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Abstract
EMILY BRALEY: Eigencone Problems for Odd and Even Orthogonal Groups
(Under the direction of Prakash Belkale)
In this work, we consider the eigenvalue problem for the even and odd orthogonal
groups. We give an embedding of SO(2n+1) C SO(2n+2) and consider the relationship
between the intersection theories of homogeneous spaces for the two groups. We introduce

the deformed product in cohomology, know as the BK-product, as a technical tool.
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Background and Introduction

Dating back to the nineteenth century, questions were asked about the eigenvalues
of sums of Hermitian and real symmetric matrices. The classical Hermitian eigenvalue

problem can be stated as follows:

Question 0.0.1. Given n X n Hermitian matrices A and B with eigenvalues o = (g >
.2 ap) and f=(8; > ... > B,) respectively, what are the possible eigenvalues v of a

Hermitian matrix C = A + B?

A conjectural solution of the problem was given by Horn in 1962 [Hor62]. The
development of the problem will be discussed in Section (0.1). We can generalize the
Hermitian eigenvalue problem to an arbitrary complex semisimple algebraic group.

Let GG be a connected simple complex algebraic group with maximal compact subgroup
K and maximal torus H. Let £ and § be the Lie algebras of K and H respectively. K
acts on £ via the adjoint action, and the orbits of this adjoint action are parameterized
by the positive Weyl chamber in . The analogue of the Hermitian eigenvalue problem
is the problem of characterizing the conjugacy class of a sum C' = A + B, given the
conjugacy classes of A, B € £. The eigencone of a group G is the set of such conjugacy
classes, and it will be defined in (0.1.6). Notice that for G = SL(n), its maximal compact
subgroup is the special unitary group SU(n). Traceless skew-Hermitian matrices form
the Lie algebra su(n), so this case specializes to the original statement of the Question
(0.0.1).

In order to understand the relationship between the eigencone of SO(2n+1) and
the eigencone of SO(2n+2), it is necessary to understand recent work that has been

done on an analogous comparison of the eigencone of Sp(2n) (resp SO(2n+1)) with the



eigencone of SL(2n) (resp. SL(2n + 1)), where embeddings are induced from diagram
automorphisms. In this introduction, the work comparing these eigencones is put in
its proper context by explaining the genesis and the recent history of research done on
eigencone problems. In Section (0.1) a historical background to the eigencone problems is
given and recent work that has been done on eigencone problems is described. In Section
(0.2) we explain the techniques from intersection theory and connections to Schubert
calculus used to prove the desired results for the eigencones. In Section (0.3) we state
the comparison results for Sp(2n) C SL(2n) and SO(2n+1) C SL(2n+1), and give a
thumbnail sketch of the main body of the dissertation, introducing the setting for the

comparison of the eigencones of SO(2n+1) and SO(2n+2).

0.1. Historical Context

In 1912, H. Weyl [Wey12] studied the conditions on a triple of eigenvalues that
must be satisfied for the triple to appear as the eigenvalues of Hermitian matrices C' =
A+ B. It wasn’t until 1962 that A. Horn [Hor62] undertook a systematic study of
the inequalities that a, 8, and ~ must satisfy. Horn conjectured that a particular set of
index sets, parameterizing the Hermitian matrices, would give both the necessary and
sufficient conditions for a triple («, 3,7) to arise. In 1998, A. Klyachko [Kly98| used
geometric invariant theory to connect the Hermitian eigenvalue problem with intersection
theory. In fact, Klyachko’s result made the important connection between the Saturation
Conjecture and Schubert calculus for this homology of the Grassmannian. W. Fulton
gives a summary of the work in a survey paper [Ful00].

Klyachko’s result was generalized by B. Berenstein and R. Sjamaar [BS00] who gave
a list of inequalities which characterize the space of eigenvalues. Then, A. Knuston and
T. Tao [KT99] established the Saturation conjecture using a combinatorial argument
with honeycombs. Together the works of Berenstein and Sjamaar, and Knuston and Tao

proved Horn’s conjecture, but the list of inequalities at that time were over-determined.



Following these works, others began working on generalizations of the Hermitian eigen-
value problem for arbitrary groups. Belkale [Bel06] determined an irredundant system
as proved by Knuston, Tao, and Woodward [KTWO04].

Then, P. Belkale gave a geometric proof of Horn’s conjecture [Bel07]. In his work,
Belkale used the fact that for general Schubert varieties intersecting in a point, they
intersect transversally there by Kleiman’s transversality. Conversely, one can determine
if general Schubert varieties intersect by a tangent space calculation. In section (0.3) we
state the eigencone comparison results for Sp(2n) C SL(2n) and SO(2n+1) C SL(2n+1)
addressed by Belkale-Kumar [BK10].

0.1.1. Classical Work. Recall the Hermitian eigenvalue problem: If A, B, and C are

n by n Hermitian matrices, we denote eigenvalues of A by

Qo >y > ... >y

and similarly denote by 8 and 7 the eigenvalues of B and (' respectively. We can formally

ask the question:

Question 0.1.1. What «, 3, and v can be the eigenvalues of n by n Hermitian matrices

A, B, and C, with C = A+ B?

The survey paper by Fulton [Ful00] describes the classical work on this problem.
Initially, the approach was to take the diagonal matrix A = D(«), with diagonal entries

aq, ..., ap,, and similarly B = D(3), and look for the eigenvalues of
D(a) +UD(B)U",

as U varies over the unitary group U(n). Another approach is to fix A and take B
small, regarding C' as a deformation of A. Neither of these approaches play a role in the
discussion to follow, but are useful in initially understanding conditions on the eigenvalues

that must be satisfied.



The most obvious condition is the trace condition:

(0.1) Z%:ZO&H‘Z@'-
i=1 i=1 i=1
H. Weyl gave other necessary conditions as early as 1912:
(0.2) Yitj—1 < o; + [ whenever i + j — 1 < n.

It was not until 1950 that V.B. Lidskii gave geometric conditions for «, [, and ~.
Viewing (ay,...,q,) as a point in R™, Lidskii showed that v must be in the convex hull
of a+ f,, where o varies over the symmetric groups S,. Shortly thereafter H. Wielandt

showed that this geometric condition is equivalent to the inequalities

r

(0.3) Z%’ < Z%#LZB@

iel i€l i=1
for all I subset of [n] = {1,...,n} of cardinality r, and all » < n. All other necessary
inequalities are of the form
(0.4 D wSD it by

keK iel jeJ

for I, J, and K subsets of [n] of cardinality » < n. We will see later that it is convenient

to write these index sets is increasing order:
I={i1<iy<...<i.},
and will assume this convention from here on out.

0.1.2. Horn’s conjecture. A. Horn undertook a systematic study of inequalities of
the form (0.4). In 1962, Horn conjectured that a particular subset of triples (I, J, K)
for which the inequalities in (0.4) hold along with the trace condition (0.1), would give
both necessary and sufficient conditions for a triple («, 8,7) to arise as the eigenvalues
of Hermitian matrices A, B, and C' = A + B. Horn gave a recursive formula to describe

the subset of triples (7, J, K), which we will describe now.



Let U be the following set of triples, where I, J, K C [n] are of cardinality r:
: . r(r+1)
U .= { 1 = —}
U A I ED e
iel jed ke K

Definition 0.1.2. Define a subset H' C U;", which we will call Horn’s triples:

H = {(1, J,K) € U"| for all p < r and all (F,G, H) € H?,

Zif+zjg < Zkh+p—(p;_ 1)}-

fer geG heH

Conjecture 0.1.3. Horn’s Conjecture: A triple (a, 3,) occurs as the eigenvalues of nxn
Hermitian matrices A, B, and C, with C' = A+ B, if and only if > v = > a; + >_ 5
and the inequalities (0.4) hold for every (I, J, K) € H for all r < n.

0.1.3. Connections to representation theory and the saturation problem. An
irreducible, finite-dimensional representation of the complex general linear group, GL(n),

is characterized by its highest weight which is a weakly decreasing sequence of integers:
CY:(OQZOQZ...>Oén).

We denote the irreducible representation with highest weight a by V' («). From represen-
tation theory we know that GL(n,C) is reductive, meaning that any finite-dimensional
holomorphic representation decomposes into a direct sum of irreducible representations.
The number of times that a given irreducible representation V() appears in the sum
is independent of the decomposition. In particular, the tensor product V(a) ® V(5)
decomposes into a direct sum of representations V(7).

Define ¢, ; to be the number of copies of V() in an irreducible decomposition of

V(a) ® V(B). The question of interest in this situation is:
Question 0.1.4. When does V() occur in V(o) @ V(8), i.e., when is ¢ 5 > 07

In 1934, Littlewood and Richardson gave a combinatorial formula for the numbers

Clﬁ and they became known as the Littlewood-Richardson coefficients. The answer to



question (0.1.4) is that for some N, c%lwﬂ > 0 if and only if Y v, = > a; + > F; and
the inequalities (0.4) hold for all triples (I,J, K) € H' and all r < n. Equivalently,
c%;]\,ﬁ > 0 if and only if there is a triple of n by n Hermitian matrices A, B, and
C = A+ B, with eigenvalues «, 3, and . The Littlewood-Richardson coefficients
also appear as the structure coefficients for multiplication in the cohomology ring of the

Grassmannian. In fact, they count the number of points in the intersection of Schubert

varieties, as we will see in Lemma (0.2.1).

Conjecture 0.1.5. Saturation Conjecture: If there exists N > 0 such that
N7 >0, then ¢ , >0
Na,Nj ) o, :

0.1.4. Algebraic groups. To generalize the Hermitian eigenvalue problem to complex
algebraic groups, we first establish notation. Let G be a semi-simple algebraic group
with maximal compact subgroup K. We denote the Lie algebras of G and K by g and
€ respectively. Recall that K acts on € by the adjoint action, and we parameterize the
orbits of the action by elements from the positive Weyl chamber b, .

The goal of the generalized Hermitian eigenvalue problem is to describe the conjugacy
classes of C' = A + B, given the conjugacy classes of A, B € €. There is a bijection
¢:bhy — €/K where K acts on ¢ by the adjoint action.

We define the eigencone for any s > 1:

Definition 0.1.6. For a positive integer s, the eigencone of GG is defined as the cone:
D(s,G):={(h1, ..., he) €(02)*| 3(kn, ..., k)€, st. Y k=0, ¢ (k;)=h; Vj € [s]}.
j=1

The eigencone, which is a convex polyhedral cone, is the main object of study in
the generalization of the of the Hermitian eigenvalue problem. The eigenvalue problem
is to describe the system {(hq,...,hs) € (h4)*} such that (hq,...,hs) €I'(s,G). In the
next section, we recall a generalization of Klyachko’s result from [BS00] which gives a

description of the eigencone as a space of linear inequalities in (b, )®.



0.2. Schubert Calculus and Intersection Theory

We begin by recalling the intersection theory for the ordinary Grassmannian. The
Grassmannian Gr(r,n), is the variety of r-dimensional subspaces of C" of dimension

r(n—r). A complete flag on C" is an ascending chain of subspaces F; where dim(F;) = i:
Fob=0=FCF C...CcEF,=C".

For any index set A, = {a1 < ... < a,} of cardinality r € [n], we define the shifted
Schubert cell
(0.5)

Qa, (Fy) :=={X € Gr(r,n)| for any [ € [r] and any a; < b < a;41,dim(X N F},) = [}

where we set ag = 0 and a,,; = n + 1. It’s closure in Gr(r,n), denoted Q,_(F,), is an
irreducible subvariety of Gr(r,n) of dimension ) (a; — ).

Define o4, = [Q4, (F,)] to be the cycle class in H2*/(Gr(r,n)), where a is the partition
defined by setting a; = n —r + i — a;. To simplify notation, let 04, = 0,. The classes o,
form a Z basis for the cohomology H*(Gr(r,n)). It follows that for any two partitions «

and [, there is a unique expression

(0.6) 0o 05 = Z d}, 30+,

for integers d, 5, summing over all v with > v = > a; + > 5;.
Let & denote the partition consisting of the integer n — r repeated r times. Note that

we can identify the top class in cohomology of Gr(r,n) with Z:
H2’"(””’)(Gr(r, n)) =7- oe.
This bring us to an important fact from intersection theory:

Lemma 0.2.1. For complete flags F¥ in general position on C*, where 1 < k < 3, choose

index sets A¥ C [n] of cardinality v, such that the codimensions of the Schubert varieties



Qi (FF) sum to r(n—r). Then the multiplicity of o¢ in o1 - 0az - 03 is the number of

points in the intersection M_ Qi (FF).

This is a special case of a general fact in intersection theory that the intersection of
classes of varieties has a representative on the intersection of the varieties. The converse
is also true if the flags are in general position, which is a special case of Kleiman’s
Transversality Theorem [Kle74|. Kleiman’s theorem asserts that if a complex reductive
group acts transitively on smooth variety X, then general translates of subvarieties of
X meet transversally. Consider G = SL(n) and a maximal parabolic subgroup P, C G,
corresponding to the r** fundamental weight for G. We identify the homogeneous space
G/ P, with the Grassmannian Gr(r,n), where P, is the stabilizer of the span of the first
r basis vectors of C". It is clear that Gr(r,n) has a transitive G action. So, Kleiman’s
theorem says that for general flags F1, 2, I3, the corresponding shifted Schubert cells
Qa, (F]), 2B, (F2),Qc, (F?) intersect transversally.

Now, the work of Klyachko and the generalization made by Berenstein and Sjaamar,
connect the intersection theory of Schubert varieties in a homogeneous space G/ P to the
eigencone. Therefore, it is convenient to use the notation for the arbitrary group setting.

Again, let GG be a semi-simple algebraic group with maximal compact subgroup K,
and Lie algebras g and ¢ respectively. We denote the fundamental Weyl chamber by b .
Let P be a maximal parabolic subgroup P C G. Let A = {ay,...,a,} denote the set of
simple roots for GG, and A(P) denote the set of simple roots for the Levi subgroup of G
containing P. We denote the Weyl group of P by Wp and the set of minimal length coset
representatives in the quotient W/Wp by WF. Denote the length of a word by I(w). The
fundamental weight associated to P, we denote wp. For any w € WP, define the shifted
Schubert cell

AP = w™'BwP/P c G/P,

and let the cycle class of its closure be denoted [AP] € H2(dm(G/P)=lw)(G/P). The

following theorem gives a solution to the eigenvalue problem. We recall the theorem

from Berenstein and Sjamaar [BS00]:



Theorem 0.2.2. Let (hq,...,hs)€b’. Then, the following are equivalent:

(1) <h17 ct hs) EF(S, G)

(2) For every standard mazimal parabolic subgroup P in G and every choice of s-
tuples (wy, ..., ws) € (W) such that

P —P

]

-[A,.] = d[A, 1€ H*(G/P) for some nonzero d,

Pl

the following inequality holds:
(0.7) wp()_w;i'h;) 0.
j=1

Here the product on the classes in cohomology is the classical cup product. As
mentioned above, Belkale and Kumar [BKO06] define a deformed product on cohomology
known as the BK-product. We define this deformation here, and see in Theorem (0.2.4),
that it gives a shorter list of inequalities describing the eigencone than Theorem (0.2.2).
In this paper the deformation of cohomology is introduced as a technical tool, and we
will return to the definition in Chapter 2.

The standard cup product is given by the structure coefficients dl’ s as in (0.6). Let
p denote half the sum of the positive roots of g and let x; be the basis of §h dual to the
simple roots:

ai(z;) = 6.

For a standard parabolic subgroup P, let p* be half the sum of the positive roots for the

unique Levi subgroup L C P.

Definition 0.2.3. For a standard parabolic P C @, introduce the indeterminates 7; for
each a; € A\ A(P). Then define the BK-product, denoted ®y as follows; first we define
a deformed product ®:

[Kf] o [Kf] _ Z ( H Ti(xu»—(x«L—l—xU))(ﬂfi))C’Luum [Ki]

weWP  a;eA\A(P)



where Y, € h* is the character x,, = p — 2p" +w™'p. To obtain the cohomology of G /P,
(H*(G/P,Z),®y), set 7, = 0, to get @g. As a Z-module, this is the same as the singular
cohomology H*(G/P,Z).

Notice that in the definition above, if you take P C G to be a maximal parabolic,
then you are introducing only one invariant 7. If you set 7 = 1, you recover the classical
cup product.

Belkale and Kumar proved [BKO06] that you can replace condition (2) in Theorem
(0.2.2) with a statement in the deformed product. The proof of the theorem relies on
geometric invariant theory, which relates the intersections of Schubert varieties in G/P
to destabilizing one parameter subgroups for G. Then the Hilbert-Mumford criterion
yields the inequalities appearing in (0.9). The intersection number one is a consequence

of the uniqueness of maximally destabilizing one parameter subgroups:

Theorem 0.2.4. Let (hq,...,hs) € (h)%. Then the following are equivalent:

(A) (hla c hs) < F(S, G)
(B) For every standard maximal parabolic subgroup P in G and every choice of s-

tuples (wy, ..., ws) € (W) such that

(0.8) Ay] @o- - ©o [Ay,] = [A.] € (H*(G/P,Z), &),

the following inequality holds,
(0.9) wp() w;'h;) 0.
j=1

0.3. Conjecture and Results

For simple algebraic groups GG; and G5, suppose

G G
Gl'—>G2, Kl"—>K2, +1 —)[]+2.

10



Then,

|

(b5 = (b

It is known that ¢(I'(G1)) C I'(G,), so we are interested in the following two questions:

Questions 0.3.1. (1) Is I'(G1) = ¢ 1(I'(G2))? (2) Is there any direct relation between

the intersection theories of homogeneous spaces for G; and G457

Belkale and Kumar [BK10] made a conjecture for a semisimple complex algebraic
group Go. Let o be a diagram automorphism of GGy with a fixed subgroup GG;. They con-

P P
w1 Awg’

jectured that for any standard parabolic subgroup P C (G5 and Schubert cells A

3

1=

AP in G5/ P, there exist elements g, g2, g3 € G such that the intersection N

P .
w3 19 iAwi 138

proper. Belkale and Kumar show that this is true for Sp(2n) C SL(2n) and SO(2n+1) C
SL(2n+1), where the embeddings are induced from diagram automorphisms. Specifically
they answer (0.3.1) and use the intersection theory result to compare the eigencones for
these pairs.

I have investigated questions (0.3.1) for a specific embedding SO(2n+1) — SO(2n+2),
with the following results: Let f)f denote the positive Weyl chamber for SO(2n+1). Fix
r < n and take maximal parabolic subgroups P? C SO(2n + 1) and PP C SO(2n + 2).
First we address the relationship between the intersection theories. The conjecture, as
stated, is false. A counterexample is given in Chapter ??Appendix) in (7.1).

There is a not direct analogue of the intersection theory result for SO(2n+1) C
SO(2n+2), but there is a statement which holds in the BK-product, when the classes
multiply to the class of a point. Restricting to the BK-product gives an irredundant
set of inequalities describing the eigencone for SO(2n + 1). In Chapter (1) we define
sets of indices parameterizing Schubert varieties in SO(2n + 1)/P? in (1.7) and sets of
indices parameterizing Schubert varieties in SO(2n + 2)/PP in (1.11) and (1.12). Then,

in Section (3.2), we detail a correspondence between parameters for Schubert varieties in

11



the these homogeneous spaces. The following theorem is a key result and will be proved

in Chapter (5):

Theorem 0.3.2. For parameters I', 1%, I* giving Schubert varieties in SO(2n + 1)/PB
and corresponding parameters J*, J?, J* giving Schubert varieties in SO(2n+2)/ PP, let

ok denote the class in cohomology of the associated variety. Then,

on O o2 Og 03 = 0pt € H2dim(OG(T’2"H))(OG(r, 2n+1))=

o1 @0 0 j2 @0 g3 = dO'pt - HQdim(OG(T,Zn—i—Q)) (OG(T, 2n+2)),

for some nonzero d.

A question that remains is whether d = 1 in Theorem (0.3.2). In the examples
computed, including the example given in the final chapter, d = 1.
The following theorem is the main result of the paper comparing the eigencones of

SO(2n+1) and SO(2n+2). It will be proved in Chapter (4):

Theorem 0.3.3. For (hy, hs, h3) €%,
(h1, ha, hy) €T(SO(2n+1)) <= (h1, ha, h3) €T(SO(2n+2)).
By functoriality, it is clear that I'(SO(2n+1)) C I'(SO(2n+2)). Then for
(hi,... . hy) € ((hf)s AT(SO(2n+2)),

we must show that (hq,...,hs) € T'(SO(2n+1)). So, the task is to take an inequality in
the system describing I'(SO(2n+1)) and show that it is implied by an inequality in the
system describing I'(SO(2n+2)).

Another key result used in comparing the eigencones is Theorem (0.3.2), which gives
an intersection theoretic statement relating the intersection theories of SO(2n+1) and
SO(2n+2). As mentioned above, this statement holds for Levi-movable intersections in
SO(2n+1)/PB. A numerical condition on parameters determining Levi-movable inter-

sections is given in Theorem (2.2.6). One of the challenges in proving Theorem (0.3.2)

12



was confirming a dimension formula for Schubert varieties on SO(2n+2)/PP” that was
comparable to known formulas for varieties in SO(2n+1)/P?. The dimension formula
and proof is given in Chapter (6). It is proved by constructing a chain of varieties based
on a set of rules we call the bumping rules for SO(2n+2)/PP. An example illustrating

how the rules are used to create such a chain is given in Chapter 7 in (7.3).

13



CHAPTER 1

Notation and Preliminaries

In this chapter we establish notation for the rest of the paper and give details on the
groups SL(2n+1) in Section (1.2), SO(2n+1) in Section (1.3), SO(2n+2) in Section (1.4),
and Sp(2n) in Section (1.5). For a reader interested in the eigencone result, Sections (1.3)

and (1.4) are the most important.

1.1. Algebraic Group G

Let GG be a connected semisimple complex algebraic group. Fix a Borel subgroup B
and a maximal torus H C B. Their Lie algebras are denoted by their respective Gothic
characters: g, b, h. Let W denote the Weyl group of G defined by W = N(H)/H, where
N(H) is the normalizer of H in G. Let R™ C h* be the set of roots of b, the positive
roots, and denote the simple roots by A = {ay,...,a,} C R*. Let {af,..., o} Ch be
the set of corresponding simple coroots and {sq,...,s,} C W be the set of corresponding
simple reflections. The length of w € W, denoted [(w), is defined to be the minimum
of the length of an expression for w as a product of simple reflections. Define the basis
{z1,...,2,} of h dual to the basis {«a;} of b*, so that a;(z;) = 0; .

Fix a real form hg of b, so that hg is a real subspace of § satisfying:

(1) {af,...,a)} C br and

(2) for any 1 <i <n, o;(hg) C R.
Define the positive Weyl chamber, or dominant chamber, b, C hg, to be:

by ={z € br|a;(z) € Ry for all o;}.



For any 1 <1 < mn, let w; € h* denote the i-th fundamental weight defined by

A weight A = ) ¢;w; is dominant if all ¢; are non-negative integers.

Let P D B be a standard parabolic subgroup. The parabolic admits a Levi decom-
position with a unique Levi subgroup L D H. Let Wp be the Weyl group of P, which is
the Weyl group of the Levi subgroup L. Let W denote the set of minimal-length coset

representatives in the coset space W/Wp. For any w € WF | we define the Bruhat cell
(1.1) AP .= BwP/P C G/P.

The Bruhat cell is a locally closed subset of G/ P isomorphic to the affine space A™). Tts

P

w

closure, denoted A, is an irreducible projective variety of dimension /(w). We denote
the cycle class of this subvariety in the singular cohomology ring of G/P with integral

coefficients by
(1.2) [AP] ¢ g2Udime(@/P)-lw)(q/p).

The Bruhat decomposition gives an integral basis of H*(G/P) by the classes {[AL]},cpr.

In the following sections, we give a more detailed descriptions of the groups SL(2n+1),
SO(2n+1) and SO(2n+2). We will also introduce some of the structure and notation
for Sp(2n).

1.2. Special Linear Group SL(2n+1)

Let V = C*™ with basis {vy, ..., ve,}. Let GL(2n+1) be the complex general linear
group of all nonsingular complex (2n+1 x 2n+1) matrices. The complex special linear
group SL(2n+1) C GL(2n+1) is the subgroup consisting of matrices of determinant one.
Fix a standard Borel subgroup B of SL(2n+1), consisting of upper triangular matrices
of determinant one. Let H denote the Cartan subgroup consisting of diagonal matrices

of determinant one. We denote the Lie algebra of SL(2n+1) by sl(2n+1). Denote the
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Lie algebras of the Borel and Cartan subgroups by b and b respectively, and define the
dual to h by

h* = {t=diag(ts, ..., tns1) | Zti = 0}.

Fixing a real form hr C b, the positive Weyl chamber h, C b is given by
b+:{t€ hR|tZ€R+ andtl Z Ztn-i-l}'

The Lie group SL(2n+1) has a root system of type As,. The Borel subgroup B
determines the set of positive roots R™ in the set of roots R. The set of simple roots is
denoted A = {ay,...,az,} C RT C b*. For any 1 < i < 2n, we define the simple roots,

simple coroots, and fundamental weights:

a;(t) = ti—tiy,
a) = diag(0,...,0,1,—1,0,...,0), where the 1 is in the ith place and,
wz(t) = t1++tz
Define the basis {z1,...,x,} of h dual to the basis {o;} of h*, so that a;(z;) = 9, ;.
The Weyl group W of SL(2n+1) can be identified with the symmetric group S,y
which acts by permuting the coordinates of t. Let {ry,...,r2,} C Sa,u be the simple

reflections corresponding to the simple roots {a1, ..., as, } respectively. Then the simple

reflections are given by the transpositions
(1.3) ri = (i,i+1).

For any 1 < r < 2n, let P, denote the standard maximal parabolic subgroup whose unique
Levi subgroup L, has the associated set of simple roots A\ {a,.}. The Weyl group of P,
we denote Wp_. The set of minimal length coset representatives in the quotient W/Wp,

is denoted W, and can be identified with the set of r-tuples

S(r,2n+l)={A:=1<a; <...<a, <2n+1}.
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Any such r-tuple A corresponds to a permutation in its one-line notation:

Wy = (al, ey ey Qg gy - - 7a2M1)7

where {a,41 < ... < agpu} = [2n+1]\ {as,...,a}.
We identify SL(2n+1)/P, with the Grassmannian of r-dimensional subspaces of V,
Gr(r,2n+1).

Definition 1.2.1. We define a complete flag on V' to be the chain of subspaces F, : 0 =

F() g F1 g .. g FQTH_l =V where dlm(Fz) = 1.

The standard complete flag on V', denoted FY, is the complete flag with F; =
(v1,...,v;). Let Fy be a complete flag on V and A € S(r,2n+1). We define the shifted
Schubert cell in Gr(r,2n+1):

(1.4)

Qu(Fo)={M eGr(r,2n+1) | for any 0< [<r and any ;< b< a;41, dim(M N F,) =1},

where ag = 0 and a,+1; = 2n+1.

The standard flag, denoted FY, has flag components I = span(vy,...,v;). For the
standard flag Fy, we have Q4(F7) = Alr. Otherwise, there is an element g(F,) €
SL(2n+1), determined up to left multiplication by an element of B, such that Q4 (F,) =
g(FO)AL . The closure of a shifted Schubert cell in Gr(r,2n+1) is denoted Q4(F,), and
its cycle class in H*(Gr(r,2n+1)) is denoted [Q4(F,)].

1.3. Special Orthogonal Group SO(2n+1)

Again, let V = C?"" with basis {v1,..., V. Equip V with a non-degenerate
symmetric form (, )2 such that (v;,vep )% =1 for 1 < i < n, (Vpy1,vp41)? = 2, and
all other pairings are zero. Denote the (2n+1 x 2n+1) matrix of (,)? by Ep. Let

v = Zfﬁl t;v;. Let QP be the quadratic form associated to (,)?, given by:

(1.5) QB(U) = ti—&-l + X titona—i
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Denote the special orthogonal group associated to Q7 by SO(Q?,2n+1). It is the

group defined by
SO(QF,2n+1) = {g € SL(2n+1)|{gv, gw)? = (v, w)? for all v,w € V'}.

Since the choice of QP is clear, we will simplify the notation to SO(2n+1) =
SO(QB,2n+1). The group SO(2n+1) can be realized as the fixed point subgroup
SL(2n+1)® under the involution © : SL(2n+1) — SL(2n+1), defined by O(A) =
EZY(AT)'Ep. The involution keeps both B and H stable. Moreover, SO(2n+1) has
Borel subgroup B® and Cartan subgroup H®. We will use the notation B? = B® to
denote the Borel subgroup and H? = H® to denote the Cartan subgroup.

We denote the Lie algebra of SO(2n+1) by s0(2n+1). The Cartan subgroup has Lie

algebra h? given by
b2 = {t = diag(ts,...,tn,0, ~tn,...,—11) |t; € C}.
We fix a real form hEZ C hP and the positive Weyl chamber is given by
hY ={tebf|t;cRand t; > ... >t, > 0}.

The Lie group SO(2n+1) has a root system of type B,. Fixing a Borel subgroup B?
determines a set of positive roots R}, in the set of roots Rp. Let AP = {§,...,d,} be
the set of simple roots. For any ¢ € [n], 6; = |y, where {a,...,az,} are the simple

roots of SL(2n+1). The simple coroots {0,"} are given by

5, = a +a¥n+1_i for 1 <i<n and

6;{ = 2(a>z/+aq\z/+1)-

Define the basis {z?,..., 25} of hP dual to the basis {d;} of h*Z, so that §,(zF) = §; ;.

The Weyl group of SO(2n+1) is denoted Wp. Recall that HP is ©-stable. Therefore

there is an induced action of © on the S,y , the Weyl group of SL(2n+1). So, the Weyl
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group of SO(2n+1) can be identified with the ©-invariant subgroup of Sg,:
{(al, c. ,CLQn_H) c SQ%H | A2pi2—i = n+2 — a;, for all 1 S 7 S 2Tl—|—1}

Thus, w = (ay, ..., a,41) € Wg is determined by (aq,...,a,) and a,11 =n + 1.
Let {s1,. .., Sy} be the simple reflections corresponding to the simple roots {01, ..., 0, }.

We can express the simple reflections s; in terms of the simple reflections r; given in (1.3):

S; = TiTont1—i, 1f1§z§n—1, and

Sp = TpTh+1Tn-

A subspace U C V is called isotropic if (uy,us) = 0 for all uy,us € U. For r < n, we
define the subvariety of Gr(r,2n+1) containing all r-dimensional isotropic subspaces of

V:
(1.6) OG(r,2n+1) := {A € Gr(r, 2n+1)|[{u1,us)? = 0, for all uy,uy € A}.

This closed irreducible subvariety of G (r, 2n+1) is of dimension (4n—3r+1). Notice that
this space is defined for r < n since V' does not contain an isotropic subspace of dimension
n+1. Let PP is the standard maximal parabolic subgroup with unique Levi subgroup LZ
whose associated set of simple roots is A? \ {4,}. The maximal parabolic subgroup P?
is the stabilizer of the isotropic subspace (v1,...,v,). The orthogonal group SO(2n+1)
acts transitively on OG(r,2n+1), and we identify OG(r,2n+1) with the homogeneous
space SO(2n+1)/P5.

The set of minimal length coset representatives of Wg/ Wps is denoted Wf, and can

be identified with the following subset of S(r,2n+1),

(1.7) &(r,2n+1)={J:=1<j1<...<j.<2n+1|j,#n+ 1 for any t and J N J=0},
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where J = {2n4+2 — j,,...,2n+2 — j1}. Any J € &B(r,2n+1) determines a minimal

length coset representative in W2:

(18) wy = (jh s 7j7“7317 s 7527H-1—2T7317 s 757")7

where

J =01y Jomp—or) = [2n+1]\ (J U J),

with elements written in increasing order.

Definition 1.3.1. A complete flag F, : 0 = Fy € Fy € ... C Fyy = V is called isotropic

if F; is an isotropic subspace of V for all i € [n] and F; = Fj,,,_, for all 4.

With our choice of basis the standard flag, FY

o)

is isotropic with respect to (,)?. For
any isotropic flag F,, there exists a unique element, up to multiplication by an element

of BB, g(F,) € SO(2n+1) which takes the standard flag to Fy:
g(F)F; = Fi.

Definition 1.3.2. For any J € &(r, 2n+1) and any isotropic flag F, we define the shifted
Schubert cell in OG(r, 2n+1):

U (Fy)={MeOG(r,2n+1) | for any 0< (< r, and any 5; < b< ji41,dim(M N Fp) = 1}.

where we set jo = 0 and 7,41 = 2n+1.

Set theoretically we have an equality:
\I/J(F.) = QJ(F.) N OG(T, 2n—|—1)

In fact, this is a scheme theoretic equality [Bel07]. Moreover, there exists g(F,) €
SO(2n+1) such that U ;(F,) = g(F.)AZi7 where w? is the minimal length coset repre-
J

sentative associated to J. Let W ;(F,) denote the closure of V;(F,) € OG(r,2n+1) and
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we denote its cycle class in cohomology by
[0, (F,)] € HHAmES0Cr/E= 1w (OG(r, 2n+1)).

Notice that for the standard flag, FY on V', W (F?) = Aii.
J
In Chapter (3), we realize SO(2n+1) as a fixed point of a diagram automorphism of
SO(2n+2).

1.4. Special Orthogonal Group SO(2n+2)

Let W = C?"* with basis {wy, ..., Wan}, and equipped with a symmetric nonde-
generate bilinear form (,)”. Denote the (2n+2 x 2n+2) matrix of (,)” by Ep. Let

w = Zfﬁf t;w;. The associated quadratic form on W is given by
(1.9) QP (w) = B2 Pt iton 5.
Define the even special orthogonal group associated to QP by
SO(QP,2n+2) = {g € SL(2n+2)|{gwy, gws)” = (w1, wy)"}.

Since the choice of the quadratic form is clear, we will simplify the notation to SO(2n+
2) = SO(QP,2n+2).
Similar to the description of SO(2n+1) as a fixed point subgroup of SL(2n+1),

SO(2n+2) is the fixed point subgroup of an involution on SL(2n+2):

O :SL(2n+2) — SL(2n+2),

A — ED(AT)_lED.

Observe that © keeps H and B stable. We denote the Cartan subgroup of SO(2n+2)
by HP = H® and the standard Borel subgroup by B” = B®'.
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We denote the Lie algebra of SO(2n+2) by so(2n+2). The Cartan subgroup has Lie

algebra h? given by
hY = {t = diag(t1,.. ., tnst, —tni1, ..., —t1)|t; € C}.
We fix a real form hE C hP and the positive Weyl chamber is given by
hY = {te by |t; eRand t, > ... >t > 0}.

The Lie group SO(2n+2) has a root system of type D, ;. Fixing a Borel subgroup B
determines a set of positive roots RE in the set of roots Rp. Let AP = {¥y,..., 0,41}
be the set of simple roots. Then, for any i € [n + 1], ¥; = a;|hP. Define the basis
{zP, ..., 2P} of h” dual to the basis {0;} of h*P, so that ¥;(zP) = 6, ;.

The Weyl group of SO(2n+2) is denoted Wp. Recall that H? is ©'-stable. So, there
is an induced action of ©" on Sa,. Therefore, the Weyl groups of SO(2n+2) can be

identified with the ©'-invariant subgroup of S, o:
{(al, c. ,G2n+2) S ngg ‘ Aon+3—; = 2n+ 3 — a;, for all 1 S 7 S 27’L—|—2}

So, w' = (ay, ..., as) € Wp is determined by (ay, ... ani1).
Let {s],...,s.,,1} be the simple reflections in Wp, the Weyl group for SO(2n+2),
corresponding to the simple roots {¢1,..., 9,41} We can express the simple reflections

AP in terms of simple reflections 7;, defined in (1.3):
S; = Tirome_s, forall 1 <i<mn, and
Sn—l—l = Tn+1TnTn+2Tn+1-

Recall that a subspace U C W is called isotropic if (u;, us)? = 0 for all uy,uy € U.
The set of isotropic subspaces of W of dimension n + 1 form two orbits under the
action of SO(2n+2). Therefore, the set of complete isotropic flags on C?"*2, defined in

(1.4.3) below, form two orbits under the left action of SO(2n+2).
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Definition 1.4.1. Let S; and S; be two n 4+ 1 dimensional isotropic subspaces of W.
We say that S; and Sy are in the same family if dim(S; N Sy) = (n + 1)mod2, otherwise

we say that they are in the opposite family.

Definition 1.4.2. Define the standard complete flag on C*™2, denoted FY, to be the flag

with components F? = span(wy, . .., w;).

Definition 1.4.3. A complete flag F, : 0 = Fy € Fy © ... C Fy,o = W is called
isotropic if Fj is an isotropic subspace of W for all i € [n + 1], F; = Fj.,,_; for all i, and

.. . o
F, 1 is in the same family as F;_ ;.

Definition 1.4.4. To each isotropic flag F, we define a corresponding alternate isotropic

flag F, such that F, = F, for all i < n, and ﬁnﬂ in the opposite family from F}, ;.

For r < n, we define the subvariety of Gr(r,2n+2) containing all r-dimensional

isotropic subspaces of W:
(1.10) OG(r,2n+2) == {A € Gr(r,2n+2) [(wy, ws)? = 0, for all wy,w, € A}.

This orthogonal Grassmannian is a closed irreducible subvariety of Gr(r,2n+2) is of
dimension (4n—3r+3). For r < n, let PP be the standard maximal parabolic subgroup
for which AP\ {¥,} is the set of simple roots of L? the unique Levi subgroup of
PP containing H”. The parabolic PP is the stabilizer of the span of the first r basis
elements of W. So we make the identification of OG(r,2n+2) with the homogeneous
space SO(2n+2)/PP.

For » = n + 1, the space of maximal isotropic subspaces of C**2 has two connected
components, each isomorphic to the even orthogonal Grassmannian, OG(n+1,2n+2) =
SO(2n+2)/P, 1. The maximal parabolic subgroup P, 1, of SO(2n+2), is the parabolic
associated to a right end root of the Dynkin diagram of Type D,,.;. We denote the two
connected components by OG*(n+1,2n+2). Let OGT(n+1,2n+2) denote the orbit

containing the Fy7, ;, the n+1% component of the standard flag F,°. Let OG~ (n+1, 2n+2)
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denote the orbit containing all of the n 4+ 1-dimensional spaces in the opposite family. In
Chapter (3), we will show that OG™(n+1, 2n+2) and OG~ (n+1, 2n+2) are homeomorphic
to the space of maximal isotropic subspaces OG(n,2n+1), defined in (1.6).

The set of minimal length coset representatives of the quotient space Wp/Wpp is

denoted WP, For r < n, WP can be identified with the set
(1.11) &P(r,2n+2):={J:=1<j < ...<j.<2n+2|JNJ=0},

where J = {20+ 3 — j,,...,2n+ 3 — j;}. For r = n + 1, we define two parameterizing
sets. Let

SP(n+1,2n42):={J:=1<j1<...<j,<2n+2|JNJ=0},

and define

(1.12) 6T (n+1,2n+2) = {J € &P(n+1,2n+2)|#{jr <n + 1} = 0mod2} and,

(1.13) &~ (n+1,2n+2) = {J € &P(n+1,2n+2)|#{jr <n+ 1} = Imod2}.

The sets defined in (1.12) are parameterizing sets for Schubert varieties in OG*(n+
1,2n+2) and OG~(n+1,2n+2) respectively.

For any isotropic flag F,, such that F,,,; C OG*(n+1,2n+2), there is an element
g(F,) € SO(2n+2) that takes the standard flag to the isotropic flag F,. Note that g(F%)

is determined up to right multiplication by an element of BP.

Definition 1.4.5. For any J € &”(r,2n+2), and any isotropic flag F, we define, for
r < n the shifted Schubert cell in OG(r,2n+2):

(1.14)

T (Fo)={MeOG(r,2n+2) | for any 0< [<r, and any ;< b< jj1, dim(M N F,) = [}.

Set theoretically (also scheme theoretically) we have an equality:

(1.15) Y0 (F) = Qp(F)) N OG(r, 2n+2).
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For r = n + 1, the definition of the Schubert cell (1.14) holds and for J, € &% (n+
1,2n+2) and J_ € 6~ (n+1,2n+2), parameters for T, (F,) C OGT(n+1,2n+2) and
T, (F,) C OG™ (n+]1,2n+2), respectively. The set theoretic intersection defined in (1.15)
will also hold with these choices for J.

Any J € &P(r,2n+2) determines a word in WP, Let J = (Ji,..., Jonz—2r) =

[2n+2] \ (J U J), with the elements written in increasing order. For r < n,

(1.16) Wy = (J1y s Jrs Jhs s J2ms2—2rs 1y -+ 5 Jr)s

if the first n + 1 components of the word have the same number of integers greater than

n+ 1 as less than n + 1, and
(1.17) Wy = (J1y s Jrs Tl + + s Jrimrs Tt 2rs Gt It B—rs - -+ 5 J2ms2—2r 1y -+ + 5 Jr)
otherwise. When r = n + 1, for w € W2, then

w = wu;(modWp, ), for0<i<n+1landi#n-—1,

where,

S ifi=n

U; = 1d ifi=0

! o/ / !/ s .
5;Sii1Sy_gsy, if1<i<n-—2

A n

1.5. Symplectic Group Sp(2n)

Although we will not focus on the symplectic group in this thesis, we will apply
important results about the cohomology ring and the eigencone of the group and its
relationship with SO(2n+1). In Chapter (2) we will see that the system of irredundant
inequalities describing the eigencone of Sp(2n) coincides with the inequalities describing
SO(2n+1). We only refer to Sp(2n) for this comparison to derive a numerical condition on
the index parameters for Levi-movability in an orthogonal Grassmannian OG(r,2n+1).

For completeness, we include some background information on Sp(2n).
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Let U = C? be equipped with a nondegenerate symplectic form (,) so that its

matrix ((u;, u;)9)1<; j<on in the basis {uy, ..., ua,}, is given by
0 J
E. = )
—-J 0

where J is the n x n matrix with 1 along the anti-diagonal, and zeroes elsewhere. Sp(2n)
can be realized as the fixed point subgroup under the involution o : SL(2n) — SL(2n)
defined by o(A) = E.(AT)"'E'. Let B and H be the Borel and Cartan subgroups of
SL(2n), then the involution o keeps B and H stable, and we denote B° and H° by B®
and HC respectively.

We denote the Lie algebra of Sp(2n) by sp(2n). The Lie algebra of H® is the Cartan
subalgebra,

he = {t=diag(ts,...,tn, —tn,...,—t1) |t;€ C}.

Fix a real form of h§ C h¢. Then, the fundamental Weyl chamber is given by
h¢={tebh$ |, € R, and t, > ...> ¢, > 0}.

The Lie group Sp(2n) has a root system of type C,. Fixing a Borel subgroup B¢
determines a set of positive roots R in the set of roots Rc. Denote by p© half the
sum of the positive roots. Let AY = {f,...,,} be the set of simple roots, such that

for all i € [n], B; = a;|yc where {aq,..., 9,1} are the simple roots of SL(2n). The

corresponding simple coroots are denoted {3y, ..., 5, }, and are given by:
B = a +ay, ; for 1 <i<nand
Bn = o

Define the basis {z{,...,2$} of h dual to the basis {3;} of h*C, so that B;(xzP) = §; ;.
The Weyl group of Sp(2n) is denoted We. Recall that H is o—stable, and therefore

there is an induced action of o on S,,. Therefore, W can be identified with a subgroup
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of Sgnl

{(al, Ce ,CLQn) € SQn | Ao2ptl—i = 2n+1 — a;, for all 1 S 1 S 2n}

Let {si,...,s,} be the simple reflections in the Weyl group W of Sp(2n) corre-
sponding to the simple roots {f, ..., (.} respectively.
For any 1 < r < n, we let IG(r,2n) be the set of r-dimensional isotropic subspaces

of V with respect to the form (,)°:
IG(r,2n) == {M € Gr(r,2n)|{v,v")¢ = 0,Yv,v' € M}.

This is the quotient space Sp(2n)/PC of Sp(2n) by the standard maximal parabolic
subgroup P¢ with 6\ {3,} as the set of simple roots of its Levi component LC.
Define a class of index sets that we will identify with the set of minimal-length coset

representatives of the quotient space We/ Whpe:
(1.18) &S(r,2n)={l:1<i;<...<i,<2nand INI =0},

where [ := {2n+1 —i,,...,2n+1 —i1}.
For any I = {i; < ... <.} € &(r,2n) we give a corresponding minimal length coset

representative as the permutation
(1.19) Wy = (i1, ... iy iygts -« oy dong1om 20F1 —dp, .., 2041 —iy) € WY

by taklng {iT+1 < ... < Z'2n+1_27«} = [271] \ (I LJ I)

Definition 1.5.1. We define a complete isotropic flag on C*" to be a complete flag
G.IOZGQCGlc...CEQn:C2n

where G+ = Gy, _, for a € [2n].

For an isotropic flag G,, there exists an element k(G,) € Sp(2n) which takes the
standard flag G to the flag G,.
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For any I € &(r,2n) and any isotropic flag G, we have the corresponding shifted
Schubert Cell in IG(r,2n):

®;c(GY) = {M € IG(r,2n)| for any 0 < [ < r and any 4; < a < 4,41, dim(M N G,) = 1},
where we set 7g = 0 and ¢,,1 = 2n. Set theoretically we have the equality:
o1(Ge) = Q(Ge) NIG(1,2n).

Notice that k(G.)Ai’}c = ¢1(G,). Denote its closure in IG(r,2n) by ¢,(G,) and denote
its class in cohomology by [¢;(G,)] € H*(IG(r,2n)).
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CHAPTER 2

Levi-Movability and Deformed Product on Cohomology

The aim in this chapter is to first introduce the definition of Levi-movability and
recall from [BKO06] the numerical condition for Levi-movable s-tuples. In Section (2.2),
we compare the numerical condition for a Levi-movable triple in Sp(2n) with that of
SO(2n+1) to give a numerical condition for Levi-movable Schubert varieties in SO(2n+1)
on the index sets parameterizing the varieties. In particular, this numerical condition is
given in (2.7).

Given subsets I and J of [m], we denote by |I > J| the number of pairs (7, ) with
iel,jeJ,and i > j. Weset [I > 0] =0 and if K = {k}, then we abbreviate |[I > K|

to |I > k|.

2.1. Levi-Movability

All of the notation in this section will be consistent with section (1.1). We let G
be a connected semisimple complex algebraic group and P C G a maximal parabolic

subgroup. Recall the definitions of A in (1.1), and [Ki] in (1.2). We denote the structure

w
w2

coefficients under the regular cup product by ¢“, , and they are defined by

(2.1) A=Y e AL

weWw P

Recall from Lemma (0.2.1) that number ¢, counts the number of points in the in-

tersection of shifted Schubert cells. For each w € W7, there exists a w", such that

w" = woww(’, where wy is the longest word in W and w{ is the longest word in the Weyl

w

w , counts the number of points in

group Wp. So, for a generic triple (g1, g2, g3) € G3, ¢

(2.2) AL N goAY N gsALy.



Note that if ¢;;, # 0, this implies that I(w) = I(v) + I(u).

Definition 2.1.1. Let wy,...,w, € W¥ be minimal coset representative such that
. P .
(2.3) Z codimA,, = dim(G/P).
j=1
Then we call an s-tuple (wy, ..., ws) Levi-movable if for generic (I1,...,ls) € L*, the
intersection

LAL N NAL,

is transverse at e.

Note that the definition above is independent of the coset representative chosen, so
we have the notion of Levi-movability for any s-tuple (wy,...,ws) € (W), Belkale and
Kumar showed that inequalities corresponding to Levi-movable triples with ¢, = 1,
give a necessary and sufficient set of inequalities describing the eigencone for all types
[BKO06].

Belkale and Kumar give a numerical condition for Levi-movability [BK06], which we
give in Theorem (2.1.2). Let p denote half the sum of the positive roots and p’ denote

half the sum of the roots in R}, the positive roots for the Levi Subgroup L C P.

Theorem 2.1.2. Assume that (wy,...,ws) € (W) satisfy (2.3). Then the following are

equivalent:

(A) The s-tuple (w1, ..., ws) € (WP)® is Levi-movable.
(B) [Kil] S [Ki] — d[AL] € H24m(G/P)(G/P) for some nonzero d and for each
a; € A\A(P), we have

(05 ) = ) =0,

where X, € b* is the character x, = p — 2p* +w™'p, and x. is the character of

the identity.
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Notice that this numerical condition given in (2.1.2) is precisely the exponent on 7 in

the definition of the deformed product given in Definition (0.2.3).

2.2. Levi-Movable Intersection with Intersection Number One

In this section we give numerical criterion for a Levi-movable intersection with inter-
section number one. Recall the set of parameters S(r, 2n) from (1.18). For I € &(r,2n),
recall the correspondence between a minimal length coset representative w; € WY,
given in (1.19). We establish a bijection between sets I = {iy,...,i,} € &(r,2n) and
J={j,...,jr} € 6(r,2n+1) by

: Tk tip < n
I =
Jr—1 i >n.
After making this identification we refer to both index sets as I.

We denote half the sum of the positive roots in R? by p”, and similarly half the

sum of the positive roots in RE by p¢. Fix I',...,I* € &(r,2n), and define functions

68,0¢ : &(r,2n) — Z, by

(2.4) 0°(1) = (xu, — fon)@?) and,
(2.5) D) = (= DX, @),

where x5 = (p® + w;'p®) and x§, is defined similarly. From [BK10], we have the

following lemma:
Lemma 2.2.1. Forr <n and any I € &(r,2n),

0°(1) = 0P(1) + [T <n| = S|P <,

Jj=1
and for r = n,
20°(1) = 0%(I) + [ <n| =) |l <nl.

j=1
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There is a canonical Weyl group equivariant identification between the Cartan sub-
algebras ho and hp [KLMO3], and also the Weyl groups We and Wy of Sp(2n) and
SO(2n+1) respectively. We will make these identifications and denote the identified
Weyl group by W and the identified fundamental Weyl chamber by bh. Let pu(w) denote
the number of times that the simple reflection s,, appears in any reduced decomposition
of we W.

We recall the following theorem from [BK10]:

Theorem 2.2.2. The map

¢ : H*(SO(2n+1)/B®,C) — H*(Sp(2n)/B°,C)

given by

o([Ru(B)]) = 217" [K,(C)]

for any w € W, is an algebra homomorphism.

Theorem (2.2.2) gives us a relationship between the structure coefficients, which we

state in Lemma (2.2.3). Take a triple (u,v,w) € W3,

&A1 =3 e (B)AL ]
and
A A = 3 e ()AL .

The following corollary follows directly from Theorem (2.2.2):

Corollary 2.2.3. In the reqular cup product, we have

v (C) = or(u?)+uvY)—p(w) w (B).

The following lemma is proved in [BK10]:
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Lemma 2.2.4. For I € &(r,2n),
p(wr) =1 >n|l=r—|I <n|.
The following theorem is due to Kumar:

Theorem 2.2.5. A triple (u,v,w) € (WP)? is Levi-movable with ¢¥,(B) = 1, if and

only if (u,v,w) € (W)? is Levi-movable with ¢ ,(C) = 1.

PROOF. Notice that if (u,v,w) € (WP”)? is Levi-movable with ¢ (B) = 1, then
68(1,) = 0, where I,, € &(r,2n + 1) is the corresponding index set from (1.8). So we
assume (u,v,w) € (WF)? is Levi-movable with ¢ (B) = 1, and show that #”(1,) = 0.

If 95(I,) = 0, then by (2.2.3),

v (C) = 20+ =nw?) > 1 - which implies

U,

pw’) + p(v”) = p(w?) = 0.
Since 6P(I,) = 0, we can rewrite the relationship between 0 (1,,) as

i = | P =) =), for e <
T dalwY) = S’y — 2u(w"), for r=n.

This implies §(I,,) < 0. From Theorem (2.2.2) and [BKO06](Proposition 17), we know

that 6(I,) > 0,
0°(I) = 0.

To show the other direction, we assume (u,v,w) € (W%)3 is Levi-movable with

@ (C) = 1. A similar argument shows that (1) = 0 = 62(I) = 0. O

uU,v

The following theorem gives a numerical condition on index sets:

Theorem 2.2.6. If an s-tuple (wy, ..., w,) € (WP)* is Levi-movable and

—P,

(2.6) (Al

—P,

[A

—P,

=[A.]

ws}
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then, for index sets L., ..., IL,, corresponding to wy, ..., ws by (1.8), the following con-

dition holds:
(2.7) r=> |L, <nl|.
=1

PROOF. Let (wy,...,w,) € (WP)* be Levi-movable and satisfy (2.6). By definition
6P(1.) = 0. By Lemma (2.2.5), §°(I.) = 0. Then, by Lemma (2.2.1):

S
r= Z |1y, < nl.
i=1
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CHAPTER 3

Embedding SO(2n + 1) in SO(2n + 2)

In this chapter we give an embedding of V = C?**™! in W = C*'*2, and more im-
portantly and embedding of SO(2n+1) in SO(2n+2). In the second section we estab-
lish a correspondence between parameters for Schubert varieties in homogeneous spaces
OG(r,2n+1) and OG(r,2n+2), defined in (1.6) and (1.10) respectively. In the final

section we consider a restriction of Schubert varieties from OG(r, 2n+2) to OG(r, 2n+1).

3.1. Embedding SO(2n+1) C SO(2n+2)

Recall the definitions of the quadratic forms QF and QP from (1.5) and (1.9) respec-
tively. In this section we will detail a particular embedding of V' = C?*! in W = C?*"*?
so that V' is invariant with respect to Q7. Let {wy, ..., wa,2} be the basis of W = C?*2

such that (w;, wany3_4)P = 1 and all other pairings are zero. Let V be the vector subspace

spanned by:

(3.1) v, = w;, for 1 <i<mn,

(3.2) Upy = Wy + Wy, and

(3.3) v; = wj4 for n+2 < j <2n+1.

Then (v, Voo )P = 1 for all i # n+1 and (v, ven )P = 2, so that QP|y = QF. We
extend the subspace V to W with the vector vy := w11 — Wy 1o.

This embedding agrees with the following embedding of SO(2n+1) in SO(2n+2).
Notice that the Dynkin diagram for SO(2n+2), has a symmetry interchanging the two
right end nodes of the diagram. This corresponds to an outer automorphism of the

Lie group, which has a fixed subgroup that stabilizes the non-isotropic vector vy. The



stabilizer of the 2n+1-dimensional orthogonal complement of vy is the group SO(2n+1).
Recall the sets of simple roots A? from section (1.3) and AP from section (1.4). In this
embedding, the short simple root 4, of SO(2n+1), is embedded into the direct sum of
¥, and ¥, 41.

On the level of Lie algebras, there is an embedding

(3.4) h? — pP
(3.5) diag(ty, ..., tn,0,—ty,...,—t1) — diag(ty,...,t,,0,0, —tn, ..., —t1).
In fact, hf — hf.

This induces a restriction map h2* — hZ*. Let w? €hP* and w? € hB* denote the i

fundamental weights. Then

(3.6) wP +— wP foralli <nand
(3.7) wli = Wl

From the descriptions of the simple reflections in the Weyl groups Wy and Wp we

give the natural map between Weyl groups:

W — Wh

st 1<i<n-1
S;

] .

885 1 =M.

This embedding of the Lie groups allows a left action of SO(2n+1) on the homogeneous
space OG(r,2n+2).

Lemma 3.1.1. Under the left action of SO(2n+1), OG(r,2n+2) has two orbits, namely

(3.8) O, = {S€O0G(r,2n+2)|S C V} and,

(3.9) O,-1 = {S€O0G(r,2n+2)|dim(SNV)=r —1}.
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PROOF. Let T€ SO(2n+1) C SO(2n+2). Recall that SO(2n+1) preserves V', and T'
has full rank. So,

dim(T-SNV) = dim(TSNTV)
= dim(T(SNV))

= dim(SNYV).

Therefore, if S€0,., then T'S C V, and if S€O,_1, then dim(7T'SNV') = r—1. Therefore,
SO(2n+1) acts on each set, and it is clear that the action on O, is transitive. We want
to show that SO(2n+1) acts transitively on O,_;. We will fix a subspace C' € O,_; and
show that for arbitrary A € O, we can produce A € SO(2n+1) such that A : C — A.
Fix an r-dimensional isotropic subspace C' € OG(r,2n+2) spanned by basis vectors
(Wi, ..., wr_1,Wyy1). Let A € OG(r,2n+2) be an arbitrary r-dimensional subspace such
that ANV =r—1. Then A contains a 1-dimensional subspace of the form u = Z?Zlﬁ U;Wj
where u,.11 # u,.2. Take u as a basis vector of A. We can extend u to an orthogonal
basis of A with respect to (,)” so that the other r — 1 basis vectors of A are in V' (i.e. for
a basis vector b = Zfﬁf bjw;, byi1 = bpyo.) Call the basis S = {u, s1,...,s,_1}. Define

a vector u by

U= (U, .oy Upy Upgr — 1, Unga + 1, Unys, o5 Uspga).

It is clear that uw and @ are independent. Now, dim({u, a) V') € {0, 1,2}. The dimension
cannot be 0 since (u, @) UV would have dimension 2n+3. The dimension cannot be 2
since dim(u N'V) = 0 by construction. Therefore, dim({u, @) N'V) = 1. So complete
S'U {u, @) to an orthogonal basis of V' with respect to (,)”. Then for a change of basis
A € SO(2n+2) such that A: C — A, by the construction above, A will preserve V' and
A vy =wvg. So, A€ SO(2n+ 1) as desired. O
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3.2. Identifying Index Sets

In this section we give a correspondence between index sets parameterizing Schubert
varieties in OG(r,2n+1) and OG(r,2n+2).

Fix the following notation for Schubert varieties: Let W;(E,) be a Schubert variety
in OG(r,2n+1) where I € 6(r,2n+1) and F, is a complete isotropic flag on C***! as
defined in (1.3.1). Similarly, let Y ;0(EP) be a Schubert variety in OG(r,2n+2) where

J €GP (r,2n + 2) and E, is a complete isotropic flag on C*™*? as defined in (1.4.3).

Question 3.2.1. Given a Schubert variety Y ;(E,), does the action of SO(2n+1) on
OG(r,2n+2) break the variety up over the orbits O, and O,_17 In other words, can we
describe Y ;(E,) N O,7

First, we identify OG(r,2n+1) with the orbit O,.:

O, = {A|{v1,v)? =0forall v;,v, € Aand A C V}
= {Al{v,v2)? =0 for all v, vy € A}

= OG(r,2n+1)

Define a subset of &(r,2n+2) which is the parameterizing set for Schubert varieties

in the orbit O,.,
T(r,2n+2):={J € &(r,2n+2) | j; # n+1, j; # n+2 for any i}.

Then, the answer to Question 3.2.1 boils down to examining the relationship between

index sets J€%(r,2n + 2) and I € &(r,2n+1).

Lemma 3.2.2. For r < n there is a correspondence of sets:

(3.10) s:6(r,2n+1) < F(r,2n+2)

(3.11) I < J
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where s is a bijection defined by

1 for1 <4 <n

il+1 forn+3§zl§2n+2

PROOF. It is clear that for J = s(I), J N J is empty. Let J € T(r,2n+2) such
that s7'(J) = I. We check that I € &(r,2n+1). It is clear that n + 1 ¢ I, since
n+2¢ J € Z(r,2n+2) by definition. We check that I NI = (). Let j, € J and i; € I.
First, if j; = ¢, this implies that j; < n and 2n+3—j; ¢ J. We want to know if 2n+2 — 1,

is in I. Notice that 2n + 2 — 7, > n so if ;€I it came from
n+2—iyy+1=2n+3—4=2n+3—7, ¢ J.

So, 2n+2 — ¢ isnot in I. If 7, = j; — 1, so j; > n, then 2n+ 3 — j; < n is not in J. Again

we want to know if 2n+2 — ¢; is in 1. Well,
n+2—y=2n+2—(ji—1)=2n+3—75 ¢ J.

Therefore, 2n+2 —i; ¢ I, and I € &8(r,2n+1). O

Lemma 3.2.3. For r = n, define the correspondence between index sets :

s5:6(n,2n+1) + 6&(n+1,2n+2)

I < J,

where s : I — J is given by

i Jor1<j <n

‘ n+1 if #i; <n = 0mod2,
=
n+1 if #i; <n = 1mod2,

u+1 forn+3< 75 <2n+2,
\
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PROOF. Let I € &(n,2n+1) such that s(I) = J. It is clear that J N.J = {), since
either n+1¢€ J or n+ 2 € J, but not both. O

Remark 3.2.4. Notice that in Lemma (3.2.2), the correspondence is well defined in either
direction. In Lemma (3.2.3), an important choice must be made. Given I € &(n, 2n+1),
to produce J = s(I), one of the two indices n+ 1 or n+ 2, is inserted to complete J. Let
gk € J € 6(n+1,2n+2). If #{jp < n—+1} = 0mod2, then J determines a Schubert variety
in OGt(n+1,2n+2), and if #{jpx < n+ 1} = 1lmod2, then J determines a Schubert

variety in OG~(n+1,2n+2).

3.3. Correspondence of Schubert Varieties

It is clear that complete isotropic flags F, on V and F, on W can both be completely

described by the first n components of the flag.

Definition 3.3.1. Given complete isotropic flags F, on V and E, on W, we call the flags

corresponding if F; = E; for all 1 < n.

Recall that given components E,, ..., E, of E,, EX/E, has two isotropic lines and
by definition we adjoin to E,, the line the makes the maximal isotropic component E,,4

in the same family as the standard flag, as in section (1.4).

Lemma 3.3.2. Let r < n. Let E, be a complete isotropic flag on W, and F, be the
complete isotropic flag on V so that Fy and E, are corresponding. If J € TP (r,2n+2),
then Y ;(F.) C O, and

(3.12) Y;(F.) NO,= VY, (F,),
where 1 € &(r,2n+1) such that, J = s(1).

PrROOF. Let J = (j1,...,7:) € T(r,2n+2) and E, a complete isotropic flag on W.
Denote by F, the corresponding isotropic flag in V', so that E; = F; for all « < n. Let

TeY;(F,). Notice for T C O,, TN E; =T NF;, for all i < n. Since wyy + Wpue € Frn
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we see that the following equalities hold:

(3.13) TNE. = TNE,
(3.14) TAEy = TN Fy and,
(3.15) TNE; = TNFj_, forall j >n+3.

If J € T(r,2n+2), then for any T € T ,(E,) and for any jp < a < jry1 we have
TNE, = TNF, which implies dim(T'NO,NE,) = dim(T'NO,NF,) = k, for jp <n < jri1.

Similarly we can see for j, > n + 3 and jx < b < Jgi1,
dim(TNO, NEy) =dim(TNO, NFy_y) =k —1.

So, T' € V;(F,) where s(I) = J. Similarly, by considering the list (3.13) above, it is
clear that If T € W (F,), T satisfies the Schubert condition for Y ;(F,). Therefore,
T;(Fe) NO, =V (F,), as desired. O

Proposition 3.3.3. The map

OG*(n+1,2n+2) 3 A

-

OG(n,2n+1) > (ANV)

18 a homeomorphism,
(3.16) OG(n,2n+1) =2 OG=(n+1,2n+2).

PROOF. As in section (3.1), V C W is a 2n+1—dimensional subspace of W such that
(,)P]v is nondegenerate on V. Fix the component through the identity to be OG*(n+
1,2n+2). Observe that A SZ V, since V' does not have an isotropic subspace of dimension
n + 1. Every maximal isotropic space A € OGT(n+1,2n+2) contains a unique n-
dimensional isotropic subspace. Let M € OG(n,2n+1). As in the Remark (3.2.4) above,

to extend M to an n + 1-dimensional isotropic space, you make a choice between two
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isotropic lines in M+ \ M, which determines which connected component of OG*(n+

1,2n+2) you extend to. This is a continuous choice. a
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CHAPTER 4

Comparison of Eigencones

To begin we recall the most relevant definitions from previous chapters. Let V =
C*+l and W = C*"*2,

For SO(2n+1), we define the homogeneous space OG(r, 2n+1) in (1.6), and the set of
parameters &(r, 2n+1) defined in (1.7), giving Schubert varieties ¥;(F,) € OG(r,2n+1),
as in (1.3.2). For SO(2n+2), we define the homogeneous space OG(r, 2n+2) in (1.10), and
the sets of parameters &(r,2n+1) defined in (1.11), giving Schubert varieties Y ;(E,) €
OG(r,2n+2), and &*(n+1,2n+2) defined in (1.12), giving Schubert varieties T ;(E,) €
OG(n+1,2n+2), as in (1.4.5). We give a bijection of parameters s : &(r,2n+1) <
S(r,2n+2), defined in Lemma (3.2.2).

We denote the fundamental Weyl chamber for SO(2n+1) by hZ and the fundamental
Weyl chamber for SO(2n+2) by h2. We give an embedding h% — h2 in (3.4). We
denote the fundamental weights for SO(2n+1) by w? and the fundamental weights for
SO(2n+2) by wP.

Finally, we recall the definition of the eigencone. Let GG be a connected semisimple
group. Choose a maximal compact subgroup K of G with Lie algebra €. Recall from

Chapter zero, there exists a homeomorphism
C : E/K — h+

where K acts on € by the adjoint action, and b, is the positive Weyl chamber of G in b.

Definition 4.0.1. For a positive integer s, the eigencone of G is defined as the cone:

T(s,G):={(h1,... . hs)€(bs)°| I(kr, ... k)€, s> k=0, C'(k;)=h;Vj € [s]}.

j=1



For convenience we restate the main theorem (0.3.3):

Theorem 4.0.2. For h;eh?,
(hi,...,hs)€T(5,50(2n+1)) < (hy,...,hs)€I(s,50(2n+2)).

4.1. Proof of Theorem (0.3.3)

PrOOF. It is clear that I'(s, SO(2n+1)) C I'(s, SO(2n+2)). We need to show the
converse. That is, if (hf,...,h2) € (h2)* such that (hf,...,hP) € I'(s,SO(2n+2)),
then (hP,... hB) € I'(s,SO(2n+1)). So, the task is to take an inequality in the system
describing I'(SO(2n+1)) and show that it is implied by an inequality in the system
describing I'(SO(2n+2)).

From Theorem (0.2.4), we know that for the solution of the eigencone problem we
can restrict to a smaller set of inequalities coming from the Levi-movable s-tuples with
intersection number one. In Theorem (2.2.6) we showed that Levi-movable s-tuples,
parameterized by index sets I',...,I* € &(r,2n+1), with intersection number one,

satisfying the following numerical condition, given in (2.7):

(4.1) r=> [I"<nl
k=1

We will separate the proof in two steps, first considering 1 < r < n, and then r = n.

For 1 <r <mn,let I',...,I* € &(r,2n+1) such that > ;_, [I* < n| =r and
Wy U] = W] € HX™OU2 D) 0G(r, 2n+1)),
where [W,] is the class of the point. Then, by Theorem (5.2.1),

(4.2) Tp]-...-[Ts] = d[T.] € HX™MOY22)(0G(r, 2n4-2)),

for some nonzero d, and J* = s(I*), for s defined in (3.2.2).
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Let w;x € WP denote the minimal length coset representative corresponding to
J¥ € &(r,2n + 2) as in (1.16), and similarly w € W.? denote the minimal length coset
representative corresponding to I* € &(r,2n + 1).

Applying Theorem (0.2.2) to the intersection in (4.2) for SO(2n+2) and for 1 < r < n,

we have
FONCUCE
where w? is the r** fundamental weight of SO(2n+2).

from (3.4) we recall the embedding:

b S P

hP = (hP, ... hB0RE ... ke ) — AP = (hY,... B, 0,0,hD 5 .. B ).

» ¥ 1 ')

Then for I* = {i% ... %}, and s(I*) = J* = {j7,..., j*}, we have hD = hB
Then,

Z w—lth

implies

So,
Z w*lth

Now, let r = n. We have homeomorphisms OG(n, 2n+1) = OG*(n+1,2n+2). Every
maximal isotropic subspace M € OG(n + 1,2n + 2) contains a unique n-dimensional
isotropic subspace with respect to (,)?. So, M NV € OG(n,2n +1). Then M NV can
be extended continuously to M+t € OGT(n+1,2n +2) or M~ € OG~(n+ 1,2n + 2)
determined by which isotropic line in (M=/M) one extends M by. Note that

n(n+1)

dim(OG(n, 2n + 1)) = dim(OG(n +1,2n +2)) = ———,
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and for J = s(I), dim(¥;(F,)) = dim(Y;(E,)). The intersection numbers will be pre-
served. Since the two connected components of OG*(n+1,2n+2) are isomorphic, we

will restrict our attention to the connected component OG™(n+1,2n+2) containing the

isotropic space (wq, ..., Wy41)-
Following an argument similar to the r < n case, we let I',... I* € &(n,2n+1) such
that
Wp)-...-[Ur] = [O] € HX"™(OG(n, 2n+1)).

Then, for J* = s(I*)

Tp]-...-[T] = [T € HE"™(OG(n + 1,2n+2)).
Let wp € W2 denote the minimal length coset representative corresponding to J ke
S(n+1,2n + 2) as in (1.16), and similarly w;x € WP denote the minimal length coset
representative corresponding to I* € &(n,2n + 1).

Applying Theorem (0.2.2) to the intersection in (4.2) for SO(2n+2) and for 1 < r < n,

we have
Z 1 Dk
n+1 ’LU h‘

where w? , is the n + 1* fundamental weight of SO(2n+2). Since h2%, = b2, = 0 for

all k£, we have

2 () - % () =

and So,

FONTEE
Therefore applying Theorem (0.2.4) for SO(2n+1), to the cases r < n and r = n, we
have (hBt, ... hB) € [(s,S0(2n+1)). O
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CHAPTER 5

Intersection Result

The aim of this chapter is to prove Theorem (0.3.2). This is a key result used in the
comparison of eigencones for SO(2n+1) and SO(2n+2). From Theorem (0.2.4), we know
that for the solution of the eigencone problem we can restrict to Levi-movable s-tuples
with intersection number one to produce a smaller system of inequalities. From Theorem
(2.2.6), we have a numerical condition on parameters for Levi-movable intersections with
intersection number one, given in (2.7). We will restrict our interest to such s-tuples
satisfying condition (2.7) here. Finally we give an important corollary of (0.3.2) which
we state as Theorem (5.2.1).

To begin we recall the most relevant definitions from previous chapters. Let V =
C?> ! and W = C?"*2. For SO(2n+1), we define the homogeneous space OG(r, 2n+1)
in (1.6), and the set of parameters &(r, 2n+1) defined in (1.7), giving Schubert varieties
U, (F,) € OG(r,2n+1), as in (1.3.2). For SO(2n+2), we define the homogeneous space
OG(r,2n+2) in (1.10), and the sets of parameters S(r,2n+1) defined in (1.11), giving
Schubert varieties Y ;(E,) € OG(r,2n+2), and &*(n+1,2n+2) defined in (1.12), giving
Schubert varieties Y ;(FE,) € OG(n+1,2n+2), as in (1.4.5). Recall the definition of
corresponding flags from Definition (3.3.1). Finally, we recall the bijection s : &(r, 2n+
1) <> 6(r,2n+2), defined in Lemma (3.2.2).

5.1. Intersection Result

Theorem 5.1.1. Let F} F2 ... F? be complete isotropic flags in general positions on

V = C*" and EL,E?, ..., E5 the corresponding flags on W = C?>™2. Let I', 1%, ..., I*



be index sets in &(r,2n+1), such that

s

(5.1) S oF<nl=r,

k=1
and J*, J? ..., J° be the corresponding index sets in &(r,2n+2) such that s(J*) = I,

and

> codim¥ i (FY) = dim(OG(r, 2n+1)).
k=1

Then the intersection of varieties
(5.2) My T (E)

in OG(r,2n+2) is proper. Moreover, (5.2) intersects in finitely many points.

PROOF. Choose isotropic flags { F¥}1 <<, on C*"*! such that the intersection N;_, W (EFF)
is dense in M;_, W (FF) for all I*€&(r,2n+1) and all 1 <r < n. Let FF on C***! and
EF on C?"*2 be corresponding flags for all 1 < k < s.

For any irreducible component C' C N{_, Y jx(E¥), the task is to show that
(5.3) dim(C) < dim(OG(r,2n+2)) — Z codim (Y« (EF)),

k=1
for any J* € &(r, 2n+2).

We have two cases to consider. Recall that OG(r,2n+2) has an SO(2n+1) action
with two orbits O, and O,_;, defined in (3.8), where O,_; is an open orbit and O, is
closed.

The first case to consider is CNO,_; # 0. Then (CNO,_1)CNi_,(O,_1 N T (EY)),
and by Kleiman’s Transversality Theorem (5.3) is satisfied.

The second case to consider is C N O,_; = ), so C' C O,. By definition,

0, ={S€0G(r,2n+2)| S C V} = OG(r,2n+1).
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By Lemma (3.3.2), we have Y jx(E¥) N O, C OG(r,2n+1), and furthermore, that
Y (E¥)YN O, = Ui (FF).

Therefore, dim(C) < dim(O,.) —>";_, codim(¥ 1« (FF)), and we need to show that the

following is greater than or equal to zero:

(5.4) [dim(OG(r, 2n+2)) — Y5 _, (codim(Y jx (E¥)))] —

(5.5) [dim(OG(r, 2n+1)) — S5 _, (codim (W 1« (FF)))].

In fact, we will show an equality.

Observe that

dim(OG(r,2n+2)) — dim(OG(r,2n+1)) =

t(dn—3r+3)—z(4n—-3r+1) = r.

So, we rewrite (5.4) as

s

(5.6) r+ Y (codim(¥p(FY))) = > (codim(Y u(EF))).

k=1 k=1
We expand (5.6) using the dimension formula for W« (F¥), given in Lemma (6.1.1), and

the dimension formula for Y jx(E¥), given in Lemma (6.2.1):

> . 1
(57) =Y [g(4n—3r+3>—|ﬁ > JH=1]J > Tl >+ 1\] +
k=1
d -1 1
(5.8) 3 [g(4n—3r+1)—|lk > =gl > 451t > n|}
k=1

(5.9)

By inspection we reduce (5.7):

S S
r—sr+Z|]k>n|:r—Z|Ik§n|.
k=1 k=1
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By assumption, r = Y _;_, |[I* < nJ, and we confirm that (5.4) is equal to zero. Thus,
(5.3) is satisfied and (5.4) equalling zero, implies N{_, T ;x(E¥) intersects in finitely many

points. O

5.2. Consequence in Cohomology

Theorem 5.2.1. Let 1 <r <n and I',I?, ..., I° € &(r,2n+1) be such that
[1®] = [@.] € B2 D(OG(r, 2n+1)).

k=1

Then, for indices J* = s(I¥),
[1T ] = d[T.] € HZMOC2 D (0G (1, 2n+2)),
k=1

for some d # 0.

Before giving a proof of Theorem (5.2.1), we need the following preliminary work. Let
Me¥,(E,) C OG(r,2n+1) COG(r, 2n42). Determine M*" with respect to (, )2, and M+"
with respect to (,)?. To calculate the tangent spaces to OG(r,2n+1) and OG(r, 2n+2),
recall the embedding of V' in W described in Chapter (3). Viewing OG(r,2n+1) = O, C
OG(r,2n+2),

T(OG(r,2n+1))y C T(OG(r,2n+2))p C T(Gr(r,2n+2))y = Hom(M, W/M).

M*" is a 2n+2 — r dimensional subspace of W that contains M and there is a canonical
isomorphism W/M LY >~ A induced from the symmetric form. So, we have an exact

sequence
0 — Hom(M, M*"/M) = Hom (M, W/M) % Hom(M, W/M*") = Hom(M, M*) — 0,

via the inclusions MC M+ CW. It is clear that MLW/M is a 2n+2 — 2r dimensional
space that possesses a nondegenerate symmetric form. Let P,; denote the stabilizer of

M in SO(2n+2) and A2M* the space of skew-symmetric bilinear forms on M.
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Lemma 5.2.2. T(OG(r,2n+2))y = ¢~ Y(A>M*) and there is an ezact sequence
0 — Hom(M, M*" /M) S T(OG(r, 2n+2))a 2 A2M* — 0.

PROOF. Let ¢ € Hom(M, W/M). Then, (M) needs to be isotropic with respect to

(,YP. So, for all m,m’€ M we have
(m + ep(m),m’ + ep(m))? = 0.
Hence,

(m,p(m))? + (p(m),m)” =0, or

D

(m, o(m))” = =(m', p(m))".

Therefore we have a skew-symmetric bilinear form ¢(¢)(m,m’) = (m, o(m))P. Hence,

T(OG(r,2n+2)) C ¢~ (A*M*). However,
dim(T(OG(r,2n+2))) = dim(OG(r, 2n+2)) = §(4n —3r +3) = dim(¢~H(A*M™)),

implies, T(OG(r,2n+2)) = ¢~ (A2M*). 0

Similarly, we have an exact sequence
0 — Hom(M, M*"/M) — Hom(M, V/M) % Hom(M, V/M*") = Hom(M, M*) — 0,

via the inclusions M C ML C V. It is clear that MLV/M is a 2n+1 — 2r dimensional
space that possesses a nondegenerate symmetric form. Again, A2M* the space of skew-
symmetric bilinear forms on M. A nearly identical proof as given of Lemma 5.2.2 gives

the following;:

Lemma 5.2.3. T(OG(r,2n+1))y = ¢~ Y(A>M*) and there is an ezact sequence
0 — Hom(M, M*" /M) S T(OG(r, 2n+1))y S A2M* — 0.
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Now, we give the proof of Theorem (5.2.1).

PROOF. The assumption [[,_,[¥ ] = [V.] € Hgiom(OG(r’Q"H))(OG(r, 2n+1)) implies
that for generic isotropic flags F¥ on C?"*!, the corresponding Schubert cells intersect in
a point:

ﬂizl‘l’zk(F.’“) = {e}.

We assume that the varieties intersect at the identity without loss of generality. Oth-
erwise, by Kleiman’s theorem we can find (gi,...,gs) such that the translation of the
intersection is transverse at {e}. This implies that for indices J* = s(I*) and correspond-

ing flags £, on C?"*2,
(5.10) MNi_y Ty (EF) #£0.

Moreover, from Theorem (5.1.1) we know that the intersection N;_, Y jx(EF) is finitely

many points. Therefore, in the classical cup product,

(5.11) ﬁ[T]k] = d[Y,] for some d # 0.
k=1

It remains to show that the product in (5.11) can be replaced with the BK-product
®p, given in Definition (0.2.3). To simplify notation, denote Hy = Hom(M, ML/M),
and Hy = Hom(M, M+"/M), and T, = T(U;(F,))y and T, T(Y;(E.)) . Then we

have the following inclusions of exact sequences:

52



@ ¢
‘/QD \ /\QM* /\2M* / ‘/23
0 e 0 e 0 e 0
Where,
(5.12) Vi == o(TL,) = {ye N2 M* | v(F, N M, Fopyy s N M) =0, Vb€ [2n+1]}

(5.13) Vi, == (T, = {veN2M* | v(Ey N\ M, Egpo_y N M) =0, ¥bE [2n+2]}.
Belkale and Kumar compute the dimension of V5 in [BK1],
. By 1 +
(5.14) dim(Vy’) = 5(]1’ > I| —|I > nl).
A nearly identical calculation shows that VP is of dimension
. py 1 =
dim(V,") = §(|J> J| —|J >n+1]).
From the identification of index sets given in (3.10), it is clear that

(5.15) dim(V,?) = dim(V,?)
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From the exact sequence given in Lemma (5.2.2), we have T(OG(r,2n+2))y =
Hy @& A2M*. For J*, define the following:

A(JY) = dim(T(Yx(E¥)y N Hy),
B(J*) = dim(T(Yu(EY))u),

C(J*) = dim(VP).
To simplify notation, let

A = Hom(M,M*/M)
B = T(OG(r,2n+2))u

C = ANM*.

To show that N{_, T jx(E¥) is Levi-movable, we must show numerically that N;__ (T(Y s« (E¥))N
Hy) meets transversally in and Hy and that ¢(T(Y;(E.))y) meets transversally in

A?M*. That is, we must show the following equalities:

S

(5.16) dim(4) = > (dim(4) - A("))

k=1

(5.17) dim(B) =Y (dim(B) - B(Jk))

S

(5.18) dim(C) =3 (dim(C) - C(J’“)).

k=1
From above, dim(OG(r,2n+2)) = > ;_,(Yx(E¥)), and (5.17) is satisfied. From the
inclusion of sequences, given above (5.12), and the comparison (5.15), (5.18) is satisfied.
From the dimension formula given in (6.2.1), and the inclusions given above (5.12), we
have C(J*) = |J* > J*|, and the difference of (5.17) and (5.16), implies that (5.18) is

satisfied. Therefore, the intersection N{_, Y ;x(E¥) is Levi-movable.

54



CHAPTER 6

Computing Dimensions of Schubert Varieties in Orthogonal
Grassmannians

The aim in this chapter is to give a known dimension formula for a Schubert variety
in a homogeneous space for SO(2n+1) in Lemma (6.1.1), and to confirm a dimension
formula for Schubert varieties in a homogeneous space for SO(2n+2) that is comparable
to Lemma (6.1.1). This dimension formula for SO(2n+2) is give in Lemma (6.2.1).

Given subsets I and J of [m], we denote by |I > J| the number of pairs (i, j) with
iel,jeJ,and i > j. Weset [I > 0] =0 and if K = {k}, then we abbreviate |I > K|
to|I >k|. For 1 <r<m,and I = {iy,...,i,},welet [ ={m+1—i.,....m+1—1i}
and I = [m]\ (IUT).

The notation in this chapter will be consistent with the notation in Chapter (1).

6.1. Dimension Formula in an Odd Orthogonal Grassmannian

Lemma 6.1.1. For I € &(r,2n+1) and an isotropic flag Fy, on C*™,
1 - -
(6.1) dim(V(F,)) = §(|I >I| = | >nl)+|I> 1|
PRrROOF. Recall the embedding from chapter 2:

B
W= — Son

wy > ZZJ[:(il,...,’ir,jl,...,j2n+1_27‘,2n+2—ir,...,2n+2—i1)

where jj, € I. Let [427 (w,) denote the length of a word w, in a Weyl group of type As,

and let (P (w;) denote the length of a word w; in a Weyl group of type B,. Recall that



the length of a word is given by 42" (w) = |{i < jlw(i) > w(j)}|. So,

1 - _ -
Pr(w;) = 5(yl>I|+|I>I|+|I>1\—|I>n|)

1 - _ -
5(]I>I|+|I>I|+|I>I\—|I>n|)

1 - N
SUT> T =11 > nl)+ 11> 1)

6.2. Dimension Formula in an Even Orthogonal Grassmannian

Let I € S(r, 2n+2). Then for a complete isotropic flag F, on C*** Y ;(F,) is a Schubert

cell in OG(r,2n+2). The aim in this section is to confirm the following formula:

Lemma 6.2.1. Given an index set [ € &(r,2n+2) and a complete isotropic flag Fy on

2n—+2
¢,

-1 _
dim(Y(F)) = |I > I|+ §(|I >I|— |1 >n+1]).

Before we prove this lemma, we need the following preliminary work.
Let
~ 1 _
G(I)=|I > I|+§(|I> Il —1|I>n+1]).

The approach in proving Lemma (6.2.1) will be to first define a set of rules taking
B:6&(r,2n+2) — &(r,2n+2) and show that for B: I — J, G(J) = G(I) + 1. We will
produce a chain of varieties in this way, and then use an induction argument to show
that G(I) = dim(Y,(Fy)).

In the set of rules defined below, an index I € &(r,2n+2) is mapped to an index
J € &(r,2n+2) by bumping at most two indices i, i; to corresponding js, j; and leaving
all other indices fixed. For a given I, this process can be done systematically for each

1; € I and therefore we produce multiple such J.
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Definition 6.2.2. We define bumping rules for OG(r,2n+2),

B:6&(r,2n+2) — &(r,2n+2)

_[:{il,...,ir}HJZ{jl)"‘?j'f}'

The rules are given by phase (1) and phase (2). Given I = {iy,... %}, we produce
B(I)=J = {ji,...,Jr} such that:

(1) (a) Ifix #n+1, iy +1¢ 1, and i, + 1 < dyq, then set j, =i, + 1. Complete J
by setting j; = 4; for all [ # k. If i, € I, move to phase (2). If ip +1 = gy,
then terminate the process.

(b) fiy=noriy=n+1,i +2¢ 1, and i + 2 < i;.1, then set j, = i), + 2.
Complete .J by setting j; = 4; for all [ # k. If i, € I, move to phase (2). If

i + 1 =iy, then terminate the process.
(2) We move to this phase if j, = i, + 1 € I in phase (1a) or j, = i, +2 € I in
phase (1b). There exists ¢; € I, such that i; + jz = 2n+3. Repeat phase (1a),
and phase (1b) if applicable, for both jx (jx = ix + 1 or jx = ix +2) and 4;. In

most cases, this will result in multiple valid index sets J.

Remarks 6.2.3. The following observations about the bumping rules may be useful in

computing examples:

(1) Notice that when n + 1 € I, to bump from i, = n + 1, it skips over n + 2 to
n + 3 when it bumps because n is allowed to bump to n 4+ 1 or n + 2 as seen in
rule (1b). We will see that this rule occurs because for parameters I and J such
that n4+1 € I and n+2 € J, and all other indices 75 and j; match, I and J give
Schubert varieties of the same dimension. This is easy to see if you consider the
k-strict partitions corresponding to I and J. These partitions and a discussion

of this identification is given in Chapter 7 in (7.4).
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(2) Moving to phase (2) sends you back to phase (1). It may be necessary to move
to phase (2) again, but this will happen at most r — 1 times, and with r <n+1,

the process will terminate.

Lemma 6.2.4. For I € &(r,2n+2), and B(I), T;(F.) C Ypn(F).

PRrooFr. For a complete isotropic flag on C***? Recall the definition of a Schubert

variety defined in OG(r,2n+2):
T(F)={McOG(r,2n+2) | for any 0< <7, and any ;< b< i;1, dim(M N F,) > [}.
Let I = (i1,...,4,) and B(I) = (b1,...,b;). Then,

11 <bh <iu<b <...<1
and F;, C Fy,. So, for M € Ty (F,), dim(M N F,) > dim(M N F,) > 1. O

The following lemma is the main tool that we use in the proof of Lemma (6.2.1).

Lemma 6.2.5. Given an index set I € &(r,2n+2) and a valid index set J = B(I),

produced from a bumping rule for OG(r,2n+2),

The proof of Lemma (6.2.5) requires a comparison of the parts of the formulas G(I)
and G(J). We first give the proof of the lemma of interest, Lemma (6.2.1):

Recall that the formula to show is
~ 1 _
(6.2) dim (Y (F,)) = ][>I|+§(\I>I]—\I>n+1]).

PRrROOF. Given I, Y;(F,) C Tp(F,), by Proposition (6.2.4). Consider the formula
G(I) for the indices parameterizing the top class in cohomology and the zero class in

cohomology. For Ij,, = {1,...,7}, G(Lip) = 04 5(0 — 0) = 0, and for [y = {2n + 3 —
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Ty, 2n 4 2},
G(Iy) = (2nr +2r — 2r%) + %(7’2 —r)= 2(471 —3r +3) = dim(OG(r, 2n+2)).

So in these two cases, dim(Y,(F,)) = G(o), and dim(Yy,,,(F,)) = G(Liop)-

Now, for I;,,, there is only one valid shift, which is to bump ¢, = r to 5, = r + 1,
soJ={1,...,r— 1,7+ 1}. J parameterizes the only one dimensional Schubert variety
Ts(F,). So, Yy, (F.) C T;(F,) and G(J) = G(I,p) + 1. Let K € &(r,2n + 2) and

G(K) =1 for some [ > 1. Now, we can repeatedly bump and create a chain

TK<F.) C TB(K)(F.> C TB(B(K))(Fo) cC...C T[O(F.).

We can similarly work back through the bumping rules to create a chain from TItOP(F.)

to Tk (F,), so we have a full chain:
T, (Fs) C T (F) C...C Tr(F) C Tpu(Fe) C ... C Tp(F).

So we were able to build a chain of (4n — 3r + 3) 4 1 Schubert varieties. We know that
the formula G(I) agrees with the dimension of Y;(F,) at the top and the bottom of this
chain. It is clear that since Ty (Fy) C Tpir)(Fy), that dim(Tx(F,)) < dim(Tpx) (Fy))-

So the dimension formula agrees: dim(Y;(F,)) = [J > J|+ (|7 > J|—|J >n+1]). O
Finally, we give the proof of Lemma (6.2.5).

PrROOF. We will prove each rule separately and in each case we let I € &(r,2n+2)
and J = B(I). In each case we will compare each of the pieces of the formulas G(I) and

G(J):

(1) (a) For all t # k, i = j;. Since iy, # n+ 1, we have |[ >n+ 1| =|J > n+ 1.

Since we are only shifting one index we have

U = Jr <lpe1 = Jpo1 < .o <lppy = Jrp1 < g < Jr < lhe1 = Jip1 < ... <11 = J1,
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and it is clear that

i < jr < jr <ip ifip <n+1and

Jr < ik < ir < Ji if i, > n+ 1.
In either case, |I > I| = |J > J| since J and J are disjoint,
e > J| = lig +1 > J|.

Finally we compare |I > I| and |J > I|. Note that j, =i, + 1 € I. Let

ip =i+ 1€ I. Then, we have
h=jh<..< %pfl = jpfl < 5p < Ep < 3p+1 = Zp+1 < oo < Jonso—or < lont2-2r
and it is clear that whether 7 > n + 1 or iy, <n + 1,
i = Jp < Jr = ip-

So,

e > J| = lig > I| + 1,

but for any [ # k,
’jl>j’:‘il>[~’.

Therefore, |J > J| = |I > I|+ 1, and G(J) = G(I) + 1.

(b) This is a more specific rule dealing with two particular shifts, when ¢ = n
and when 1 =n + 1.
Let i, = n. Then,

i1<...<Z'k,1<’l’l,<2'k+1<...<ll7«

<. .<Jp—1<n+2< g1 <...< g
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Therefore, |J > n+ 1| = |J > n+ 1| + 1. Following the same argument in

part 1(a), we see that since

|J>J|=|I>1|+1.

Let i, = n + 1. Then,

il<...<ik_1<n+1<ik+1<...<ir

<. o.<Jp1<n+3<Jkr1 <...<7Jr

Therefore, |J > n + 1| = |J > n + 1] + 1. Following the same argument in

part 1(a), we see that since
jk <Z'k<gk < Ik,

|J>J|=|I>1|+1.

So, in either of the cases i, =n or i = n + 1:

1 _

5(][>[|—]I>n]):
1 _
§(|I>I\+1—|I>n|—1):

1 -
ST >T) =17 > nl).
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Finally, to compare |J > J| and |I > I|. The following chart that shows

the relationships between the indices:

n k| Jp n i | Jk
n+1| 4, | J, n+1 ir | Jp
n+2 i | jr n+2 i | Jpm
n+3 | ik |y n+3 || Ji

Therefore, for i = n, or i = n+ 1, in either case |j, > J| = |ix > I|+1, and

G(J) = G(I) + 1.

Before we move to phase (2), observe that if (ig,ix11) € I, then there exists
J = B(I) such that (n +2,n+ 3) € J. To make the consideration of phase
(2) easier, we consider this case separately:

(c) In this case we are shifting exactly two indices:

N<..<tgp1<n<n+l<ipg<...<1t,

N<...<jp1<n+2<n+3<7Jro2<...<Jp

It is immediate that |J > n+1| =[] >n+1|+2, and |J > J| = |I > I|.

Consider the following table:

n+1 i1 | Jg
n42 | i | gk

n+3| i | Jrk
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So, |J > J| = |I > I| + 4. Therefore,

-1 _
G(J) = |I>I|+§(|I>I|+4—(|I>n+1|+2))

~ 1 —
= |I>I\+§(]I>[|—]I>n+1|)+1:G(I)+1.
(2) For this rule, we must consider both possible valid shifts that can occur. Let

Ji = (i17~~'7ik—1aik+17ik+17"'7it—1ait+17”'7@.7")

JQ = (Z.lw"aik—l)ik +27ik+17'"ait—laitv"wir)

We will consider these two cases separately and keep in mind that both can

produce multiple index sets.

(J1) We have three cases to consider: i <n,i=mn,and i >n. If iy +1 <n+1,
thenn+1<i; <tyyq1. lf iy +1=n+1,s04, =n+2,and i +1 > n+2. If
ir+ > n+1, then i;+1 < n+1. So in all three cases, | > n+1| = |J; > n+1|.

Now, consider the following

1 J1

el ’lkETl
ik+167 i+ 1e;
i€l ir€J,

iw+1el | i, +1e;

Note that the chart above does not assume whether i, > n+1or i, < n+1,
since making this change simply reverses the roles of 7, and i;. Also note
that i, = n 4+ 1 is not considered here since if n + 1 € I, then n € I and
n + 2,n + 3 € I. Therefore, this case will be dealt with in (1c). So it
is clear that |J; > Jy| = |[I > I| + 2. Referring to the same chart, and

knowing that there will be no elements that change from I to J;, we see
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(6.3)

that |.J; > Ji| = |I > I|. Finally, we see
~ 1 —
G(Jl):|I>I]+§(|I>I|+2+|I>n+1|):G(I)—|—1.

(Jo) We again have cases to consider: iy < n, iy, =n, ix = n+1, i, = n+ 1,
and 7, > n 4+ 1. First note that we dismiss two cases; when i, = n, then
i +2 = n+2, but this was taken care of in (1¢). Similarly, when i), = n+1,
igs2 =n+ 3, but if n +3 € I, then n € I and this case is handled in (1c).
Ifip, <n,theniy+2 <n+1.Ifip, >n—+1, then iy +2 > n+ 3. So, in both
of these cases, |I > n+ 1| = |Jy > n+ 1|. Let iy = 2n+3 — i + k. Now, for

i, < n, we have the following indices changing:

I Ja

irel i € J
in+1el|ip+1e,
i+ 26l | ix+2€J,
iw—2el |i,—2ed,

w—1el |4y —1€Jy

el i €.J;

So,

~ 1 _
() = |1 > T+ (1 >T|+2~ |1 >n+1]) = G(UI) + 1
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Again, let i; = 2n+3 — ¢ + k, and consider 7, > n. So, we have the following

indices changing:

iy —2€l |i;—2€d,

w—1el | i, — 1€,
el i€ .J
inel ik € Jo

ik+1€7 ik—i—léjg

iv+2€l | i +2€J,

and equation (6.3) holds here.
Now, phase two may be repeated if i, +2€ 1 or i, + 1€ I, but it is easy to see
that this would be necessary at most r — 1. For any number of times that this

step occurs it is easy to see how the calculation will change. For 7, < n:

I Jo
el iijg
i+ 1el ir+ 1€,
ik+m€7 ik+m€72

’Lk—l-m—i‘lEf +m+1ed,

i —2¢el iy — 2€Js

Zt—mEI it—mEJg

w—1el i —1€Jy
el it € Jo
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Restricting our view to the indices in the chart above and noting |J > n + 1| =

|I > n+ 1|, we compare:

J>J = |[I>I=m+1—-2m=—-m+1

|J>J|—|I>J=m(m+1)—m?>=m

Taking the sum of these differences, we get 1. Note, again that |J > n + 1| =
|I > n + 1|. Therefore, G(J) = G(I) + 1. This calculation is for i < n, and a

nearly identical argument holds for i, > n.
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CHAPTER 7

Examples

7.1. Counterexample

Let n = 3 and r = 2, and let E] for j€ {1,2,3} be three complete flags in general
position in V' = C”. Let I' = (37), I? = (37), and I® = (36) in &(2,7). Let

o = [T (ER)] € H*(OG(2,7)).

Let F/ for je{1,2,3} be three complete flags in general position in W = C®. Recall the
map s : &8 (r, 2n+1) < &(r, 2n+2) from (3.10). We have J* = s((37)) = (38), J? = (38),
and J3 = 5((36)) = (37). Let

ol = (Y% (FF)) € H(OG(2,8)).
Then,

O(s37) - O(37) - O(36) = O(sm)[0(15) + O(23)] = 012 € H(OG(2,2n+1)) and,

Tlas) " O(38) " O(3r) = O38)[O(az) + Tl1ay + T(15)] = 0 H'®(0G(2,2n+2)).

7.2. D4 and B3

In this section we use the standard Bourbaki numbering of the nodes of the Dynkin

diagram. Let h? hP hP € b, ” where
h’@B = ('T’h Yiy i, 07 —Riy —Yis _Zi)a
and, under the embedding given in (3.4), h? — hP where

hD (miayhzhoaoa_zia_yia_zi)-

i =



For the first node of the Dynkin Diagrams we are considering SO(7) C SO(8), and
the homogeneous spaces OG(1,7) and OG(1,8). Their dimensions are dimOG(1,7) =5
and dimOG(1, 8) = 6. the following two tables

OG(1,7) 0G(1,8)

Index | Min Coset Rep Word || Index | Min Coset Rep Word
1) | (1,2,3,4,5,6,7) idt | (1) | (1,2,3,4,5,6,7.8) idt
2) | (2,1,3,4,5,7,6) sl 2 (21,345,687 s
3) | (3,1,2,4,6,7,5) ses1 | (3) |(3,1,2,4,5,7.8.6) 5281

(4) |(4,1,2,3,6,7,8,5) 838251
(5) |(5,1,2,6,3,7,8,4) 548981
(5) (5,1,2,4,6,7,3) s3s9sy || (6) | (6,1,2,5,4,7,8,3) 83848281
(6) | (6,1,3,4,5,7,2) S98389s1 || (7) | (7,1,3,5,4,6,8,2) |  S9835848951
(7) | (7,2,3,4,5,6,1) | s152838281 || (8) |(8,2,3,5,4,6,7,1) | 515953545281

The following list give the Levi-movable triples with intersection number one and an
example of a corresponding inequality in the eigencones I'(3, SO(7)) and I'(3, SO(8)). It
should be noted that all of the intersection numbers in OG(1, 8) will also have intersection
number one. The inequalities produced from permuting the order of the intersection (i.e.

(8)(7)(2) vs. (7)(2)(8),) will yield different inequalities in the cone.

Triple in OG(1,8) | Triple in OG(1,7) | Corresponding Inequality
(8)(8)(1) (M) (1) —&1 — T3 + T3
(8)(7)(2) (7)(6)(2) —L1 — Y2+ Y3
(8)(6)(3) (7)(5)(3) —I1— 2+ 7
(M)(7)(3) (6)(6)(3) —y1 — Y2 + 23
(7)(6)(6) (6)(5)(5) —y1 — 2 — 23

For the second node of the diagram, we are considering OG(2,7 and OG(2,8). Their
dimensions are dimOG(2,7) = 7, and dimOG(2,8) = 9. We give all the parameters in
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each space, and list the sets that correspond under the s side by side.

0G(2,7) 0G(2,8)
Index | Min Coset Rep Word || Index | Min Coset Rep Word
(1,2) | (1,2,3,4,5,6,7) idt || (1,2) | (1,2,3,4,5,6,7,8) idt
(1,3) | (1,3,2,4,6,5.7) so | (1,3) | (1,3.2,4,5,7,6.8) 59
(14) | (1,4,2,3,6,7,5.8) 5352
(1,5) | (1,5,2,6,3,7.4,8) 5482
(1,5) | (1,5,2,4,6,3,7) sgse || (1,6) |(1,6,2,5,4,7,3,8) 535459
(1,6) | (1,6,3,4,5,2,7) S9s3se || (1,7) |(1,7,3,5,4,6,2,8) 59835489
(2,3) | (2,3,1,4,7,5,6) sise || (2,3) | (2,3,1,4,5,8,7,6) 5189
(2,4) | (2,4,1,3,6,8,5,7) $35189
(2,5) | (2,5,1,6,3,8,4,7) 535459
(2,5) | (2,5,1,4,7,3,6) s18382 || (2,6) | (2,6,1,5,4,8,3,7) 53515459
(2,7) | (2,7,3,4,5,1,6) S1898389 || (2,8) | (2,8,3,5,4,6,1,7) 5182535459
(3,4) |(3,4,1,2,7.85,6) 89518352
(3,5) | (3,5,1,7,2,8,4,6) 59515459
3,6 (3,6,1,4,7,2,5) S9838182 || (3,7) | (3,7,1,5,4,8,2,6) $953515452
(3,7) | (3,7,2,4,6,1,5) $152838182 || (3,8) | (3,8,2,5,4,7,1,6) 515253515459
(4,6) |(4,6,1,7,2,8,3,5) 5359515459
(4,7) | (4,7,1,6,3,8,2,5) 595359515452
(4,8) | (4,8,2,6,3,7,1,5) 515953525154 52
(5,6) | (5,6,1,2,7,8,3,4) $489515382
(5,7) | (5,7,1,3,6,8,2,4) $25452515382
(5,8) | (5,8,2,3,6,7,1,4) 51898459515352
(5,6) | (5,6,1,4,7,2,3) S389835189 || (6,7) | (6,7,1,4,5,8,2,3) 5359545951535
(5,7) | (5,7,2,4,6,1,3) $18389835182 || (6,8) | (6,8,2,4,5,7,1,3) $351525452515359
(6,7) | (6,7,3,4,5,1,2) | s9515352835152 || (7,8) |(7,8,3,4,5,6,1,2) | $25351525459515352
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The following list give the Levi-movable triples with intersection number one and an
example of a corresponding inequality in the eigencones I'(3, SO(7)) and I'(3, SO(8)). It
should be noted that all of the intersection numbers in OG(2, 8) will also have intersection
number one. The inequalities produced from permuting the order of the intersection (i.e.

(78)(78)(12) vs. (78)(12)(78),) will yield different inequalities in the cone.

Triple in OG(2,8) | Triple in OG(2,7) | Corresponding Inequality
(78)(78)(12) (67)(67)(12) | —y1 — @1 —yo — T2 + T3 + Y3
(78)(68)(13) (67)(57)(13) —Y1 — X1 — 2y — Ty + T3+ 23
(78)(67)(23) (67)(56)(23) | —y1 — @1 — 22 — Yo + Y3 + 23
(78)(38)(16) (67)(37)(15) —yp — X1 + 29 — Tg + T3 — 23
(78)(28)(17) (67)(27)(16) —Yy1 —T1+ Y — T2+ T3 — Y3
(78)(37)(26) (67)(36)(25) | ~pi—a1+ 22—ty —2
(68)(68)(23) (57)(57)(23) —2 — X1 — 29 — Ta + Y3+ 23
(68)(38)(26) (57)(37)(25) | —21 — 41 + 20 — T2+ ys — 23
(68)(38)(17) (57)(37)(16) —21 — X1+ 29 — To + X3 — Y3
(68)(37)(28) (57)(36)(27) —21 — X1+ 20— Yo+ Y3 — T3
(67)(38)(37) (56)(37)(36) —z1— Y1+ 22— To+ 23— Y3
(67)(38)(28) (56)(37)(27) —21— Y1+ 29 — To + Y3 — T3
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OG(3,7)
Index | Min Coset Word || Index
(1,2,3) | (1,2,3,4,5,6,7) idt ||| (1,2,3,4)
(1,2,5) | (1,2,5,4,3,6,7) s3 [ (1,2,5,6)
(1,3,6) | (1,3,6,4,2,5,7) s955 ||| (1,3,5,7)
(1,5,6) | (1,5,6,4,2,3,7) 535953 || (1,4,6,7)
2,3.7) | (2,3,7,4,1,5,6) s15953 || (2,3,5,8)
(2,5,7) | (2,5,7,4,1,3,6) $1538283 ||| (2,4,6,8)
(3,6,7) | (3,6,7,4,1,2,5) |  s251838283 ||| (3,4,7,8)
(5,6,7) | (5,6,7,4,1,2,3) | s38951535253 ||| (5,6,7,8)
OG*(3,7) OG~(4,8) | OGT*(4,8)
Index Min Coset Word Word
(1,2,3.4) | (1,2,3,4,5,6,7.8) idt idt
(1,2,5,6) | (1,2,5,6,3,4,7,8) 5 54
(1,3,5,7) | (1,3,5,7,2,4,6,8) $983 5954
(1,4,6,7) | (1,4,6,7,2,3,5,8) 548983 535284
(2,3,5,8) | (2,3,5,8,1,4,6,7) $18283 515984
(2,4,6,8) | (2,4,6,8,1,3,5,7) 51848983 515838954
(3,4,7,8) | (3,4,7,8,1,2,5,6) | $251848283 | S251535284
(5,6,7,8) | (5,6,7,8,1,2,3,4) | 535051545253 | S45253515254

The following list give the Levi-movable triples with intersection number one and an
example of a corresponding inequality in the eigencones I'(3,SO(7)) and I'(3, SO(8)). It
should be noted that all of the intersection numbers in OG(2, 8) will also have intersection

number one. The inequalities produced from permuting the order of the intersection (i.e.
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(5678)(5678)(1234) vs. (5678)(1234)(5678),) will yield different inequalities in the cone.

Triple in OG(2,8) | Triple in OG(2,7) Corresponding Inequality
(5678)(5678)(1234) | (567)(567)(123) | —21 —y1 — &1 — 22 — Yo — X1 + T3 + Y3 + 23
(5678)(3478)(1256) | (567)(367)(125) | —21 — y1 — @1 + 20 — Yo — @2 + T3 + Y3 — 2
(5678)(2468)(1357) | (567)(257)(136) | —21 — 41 — &1 + Yo — 20 — @9 + T3 + 23 — U3
(3478)(3478)(1357) | (367)(367)(136) | 21 — y1 — 41 + 22 — Yo — @2 + T3 + 23 — s
(5678)(1467)(2358) | (567)(156)(237) | —21 — y1 — @1 + T2 — 20 — Yo + Y3 + 23 — @3
(3478)(2468)(2358) | (367)(257)(237) | 21 —y1 — X1 + Y2 — 22 — To + XT3 — 23 — Y3
(3478)(2468)(1467) | (367)(257)(156) | 21 — 41 — &1 + Yo — 20 — o + U3 + 23 — T3

7.3. Bump Example

Consider the homogeneous space OG(2,8), so n = 3 and r = 2. The table below

includes the valid index sets in &(2,8) and gives the corresponding formula components
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for G(I) and the dimension of the associated Schubert variety:

G(I)

T
ANl © A &N o0 on <+ N v o < < < < < o <<F o ©o© <HF 0o O © M~ o
=
[~
ANl o © © - & " © © — —= ®»m O — Mm o om om o <F <F < ¢ < <
=
—
+
T o0 o oo - =4 4 o <o - -S4 -4 <o —~ — —~S —~ —~ — & o o0 o O
A
=
—
~
&
/m\012334233454456567567789
or—
o
/N /N /N /N /N /N /N /N /N /N /N /N N /N N N /N N N /N N /N N
I234567345684578677876787878

-~ = = 4 — 4 o4 o4 &N &N a4 v ocm» o o FH < < o 10 10 O O b~

R N N I N N N I N N N N N N N g
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Below is a diagram of the possible chains that run from the zero-dimensional class of

a point, to the nine-dimensional class, which is the top dimension:

J,

(78)

Will will follow the two highlighted chains from the figure above, and see which rules
apply:

A (12) 5 (13) 2 (14) 5 (24) 5 (34) 2 (56) > (57) 5 (58) > (68) > (78)

B:(12) 5 (13) 2 (15) 2 (25) = (35) > (46) > (47) = (67) = (68) > (78)
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In the table below we show how each step is taken to build the chains above. The notation
we use will indicate a phase and a step in a phase. So, (2)(1b) means that phase (2) was

required and then in phase (1), shift (b) was performed.

A bump Rule Other valid bumps

7.4. Parameters in an Even Orthogonal Grassmannian

In this section, we give another way of parameterizing Schubert Varieties in an even

orthogonal Grassmannian is by typed k-strict partitions. As in [BKT], we define a typed
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k-strict partition A and then give a recipe for producing an index set P(\) € &(r, 2n+2).
The goal here is to motivate the definition of the bumping rules for OG(r,2n + 2), by
making it clear by examining the typed k-strict partitions, that two index sets, one

containing n + 1, and the other containing n + 2, will have the same dimension.

Definition 7.4.1. A k-strict partition is an integer partition A = (A,..., ;) such that

all parts \; greater than k are distinct.

Definition 7.4.2. A typed k-strict partition is a pair consisting of a k-strict partition A

together with an integer, type()\) € {0,1,2}.

In the Grassmannian OG(r,2n+2), we set k = n + 1 — r. For every typed k-strict

partition we define an index set P(A\) = {p; < ... <p,} C [2n+2], by

(71) pj=n + k—=XN+#{i<jN+A <2k—-1+j—1}
1 if X, >k, or \; =k <Xy and n+ j + type()) is even.

(7.2) +
2 otherwise.

The benefit to parameterizing with typed k-strict partitions is the containment of Schu-
bert varieties becomes a question of partition inclusion. Recall the following definition

from [Ful97]:

Definition 7.4.3. We say a partition A is included in a partition p and write A C p if
the Young diagram of A is contained in the Young diagram of p, or equivalently, A\; < p;

for all 3.

It is clear from the definition that the typed k-strict partitions containing a k part
correspond to two index sets. In particular they correspond to two index sets that are
the same up to trading n+ 1 for n+ 2. Therefore it is clear that for I; = {i],...,:!} and

I, ={i%,... 42} k-strict partitions such that

2
m—1

12 1 . S 2 1 2 1.2
L=11<...<1l,_ ;=1 <l =n+1<ig=n+2<i, =i, <...<i,=1,
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the corresponding Schubert varieties will have the same dimensions. This is clear in table
(7.4) below.

Table (7.4) also shows the different ways that you can count the dimension (or codi-
mension) of a D-type Schubert variety. It is the length of the word, [(wy), the complement
of the number of boxes in the Young diagram given by A(I), in this case 9 — |A({)], and
there is a third way to determine the dimension by considering the planar interpretation

of the reduced decompositions as in [Che84] and [CSO08].
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Partition

A(T)

Permutation

s(wr)

Word

wr

Dimension

dhn(T})

{0,0} type 0
{1,0} type 0
{1,1} type 0
{2,0} type 2
{2,0} type 1
{2,1} type 2
{2,1} type 1
{3,0} type 0
{2,2} type 2
{2,2} type 1
{3,1} type 0
{4,0} type 0
{3,2} type 2
{3,2} type 1
{4,1} type 0
{5,0} type 0
{4,2} type 2
{4,2} type 1
{5,1} type 0
{4,3} type 0
{5,2} type 2
{5,2} type 1
{5,3} type 0
{5,4} type 0

7.8,3,4,5,6,1,2
6.8,2,4,5,7,1,3
6,7,1,4,5,8,2,3
5.8,2,3,6,7,1,4
4,82,3.6,7,1,5
5,7,1,3,6,8,2,4
4,7.1,3,6,8,2,5
3.8,2,4,5,7,1,6
5,6,1,2,7,8,3,4
4,6,1,2,7,8,3.5
3,7,1,4,5,8,2,6

3.4,1,2,7.8,5.,6
2,6,1,4,5,8,3,7
1,7,3,4,5,6,2,8
2,5,1,3,6,8,4,7
2,4,1,3,6,8,5,7
1,6,2,4,5,7,3,8
2,3,1,4,5.8,6,7
1,5,2,3,6,7.4,8
1,4,2,3,6,7,5,8

)
)
)
)
)
)
)
)
)
)
)
2.8,3,4,5,6,1,7)
)
)
)
)
)
)
)
)
)
)
1,3,2,4,5,7,6,8)

)

(
(
(
(
(
(
(
(
(
(
(
(
(3,5,1,2,7,8,4,6
(
(
(
(
(
(
(
(
(
(
(

1,2,3,4,5,6,7,8

§953515925452515352

5351525452515352

535954525153S2

51525452515352

§185253525154592

595452515352

595352515452

515253515452

5452515352

5352515452

59518354852

51592535452

598515452

52515352

53515452

52535452

5354592

535152

535452

5152

5452

5352

59

(&

[\ w w w o~ e~ e~ —~ t t ot ot (=) (e} (=} -~ -~ -~ oo Ne}
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