but18 times lower than the actual polymer molecular weight. It turns out

that the size of a10 kDa PBMA chain in melt is about5 nm, which is on the order of

the particle size and thus verifies our prediction.

7.2.4 “Universal” dependence of diffusion coefficient of intermedi-

ate size particles
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Figure 7.9: Dependence of the ratio of terminal particle diffusion coefficient Dt and
“unentangled” diffusion coefficientDun of intermediate size particles (defined by eq.
7.39) on the ratio of particle and polymer sizesd/R in polymer solutions and melts.
Empty symbols are molecular dynamics simulation data from ref. [193] and filled
circles are experimental data from ref. [136]. Solid line isthe prediction of our scaling
model (eq. 7.40).

All the dependencies of diffusion coefficient of intermediate size particles described

above can be combined into a single “universal” plot. To do that we define viscosity

ηun,

ηun =











η (N) , for N < Ne

η (Ne)N/Ne, for N > Ne

(7.38)

which is the bulk viscosityη if polymer liquids are unentangled. If polymer liquids

are entangled,ηun is the extrapolation of bulk viscosity from the unentangledregime,

which is linearly proportional to the polymer molecular weight ηun = η (Ne)N/Ne.

One can defineDun as the naively expected particle diffusion coefficient in a polymer
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liquid with viscosityηun according to classical (Stokes-Einstein) prediction:

Dun ≃ kBT

ηund
(7.39)

Dependencies of terminal particle diffusion coefficientDt on i) particle sized (eq.

7.13), ii) solution concentrationc (eq. 7.25), and iii) degree of polymerizationN (eqs.

7.34 and 7.36) can be rewritten in terms of the dependence of reduced diffusion coeffi-

cientDt/Dun on the ratiod/R of particle and polymer sizes:

Dt

Dun
≃











(d/R)−2 , for d < R

1, for d > R
for ξ < d < a (7.40)

If the particle is larger than the polymer (d > R) its diffusion coefficientDt is on the or-

der of the classical prediction (eq. 7.40) whereDun is the bulk viscosity of unentangled

polymer liquid. If the particle is smaller than the polymer (d < R), the naively ex-

pected diffusion coefficientDun (eq. 7.39) withηun—viscosity of unentangled polymer

liquids (or “unentangled” extrapolation (eq. 7.38) for entangled polymer liquids)—

underestimates the diffusion coefficient of intermediate size particlesDt by the factor

(d/R)2. Below we first outline how the “universal” plot ofDt/Dun as a function ofd/R

can be constructed using data from molecular dynamics simulations and experiments

and then compare the resulting “universal” function with our prediction (eq. 7.40).

Authors of ref. [193] reported the terminal diffusion coefficientDt of particles with

sized ranging fromσ to 9σ in an unentangled polymer melt with degree of polymer-

ization N = 60, whereσ is Lennard–Jones length [196]. In order to construct the

“universal” plot one needs to know the unentangled viscosity ηun and the polymer size

R. For the unentangled polymer melt withN = 60 the unentangled viscosityηun is

equal to the bulk viscosity, which is reported to be42.5kBT/ (σ
3τLJ) [198], whereτLJ

is Lennard–Jones time [196]. The diffusion coefficientDun is calculated using relation

Dun = kBT/ (3πdhηun)
3, wheredh = d+σ corresponds to the particle-monomer cross

3The expressionDun = kBT/ (3πdhηun) applies for no-slip particle-polymer boundary condi-
tion. Slip particle-polymer boundary condition will lead to larger particle diffusion coefficientDun =
kBT/ (2πdhηun).
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diameter[199]. The end-to-end distanceR of a linear polymer chain of degree of poly-

merizationN > 10 in simulated melts is reported to beR = 1.22σN1/2. [200] Based

on such information one can obtain the values ofDt/Dun anddh/R and the results are

presented by triangles in Figure 7.9.

Similarly one can add to the “universal” plot the simulationdata for particles of

sizesd = 2σ (empty circles in Figure 7.9) and6σ (empty squares in Figure 7.9) in

melts of polymers with degree of polymerizationN (from 10 to 200) ranging from

unentangled to entangled regime. Within the range ofN ≤ 60 the polymers are un-

entangled and thus the unentangled viscosityηun is equal to the bulk melt viscosity,

which is determined to be linearly proportional to degree ofpolymerization. [198] For

N > 60 the extrapolated value ofηun from the unentangled regime (eq. 7.39) is used

to calculateDun. The values ofDt/Dun anddh/R for these particles of two different

sizes are calculated following the same procedure as described above.

The diffusion coefficient of5 nm gold nanoparticles in solutions of 240 kDa poly-

styrene in toluene at different concentrations is reportedin ref. [136]. In order to add

these data to the “universal” plot one can rewrite the unentangled extrapolation particle

diffusion coefficient asDun = Ds (ξ/Rg)
2, whereDs (see eq. 7.7) corresponds to

the diffusion coefficient of a probe particle in a pure solvent. Following the described

procedure4, the concentration-dependent particle diffusion coefficients are presented by

solid circles in the “universal” plot (see Figure 7.9). Notethat all points group together

becauseRg is a weak function of the solution concentration.

As shown in Figure 7.9, all the data points for diffusion of intermediate size spher-

ical probes in polymer liquids collapse onto a “universal” curve reasonably well. Note

that the experimental point at the highest concentration (the largest value ofd/R) de-

4The values of correlation lengthξ and polymer sizeRg (c) at different solution concentrations are
estimated by expressionsξ (c) ≃ Rg (c

∗) (c/c∗)
−0.76 andRg (c) ≃ Rg (c

∗) (c/c∗)
−0.12, respectively.

Diffusion coefficient of a particle with size on the order of the correlation lengthξ in polymer solution,
αDs, is used for calculatingDSE = αDs (ξ/Rg)

2, in whichDs = 141µm2/s [136] is the diffusion co-
efficient of the5 nm gold nanoparticles in pure solvent and the scaling prefactor α is 0.53 as determined
by experimental data (see Figure 7.6).
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viates from the trend of other data points, possibly due to the error of measurements

because of the degradation of laser focus at such high solution concentration. The

“universal” curve suggests two regimes as predicted by our scaling model (eq. 7.40):

1) probe particles “feel” bulk viscosity if their size is larger than the polymer size, 2)

particles experience local viscosity of polymer liquids, which is smaller than the unen-

tangled viscosityηun by a factor of(d/R)2, if their size is smaller than the polymer size

and the tube diameter.

We conclude that our predictions for the mobility of intermediate size particles in

polymer liquids (melts and solutions) agree with availabledata, but a systematic study

covering a wide range of solution concentrations, polymer molecular weight, and par-

ticle sizes is needed for more systematic tests of our theory. It should be noted that

our scaling calculations of particle diffusion in polymer liquids (melts and solutions)

do not take into account hopping (see chapter 8), the adsorption of polymer chains onto

particles, and slippage at the particle-polymer interface[201].

7.3 Summary: particle diffusion is determined by polymer dynam-

ics

In this chapter we have developed a scaling theory for the mobility of non-sticky

spherical particles in polymer liquids (solutions and melts). There are three different

cases for particle diffusion in polymer liquids depending on the relation of particle size

d with respect to the correlation lengthξ and the tube diametera.

(i) Small particles. Mobility of small particles (b < d < ξ) is not strongly affected

by polymers and their diffusion coefficientDs ≃ kBT/ (ηsd) is mainly determined by

the solvent viscosityηs.

(ii) Intermediate size particles. Motion of intermediate size particles (ξ < d < a)
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is not affected by entanglements. At time scales shorter than the relaxation timeτξ of a

correlation blob the motion of intermediate size particlesis not much affected by poly-

mers and is diffusive with diffusion coefficient mainly determined by solvent viscosity.

The intermediate size particles probe modes of surroundingpolymers at intermediate

time scalesτξ < t < τd, whereτd is the relaxation time of a polymer segment with

size comparable to particle sized, and therefore, the particle motion is sub-diffusive

with mean-square displacement〈∆r2〉 ∼ t1/2 (see eq. 7.11). At longer time scales

(t > τd) the motion of intermediate size particles is diffusive butwith diffusion coef-

ficient determined by the effective viscosityηeff ≃ ηs (d/ξ)
2 (see eq. 7.14), which is

the viscosity of a polymer liquid with polymer size on the order of particle size. The

effective viscosityηeff is independent of polymer molecular weight forR > d and is

only determined by the particle size and the correlation length of the polymer solution.

(iii) Large particles. Motion of particles with size largerthan the entanglement

length (d > a) at time scales shorter than the relaxation timeτe of an entanglement

strand is similar to that of intermediate size particles. Attime scales longer thanτe

the large particles are trapped by entanglements and in order to move further they have

to wait for the polymer liquid to relax during reptation timeτrep. Terminal diffusion

coefficient of very large particles (d >> a) is determined by bulk viscosityη of polymer

liquids, which scales with degree of polymerization asη ∼ N3.4. Particles slightly

larger than the tube diameter (d & a) do not have to wait for the whole polymer liquid to

relax and can diffuse by hopping between neighboring entanglement cages (see chapter

8).

The results of particle mobility in polymer liquids could beapplied to test the local

structure and dynamics of complex fluids such as mucus [202, 203]. At the crossovers

between different scaling regimes of the size-dependent particle diffusion coefficient

(see section 7.2.1), the characteristic length scales in polymer liquids, such as corre-

lation lengthξ and entanglement mesh sizea, are on the order of the particle size. It

should be noted that predictions described in the present work directly apply only to
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non-adsorbing particles since the adsorption of polymers on particles will slow down

particle motion. For instance, particles without proper protection will stick to the bio-

macromolecules in the mucus and diffuse∼ 1000 times slower than non-adsorbing

particles of the same size. [202] Given the time-dependent mean-square displacement

of probe particles, one can describe the viscoelastic properties of probed complex en-

vironments on the length scale comparable to the particle size within a wide frequency

range by using the generalized Stokes-Einstein relation. [159] The probe particles can

be prepared with sizes ranging from nanometer to micron allowing one to probe the

dynamics of complex fluids over this wide range of length scales.
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CHAPTER 8

MOBILITY OF PARTICLES IN POLYMER SOLIDS

Polymer chains in polymer solids (gels and networks) are crosslinked via chemical

bonds and thus, unlike the chains in polymer liquids, cannotrelax no matter how long

one waits. The motion of particles in polymer solids is similar to that in polymer

liquids (see chapter 7) as long as the particle size is smaller than the network strand

size. The reason for this similarity is that the motion of such particles is not much

affected by the crosslinks. However, probe particles with size larger than the network

mesh size are trapped by the network cages. The only way for a large particle to leave

a confinement cage is by hopping—waiting for the fluctuation of an opening (loop)

between two neighboring confinement cages that could be large enough to allow the

particle to slip through this loop.

In this chapter we analyze the mechanism of hopping diffusion, concentrate on

describing how this mechanism contributes to the motion of large particles in polymer

solids (networks and gels), and then revisit the effect of hopping to the diffusion of

large particles in polymer liquids (melts and solutions). We find that in unentangled

polymer solids the motion of particles with size larger thanthe network mesh sizeax is

not affected by the network crosslinks until the relaxationtime τx of a network strand.

At time scales longer thanτx the large particles cannot move further until a certain time

scale, at which the fluctuation of network cages is large enough to allow particles to

slip through. This time scale increases as an exponential ofa square of the particle size,

resulting in the terminal diffusion coefficient of large particles in polymer solids that

decreases exponentially with the square of particle size.

The hopping diffusion of large particles of sized in entangled polymer liquids and

polymer solids with low density of crosslinks, at which the network mesh sizeax is



larger than the tube diameter (ax > d > a), has similar mechanisms, but different

dependence on particle size in comparison with that in unentangled polymer solids.

The terminal particle diffusion coefficient due to hopping decreases exponentially with

the increase of the particle size, which is weaker than that for the case of polymer solids,

due to non-affine deformation of entanglements.

In entangled polymer liquids the motion of large particles with size larger than the

tube diameter is contributed by hopping diffusion and chainreptation (see chapter 7).

The terminal particle diffusion coefficient is found to be dominated by the hopping

diffusion if the particles are not significantly larger thanthe tube diameter.

The chapter is structured as follows. In section 8.1 we first introduce the concept of

hopping diffusion by considering the diffusion of large probe particles in a simple ide-

alized “elementary” polymer network. The idea of hopping diffusion is then extended

to unentangled polymer networks and gels in sections 8.2 and8.3. Hopping diffusion

of large particles in entangled polymer solids is discussedin section 8.4. In section 8.5

we revisit the hopping diffusion of large probe particles inentangled polymer liquids

by extending the results for particle hopping entangled polymer solids. Discussions and

concluding remarks are presented in section 8.5.

8.1 “Elementary” polymer network

Consider the motion of a probe particle of sized in a monodisperse unentangled per-

manently crosslinked network above glass transition temperatureTg and crystallization

transition temperatureTc. Let us denote the number of Kuhn monomers between two

neighboring crosslinks byNx (< Ne) and the size of a network strand byax. In a typi-

cal network there are many network strands overlapping within the volume pervaded by

a network strand (see Figure 8.1a). The overlap parameterPx is defined as the number

of network strands within the volumea3x ≃ (bN
1/2
x )3 pervaded by each network strand.

We model this monodisperse network byPx overlapping “elementary” networks (see
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Figure 8.1b). ThesePx “elementary” networks overlap with each other (see Figure 8.1)

and in the “elementary” network there is only one network strand per volumea3x (sim-

ilar to de Gennes’c∗ gels [187]). Note that these “elementary” networks confine the

probe particles in an essentially independent way but the connectivity of them is not

specified.

ax

d

i-th

ÒelementaryÓ 

network

P  -th

ÒelementaryÓ 

network

a b

x

particle

ax

Figure 8.1: An unentangled polymer network is modeled by overlapping “elementary”
networks. a)Schematic representation for the diffusion of a particle ofsized in an
unentangled polymer network with network strand size ofax. The circles correspond
to crosslinks. There arePx ≃ N

1/2
x network strands within the pervaded volumea3x of

a network strand.b) The unentangled polymer network is modeled byPx overlapping
“elementary” polymer networks. One of these “elementary” networks is shown by
bright black lines while the remainingPx − 1 “elementary” networks are shown by the
dimmed color lines. The size of a single mesh (loop) defined asthe number of network
strands per loop is aboutln(Px) (see appendix D).

We consider the diffusion of large particles (d > ax) in the idealized “elementary”

network. We define the “center” of a cage in an “elementary” network as the geometric

center of the probe particle at equilibrium. Initially a large probe particle (d > ax) is

confined by the “elementary” network with the particle fluctuating around the “center”

of a cage. During a hopping event the large probe particle jumps from the initial net-

work cage to a neighboring one with the hopping step size on the order of the cage size

ax (in fact, the cage size is aboutax ln(Px); here and below we drop the logarithmic

term to keep out calculation on the scaling level).

In order to hop from one cage to another, the large probe particle has to overcome

an entropic energy barrier, which is defined as the difference between the maximum
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and the initial elastic deformation energy of surrounding network strands during the

hopping. To estimate the energy barrier one would consider the deformation energy

of the network induced by the particle motion, and therefore, would take into account

the number of network strandsd3/a3x affected by the large probe particle, which is

the number of network strands of the “elementary” network within the volume (d3)

occupied by the particle. During a single hopping event, however, not all of the affected

network strands have to slip around the particle. In fact, only one network loop slips

around the particle and the deformation energy of this network loop determines the

entropic barrier that the probe particle has to overcome (see Figure 8.2).

initial
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final
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Figure 8.2: Illustration of a large probe particle hops from one networkcage to another
neighboring one with only one network loop (highlighted by red) slipping around the
particle.

The number of network strandsnl is on the order ofln(Px) ignoring the numerical

coefficients (see appendix D). At the moment the large particle is leaving the initial cage

and at the onset of entering the neighboring cage (see intermediate state in Figure 8.2),

the free energy due to deformation of the network strand is expected to be maximum.

In this case the network loop is stretched from peripheral lengthnlax to the order of

particle sized (in fact, the peripheral lengthπd of the particle). Therefore, the entropic

energy barrier that the particle has to overcome in order to hop from one cage to another

is the product of the energykBT
[

(d/nl)
2/ a2x

]

for stretching a network strand from size

87



ax to d/nl and the number of network strandsnl within a network loop:

∆Uele ≃ nlkBT
(d/nl)

2

a2x
(8.1)

which is on the order of

∆Uele ≃ kBT
d2

nla2x
≃ kBT

d2

a2x ln (Px)

≃ kBT (d/ax)
2 (8.2)

Here we drop the logarithmic correction due to the finite loopsize since the energy

barrier (eq. 8.2) is dominated by the term(d/ax)
2 (see appendix D).

From this energy barrier (eq. 8.2) one can estimate the waiting time for the hopping

diffusion of large probe particles in an “elementary” polymer network.

τ elew ≃ τx exp (∆Uele/kBT )

≃ τx exp
(

d2/a2x
)

(8.3)

in which

τx ≃ τ0N
2
x (8.4)

is the relaxation time of a network strand withτ0 given by eq. 7.6. The physical mean-

ing of τx can be understood from its reciprocal1/τx, which corresponds to the fre-

quency the particles attempt to go over the barrier.

Recall that the hopping step size for the case of “elementary” network is ax, the

mean-square displacement of a large particle hopping in an “elementary” network is

〈

r2 (t)
〉ele

hop
≃ a2x

t

τ elew

≃ a2x exp
(

−d2/a2x
) t

τx
, (8.5)

for t > τ elew andd > ax

with the terminal particle diffusion coefficient

Dele
t ≃ a2x

τ elew

≃ a2x
τx

exp
(

−d2/a2x
)

(8.6)

Here we briefly summarize the concepts of hopping diffusion introduced by con-

sidering the motion of large particles in an “elementary” polymer network. Initially the
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particle is confined within a network cage. During a single hopping event, the probe

particle leaves its initial cage and enters a neighboring cage with only one network loop

slipping around the particle. The hopping step size is on theorder of the mesh sizeax

of an “elementary” network and the free energy barrier the particle has to overcome is

on the order ofkBT (d/ax)
2.

8.2 Unentangled polymer network

The ideas introduced in 8.1 can be easily extended to the caseof diffusion of large

particles in unentangled polymer network. The difference is that in an unentangled

polymer network there arePx overlapping “elementary” networks surrounding the par-

ticle. Each of thesePx “elementary” networks exerts constraint on the particle inde-

pendently and tends to localize the particle to its own “center”. However, instead of

being localized around the “center” of a particular “elementary” network, the particle

would be at the position at which the constraints from all the“elementary” networks

are balanced.

As illustrated in Figure 8.3, initially the centers (red dots) ofPx “elementary” net-

works are randomly distributed around the equilibrium positionO of the probe particle.

At equilibrium the net force exerted by thePx “elementary” networks on the particle

is zero. The restoring force applied to the particle from each “elementary” network is

linearly proportional to the deviation of the particle fromthe “center” of the “elemen-

tary network” as the confinement potential is parabolic (seeAppendix C). Therefore,

we have
Px
∑

j=1

~rj = 0 (8.7)

where~rj is the distance from the centerO of the particle to the center of an “elemen-

tary” networkj.

The hopping step size for a large probe particle (d > ax) moving through the un-
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Figure 8.3: Model for estimating the step size for a large probe particlehopping be-
tween two neighboring cages in a monodisperse unentangled polymer network. The un-
entangled polymer network is modeled asPx overlapping “elementary” networks with
their network cage centers1, 2, . . . , i, . . . Px (red dots) randomly distributed around the
particle. During a single hopping event the particle leavesits initial equilibrium po-
sitionO and arrives another neighboring equilibrium positionO′ with a step size∆r.
Meanwhile, the particle leaves the confinement cage of the “elementary” networki with
the center that is the furthest from the particle initial equilibrium positionO.

entangled network is much smaller than that for an “elementary” network. During a

single hopping step the particle moves by a distance∆~r and arrives at a new equilib-

rium position. As sketched in Figure 8.3, the particle most likely escapes from the cage

of an “elementary” networki whose center has the maximum distance from the equilib-

rium position of the particle as the corresponding energy barrier is the lowest compared

with that of other “elementary” networks.1 The particle enters the neighboring cagei′

whose center has a distance~ri + ~ax −∆~r from the center of the new particle position

O′. The distance from the centers of the restPx − 1 “elementary” networks to the new

equilibrium positionO′ of the particle is changed by∆~r (see Figure 8.3). Since at this

new equilibrium position the net force exerted on the particle by thePx “elementary”

1Note that here we are assuming that the confinement cages are uniform, i.e., all entropic barriers for
hopping diffusion are the same. In reality the barriers havedistributions that make the problem more
complex. For simplicity we do not take into account effect from the polydispersity of confinement cages.
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networks is still zero, one obtains

Px
∑

j=1,j 6=i

(~rj −∆~r) + (~ri + ~ax −∆~r) = 0 (8.8)

Using eq. 8.7 the above equation can be rewritten as
∑Px

j=1∆~r = ~ax, which gives the

magnitude of the step size of particle hopping for a dry network

∆r ≃ ax/Px ≃ b (8.9)

which isPx times smaller than the hopping step size in an “elementary” network.

The energy barrier for a large particle hopping between neighboring network cages

in an unentangled network, however, is the same as that in an “elementary” network.

This is because that only one network loop slips around the probe particle when it jumps

from one cage to the neighboring one. The energy barrier for particle hopping through

an unentangled polymer network is (see eq. 8.2):

∆Unet ≃ ∆Us ≃ kBT (d/ax)
2 (8.10)

From the energy barrier (eq. 8.10) one can obtain the waitingtime for large particles

hopping in unentangled polymer network,

τnetw ≃ τx exp (∆Unet/kBT )

≃ τx exp
(

d2/a2x
)

(8.11)

at which the large particle makes a successful hop leaving the initial confinement cage

and entering neighboring one.

The MSD for a large particle hopping in dry unentangled polymer networks is pro-

portional to the number of steps the particle makes during a certain period of time

〈

r2 (t)
〉net

hop
≃ b2

t

τnetw

≃ b2 exp
(

−d2/a2x
) t

τx
, (8.12)

for t > τnetw andd > ax

and the particle diffusion coefficient due to hopping is

Dnet
hop ≃

(

b2/τx
)

exp
(

−d2/a2x
)

(8.13)
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For a relatively large particle the hopping diffusion is extremely slow as the mean-

square displacement of particles decreases exponentiallywith the increase of parti-

cle size. For instance, reduced diffusion coefficientDnet
hopτx/b

2 of a particle with size

d about two times of the mesh size (d = 2ax) is on the order of10−2.

The hopping diffusion occurs on time scales longer than the waiting timeτnetw (eq.

8.11). On shorter time scales the particle is fluctuating within the network cage without

leaving it. Specifically, the motion of the large probe particle (d > ax) is unaffected

by network crosslinks at time scales shorter than the relaxation time τx of a network

strand between two neighboring crosslinks. The motion of large probe particle is sub-

diffusive with mean-square displacement proportional to the1/2 power of timet as it

probes segmental dynamics of network strands (see eq. 7.11 and section 7.1.3):

〈

r2 (t)
〉

≃ b3

d

(

t

τ0

)1/2

, for τ0 < t < τx (8.14)

in which τx corresponds to the relaxation time of a network strand (see eq. 8.4).

Note that at time scaleτx, the MSD of a large probe particle due to the polymer

dynamics is abouta2xb/d, which is larger than the MSDb2 of the large probe particle

at time scaleτnetw due to hopping (see eq. 8.12). We would like to stress out that

the particle motion is due to the superposition of the two processes: hopping between

neighboring network cages (eq. 8.12) and fluctuation aroundthe centers of network

cages but without leaving them (eq. 8.14). In the following we will discuss this feature

in more detail.

8.3 Unentangled polymer gel

In above (section 8.2) we have discussed the hopping diffusion of large particles

in unentangled dry polymer network without solvent. By introducing solvent the dry

network swells and becomes a gel, but keeping the topological structure of original dry

network. A gel could also be prepared via crosslinking polymer chains in a solution.
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It is expected that the properties of a gel depends on the preparation condition (see

chapter 7 in ref. [60]). To keep our calculation simple we limit our consideration in the

following to particle diffusion in gels at the same preparation.

  d

a  

1/2

1

1

0

3

2

3

x

x

2

2

x t

b

 

<r (t)>d

gel: large particle d>a

! ! ! !!
hop
gelgel

w

Figure 8.4: Time dependence of the product of mean-square displacement〈∆r2(t)〉
and the particle sized for large particles (d > ax) in unentangled polymer gels. The
motion of the large particles is not affected by network cages at short time scales: at
very short time scales (τ0 < t < τξ) the particle motion is diffusive and it experiences
mainly solvent viscosity; at intermediate time scales (τξ < t < τx) the particle motion
becomes sub-diffusive as the particles probe the segmentaldynamics of surrounding
polymer chains. At time scales longer thanτx the large particles are trapped by network
cages. They can only leave the initial confinement cages by waiting for the fluctuations
of the surrounding network cages that will be large enough toallow them slip through.
This hopping diffusion starts at time scaleτ gelw , but becomes experimentally observable
only on time scaleτ gelhop (see eq. 8.18), at which the particle mean-square displacement
due to hopping becomes comparable to the mean-square displacement due to fluctua-
tion of the particle within a network cage at time scaleτx. Logarithmic scales.

An unentangled polymer gel can be treated as an “effective” unentangled dry poly-

mer network in which the “effective” monomers are correlation blobs. Therefore, the

results of particle hopping in dry polymer networks can be readily applied to polymer

gels with hopping step sizeb replaced by the correlation lengthξ and other parameters

replaced by concentration dependent ones:

〈

r2 (t)
〉gel

hop
≃ ξ2

(

t
/

τ gelw

)

≃ ξ2 exp
(

−d2/a2x
) t

τx
, (8.15)

for t > τ gelw andd > ax

Hereτ gelw is the waiting time for particle hopping in an unentangled polymer gel and has

the same expression asτnetw (eq. 8.11) but withax andτx replaced by the concentration
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dependent ones (chapter9 in ref. [60]):

ax ≃ bN1/2
x φ−(2v−1)/(6v−2)

≃











bN
1/2
x , theta

bN
1/2
x φ−0.12, athermal

(8.16)

τx ≃ τ0N
2
xφ

(2−3v)/(3v−1)

≃ τ0N
2
x











φ, theta

φ0.31, athermal
(8.17)

The contribution to the mean-square displacement of large particles due to hopping

becomes important at a certain time scaleτ gelhop, at which〈r2〉gelhop is comparable to the

plateau valueξa2x/d (see dotted line in Figure 8.4), which gives

τ gelhop ≃ τx
a2x
ξd

exp
(

d2/a2x
)

(8.18)

Hereξ is the correlation length (eq. 7.1). Taking into account thefact that the probe

particles have already moved with a distanceξa2x/d at time scaleτx, mean-square dis-

placement of particle at time scales longer thanτx is

〈

r2 (t)
〉

≃
(

ξa2x/d
)

(

1 + t
/

τ gelhop

)

,

for t > τx (8.19)

and the corresponding terminal particle diffusion coefficient is

Dt = Dgel
hop ≃

(

ξ2/τx
)

exp
(

−d2/a2x
)

(8.20)

Terminal diffusion coefficient of large probe particles (d > ax) in unentangled poly-

mer gels exhibits an exponential dependence on the square ofparticle (network strand)

size (see eq. 8.20). The terminal diffusion coefficient is small, however, still experi-

mentally appreciable for particles with size slightly larger than the network strand size.

For instance, the terminal diffusion coefficient of a particle with sized ≃ 30 nm is on

the order of103 µm2/s in a polymer gel withτx ≃ 10−9 ns,ξ ≃ 5 nm, andax ≃ 20 nm.
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Recall the expressions of relaxation timeτx (eq. 8.17), network strand sizeax (eq.

8.16), as well as the correlation lengthξ (eq. 7.1), one can rewrite eq. 8.20 in terms of

concentration:

Dt ≃
(

ξ2/τx
)

exp
(

−d2/a2x
)

≃ b2

τ0N2
x

exp

(

− d2

b2Nx

φ(2v−1)/(3v−1)

)

φ(v−2)/(3v−1)

≃ b2

τ0N2
x











exp
(

− d2

b2Nx

)

φ−3, theta

exp
(

− d2

b2Nx
φ1/4

)

φ−7/4, athermal
(8.21)

The terminal particle diffusion coefficient decreases withthe concentration by a simple

power lawDt ∼ φ−3 in a theta solvent, whereas it has more complicated concentration

dependence in an athermal or good solvent. Note that the premise in above calculation

is that the concentration is above the value that corresponds to the maximum swelling

ratio of a gel.

Note that mean-square displacement of probe particles due to dynamics of sur-

rounding network strands at time scales shorter thanτ gelhop represents only the fluctuation

of probe particles around the center of network cage but without leaving the cage. At

time scales shorter thanτx the particle motion is not yet affected the network cages.

At longer time scales the particles are confined within the network cages, but still fluc-

tuating. As depicted by the plateau in Figure 8.4 the magnitude of this deviation is

aboutξa2x/d at time scaleτx and does not increase until time scaleτ gelhop. At time scales

longer thanτ gelhop mean-square displacement of large particles is determinedby hopping

diffusion.

8.4 Entangled polymer solids (networks and gels)

In entangled polymer solids there exists both permanent crosslinks and entangle-

ments. In addition to the correlation lengthξ and network strand sizeax, therefore,

there is an additional important length scale–entanglement size (tube diameter)a. The
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sizeax of a network strand could be either smaller or larger than theentanglement mesh

sizea depending on the density of crosslinks, shown in Figure 8.5.We therefore iden-

tify two cases for entangled polymer solids: 1) high densityof crosslinks, in which the

network strand sizeax is smaller than the entangled mesh sizea. The motion of par-

ticles in entangled polymer solids is expected to show features that for both entangled

polymer liquids and unentangled polymer solids; 2) low density of crosslinks, in which

the network strand sizeax is larger than the entangled mesh sizea.

a b

ax

a

a

a

high density 

of crosslinks

low density 

of crosslinks

x

Figure 8.5: Schematic description of entangled polymer solids.a) The sizeax of a
network strand is smaller than the entanglement mesh sizea if the density of crosslinks
is high;b) The network strand sizeax is larger than the entanglement mesh sizea if the
density of crosslinks is low.

8.4.1 High density of crosslinks

In entangled polymer solids with high density of crosslinksthe network strand size

ax is smaller than the entanglement length (ξ < ax < a). Properties of such entangled

polymer networks is controlled by the permanent crosslinks, and therefore, these net-

works are also called unentangled networks. The mobility ofparticles in unentangled

polymer networks has already been discussed in sections 8.2and 8.2 and below we only

briefly state the main results.

The mobility of particles with sized smaller than the network strand sizeax, i.e.,
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d < ax < a, is not affected by neither networks nor entanglements. Therefore, the

motion of such small particles is the same as they are in polymer liquids (see sections

7.1.1 and 7.1.2).

Mobility of particles with size larger than the network meshsizeax but smaller

than the entanglement lengtha (ax < d < a) is affected by the crosslinked networks

but not the entanglements at long time scales. At time scalesshorter than the relaxation

time τx of a network strand, however, the motion of the particles is not yet affected by

the crosslinked networks and is similar to intermediate size particles in polymer liquids

(see section 7.1.2). At time scales longer thanτx, particles shall “feel” the confinement

from surrounding network cages and the only way they can movefurther is via hopping.

The hopping diffusion of such large particles (ax < d < a) is the same as if they are

in unentangled polymer solids (see section 8.2 and 8.3) as the particle motion is not

affected by the entanglements.

Very large particles with size larger than the network mesh size (d > a > ax) are

expected to be confined within the local cages at long time scales.

8.4.2 Low density of crosslinks

Consider entangled polymer solids with low density of permanent crosslinks, in

which the entanglement mesh sizea is smaller than the network mesh sizeax (ax >

a). Particles with size smaller thana are not affected by neither entanglements nor

networks and their mean-square displacement has the same time dependence as they

are in polymer liquids (see sections 7.1.1 and 7.1.2).

Motion of particles with sized larger thana but smaller thanax (a < d < ax) will

be affected by entanglements but not networks at long time scales. However, at time

scales shorter than the relaxation timeτe of an entanglement strand, the particles are not

yet affected by entanglements. The particle motion is sub-diffusive with mean-square
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displacement proportional to the square root of time as the particles probe segmental

dynamics of surrounding polymers (see eq. 7.11 and section 7.1.3). At time scales

longer thanτe the particles are confined by entanglement cages. The only way they

can move further is by hopping, because the whole polymer chains cannot relax via

reptation due to the existence of permanent crosslinks.

The hopping diffusion of such large particles in entangled polymer solids can be

readily obtained by using the results of hopping diffusion of particles with sized larger

than the network mesh sizeax in unentangled polymer solids (see section 8.2). The

difference between entanglements and crosslinked networkcages is that the tube diam-

eter (size of an entanglement strand) changes when subjected to deformation. Upon

deformation by a factorλ the tube diameter becomes [60, 204]

a′ ≃ aλ1/2 (8.22)

which represents the softening of confining potential due tothe increase in the distance

between entangled polymers [204]. The elongation factorλ is on the order of the

ratio between the particle size and the tube diameter in undeformed state:λ = d/a.

Therefore, the energy barrier for the probe particle to hop between entanglement cages

is lower by a factorλ as compared to that for crosslinked network cages providingthat

the entanglement strand sizea is the same as the network strand sizeax (see eq. 8.10)

∆Uentg ≃ kBT (d/a′)
2 ≃ kBTd/a (8.23)

The waiting time for the particle to hop between neighboringentanglement cages is

τ entgw ≃ τe exp (d/a) (8.24)

which strongly depends on the relative size of the particled with respect to the size of

an entanglement stranda, but with a relatively weaker manner compared with that for

unentangled polymer solids (see eq. 8.11). This is because of the lower deformation

energy of entanglement strands (see eq. 8.23) in comparisonto unentangled polymer

networks and gels (see eq. 8.11). For instance, for a large particle with sized twice
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of the entanglement strand (network mesh) sizea (ax) the ratio of two waiting times

τ entgw /τ gelw ≃ exp (2− 22) ≃ 10−1. In eq. 8.24τe corresponds to the relaxation time of

an entanglement strand in polymer liquids.

τe ≃ τ0 (ξ/b)
3 (a/ξ)4 ≃ τ0

a4

ξb3
(8.25)
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Figure 8.6: Time dependence of the product of mean-square displacement〈∆r2(t)〉
and the particle sized for large particles in entangled polymer solids with low density
of crosslinks (ax > d > a). The motion of the large particles is not affected by en-
tanglement cages at time scales shorter than the relaxationtime τe (see eq. 8.25) of
an entanglement strand. At time scales longer thanτe the particles are trapped by en-
tanglement cages; they cannot move until time scaleτ entgw (see eq. 8.24), at which the
particles start to hop between neighboring entanglement cages. The hopping diffusion
becomes experimentally observable on time scaleτ entghop (see eq. 8.28), at which the
particle mean-square displacement due to hopping becomes comparable to the mean-
square displacement due to fluctuation of the particle within an entanglement cage at
time scaleτe. Logarithmic scales.

Mean-square displacement of a large probe particles (a < d < ax) due to hopping

is proportional to the number of hops the particle makes within a certain time periodt

〈

r2 (t)
〉entg

hop
≃ ξ2t

/

τ entgw

≃ ξ2 exp (−d /a)
t

τe
, (8.26)

for t > τ entgw anda < d < ax

which is independent of molecular weight of a network strandas long asa < d < ax

but determined by the relative size of the particles with respect to the entanglement

mesh sizea. Diffusion coefficient the large probe particles in entangled polymer solids
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is

Dentg
hop ≃

(

ξ2/τe
)

exp (−d/a) (8.27)

The contribution to the particle mean-square displacementfrom hopping (〈r2 (t)〉entghop )

becomes important at certain time scaleτ entghop , at which〈r2 (t)〉entghop is comparable to

ξa2/d due to polymer dynamics, which gives

τ entghop ≃ τe
(

a2/ξd
)

exp (d/a) (8.28)

Taking into account the fact that the probe particles have already moved with a distance

ξa2/d at time scaleτe, mean-square displacement of particles at time scale longer than

τe is

〈

r2 (t)
〉entg ≃

(

ξa2/d
) (

1 + t
/

τ entghop

)

,

for t > τe anda < d < ax (8.29)

Mobility of very large particles with sized greater than the network mesh size

ax (d > ax > a) is not affected by entanglements and network cages at time scales

shorter than the relaxation timeτe of an entanglement strand. At time scales shorter than

τe, the particle motion is sub-diffusive with mean-square displacement proportional

to the square root of time as the particles probe segmental dynamics of surrounding

polymers (see eq. 7.11 and section 7.1.3). At time scales longer thanτe, one would

think that such very large particles “feel” the confinement from entanglement cages,

and therefore, they can still jump between neighboring entanglement cages via a similar

hopping mechanism discussed for large particles (ax > d > a). In fact, the confinement

from entanglements is not important since the local entanglements that surround the

particle do not “exist” anymore. This is because the local entanglements are under

large deformation due to the existence of the extremely large particles (d > ax), leading

to the slippage of entanglement crosslinks towards to the permanent crosslinks [204].

Therefore, the hopping diffusion of very large particles inentangled polymer solids

with low density of crosslinks (d > ax > a) is controlled by the permanent networks

and similar to large particles in unentangled polymer solids (see sections 8.2 and 8.3).
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8.5 Hopping diffusion in entangled polymer liquids

The motion of large particles (d > a) in entangled polymer liquids is not affected by

the entanglements at time scales shorter than the relaxation timeτe of an entanglement

strand (see Figure 8.7a and chapter 7). At time scales longer thanτe the large particles

will be trapped by entanglement cages and they cannot move further until a time scale

τliquids. Mean-square displacement of large particles at longer time scales is contributed

from the particle motion due to chain reptation process and hopping mechanism. There-

fore, physical meaning of the time scaleτliquids is determined by the two processes that

could lead to the particle motion at long time scales. The motion of large particles in

entangled polymer liquids due to chain reptation process has been discussed in section

7.1.3. In section 8.4.1 we have discussed the mechanism of hopping diffusion of large

particles in entangled polymer solids with low density of crosslinks (a < d < ax). The

results there can be readily applied to describe the hoppingdiffusion of large particles

with sized larger than the entanglement strand sizea (eq. 7.2) in entangled polymer

liquids (melts and solutions). In the following we first focus on the mean-square dis-

placement of large particles in entangled polymer liquids due to hopping mechanism,

and then compare it with the MSD due to the chain reptation process.

8.5.1 Mean-square displacement

The waiting timeτ liquidsw for a large particle hopping in entangled polymer liquids

is the same asτ entgw (see eq. 8.24) for the case of entangled polymer solids with low

density of crosslinks. Mean-square displacement of a largeprobe particle due to hop-

ping in entangled polymer liquids at time scales longer thanthe waiting timeτ liquidsw is
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Figure 8.7: Time dependence of mean-square displacement of large particles (d > a)
in entangled polymer liquids.a) The motion of large probe particles at time scales
shorter thanτe is not affected by entanglement[190]; at time scales longerthanτe the
large probe particles are trapped by entanglement mesh and they can only move further
at time scales longer thanτliquids, which is determined by the interplay between hopping
diffusion and chain reptation process.b) Different cases at whichτliquids is determined
by: (i) hopping process withτliquids ≃ τ liquidshop if d < dc orN > Nc; (ii) chain reptation
process withτliquids ≃ τrep if d > dc orN < Nc. Logarithmic scales.

proportional to the number of hopping steps

〈

r2 (t)
〉liquids

hop
≃ ξ2t

/

τ liquidsw

≃ ξ2 exp (−d /a)
t

τe
, (8.30)

for t > τ liquidsw = τ entgw andd > a

The mean-square displacement of particles due to hopping isindependent of molecular

weight but determined by the relative size of particles withrespect to the entangle-

ment mesh sizea. Diffusion coefficients of a large probe particle in entangled polymer

liquids due to hopping is

Dliquids
hop ≃

(

ξ2/τe
)

exp (−d/a) (8.31)

It is important to point out that above estimate (eqs. 8.30 and 8.31) does not apply for

extremely large probe particles (d > a2/ξ), which requires the stretching of correlation

blobs of sizeξ. Here we focus our attention on probe particles slightly larger than

entanglement strand sizea and try to understand how the hopping contributes to the

particle motion.
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As illustrated by the dotted line in Figure 8.7b, the contribution to the particle mean-

square displacement〈r2 (t)〉hop from hopping becomes important at certain time scale

τ liquidshop , at which〈r2 (t)〉hop is comparable toξa2/d due to polymer dynamics, which

gives

τ liquidshop ≃ τe
(

a2/ξd
)

exp (d/a) (8.32)

Taking into account the fact that the probe particles already have mean-square displace-

ment (MSD)ξa2/d at time scaleτe, their MSD at time scales longer thanτe is

〈

r2 (t)
〉liquids

hop
≃

(

ξa2/d
)

(

1 + t
/

τ liquidshop

)

,

for t > τe (8.33)

Note that eq. 8.33 includes only the contribution from hopping diffusion. Another

process that could lead to the particle motion at time scaleslonger thanτe is the chain

reptation process (see chapter 7). It suggests that the large probe particle can also move

further by waiting for the whole polymer system to relax at reptation time scaleτrep

(see eq. 7.18)

τrep ≃ τe(N/Ne)
3 (8.34)

which increases as cube of degree of polymerizationN . Mean-square displacement of

the large particles due to chain reptation process is (referto eq. 7.20)

〈∆r2(t)〉liquidsrep ≃
(

ξa2/d
)

t/τrep

≃ kBT

ηd
t, for t > τrep (8.35)

in whichη is the bulk viscosity of the entangled polymer liquids. Assuming no coupling

between the two processes (chain reptation and hopping diffusion) the net mean-square

displacement of the large probe particle in entangled polymer liquids can be written as

a sum of contributions from both processes

〈∆r2(t)〉 ≃ 〈∆r2(t)〉rep + 〈∆r2(t)〉liquidshop

≃
(

ξa2/d
)

(

1 + t
/

τ liquidshop + t/τrep

)

, (8.36)

for t > τe
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The corresponding particle terminal diffusion coefficientis

Dt ≃
(

ξa2/d
)

(

1
/

τ liquidshop + 1/τrep

)

(8.37)

The fastest process dominates the particle motion. As the reptation time increases

with a power law of the degree of polymerization (eq. 8.34), at a certain crossover value

Nc the reptation timeτrep is comparable toτ liquidshop .

Nc ≃ Ne

[(

a2

ξd

)

exp

(

d

a

)]1/3

(8.38)

For polymer liquids with degree of polymerization larger thanNc, mean-square dis-

placement of the large probe particle is dominated by hopping diffusion (see solid line

in Figure 8.7b) andτliquids ≃ τ liquidshop (Figure 8.7a). Mobility of probe particles in poly-

mer liquids of shorter polymers (N < Nc) is dominated by chain reptation process (see

the dashed line in Figure 8.7b) andτliquids ≃ τrep. Note that the reptation timeτrep is

independent of particle size, whereas the time scaleτ liquidshop increases exponentially with

particle sized (see eq. 8.32). Therefore, for a polymer solution with fixed polymer size

N and concentration we can introduce a crossover particle sizedc,

dc ≃ a
[

3 ln (N/Ne)− ln
(

a2/ (dcξ)
)]

≃ a [3 ln (N/Ne)− ln (a/ξ)] (8.39)

at which the time scaleτ liquidshop is comparable to the reptation timeτrep. For particles

with size smaller thandc (a < d < dc) the contribution of hopping diffusion dominates

the particle mobility (τliquids ≃ τ liquidshop , Figure 8.7a), whereas for larger particles (d >

dc) the hopping contribution is not important (τliquids ≃ τrep, Figure 8.7a).

8.5.2 Diffusion coefficient

The contribution of hopping diffusion adds small corrections to the terminal diffu-

sion coefficient of large particles (d > a) in entangled polymer liquids (see eq. 8.37).

We here describe the dependence of terminal particle diffusion coefficient on particle

size, solution concentration, and degree of polymerization (polymer molecular weight).
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Dependence of particle diffusion coefficient on particle size

Consider an entangled polymer liquids with fixed polymer molecular weight and

concentration. There is a small window (a < d < dc) in which the terminal particle

diffusion coefficient is controlled by the contribution from hopping diffusion, whereas

for particles with sized larger thandc (see eq. 8.39) it is dominated by the contribution

from chain reptation process.

Dt (d) ≃











ξa2
/(

dτ liquidshop

)

≃ (ξ2/τe) exp (−d/a), for a < d < dc

ξa2/ (dτrep) ≃ kBT/ (ηd) , for d > dc

(8.40)

For the case ofa < d < dc the terminal particle diffusion coefficient is independent

of molecular weight but drops exponentially with the ratio of particle size to the tube

diameter. However, the window (a < d < dc) within which the particle motion is dom-

inated by the hopping process is still appreciable and mightbe tested by experiments

or computer simulations. For instance, the crossover particle size could be of one order

of magnitude larger than the tube diameter (dc ≃ 10a) in a highly entangled polymer

liquid with N/Ne ≃ 50 providinga/ξ ≃ 5. The motion of very large particles with size

larger thandc (eq. 8.39) is diffusive with their terminal diffusion coefficient inversely

proportional to the bulk viscosity particle size.

Dependence of particle diffusion coefficient on solution concentration

The correction from hopping diffusion to the concentrationdependent terminal dif-

fusion coefficient applies to particles with sized larger than the tube diametera (1) of

entangled polymer melts without solvent. In addition to thetwo regimes expected for

particles smaller than the tube diametera (φ) (see section 7.2.2), there is an additional

regime in which the terminal particle diffusion coefficientis affected by entanglements.

This regime begins at a solution concentrationφa
d, at which the tube diametera (see

eq. 7.2) is on the order of the particle sized: a (φa
d) ≃ d. Therefore, the corresponding
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crossover concentrations are

φa
d ≃











(

a(1)
d

)3/2

, theta
(

a(1)
d

)1.32

, athermal
(8.41)

In this regime (φ > φa
d) the terminal particle diffusion coefficient is contributed by both

hopping diffusion and chain reptation process (refer to eq.8.37). Recall the relations

τe ≃ τ0 (ξ/b)
3 (a/ξ)4 (see eq. 8.25) andτrep ≃ τe (N/Ne (φ))

3 (see eq. 8.34) and using

eqs. 7.1, 7.2, 7.6, 8.32 and the relation

Ne(φ) ≃ Ne (1)











φ−4/3, theta

φ−1.32, athermal
(8.42)

one can simplify eq. 8.37 to obtain the concentration dependence of terminal particle

diffusion coefficient by summing the two contributions:

Dt (φ) ≃











b2

τ0Ne(1)
2 exp

[

− d
a(1)

φ2/3
]

φ2/3 + b3

τ0d
Ne(1)

2

N3 φ−14/3, theta

b2

τ0Ne(1)
2 exp

[

− d
a(1)

φ0.76
]

φ0.76 + b3

τ0d
Ne(1)

2

N3 φ−3.93, athermal
(8.43)

for φa
d < φ < 1 andd > a (1)

In entangled polymer liquids of relatively short polymers (Ne < N < Nc) the

terminal diffusion coefficient is mainly controlled by chain reptation process (see the

second term in eq. 8.43). The crossover degree of polymerization Nc increases expo-

nentially with relative particle sized/a (see eq. 8.38). For example, fora/ξ ≃ 5 and

d/a ≃ 4 we haveNc ≃ 4Ne; whena/ξ ≃ 5 andd/a ≃ 10 we haveNc ≃ 22Ne.

In solutions of long polymers (N > Nc) there are two cases for the terminal particle

diffusion coefficient depending on the particle size. If thesize of particles is not very

large: a (1) < d < dc (1), wheredc (1) represents the value of crossover particle size

dc (see eq. 8.39) in polymer melt (φ = 1)

dc (1) ≃ a (1) [3 ln (N/Ne (1))− ln (a (1) /b)] (8.44)

terminal particle diffusion coefficient is dominated by thecontribution from hopping

diffusion.
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For particles with size larger thandc (1) the hopping diffusion still dominates as

long as the solution concentration is belowφdc, at which the particle sized is compara-

ble to crossover particle sizedc (φdc) (see eq. 8.39). Using eqs. 7.1, 7.2, 8.25 and 7.27,

one can transform eq. 8.39 into logarithmic concentration dependence of the crossover

particle size

dc (φ) ≃ a (1)











[

3 ln
(

φ4/3 N
Ne(1)

)

− ln
(

φ1/3 [Ne (1)]
1/2
)]

φ−2/3, theta
[

3 ln
(

φ1.32 N
Ne(1)

)

− ln
(

[Ne (1)]
1/2
)]

φ−0.76, athermal

≃ a (1)











[

ln
(

N3φ11/3

[Ne(1)]
7/2

)]

φ−2/3, theta
[

ln
(

N3φ3.96

[Ne(1)]
7/2

)]

φ−0.76, athermal
(8.45)

Note that in above calculation the solution volume fraction(concentration)φ is above

the entanglement concentration, suggesting that the variation of the solution concen-

tration is limited. Typicallydc (φ) decreases slowly by less than10% as solution con-

centration increases by20% for polymer solutions with long polymersN > Nc (φ).

It suggests that changing the solution concentration will not significantly enlarge the

window within which the particles experience hopping-dominated diffusion.

Particles with sized larger thandc (1) are expected to experience full solution vis-

cosity above the crossover concentrationφdc and the terminal particle diffusion coeffi-

cient is dominated by the contribution from chain reptationprocess (see eq. 8.35).

Dependence of particle diffusion coefficient on polymer size

Consider the motion of large probe particles (d > a) of fixed size in entangled poly-

mer liquids with different degrees of polymerizationN but with the same concentration

φ. The correction of hopping diffusion to the particle terminal diffusion coefficient is

not important if the degree of polymerization isN smaller than the crossover valueNc

(see eq. 8.38). Within the windowNe < N < Nc the terminal particle diffusion coeffi-

cient is dominated by the contribution from chain reptationprocess (see eq. 8.37) and

the large particles “feel” bulk solution viscosity at timeslonger than solution relaxation
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time τrep. The terminal particle diffusion coefficient is reciprocally proportional to the

solution viscosityη and decreases with increasing degree of polymerizationN as

Dt (N) ≃ kBT

ηd
∼ N−3, for N > Ne (8.46)

The terminal particle diffusion coefficient will be controlled mainly from hopping

diffusion for polymer liquids with very high degree of polymerization (N > Nc). For

instance, using eq. 8.40 one can estimate the ratio of particle diffusion coefficient due

to hopping diffusion to that due to chain reptation:

Dliquids
hop

/

Drep ≃ dξ

a2

(

N

Ne

)3

exp

(

−d

a

)

(8.47)

which is about7 for a/ξ ≃ 5, d/a ≃ 5, andN/Ne ≃ 10. In this case the diffusion

coefficient is independent of polymer molecular weight and only determined by the

relative value of the particle size with respect to the tube diameter (see eq. 8.31).

8.6 Summary: hopping diffusion of particles subjected to topolog-

ical constraints

In this chapter we have discussed the mobility of large particles in unentangled

polymer solids (networks and gels), entangled polymer solids, and entangled polymer

liquids (melts and solutions). We introduce a novel hoppingmechanism describing the

diffusion of particles with sized larger than the network mesh sizeax of polymer solids

(the tube diametera of polymer liquids). It is found that although the large particles

experience the topological constraints from the network (entanglement) cages, they can

still move further by waiting for the fluctuations of surrounding confinement cages that

would be large enough to allow them to slip through. Note thatthe calculation for

hopping diffusion is based on the assumption that the confinement cages are uniform,

i.e., all entropic barriers for hopping diffusion are the same. In reality the barriers have
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distributions that make the problem more complex. For simplicity we do not take into

account effect from the polydispersity of confinement cages.

In unentangled polymer solids the motion of particles with size larger than the net-

work mesh size (d > ax) at time scales shorter than the relaxation timeτx of a network

strand is not affected by network cages. Specifically, at time scales shorter than the re-

laxation timeτξ of a correlation blob the motion of large particles is not much affected

by polymers and is diffusive with diffusion coefficient mainly determined by solvent

viscosity. The large particles probe the modes of surrounding polymers at intermediate

time scalesτξ < t < τx, and therefore, the particle motion is sub-diffusive with mean-

square displacement〈∆r2〉 ∼ t1/2 (see eq. 8.14). At longer time scales (t > τx) the

large particles are trapped by network cages. In order to move further these particles

have to wait until timeτ gelw , at which the fluctuations of surrounding network cages will

be large enough to allow the particles to pass through. Hopping diffusion coefficient of

large particles exhibits an exponential dependence on the square of the ratio between

the particle size and the network strand size:Dgel
hop ∼ exp (−d2/a2x).

In addition to permanent crosslinks, entangled polymer solids also contain entan-

glements. Unlike the permanent crosslinks, the entanglements are ‘soft crosslinks’ and

thus the corresponding energy barrier for hopping diffusion between neighboring en-

tanglement cages is weaker comparing to that for crosslinked network cages. The diffu-

sion coefficient of large particles hopping between neighboring entanglement cages has

a relatively weaker dependence on particle size,Dentg
hop ∼ exp (−d/ax), in comparison

with that for crosslinked network cages. The hopping diffusion is the only mechanism

via which a large particle can move further in entangled polymer solids because they

cannot relax due to the existence of permanent crosslinks.

Besides hopping diffusion, large particles with size larger than the entanglement

lengtha in entangled polymer liquids can also move further by waiting for the whole

polymer liquids to relax at reptation timeτrep. However, particles slightly larger than

the tube diameter (d & a) do not have to wait untilτrep to move further; they can diffuse
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by hopping between neighboring entanglement cages at time scales shorter thanτrep.

It is very difficult for extra large particles (d >> a) to hop between neighboring en-

tanglement cages and in order to move further they have to wait for the whole polymer

liquids to relax.

The hopping diffusion could be very interesting as it provides a novel explanation

for the motion of particles with size around the characteristic length scales (network

mesh size and tube diameter) of (unentangled and entangled)polymer solids and liq-

uids. We are looking forward to experimental and computer simulation tests that will

provide more information for diffusion of particles with size slightly larger than the

network (entanglement) mesh size. Furthermore, a natural extension of the results pre-

sented in this chapter would be the mobility of particles in reversible polymer liquids,

which will be briefly addressed in chapter 9.
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CHAPTER 9

MOBILITY OF PARTICLES IN REVERSIBLE POLYMER LIQUIDS

If polymers form reversible associations (temporary bonds), such as hydrogen bonds

[205–207], polymer dynamics is slowed down by these associations [182, 182, 192,

208–212]. In addition to the correlation lengthξ, therefore, there are two other impor-

tant length scales: the entanglement size (tube diameter)a and the reversible network

strand sizerst, which is defined as the distance between two neighboring associations

along the polymer chains. Similar to entangled polymer solids (see section 8.4), the

mesh sizerst of a reversible network could be smaller or larger than the entanglement

mesh sizea depending on the density of reversible crosslinks, shown inFigure 9.1. We

therefore have two cases for reversible polymer liquids: 1)high density of associations,

in which the reversible network sizerst is smaller than the entangled mesh sizea; 2)

low density of associations, in which the reversible network sizerst is larger than the

entangled mesh sizea. The case for extremely high density of reversible associations

(rst < ξ) is not of our interests as reversible associations will form loops and thus

not trap particles. The motion of particles in reversible polymer liquids is expected to

combine the features of both entangled polymer liquids and polymer solids. In the fol-

lowing we shall discuss the mobility of probe particles withdifferent sizes in these two

types of reversible polymer networks formed via pairwise associations. We focus on

identifying the main new features of particle mobility due to the reversible associations

without considering the contribution from hopping diffusion mechanism.

9.1 High density of reversible associations

The mesh size of a reversible network with high density of reversible associations

is smaller than the tube diameter (rst < a). The regime for small particles (see section



a b

rst

a

a

a

high density 

of associations

low density 

of associations

x

Figure 9.1: Schematic description of reversible polymer liquids formed via pairwise
associations (pairs of green circles).a) The sizerst of a reversible network strand de-
fined as the distance between two neighboring reversible associations along the chain
is smaller than the entanglement sizea if the density of reversible associations is high
enough;b) The mesh sizerst of a reversible network strand is larger than the entangle-
ment sizea if the density of crosslinks is low enough.

7.1.1) is unchanged with particle mobility similar to that in pure solvent.

In comparison with the motion of particles in entangled polymer liquids (refer to

section 7.1.2), the regime for intermediate size particles(ξ < d < a) in reversible

polymer liquids splits into two parts (see Figure 9.2). Particles with size larger than the

correlation length but smaller than the mesh size of reversible networks (ξ < d < rst)

are not affected by the temporary network. Therefore, theirmotion is similar to that in

regular polymer liquids without associating polymers (seesection 7.1.2).

Larger particles (rst < d < a) are affected by reversible associations, but not yet

entanglements. Such large particles are trapped by the reversible network, somewhat

similar to the trapping of large particles by entanglements(see section 7.1.3), with the

arrest of particle motion starting at time scaleτrst, which corresponds the relaxation

time of a polymer strand between two neighboring stickers that form a reversible bond,

τrst ≃ τξ (rst/ξ)
4 (9.1)

and ending at the lifetimeτst of a reversible association (see the plateau in Figure 9.2).

Hereτst corresponds to the time it takes for a reversible association to break and the

resulted two open stickers to find new partners. [210] Note that here we do no take into
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Figure 9.2: Time dependence of the product of mean-square displacementand particle
size (〈∆r2(t)〉d) for intermediate size particles (ξ < d < a) in reversible polymer
liquids (melts and solutions) formed via pairwise associations. Hereτ0 is the relaxation
time of a monomer;τξ (eq. 7.8) is the relaxation time of a correlation blob;τrst (eq.
9.1) is the relaxation time of a polymer section between two neighboring stickers,τst
corresponds to the lifetime of a reversible association,τ std (eq. 9.5) corresponds to
the relaxation time of a polymer section with size on the order of the particle sized.
Logarithmic scales.

account the possibility that particles may slip by if a reversible bond is open but the

resulted two open stickers have not found new partners yet.

The temporary network starts to relax at time scaleτst and thus it is possible for

probe particles to move further. The effective viscosity felt by the particles increases

with time, following a manner similar to the ordinary regimefor intermediate particles

in entangled polymer liquids (see section 7.1.2), but with sticker-controlled friction:

ηeff(t) ≃ ηs

(

rst
ξ

)2(
τst
τrst

)(

t

τst

)1/2

, for t > τst (9.2)

Using eqs. 7.8 and 9.1 one can rewrite this expression (eq. 9.2) as

ηeff(t) ≃
kBTτξ
ξ3

(

rst
ξ

)2
(τstt)

1/2

τξ (rst/ξ)
4

≃ kBT

(rst)
2 ξ

(τstt)
1/2 , for t > τst

(9.3)

The physical explanation for the time-dependent effectiveviscosity “felt” by particles

in reversible polymer liquids (eq. 9.3) is that the particles experience the sticky-Rouse

dynamics of surrounding polymer chains [192]. Short chain sections with size smaller
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than the entanglement length in reversible polymer liquidsstill follows Rouse dynam-

ics, but slowed down by the sticker opening and closing. Thismodified chain dynamics

in reversible polymer liquids is so-called sticky-Rouse [192]. The contribution from

the reversible associations is represented by the term(τst/τrst), which corresponds to

the number of attempts to break a reversible bond before forming a new reversible as-

sociation; the term(t/τst)
1/2 corresponds to the number of reversible network strands

involved in the polymer Rouse mode at a certain timet.

Mean-square displacement of particles in the sticky-Rouseregime is

〈

∆r2(t)
〉

≃ kBT

ηeff (t) d
t ≃ (rst)

2 ξ

d

(

t

τst

)1/2

, (9.4)

for τst < t < τdst andξ < d < rst

This second sub-diffusive regime (see the second regime with slope1/2 in Figure 9.2)

continues until

τdst ≃ τξ

(

τst
τrst

)(

d

ξ

)4

(9.5)

at which the size of chain sections undergoing sticky-Rousedynamics is on the order

of the particle size. At longer times (t > τdst) the particles become diffusive but with

mean-square displacement shifted by the factor ofτrst/τst compared to that without

stickers (refer to dash-dotted line in Figure 7.2).

〈

∆r2(t)
〉

≃ kBT

ηeff (τdst) d
t ≃ (rst)

4 ξ

d3
t

τst
, (9.6)

for t > τdst andrst < d < a

The effective viscosity felt by the particles

ηeff (τdst) ≃ kBT

(rst)
2 ξ

(τstτdst)
1/2

≃ kBT
d2τst

(rst)
4 ξ

, for t > τdst andrst < d < a (9.7)

depends on particle sized and isτst/τrst times larger than that in the case without

reversible associations (see eq. 7.14). Note that none of the above results depend on

the molecular weight of polymers.
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cle size (〈∆r2(t)〉d) for large particles (d > a) in reversible polymer liquids (melts and
solutions) with high density of associations. Hereτ ste (eq. 9.5) corresponds to the relax-
ation time of a polymer section with size on the order of the particle sized. Logarithmic
scales.

Particles with size larger than the size of entanglement meshes (d > a) are af-

fected by both reversible networks and entanglements. The particle motion is coupled

to polymer sections undergoing a combination of sticky-Rouse and entangled dynam-

ics (so-called sticky-reptation) [210]. Therefore, in addition to the plateau due to the

trapping by reversible networks, there is another plateau for the time-dependent parti-

cle mean-square displacement, corresponding to the confinements from entanglement

cages.

As shown in Figure 9.3, the first plateau starts around the relaxation timeτrst of a

reversible network strand and continues up to the lifetimeτst of a reversible association.

At time scales longer thanτst the motion of particles becomes subdiffusive as they probe

the sticky-Rouse dynamics of surrounding polymer sections. This subdiffusive regime

continues until the relaxation of an entanglement strand

τ ste ≃ τξ (a/ξ)
4 (τst /τrst )

≃ (a/rst)
4 τst (9.8)

which is longer than that without associations (eq. 8.25) bythe factor ofτst/τrst.

At time scales longer thanτ ste the particles “feel” the confinement from entangle-
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ments. The particles are trapped, as demonstrated by the second plateau in Figure 9.3,

and cannot move further until the whole reversible polymer liquids relax at the sticky-

reptation time

τ strep ≃ (τst/τrst) τrep (9.9)

in which τrep (eq. 8.34) is the relaxation time of a polymer liquid withoutassociations.

After that, the particles begin their terminal diffusion regime with diffusion coefficient

determined by the viscosity of the reversible polymer liquids.

〈

∆r2(t)
〉

≃ kBT

ηd
t ≃ a2ξ

d

τrst
τst

t

τrep

≃ a2ξ

d

τξ (rst/ξ)
4

τst

t

τξ (a/ξ)
4 (N/Ne)

3 (9.10)

≃ a2ξ

d

(rst
a

)4
(

Ne

N

)3
t

τst
,

for t > τ strep andd > a

9.2 Low density of reversible associations

In reversible polymer liquids with low density of associations the reversible network

strand size could be larger than the entanglement length (rst > a). Probe particles with

size smaller than the entanglement length is not affected byneither entanglements nor

reversible associations and their behavior is similar to that in polymer liquids without

associations. Particles larger than the entanglement meshsize (d > a) start to “feel”

the confinement from entanglement cages at time scales longer than the relaxation time

τe of an entanglement strand. They cannot move until the whole reversible polymer

liquids relax at the sticky-reptation timeτ strep (see eq. 9.9). Therefore, there is only one

plateau regime (τe < t < τ strep) for the time-dependent mean-square displacement of

large particles, shown in Figure 9.4. This plateau is longerthan that for large particles

in regular entangled polymer liquids (see solid line in Figure 7.2) by the factorτst/τrst,
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because it starts at entanglement timeτe that does not depend on associations (eq. 8.25),

but ends at a longer sticky-reptation timeτ strep.

9.3 Summary: particle diffusion is slowed down by reversible net-

works

Here we briefly summarize the main features of particle diffusion in reversible poly-

mer liquids with high density of associations (rst < a) by schematically presenting the

dependence of terminal particle diffusion coefficient on particle size (Figure 9.5). Sim-

ilar to that in entangled polymer liquids, there are three main regimes for the terminal

particle diffusion coefficient depending on the particle sized with respect to the corre-

lation lengthξ, sizerst of a reversible network strand, and the entanglement lengtha.

The first regime is for small particles with size smaller thanthe correlation length

(b < d < ξ). The motion of small particles is the same as that in polymer solutions

with no associations, and thus diffusive with terminal diffusion coefficient inversely

proportional to the particle size (pink zone in Figure 9.5).
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The second regime corresponds to intermediate size particles with size larger the

correlation length but smaller than the entanglement length (ξ < d < a), shown by

the light blue region in Figure 9.5. Terminal particle diffusion of intermediate size

particles consists of two sub-regimes due to the existence of reversible associations. In

the first sub-regime particles with size smaller than the reversible network strand size

(ξ < d < rst) probe the segmental dynamics of surrounding polymer chains. In this

sub-regime the terminal diffusion coefficient is inverselyproportional to the cube of

particle size. In the second sub-regime the terminal diffusion coefficient of relatively

large particles (rst < d < a) has a similar dependence on particle size (Dt ∼ d−3), but

shifted down from the first sub-regime by the factorτrst/τst.

The third regime corresponds to particles with size larger than the entanglement

length (d > a). Terminal diffusion coefficient of such large particles isalso shifted

down by the factor ofτrst/τst compared with that in polymer liquids without associa-

tions.

Finally, we would like to stress out that the shift of terminal diffusion coefficient due
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to the arrested motion of particles by the temporary networks is the main new feature

of particle diffusion in reversible polymer liquids.
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CHAPTER 10

CONCLUSIONS AND REMARKS: PART II

In the second part of this thesis we have discussed the motionof particles in three

polymeric systems: 1) polymer liquids; 2) polymer solids, and 3) reversible polymer

liquids and linked the thermal motion of particles to the dynamics of the surrounding

polymers.

The particle dynamics (mean-square displacement) exhibits different time depen-

dencies on different time scales. At relatively short time scales the particle motion could

be sub-diffusive with mean-square displacement proportional to1/2 power of time. At

long time scales, the probe particles become diffusive withmean-square displacement

linearly proportional to time, but not necessarily experiencing the bulk viscosity of the

probed environments if the particles are not very large. In fact, they could “feel” an ef-

fective viscosity that is much smaller than the bulk value, which is so-called breakdown

of Stokes-Einstein relation [139].

Large particles subjected to topological constraints, such as entanglements and

crosslinks in networks, are not necessarily permanently trapped by local confinement

cages. These large particles can still move further througha hopping diffusion mech-

anism, i.e., particles can wait for fluctuations of confinement cages that could be large

enough to allow them to slip though.

It is expected that the results presented here can be appliedto interpret the exper-

iments using non-sticky probe particles to detect the localstructure and dynamics of

complex fluids such as semiflexible polymer solutions, biological gels, and active poly-

mer solutions.



APPENDIX A

EXPERIMENTAL METHODS

Human tissue procurement and cell culture.Tissues and cells were provided by the

Cystic Fibrosis (CF) Center Tissue Core Facility of the University of North Carolina

at Chapel Hill under the auspices of protocols approved by the Institutional Commit-

tee on the protection of the rights of human subjects. HBE cells from non-CF lungs

are harvested by enzymatic digestion as previously described [119]. Disaggregated hu-

man bronchial epithelial (HBE) cells are seeded on12 mm diameter Transwell Clear

supports (Corning Costar, Cambridge, MA) at a density of2.5 × 105 cells/cm2 in a

well-defined airway cell media [119]. Cultures are maintained at an air-liquid interface

until fully differentiated (∼ 4 weeks).

Transmission electron microscopy (TEM).Samples for electron microscopy were

obtained from cryopreserved HBE cell cultures. Cryopreservation was used to main-

tain native conformation of mucus layer, periciliary layer(PCL), plasma membranes

and cilia. Cells sections were examined using a FEI/Phillips Tecnai 12 (FEI Company,

Hillsboro, OR) TEM at80 kV with a 1k×1k CCD camera (Gatan, Pleasanton, CA) to

assess their structure at submicron level.

Fractionation of dextran (unlabeled and fluorescently labeled). Size exclusion

chromatography was used to separate green fluorescently-labeled dextrans into frac-

tions with well-defined molecular sizes (weight average hydrodynamic diameterd).

Raw batches of2 MDa dextran (purchased from Sigma-Aldrich, St. Louis, MO and

Invitrogen, Carlsbad, CA) was fractionated by a Sepharose CL-2B column (GE Health-

care Life Sciences, Buckinghamshire, England) and eluted by phosphate buffered saline

(PBS) with elution volume of150 ml at a flow rate0.2 ml/min using a Rheos 2000

pump (Flux Instruments, Basel, Switzerland). Fractions of2 ml were collected and

characterized by dynamic light scattering to obtain the hydrodynamic size of fraction-

121



ated polymers. Fractionated dextran with desired sizes wasdialyzed (10 kDa molec-

ular weight cutoff, Thermo Scientific, Rockford, IL) against distilled water and then

lyophilized prior to use.

Measurements of the permeability of PCL using confocal microscopy. To image

the penetration of dextran molecules of different sizes into PCL, we employed a dual-

labeling technique of the PCL layer. In each experiment, a solution of green-fluorescent

probe dextran of a particular hydrodynamic diameterd was mixed with the solution of

small (d ∼ 2 nm) unfractionated Texas Red fluorescent dextran (average molecular

weight3 kDa). Dilute solution of this mixture was then added to the lumen of a freshly

washed HBE culture. Both fluorescent reagents were added at aconcentration of∼ 0.1

mg/ml in PBS (with osmotic pressure on the order of1 Pa). In each experiment,50 µl

solutions were added to cell culture and studied within30 minutes to ensure no signif-

icant effects of water absorption by cells. High resolutionXZ-confocal images were

obtained using a Leica TCS SP5 laser scanning confocal microscope (Leica Microsys-

tems, Wetzlar, Germany). The exclusion thickness of the green dye was measured as

the difference in the thickness of the red and yellow (red + green) regions (Figure 3.3).

Transmission-light imaging of cilia height. Images of the airway cilia before and

after exposure to the various osmotic reagents were obtained using differential interfer-

ence contrast (DIC) microscopy of sections of airway cultures viewed in profile. Here,

1mm×12mm sections of HBE cell cultures were placed in a special chamber allowing

access to the apical and basolateral solutions. After control images in PBS, the apical

solution was replaced with the150 µl desired osmotic reagents. A custom perfusion

device was used to exchange solutions during these studies.For studies investigating

the cilia height under various concentrations of endogenous mucus, immiscible per-

fluorocarbon (Fluorinert FC-77, 3M Specialty Materials, St. Paul, MN) was carefully

placed on both the apical and basolateral compartments to prevent dehydration [213].
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APPENDIX B

CHARACTERIZATION OF DEXTRAN AND AGAROSE

In our experiments fractionated dextran molecules of different sizes were used as

molecular probes for quantifying the mesh size within the PCL. Large dextran molecules

with weight average hydrodynamic diameter greater than50 nm as well as agarose gel

were used as mucus simulants to compress the PCL. Fractions of dextran molecules

with different sizes were obtained using size exclusion chromatography (SEC) and then

characterized by dynamic light scattering (DLS). The weight average hydrodynamic di-

ameter of agarose was obtained using the dynamic light scattering.

B.1 Dynamic light scattering

Dynamic light scattering [214, 215] measurements involve the analysis of the time

autocorrelation function of scattered light. The normalized time autocorrelation func-

tion of the intensity of the scattered lightg2 (τ) for a given delay timeτ is

g2 (τ) =
〈I (t) I (t + τ)〉

〈I (t)〉2
(B.1)

whereI (t) and I (t + τ) are the intensities of the scattered light at timest and t +

τ , respectively, and the braces indicate averaging overt. The intensity-intensity time

autocorrelation function can be expressed in terms of the field-field time autocorrelation

functiong1 (τ):

g2 (τ) = B + A
[

g1 (τ)
]2

(B.2)

in whichA andB are fitting parameters:A–amplitude,B–baseline; andg1 (τ) is given

by

g1 (τ) =
〈E (t)E∗ (t + τ)〉
〈E (t)E∗ (t)〉 (B.3)

in whichE (t) andE (t+ τ) are the scattered electric fields at timest andt+ τ .

For monodisperse particles in solution the field correlation function decays expo-
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nentially

g1 (τ) = exp (−Γτ) (B.4)

with a decay rate of

Γ = Dq2 (B.5)

whereD is the diffusion coefficient of the particle andq is the magnitude of the scat-

tering wave vector.

For a polydisperse sample,g1 (τ) can no longer be represented as a single exponen-

tial and must be represented as a sum or an integral over a distribution of decay rates

G (Γ):

g1 (τ) =

∫ ∞

0

G (Γ) exp (−Γτ) dΓ (B.6)

whereG (Γ) is normalized:
∫ ∞

0

G (Γ) dΓ = 1 (B.7)

andG (Γ) dΓ is the fraction of total intensity scattered, on average, bymolecules for

whichDq2 = Γ, within the intervaldΓ.

A simple method, called cumulants analysis [216–218], can be used to characterize

G (Γ) using DLS data. The form ofg1 (τ) given by eq. B.6 is equivalent to the moment-

generating function:

ln
[

g1 (τ)
]

= −〈Γ〉 τ +
κ2

2!
τ 2 − κ3

3!
τ 3 + · · · (B.8)

in which

〈Γ〉 ≡
∫ ∞

0

ΓG (Γ) dΓ, (B.9)

κ2 (Γ) = µ2, (B.10)

κ3 (Γ) = µ3, (B.11)

· · ·

whereµm are the moments about the mean defined by

µm ≡
∫ ∞

0

(Γ− 〈Γ〉)mG (Γ) dΓ (B.12)
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From eqs. B.2 and B.8 one can obtain

g2 (τ) = B + A exp
[

−2 〈Γ〉 τ + κ2τ
2 − κ3

3
τ 3 + · · ·

]

(B.13)

The first cumulant describes the average decay rate of the distribution. The second

cumulant corresponds to the variance, and the third term provides a measure of the

skewness or asymmetry of the distribution.

It is worthwhile to point out the first cumulant (eq. B.9) is directly proportional

to average diffusion coefficient,〈D〉, whose physical meaning is described as follow-

ing. Note that typically the intensity of light scattered bymacromolecular speciesi is

proportional to the molecular weightMi of the species times the weight concentration

ci:

G (Γ) =

∑

i ciMiδ (Γ− Γi)
∑

i ciMi
(B.14)

Therefore,〈D〉 is calledz-average diffusion coefficient

〈D〉 = 〈Γ〉 /q2

= Dz ≡
∑

i

ciMiDi

/

∑

i

ciMi (B.15)

The software package integrated with Malvern dynamic scattering instruments pro-

vides three types of distributions to characterize the tested sample: 1) intensity-size

distribution, 2) volume-size distribution, and 3) number-size distribution. Below we

present a simple example to demonstrate the difference between intensity, volume, and

number distributions. [219] Consider 2 populations of spherical particles of diameter5

nm and50 nm with equal numbers (Figure B.1a). If a number distribution of these 2

particle populations is plotted, a plot consisting of 2 peaks positioned at 5 nm and 50

nm of a 1 to 1 ratio will be obtained. If this number distribution is converted to volume,

then the ratio of the 2 peaks will change to1 : 1000 because the volume of a sphere is

proportional tod3. If this is further converted to an intensity distribution,a1 : 106 ratio

between the 2 peaks will be obtained because the intensity ofscattering is proportional

to the product of concentration and mass and thusG (Γ) ∝ d6. In that sense, for a
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polydisperse sample containing a wide size range of particles, the intensity distribution

is dominated by the particles with larger size and the obtained results is biased by the

contribution from larger particles. Therefore, it would bemore realistic to convert the

intensity distribution to the volume (concentration) distribution.
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Figure B.1: Number, volume and intensity distributions of a bimodal mixture of5 and
50 nm particles present in equal numbers.

In our experiments we measured the diffusion coefficient of flexible polymers with

typical size smaller than the wavelength633 nm of He-Ne laser. The results provided

from Malvern DLS system are presented as intensity-size distribution. Recall that the

scattered light intensity is proportional to the product ofconcentration and mass:I ∼

cM , one can convert the intensity-size distribution to concentration-distribution via

c ∼ I/R1/υ (B.16)

because the massM of polymers is proportional to the power of polymer sizeR:

M ∼ R1/υ (B.17)

whereυ is Flory exponent for flexible polymers. In good solventυ = 3/5 [60] for

linear polymers andυ = 1/2 [114] for randomly branched polymers. Furthermore, one

can convert the concentration distribution to number-sizedistribution

n ∼ c/M ∼ I/R2/υ (B.18)

from which one can estimate the number average molecular size.
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B.2 Weight average hydrodynamic diameter of dextran molecules

B.2.1 Unfractionated dextran molecules

The raw (unfractionated) dextrans samples at dilute concentrations were character-

ized by DLS and the results are shown in Figure B.2a. The measurements at different

concentrations agree with each other.
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Figure B.2: Dynamic light scattering (DLS) characterization of dextran molecules. (a)
DLS characterization of control 150 nm beads (green lines) and raw 2 MDa dextran
molecules in solutions with concentrations of4 mg/ml (black lines) and1 mg/ml (red
lines). (b) Transformation fromIlog vs. log (dh) to Ilinear vs. dh using eq. B.20.

Note that the results correspond to the intensity distribution on linear-logarithmic

scale, i.e.,Ilog vs.log dh. Considering the invariance of the mass of molecules at dif-

ferent representations (linear-log and linear-linear coordinate systems), the scattered

intensity of molecules with size in the interval∆(log dh) within linear-log coordinate

is the same as that in the interval∆dh within linear-linear coordinate. Therefore, the

conversion from linear-logarithmic to linear-linear scale can be obtained by considering

the Jacobian of transformation

Ilog∆(log dh) = Ilinear∆dh (B.19)

which gives

Ilinear (dh) = Ilog
1

dh ln 10
∝ Ilog/dh (B.20)
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An example of using this relation to transform theIlog vs.log dh distribution toIlinear vs.

dh distribution is shown by Figure B.2b.

From theIlinear vs. dh distribution (blue line in Figure B.2b) the z-average hydro-

dynamic diameter (in fact, it should bez-average diffusion coefficient) of raw 2 MDa

dextran molecules can be calculated:

〈dh〉z ≡
∑

i

(Ilinear)i (dh)i

/

∑

i

(Ilinear)i = 73 nm (B.21)

where(dh)i corresponds to the hydrodynamic diameter of dextran molecules with mass

of Mi. This value is in exact agreement with that provided by the Malvern software

package.

Considering the relation between molecular size and mass ofdextran molecules in

good solvent [115]

R ∼ Mυ ∼ M0.48 (B.22)

using eqs. B.16 and B.18 one can the transform the intensity-size distribution into

concentration-size and number-size distributions, shownin Figure B.3. From such dis-
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Figure B.3: Representative plots showing the transformation from intensity-size dis-
tribution to concentration-size and number-size distributions.

tributions one can estimate the weight and number average sizes of dextran molecules

〈dh〉w ≡
∑

i

ci (dh)i

/

∑

i

ci = 41 nm (B.23)
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〈dh〉n ≡
∑

i

ni (dh)i

/

∑

i

ni = 25 nm (B.24)

We can also estimate the number average of molecular volume(dh)
3 using the number-

size distribution in Figure B.3:

〈

(dh)
3〉

n
≡
∑

i

ni [(dh)i]
3

/

∑

i

ni = 3.1× 104 nm3 (B.25)

which gives
〈

(dh)
3〉1/3

n
≃ 31 nm (B.26)

We would like to compare the
〈

(dh)
3〉1/3

n
values obtained from DLS (eq. B.26)

with the size estimated from our osmotic pressure measurements. Our osmotic pressure

measurements indicate that the number average molecular weightMn of raw unlabeled

dextran samples is about200 kDa and the overlap concentrationc∗ is about2.5× 10−2

g/ml (see section 4.1.2). Note that the overlap concentration is defined as

c∗ ≡ M

V
=

∑

i niMi
∑

i nivi
≃

∑

i niMi
∑

i ni (Rg)
3
i

≃ Mn
〈

(Rg)
3〉

n

(B.27)

Therefore, the osmotic pressure measurements provide the number average value of
〈

(Rg)
3〉1/3 for the raw dextran molecules:

〈

R3
g

〉1/3

n
≃

(

Mn

NAvc∗

)1/3

≃
(

2× 105g/mol

6.02× 1023/mol × 2.5× 10−2g/ml

)1/3

(B.28)

≃ 24 nm

Now we have to consider the relation between the hydrodynamic diameterdh and radius

of gyrationRg for dextran molecules. Dextran is a branched molecule. At relatively

low molecular weight it is more linear-like and at high molecular weight it is more

randomly-branched-like. [115, 220] Experimental measurements indicate that the ratio

between radius of gyrationRg and hydrodynamic diameterdh is (Table8.4 in ref. [60])

Rg/dh =











1, for randomly branched

0.75, for linear
(B.29)
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Our results (eqs. B.26, B.41, and B.28) indicate that

Rg/dh =
24 nm
31 nm

≃ 0.77

which is in agreement with the prediction (eq. B.29), suggesting the consistence of our

measurements.

B.2.2 Fractionated dextran molecules

Following the protocol described above one can estimate theweight and number

average sizes of fractionated dextran molecules. The results are listed in Table B.1

below.

MW [kDa]a Frac. #b 〈dh〉z [nm] 〈dh〉w [nm] 〈dh〉n [nm]
〈

(dh)
3〉1/3

n
[nm]

3 N/Ac 2.8 2.2 1.8 2.0
75 9 8.9± 0.6 4.6± 0.8 2.6± 0.9 3.6± 0.8
500 13 20.1± 0.6 9.7± 2.4 5.6± 2.5 7.2± 2.6
500 10 26.6± 0.3 16.7± 1.0 11.2± 1.2 13.5± 1.2
500 7 51.9± 1.0 28.4± 1.3 17.3± 1.4 21.8± 1.4
2, 000 36 23.8± 0.3 13.8± 0.5 8.7± 0.5 10.8± 0.5
2, 000 32 32.1± 2.8 17.5± 1.4 11.1± 1.2 13.7± 1.3
2, 000 28 40.9± 0.2 26.6± 0.5 18.2± 0.7 21.8± 0.6
2, 000 25 50.2± 0.6 36.8± 1.1 27.7± 1.6 31.7± 1.4
2, 000 24 52.9± 0.4 42.5± 2.6 34.7± 3.7 38.1± 3.4
2, 000 22 59.6± 0.5 47.4± 0.5 38.2± 1.0 42.3± 0.8
2, 000 20 65.0± 0.9 57.4± 1.6 50.9± 3.3 53.9± 2.6

Table B.1: Dynamic light scattering characterization of dextran molecules.aMolecular
weight (MW) of raw dextran samples prior to fractionation. The values correspond
to the labeled ones on the commercial products (see appendixA). Starting materials
with different molecular weight were used to obtain fractionated molecules with a wide
range of sizes.bThe number of each fraction obtained from size exclusion chromatog-
raphy. cDextran molecules were directly used for experiments without fractionation.
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B.2.3 Agarose

Solutions of agarose in PBS with three different low concentrations,2 mg/ml,0.25

mg/ml, and0.2 mg/ml, were characterized by DLS. Note that solutions with concentra-

tion about2 mg/ml become more gel-like at room temperature. Agarose solution with

concentration lower than0.2 mg/ml has very weak signal during DLS measurements

and the measurements becomes unreliable. For each concentration five measurements

were obtained and the results are shown in Figure B.4a. As shown by the different

colored curves in Figure B.4a, agarose has a very wide molecular weight distribution.
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Figure B.4: Dynamic light scattering (DLS) characterization for agarose.a, DLS char-
acterization agarose in dilute solutions of three different concentrations.b, Example
plots showing the intensity-size, concentration-size, and number-size distributions of
agarose from the DLS measurement.

Agarose is a linear polymer and the relation between the molecular size and mass

is: R ∼ Mυ ∼ M0.588. Following a similar protocol used for dextran molecules one

can convert the intensity-size distribution to concentration-size and number-size distri-

butions. Thez-average, weight average, and number average hydrodynamicdiameters

as well as the value of
〈

(dh)
3〉1/3

n
for agarose are listed in Table B.2.

The value of number average
〈

(dh)
3〉1/3

n
is

〈

(dh)
3〉1/3

n
≃ 27± 4 nm (B.30)

Now we would like to check this number against the value obtained from osmotic
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Conc. [mg/ml] 〈dh〉z [nm] 〈dh〉w [nm] 〈dh〉n [nm]
〈

(dh)
3〉1/3

n
[nm]

2.00 246.8± 29.5 47.4± 5.7 14.7± 1.8 28.8± 3.3
0.25 207.8± 59.6 42.0± 8.6 13.4± 2.4 26.0± 5.1
0.20 214.2± 61.2 43.0± 8.7 13.8± 2.2 26.8± 4.9

Average 222.9± 51.4 44.1± 7.6 14.0± 2.1 27.2± 4.4

Table B.2: Dynamic light scattering characterization of dilute solutions of agarose
molecules with different concentrations.

pressure characterization. Our osmotic pressure measurements suggest that the number

average molecular weight of agarose is about7× 104 Da and the overlap concentration

is about2.5 × 10−2 g/ml (see section 4.1.2). From this information one can estimate

the number average molecular size of agarose

〈

R3
g

〉1/3

n
≃

(

Mn

NAvc∗

)1/3

≃
(

7× 104g/mol

6.02× 1023/mol × 2.7× 10−2g/ml

)1/3

(B.31)

≃ 18 nm

The ratio between
〈

R3
g

〉1/3

n
(eq. B.31) and

〈

(dh)
3〉1/3

n
(eq. B.30) is

〈

R3
g

〉1/3

n
〈

(dh)
3〉1/3

n

=
Rg

dh
≃ 0.67± 0.11 (B.32)

which is in agreement with the predicted value of0.75 for linear polymers (eq. B.29

and Table 8.4 in ref. [60]).

B.3 Size exclusion chromatography

The raw unlabeled 2 MDa dextran sample was also characterized by size exclusion

chromatography using Sepharose CL-2B column with a flow rateof 0.2 ml/min. The

total volume of the column is110 ml and the elution volume was chosen to be from

130 to 150 ml. The volume of each fraction was chosen to be2 or 3 ml. Typical

distribution curves describing the relation between the UVabsorbency and the elution

volume is shown in Figure B.5. The UV absorbency distribution curves in Figure B.5
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Figure B.5: Relationship between UV absorbency (concentration) of unlabeled dex-
tran molecules and the elution volume using size exclusion chromatography (SEC).
Different curves correspond to the characterization at different times but using the same
protocol.

is equivalent to concentration-elution volume distributions because the UV absorbency

for a polymer in solution is proportional to the polymer concentration (eq. 9.10 in ref.

[221]).

B.3.1 Calibration of Sepharose CL-2B column

Typically the elution volume is linearly proportional to the logarithmic of molecular

weight [221], and therefore, molecular sized

d ≃ a exp (−v/b) (B.33)

where parametersa andb are to be determined by column calibration. Provided the cal-

ibration curve for CL-2B column, in principle the relation between the relative amount

of materials and the elution volume can be used to estimate the number average molec-

ular mass and weight average molecular mass, and therefore,the polydispersity of the

raw dextran sample. Unfortunately, CL-2B column has relatively large pore size cov-

ering molecular weight ranges from105 Da to2× 107 Da, which is beyond the typical

molecular weight (< 105 Da) of the calibration standards. We used Sepharose CL-2B

column to fractionate 2 MDa dextran samples and each fraction was characterized by
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dynamic light scattering (DLS) measurements and the results are shown in Table B.3.

Frac. # Elution Volumev [ml] 〈dh〉z [nm] 〈dh〉w [nm] 〈dh〉n [nm]
11 33 137 104 79
15 45 114 91 77
20 60 95 74 63
25 75 84 57 40
30 90 76 42 24

Table B.3: Calibration of Sepharose CL-2B column for size exclusion chromatography.

Since UV detector in SEC measures the concentration of polymers, it is reasonable

to use results for〈dh〉w vs. v in Table B.3 to determine the calibration parametersa and

b. Fitting eq. B.33 by these results one obtainsa = 174 ± 30 nm andb = 66 ± 14 ml

for column Sepharose CL-2B:

dh ≃ 174 nmexp
(

− v

66 ml

)

(B.34)

B.3.2 Dextran molecules

Eq. B.34 can be used to transform the concentration-volume (cvol) distribution to

the concentration-size (csize) distribution. Recall the invariance of mass in different rep-

resentations, the mass of molecules within the interval∆v in concentration vs. volume

coordinates (cvol vs. v) is the same as that within the interval|∆dh| in concentration vs.

molecular size coordinates (csize vs. dh) coordinates:

cvol∆v = csize |∆dh| (B.35)

Substituting eq. B.34 into this relation (eq. B.34) one obtains

csize = cvol exp (v/b) b/a

∝ cvol exp (v/b) = cvol exp
( v

66 ml

)

(B.36)

The resulting concentration-size distribution for raw2 MDa dextran samples using eq.
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Figure B.6: Representative plots showing the transformation:a, from concentration-
elution volume distribution obtained from SEC to concentration-size distribution using
the relation eq. B.36;b, from concentration-size distribution to number-size distribution
using relation eq. B.37.

B.36 is shown in Figure B.6a. Furthermore, using eqs. B.18 and B.22 one can obtain

the number-size distribution (Figure B.6b):

n ∝ csize/M ∝ cvol exp [v/ (66 ml)]

(dh)
1/0.48

(B.37)

The estimated weight average and number average sizes basedon these distributions

(Figure B.6) are

〈dh〉w = 42 nm (B.38)

〈dh〉n = 25 nm (B.39)

and the number average of(dh)
3 is

〈

(dh)
3〉

n
= 3.2× 104 nm3 (B.40)

which gives
〈

(dh)
3〉1/3

n
= 32 nm (B.41)

This value is in good agreement with the one (31 nm) obtained from DLS results (eq.

B.26).
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APPENDIX C

RESTORING FORCE CONFINING A PARTICLE IN A NETWORK

CAGE

If a large particle (d > ax) deviates from the center of the network cage by a small

distanceδr (see Figure C.1), the “elementary” network tends to drag theparticle back

towards its center with a restoring forcefs. As illustrated by a “dipole” model in Figure

cavity - V

 r

-d/2 d/2
O

r

x

y

z

OÕ

displacement  V

Figure C.1: “Dipole” model applied to estimate the strain in polymer network induced
by the deviation of the particle of sized from positionO to O′ with displacementδr.
The grey shadowed area corresponds to the actual volume leftbehind by the particle
and the yellow shadowed area corresponds to the volume displaced by the particle.

C.1, the volume displaced by the large particle isδV ≃ d2δr. Meanwhile, the probe

particle leaves a cavity with the same volumeδV behinds it and this cavity has to be

filled by the surrounding polymers. The distance between thedisplaced volume and

the cavity is on the order the particle sized. The strain at distancer from the center

of the probe particle in the “elementary” network induced bythe particle motion with

displacementδr is the contribution from both the displaced volume and the cavity:

ǫ (r) = ǫextra (r + d/2) + ǫcavity (r − d/2), which gives

ǫ (r) ≃ − δV

(r + d/2)3
+

δV

(r − d/2)3

≃ δV
d

r4
≃ δr

d3

r4
(C.1)
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The above expression has a similar form to the electrostaticfield induced by a dipole.

Here the volume displaced by the large particle has positivevalueδV (analogy to the

positive charge of the dipole) and the cavity can be considered with negative volume

−δV (analogy to the negative charge of the dipole). The corresponding elastic deforma-

tion energy of the “elementary” network due to the displacement of the probe particle

with a deviationδr from its equilibrium position is

∆Udef (δr) = kBT

∫ ∞

d

1

2
ǫ2 (r) 4πr2dr

≃ kBT
d6 (δr)2

a3x

∫ ∞

d

1

r8
r2dr (C.2)

≃ kBT
d

a3x
(δr)2

which is the parabolic potential cost of the displacement ofa large particle from the

center of the “elementary” network. HerekB is the Boltzmann constant andT is the

absolute temperature. Therefore, the restoring force is linearly proportional to the dis-

placement of the particle from its equilibrium position.

fs (δr) ≃ ∂

∂r
∆Udef (δr)

≃ kBT
d

a3x
δr ∼ δr (C.3)

The parabolic potential (eq. C.2) only serves as a potentialwell restricting fluctuation

of the probe particle within the center of “elementary” networks and has nothing to do

with the energy barrier of the particle hopping.
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APPENDIX D

ESTIMATION OF AVERAGE LOOP SIZE IN A POLYMER

NETWORK

A naive estimate for the entropic energy barrier for hoppingdiffusion is that each

network strand is deformed from its unperturbed sizeax to the particle sized. In real-

ity during a single hopping event the particle slips througha loop formed by network

strands, which effectively lowers the extent of stretchingof a single network strand.

For instance, if a probe particle passes through a loop consisting ofnl network strands,

each network strand is stretched from sizeax to d/nl. Therefore, the corresponding

free energy barrier becomes

∆U ≃ nlkBT

(

d

nlax

)2

≃ 1

nl

kBT

(

d

ax

)2

(D.1)

which implies that the energy barrier for hopping diffusioncould be smaller than the

valuekBT (d/ax)
2 by the factor1/nl.

The average loop size of an unentangled polymer network can be estimated as fol-

lows. Consider a network formed by precursor chains of functionality f , i.e., each

network strand is connected tof − 1 network strands at one of its ends. The topology

of the network is fixed once the network is formed. Imagine that one randomly starts

from one end of a network strand, walks along network strands, passes the crosslinks,

and reaches the other end of the initial network strand afternl steps on average, which

corresponds to the average size of the loop. The number of network strands involved

in the last stepnl is (f − 1)nl−1; therefore, the total number of network strandsm

connected to this loop is the sum of a geometric series

m = 1 + (f − 1) + (f − 1)2 + · · · (f − 1)nl−1

=
(f − 1)nl − 1

f − 2
(D.2)

Thesem network strands are expected to overlap with each other. Theaverage over-

lapping parameterPx (number of network strands within the pervaded volume of a
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network strand) in a polymer network is

Px ≃ a3x
ξ3 (Nx/ g)

(D.3)

in whichNx corresponds to the number of monomers per network strand,ξ is the cor-

relation length (eq. 7.1), andg corresponds to the number of monomers per correla-

tion blob. Considering that the network strand sizeax (eq. 8.16) and the number of

monomersg per correlation blob (eq. 7.1):

ax ≃ ξ (Nx/ g)
ν (D.4)

g ≃ (ξ/b)1/ν (D.5)

whereb corresponds to the monomer size, andν is the scaling exponent depending on

solvent quality (ν = 1/2 for a theta solvent andν = 3/5 for a good solvent) [60], the

overlapping parameterPx (eq. D.3) can be rewritten as

Px ≃ [ξ (Nx/ g)
ν ]

3

ξ3 (Nx/ g)

≃ (Nx/ g)
3v−1 (D.6)

≃ (Nx)
3v−1 (ξ/b)(1−3v)/ν

The average loop sizenl is given by the conditionm = Px, which gives

nl ≃ ln [(f − 2)Px + 1]

ln (f − 1)

≃ 1

ln (f − 1)
[ln (f − 2) + lnNx] (D.7)

≃ 1

ln (f − 1)
ln (Px)

The loop size has a relatively weak dependence on the size of anetwork strand and it

adds a logarithmic correction to the energy barrier

∆U ≃ 1

nl

kBT

(

d

ax

)2

≃ 1

ln (Px)
kBT

(

d

ax

)2

(D.8)

One would think that this logarithmic correction becomes important for estimating

the corresponding waiting time for hopping diffusion sincethe waiting timeτw (eq.
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8.11) increases exponentially with the energy barrier:

τw ∼ exp

(

∆U

kBT

)

∼ exp

(

d2

a2x

1

ln (Px)

)

(D.9)

This is true ifPx is independent of network strand sizeax. However, the overlapping

parameter (eq. D.3) is also a function of the network strand size: Px ∼ a
(3v−1)/ν
x ,

suggesting that the waiting time

τw ∼ exp

(

d2

a2x ln (ax)

)

(D.10)

in which the value of the ratiod2 /[a2x ln (ax)] is dominated by the termd2/a2x (which

can be numerically verified by considering the conditiond > ax). Therefore, the loga-

rithmic term can be dropped if one keeps the calculation on the scaling level.
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