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ABSTRACT

Hui Shen: Consistency of Statistical Learning Techniques: Unsupervised Learning and
Network Change Point

(Under the direction of Shankar Bhamidi and Yufeng Liu)

In statistics and machine learning, unsupervised learning techniques are popular for data ex-

ploration, including structure identification, clustering, and change point detection. In this disser-

tation, we address some unsupervised learning problems in the high-dimensional setting. In the

first direction, we consider the problem of assessing the statistical significance of general unimodal

clusters. We extend SigClust, an important existing method for evaluating significance of clustering

to the setting of multidimensional scaling (MDS). The proposed MDS-based SigClust can circum-

vent the challenge of parameter estimation of the original method in high-dimensional spaces while

keeping the important clustering structure in the MDS space. In the second direction, we conduct

a theoretical investigation into Lloyd’s algorithm, one of the most popular clustering algorithms

widely applied in practice. We aim to improve the theoretical understanding of Lloyd’s algorithm,

particularly in the context of applying dimension reduction to high-dimensional clusterable data.

Our result is demonstrated to be useful in multiple applications, including spectral clustering in

stochastic block models, multidimensional scaling for sub-Gaussian mixture models. In the third

direction, we study the network change-point detection problem, which is challenging due to the

sparsity and high dimensionality of network data. We introduce a general class of Markovian net-

work change-point models allowing flexible spatial and temporal dependence. To detect network

change points, new CUSUM-type statistics based on static and evolutionary graph structure rep-

resentations, including graph counts and sampled network motifs, are proposed. Theoretically,

we develop new concentration inequality for matrix-valued Markov chains under random graph

sampling using coupling techniques to prove the consistency of our proposed methods.
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CHAPTER 1

Introduction and Overview of the Thesis

Unsupervised learning is a class of machine learning techniques that learn patterns from unla-

belled data. It is a valuable tool for data exploration and finding meaningful patterns in the data.

In this chapter, we provide the general background and review some existing unsupervised learning

techniques in the literature, and then give an overview of the contributions of this dissertation.

This thesis has three different themes which are described next.

1.1 Statistical Significance of Clustering

Clustering is one important area in unsupervised learning, which aims to divide data into several

groups so that data points within the same group are more similar than those across groups. Many

clustering methods have been proposed and well-studied in the literature. Comprehensive reviews

of clustering algorithms can be found in Jain and Dubes (1988), Xu and Wunsch (2005), Xu and

Tian (2015), and references therein. Despite rapid developments in clustering algorithms and their

wide applications in practice, a natural question is how to assess the statistical significance of

clustering results. For a specific clustering algorithm, given the desired number of clusters k, one

can typically separate the data into k groups. However, this may result in spurious clusters.

For example, consider a test case with k “ 2 as explained in Liu et al. (2008). Suppose that

n samples are generated from the standard normal distribution Np0, 1q and we group the smallest

half of the observations into one cluster and the remaining into the other. Since samples are gen-

erated from one Gaussian distribution, we prefer not to call the clusters ”statistically significant”.

However, a two-sample t-test gives a significant p-value when we separate data generated from a

one-dimensional standard Gaussian distribution into two clusters. This conclusion is different from

the conclusion that these two clusters are there. In many applications, one may prefer not to divide

data from the same Gaussian distribution into multiple clusters. Therefore, assessing the signifi-
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cance of clustering is different from testing subgroup differences. The above example motivates us

to define a cluster as a population from a single Gaussian distribution.

To assess the statistical significance of clustering under the Gaussian cluster assumption, Liu

et al. (2008) proposed a Monte Carlo-based method called the statistical significance of clustering

(SigClust), which addresses the problem of assessing the significance of clustering results for HDLSS

datasets. The null hypothesis of SigClust is that the data are from a single Gaussian distribution,

and the alternative hypothesis is that the data are from a non-Gaussian distribution (e.g., a mixture

of Gaussians). Specifically, the above problem can be formulated as

H0: The data came from a single d-dimensional Gaussian distribution.

Ha: The data came from a d-dimensional non-Gaussian distribution.

To carry out the test, they defined a testing statistic called the cluster index, which is the ratio

between the within-class sum of squared distances to class means and the overall sum of squared

distances to the overall mean,

CI “

ř2
k“1

ř

jPCk

›

›xj ´ xpkq
›

›

2

řn
i“1 }xj ´ x}

2 .

One key step in Liu et al. (2008) is to estimate the Gaussian distribution under the null hypothesis.

Because of the location and rotation invariance of the test statistic, the cluster index, they simplified

the parameter estimation by setting the mean to be zero and the covariance matrix diagonal. They

assumed a factor model to further simplify the eigenvalue estimation of the null covariance matrix.

Huang et al. (2015) improved the original SigClust by proposing a soft thresholding estimator of

the null covariance matrix. Kimes et al. (2017) extended SigClust in the context of hierarchical

clustering.

SigClust (Liu et al., 2008), a statistical testing procedure for Gaussian clusters, has been widely

applied in practice, including assessing significant cancer subtypes (Verhaak et al., 2010; TCGA,

2012; Walter et al., 2013; Agrawal et al., 2014; TCGA, 2015). Despite these successful applica-

tions of SigClust for assessing the significance of clustering, there are still cases where the original

SigClust is not applicable. In particular, in some applications such as natural language process-

ing (NLP) (Poland and Zeugmann, 2006a), one may only have the pairwise dissimilarity matrix

between samples. In that case, clustering can still be performed, but the current SigClust cannot
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be implemented without the original data. Furthermore, although Huang et al. (2015) proposed

an improved estimator for the null covariance matrix, parameter estimation in the general high

dimensional setting is still a challenging problem. Thus, there is room for further improvement.

As shown in Chakravarti et al. (2019), there are certain regions of the parameter space where the

original SigClust has relatively low power.

To solve the problems of the original SigClust, in Chapter 2, we propose a new multidimensional

scaling (MDS) based SigClust method. MDS is an important dimension reduction technique with

wide applications (Borg and Groenen, 2005). The basic idea of MDS is to find low-dimensional

representations of the original data while preserving pairwise dissimilarities between samples. This

idea fits well with the goal of clustering since many clustering methods are based on pairwise

dissimilarities between samples. Moreover, MDS does not require access to the original data. As

discussed, in many applications, data analysts may not have the original data available and can

only work with the pairwise dissimilarity matrix. The existing SigClust is not applicable due to

a lack of original data. Alternatively, MDS can be a natural technique for such problems. In

this case, the low-dimensional MDS space can help avoid the covariance matrix estimation in the

high-dimensional setting as needed for the original SigClust. Based on these considerations, it is

meaningful to combine MDS and SigClust to produce an effective clustering evaluation method.

More details will be discussed in Chapter 2.

1.2 Lloyd’s Algorithm for Clustering

Clustering is a fundamental problem in machine learning and statistics that aims at divid-

ing data into several groups such that data points within the same group are more similar than

those across groups. In the popular k-means clustering algorithm, given a set of observations

px1,x2, . . . ,xnq with xi P Rd, the objective is to find a division of data into k parts to mini-

mize the sum of the squared distances between each point and the corresponding cluster center.

Mathematically, k-means aims to find z “ pz1, . . . , znq P rksn in

argmin
z

n
ÿ

i“1

}xi ´ µzi}
2 ,
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where µs is the mean of points in the s-th cluster, i.e.

µs “
1

ns

ÿ

zi“s

xi

and ns is the size of the s-th cluster. Equivalently, k-means objective function can be formulated

as finding the optimal k-means centers µ “ pµ1, . . . ,µkq.

Solving this problem is NP-hard, even for the simple two-cluster setting. Lloyd’s algorithm

(Lloyd, 1982) is one of the most widely used k-means clustering algorithms to approximately op-

timize the k-means objective due to its simplicity and excellent performance. The procedure of

Lloyd’s algorithm can be summarized as follows:

1. Get an initial estimation of cluster labels or centers.

2. Repeat the following steps until convergence:

(2a) For h “ 1, . . . , k,

pµ
psq

h “

řn
i“1 xi1

!

ẑ
psq

i “ h
)

řn
i“1 1

!

ẑ
psq

i “ h
) .

(2b) For i “ 1, 2, ¨ ¨ ¨n,

ẑ
ps`1q

i “ argmin
hPrks

›

›

›
xi ´ pµ

psq

h

›

›

›

2
.

However, contrary to its widespread popularity, the theoretical investigation of Lloyd’s algo-

rithm is relatively limited. (Lu and Zhou, 2016) proposes a sub-Gaussian mixture model and shows

that the Lloyd’s algorithm can achieve exponentially small clustering error after an order of logpnq

iteration. However, there are many models that can not fit into the framework of (Lu and Zhou,

2016). Specifically, for many high-dimensional data, certain dimension reduction technique is first

employed and then Lloyd’s algorithm is applied to the low-dimensional embedding matrix where

the independence underlying the mixture model fails.

1.3 Change Points for Dynamic Network Valued Data

Change points are one form of data structure specifically for ordered data. The study of change

point problems dates back to Page (1955) and has been an active research area since then. Assume
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we are given a sequence of ordered data, usually a time series. The change point analysis aims

to answer two different but related questions: (1) whether there exist some time points when

the underlying distribution changes; (2) if they exist, what’s the location of the change points.

Change point analysis is of great importance for data analysis. One reason is that many statistical

inference procedures will assume that the observed data satisfy the independent and identically

distributed condition or certain smoothness assumptions. However, the existence of structural

changes may lead to the failure of those methods. First, checking the existence of change points

and then detecting them will help improve the accuracy of the follow-up analysis by dividing data

sequences into homogeneous segments. Besides that, the study of change points itself is meaningful.

For example, in functional Magnetic Resonance Imaging (fMRI) studies, a rapid change in blood

oxygen level-dependent (BOLD) contrast in a subset of voxels may indicate neurological activity

of interest (Aston and Kirch, 2012; Wang and Samworth, 2018).

The history of change point detection starts from the fixed and low dimensional regime, espe-

cially the univariate problem. Algorithms and theories are well-developed in this area with surveys

of various methods can be found in Csörgö et al. (1997) and Horváth and Rice (2014). In the last

few decades, with the availability and popularity of high dimensional data, more efforts have been

put into addressing the high dimensional change point detection problems under different models.

When the dimension p is large and goes to infinity as the same size n Ñ 8, many classic methods in

the low dimensional setting are no longer applicable. Under the high-dimensional regime, usually,

we need more structural assumptions like the sparsity of the changing pattern to solve the prob-

lems. The same idea has been applied to many high-dimensional statistical problems. Bai (2010)

studies the least squares estimator of a single change point in the high-dimensional setting. Zhang

et al. (2010) considers the estimator of l2 aggregation of CUSUM statistics from all coordinates

without any sparsity assumption. Jirak (2015) studies the theoretical properties of l8 aggregation

of CUSUM statistics in high-dimensional time series with temporal and spatial dependence. Cho

and Fryzlewicz (2015) proposed a Sparsified Binary Segmentation to deal with multiple change

points, which takes sparsity into account. Wang and Samworth (2018) uses a sparse projection

method to detect sparse and weak changes.

Most of the existing work on change point detection focuses on multivariate data. Network

data has become a popular data format with wide applications in areas such as Biology, Sociology,
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Genetics and so on. The study of change point detection under the network setting is still under

development. Among the few works that study this problem, they assume that the networks at

different time steps are independent (Wang et al., 2021; Bhattacharjee et al., 2018; Zhao et al., 2019)

or conditional independent (Padilla et al., 2019). The independence or conditional independence

assumption is seldom true in reality. For example, in social networks, two users have a higher

chance to connect if they share many common friends, in which case the temporal dependence

obviously exists. Motivated by this, we want to extend the existing literature on network change

point detection to allow general forms of dependence.

1.4 New Contributions and Outline

The remaining chapters of the dissertation are organized as follows.

• In Chapter 2, we discuss our contribution to the theme introduced in Section 1.1. We pro-

pose a new SigClust method using multidimensional scaling (MDS). The original SigClust has

been widely applied in practice, including assessing significant cancer subtypes. Despite these

successful applications of SigClust for assessing the significance of clustering, there are cases

where the original SigClust method may not work well (Chakravarti et al., 2019). Further-

more, for certain practical problems, researchers may not have access to the original data and

only have the dissimilarity matrix between samples available. In this case, clustering can still

be performed, but the current SigClust is not applicable. To address these issues, we propose

a new SigClust method using MDS. The underlying idea behind the MDS-based SigClust is

that one can achieve low-dimensional representations of the original data via MDS using only

the dissimilarity matrix and then apply SigClust on the low-dimensional MDS space. The

proposed MDS-based SigClust can circumvent the challenge of parameter estimation of the

original method in high dimensional spaces while keeping the important clustering structure

in the MDS space. Both simulations and applications to real data demonstrate that the

proposed method works remarkably well for assessing the statistical significance of clustering.

• In Chapter 3, we theoretically analyze one of the most widely used clustering algorithms -

Lloyd’s algorithm under a general class of low-rank models with perturbation. In particular,

Lu and Zhou (2016) have shown that the misclustering rate of Lloyd’s algorithm on n in-
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dependent samples from a sub-Gaussian mixture is exponentially bounded after Oplogpnqq

iterations, assuming proper initialization of the algorithm. However, in many applications,

the true samples are unobserved and need to be learned from the data via pre-processing

pipelines such as spectral methods on appropriate data matrices. We show that the misclus-

tering rate of Lloyd’s algorithm on additively perturbed samples from a sub-Gaussian mixture

is also exponentially bounded after Oplogpnqq iterations under the assumption that the per-

turbation is small relative to the sub-Gaussian noise. We then derive implications of the

result in providing theoretical guarantees on the misclustering rate when Llyod’s algorithm

is applied to several settings, including stochastic block models and low-rank sub-Gaussian

models under multidimensional scaling.

• In Chapter 4, we study the network change-point detection problem, which is challenging

due to the sparsity and high dimensionality of network data. We propose a general class of

Markovian network models to deal with heterogeneity and dependence for dynamic networks

and discuss canonical example of models that fall within this sub-class. We proposed CUSUM-

type statistics based on static and evolutionary graph structure representations using graph

counts and network motifs are proposed to detect different types of change point phenomena.

Theoretically, we develop the concentration inequality for matrix-valued Markov chains under

random graph sampling using coupling techniques to prove the consistency of our proposed

methods. Our results are applied to the dynamics stochastic blocks. The overarching goal is

to understand the delicate interplay between the performance of standard estimators, time

scales that modulate network dynamics, and macroscopic phenomena such as the propagation

of chaos in high-dimensional networked systems.
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CHAPTER 2

Statistical Significance of Clustering with Multidimensional Scaling

2.1 Introduction

Clustering is a typical form of unsupervised learning that aims to divide data into several groups

so that data points within the same group are more similar than those across groups. Traditional

clustering methods use datasets without responses. Clustering is an essential tool for researchers

to find potentially helpful hidden structures in high-dimensional data and is commonly used for

explanatory data analysis. It has been widely applied in many fields, such as biomedical research,

genetics, and social network analysis.

Many clustering methods have been proposed and well-studied in the literature. Comprehen-

sive reviews of clustering algorithms can be found in Xu and Tian (2015) and references therein.

Concrete examples of classical clustering algorithms include partition-based algorithms such as

K-means (MacQueen et al., 1967), various hierarchical algorithms, and model-based algorithms.

Other popular clustering approaches include kernel-based algorithms (Ben-Hur et al., 2001), spec-

tral clustering algorithms (Von Luxburg, 2007), and ensemble-based algorithms (Fred and Jain,

2005).

Despite rapid developments of clustering algorithms and their wide applications in practice,

a natural question is how to assess the statistical significance of clustering results. For a specific

clustering algorithm, given the desired number of clusters k, one can typically separate the data

into k groups. However, this may result in spurious clusters even in simple settings. For example,

with k “ 2 as explained in Liu et al. (2008), a two-sample t-test gives a significant p-value when we

separate data generated from a one-dimensional standard Gaussian distribution into two clusters,

suggesting that the two clusters are different from each other. However, in many applications, one

may prefer not to divide data from a single Gaussian distribution into multiple clusters. Therefore,

assessing the significance of clustering is different from testing subgroup differences.
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Several cluster evaluation methods have been proposed in the literature to test the statistical

significance of clustering. Amongst existing methods, the Gaussian cluster definition is commonly

used in the sense that data should not be divided further by clustering if they follow a single

Gaussian distribution. McShane et al. (2002) proposed a method to evaluate whether the data

come from a single Gaussian distribution, i.e., whether one should perform clustering on the data.

Their method is based on examining the Euclidean distance between samples in a three-dimensional

principal component space. Maitra et al. (2012) used a bootstrap approach and compared a simpler

model with a more complicated one for assessing significance of clustering. Chakravarti et al. (2019)

tests whether a mixture of Gaussian distributions provides a better fit relative to a single Gaussian

distribution focusing on the low-dimensional setting. Despite progress in this area, assessing the

statistical significance of clustering remains an open question, especially in the high-dimension,

low-sample size (HDLSS) setting.

Liu et al. (2008) proposed a Monte Carlo-based method called the statistical significance of

clustering (SigClust), which addresses the problem of assessing the significance of clustering for

HDLSS datasets. To make the HDLSS setting tractable, they used the Gaussian cluster definition

and focused on testing whether data come from a single Gaussian distribution. A similar model

assumption was used in McLachlan and Peel (2000) and Fraley and Raftery (2002). One critical

step in Liu et al. (2008) is to estimate the Gaussian distribution under the null hypothesis. They

assumed a factor model to simplify the eigenvalue estimation of the null covariance matrix. Huang

et al. (2015) improved the original SigClust by proposing a soft thresholding estimator of the null

covariance matrix. Kimes et al. (2017) extended SigClust in the context of hierarchical clustering.

SigClust has been widely applied in practice, such as assessing significant cancer subtypes

(TCGA, 2012; Agrawal et al., 2014). Despite these successful applications, there are still cases where

the original SigClust is not applicable. In particular, in several applications such as natural language

processing (NLP) (Poland and Zeugmann, 2006b), one may only have the pairwise dissimilarity

matrix between samples. In that case, clustering can still be performed, but the current SigClust

cannot be implemented due to the lack of original data. Furthermore, although Huang et al.

(2015) proposed an improved estimator for the null covariance matrix, parameter estimation in the

general high-dimensional setting remains a challenging problem. Hence, there is room for further
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improvement. As shown in Chakravarti et al. (2019), there are certain regions of the parameter

space where the original SigClust has relatively low power.

This chapter proposes a new multidimensional scaling (MDS) based SigClust method. MDS is

an important dimension reduction technique with broad applications (Borg and Groenen, 2005).

The basic idea of MDS is to find low-dimensional representations of the original data while pre-

serving pairwise dissimilarities between samples. This idea aligns well with the goal of clustering

since many clustering methods are based on pairwise dissimilarities between samples. Moreover,

MDS does not require access to the original data. As mentioned earlier, in many applications, data

analysts may not have the original data available such as applications in NLP (Nakamura, 2006)

and can only work with the pairwise dissimilarity matrix. However, one can still perform effective

clustering using only the dissimilarity matrix (Poland and Zeugmann, 2006b). A natural follow-up

question is to understand the statistical significance of the obtained clustering results. The exist-

ing SigClust is not applicable due to the lack of original data. In such cases, MDS can provide

a natural solution to address these challenges. By utilizing the low-dimensional MDS space, the

need for estimating the covariance matrix in a high-dimensional setting, as required for the original

SigClust, can be avoided. Based on these considerations, it is meaningful to combine MDS and

SigClust to produce an effective clustering evaluation method.

Besides the base version of MDS-based SigClust we mentioned earlier, to tackle the settings

mentioned in Chakravarti et al. (2019) where the original SigClust fails, we further improve our

MDS-based SigClust using columnwise testing of the MDS embeddings. When the data consist of

more than two clusters, besides the significance of clustering, we are also interested in evaluating

the number of clusters in the data. To this end, a generalized MDS-based SigClust (see Section

2.2.5) is introduced using a set of general cluster indices CI2, . . . , CIK for a prespecified K.

The rest of this chapter is organized as follows. In Section 2.2, we introduce notation and

describe details of different versions of MDS-based SigClust. In Section 2.3, we examine the theo-

retical properties under the null and alternative hypotheses. In Section 2.4, we perform simulation

studies to demonstrate the performance of our new methods. We then apply our techniques to real

datasets, including cancer gene expression datasets and applications in natural language processing,

in Section 2.5. Finally, we conclude the chapter with some discussion in Section 2.6. Proofs of our

theoretical results and additional numerical results are provided in Section 2.7.

10



2.2 Methodology

We begin by introducing the notation used throughout the chapter, as well as MDS and the

original SigClust, to establish the basis of our approach. We then proceed to describe our MDS-

based SigClust and its implementation.

2.2.1 Notation

We use regular letters for scalars and bold letters for both matrices and vectors. We use x andX

to denote random vectors and matrices. We write rns for the set t1, 2, . . . , nu. For any vector v, }v}

denotes the Euclidean norm and }v}8 “ maxi |vpiq|. The set of n ˆ r matrices with orthonormal

columns is denoted by Onˆr. For a matrix A “ pa1, . . . ,akq P Onˆk and m ď k, let Am “

pa1, . . . ,amq P Onˆm. For a diagonal matrix A “ diagpa1, ¨ ¨ ¨ , anq, let Am “ diagpa1, ¨ ¨ ¨ , amq be

a m ˆ m diagonal matrix. Let f, g : N Ñ R` and let c, b be positive constants and n0 an integer.

Then fpnq “ Opgpnqq if fpnq ď cgpnq for all n ą n0; fpnq “ Ωpgpnqq if fpnq ě bgpnq for all n ą n0;

fpnq “ opgpnqq if fpnq{gpnq Ñ 0 as n Ñ 8; fpnq “ wpgpnqq if fpnq{gpnq Ñ 8 as n Ñ 8. Fix

n, d ě 1. Suppose we have n i.i.d random samples txiu
n
i“1 Ď Rd with Epxiq “ 0 and E

`

xix
T
i

˘

“ Σ.

The sample covariance matrix is defined as pΣ “ 1
n

řn
i“1pxi´ pµxqpxi´ pµxqT , where pµx “

řn
i“1 xi{n.

Let X “ px1, . . . ,xnqT P Rnˆd be the data matrix.

2.2.2 Multidimensional Scaling

Regardless of the availability of the original data X P Rnˆd, suppose we have access to the

dissimilarity matrix D P Rnˆn “ pdijqi,jPrns, which measures the pairwise distance between samples

for some distance metric d. The main objective MDS is to find a low-dimensional representation

of a set of objects Y P Rnˆr such that the distance between any two points is close to their

corresponding dissimilarity as much as possible. We denote the pairwise distance between points

i and j in the MDS space as δij “ }yi ´ yj}2 and define the error of representation for the

pair ti, ju as e2ij “ pdij ´ δijq
2 . The total error is defined by summing over all distinct pairs,

σrpYq “
řn
i“1

řn
j“i`1 pdij ´ δijq

2 .

One can consider using different error or distance functions, leading to distinct MDS represen-

tations (Borg and Groenen, 2005). The goal of MDS is to find a matrix Y to minimize σrpYq.
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When the distance metric d is the Euclidean distance (dij “ }xi ´ xj}2), MDS is equivalent to

standard PCA, in which case the method is also called Classic MDS (CMDS). However, MDS is

much more general than standard PCA and can also perform nonlinear dimension reduction. De-

note B “ ´1
2JD

p2qJ, where D
p2q

i,j “ D2
i,j ,J “ In ´ 11T {n is the centering matrix, and 1 P Rn is a

column vector of ones. Consider the SVD decomposition on B “ rPrΛrPT . In CMDS, the solution

Y can be represented as Y “ rPr
rΛ
1{2
r , where rPr and rΛr are first r eigenvectors and eigenvalues of

B.

2.2.3 Problem Formulation

Before introducing our new method, we start with the original SigClust. In the original SigClust,

Liu et al. (2008) used the Gaussian cluster definition and considered the hypothesis problem where

the null is that the data come from a single d-dimensional Gaussian distribution and the alternative

is the data come from a mixture of d-dimensional Gaussian distributions. To solve this problem,

they used a test statistic, k-means cluster index CIk, which is defined as the ratio between the

within-class sum of the squared distance to within-class means and the overall sum of the squared

distance to the overall mean,

CIk “

řk
s“1

ř

jPCs

›

›xj ´ xpsq
›

›

2

řn
j“1 }xj ´ x}

2 .

Here, for s P rks, Cs denotes the index set of the sth cluster produced by a specific clustering

algorithm and xpsq represents the corresponding within-cluster mean. The intuition underlying the

cluster index is that if the k clusters produced by some clustering algorithm such as k-means are

well-separated, the data points concentrate around the cluster centers within each cluster and the

within-cluster sum of the squared distance tends to be small. On the contrary, if the data come

from a single Gaussian cluster, and we try to divide them into k parts, the cluster index tends to

be large.

Liu et al. (2008) focused on the test statistic CI2 to test whether there is one or more than one

Gaussian cluster. To carry out the test and find the p-value, they used a Monte Carlo procedure

which generates Gaussian random variables Npµ,Σq under the null. However, it is difficult to

achieve consistent estimators of µ and Σ in the HDLSS setting. Since the test statistic CI2 is

12



location-invariant and the Euclidean distance is invariant to orthogonal rotations, one can assume

µ “ 0 and Σ to be diagonal. This property simplifies the task of estimating dpd` 1q{2 parameters

to estimating d eigenvalues of Σ. Moreover, Liu et al. (2008) assumed the covariance matrix to be

spiked, namely

Σ “ VΛVT , Λ “ Λ0 ` σ2nI, (2.1)

where Λ0 is of low rank, which captures a few strong signals in the data, and the relatively small

σ2n represents the constant variance of the background noise. Then it is enough to estimate a few

top eigenvalues of Λ0 and background noise variance σ2n. The above assumptions help make the

high-dimensional estimation tractable and reasonable in applications.

The Gaussian cluster definition is a central tenant of the original SigClust (Liu et al., 2008). As

will be evident later, we perform a detailed investigation into the relevance of this assumption. In

particular, we shall find that the significance of clustering is relatively robust, and under a range of

alternative definitions, the Gaussian cluster assumption is the most conservative one. The difficulty

of more general notions of a single cluster is that if no specific parametric assumption is made, the

exact null distribution of the test statistic CIk is hard to compute. Our idea is to calculate the

p-value using a simple Monte Carlo procedure without explicitly figuring out the cluster index’s

null distribution. When generating data under the null, the SigClust-based methods (Liu et al.,

2008) generate Gaussian random variables as the reference distribution. As we will show later,

through theoretical results and simulations, the cluster index CIk converges under a general class

of distributions. The Gaussian distribution as a reference is the conservative choice. The population

CIk under the Gaussian assumption is smaller than that of many other distributions. When the null

is not Gaussian, and we are generating Gaussian samples, the p-value tends to be larger than that

of the true null hypothesis. As a result, our SigClust tends to make a conservative conclusion. In

real applications such as modern gene expression analyses, a fundamental issue is that clusters are

sometimes detected and claimed to be real when they may not be significant. Hence, the generation

of Gaussians is meaningful because it helps avoid over-clustering when the data just correspond to

one cluster.
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These observations motivate us to extend the definition of a single Gaussian cluster to a single

unimodal cluster, i.e., data coming from a single unimodal distribution, such as t or χ2, and consider

a general hypothesis problem:

H0 : The data come from a single d-dimensional unimodal distribution;

H1 : The data come from a mixture of d-dimensional unimodal distributions.

For this hypothesis problem, the k-means cluster indices CIk is still helpful as we explained above.

There could be a class of testing statistics CIk given different values of k. In general, we can choose

k “ 2 and use 2-means cluster index as the test statistic CI2 when we are interested in testing

whether there is one or more than one cluster. In some cases, if the test result is significant and we

are further interested in knowing the number of clusters in the data, we can use multiple cluster

indices simultaneously. In the next section, we will focus on the 2-means cluster index CI2 for our

new proposed method and discuss a generalized method based on CIk in Section 2.2.5.

2.2.4 MDS-based SigClust

In this chapter, we propose a new MDS-based SigClust, which combines the original SigClust

and the dimension reduction technique MDS. The proposed method starts with the dissimilarity

matrix D P Rnˆn between samples. We can achieve a low-dimensional representation matrix

Y P Rnˆr through MDS. If the data come from a single cluster or a mixture of clusters, the

embedding matrix Y tends to preserve certain properties of the single or mixture of clusters.

Furthermore, for two datasets of the same size, suppose one is obtained from a single cluster and

another from a mixture of two distinct clusters with the same covariance matrix as the first dataset.

The CI2 of the second dataset should be smaller than that of the first dataset, i.e., the separation

information of the mixtures (difference between two mean vectors) can be captured through a

smaller CI2.

There are cases where the original SigClust might fail, see Chakravarti et al. (2019). For

simplicity, consider the Gaussian cluster definition. If the data come from a mixture of two Gaussian

distributions, the separation can happen in multiple ways, i.e., the difference between the means

of the two distinct Gaussian components can be nonzero in any coordinates. The mean difference
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may be nonzero in one coordinate c1, but the variance is the largest in another coordinate c2.

Therefore, the coordinate c2 will determine how the data are clustered into two and dominate the

cluster index of the data. Even if the cluster index can capture the separation signal in coordinate

c1, the signal in coordinate c1 only accounts for a small portion of the test statistic CI2 and is

too small to be detected as significant. To address this issue, we improve our method, aiming to

capture the separation signal from all possible directions.

In this modified procedure, an initial goal is to calculate a combined CI2 defined as the minimum

of the CI2’s calculated from Y and each column of Y. However, one challenging issue is that CI2’s

calculated from data with different dimensions are not comparable because the limiting distribution

of the cluster index of one dataset depends on its dimensionality. To solve this problem, we use the

2-means clustering result as classification labels and project the data Y onto the one-dimensional

space by linear discriminant analysis (LDA). Then the combined CI2 is taken to be the minimum

of the CI2’s calculated from the one-dimensional LDA projection of Y and each column of Y.

Following the Monte Carlo idea of the original SigClust, we estimate the sample covariance matrix

pΣY of Y, generate data Z from Np0, pΣYq, and calculate a combined CI2 of the simulated data Z

using the same procedure. After that, we compare the observed CI2 with those of the simulated

data to draw a conclusion about the significance of clustering.

Our base version of MDS-based SigClust is summarized as below.

Base version of MDS-based Sigclust:

Step 1. Choose the dimension r of the MDS space. Obtain the MDS matrix Y “ py1, . . . ,yrq of the

dimension nˆ r from the dissimilarity matrix D.

Step 2. Implement the 2-means clustering on Y and calculate the cluster index CI2 of Y using the

estimated labels, denoted as CI2,Y.

Step 3. Estimate the sample covariance matrix pΣY of Y. Generate an nˆ r matrix Z with each row

zi drawn independently from Np0, pΣYq for i P rns.

Step 4. Perform Step 2 on Z and calculate the cluster index CI2, denoted as CI2,Z.

Step 5. Repeat Steps 3 and 4 Nsim times. For i P rNsims, Zi denotes the ith simulation and CI2,Zi

denotes the corresponding CI2. Then we have a set of Nsim CI2,Z.
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Step 6. Using the empirical distribution of tCI2,Zi : i P rNsimsu, calculate a p-value for the CI2 of Y.

Draw a conclusion based on a prespecified level of significance α.

For the scenario motivated by Chakravarti et al. (2019), Step 2 in the above algorithm can be

modified into the following one.

Modification MDS-based SigClust:

Step 2’: For each i P rrs, implement 2-means clustering on yi and use the labels to calculate the

CI2 of yi, denoted as CI2,yi . Implement the 2-means clustering on Y and take the clustering labels

as the classification labels to apply LDA. Use the LDA result to get the one-dimensional projection

of Y, denoted as YLDA. Calculate the CI2 of YLDA, denoted as CI2,LDA. The combined CI2 of

Y, denoted as CI2,Y is taken to be minttCI2,yiu1ďiďr, CI2,LDAu.

There are different methods to calculate the p-value in Step 6 of the above procedure. One

method is to use the proportion of simulated CI2’s that are smaller than CIY. This method

depends heavily on the number of simulations Nsim. Another method is to fit a one-dimensional

Gaussian distribution using the simulated CI’s and calculate the quantile of CI2,Y in this fitted

distribution. The second approach provides a continuous range of p-values, especially when the

empirical p-value is zero. We refer to these two types of p-values as the percentile p-value and the

fitted p-value, respectively.

Note that r is a prespecified parameter representing the dimension of the MDS space. As will

be seen below, in many settings, when using the 2-means cluster index CI2, r “ 1 or 2 is enough

to detect the separation signal if the original data come from a mixture of two or more clusters.

This is due to the fact that the first few dimensions can capture the signals as shown in several

settings such as Gaussian mixture models and stochastic block models (Löffler et al., 2021; Abbe

et al., 2020). However, when we want to evaluate the number of clusters using CIk with k ą 2 as

described in Section 2.2.5, a higher dimension r would be preferred.

2.2.5 Generalized MDS-based SigClust

In some cases, when the p-value in the above test procedure is significant, we may be interested

in evaluating the number of clusters in the data, which can be summarized as a two-stage testing

problem: 1) whether there is one or more than one cluster; 2) if there is more than one cluster,

how many clusters exist in the data?
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To solve this, we simultaneously consider a sequence of K ´ 1 test statistics CI2, . . . , CIK ,

which correspond to the hypothesis test problems:

H0 : The data come from a single d-dimensional unimodal distribution;

H1 : The data come from a mixture of k d-dimensional unimodal distributions.

for k “ 2, . . . ,K. For each CIk, we can calculate the p-value pk using a similar procedure for

CI2 described in Section 2.2.4. Then we obtain a set of K ´ 1 p-values pp2, . . . , pKq. To deal

with the issue of multiple comparisons, we use the Holm–Bonferroni method (Holm, 1979), while

other adjustment methods can be used as well. If any of the adjusted p-values is significant, we

would reject the null that there is only one cluster. To decide how many clusters are preferred,

we can estimate the number of clusters by argminsPt2,...,Ku ps, i.e., the hypothesis index that has

the minimum p-value. The same idea can apply to the original SigClust, which will be used in

simulations and real data examples for comparison (name it generalized SigClust-Soft).

2.3 Theoretical Properties

To gain further insight into the proposed MDS-based SigClust, we study some of its the-

oretical properties. For simplicity, we consider 2-means clustering. Assume we have n i.i.d.

samples x1, . . . ,xn P Rd from some distribution P. Recall that the sample k-means clus-

ter centers bn “ pbn1, . . . , bnkq P Rdˆk is defined as bn “ argminaPRdˆk Wnpaq, where

Wnpaq “ 1
n

řn
i“1min1ďjďk }xi ´ aj}

2 . One can define the population k-means cluster centers

µ “ pµ1, . . . , µkq P Rdˆk as µ “ argminaPRdˆk WPpaq, where WPpaq “ E rWnpaqs .

Theorem 2.3.1. (Convergence of Cluster Index.) Assume one-dimensional random variables

x1, . . . , xn are independently generated from some distribution F p¨q with continuous density

function fp¨q. Suppose the density function is symmetric over 0 and dominated by ρp¨q with
ş

R rρprqdr ă 8 and assume that
ş

R x
2fpxq ă 8. Moreover, suppose the population 2-means

centers µ “ pµ1, µ2q are unique and symmetric. Then for X „ F , we have

CI2
a.s.
Ñ

EpX2q ´ pE|X|q2

EpX2q
.
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Remark 1. The above theorem can be extended to finite-dimensional settings under similar as-

sumptions.

Remark 2. Most of the assumptions on the distribution F in the above result are to guarantee

that the sample 2-means centers converge to the population 2-means centers as sample size n Ñ 8.

Then the main theorem in Pollard et al. (1982) can be applied to show the consistency of the cluster

index.

Theorem 2.3.1 shows that the test statistic, cluster index, is not designed exclusively for Gaus-

sian clusters. Even when data are generated from non-Gaussian distributions, such as t and χ2

distributions, the cluster index can still converge to a limit. This result provides insight into why

our method can still effectively work for non-Gaussian data. We have provided detailed proofs for

all of our stated results in Section 2.7.

Next, we focus on the specific setting of Gaussian clusters and show further theoretical results

about our MDS-based SigClust. Suppose xi follows
1
2Ndpµ,Σq ` 1

2Ndp´µ,Σq independently for

i P rns. We are interested in the hypothesis testing problem: H0 : µ “ 0 versus H1 : µ ‰ 0. For

simplicity, we use that classical MDS with the Euclidean distance. The first result is on the p-value

of MDS-based SigClust under the null hypothesis H0.

Theorem 2.3.2. Suppose the data come from Np0,Σq. For r “ 1, the distribution of p-value

from MDS-based SigClust converges to U r0, 1s as n Ñ 8.

The idea of the proof is to show that the MDS matrix Y preserves Gaussian properties if the

original data X come from a single Gaussian distribution. The uniform distribution of the p-value

on [0,1] shows that MDS-based SigClust can control the type I error.

Next, we consider the alternative hypothesis H1. Without loss of generality, we assume that

ℓ “ p1Tn1
,´1Tn2

qT is the n-dimensional label vector with 1 representing the first group and ´1

representing the second group. We use ni to denote the number of observations in the ith group

for i “ 1, 2. Let λmax “ max1ďjďd λj “ λ1, where λj ’s are the eigenvalues of Σ. Define the signal-

to-noise ratio as SNR “
∥µ∥2
λmax

, where ∥µ∥2 represents the signal and λmax the noise. The following

results show that our method can recover the true class labels with high probability and maintain

high power when SNR is sufficiently large. Lemma 2.3.3 and Corollary 2.3.4 are modified from

(Little et al., 2022).
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Lemma 2.3.3. In the general high-dimensional setting where d “ Ωpnq, suppose the data come

from a mixture of two Gaussian distributions under H1 with ∥µ∥ ‰ 0. With a probability at least

1 ´ 4{n, we have ∥∥∥rp1 ´ rℓ
∥∥∥

8
ď pω2 ` 3ω{2q{

?
n, (2.2)

where ω “ 32
}µ}

t8pλmax log nq1{2 ` 4p6 log n{dq1{2λmax{}µ} ` dλmax{pn}µ}qu. Here, rℓ “ 1?
n
ℓ “

1?
n

p1Tn1
,´1Tn2

qT is the normalized true label vector and rp1 is the first column of Y.

Corollary 2.3.4. In the high-dimensional setting where d “ Opn log nq, suppose the data come

from a mixture of two Gaussian distributions under H1 with ∥µ∥ ‰ 0 and ∥µ∥2
λmax

“ wplog nq. Then

we have
∥∥∥rp1 ´ rℓ

∥∥∥
8

“ op 1?
n

q.

Note that each element in rℓ takes values in the set t 1?
n
,´ 1?

n
u. From this corollary, rp1 is close

to rℓ elementwise, which implies that using the MDS matrix Y with r “ 1 can recover the true

cluster labels accurately.

Theorem 2.3.5. In the high-dimensional setting where d “ Opn log nq, suppose the data come

from a mixture of two Gaussian distributions under H1 with ∥µ∥ ‰ 0 and ∥µ∥2
λmax

“ wplog nq. For

r “ 1, the p-value from MDS-based SigClust converges to 0 in probability as n Ñ 8.

This theorem tells us that if the data truly come from a mixture of two Gaussian distributions

under a moderate dimensional regime and SNR grows faster than log n, MDS-based SigClust can

detect the separation and produce a significantly small p-value. A similar conclusion can be drawn

in higher dimensional settings as follows.

Theorem 2.3.6. Consider the general high and ultra high dimensional settings where d “

Ωpn log nq. Suppose the data come from a mixture of two Gaussian distributions under H1 with

∥µ∥ ‰ 0 and ∥µ∥2
λmax

“ wp dnq. For r “ 1, the p-value from MDS-based SigClust converges to 0 in

probability as n Ñ 8.

2.4 Simulations

In this section, we compare cluster evaluation methods on various simulated examples in low

and high-dimensional settings. Methods include RIFT and MRIFT (Chakravarti et al., 2019), the

method proposed in McShane et al. (2002), SigClust using soft thresholding (SigClust-Soft, (Huang
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et al., 2015)), our proposed MDS-based SigClust (SigClust-MDS) and SigClust-MDS with the

true covariance matrix (SigClust-True-MDS). The SigClust-Soft and SigClust-True-MDS generate

Gaussian data under the null in the original space. Our MDS-based SigClust involves the estimation

of the sample covariance matrix in a low-dimensional MDS space.

To account for the rotation invariance of CIk under a single Gaussian and a mixture of Gaussians

with identical covariance matrices, we restrict our attention to the case where the covariance matrix

Σ for each Gaussian component is diagonal with entries λ1, . . . , λd. In all experiments, we set

n “ 100, d “ 1000, and Nsim “ 1000, unless otherwise specified. We obtain the cluster assignments

for the CIk using k-means clustering with k specified in each subsection. We use the fitted p-

values throughout. Different methods are evaluated based on their ability to maximize power while

controlling the type I error.

In Section 2.4.1, we generate data from a single Gaussian and a mixture of two Gaussians

and compare SigClust methods with the method proposed in McShane et al. (2002). In Sections

2.4.2, we compare our MDS-based SigClust with RIFT and MRIFT (Chakravarti et al., 2019) in a

low-dimensional setting. To demonstrate the performance of our method under cluster definitions

other than Gaussian, we generate data from t and Poisson distributions and visualize the results in

Section 2.4.3. The generalized MDS-based SigClust is evaluated in Section 2.4.4. We summarize

the simulation results in Section 2.4.5. Extended simulations are provided in Section 2.7.

2.4.1 Gaussian Mixtures

To analyze the performance of three SigClust-based methods, we generate data under the null

and alternative hypotheses, namely a single Gaussian Ndp0,Σq and a mixture of two distinct Gaus-

sian distributions 1
2Ndpµ,Σq ` 1

2Ndp´µ,Σq. We let µ “ pa, 0, . . . , 0qT and Σ “ diagpλ1, . . . , λdq

with λ1 ě λ2 ě ¨ ¨ ¨ ě λd ą 0. The covariance matrix of the data is Σ˚ “ diagpλ1 ` a2, λ2, . . . , λdq.

SigClust-True-MDS uses Σ˚ to generate the simulated data Z in the Monte-Carlo procedure, on

which we apply SigClust-MDS. We use the modified version of MDS-based SigClust with CI2 and

r “ 2. Consider three settings for Σ as follows:

1) Σ “ diagp100, 100, ¨ ¨ ¨ , 100, 1, ¨ ¨ ¨ , 1q, where the first 10 entries are 100;

2) Σ “ diagp10, 10, ¨ ¨ ¨ , 10, 1, ¨ ¨ ¨ , 1q, where the first 100 entries are 10;

3) Σ “ diagp100, 95, ¨ ¨ ¨ , 10, 5, 1, ¨ ¨ ¨ , 1q, where the first 20 entries form an arithmetic sequence.
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The first setting corresponds to the spiked covariance model, with a few large eigenvalues and

others small. In the second setting, we assume a group of medium-large eigenvalues together with

small ones. The third setting interpolates between the first two, where the eigenvalues decrease

gradually.

We plot the empirical distributions of p-values under three settings in Figure 2.1 (and Figures

S1 - S2 in Section 2.7). Two vertical lines represent two thresholds α “ 0.05 and 0.1. In each figure,

four subfigures show how the empirical distributions change as a gets larger for all methods. For

effective tests, we expect to see that the empirical distributions of p-values are close to the diagonal

line when a “ 0 and move towards the upper-left corner quickly as a increases.

When a “ 0 (a single Gaussian distribution), Figure 2.1(a) shows that all four methods can

control the type I error. Moreover, SigClust-MDS, SigClust-True-MDS, and McShane et al. (2002)

produce uniformly distributed p-values on [0,1] while SigClust-Soft produces large p-values with

conservative results. When a ‰ 0 (Gaussian mixtures), the empirical distributions of all four

methods move towards the upper-left corner as a increases except the method in McShane et al.

(2002). In all three settings, the power of SigClust-MDS is close to 1 when a is moderately large,

while the other methods have power less than 0.5 under α “ 0.05. Compared with SigClust-MDS,

the method by McShane et al. (2002) gains power very slowly. Overall, SigClust-MDS is more

powerful than the other methods when the signal is in one coordinate direction.

(a) a=0 (b) a=6 (c) a=10

Figure 2.1: Empirical distributions of SigClust p-values based on True-MDS, soft, and MDS methods and
method from (McShane et al., 2002) for Setting 2. The mean difference comes from one direction with
a “ 0, 6, 10, respectively.
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2.4.2 Signal in Directions with Low Variation

Chakravarti et al. (2019) pointed out that the original SigClust may have relatively low power

against certain alternatives and proposed a test for a relative fit of mixtures focusing on the low-

dimensional setting. Given the hypothesis problem and the data, they fit two models, a multivariate

Gaussian and a mixture of two multivariate Gaussians, to compare which model fits the data better

and get a p-value to make a conclusion. They described a simulation setting where the original

SigClust has low power. Here, we use their setting to compare our MDS-based SigClust, the

original SigClust, RIFT, and MRIFT (Chakravarti et al., 2019). The modified version of MDS-

based SigClust is used with CI2 and r “ 2.

In this simulation setting, a mixture of two Gaussian distributions 1
2Np0,Σq ` 1

2Npµ,Σq is

considered, where µ “ pa, 0, ¨ ¨ ¨ , 0q. For simplicity, we let Σ be a diagonal matrix with Σjj “ 400

for j “ 2 and Σjj “ 1 for j ‰ 2. This problem is challenging because the signal, i.e., the mean

difference of two Gaussian components, lies in the first dimension, but its variance is significantly

smaller than that of the second dimension.

We let n “ 100 and d “ 5. For this low-dimensional problem, we use the original SigClust

with the sample covariance matrix (SigClust-Sample) since d “ 5 ď n. We plot the empirical

distributions of p-values based on four methods with different values of a in Figure 2.2. Two

vertical lines correspond to α “ 0.05 and 0.1 as before. For a “ 0, the ideal distribution of p-value

is uniform [0,1]. For a ą 0, we hope to have small p-values because there are two clusters. From

Figure 2.2, we can see that for a “ 0, all methods work similarly except RIFT is slightly more

conservative. For a “ 2 and 3, SigClust-MDS works better than the other methods. In particular,

for a “ 3, our method has power close to 1 while the other methods have low power. This example

further demonstrates the usefulness of the modified CI2, which can capture the separation signal

in all possible directions. At the same time, SigClust-Sample may ignore some information when

the signal (mean difference) is not in the largest variance direction.

2.4.3 Sensitivity Analysis

Although our theoretical analyses focus on Gaussian clusters, our method is applicable to cluster

definitions other than Gaussian. It is conservative in a number of settings in the sense that if the
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(a) a=0 (b) a=2 (c) a=3

Figure 2.2: Empirical distributions of p-values based on RIFT, MRIFT, SigClust-Sample, and SigClust-
MDS in the low dimensional setting described in Section 2.4.2. The mean difference comes from the first
direction with a “ 0, 2, 3, respectively.

test is significant, this might indicate strong evidence of underlying clusters. To demonstrate this,

we generate data from t and Poisson cluster definitions under both null and alternative hypotheses

in the high-dimensional setting.

Under the alternative hypothesis, a mixture of two unimodal distributions are generated

from the same distribution class with different location parameters µ1 “ pa, a, . . . , aq and

µ2 “ p´a,´a, . . . ,´aq. Taking the t distribution as an example, under the null hypothesis, each

column of data is independently generated from a single t distribution with degrees of freedom

being 10, i.e., tp10q. Under the alternative hypothesis, a mixture of two shifted t distributions

1
2ptp10q ` aq ` 1

2ptp10q ´ aq are generated. For the Poisson case, data are generated similarly with

mean 3. We use the modified version of MDS-based SigClust with CI2 and r “ 2. As shown in

Figure 2.3, both methods give conservative p-values and control the type-I error well under the

null. As the cluster mean difference a gets larger, our SigClust-MDS gains power quickly while

Sigclust-soft’s power stays low.

2.4.4 Generalized SigClust

In Section 2.2.5, we proposed a generalized MDS-based SigClust to identify the number of

clusters when there is more than one. To evaluate its performance, we generate data from a single

Gaussian and a mixture of multiple Gaussians. When the data are from Gaussian, we want to see

whether the proposed generalized method can control type I error. When multiple clusters exist,

we evaluate its performance by two criteria: 1) power: the probability of correctly rejecting the

null; 2) selection ratio: the probability of choosing the correct number of clusters K.
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(a) a=0 (b) a=0.1

(c) a=0 (d) a=0.16

Figure 2.3: Empirical distributions of p-values based on SigClust-Soft and SigClust-MDS in the high
dimensional setting under t and Poisson cluster definitions considered in Section 2.4.3.

Throughout this section, we generate data from Gaussian or mixture of Gaussians with the

identity covariance matrix Σ “ Id for each Gaussian component. We use the base version of MDS-

based SigClust with r “ 5 and consider the set of test statistics CI2, . . . , CI5. For a mixture of

K Gaussians, we try K “ 2, 3 and 4. We compare the generalized version of the original SigClust

(SigClust with CI2, . . . , CI5) and our generalized method proposed in Section 2.2.5. The cluster

centers for different K are:

1) K “ 2 : µ1 “ pa, . . . , aq and µ2 “ ´µ1;

2) K “ 3 : µ1 “ p0, . . . , 0q, µ2 “ pa, . . . , aq and µ3 “ pa, . . . , a,´a, . . . ,´aq with first half coordi-

nates being a;

3) K “ 4 : µ1 “ pa, . . . , aq, µ2 “ ´µ1, µ3 “ pa, . . . , a,´a, . . . ,´aq with first half coordinates being

a and µ4 “ ´µ3.

Table 2.1 demonstrates the performance of both methods under different K. For a single

Gaussian (K “ 1), both generalized methods have type I error being 0. Under the alternatives,

Table 2.1 shows that when the value of a is reasonably large, our generalized SigClust-MDS has

high power and selects the correct number of clusters with high frequency, while the generalized

SigClust-Soft has very low power.
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Table 2.1: Performance of the generalized SigClust-Soft and SigClust-MDS. Type I errors under a single
Gaussian and power under a mixture of K Gaussians are given.

SigClust-Soft SigClust-MDS

Type-I error Type-I error
K “ 1 0 0

Power selection ratio Power selection ratio
K “ 2pa “ 3q 0.68 1 0.94 1
K “ 3pa “ 0.16q 0 NA 1.00 0.97
K “ 4pa “ 0.12q 0 NA 0.98 0.94

2.4.5 Summary of Simulation-based Findings

In Section 2.7.3, we provide additional simulations to demonstrate the performance of our pro-

posed methods. All simulation results in Section 2.4 and Section 2.7.3 show that our MDS-based

SigClust methods can control the type I error under the null, have great power under the alterna-

tives, and are robust to different cluster definitions. Based on these simulation examples, we can see

that SigClust-MDS performs the best under both null and alternative hypotheses. In particular,

the p-values are approximately uniformly distributed on [0,1] under the null, similar to SigClust-

MDS-True. It also has the largest power in all settings under the alternative among all comparison

methods. Moreover, when the spiked covariance assumption fails in the high-dimensional setting,

SigClust-MDS is much more powerful than SigClust-Soft.

2.5 Real Data Analysis

We demonstrate the effectiveness of our base and generalized versions of SigClust-MDS (see

Sections 2.2.4 - 2.2.5) on several cancer gene expression datasets and various applications in natural

language processing. Each dataset consists of several subgroups and contains a group label for each

sample. We consider two approaches to evaluate the cluster significance. One is to test every

pairwise combination of two clusters using the base version of SigClust-MDS with CI2 and r “ 2.

When calculating the test statistic CI2, we need to first separate the data into two clusters. We

use both the group labels (“True”) and 2-means clustering results (“Est”) as cluster assignments

to calculate the CI2’s. The true labels correspond to underlying (biological) groups of interest,

while the estimated labels from clustering algorithms correspond to clusters with good separation

between clusters. Clustering errors are typically reported as the misclassification rate of the k-
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means clustering algorithm compared to the true labels. In most cases, the algorithm performs

similarly for both choices of labels. The other method is to test all clusters simultaneously using

the generalized SigClust-MDS and choose the number of clusters based on the minimum p-value.

We implement SigClust using soft thresholding (SigClust-Soft) for comparison. The fitted p-values

are used throughout.

2.5.1 Multi-Cancer Gene Expression Dataset

We first consider a multi-cancer dataset consisting of three cancer types: 100 samples of head

and neck squamous cell carcinoma (HNSC), 100 samples of lung squamous cell carcinoma (LUSC),

and 100 samples of lung adenocarcinoma (LUAD). More information can be found in the Cancer

Genome Atlas (TCGA) project (TCGA, 2012). Each sample consists of 20531 genes estimated

from RNA-seq data v2, which is available at https://wiki.nci.nih.gov/display/TCGA/RNASeq+

Version+2. Following the same data preprocessing procedure as in (Kimes et al., 2017), we use the

log transformation of the original data and select a subset of 500 genes with the highest median

absolute deviation (MAD) about the median. After preprocessing, the dataset consists of 300

samples and 500 genes.

Table 2.2 presents the testing results for pairwise subgroups using both estimated and given

true labels, as well as the clustering errors. SigClust-soft and SigClust-MDS show high power (p-

values « 0) in all comparisons. The small p-values indicate that these clustering operations are

statistically significant. The clustering errors are small for both methods and all three combinations

of subgroups.

To implement the generalized MDS-based SigClust, we choose the set of test statistics

CI2, CI3, CI4 and CI5 and set r “ 4. Table 2.3 displays the performance of generalized SigClust

methods. Both generalized SigClust-MDS and SigClust-Soft reject the null, while our SigClust-

MDS successfully estimates the correct number of clusters as 3.

In addition, we apply our methods on every single subgroup, HNSC, LUSC, and LUAD. Within

each group, we cluster the data into two parts to create artificial clusters to see whether our method

can tell that the cluster operation within each class is not preferred. Table 2.4 shows that our

SigClust-based MDS gives large p-values for all three cases, indicating each group should not be

divided further.
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Table 2.2: SigClust p-values for each pair of subtypes for the Multi-Cancer data. Both the known class
labels (“True”) and estimated labels (“Est”) are used to calculate the cluster indices. Clustering errors are
provided (defined in the beginning of this section).

Soft(True) Soft(Est) Error(Soft) MDS(True) MDS(Est) Error(MDS)

HNSC & LUSC 8.78e-5 2.07e-4 0.04 2.14e-8 5.38e-08 0.05
HNSC & LUAD 2.70e-18 2.54e-17 0.01 7.89e-47 1.90e-32 0.01
HNSC & LUAD 5.20e-06 1.31e-8 0.035 9.8e-20 9.40e-18 0.035

Table 2.3: Application of the generalized SigClust-Soft and generalized MDS-based SigClust proposed in
Section 2.2.5 on multi-cancer and a subset of breast bancer data.

SigClust-Soft SigClust-MDS

Multi Cancer
True K = 3

Decision Reject H0 Reject H0

Choice of K 2 3

Subset of Breast Cancer
True K = 4

Decision Reject H0 Reject H0

Choice of K 5 3

2.5.2 Breast Cancer Gene Expression Dataset

We consider a gene expression dataset from 337 breast cancer samples which is categorized

into five molecular subtypes: 97 LumA, 54 LumB, 91 basal-like, 47 normal breast-like, and 48

HER2-enriched samples. The dataset is available at https://genome.unc.edu/pubsup/clow/.

We choose a subset of 1645 intrinsic genes identified in (Prat et al., 2010).

Table 2.5 shows the p-values for 10 pairs of breast cancer subtypes. Both methods yield sig-

nificant p-values for the first 8 pairs of comparison and insignificant p-values for the last pair.

When testing the statistical significance of two breast cancer subtypes “LumA” and “LumB”, our

MDS-based SigClust gives insignificant p-values, suggesting that the two cancer subtypes are not

significant clusters. This result is consistent with the fact that both “LumA” and “LumB” be-

long to the luminal cancer subtype. The luminal subtype has a big spectrum of samples but not

necessarily contains two significant subgroups. According to Yersal and Barutca (2014), “LumA”

and “LumB” have similar biological features with ER-responsive genes. Therefore, our MDS-based

SigClust suggests it is not statistically significant to divide the luminal subtype into luminal A and

luminal B.

For the pair of Her2 & LumB, SigClust-MDS with estimated labels gives a significant p-value

while SigClust-Soft gives insignificant p-values. Figure 2.4b indicates that the two subgroups are
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Table 2.4: SigClust p-values for testing each single subgroup in the multi-cancer dataset.

SigClust-Soft SigClust-MDS

HNSC 2.87e-3 0.419
LUSC 0.351 0.954
LUAD 0.330 0.666

separated in the first MDS direction although there is no significant gap between the two subgroups.

Therefore, our MDS-based SigClust produces a more convincing testing result in this case.

To demonstrate the performance of the generalized MDS-based SigClust, we consider a subset

consisting of four cancer subtypes “Basal”, “Normal”, “LumA”, and “LumB” because of the over-

laps between “Her2” and luminal groups, as shown in Figure 2.4a. When applying the generalized

MDS-based SigClust on the subset, our method estimates the number of clusters as 3, which is

consistent with the pairwise testing result that “LumA” and “LumB” are not statistically different

from each other, as shown in Table 2.3. The SigClust-soft estimates the number of clusters as 5,

which is incorrect. The results for the entire dataset with all five subtypes are included in Section

2.7. We can see from Table 3 of Section 2.7 that the clustering error is large (0.31) on the MDS

space. Therefore, the evaluation result from the generalized MDS-based SigClust on the entire

dataset is not reliable due to the poor clustering performance.

(a) Five types (b) Two types

Figure 2.4: The MDS projection scatterplots of the breast cancer data. Left: entire dataset with 5 cancer
subtypes. Right: subset with 2 cancer types. True labels are used.
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Table 2.5: SigClust p-values for each pair of subtypes for the breast cancer data. Both known class labels
(“True”) and estimated labels (“Est”) are used to calculate the CIs. Clustering errors are provided.

Soft(True) Soft(Est) Error(Soft) MDS(True) MDS(Est) Error(MDS)

Basal & Normal 0.028 0.025 0.08 1.42e-05 2.63e-4 0.08
Basal & Her2 2.82e-3 1.66e-13 0.04 5.07e-12 4.86e-5 0.04
Basal & LumA 1.89e-8 2.70e-7 0.005 1.76e-39 6.83e-20 0.005
Basal & LumB 7.32e-6 1.483-4 0.01 1.68e-25 2.95e-11 0.01
Normal & Her2 0.034 0.018 0.07 9.28e-6 6.47e-5 0.07
Normal & LumA 9.18e-3 0.023 0.03 2.92e-7 4.3e-5 0.03
Normal & LumB 1.86e-3 3.19e-3 0.02 4.68e-14 5.03e-7 0.02
Her2 & LumA 4.0e-3 3.36e-12 0.02 1.49e-2 9.01e-6 0.03
Her2 & LumB 0.220 0.282 0.069 0.084 0.022 0.078
LumA & LumB 0.963 0.57 0.19 1 0.216 0.17

2.5.3 British Author Data

Our MDS-based SigClust is flexible because it can work with various distance functions. Here is

an application where the Canberra distance handles count data. The Canberra distance d between

vectors p and q in an n-dimensional real vector space is given as follows: dpp,qq “
řn
i“1

|pi´qi|
|pi|`|qi|

,

where p “ pp1, p2, . . . , pnq and q “ pq1, q2, . . . , qnq are vectors.

We implement the sample SigClust method, namely using the sample covariance matrix as

an estimator of the population covariance matrix (denoted as SigClust-Sample) for comparison,

because d “ 69 ă n “ 841. This dataset consists of word counts from chapters written by four

British authors: 317 chapters from Jane Austen, 296 from Jack London, 55 from John Milton, and

173 from William Shakespeare. The goal is to establish the statistical significance of clustering the

dataset into subgroups according to the authors.

(a) PCA projection scatterplot
(b) MDS projection with Canberra
distance

Figure 2.5: PCA and MDS projection scatterplot view of the British author data. True labels are used.
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Table 2.6: SigClust p-values for each pair of subtypes for the British author data. Both known class
labels (“True”) and estimated labels (“Est”) are used to calculate the cluster indices. Clustering errors are
provided.

Soft(True) Soft(Est) Error(Soft) MDS(True) MDS(Est) Error(MDS)

Austen & London 5.72e-22 1.62e-5 0.09 3.23e-48 1.01e-6 0.09
Austen & Milton 7.98e-68 2.13e-59 0 4.02e-84 7.52e-26 0

Austen & Shakespeare 8.66e-56 8.95e-60 0.02 9.24e-71 5.59e-20 6e-3
London & Milton 0.645 0.020 0.3 6.9e-37 9.41e-4 3e-3

London & Shakespeare 9.85e-5 4.11e-7 0.06 6.73e-42 1.30e-14 0.06
Milton & Shakespeare 1.87e-35 3.58e-36 0.04 7.22e-34 8.87e-15 0

To demonstrate the usefulness of the Canberra distance, we visualize the data using the first

two coordinates of the MDS matrix with the Euclidean and the Canberra distance. We use dif-

ferent shapes for different authors. As shown in Figure 2.5, the Canberra distance provides better

separation among different authors than the Euclidean distance.

Table 2.6 shows the p-values for all pairs of authors based on MDS representations with the

Canberra distance. Both methods yield significant p-values except the fourth pair, London &

Milton. For this pair, SigClust-MDS gives a significant p-value while SigClust-Sample gives a large

p-value (near 1) using the given labels. Figure 2.5a shows that the subgroups of London and Milton

are mixed in the first two PC directions. Therefore, SigClust-Sample fails to identify subgroups

under true labels. This application demonstrates that the Canberra distance helps to measure the

difference among these subgroups and thus benefit the clustering evaluation task.

2.5.4 Applications in Natural Language Processing

As discussed before, our MDS-based SigClust works even when the original data are unavailable,

as long as the dissimilarity matrix is provided. In this analysis, we apply the MDS-based SigClust on

canonical natural language datasets available from (Nakamura, 2006). For natural language terms,

the data points do not have geometric coordinates. Thus these datasets are in the form of distance

matrices where the Google distance captures the pairwise distance. To test the significance of

clusters, we apply the base version of our MDS-based SigClust with r=2 on each pair of subgroups.

Six datasets people5, alt-ds, math-med-fin, finance-cs-j, phil-avi-d and math-cuisine are

analyzed. Detailed descriptions of datasets are given in Section 2.7.
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Table 2.7 displays the clustering and MDS-based SigClust test results for the dataset people5

and the results for the other datasets are in Table 2.12. The ‘SigClust-MDS True’ and ‘SigClust-

MDS Est’ columns show the testing results where cluster indices are calculated using true and

estimated labels, respectively. The ‘clustering error’ and ‘misclassified nodes’ columns display the

error rates and the numbers of misclassified nodes under the 2-means algorithm.

As shown in Table 2.7 (and Table 2.12), the clustering error is very small in each case. Therefore,

the MDS matrix gives a good 2-dimensional representation of the original distance matrix and

preserves the distance information. The testing results for datasets alt-ds, math-med-fin, phil-

avi and math-cuisine are significant (ă 0.05) using both true labels and estimated labels. The

only two insignificant tests are the ‘author vs pop musicians’ comparison in people5 and the one

in finance-cs-j using true labels. Both cases have p-values slightly larger than 0.05. In summary,

our MDS-based SigClust suggests that those clusters are mostly significantly different from each

other.

Table 2.7: MDS-based SigClust test results for the dataset people5.

SigClust-MDS True SigClust-MDS Est clustering error

classical composers vs artists 3.77e-12 6.43e-13 0
classical composers vs authors 4.54e-10 3.52e-10 0.04
classical composers vs math 8.64e-12 2.91e-11 0
classical composers vs pop music 1.87e-08 5.83e-08 0.02
artists vs authors 2.21e-10 4.62e-09 0
artists vs mathematicians 2.87e-09 2.11e-09 0.02
artists vs pop musicians 1.04e-12 5.84e-14 0
authors vs mathematicians 2.29e-05 7.03e-08 0.06
authors vs pop musicians 0.071 0.02 0.04
mathematicians vs pop musicians 2.37e-06 2.43e-06 0.04

2.6 Discussion

In this chapter, we propose a new MDS-based SigClust method for testing the statistical sig-

nificance of clustering. Our method combines the original SigClust method and multidimensional

scaling. The most challenging part of the original SigClust is the estimation of the high-dimensional

covariance matrix. Furthermore, one may only have the pairwise dissimilarity matrix between sam-

ples available without the original data in various applications. Our new method can tackle these

challenges effectively. We can obtain low-dimensional representations of the original data through
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MDS using only the dissimilarity matrix. Through extensive simulation studies, we show that the

MDS matrix can preserve existing cluster information under null and alternative hypotheses. Our

method can control type I error under the null and is powerful under the alternative hypothesis.

As an extension of the original cluster index, the combined cluster index successfully captures sep-

aration signals from all possible directions. The extension makes our MDS-based SigClust more

broadly applicable. Moreover, we propose a generalized MDS-based SigClust that can identify the

number of clusters when there is more than one.

There are several open directions for future research. One interesting direction is to further

develop theoretical results under more general null distributions in contrast to the usual Gaussian

cluster assumption. Another important area of research is to establish consistency of the estimated

number of clusters using generalized MDS-based SigClust.

2.7 Supplementary Materials

In this section, we provide additional simulations and real data analysis, as well as proof of the

theoretical results in this chapter.

Fix n, d ě 1. Suppose we have n i.i.d random samples txiu
n
i“1 Ď Rd with Epxiq “ 0

and E
`

xix
T
i

˘

“ Σ. Consider the spectral decomposition of Σ as Σ “ VΛVT , where Λ “

diag pλ1, λ2, . . . , λdq with λ1 ě λ2 ě ¨ ¨ ¨ ě λd and V “ pv1, . . . ,vdq P Odˆd. The sample covariance

matrix is defined as pΣ “ 1
n

řn
i“1pxi ´ pµxqpxi ´ pµxqT , where pµx “

řn
i“1 xi{n. Let pΣ “ pVpΛpVT be

the corresponding spectral decomposition, where pΛ “ diagppλ1, . . . , pλdq with pλ1 ě pλ2 ě ¨ ¨ ¨ ě pλd

and pV “ ppv1, . . . , pvdq P Odˆd. Let X “ px1, . . . ,xnqT P Rnˆd be the data matrix. Define

pk “ pX ´ 1pµTx qvk, namely project the centered data onto the population eigenvector correspond-

ing to the kth largest eigenvalue; call pk the kth vector of population principal component (PC)

scores. Similarly, define ppk “ pX ´ 1pµTx qpvk and call ppk the kth vector of sample PC scores.

2.7.1 Methodology

We provide more detailed description of our method in this part.
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2.7.1.1 Multidimensional Scaling

Suppose we have access to the dissimilarity matrix D P Rnˆn which measures the pairwise

distance between samples, regardless of whether the original data X P Rnˆd are available or not.

First we give a brief introduction to the classical MDS and show its relationship with PCA when

D “ pDijq1ďi,jďn is the Euclidean distance matrix, i.e., Dij “ ∥xi ´ xj∥.

Given the dissimilarity matrix D with the Euclidean distance, classical MDS first obtains a

matrix B by applying double centering to D. Specifically, let B “ ´1
2JD

p2qJ, where D
p2q

i,j “

D2
i,j ,J “ In ´ 11T {n is the centering matrix, and 1 P Rn is a column vector of all ones. It can be

shown ((Borg and Groenen, 2005)) that

B “ pX ´ 1pµTx qpX ´ 1pµTx qT “ pJXqpJXqT , (2.3)

where pµx “
řn
i“1 xi{n is the empirical mean. Let B “ rPrΛrPT be the spectral decomposition of B,

where rΛ “ diagprλ1, . . . , rλnq with rλ1 ě ¨ ¨ ¨ ě rλn and rP “ prp1, . . . , rpdq P Onˆn. The coordinates of

an r-dimensional embedding are given by the rows of Y “ rPr
rΛ
1{2
r .

Note that columns of rPr correspond to the normalized vectors of sample PC scores. The sample

covariance matrix can be represented as pΣx “ 1
n

řn
i“1pxi ´ pµxqpxi ´ pµxqT “ 1

npX ´ 1pµTx qT pX ´

1pµTx q “ 1
npJXqT pJXq. Let pΣx “ pVpΛpVT be the spectral decomposition of pΣx. Since B “

pJXqpJXqT “ rPrΛrPT and ppk “ pX ´ 1pµTx qpvk “ pJXqpvk, it can be shown that rΛ “ npΛ, rλk “ npλk,

ppk “

b

rλkrpk “

b

npλkrpk. Therefore, we have

rpk “
1

b

npλk

ppk “
1

b

rλk

ppk. (2.4)

The normalization factor 1?
npλk

depends on the sample size n and the kth sample eigenvalue pλk.

Replace rpk with ppk in the formula of Y,

Y “ rPr
rΛ1{2
r “ pPr “ pJXqpVr, (2.5)

which means that columns of Y are actually top r vectors of sample PC scores.
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2.7.1.2 Holm–Bonferroni method

We provide detailed implementation of Holm–Bonferroni method used in Section 2.2. Given

the set of p-values p2, . . . , pK , we do the followings:

• Sort p-values into order lowest-to-highest as P1, . . . , PK´1, and their corresponding hypotheses

H1, . . . ,HK´1 (null hypotheses).

• Is P1 ă α{pK ´ 1q ? If so, reject H1 and continue to the next step, otherwise EXIT.

• Is P2 ă α{pK ´ 2q ? If so, reject H2 also, and continue to the next step, otherwise EXIT.

• And so on: for each P value, test whether Ps ă α
K´s . If so, reject Hs and continue to examine

the larger P values, otherwise EXIT.

2.7.2 Theoretical Proofs

In this section, we collect the proofs for theorems and lemmas presented in the main chapter.

2.7.2.1 Proof of Theorem 3.1

Proof. Assuming that the conditions on the distribution F hold, the population 2-means centers

are symmetric which we denote as a and ´a with a ą 0. Recall that 2-means centers are defined

as the value that minimizes W paq. We can easily figure out the value of a through calculation.

W paq “ E
`

min
␣

pX ´ aq2, pX ` aq2
(˘

“ E
`

pX ´ aq21Xě0

˘

` E
`

pX ` aq21Xă0

˘

“ 2E
`

pX ´ aq21Xě0

˘

“ EpX2q ` a2 ´ 2aEpX1Xě0q ` 2aEpX1Xď0q

“ EpX2q ` a2 ´ 2aEp|X|q.

Therefore, the minimizer is µ “ Ep|X|q with X „ F . Applying the corollary 6.5 in (Pollard et al.,

1982), we have the convergence result of within-cluster sum of squares as

Wnpbnq
a.s.
Ñ EpX2q ´ pEp|X|qq2.
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By the law of large numbers, we have the denominator of the cluster index converging

1

n

n
ÿ

j“1

pxj ´ xq2
a.s.
Ñ EpX2q.

Combining them together, the 2means cluster index converges

CI2
a.s.
Ñ

EpX2q ´ E|X|2

EpX2q
.

2.7.2.2 Proof of Theorem 3.2

Proof. Let X “ px1, . . . ,xnqT be the data matrix with xi independently generated from Ndp0,Σq.

Consider the singular value decomposition ofX asX “ ΨHΦJ, whereH “ diagpσ1pXq, . . . , σdpXqq

with σ1pXq ě ¨ ¨ ¨ ě σdpXq, Ψ “ pψ1pXq, . . . , ψdpXqq P Onˆd and Φ “ pϕ1pXq, . . . , ϕdpXqq P Odˆd.

Because rp1 is the vector of first PC scores, it can be shown that rp1 “ ψ1pJXq, where J “ In´11T {n

is the centering matrix. Without loss of generality, assume that X has been centered since the

normal distribution has zero mean. Therefore, we have rp1 “ ψ1pXq.

For any orthogonal matrix G P Onˆn, we have GX
d
“ X. The proof is as follows: suppose

that X is represented as X
d
“ YΣ1{2, where Y P Rnˆd is a matrix with elements i.i.d. from

Np0, 1q; since Y
d
“ GY, we have X

d
“ YΣ1{2 d

“ GYΣ1{2 d
“ GX. This indicates that the matrix

X preserves its original distribution after left-side orthogonal rotation. Furthermore, we have

ψ1pUXq “ Uψ1pXq
d
“ ψ1pXq. Because U can be arbitrary, the distribution of ψ1pXq is rotation

invariance. Therefore, we have ψ1pXq „ UniformpSn´1q, where Sn´1 is the n-dimensional sphere

with radius 1.

Choose r “ 1. In the testing procedure, we generate an n ˆ 1 random vector z with entries

drawn independently from Np0, pλ1q. Using the well-known property of Gaussian distributions,

z{ ∥z∥ „ UniformpSn´1q. Combining the above conclusions and the scale-invariance of the CI, we

have ψ1pXq
d
“ z{ ∥z∥, and CIψ1pXq

d
“ CIz

d
“ CI

pp1 . Therefore, the p-value from MDS-based SigClust

follows the uniform distribution on r0, 1s.
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Next we consider the alternative hypothesis H1 where the data come from a mixture of two

Gaussian distributions. Without loss of generality, we assume that ℓ “ p1Tn1
,´1Tn2

qT is the n-

dimensional label vector with 1 representing the first group and ´1 representing the other. We use

ni to denote the number of observations in the ith group for i P r2s. Let λmax “ max1ďjďd λj “ λ1.

Define the signal to noise ratio as SNR “
∥µ∥2
λmax

, where ∥µ∥2 represents the signal and λmax the

noise. Intuitively, when ∥µ∥2 gets larger, centers of these two clusters are further away from each

other and it would be easier to separate two clusters. On the other hand, when λmax gets larger,

points from two clusters tend to mix together and it would be harder to separate them accurately.

The following results show that when SNR is sufficiently large, we can recover the true class labels

with high probability. Proofs of Lemma 3.3 and Corollary 3.4 in the main chapter are modified

from Little et al. (2022).

2.7.2.3 Proof of Lemma 3.3

Proof. Without loss of generality, assume that xi „ Ndpµ,Σq for i P rn{2s and xi „ Ndp´µ,Σq

for i P rnszrn{2s. Denote M “ EpXq as the mean matrix, i.e., M “ ℓµT . Let E “ D ´ MMT “

pJXqpJXqT ´MMT be the error matrix. For shorthand, we write τ “ }E}8, and κ “
?
n}EV}max.

An obvious bound for κ is κ ď τ . By Lemma 5 of Fan et al. (2018), we have

∥∥∥rp1 ´ rℓ
∥∥∥

8
ď pω2 ` 3ω{2q{

?
n,

where ω “ 16κ{pn ∥µ∥2q. Since κ ď τ , we have
∥∥∥rp1 ´ rℓ

∥∥∥
8

ď pω2 ` 3ω{2q{
?
n, where ω “

16τ{pn ∥µ∥2q.

Next we are going to bound τ . Decompose X as X “ M ` H, where HT
i¨ “ ηi has the

distribution Np0,Σq . Using the fact that JM “ M and MTJ “ MT , the matrix E can be

represented as

E “ tJpM ` HqutJpM ` HquT ´ MMT

“ JMHTJ ` JHMTJ ` JHHTJ

“ J
`

MHT ` HMT
˘

J ` J
`

HHT ´ trpΣqIn
˘

J ` trpΣqJ.
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Then we can bound the norm of E as

}E}8 ď
›

›J
`

MHT ` HMT
˘

J
›

›

8
`
›

›J
`

HHT ´ trpΣqIn
˘

J
›

›

8
` } trpΣqJ}8

:“ pIq ` pIIq ` pIIIq.

We proceed to bound each term. For any matrix product AB, }AB}max ď }A}8}B}max and

}AB}max ď }A}max}B}1. Since }J}8 “ }J}1 “ 2pn ´ 1q{n ď 2, we can conclude that for any

matrix A, }JAJ}max ď 4}A}max, a property that will be used later.

Bounding pIq:

›

›J
`

HMT ` MHT
˘

J
›

›

8
ď n

›

›J
`

HMT ` MHT
˘

J
›

›

max

ď 4n
›

›HMT ` MHT
›

›

max
.

Write H “ GΣ1{2, where G has independent Np0, 1q entries. Let GT
i¨ “ νi, and we have

`

HMT ` MHT
˘

i,j
“

´

GΣ1{2MT ` MΣ1{2GT
¯

i,j

“

A

νi,Σ
1{2µℓj

E

`

A

Σ1{2µℓi ,νj

E

,

where µℓj represents the mean vector of the jth sample. Therefore,

›

›HMT ` MHT
›

›

max
ď 2max

i

ˇ

ˇ

ˇ

A

Σ1{2µ,νi

Eˇ

ˇ

ˇ
.

Since
@

Σ1{2µ,νi
D

„ Np0, ∥a∥2q for i P rns independently, where a “ Σ1{2µ, by concentration

inequality for sub-Gaussian variables, we have for t ą 0,

Pp

ˇ

ˇ

ˇ

A

Σ1{2µ,νi

Eˇ

ˇ

ˇ
ě tq ď 2e

´ t2

2∥a∥2 ,

Ppmax
i

ˇ

ˇ

ˇ

A

Σ1{2µ,νi

E
ˇ

ˇ

ˇ
ď tq ě 1 ´ 2ne

´ t2

2∥a∥2 .

Choosing 2ne
´ t2

2∥a∥2 “ 2{n, we have t ď 2 ∥µ∥ pλmax log nq1{2, using the inequality ∥a∥2 “∥∥Σ1{2µ
∥∥2 ď λmax ∥µ∥2. Then we obtain

Ppmax
i

ˇ

ˇ

ˇ

A

Σ1{2µ,νi

E
ˇ

ˇ

ˇ
ď 2 ∥µ∥ pλmax log nq1{2q ě 1 ´ 2{n.

37



We can conclude that with probability at least 1 ´ 2{n,

›

›J
`

HMT ` MHT
˘

J
›

›

8
ď 16n ∥µ∥ pλmax log nq1{2.

Bounding pIIq:

(II) “
›

›J
␣

HHT ´ trpΣqIn
(

J
›

›

8
“
›

›J
␣

HHT ´ E
`

HHT
˘(

J
›

›

8

ď min
!

4n
›

›HHT ´ E
`

HHT
˘›

›

max
, n1{2

›

›HHT ´ E
`

HHT
˘›

›

2

)

.

Let v1, . . . ,vd P Rd denote the eigenvectors of Σ and decompose Σ as Σ “
řd
s“1 λsvsv

T
s . Define

gs “ Gvs, and we have

HHT “ GΣGT “

d
ÿ

s“1

λsGusu
T
sG

T “

d
ÿ

s“1

λsβsβ
T
s .

Since G has iid Np0, 1q entries and tvs, s P rdsu are orthogonal vectors, gs also has iid Np0, 1q

entries. We have the following decomposition

HHT ´ E
`

HHT
˘

“

d
ÿ

s“1

λs
`

gsg
T
s ´ In

˘

.

Each entry of HHT ´ E
`

HHT
˘

can be decomposed as

␣

HHT ´ E
`

HHT
˘(

i,j
“

$

’

&

’

%

řd
s“1 λsgspiqgspjq i ‰ j

řd
s“1 λs

␣

gspiq
2 ´ 1

(

i “ j.

Next we show that each entry is sub-exponential. For i ‰ j

Epetpλsgspiqgspjqqq “ ErEpetλsgspjqgspiq|gspjqqs “ Ere
1
2
t2λ2sgspjq2s “ p1 ´ t2λ2sq

´1{2

ď expt
1

2
t2λ2s `

1

2
t4λ4su for t2λ2s ď 1{2

ď expt
1

2
t2λ2sp1 ` 1{2qu “ expt

1

2
t2p

3

2
λ2squ.

It shows that λsgspiqgspjq is sub-exponential with pν
p1q
s , α

p1q
s q “ p

b

3
2λs,

?
2λsq. The first inequality

uses the fact that p1 ´ 2tq´1{2 ď exptt ` 2t2u for all |t| ď 1{4. Therefore
řd
s“1 λsgspiqgspjqpi ‰ jq
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is sub-exponential with parameters pν
p1q
˚ , α

p1q
˚ q, where

ν
p1q
˚ :“

g

f

f

e

d
ÿ

s“1

pν
p1q
s q2 ď

c

3

2

?
dλmax and α

p1q
˚ :“ max

s
αp1q
s “

?
2λmax.

Apply the concentration inequality for sub-exponential variables, for t ą 0,

P

˜

|
d
ÿ

s“1

λsgspiqgspjq| ě dt

¸

ď 2 exp

#

´minp
dt2

2ppν
p1q
˚ q2{dq

,
dt

2α
p1q
˚

q

+

.

Suppose t ď
pν

p1q
˚ q2

dα
p1q
˚

, i.e., t ď 3
?
2λmax
4 , then we obtain

P

˜

|
d
ÿ

s“1

λsgspiqgspjq| ě dt

¸

ď 2 exp

#

´
dt2

2ppν
p1q
˚ q2{dq

+

“ 2 exp

"

´
dt2

3λ2max

*

.

For i “ j,

E
´

etpλspgspiq2´1qq
¯

ď exp
␣

2t2λ2s
(

“ expt
1

2
t2p4λ2squ for t ă

1

4λs
.

It shows that λspgspiq
2´1q is sub-exponential with pν

p2q
s , α

p2q
s q “ p2λs, 4λsq. Hence

řd
s“1 λspgspiq

2´

1q is sub-exponential with parameters pν
p2q
˚ , α

p2q
˚ q, where

ν
p2q
˚ :“

g

f

f

e

d
ÿ

s“1

pν
p2q
s q2 ď 2

?
dλmax and α

p2q
˚ :“ max

s
αp2q
s “ 4λmax.

Apply concentration inequality for sub-exponential variables, for t ą 0

P

˜

|
d
ÿ

s“1

λspgspiq
2 ´ 1q| ě dt

¸

ď 2 exp

#

´minp
dt2

2ppν
p2q
˚ q2{dq

,
dt

2α
p2q
˚

q

+

.

Assuming t ď
pν

p2q
˚ q2

dα
p2q
˚

, i.e., t ď λmax, we have

P

˜

|
d
ÿ

s“1

λsgspiqgspjq| ě dt

¸

ď 2 exp

#

´
dt2

2ppν
p2q
˚ q2{dq

+

“ 2 exp

"

´
dt2

8λ2max

*

.
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Then

Ppmax
i,j

|pHHT ´ EpHHT qqij | ă dtq

“1 ´ Ppmax
i,j

|pHHT ´ EpHHT qqij | ě dtq

ě1 ´
ÿ

i,j

Pp|pHHT ´ EpHHT qqij | ě dtq

“1 ´
ÿ

i

Pp|pHHT ´ EpHHT qqii| ě dtq ´
ÿ

i‰j

Pp|pHHT ´ EpHHT qqij | ě dtq

ě1 ´ 2pn2 ´ nq exp

"

´
dt2

3λ2max

*

´ 2n exp

"

´
dt2

8λ2max

*

ě1 ´ 2n2 exp

"

´
dt2

8λ2max

*

.

Choosing 2n2exp
!

´ dt2

8λ2max

)

“ 2{n, i.e., t “ 2p6 log n{dq1{2λmax, we obtain

P
´

›

›HHT ´ E
`

HHT
˘
›

›

max
ă 2p6 log n{dq1{2λmax

¯

ě 1 ´ 2{n,

which requires log n{d ď 1{24. This condition is always satisfied in the general high-dimensional

setting where d “ Ωpnq.

On the other hand,

HHT ´ EpHHT q “

d
ÿ

s“1

λspgsg
T
s ´ Inq.

Using Corollary 5.35 from (Vershynin, 2010), we have for t ą 0, with probability at least 1 ´

2 expp´t2{2q,
?
n´ 1 ´ t ď sminpgsq ď smaxpgsq ď 1 `

?
n` t.

Apply Lemma 5.36 from (Vershynin, 2010) with δ “
?
n` t,

∥∥gsgTs ´ I
∥∥ ď 3maxp

?
n` t, p

?
n` tq2q “ 3p

?
n` tq2,∥∥λspgsgTs ´ Iq

∥∥ ď 3λsp
?
n` tq2,

max
s

∥∥λspgsgTs ´ Iq
∥∥ ď 3λmaxp

?
n` tq2.

The last inequality holds with probability 1 ´ 2d expp´t2{2q. Choose 2d expp´t2{2q “ 2{n, we

obtain t “
a

2 logpndq and maxs
∥∥λspgsgTs ´ Iq

∥∥ ď 3λmaxp
?
n`

a

2 logpndqq2 holds with probability
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1 ´ 2{n. We denote K “ 3λmaxp
?
n`

?
2 log ndq2 which will be used later. Decompose

`

gsg
T
s ´ In

˘2
“ }gs}

2
2 gsg

T
s ´ 2gsg

T
s ` In,

and we have

for i ‰ j,
´

}gs}
2
2 gsg

T
s

¯

ij
“ gspiqgspjq

n
ÿ

k“1

gspkq2 “ gspjq
3gspiq ` gspiq

3gspjq ` gspiqgspjq
ÿ

k‰i,j

gspkq2,

E
´

}gs}
2
2 gsg

T
s

¯

ij
“ 0,

´

}gs}
2
2 gsg

T
s

¯

jj
“ gspjq

2
n
ÿ

i“1

gspiq
2 “ gspjq

4 `
ÿ

i‰j

gspiq
2gspjq

2,

E
´

}gs}
2
2 gsg

T
s

¯

jj
“ 3 ` pn´ 1q “ n` 2,

E
!

λ2s
`

gsg
T
s ´ In

˘2
)

“ λ2s tpn` 2qIn ´ 2In ` Inu “ λ2spn` 1qIn.

Therefore

›

›

›

›

›

d
ÿ

s“1

Epλspgsg
T
s ´ Inqq

›

›

›

›

›

2

“

›

›

›

›

›

d
ÿ

s“1

λ2spn` 1qIn

›

›

›

›

›

2

“ pn` 1q

d
ÿ

s“1

λ2s ď pn` 1qdλ2max.

Denote σ2 “ pn` 1qdλ2max and apply Theorem 5.29 from (Vershynin, 2010), for t ą 0,

P

˜›

›

›

›

›

d
ÿ

s“1

λs
`

gsg
T
s ´ In

˘

›

›

›

›

›

2

ą t

¸

ď 2n expp´
t2{2

σ2 `Kt{3
q ď 2n expp´minp

t2

4σ2
,
3t

4K
qq.

Assuming t2

4σ2 ě 3t
4K , i.e., t ě 3σ2

K “
pn`1qdλmax

p
?
n`

?
2 logndq2

, we have

P

˜›

›

›

›

›

d
ÿ

s“1

λs
`

gsg
T
s ´ In

˘

›

›

›

›

›

2

ą t

¸

ď 2n expp´
3t

4K
q.

Let 2n expp´ 3t
4K q “ 2{n, then with probability 1 ´ 2{n,

›

›HHT ´ E
`

HHT
˘›

›

2
ď 8K log n{3 “ 8λmaxp

?
n`

a

2 log ndq2plog nq.
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Therefore, suppose d “ Ωpnq, with probability at least 1 ´ 2{n, when n is sufficiently large

(II) ď min
!

4n
›

›HHT ´ E
`

HHT
˘
›

›

max
, n1{2

›

›HHT ´ E
`

HHT
˘
›

›

2

)

ď mint8np6 log n{dq1{2λmax, 8n
1{2p

?
n`

a

2 log ndq2plog nqλmaxu

“ 8np6 log n{dq1{2λmax.

Bounding pIIIq:

pIIIq “ } trpΣqJ}8 “ trpΣq}J}8 ď 2 trpΣq “ 2
d
ÿ

s“1

λs ď 2dλmax.

To summarize, suppose d “ Ωpnq, when n is sufficiently large, we have with probability at least

1 ´ 4{n,

}E }8 ď 16n}µ}pλmax log nq1{2 ` 8np6 log n{dq1{2λmax ` 2dλmax.

This finishes the proof of this lemma.

Before the proof of the next theorem, we first introduce a lemma which is useful in that proof.

Consider the setting only in this part of the whole chapter: the dimension d is fixed, the sample size

n Ñ 8, txiu
n
i“1

i.i.d.
„ Np0,Σq where Σ “ diagpλ1, . . . , λdq is a fixed diagonal matrix. For notational

convenience, assume that λ1 ą λ2 ě λ3 ¨ ¨ ¨ ě λd ą 0. Recall that the k-means clustering algorithm

chooses cluster centers bn “ pbn1, . . . ,bnkq P Rdˆk to minimize the within-cluster sum of squares,

Wnpaq “
1

n

n
ÿ

i“1

min
1ďjďk

}xi ´ aj}
2 ,

which is a function of a “ pa1, . . . ,anq. For each center aj , let Aj denote a convex polyhedron

which contains all points in Rd closer to aj than to any other centers. In addition, we define

W paq “ E rWnpaqs . Let bn be the minimizer of Wnpaq, i.e., bn are cluster centers. Let µ “

pµ1, . . . ,µkq P Rdˆk be the minimizer of W paq. Then the cluster index can be represented as

CIpbnq “
Wn pbnq

S2
“

řn
i“1min1ďjď2 }xi ´ bnj}

2

řn
i“1 }xi ´ x̄}

2 ,
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where bn “ pbn1 ,bn2q is the vector of optimal centers chosen by the 2-means clustering algorithm.

Based on the theoretical results in Pollard et al. (1982) and Bock (1985) (Chakravarti et al., 2019,

Appendix B), we have the following conclusion.

Lemma 2.7.1. The minimum within-cluster sum of squaresWn pbnq has an asymptotically normal

distribution given by,

?
n pWn pbnq ´W pµqq⇝ N

`

0, τ2
˘

, as n Ñ 8,

where

W pµq “

d
ÿ

i“1

λi ´
2λ1
π
,

τ2 “ 2
d
ÿ

i“1

λ2i ´
16λ21
π2

.

Proof. The vector µ that minimizes the population within-cluster sum of squares for the 2-means

clustering has components given by

µ1 “

˜

´

c

2λ1
π
, 0, . . . , 0

¸T

, and

µ2 “

˜

c

2λ1
π
, 0, . . . , 0

¸T

.

The corresponding optimal population clusters are

A1 “
␣

x “ px1, . . . , xdq P Rd : x1 ď 0
(

, and

A2 “
␣

x “ px1, . . . , xdq P Rd : x1 ą 0
(

.
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Through calculation, we have

W pµq “ E
”

}x ´ µ1}
2 Itx1ă0u

ı

` E
”

}x ´ µ2}
2 Itx1ą0u

ı

“ 2E
”

}x ´ µ1}
2 Itx1ă0u

ı

“ 2

˜

E
”

px1 ´ µ11q
2 Itx1ă0u

ı

`

d
ÿ

i“2

E
“

x2i Itx1ă0u

‰

¸

“ 2

˜

λ1
2

ˆ

1 ´
2

π

˙

`

d
ÿ

i“2

λi
2

¸

“

d
ÿ

i“1

λi ´
2λ1
π
,

which finishes our first claim of the mean term.

Similarly,

τ2 ` rW pµqs2 “
1

2

!

E
”

}x ´ µ1}
4

| x1 ă 0
ı

` E
”

}x ´ µ2}
4

| x1 ą 0
ı)

“ E
”

}x ´ µ1}
4

| x1 ă 0
ı

“ E

»

–

˜

px1 ´ µ11q
2

`

d
ÿ

i“2

x2i

¸2

| x1 ă 0

fi

fl

“ E
”

px1 ´ µ11q
4

| X1 ă 0
ı

` 2
d
ÿ

i“2

E
”

px1 ´ µ11q
2

| x1 ă 0
ı

E
“

x2i
‰

` 2
d
ÿ

i“2

d
ÿ

j“2,j‰i

E
“

x2i
‰

E
“

x2j
‰

`

d
ÿ

i“2

E
“

x4i
‰

“λ21

ˆ

3 ´
4

π
´

12

π2

˙

` 2
d
ÿ

i“2

λ1λi

ˆ

1 ´
2

π

˙

` 2
d
ÿ

i“2

d
ÿ

j“2,j‰i

λiλj ` 3
d
ÿ

i“2

λ2i .

Plugging in the value of W pµq, we have

τ2 “ λ21

ˆ

2 ´
16

π2

˙

` 2
d
ÿ

i“2

λ2i

“ 2
d
ÿ

i“1

λ2i ´
16λ21
π2

,

which finishes the second claim of the variance term.
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Corollary 2.7.2. The CI has the following convergence result:

CIpbnq “
Wn pbnq

S2
“

řn
i“1min1ďjď2 }xi ´ bnj}

2

řn
i“1 }xi ´ x̄}

2
a.s.
Ñ 1 ´

2λ1

π
řd
i“1 λi

.

Proof. By the strong law of large number, we have

S2 “
1

n

n
ÿ

i“1

}xi ´ x̄}
2 a.s.

ÝÑ

d
ÿ

i“1

λi.

Using Lemma 2.7.1,

Wn pbnq
a.s.
ÝÑ W pµq “

d
ÿ

i“1

λi ´
2λ1
π
.

Combining the above two results together,

CIpbnq
a.s.
ÝÑ

W pµq
řd
i“1 λi

“ 1 ´
2λ1

π
řd
i“1 λi

,

which finishes the proof.

2.7.2.4 Proof of Corollary 2.3.4

Proof. From Lemma 3.3, with probability at least 1 ´ 4{n, we have

∥∥∥rp1 ´ rℓ
∥∥∥

8
ď pω2 ` 3ω{2q{

?
n,

with ω “ 32
}µ}

t8pλmax log nq1{2 ` 4p6 log n{dq1{2λmax{}µ} ` dλmax{pn}µ}qu.

Suppose d “ Opn log nq and λmax

∥µ∥2 “ op 1
lognq. We obtain pλmax lognq1{2

∥µ∥ “ op1q, λmaxplogn{dq1{2

∥µ∥2 “

op1q, and dλmax

n∥µ∥2 “ op1q. Therefore, we have w “ op1q and
∥∥∥rp1 ´ rℓ

∥∥∥
8

“ op 1?
n

q.

2.7.2.5 Proof of Theorem 2.3.5

Proof. Recall the definition of the CI for data X: CIx “

ř2
k“1

ř

jPCk
}xj´xpkq}

2

řn
j“1}xj´x}

2 . We will prove this

theorem by showing that under the alternative hypothesis,

1) The CI of the simulated data Z in Steps 5 and 6, CIZ, is bounded away from 0 as n Ñ 8;
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2) The CI of the MDS matrix Y, CIY, converges to 0 as n Ñ 8.

Take r “ 1. According to the procedure of our MDS-based SigClust and using the scaling-

invariance property of the CI, we generate n independent samples z “ pz1, . . . , znq with zj inde-

pendently from Np0, 1q in Step 5. Denote the cluster index of Z as CIz. Applying Corollary 2.7.2

with d “ 1, we have CIz
a.s.
ÝÑ 1 ´ 2

π . Therefore, CIZ is bounded away from 0 when n is sufficiently

large which finishes our first claim.

For the second claim, choosing r “ 1, the MDS matrix can be represented as Y “ pp1. In the

main chapter, we have shown that pp1 “

b

npλ1rp1. Because of the scale-invariance of the CI, it is

equivalent to calculate CI using
?
nrp1. From Corollary 3.3, with probability at least 1 ´ 4{n, we

have
∥∥∥rp1 ´ rℓ

∥∥∥
8

“ op 1?
n

q and ∥
?
nrp1 ´ ℓ∥8 “ op1q, where ℓ is the vector of the true labels.

Denote
?
nrp1 “ pp̃1, ¨ ¨ ¨ , p̃nq. Let rCk be the true sample index set and Ck be the sample index

set clustered by the 2-means clustering algorithm of the kth cluster, for k P r2s. For arbitrary ϵ ą 0,

there exists d0 such that @d ě d0, ∥
?
nrp1 ´ ℓ∥8 ď ϵ. Then we have

p̃i P r1 ´ ϵ, 1 ` ϵs, for i P rC1, p
p1q P r1 ´ ϵ, 1 ` ϵs;

p̃i P r´1 ´ ϵ,´1 ` ϵs, for i P rC2, p
p2q P r´1 ´ ϵ,´1 ` ϵs;

∥pj∥ ě p1 ´ ϵq.

Here, pp1q and pp2q represent the within-cluster means. Finally,

CIY “

ř2
k“1

ř

jPCk

›

›pj ´ ppkq
›

›

2

řn
j“1 }pj ´ p}

2

ď

ř2
k“1

ř

jP rCk

›

›pj ´ ppkq
›

›

2

řn
j“1 }pj}

2

ď
4nϵ2

np1 ´ ϵq2

“
4ϵ2

p1 ´ ϵq2
Ñ 0 as ϵ Ñ 0,

which finishes our second claim and the whole proof.
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The proof of Theorem 3.6 is similar to that of Theorem 3.5, therefore it is omitted.

2.7.3 Simulations

In this section, we provide extended simulation results. Methods include SigClust using soft

thresholding (SigClust-Soft, Huang et al. (2015)), our proposed MDS-based SigClust (SigClust-

MDS) and SigClust with the true covariance matrix (SigClust-True), and SigClust-MDS with the

true covariance matrix (SigClust-True-MDS). The SigClust-Soft, SigClust-True and SigClust-True-

MDS generate Gaussian data under the null in the original space. Our MDS-based SigClust involves

the estimation of the sample covariance matrix in a low-dimensional MDS space.

To account for the rotation invariance of the test statistic CIk under a single Gaussian and

a mixture of Gaussians with identical covariance matrices, we restrict our attention to the case

where the covariance matrix Σ for each Gaussian component is diagonal, with entries λ1, . . . , λd.

We let n “ 100, d “ 1000, and Nsim “ 1000 in all cases unless specified otherwise. The cluster

assignments of the CIk are obtained from the k-means clustering with the value of k specified in

each section. The percentile p-values are used throughout. We evaluate different methods on their

ability to maximize the power while controlling the type I error.

In Section 2.7.3.1, we generate data from the null hypothesis, i.e., data from a single Gaussian

distribution. In each case, we compare the type I error (defined as the wrong rejection rate)

of different methods.. In Sections 2.7.3.2 and 2.7.3.3, we consider data from a mixture of two

Gaussian distributions with varying mean difference and explore the power (namely how often they

correctly reject the null hypothesis) of different methods. To demonstrate the performance of our

method under distributions other than Gaussians, we generate data from χ2 and double exponential

distributions and visualize the results in Section 2.7.3.4.

2.7.3.1 One Cluster

We compare the type I error of three SigClust-based methods. Suppose data are generated

from a single Gaussian distribution with the covariance matrix Σ “ diagpv, . . . , v
l jh n

w

, 1, . . . , 1q. We

consider 31 different combinations of v and w, as shown in Table 2.8. SigClust-True uses Σ to
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Table 2.8: Summary table of the mean, N5 and N10 of p-values based on different methods under various
settings.

SigClust-True SigClust-Soft SigClust-MDS

v w Mean N5 N10 Mean N5 N10 Mean N5 N10

1000 1 0.53 6 8 0.47 0 2 0.51 8 9
200 5 0.49 4 11 0.76 0 0 0.51 4 8
100 10 0.49 6 12 0.88 0 0 0.54 2 9
40 25 0.45 10 12 0.97 0 0 0.51 3 7
20 50 0.5 8 13 1 0 0 0.44 12 14
10 100 0.49 7 13 1 0 0 0.47 9 14
200 1 0.51 6 10 0.4 0 0 0.49 6 12
100 1 0.55 4 6 0.36 0 1 0.50 10 11
50 1 0.53 1 7 0.32 0 0 0.53 0 9
40 1 0.47 9 17 0.3 0 1 0.53 5 11
30 1 0.47 6 14 0.3 1 5 0.50 5 11
20 1 0.5 5 12 0.46 0 0 0.49 6 14
10 1 0.54 3 9 0.98 0 0 0.50 10 14
50 10 0.5 3 6 0.86 0 0 0.50 3 10
40 10 0.48 5 11 0.82 0 0 0.46 5 10
30 10 0.52 4 9 0.79 0 0 0.49 8 14
20 10 0.51 5 9 0.78 0 0 0.48 7 10
10 10 0.48 10 14 0.94 0 0 0.50 6 7
50 5 0.51 3 12 0.65 0 0 0.44 11 16
40 5 0.53 9 10 0.66 0 0 0.49 6 9
30 5 0.5 9 10 0.61 0 0 0.46 9 15
20 5 0.52 6 8 0.68 0 0 0.54 5 8
10 5 0.47 9 12 0.94 0 0 0.48 7 13
50 2 0.49 5 13 0.42 0 1 0.48 8 15
40 2 0.47 3 9 0.43 0 0 0.50 9 15
30 2 0.49 8 14 0.43 0 1 0.55 6 11
20 2 0.56 6 7 0.55 0 0 0.46 5 12
10 2 0.49 3 6 0.97 0 0 0.51 7 8
5 1 0.45 7 16 1 0 0 0.48 7 14
3 1 0.5 4 8 1 0 0 0.44 7 12
1 1 0.45 4 12 1 0 0 0.47 5 13
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generate new data Z. We repeat the simulation 100 times in each setting. We use modified version

of MDS-based SigClust with CI2 and r “ 2.

Because the data come from a single Gaussian distribution, we expect p-values to be uniformly

distributed on [0,1] and the mean of p-values close to 0.5 if the covariance matrix estimation is

accurate. Table 2.8 shows the means of p-values and the numbers of p-values that are less than

0.05 (N5) and 0.1 (N10) in 100 repetitions. For SigClust-True, first column of Table 2.8 shows

that the mean of p-values is close to 0.5 and the type I error is smaller than 0.1 under the level

of significance α “ 0.05 in each case. For SigClust-Soft, the mean of p-values is close to 1 when

v is small; N5 and N10 are 0 in most cases. SigClust-Soft is too conservative because it does not

reject the null hypotheses in almost all settings. The performance of SigClust-MDS is close to that

of SigClust-True, which confirms the property of uniformly distributed p-value on r0, 1s proved in

Theorem 3.2 of our main chapter. Overall the results demonstrate the effectiveness of our proposed

method under the null hypothesis.

Note that in some cases, the values of N5 and N10 for SigClust-True are larger than the

significance levels α of 0.05 and 0.1. The reason is that we are generating data from the high-

dimensional, low-size setting (n “ 100, d “ 1000). Although we know the true covariance matrix,

considering the noise accumulated from high-dimensionality, the randomness brought by the 2-

means clustering algorithm, and the number of replications being only Nrep “ 100, it can be

challenging to get precisely uniformly distributed p-values. The phenomenon gets more apparent

when there is a weaker signal in the first few coordinates, for example, Σ “ Id. In those cases, it

is more difficult for the k-means clustering algorithm to divide the data into two clusters perfectly

under high-dimensionality. To further explore this, we increase the number of replications from

Nrep “ 100 to 1000 for the setting with v “ 10, w “ 10 (see row 18 in Table 2.8), and the type I

error becomes 0.06 and gets closer to the significance level 0.05.

2.7.3.2 Mixture of Two Gaussian Distributions With Signal in One Coordinate Di-

rections

Additional figures of Section 4.1 of the main chapter are presented here. Consider three settings

for Σ the same as Section 4.1 of the manuscript:

1) Σ “ diagp100, 100, ¨ ¨ ¨ , 100, 1, ¨ ¨ ¨ , 1q, where the first 10 coordinates have entry 100;
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2) Σ “ diagp10, 10, ¨ ¨ ¨ , 10, 1, ¨ ¨ ¨ , 1q, where the first 100 coordinates are set to 10;

3) Σ “ diagp100, 95, ¨ ¨ ¨ , 10, 5, 1, ¨ ¨ ¨ , 1q. The first setting corresponds to the spiked covariance

model, with a few large eigenvalues and others small.

In the second setting, we assume a group of medium-large eigenvalues and the other small ones.

The third setting interpolates between the first two, where the eigenvalues decrease gradually.

Figures 2.6 - 2.7 show the empirical distributions of p-values with varying a for settings 1 and

3.

(a) a=0 (b) a=12 (c) a=18

Figure 2.6: Empirical distributions of SigClust p-values using true, soft and MDS methods for Setting 1.
The mean difference comes from one direction with a “ 0, 12, 18, respectively.

(a) a=0 (b) a=12 (c) a=16

Figure 2.7: Empirical distributions of SigClust p-values based on true, soft and MDS methods for Setting
3. The mean difference comes from one direction with a “ 0, 12, 16, respectively.

2.7.3.3 Mixture of Two Gaussian Distributions With Signal in All Coordinate Direc-

tions

In the above section, we considered the mean vector in the form of pa, 0, . . . , 0q, where the

signal comes from one coordinate direction. Next we consider the scenario where the signal comes

from all coordinate directions. Data are generated from a mixture of two Gaussian distributions,

1
2Ndpµ,Σq ` 1

2Ndp´µ,Σq, where µ “ pa, a, . . . , aq. The underlying covariance matrix is Σ˚ “
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Σ`µµT , which is used by SigClust-True to generate the simulated data Z in the testing procedure.

We use modified version of MDS-based SigClust with CI2 and r “ 2.

Consider three settings for Σ the same as Section 4.1 of the manuscript:

1) Σ “ diagp100, 100, ¨ ¨ ¨ , 100, 1, ¨ ¨ ¨ , 1q, where the first 10 coordinates have entry 100;

2) Σ “ diagp10, 10, ¨ ¨ ¨ , 10, 1, ¨ ¨ ¨ , 1q, where the first 100 coordinates are set to 10;

3) Σ “ diagp100, 95, ¨ ¨ ¨ , 10, 5, 1, ¨ ¨ ¨ , 1q.

Figures 2.8 - 2.10 show the empirical distributions of p-values with varying a. Compared with

Section 3.2, since signals exist in all directions, a much smaller a is enough for all methods to

detect significance of clusters. Furthermore, the difference among three methods is smaller than

the settings in Section 3.2. The main reason is that when signals come from all directions, there

is less contrast between the first few sample eigenvalues. The ratio between the first and second

largest sample eigenvalues is much smaller than that of Section 3.2.

Among three settings, the second one is slightly different from the other two and the covariance

matrix of Gaussian mixtures is far from a spiked one. As shown in Figures 2.8 - 2.10, SigClust-Soft

has little power. This is because SigClust-Soft uses the spiked covariance assumption which is not

satisfied here. In addition, SigClust-MDS can work well even with a relatively small a. Through

calculation of the eigenvalues of the sample covariance matrix, we find that under the same a,

the ratio between the first and second largest sample eigenvalues is much larger in this setting.

Therefore, SigClust-MDS can detect the separation signal on the first coordinate and produce an

significant p-value using a smaller a. Overall SigClust-MDS is better than SigClust-Soft in all three

settings, especially when the spiked covariance assumption fails.

(a) a=0 (b) a=0.37 (c) a=0.4

Figure 2.8: Empirical distributions of SigClust p-values based on true, soft and MDS methods for Setting
1. The mean difference comes from all directions with a “ 0, 0.37, 0.4, respectively.
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(a) a=0 (b) a=0.16 (c) a=0.17

Figure 2.9: Empirical distributions of SigClust p-values based on true, soft and MDS methods for Setting
2. The mean difference comes from all directions with a “ 0, 0.16, 0.17, respectively.

(a) a=0 (b) a=0.35 (c) a=0.37

Figure 2.10: Empirical distributions of SigClust p-values based on true, soft and MDS methods for Setting
3. The mean difference comes from all directions with a “ 0, 0.35, 0.37, respectively.

2.7.3.4 General Alternative Distributions

In our main chapter, the simulations focus on some specific alternative assumptions 1
2Ndpµ,Σq`

1
2Ndpµ,Σq where there are two mixture components with equal cluster size and same covariance

matrix. In this section, we provide extended simulations under different alternative structures

including unequal cluster sizes, unequal covariance matrices, and a mixture of three Gaussian

distributions.

For all settings, we set n “ 100 and d “ 1000. For unequal sizes, data are generated from

1
3Ndpµ,Σq ` 2

3Ndp´µ,Σq with µ “ pa, . . . , aq and Σ “ Id. For unequal covariance scenario, we

consider the alternative hypothesis in the form of 1
2Ndpµ,Σ1q ` 1

2Ndp´µ,Σ2q with µ “ pa, . . . , aq

and two different settings of covariance matrices:

• Case 1: Σ1 “ Id, Σ2 “ 1.5Id.

• Case 2: Σ1 “ Id, Σ2 “ diagp10, . . . , 10, 1, . . . , 1q where length of 10 “ 10.
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Additionally, we generate alternative data from a mixture of three Gaussian distributions

1
3Ndp0, Idq ` 1

3Ndpµ1, Idq ` 1
3Ndpµ2, Idq where µ1 “ pa, . . . , aq and µ2 “ pa, . . . , a,´a, . . . ,´aq

with length of a “ d{2.

Figures 2.11 show the four alternative settings we mentioned above. The number of a below

each figure is the value we used to draw the figures. Our MDS-based SigClust performs good under

different alternative scenarios with reasonably large separation signal.

(a) a=0.11 (b) a=0.22

(c) a=0.12 (d) a=0.11

Figure 2.11: Empirical distributions of p-values based on SigClust-Soft and SigClust-MDS in the high-
dimensional setting under different alternative settings.

2.7.3.5 Sensitivity Analysis

Although our theoretical analyses focus on Gaussian clusters, our method applies to distribu-

tions other than Gaussians and is conservative in a number of settings in the sense that if the test is

significant, this might indicate strong evidence of underlying clusters. Besides the t and poisson dis-

tributions provided in the main chapter, we generate data from chi-square and double-exponential

distributions. Figures 2.12 show that our proposed method is robust under the null and remains

good power under the alternatives.

53



(a) a=0 (b) a=0.15

(c) a=0 (d) a=0.43

Figure 2.12: Empirical distributions of p-values based on SigClust-Soft and SigClust-MDS in the high
dimensional setting under double exponential and chi-square distributions.

2.7.4 Real Data Analysis

In this section, we provide additional real data analysis and figures in Section 5 of our main

chapter.

2.7.4.1 Breast Cancer Gene Expression Dataset

Table 2.9 presents the testing result when we try to divide a single cluster into two. The p-

values are all insignificant by SigClust-MDS, which prevent splittling further for each single breast

cancer type data.

Table 2.10 shows the generalized MDS-based SigClust on the entire breast cancer dataset with

five subtypes. Although our proposed method estimate the number of clusters as 5, the clustering

error (0.31) is large indicting that the estimated labels do not correspond to the true biological

subgroups. Therefore, the evaluation result from the generalized MDS-based SigClust on the entire

dataset is not reliable due to the poor clustering performance.
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Table 2.9: SigClust p-values for testing each single subgroup in the breast cancer dataset.

SigClust-Soft SigClust-MDS

Basal 0.018 0.967
Normal 0.039 0.13
Her2 0.991 0.893
LumB 0.901 0.787
LumA 0.733 0.811

Table 2.10: Application of the generalized SigClust-Soft and generalized MDS-based SigClust on the entire
breast cancer dataset.

SigClust-Soft SigClust-MDS

Decision Reject H0 Reject H0

True K = 5 Choice of K 5 5
Clustering error 0.18 0.31

2.7.4.2 Lung Cancer Gene Expression Dataset

We implement our method on a lung cancer gene expression dataset consisting of 254 samples

and 12625 genes. A detailed description of this dataset can be found in (Bhattacharjee et al.,

2001). The original dataset consists of samples from 6 different lung cancer types. We focus

on 4 unambiguous histological types for which there is little diagnostic confusion: 17 normal lung

(normal), 20 pulmonary carcinoid tumors (Carcinoid), 13 colon metastases (Colon), and 6 small cell

carcinoma (SmallCell). We aim to test whether clustering the dataset into subgroups is statistically

significant. We filter the genes using the ratio of the sample standard deviation and sample mean of

each gene and keep 2530 of them with large ratios. Then we apply standardization to the remaining

genes. After filtering, the dataset consists of 56 samples and 2530 genes.

Table 2.11 shows p-values for 6 pairs of lung cancer subtypes. All these p-values are small,

indicating that these subgroups are significant. This confirms that these lung cancer types are

significantly different from each other.

2.7.4.3 Applications in Natural Language Processing

The dataset people5 consists of data points from five different categories of famous individuals:

classical composers, artists, authors, mathematicians, and pop musicians. Each subgroup has a
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Table 2.11: SigClust p-values for each pair of subtypes for the lung cancer data. The known class labels
are used to calculate the CI.

Soft(True) Soft(Est) Error(Soft) MDS(True) MDS(Est) Error(MDS)

Carcinoid & Colon 2.60e-06 1.69e-2 0 1.33e-08 5.87e-5 0
Carcinoid & Normal 3.73e-11 9.71e-11 0 1.17e-3 2.08e-7 0
Carcinoid & SmallCell 3.73e-5 1.75e-05 0 6.93e-05 3.35e-2 0

Colon & Normal 3.50e-6 3.41e-6 0 5.41e-7 2.93e-4 0
Colon & SmallCell 0.018 0.02 0 8.84e-5 0.035 0
Normal & SmallCell 2.19e-06 2.31e-6 0 5.67e-5 1.27e-3 0

sample size of 25. The dataset alt-ds contains titles and authors’ last names of the papers from

two conferences – Algorithmic Learning Theory (ALT) 2004 and Discovery Science (DS) 2004, with

34 papers from ALT and 30 from DS. Moreover, we use datasets math-med-fin containing 20

terms each from the mathematical, medical, and financial terminology, as well as finance-cs-j

containing 20 financial terms and 10 cs terms in Japanese. The dataset phil-avi-d has 98 terms

from philately and 100 terms from aviation in German and math-cuisine has 254 mathematical

and 346 cuisine-related terms (in English). The distance matrices of the last two datasets are not

fully given: in phil-avi-d 50% of the entries are given and in math-cuisine only 30% entries are

known (Poland and Zeugmann, 2006b).

Figures 2.13 - 2.14 visualize six datasets (used in Section 5.4) using the two-dimensional MDS

embeddings with different colors representing different subgroups. In Figure S6, the two plots

represent datasets after imputation with average of non-zero entries. Note that in Figures S5 (b)–

(d) of datasets alt-ds, math-med-fin and finance-cs-j, there are outliers that lie far away from

most of the points. By checking the original datasets, we figure out that these outliers are further

away from the cluster centers compared with the other points in the same group. Outliers may

create challenges to the testing because one outlier itself may form a cluster when we apply k-means

algorithm.
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(a) people5 (b) alt-ds

(c) math-med-fin (d) finance-cs-j

Figure 2.13: MDS representations of four datasets people5, alt-ds, math-med-fin and finance-cs-j.

(a) phil-avi-imputation (b) math-cuisine-imputation

Figure 2.14: MDS representations of two datasets phil-avi and math-cuisine after imputation.
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Table 2.12: MDS-based SigClust test results for all five datasets alt-ds, math-med-fin, finance-cs-j, Phil-
avi-d and math-cuisine.

SigClust-MDS True SigClust-MDS Est clustering error

alt-ds
ALT vs DS 1.36e-07 4.47e-08 0.016

math-med-fin
math vs med 1.08e-08 1.15e-09 0
math vs fin 4.96e-03 2.98e-04 0.025
med vs fin 2.31e-08 1.86e-08 0

finance-cs-j
finance vs cs 0.075 9.79e-04 0.067

phil-avi-d
Phil vs avi (impute) 6.58e-05 9.88e-11 0.04

math-cuisine
math vs cuisine (impute) 6.90e-33 1.43e-46 0.032
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CHAPTER 3

Consistency of Iterative Algorithms for Clustering Under Perturbed Models

3.1 Introduction

The second project is on the topic of consistency analysis of iterative algorithms. Examples of

iterative algorithms include Lloyd’s algorithm for clustering, EM algorithm, Variational inference,

and Gibbs sampler. The analysis of iterative algorithms is important because they are widely used

in practice. For example, k-means clustering is NP-hard and usually implemented via the iterative

Lloyd’s algorithm.

Despite the usefulness of these algorithms, theoretical results on consistency are less studied.

Therefore, our goal is to bridge this gap between practice and theory of iterative algorithms,

demonstrating the performance of these algorithms via theoretical analysis. Lloyd’s algorithm is

the focus of our current work, one of the most popular clustering algorithms used by practitioners,

with a wide range of applications from computer vision to astronomy and biology. Lloyd’s algorithm

is very simple and easy to implement. It starts with an initial estimate of centers or labels and then

iteratively updates the labels and the centers until convergence. Despite its simplicity and a wide

range of successful applications, surprisingly, there is very limited theoretical analysis explaining

Lloyd’s algorithm’s effectiveness. It is well known that there are two issues with Lloyd’s algorithm

under the worst-case analysis. First, as a greedy algorithm, Lloyd’s algorithm is only guaranteed

to converge to a local minimum. Second, the convergence rate of Lloyd’s algorithm can be very

slow. Its analysis can be challenging due to the dependence between iterative steps. There is

one fundamental paper Lu and Zhou (2016), which analyses Lloyd’s algorithm under independent

sub-Gaussian mixture models. It shows that the misclustering rate of Lloyd’s algorithm, given a

good enough initial clustering, has an exponential bound after Oplog nq iterations.

In practice, to cluster high-dimensional data or network data, some dimension reduction tech-

nique is first applied, and then Lloyd’s algorithm is implemented on the low-dimensional embedding
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space. Consider the popular stochastic block model, the most important network model. In the

SBMs, a network consists of k communities. We observe a symmetric adjacency matrix where each

coordinate is generated from a Bernoulli distribution, whose parameters are determined by the

low-rank k ˆ k connection probability matrix and the community labels. For the theoretical limit

on spectral clustering in stochastic block models, many papers use k-means as a final step to recover

community labels to achieve fundamental limits in community detection. For example, in Zhang

(2023), the last step of the algorithm is implemented via k-means clustering. However, it is unclear

whether this kind of fundamental limit can be achieved in practice. This example motivates us to

study the consistency of Lloyd’s algorithm and try to understand this phenomenon. One difficulty

in analysis lies in the dependence between observations after dimension reduction.

To tackle this, we propose a perturbed mixture sub-Gaussian model, which incorporates spec-

tral clustering in SBMs as one application. The analysis is based on the step-wise analysis of

cluster-wise misclustering rate and consistency of estimated cluster centers. Moreover, we theoret-

ically investigate the relationship between the perturbation and the other parameters to guarantee

exponentially small clustering error.

3.1.1 Informal Description of Our Results

Here we briefly summarize the main contributions of this chapter:

(a) Consistency under perturbed data: In many situations, unsupervised learning algorithms

such as Lloyd’s algorithm are not directly applied to the original data but rather pre-processed

versions of the same; this could be for example either owing to lack of access to the original

data, for example where these objects are loading vectors for factors in high-dimensional

time series data, or owing to dimension reduction pipelines such as PCA. Such issues lead to

clustering estimates of yi which introduces an estimation error, typically dependent across yi’s

as the entire data set is used for such estimation. The goal of this chapter is to understand

the correctness of Llyod’s algorithm in such perturbed settings. In the sub-Gaussian mixture

settings, with small enough perturbation, via a careful modification of the original proof in Lu

and Zhou (2016), we show that the misclustering rate of Lloyd’s algorithm has an exponential
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bound after Oplog nq iterations. Our main theorem reduces to the one used in Lu and Zhou

(2016) as a special case.

(b) Properties of initialization generating algorithms: The main result requires control both

on the level of perturbation as well as moderate control on the initialization of the algorithm.

We provide (lower) bounds for algorithms such as k-means`` (Arthur and Vassilvitskii, 2007)

to provide such initializations.

(c) Significance of clusters: Over the last decade, there has been significant effort in formulating

a methodology for testing the significance of found clusters in unsupervised learning approaches

(Liu et al., 2008; Shen et al., 2023). We show the implications of the results, in particular

showing consistency of methodologies such as SIGCLUST (Liu et al., 2008).

(d) Canonical applications: We apply the main results to a number of fundamental examples,

including high-dimensional data that undergo an initial dimension reduction step such as

multi-dimensional scaling and community detection for networks.

3.1.2 Organization of the Chapter

The next section describes the notation used in the chapter. Then in Section 3.3, we introduce

the general clustering framework studied in this chapter. In Section 3.4, we state and prove the main

results, while Section 3.5 has applications of the main results in a number of settings. Lastly, Section

3.7 contains the proofs of the main results while Section 3.8 contains proofs of the applications.

3.2 Notation

All vectors in this chapter will be treated as column vectors. Unless otherwise stated, we will

use }x} to denote the Euclidean 2-norm of a vector x P Rr and for two vectors x1,x2 P Rr write

xx1,x2y :“ x1
1x2 for the inner product between these two vectors. For square matrix A P Rrˆr,

write }A} for the spectral norm of A. The 2 Ñ 8 bound for any matrix X P Rnˆm is defined as

}X}2Ñ8 “ max
iPn

}Xi},
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where Xi P Rm is the column vector corresponding to the i-th row of X. Let λmaxpAq and λminpAq

be the maximal and minimal eigenvalues of any real symmetric matrix A. For any finite set S, write

|S| for the cardinality of S. A random vector X P Rr is said to be sub-Gaussian with parameter

σ ą 0 if, for all a P Rr,

EexX´EX,ay ď e
σ2}a}2

2 .

For sequences tanu and tbnu, we write an “ o pbnq or an ! bn if limn an{bn “ 0, and write

an “ O pbnq , an À bn or bn Á an if there exists a constant C such that an ď Cbn for all n.

We write an “ wpbnq if bn “ opanq and an “ Ωpbnq if bn “ Opanq. We write an “ Θpbnq if

an “ Opbnq and an “ Ωpbnq. We write an — bn if an À bn and an Á bn. We write oP , OP

for the corresponding probabilistic anologues, so for example, for a sequence of random variables

pXn; n ě 1q and constants pbn : n ě 1q with bn Ò 8, we write Xn “ oP pbnq when Xn{bn
P

ÝÑ 0

as n Ñ 8. Throughout, C,C1, C2, . . . are constants, that can change from line to line. We let

w
ÝÑ,

P
ÝÑ, and

a.s.
ÝÑ respectively denote convergence in distribution, convergence in probability, and

almost sure convergence.

3.3 Ground Truth Template

Fix K ě 2. Suppose ty˚
i uiPrns are independent samples from a K-mixture distribution G.

More precisely, let p “ tpk : k P rKsu be a probability mass function (with each component

strictly positive) and let tFk : k P rKsu be K sub-Gaussian probability measures on Rr each with

sub-Gaussian parameter σ ą 0. Define F to be the mixture distribution,

F “

K
ÿ

k“1

pkFk. (3.1)

Next, let y˚
i „ G independent across i P rns. Let z : rns Ñ rKs be the membership function where

zi “ k if and only if y˚
i „ Fk. If zi “ k, we say that i belongs to the k-th cluster. Write µk :“ EFk

for the population mean of the k-th component of the mixture. Then we write

y˚
i “ µzi ` wi, (3.2)
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where twi, i P rnsu are independent zero mean sub-Gaussian vectors with parameter σ ą 0. We

assume that we do not observe the true samples ty˚
i uiPrns and instead observe a perturbed sample

tyiuiPrns given by

yi “ y˚
i ` ei “ µzi ` wi ` ei, (3.3)

where teiuiPrns is some (potentially dependent across i) noise assumed to be uniformly bounded by

(a problem dependent) parameter ϵ, i.e.,

max
iPrns

}ei} ď ϵ. (3.4)

In our application settings, we will have high probability bounds on the event in question corre-

sponding to (3.4). Let Y “ py1, . . . ,ynqT P Rnˆr be the observation matrix. Let Z P RnˆK be the

true membership matrix with Zi,k “ 1 if zi “ k and 0 otherwise. Let M “ pµ1, . . . ,µKqT P RKˆr

be the cluster center matrix. Let E “ E1 ` E2 where E1 “ pe1, . . . , enqT and E2 “ pw1, . . . ,wnqT .

Then the model in (3.3) can be written in matrix form as

Y “ ZM ` E “ ZM ` E1 ` E2, (3.5)

with }E1}2Ñ8 ď ϵ and E2 row-independent sub-Gaussian matrix with σ ą 0. The model can

be summarized by four driving ingredients tZ,M, ϵ, σu. Note that we view yi as an at most ϵ

perturbed observation of y˚
i . One may also view yi as an estimate of y˚

i under the condition that

}yi´y˚
i } ď ϵ. Although assumption (3.4) appears restrictive, owing to foundational recent advances

in high-dimensional statistics and probability (see e.g. Abbe et al. (2022, 2020) and the references

therein) as described in Section 3.5, there are many settings in which such bounds can be obtained

with high probability.

For the rest of the chapter, we will write X for the data that needs to be clustered; the

underlying model will always be clear from the context.

3.4 Main Results

We start by describing the main result in this chapter. We then show the implications of the

main result for various canonical settings.
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3.4.1 Main Result

For k P rKs, let Ck “ ti : zi “ ku for the true k-th cluster and recall that nk “ |Ck| denotes the

corresponding cluster size. For the minimal cluster density, write

α “ min
kPrKs

nk
n
, (3.6)

Let tpµ
psq

k u and pzpsq be the estimated cluster centers and membership function respectively, after

s ě 0 iterations of Lloyd’s algorithm applied to tyiuiPrns. The initial centers and corresponding

membership function correspond to the s ” 0 setting. For any l, k P rKs, define,

U
psq

lk “ ti : zi “ l, pz
psq

i “ ku (3.7)

as the subset of samples in cluster l which are assigned to cluster k at the s-th iteration. Note that

the cardinality of these sets determines the number of misclustered points. Let pn
psq

lk “ |U
psq

lk | and

pn
psq

k “ |ti : pz
psq

i “ ku|. Denote the misclustering rate at iteration s as

As “ max
πPSK

1

n

n
ÿ

i“1

Itpzpsq

i ‰ πpziqu, (3.8)

where SK is the group of permutations on rKs. Assume the cluster labels have being aligned such

that πpiq “ i, then we can write the misclustering rate as

As “
1

n

ÿ

tl,kPrKs:l‰ku

pn
psq

lk ,

and the cluster-wise misclustering rate at iteration s as

Gs “ max
kPrKs

#

1

pn
psq

k

ÿ

l‰k

pn
psq

lk ,
1

nk

ÿ

l‰k

pn
psq

kl

+

. (3.9)

The misclustering rate As denotes the number of points incorrectly clustered after s steps of Lloyd’s

algorithm and Gs denotes the maximum, over all clusters, of the proportion of points incorrectly

placed in a cluster or the proportion of points in a cluster that were misclustered. Note that both

As, Gs ď 1 and Gsα ď As.
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In order to obtain bounds on the misclustering rate, we now describe assumptions required on

the mixture distribution F such as separability of the means as well as signal-to-noise ratio. Define

the minimal and maximal distance between the true population cluster means as

∆ “ min
l‰k

}µl ´ µk} and M “ max
l‰k

}µl ´ µk}. (3.10)

Define the scaled maximum of the mean estimation error at iteration s as,

Γs “ max
kPrKs

}pµ
psq

k ´ µk}

∆
. (3.11)

Define the signal-to-noise ratio,

ρσ “
∆

σ

d

α

1 ` Kr
n

, ρϵ “

?
α∆

ϵ
, (3.12)

If σ “ 0 or ϵ “ 0, we will let ρσ “ 8 or ρϵ “ 8, respectively. Note that both ρσ and ρϵ increase

if the distance between the mixture means tµkukPrKs increases. If each component of the mixture

distributions is more concentrated around their respective means, then ρσ increases. Similarly, if

there is less perturbation error ϵ, then ρϵ increases. So with large enough ρσ and ρϵ, one would

expect Lloyd’s algorithm to do well. However, as discussed in Section 3.1, k-means is reliant on a

good initialization. We require that the initialization satisfies one of the following two conditions:

G0 ď

ˆ

1

2
´

?
6 ` 1

ρσ
´

2.1
?
α ` 1

ρϵ
´

1

α1{4

c

σ

∆

˙

∆

M
or Γ0 ď

1

2
´

1

ρσ
´

1.1
?
α ` 1

ρϵ
´

1

α1{4

c

σ

∆
.

(3.13)

Note that as ρσ or ρϵ increases, the stringency imposed by the above conditions on the initial-

ization weakens. The bound on G0 is a requirement on our initial cluster assignments while the

bound on Γ0 states that the initial cluster mean estimates should not deviate too far from the true

means relative to ∆.

Given the initialization condition and upper bound on the additive perturbation ϵ, the next

result shows an exponential bound on the misclustering rate As for s “ Θplog nq with probability
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at least 1 ´ δ, where δ is an explicit error bound with dependence on n, σ,∆, ρσ, ρϵ, given by

δpn, σ,∆, ϵq “
1

n
` 2 exp

ˆ

´
∆

σ

˙

` 2 exp

ˆ

´
∆

?
ϵσ

˙

.

Note that δ Ñ 0 as ρσ, ρϵ, n Ñ 8.

Theorem 3.4.1. Assume that

nα ě C1K log n, (3.14)

ρσ ě C2

?
K, (3.15)

ρϵ ě C3

?
K, (3.16)

∆2

ϵσ
ě r logp3q, (3.17)

for some sufficiently large constants C1, C2, C3 ą 0. Assuming the initialization satisfies (3.13), we

have

As ď max

"

exp

ˆ

´
∆2

16σ2

˙

, exp

ˆ

´
∆2

8ϵσ

˙*

for all s ě 4 log n (3.18)

with probability greater than 1 ´ δpn, σ,∆, ϵq.

Remark 3. The noiseless setting “ϵ ” 0” was analyzed in a fundamental paper by Lu and Zhou

(2016). One main goal is to show how the proof techniques developed in that paper carry over to

settings with additive perturbation.

Remark 4. Compared with the proof in Lu and Zhou (2016), we have overcome a few difficulties.

Firstly, we need to deal with three parts of error: the sub-Gaussian error, the random perturbation

error and their interaction in each iteration step in a nearly optimal fashion. Specifically, we employ

a different way to decompose As so that each error can be bounded well. Secondly, we improved

some of the key lemmas to achieve better consistency results. Thirdly, in the sparse stochastic

block models, we revised the proof to achieve a significantly improved version using properties of

sparse networks.

Remark 5. Note that the bound on the misclustering rate depends on both the effective signal-

to-noise ratios. The max term in the error bound indicates that it is not good enough to have

just one of these terms be low. We must have small enough perturbation and sub-Gaussian error
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relative to ∆ for Lloyd’s algorithm to work well. Also, as the distance between the means gets

smaller, we require smaller additive perturbation error ϵ and smaller sub-Gaussian error σ for a

better probability. Finally, we note that the proof of Theorem 3.4.1 has not been optimized to find

the lowest constants C1, C2, C3 ą 0 such that the result holds. Although the current proof uses

some quite large constants C1, C2, C3 ą 0, our simulations show that the constants can be much

smaller in practice.

Remark 6. The initialization conditions given in (3.13) ensure that the initialized means are not

too far away from the true means. Consider the case when K “ 2. Then the condition on Γ0 yields

that the initial means pµ
p0q

1 , pµ
p0q

2 must be at most 1
2∆ distance away from µ1,µ2, respectively. As

the signal-to-noise ratios increase, the distances are allowed to approach 1
2∆ “ 1

2}µ1 ´ µ2}. Note

that even though the initial condition on G0 is a bound on the cluster-wise misclustering rate, we

have shown in the proof of Theorem 3.4.1 that the condition on G0 implies the condition on Γ0 in

this setting. This is not surprising since good initial cluster labels should indicate that the means

are relatively close to the true means.

Remark 7. Even with large signal-to-noise ratios, without the initial conditions (3.13), Lloyd’s

algorithm may arrive at a local minimum different from the global minimum. A theoretical example

is given by Lu and Zhou (2016), showing that (3.13) is almost necessary. In Figure 3.1, we provide

an example where σ “ 0, ϵ “ 1, and ∆ “ 2
?
2. But with initial means not satisfying (3.13), Lloyd’s

algorithm converges to a local optimum which yields a bad misclustering rate.

As a byproduct of Theorem 3.4.1, we have the convergence rate of estimated cluster centers

under our proposed model. A similar result was stated in Lu and Zhou (2016, Theorem 6.2), but

our results seem to indicate the presence of an additional error term 12∆2

α2 exp
´

´∆2

σ2

¯

in the error

bound.

Corollary 3.4.2. Assume that nα ě C1K log n, ρσ ě C2

?
K, ρϵ ě C3

?
K, ∆2

ϵσ ě r logp3q, for some

sufficiently large constants C1, C2, C3 ą 0. Then given any initializer satisfying

G0 ď

ˆ

1

2
´

?
6 ` 1

ρσ
´

2.1
?
α ` 1

ρϵ
´

1

α1{4

c

σ

∆

˙

∆

M
or Γ0 ď

1

2
´

1

ρσ
´

1.1
?
α ` 1

ρϵ
´

1

α1{4

c

σ

∆
,
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Figure 3.1: An example illustrating the need for the initial conditions given in (3.39). Note that even with
clear separation of the clusters, there exist candidate initial means which lead to local optima with a bad
misclustering rate.

we have for s ě 4 log n,

max
kPrKs

}pµ
psq

k ´ µk} ď 2
?
3p

?
K ` 1qσ

c

pn` rq

nα2
As ` 2∆

As
α

` 6σ

c

r ` log n

nα
` ϵ,

where As ď max
!

exp
´

´ ∆2

16σ2

¯

, exp
´

´ ∆2

8ϵσ

¯)

and with probability 1 ´ 1
n ´ 2 exp

`

´∆
σ

˘

´

2 exp
´

´ ∆?
ϵσ

¯

.

3.4.2 K-means`` and Good Initialization

Note again that Theorem 3.4.1 hinges on good initialization (3.13). The aim here is to show

that one standard method of finding “good” initial seeds, the so-called k-means`` algorithm

(Arthur and Vassilvitskii, 2007) is able to provide such seeds with high probability, provided enough

separation between the clusters. We work in the following simplified setting albeit similar proof

techniques should apply more generally:

(a) Assume K “ 2 clusters with equal sizes n1 “ n2. Thus, ∆ “ M “ ||µ1 ´ µ2||.
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(b) Assume the noiseless case ϵ ” 0.

(c) Assume a Gaussian mixture model with Fk „ Nrpµk, σ
2Irq, k “ 1, 2, with the same scale

factor σ2 ą 0.

In the K “ 2 setting, the k-means`` algorithm, applied to the dataset X is as follows (Arthur

and Vassilvitskii, 2007):

(i) Choose the first center pµ
p0q

1 uniformly at random from X .

(ii) Choose the second center pµ
p0q

2 with probability:

Pppµ
p0q

2 “ y|X , pµp0q

1 q “
||y ´ pµ

p0q

1 ||2

ř

y1PX ||y1 ´ pµ
p0q

1 ||2
, y P X .

Next, define the constant

Ψr :“

?
2Γp r`1

2 q

Γp r2q
, (3.19)

where Γp¨q denotes the usual Gamma function, and for given ε ą 0, set

ℓpAq :“2 exp

˜

´
1

2

ˆˆ

1

2
´ ε

˙

∆

σ
´ Ψr

˙2
¸

` 2 exp

ˆ

´
1

2

ˆ

A´

ˆ

Ψr `
}µ1}

σ

˙˙2˙

(3.20)

` 8prq´1 exp

˜

´
p1 ´ εq

2

ˆˆ

1

2
´ ε

˙

∆

σ
´ Ψr

˙2
¸

.

Theorem 3.4.3. Let D denote the event that the two initial seeds pµ
p0q

1 , pµ
p0q

2 belong to different

(ground truth) clusters. Then

PpD|X q ě 1 ´Op

ˆ

rσ2

∆2

˙

. (3.21)

Conditional on D, without loss of generality, assume pµ
p0q

k is in (true) cluster k (else permute the

labeling). Given any ε ą 0, D C̃ ą 2Ψr such that if ∆{σ ą C̃, then for any fixed A ą ||µ1||{σ`Ψr,

we have

P

˜

max
k“1,2

||pµ
p0q

k ´ µk||

∆
ą

1

2
´ ε

ˇ

ˇ

ˇ

ˇ

ˇ

D

¸

ď ℓpAq ` op1q. (3.22)

Remark 8. Note that the parameter A is needed for a truncation argument in the proof and

controls the rate of decay of the op1q term in (3.22). It does not appear on the left-hand side for

(3.22) for this reason.
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3.4.3 Implications for Testing Significance of Clustering

Here we describe the second implication of Theorem 3.4.1 in the context of standard pipelines

developed to judge the statistical significance of clusters found via using k-means on data, in

particular the so-called SigClust method (Liu et al., 2008). We first recall the motivation of this

pipeline, then describe the specific details underpinning SigClust and then describe our main results.

As described in Liu et al. (2008), while there has been an enormous development of the field

of clustering in terms of development of various techniques to extract clusters from data, there is

much less work in judging whether the extracted clusters are significant in any way, as opposed to

just artifacts of the data. To fix ideas, consider the specific context where data are all sampled from

a one dimensional standard normal distribution. If one was to use k-means clustering with k “ 2

on the data, then one would naturally find two clusters and further a standard t-test for judging

the difference between the two cluster means would find overwhelming evidence for the difference

between the two cluster means, while most practitioners would agree that the underlying true data

generating mechanism has no cluster.

Liu et al. (2008) takes this as their starting point to develop methodology for judging the

significance of any proposed clustering of the data. Consider the null hypothesis:

H0 : The data come from a single r-dimensional Gaussian distribution.

If H0 is not rejected, then there is not enough evidence to conclude that if the extracted clusters

are “real”. To carry out the tests, given a data set X and a proposed clustering partition (for

simplicity assumed to be with K “ 2) pC “

!

pC1, pC2
)

with corresponding cluster means pµ1 and pµ2

respectively, the main test statistic used is the cluster index of the proposed clustering scheme:

CIppC1, pC2;X q :“

ř

jP pC1 ||yj ´ pµ1||2 `
ř

jP pC2 ||yj ´ pµ2||2

řn
j“1 ||yj ´ ȳ||2

, (3.23)

where ȳ is the full sample mean of the data set X . To figure out the null distribution of the test

statistic, we need to estimate the normal distribution Npµ,Σq for the null hypothesis. Liu et al.

(2008) use a factor analysis model to simplify the estimation procedure in the high-dimensional

setting that Σ “ MDMT which is the singular value decomposition (SVD) of Σ and D “ ΣB `

σ2n ˆ In. Here the diagonal matrix ΣB represents the real signal and is typically low-dimensional,
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and σ2n represents the level of background noise. Given the full set of r ˆ n entries of the original

data matrix, Liu et al. (2008) calculated the median absolute deviation from the median (MAD),

to estimate σn as

σ̂n “
MADrˆn dataset

MADNp0,1q

.

The procedure of SigClust (Liu et al., 2008) is summarized through the following steps:

1. Calculate the CI for the original dataset based on the given two-cluster assignments. The

cluster assignments can be obtained, for example, from application of a clustering algorithm

such as k-means.

2. Estimate σ2n using all entries from the original data matrix by σ̂n “
MADrˆn dataset

MADNp0,1q
.

3. Calculate the sample variance-covariance matrix of the original data and perform eigen-

decomposition to obtain estimates λ̂1, . . . , λ̂r of the eigenvalues λ1, λ2, . . . , λr of Σ.

4. Simulate data from the null distribution: px1, . . . , xrq with xj
i.i.d
„ N

´

0,max
´

λ̂j , σ̂
2
n

¯¯

.

5. Perform clustering using the k-means algorithm with K “ 2 on the simulated data from Step

4 and calculate the corresponding two-means CI.

6. Repeat Steps 4 and 5NSim times, with NSim some large number, to obtain an empirical

distribution of the CI based on the null hypothesis.

7. Using the CIs of the simulated data, calculate a p-value for the CI of the original data set;

draw a conclusion based on a prespecified test level α if desired.

Fix f as a mean-zero, symmetric, sub-Gaussian distribution with parameter σ2. A r-

dimensional multivariate distribution f is defined as a random vector where each column is generated

independently from f . Now assume that the data X originates from a mixture of two sub-Gaussian

models, i.e the mixture distribution in (3.1) is given by

F „
1

2
pf ` ae1q `

1

2
pf ´ ae1q,

with a ą 0 and e1 is the vector with the first coordinates being 1 and the others being 0. Thus

note that in this case, the mean separation ∆ “ M “ 2a.
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Theorem 3.4.4. Assume that the conditions of Theorem 3.4.1 hold for the same model with ϵ “ 0

and consider the partition
!

pC1, pC2
)

obtained from the ensuing output of Llyod’s algorithm after

4 log n iterations. Assume also that

ˆ

1 ´
2

π

˙

a2

σ2
´ 48p

?
2` 1q2 exp

ˆ

´
4a2

σ2

˙

´ 64
a2

σ2
exp

ˆ

´
8a2

σ2

˙

´ 64
?
3p

?
2` 1q

a

σ
exp

ˆ

´
6a2

σ2

˙

ą
2

π
.

Then the SigClust procedure applied to the dataset X , using the partition
!

pC1, pC2
)

is asymptotically

consistent in the sense that the probability of rejecting the null hypothesis is rejected converges to

1 as n Ñ 8.

3.5 Applications

In this section, we describe applications of the main result to various canonical settings. To

keep the chapter to manageable length, we have not aimed at pushing results all the way to their

optimal regime and leave this for future work.

3.5.1 Community Detection in Stochastic Block Models

The stochastic block model (SBM) is a powerful tool used in network analysis and graph

theory to model and understand the structure of complex networks. It is particularly useful for

studying networks that exhibit community structure, widely used in social networks to capture

relationships and interactions between individuals or entities. One of the most important tasks in

SBMs is community detection, aiming to partition the vertices into clusters that are more densely

connected (Abbe, 2017). To solve this problem, in recent years, researchers have proposed a variety

of procedures, including spectral clustering (Lei and Rinaldo, 2015) and its variation (Joseph and

Yu, 2016), likelihood methods (Gao et al., 2017) and convex optimization (Hajek et al., 2016). For

spectral clustering, the procedure usually ends with k-means clustering on the spectral embedding

matrix. We consider the simplest version of spectral clustering on the adjacency matrix and study

the performance of Lloyd’s algorithm on recovering the community labels.

Consider the Stochastic Block Model (SBM) with K communities where K is fixed. The

probability matrix A˚ can be represented as A˚ “ ZBZT where Z P RnˆK denotes the membership

matrix and B P RKˆK is the low-rank connection probability matrix. The graph observed can be
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represented as an adjacency matrix A with Aij “ Aji „ BernoullipA˚
ijq for all i ‰ j and Aii “ 0

for i P rns. Denote the error term as

E “ A ´ A˚,

Let A “
řn
i“1 λiuiu

T
i and A˚ “

řK
i“1 λ

˚
i u

˚
i pu˚

i qT be the SVD of A and A˚ respectively with λ1 ě

λ2 ě . . . ě λn and λ˚
1 ě λ˚

2 ě . . . ě λ˚
K . The goal is to analyze the performance of Lloyd’s algorithm

on the n ˆ K spectral embedding matrix U “ pu1,u2, . . . ,uKq. Denote U˚ “ pu˚
1 ,u

˚
2 , . . . ,u

˚
Kq

and Λ˚ “ diagpλ˚
1 , λ

˚
2 , . . . , λ

˚
Kq. The spectral embedding U can be decomposed in a fashion similar

to the general model (3.5) up to some orthogonal matrix:

UO “ U˚ `
“

UO ´ AU˚pΛ˚q´1
‰

` EU˚pΛ˚q´1 “: U˚ ` E1 ` E2, (3.24)

where O P RKˆK is an orthogonal matrix. Let nk, k “ 1, . . . ,K, be the number of nodes belonging

to each of the communities. Define the 2 Ñ 8 distance between two matrices U P RnˆK and

U˚ P RnˆK as

d2Ñ8 pU,U˚q :“ inf
OPRKˆK ,OTO“I

}UO ´ U˚}2Ñ8 ,

where }V}2Ñ8 “ maxiPrns }Vi} and Vi is the i-th row of V.

In this subsection we consider a We make the following assumptions on the SBM.

Assumption 1. We assume that

(a) There exist some constants C1 and c1 such that

0 ă c1 ď lim inf
n

inf
k

nk
n

ď lim sup
n

sup
k

nk
n

ď C1 ă 0.

(b) A standard asymptotic setting where K is held fixed,

B “ ρnB0,

for some rate function ρn, fixed matrix B0.

(c) Assume the sparse regime such that

ρn ě
c

?
n
,
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for some large c.

Applying Lloyd’s algorithm to U to recover the community label, Theorem 3.4.1 yields the

following result.

Theorem 3.5.1. Under SBMs, assume the conditions in Assumption 1 hold. Then for any initial-

izer which satisfies G0 ă p1 ´ ϵ0q

b

c1
C1

for some small ϵ0, we have

As ď exp
`

´Cnρ2n
˘

, for all s ě 4 log n (3.25)

for some constants C with probability at least 1 ´ 1
n ´ 4 exp p´

?
nρnq .

The fundamental limit for exact recovery in SBMs is ρn “ Ω
´

logn
n

¯

(Abbe, 2017). However, the

spectral clustering with adjacency matrix is known to be sub-optimal and the sparsity assumption

in our setting ρn “ Ω
´

1?
n

¯

which is reasonably well. We would expect the condition on network

sparsity can be improved if variants of spectral clustering is considered.

In the sparse SBMs where ρn “ op1q, we can achieve better concentration bound for Bernoulli

entries and therefore improve the misclustering rate in this setting as follows.

Theorem 3.5.2. Assume 1 (a) and (b) hold with ρn ě
c

n
for some large c and enough sample size

n ě 256 log n. Then for any initializer which satisfies

G0 ă

c

c1
C1

ˆ

1

2
´

c2
?
nρn

´
c2

pnρnq1{4

˙

or Γ0 ă
1

2
´

c2
?
nρn

´
c2

pnρnq1{4
, (3.26)

for some constant c2, we have

As ď exp p´Cnρnq , for all s ě 4 log n

for some constant C with probability 1 ´ 1
n ´ 4 exp

`

´
?
nρn

˘

.

This implies that Lloyd’s algorithm can achieve exact recovery in SBM with fixed K with

sparsity approaching the fundamental limit when ρn ě
c logn
n for some large c.
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3.5.2 Community Detection in Noisy Stochastic Block Models

Although the SBM is a powerful tool in analyzing networks with community structures, it fails

to incorporate potential measurement error which is prevalent in nearly every network analysis

application. Measurement error refers to inaccuracies or uncertainties in the observed network

data, such as missing or noisy edges. Therefore, when modelling networks using SBM or applying

community detection method, it is important to consider and address the potential impact of

measurement error to ensure robust and reliable analysis of network communities (Priebe et al.,

2015; Tabouy et al., 2020).

Consider a noisy version of SBM described in Section 3.5.1. Assume the adjacency matrix

A P Rnˆn is generated from SBM with Aij “ Aji „ Bernoulli
´

A˚
ij

¯

and A˚ “ ZBZT . What we

observe is a noisy graph with the adjacency matrix Y P Rnˆn as described in (Chang et al., 2022):

P pYij “ 1 | Aij “ 0q “ αn and P pYij “ 0 | Aij “ 1q “ βn.

Decompose Y as Y “
řn
i“1 λiuiu

T
i . Denote U “ pu1,u2, . . . ,uKq. We are interested in the

misclustering rate of Lloyd’s algorithm on the spectral embedding matrix U.

Assumption 2. We assume that conditions (a) and (b) of Assumption 1 hold and that the noise

level satisfies

p1 ´ αn ´ βnqρn ě
c

?
n
,

and

p1 ´ αn ´ βnqρn ě cαn,

for some large c.

Similar to Section 3.5.1, we have the following misclustering rate of Lloyd’s algorithm under

the noisy SBMs.

Theorem 3.5.3. Under noisy SBMs, assume the conditions in Assumption 2 hold. Then for any

initializer which satisfies G0 ď p12 ´ ϵ0q

b

c1
C1

for small ϵ0, we have

As ď exp
´

´C p1 ´ αn ´ βnq
2 nρ2n

¯

for all s ě 4 log n (3.27)
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for some constant C with probability 1 ´ 1
n ´ 4 exp p´ p1 ´ αn ´ βnq

?
nρnq.

This theorem is similar to Theorem 3.5.1 except there is some additional noise controlled by αn

and βn. Therefore, without the additional noise (αn “ 0, βn “ 0), this theorem reduces to Theorem

3.5.1. A similar version of Theorem 3.5.2 can be derived here.

3.5.3 Spectral Clustering of Mixture Models

Sub-Gaussian Mixture Models (SGMMs) are a probabilistic modeling technique used in machine

learning and statistics. They are an extension of Gaussian Mixture Models (GMMs) that relax the

assumption of Gaussian distribution for the mixture components. They encompass a wide variety

of fundamental clustering models, including: 1) Spherical and general Gaussian mixture models

(GMMs); 2) Mixture models with bounded support. The same settings have been analyzed in

Löffler et al. (2021); Ndaoud (2022); Zhang and Zhou (2022).

We consider the basic version of spectral clustering problem in SGMMs where we apply Lloyd’s

algorithm in the last step for clustering. Consider the sub-Gaussian mixture model:

xi “ x̄i ` wi “ µzi ` wi P Rp, for i P rns.

Here, tµlu
K
l“1 Ď Rp are cluster centers, tziu

n
i“1 Ď rKsn are true labels, and wi are i.i.d. subGpσ2q

with mean zero. The matrix form isX “ X̄`W with X̄ “ ZM, where Z P RnˆK is the membership

matrix and M P RKˆp is the low-rank class center matrix.

We consider the clustering error of Lloyd’s algorithm to the spectral embeddings based on a

hollowed matrix as defined in (Abbe et al., 2022). Define the hollowed Gram matrix G P Rnˆn

of samples txiu
n
i“1 through Gij “ xxi,xjy1ti‰ju, and the Gram matrix sG P Rnˆn of signals

tx̄iu
n
i“1 through sGij “ xx̄i, x̄jy. Let G “

řn
i“1 λiuiu

T
i and sG “

řK
i“1 λ̄iūiū

T
i be the eigen-

decomposition of matricesG and Ḡ, respectively, with λ1 ě λ2 ě . . . ě λn and λ̄1 ě λ̄2 ě . . . ě λ̄K .

Define U “ pu1, . . . ,uKq and Λ “ diag pλ1, . . . , λKq. Similarly, define Ū “ pū1, . . . , ūKq and

Λ̄ “ diag
`

λ̄1, . . . , λ̄K
˘

. We are interested in the misclustering rate when applying Lloyd’s algorithm

on the spectral embedding matrix UΛ1{2.
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Define ∆ “ minl‰k }µl ´ µk}, κ “ λ̄1{λ̄K and

SNR “ min

"

∆2

σ2
,
n∆4

pσ4

*

.

We make the following assumption on the sub-Gaussian mixture model.

Assumption 3. (a) (Regularities) Let MMT P RKˆK be the Gram matrix of tµlu
K
l“1. Suppose

that rankpMMT q “ K fixed and there is a constant κ0 that bounds

n

minkPrKs |ti P rns : yi “ ku|
,

λ1pMMT q

λKpMMT q
and

maxlPrKs }µl}

minl‰k }µl ´ µk}

from above. Here λjp¨q denotes the j-th largest eigenvalue of a symmetric matrix.

(b) Taking κ0 from above condition, assume

κ3{2κ30?
SNR

! 1.

(c)

min

#

sλ2K
nσ2sλ1

,
sλ2K

nσ3
a

log npp` log nqsλ
1{2
1

,

?
log nsλ

3{2
K?

nσλ̄1

+

ě C1

for some large C1.

When applying Lloyd’s algorithm on the spectral embedding matrix UΛ1{2, we have the fol-

lowing theorem.

Theorem 3.5.4. Assume the conditions in Assumption 3 hold. Then for any initializer which

satisfies G0 ď p12 ´ ϵ0q

b

mini ni
maxi ni

for some small ϵ0, we have

As ď max

#

exp

ˆ

´
Csλ2K
nσ2sλ1

˙

, exp

˜

´
Csλ2K

nσ3
a

log npp` log nqsλ
1{2
1

¸

` exp

˜

´
C

?
log nsλ

3{2
K?

nσλ̄1

¸+

(3.28)

some constant C for all s ě 4 log n and with probability

1 ´ exp

ˆ

´
sλ2K

nσ2sλ1

˙

´ exp

˜

´
sλ2K

nσ3
a

log npp` log nqsλ
1{2
1

¸

´ exp

˜

´

?
log nsλ

3{2
K?

nσλ̄1

¸

´ op1q.
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Assumption 3 (a) and (b) are used to guarantee the application of the main theorem in Abbe

et al. (2022) which states that

uj “ Guj{λj « Gsuj{λ̄j .

Therefore, our focus is on the analysis of Gūj{λ̄j , which is a linear combination of elements in G.

To compare our result with existing literature such as Löffler et al. (2021), we consider the simple

two-component setting with K “ 2, the balanced case with n1 “ n2 “ n{2 and p “ Opnq. Assume

}µ1} and }µ2} are of the same order, then we have λ̄1, λ̄2 and nσ2∆ are of the same order and our

assumption 3 matches the condition of Theorem 2.1 in Löffler et al. (2021). As for the consistency,

our result and that of Löffler et al. (2021) are both of exponential forms, where their exponent has

an optimal coefficient p1 ´ op1qq
1

8
while ours not. However, considering their result is based on

Gaussian distributions and they only show polynomial error rate under the general sub-Gaussian

case in the Proposition D.1 in the Appendix, our results are more general and reasonably well.

3.6 Conclusion

We establish a misclustering rate bound for Lloyd’s algorithm with high probability after 4 log n

iterations when applied to perturbed samples from a sub-Gaussian mixture model. We then apply

our general theorem to a number of canonical examples including SBMs and spectral clustering on

sub-Gaussian mixture models. In the future, we plan to extend the theoretical analysis of Lloyd’s

algorithm to more general model settings.

3.7 Proof of the Main Results

3.7.1 Proof of Theorem 3.4.1:

We will suitably modify the proof of Lu and Zhou (2016) to our setting. We will need Lemmas

A.1-A.4 from Lu and Zhou (2016) which are technical lemmas about the behavior of sub-Gaussian

vectors and revise Lemma A.5 to achieve a tighter bound. We reproduce the lemmas from Lu and

Zhou (2016) (with slight changes) for completeness. Let S Ă rns and define WS “
ř

iPS wi.

Lemma 3.7.1. }WS}2 ď σ
a

3pn` rq|S| for all S Ă rns with probability greater than 1 ´

expp´.3nq.
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Lemma 3.7.2. For any u P Rr and S Ă rns,

ÿ

iPS

pw1
iuq2 ď 6σ2p|S| ` rq}u}22,

with probability greater than 1 ´ expp´.5nq.

Lemma 3.7.3. For any fixed i P rns, S Ă rns, t ą 0 and δ ą 0

P

˜

xwi,
1

|S|

ÿ

jPS

wjy ě
3σ2pt

a

|S| ` r ` logp1{δqq

|S|

¸

ď exp

ˆ

´min

"

t2

4r
,
t

4

*˙

` δ.

Lemma 3.7.4. For all h P rKs,

}WCh}2 ď 3σ
a

pr ` log nq|Ch|,

with prob greater than 1 ´ n´3.

Lemma 3.7.5. Let g, h P rKs such that g ‰ h. Then, for any a ą 0,

ÿ

iPCg

I
`

a}µg ´ µh}2 ď xwi,µh ´ µgy
˘

ďng exp

ˆ

´
a2∆2

2σ2

˙

` max

"

16

3
logpnq, 4 exp

ˆ

´
a2∆2

4σ2

˙

b

ng logpnq

*

,

with probability greater than 1 ´ n´4.

Note that Lemma 3.7.5 is an immediate consequence of Bernstein’s inequality using the fact

that indicators are independent and identically distributed Bernoulli random variables. We will

also use the following immediate consequence of the Cauchy-Schwarz (CS) inequality. For all

a1, . . . , an ą 0 P R,
n
ÿ

i“1

?
ai ď

g

f

f

en
n
ÿ

i“1

ai. (3.29)

We will first control Gs and Γs. This will then allow us to control As as s grows.
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Lemma 3.7.6. Conditionally on the events that the results of Lemmas 3.7.1, 3.7.2, and 3.7.4 hold,

if Gs ď 1
2 , then

Γs ď
ϵ

∆
` min

ˆ

2GsΓs´1 `
2
?
6

ρσ

a

KGs `
6

ρσ
,

?
6

ρσ
`
M

∆
Gs

˙

. (3.30)

Proof: In order to bound Γs we need to bound }pµ
psq

h ´ µh}, which we do so expanding pµ
psq

h using

ti : ẑ
psq

i “ hu “
Ť

gPrKs U
psq

gh as follows:

pµ
psq

h ´ µh “
1

pn
psq

h

ÿ

iPU
psq

hh

pyi ´ µhq `
ÿ

g‰h

pn
psq

gh

pn
psq

h

pȳ
U

psq

gh

´ µhq, (3.31)

where ȳ
U

psq

gh

“ 1

pn
psq

gh

ř

iPU
psq

gh

yi. By Lloyd’s algorithm, for i P U
psq

gh , }yi ´ pµ
ps´1q

h } ď }yi ´ pµ
ps´1q
g }.

Thus, it must be the case that }ȳ
U

psq

gh

´ pµ
ps´1q

h } ď }ȳ
U

psq

gh

´ pµ
ps´1q
g }. Then, repeatedly using the

triangle inequality yields

}ȳ
U

psq

gh

´ µh} ď }ȳ
U

psq

gh

´ pµ
ps´1q

h } ` }pµ
ps´1q

h ´ µh}

ď }ȳ
U

psq

gh

´ pµps´1q
g } ` }pµ

ps´1q

h ´ µh}

ď }ȳ
U

psq

gh

´ µg} ` }µg ´ pµps´1q
g } ` }pµ

ps´1q

h ´ µh}

ď }ȳ
U

psq

gh

´ ȳ˚

U
psq

gh

} ` }ȳ˚

U
psq

gh

´ µg} ` }µg ´ pµps´1q
g } ` }pµ

ps´1q

h ´ µh}

ď ϵ` σ

g

f

f

e

3pn` rq

pn
psq

gh

` 2Γs´1∆,
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where the last inequality uses Lemma 3.7.1, the ϵ bound (3.4), and the definition (3.11) of Γs´1.

Thus, we bound the second term of (3.31) as

}
ÿ

g‰h

pn
psq

gh

pn
psq

h

pȳ
U

psq

gh

´ µhq} ď
ÿ

g‰h

pn
psq

gh

pn
psq

h

}ȳ
U

psq

gh

´ µh}

ď
ÿ

g‰h

pn
psq

gh

pn
psq

h

¨

˝σ

g

f

f

e

3pn` rq

pn
psq

gh

` ϵ` 2Γs´1∆

˛

‚

ď σ

g

f

f

f

e

ÿ

g‰h

K

¨

˝

pn
psq

gh

pn
psq

h

˛

‚

2

3pn` rq

pn
psq

gh

`
ÿ

g‰h

pn
psq

gh

pn
psq

h

ϵ`
ÿ

g‰h

pn
psq

gh

pn
psq

h

2Γs´1∆

ď σ

d

3Kpn` rq

pn
psq

h

Gs `
ÿ

g‰h

pn
psq

gh

pn
psq

h

ϵ` 2Γs´1∆Gs, (3.32)

where the last two inequalities are obtained by an application of 3.29 and the definition (3.9) of Gs.

For the first term of (3.31), using the fact that ti : zi “ hu “ U
psq

hh `
Ť

g‰h U
psq

hg and the definition

of ϵ,

›

›

›

›

1

pn
psq

h

ÿ

iPU
psq

hh

pyi ´ µhq

›

›

›

›

ď
pn

psq

hh

pn
psq

h

ϵ`
1

pn
psq

h

›

›

›

›

ÿ

i:zi“h

py˚
i ´ µhq ´

ÿ

g‰h

ÿ

iPU
psq

hg

py˚
i ´ µhq

›

›

›

›

(3.33)

ď
pn

psq

hh

pn
psq

h

ϵ`
1

pn
psq

h

ˆ

3σ
a

r ` log n
?
nh ` σ

a

3pn` rq

b

nh ´ pn
psq

hh

˙

, (3.34)

where the last inequality follows from applications of Lemma 3.7.1 and Lemma 3.7.4.

Note that, by the assumption that Gs ď 1
2 ,

pn
psq

h ě pn
psq

hh ě nhp1 ´Gsq ě
nh
2

ě
αn

2
, (3.35)

which implies

1
b

pn
psq

h

ď

c

2

αn
,

?
nh

pn
psq

h

ď
2

?
nh

ď
2

?
αn

,

b

nh ´ pn
psq

hh
?
nh

ď
a

Gs. (3.36)
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Then, using the bounds (3.34) and (3.32) of the first and second terms, respectively, of the decom-

position (3.31), for all h P rKs,

}pµ
psq

h ´ µh} ď σ

d

3Kpn` rq

pn
psq

h

Gs `
ÿ

g‰h

pn
psq

gh

pn
psq

h

ϵ` 2Γs´1∆Gs

`
pn

psq

hh

pn
psq

h

ϵ`
1

pn
psq

h

ˆ

3σ
a

r ` log n
?
nh ` σ

a

3pn` rq

b

nh ´ pn
psq

hh

˙

,

ď 2σ

c

6Kpn` rq

αn
Gs ` 2Γs´1Gs∆ ` ϵ` 6σ

c

r ` log n

αn

ď ∆

ˆ

ϵ

∆
` 2GsΓs´1 `

2
?
6

ρσ

a

KGs `
6

ρσ

˙

where the second inequality is obtained using (3.36) and the last inequality is obtained using the

definition (3.12) of ρσ. Thus,

Γs ď
ϵ

∆
` 2GsΓs´1 `

2
?
6

ρσ

a

KGs `
6

ρσ
. (3.37)

We can get another bound on Γs by rewriting pµ
psq

h as

pµ
psq

h “
1

pn
psq

h

n
ÿ

i“1

pµzi ` pyi ´ µziqqIppz
psq

i “ hq

“
ÿ

gPrKs

pn
psq

gh

pn
psq

h

µg `
1

pn
psq

h

ÿ

pz
psq

i “h

pyi ´ µziq.

Using this decomposition and Lemma 3.7.1,

}pµ
psq

h ´ µh} ď
ÿ

g‰h

pn
psq

gh

pn
psq

h

}µg ´ µh} `

›

›

›

›

1

pn
psq

h

ÿ

pz
psq

i “h

py˚
i ´ µziq

›

›

›

›

` ϵ

ď M
ÿ

g‰h

pn
psq

gh

pn
psq

h

` σ

d

3pn` rq

pn
psq

h

` ϵ

ď ∆

ˆ

M

∆
Gs `

σ

∆

c

6pn` rq

nα
`

ϵ

∆

˙

.

This implies

Γs ď

?
6

ρσ
`
M

∆
Gs `

ϵ

∆
. (3.38)
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Finally, by using (3.37), we conclude that

Γs ď
ϵ

∆
` min

ˆ

2GsΓs´1 `
2
?
6

ρσ

a

KGs `
6

ρσ
,

?
6

ρσ
`
M

∆
Gs

˙

.

■

Lemma 3.7.7. Conditionally on the events that the results of Lemmas 3.7.1, 3.7.2, 3.7.4, and 3.7.5

hold, assume Γs ď
1´CΓ

2 for some 0 ă CΓ ă 1, Gs ă 1
2 for all s. Define

β “
1

2
CΓ ´

1.1ϵ

∆
´

1

ρσ
´

1

ρϵ
,

and assume β1,σ ą 0. Then

Gs`1 ď
32

3

K logpnq

nα
`

4σ2

αβ2∆2

˜

1 ` 8

c

K logpnq

n

¸

`
8Γ2

s

ρϵ
`

48Γ2
s

ρσ
.

Proof:

To control Gs`1, we need a bound on pn
ps`1q

gh “
ř

i Ipzi “ g, pz
ps`1q

i “ hq for h, g P rKs with

h ‰ g. Suppose g is fixed. Then for h ‰ g,

Ipzi “ g, pz
ps`1q

i “ hq ď Ip}yi ´ pµ
psq

h }2 ď }yi ´ pµpsq
g }2q

“ Ipxyi ´ µg ` µg ´ pµ
psq

h ,yi ´ µg ` µg ´ pµ
psq

h y

ď xyi ´ µg ` µg ´ pµpsq
g ,yi ´ µg ` µg ´ pµpsq

g yq

“ Ipxµg ´ pµ
psq

h ,µg ´ pµ
psq

h y ´ xµg ´ pµpsq
g ,µg ´ pµpsq

g y ď 2xyi ´ µg, pµ
psq

h ´ pµpsq
g yq

“ Ip}µg ´ pµ
psq

h }2 ´ }µg ´ pµpsq
g }2 ď 2xyi ´ µg, pµ

psq

h ´ pµpsq
g yq (3.39)

and

}µg ´ pµ
psq

h }2 ě p}µg ´ µh} ´ }µh ´ pµ
psq

h }q2

“

ˆ

}µg ´ µh}

ˆ

1 ´
}µh ´ pµ

psq

h }

}µg ´ µh}

˙˙2

ě }µg ´ µh}2p1 ´ Γsq
2,

83



by the definition (3.11) of Γs. So,

}µg ´ pµ
psq

h }2 ´ }µg ´ pµpsq
g }2 ě }µg ´ µh}2p1 ´ Γsq

2 ´ }µg ´ pµpsq
g }2

ě }µg ´ µh}2pp1 ´ Γsq
2 ´ Γ2

sq

“ }µg ´ µh}2p1 ´ 2Γsq (3.40)

ě }µg ´ µh}2CΓ,

where the last inequality is obtained using the assumption that Γs ď
1´CΓ

2 . For k P rKs, write

ζk “ pµ
psq

k ´ µk. Then using (3.39) and writing

pµ
psq

h ´ pµpsq
g “ µh ´ µg ` ppµ

psq

h ´ µhq ´ ppµpsq
g ´ µgq “ pµh ´ µgq ` pζh ´ ζgq,

we define coefficients corresponding to the two parts µh ´ µg and ζh ´ ζg whose reasons will be

clear later

β1,ϵ “
1.1ϵ

∆
, β2,σ “

c

n`Kr

nα

σ

∆
“

1

ρσ
, β2,ϵ “

1
?
α

ϵ

∆
“

1

ρϵ
, (3.41)

and

β1,σ “
1

2
CΓ ´ β1,ϵ ´ β2,σ ´ β2,ϵ “

1

2
CΓ ´

1.1ϵ

∆
´

1

ρσ
´

1

ρϵ
.

Using the definition above,

Ipzi “ g, pz
ps`1q

i “ hq ď Ip

ˆ

1 ´ 2Γs
2

˙

}µg ´ µh}2 ď xyi ´ µg, pµ
psq

h ´ pµpsq
g yq

ď I
`

β1,ϵ}µg ´ µh}2 ď xyi ´ y˚
i ,µh ´ µgy

˘

` I
`

β1,σ}µg ´ µh}2 ď xy˚
i ´ µg,µh ´ µgy

˘

` I
`

β2,ϵ}µg ´ µh}2 ď xyi ´ y˚
i , ζh ´ ζgy

˘

` I
`

β2,σ}µg ´ µh}2 ď xy˚
i ´ µg, ζh ´ ζgy

˘

“: T1i ` T2i ` T3i ` T4i. (3.42)
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The first term T1i of (3.42) can be bounded using Lemma 3.7.5 as follows:

T1i “ I
`

β1,ϵ}µg ´ µh}2 ď xyi ´ y˚
i ,µh ´ µgy

˘

ď I
`

β1,ϵ}µg ´ µh}2 ď ϵ}µg ´ µh}
˘

ď I
´

β1,ϵ ď
ϵ

∆

¯

“ I
ˆ

1.1ϵ

∆
ď

ϵ

∆

˙

“ 0,

using the definition of β1,ϵ in (3.41).

The term related to T2i of (3.42) can be bounded using Lemma 3.7.5 as follows:

ÿ

iPCg

T2i ď ng exp

˜

´
β21,σ∆

2

2σ2

¸

` max

#

16

3
logpnq, 4 exp

˜

´
β21,σ∆

2

4σ2

¸

b

ng logpnq

+

.

Based on the following result,

}ζh ´ ζg} ď }ζh} ` }ζg} “ }pµ
psq

h ´ µh} ` }pµpsq
g ´ µg} ď 2Γs∆ ď 2Γs}µh ´ µg} (3.43)

and the definition of ϵ in (3.4), we have

ÿ

i:zi“g

T3i “
ÿ

i:zi“g

I
`

β2,ϵ}µg ´ µh}2 ď xyi ´ y˚
i , ζh ´ ζgy

˘

ď
ÿ

i:zi“g

I

˜

1 ď
1

β22,ϵ}µg ´ µh}4
xyi ´ y˚

i , ζh ´ ζgy2

¸

ď
1

β22,ϵ∆
4

ÿ

i:zi“g

pxyi ´ y˚
i , ζh ´ ζgyq

2

ď
ϵ2}ζh ´ ζg}2

β22,ϵ∆
4

ng ď
4ϵ2Γ2

s

β22,ϵ∆
2
ng ď

4
?
αϵΓ2

s

∆
ng. (3.44)
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where the second last inequality uses (3.43) and the last one uses the definition of β2,ϵ in (3.41).

Similarly, we can bound the term T4i in (3.42) as follows:

ÿ

i:zi“g

T4i “
ÿ

i:zi“g

I
`

β2,σ}µg ´ µh}2 ď xy˚
i ´ µg, ζh ´ ζgy

˘

“
ÿ

i:zi“g

I

˜

1 ď
1

β22,σ}µg ´ µh}4
pxy˚

i ´ µg, ζh ´ ζgyq2

¸

“
1

β22,σ∆
4

ÿ

i:zi“g

pxy˚
i ´ µg, ζh ´ ζgyq2

ď
}ζh ´ ζg}2

β22,σ∆
4
λmax

˜

ÿ

i:zi“g

wiw
T
i

¸

ď
6σ2}ζh ´ ζg}2

β22,σ∆
4

png ` rq (3.45)

ď
24σ2Γ2

s

β22,σ∆
2

png ` rq ď 24

c

nα

n`Kr

σΓ2
s

∆
png ` rq. (3.46)

where (3.45) uses Lemma 3.7.2, and (3.46) uses equation (3.43).

Note that (3.35), which uses the assumption that Gs ď 1
2 , implies

1

ng
ď

1

αn
,

ng

pn
ps`1q

h

ď
2ng
αn

ď
2

α
,

?
ng

pn
ps`1q

h

ď
2
?
ng

αn
ď

2

α
?
n
.

Combining the three parts together, we then have

max
gPrKs

ÿ

h‰g

pn
ps`1q

gh

ng
“ max

gPrKs

ÿ

h‰g

ÿ

iPrns

T1i ` T2i ` T3i ` T4i
ng

ď max
gPrKs

#

16

3

K logpnq

ng
`K exp

˜

´
β21,σ∆

2

2σ2

¸

` 4K exp

˜

´
β21,σ∆

2

4σ2

¸
d

logpnq

ng
`

4K
?
αϵΓ2

s

∆

`24K

c

nα

n`Kr

σΓ2
s

∆

ng ` r

ng

*

ď
16

3

K logpnq

nα
`K exp

˜

´
β21,σ∆

2

2σ2

¸

` 4K exp

˜

´
β21,σ∆

2

4σ2

¸

c

logpnq

nα
`

4K
?
αϵΓ2

s

∆

` 24K

c

nα

n`Kr

σΓ2
s

∆
p1 `

r

nα
q.
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and

max
hPrKs

ÿ

g‰h

pn
ps`1q

gh

pn
ps`1q

h

“ max
hPrKs

ÿ

g‰h

ÿ

iPrns

T1i ` T2i ` T3i ` T4i

pn
ps`1q

h

ď max
hPrKs

16

3

K logpnq

pn
ps`1q

h

`
n

n̂
ps`1q

h

exp

˜

´
β21,σ∆

2

2σ2

¸

`
4
a

Kn logpnq

n̂
ps`1q

h

exp

˜

´
β21,σ∆

2

4σ2

¸

`
4
?
αϵΓ2

s

∆

n

n̂
ps`1q

h

` 24

c

nα

n`Kr

σΓ2
s

∆

n`Kr

n̂
ps`1q

h

ď
32

3

K logpnq

nα
`

2

α
exp

˜

´
β21,σ∆

2

2σ2

¸

`
8

α

c

K logpnq

n
exp

˜

´
β21,σ∆

2

4σ2

¸

`
8ϵΓ2

s?
α∆

`
48σΓ2

s

∆

c

n`Kr

nα

“
32

3

K logpnq

nα
`

2

α
exp

˜

´
β21,σ∆

2

2σ2

¸

`
8

α

c

K logpnq

n
exp

˜

´
β21,σ∆

2

4σ2

¸

`
8Γ2

s

ρϵ
`

48Γ2
s

ρσ

Finally, we obtain

Gs`1 ď
32

3

K logpnq

nα
`

2

α
exp

˜

´
β21,σ∆

2

2σ2

¸

`
8

α

c

K logpnq

n
exp

˜

´
β21,σ∆

2

4σ2

¸

`
8Γ2

s

ρϵ
`

48Γ2
s

ρσ
.

Using expp´xq ď 1
x for x ą 0, we have

Gs`1 ď
32

3

K logpnq

nα
`

4σ2

αβ21,σ∆
2

˜

1 ` 8

c

K logpnq

n

¸

`
8Γ2

s

ρϵ
`

48Γ2
s

ρσ
.

■

Proof of Theorem 3.4.1: In order to bound the misclustering rate As`1, we first show that

under the initialization condition (3.13), Lemmas (3.7.6)–(3.7.7) hold for all s ě 1. Next we find

a bound for Γs which does not depend on s. Then we decompose Ipzi ‰ pz
ps`1q

i , pz
ps`1q

i “ hq using

(3.53) and the bound on Γs. Thus, allowing us to decompose As`1 into three components which

we can bound in expectation. Finally, we will use Markov’s inequality and a recursive argument to

bound the misclustering rate. Recall that we assumed ρσ ą C2

?
K and nα ě C1K log n for some

C2, C1 ą 0.
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Note that if G0 satisfies the initial condition (3.13), it follows from Lemma 3.7.6 that

Γ0 ď

?
6

ρσ
`

?
α

ρϵ
`
M

∆
G0

ď

?
6

ρσ
`

?
α

ρϵ
`

ˆ

1

2
´

?
6 ` 1

ρσ
´

2.1
?
α ` 1

ρϵ
´

1

α1{4

c

σ

∆

˙

ď
1

2
´

1

ρσ
´

1.1
?
α ` 1

ρϵ
´

1

α1{4

c

σ

∆
, (3.47)

where the last inequality follows from the fact that ρσ ě 3{2 and ρϵ ě 1. So regardless of which

initial condition (3.13) holds, we have (3.47). Plugging (3.47) into Lemma 3.7.7 with

CΓ “
2.2ϵ

∆
`

2

ρσ
`

2

ρϵ
`

2

α1{4

c

σ

∆
,

yields

β :“
1

2
CΓ ´

1.1ϵ

∆
´

1

ρσ
´

1

ρϵ
“

1

α1{4

c

σ

∆
,

and

G1 ď
32

3

K logpnq

nα
`

4σ2

αβ2∆2

˜

1 ` 8

c

K logpnq

n

¸

`
8Γ2

0

ρϵ
`

48Γ2
0

ρσ

ď
32

3

K logpnq

nα
`

4σ
?
α∆

˜

1 ` 8

c

K logpnq

n

¸

` 8Γ2
0

ˆ

1

ρϵ
`

6

ρσ

˙

ď 0.35, (3.48)

using the assumptions that nα ě 64K log n, ρσ " 1 and ρϵ " 1. Then Lemma 3.7.7, with ρσ " 1

and ρϵ " 1, yields

Γ1 ď
6

ρσ
`

2
?
6

ρσ

a

KG1 ` 2G1Γ0 `

?
α

ρϵ

ď
6

ρσ
`

2
?
6

ρσ

?
0.35K ` 2p0.35q

ˆ

1

2
´

1

ρσ
´

1.1
?
α ` 1

ρϵ
´

1

α1{4

c

σ

∆

˙

`

?
α

ρϵ
(3.49)

ď
1

2
´

1

ρσ
´

1.1
?
α ` 1

ρϵ
´

1

α1{4

c

σ

∆
. (3.50)

Furthermore, (3.49) implies Γ1 ă 0.4 and (3.50) implies that we may apply Lemma 3.7.7 to G2

with CΓ “ 2.2ϵ
∆ ` 2

ρσ
` 2

ρϵ
` 2

α1{4

a

σ
∆ . By the same argument as (3.48), (3.49), and (3.50), it follows
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by induction that

Gs ă 0.35,Γs ă 0.4 (3.51)

for all s ą 1. Then, Γs ď 0.4 “
1´p1{5q

2 and with CΓ “ 1
5 . Using Lemmas 3.7.7 and 3.7.6 along with

ρσ " 1, and CΓ “ 1
5 , for all s ą 1,

β :“
1

2
CΓ ´

1.1ϵ

∆
´

1

ρσ
´

1

ρϵ
“

1

10
´

1.1ϵ

∆
´

1

ρσ
´

1

ρϵ
“ 0.1 ´ op1q,

and

Γs ď
6

ρσ
`

2
?
6

ρσ

a

KGs ` 2GsΓs´1 `
ϵ

∆

Gs`1 “
32

3

K logpnq

nα
`

2

α
exp

ˆ

´
β2∆2

2σ2

˙

`
8

α

c

K logpnq

n
exp

ˆ

´
β2∆2

4σ2

˙

`
8Γ2

s

ρϵ
`

48Γ2
s

ρσ

ď
6

ρσ
`

2
?
6K

ρσ

a

Gs ` 0.7Γs´1 `

?
α

ρϵ

ď
6

ρσ
`

2
?
6K

ρσ

¨

˝

c

32

3

K logpnq

nα
`

c

2

α
exp

ˆ

´
β2∆2

4σ2

˙

`

c

8

α

˜

c

K logpnq

n

¸1{4

exp

ˆ

´
β2∆2

8σ2

˙

`
2

?
2Γs´1

?
ρϵ

`
4

?
3Γs´1

?
ρσ

˙

` 0.7Γs´1 `

?
α

ρϵ

ď
c1
ρσ

`
c1
ρϵ

`

ˆ

c1
?
ρσ

`
c1

?
ρϵ

˙

Γs´1 ` 0.7Γs´1 `

ˆ

c1K log n

nα

˙1{2

for some constant c1 for all s ą 1.

Therefore, when ρσ and ρϵ are large enough, we have

Γs ď
c2
ρσ

`
c2
ρϵ

` c2

ˆ

K log n

nα

˙1{2

,

for all s ě log n and define

β1 “ 1 ´
2c2
ρσ

´
2c2
ρϵ

´ 2c2

ˆ

K log n

nα

˙1{2

(3.52)
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which ensures β1 ď 1 ´ 2Γs for all s ą log n. Furthermore, define

β1 “ β1,σ ` β1,ϵ

β1,σ “ βσ ` β2,σ ` β3,σ ` β4,σ

β1,ϵ “ βϵ ` β2,ϵ.

and

β2,σ “

d

192K

ρσ

β3,σ “
24

ρ2σ

„

4
?
n

p
a

r log n` log nq `
r ` 4 log n

n`Kr

ȷ

β4,σ “

c

12ϵσ

∆2

β1,ϵ “
8

ρϵ
, βϵ “ β2,ϵ “

4

ρϵ
.

These tells us that

βσ “ β1 ´ β1,ϵ ´ β2,σ ´ β3,σ ´ β4,σ,

which implies that βσ “ 1 ´ c for some small enough constant c. We assume that C1 and C3 are

large enough so that β ą 0. We shall bound As`1 by Markov’s inequality, for which we will need a

bound on EpAs`1q. Combining (3.39), (3.40), β1 ď 1 ´ 2Γs, and the definition above, we obtain

Ipzi ‰ pz
ps`1q

i , pz
ps`1q

i “ hq ď Ipβ1}µzi ´ µh}2 ă 2xyi ´ µzi , pµ
psq

h ´ pµpsq
zi yq

ď Ipβ1,σ}µzi ´ µh}2 ă 2xy˚
i ´ µzi , pµ

psq

h ´ pµpsq
zi yq

` Ipβ1,ϵ}µzi ´ µh}2 ď 2xyi ´ y˚
i , pµ

psq

h ´ pµpsq
zi yq

“ Ip
β1,σ
2

}µzi ´ µh}2 ă xwi,µh ´ µzi ` ζh ´ ζziyq

` Ip
β1,ϵ
2

}µzi ´ µh}2 ď xei,µh ´ µzi ` ζh ´ ζziyq

where ζh “ pµ
psq

h ´ µh. Define

ϕh “
1

pn
psq

h

ÿ

iPCh

pyi ´ y˚
i q,νh “

1

pn
psq

h

ÿ

iPCh

py˚
i ´ µhq,φh “ ppµ

psq

h ´ µhq ´ w
U

psq

hh

´ νh. (3.53)
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We can decompose ζh as

ζh “ ϕh ` νh ` φh.

In the proof of Lemma 3.7.6, νh appears in (3.33) and in proving (3.37) we can shown with simple

modification that

}ϕh} ď ϵ, (3.54)

}νh} ď 6σ

d

r ` logpnq

nh
, (3.55)

}φh} ď

ˆ

2GsΓs´1 `
2
?
6

ρσ

a

KGs

˙

∆ ` ϵGs. (3.56)

For the first part,

Ip
β1,σ
2

}µzi ´ µh}2 ă xwi,µh ´ µzi ` ζh ´ ζziyq

ďIp
βσ
2

}µzi ´ µh}2 ă xwi,µh ´ µziyq

`Ip
β2,σ
2

}µzi ´ µh}2 ď xwi,φh ´ φziyq

`Ip
β3,σ
2

}µzi ´ µh}2 ď xwi,νh ´ νziyq

`Ip
β4,σ
2

}µzi ´ µh}2 ă xwi,ϕh ´ ϕziyq.

Define

J1,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

βσ
2

}µzi ´ µh}2 ă xwi,µh ´ µziy

˙

,

J2,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

β2,σ
2

}µzi ´ µh}2 ď xwi,φh ´ φziy

˙

,

J3,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

β3,σ
2

}µzi ´ µh}2 ď xwi,νh ´ νziy

˙

,

J4,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

β4,σ
2

}µzi ´ µh}2 ď xwi,ϕh ´ ϕziy

˙

.

91



On the other hand, we can define J1,ϵ, J2,ϵ as

J1,ϵ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

βϵ
2

}µzi ´ µh}2 ă xei,µh ´ µziy

˙

,

J2,ϵ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

β2,ϵ
2

}µzi ´ µh}2 ď xei, ζh ´ ζziy

˙

,

and get the bound

EpAs`1q ď EppJ1,σ ` J2,σ ` J3,σ ` J4,σ ` J1,ϵ ` J2,ϵqIpGqq ` PpGcq, (3.57)

where G is the event in which the results of Lemmas 3.7.1, 3.7.2, 3.7.4, and 3.7.5 hold. To bound

EpJ1,σIpGqq in (3.57), we use Chernoff bound to get

EpJ1,σIpGqq “
1

n

ÿ

hPrks

n
ÿ

i“1

Pp
βσ
2

}µzi ´ µh}2 ď xy˚
i ´ µzi ,µh ´ µziyq

ď K exp

˜

´
∆2

2σ2

ˆ

βσ
2

˙2
¸

ď exp

ˆ

´
γ∆2

8σ2

˙

,

where γ :“ β2σ ´
8σ2 logK

∆2 ě β2σ ´ 8{ρ2σ.

Note that by (3.53), for all h P rks,

}φh} ď

ˆ

2GsΓs´1 `
2
?
6

ρσ

a

KGs

˙

∆ ` ϵGs

ď
a

Gs∆ ` ϵGs ď p∆ ` ϵq
a

Gs

when ρσ ě 128
?
K using the fact that 2

?
6

128 ă 1 ´
?
0.35 and Gs ď 0.35 as in (3.51). Then using

Gs ă 0.35 again,

}φh ´ φzi}
2 ď 4p

a

Gsp∆ ` ϵqq2 ď 8Gsp∆
2 ` ϵ2q.
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Conditionally on G,

J2,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

β2,σ
2

}µzi ´ µh}2 ď xwi,φh ´ φziy

˙

, (3.58)

ď
ÿ

hPrKs

4

nβ22,σ∆
4

n
ÿ

i“1

xy˚
i ´ µzi ,φh ´ φziy

2

ď
4

nβ22,σ∆
4

ÿ

hPrKs

ˆ

ÿ

lPrks

6σ2pnl ` rq}φh ´ φl}
2

˙

(3.59)

ď
192σ2Gsp∆

2 ` ϵ2q

nβ22,σ∆
4

ÿ

hPrKs

ÿ

lPrks

pnl ` rq (3.60)

ď
192σ2Gsp∆

2 ` ϵ2q

nβ22,σ∆
4

Kpn`Krq

ď
192σ2Gs
nβ22,σ∆

2
Kpn`Krq `

192σ2ϵ2Gs
nβ22,σ∆

4
Kpn`Krq

ď
192K

β22,σρ
2
σ

As `
192

β22,σρ
2
σρ

2
ϵ

As (3.61)

ď

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙

As. (3.62)

where (3.59) follows from Lemma 3.7.2, (3.60) follows from the bound (3.56) of }φh}, (3.61) follows

from the fact that Gsα ă As, and (3.62) follows from β22,σ “ 192K
ρσ

and the definition (3.12) of ρσ.

Hence,

EpJ2,σIpGqq ď

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙

EpAsq. (3.63)

For the third term, we bound the probability

P
ˆ

β3,σ∆
2

2
ď xy˚

i ´ µzi ,νh ´ νziy

˙

(3.64)

ďP
ˆ

β3,σ∆
2

4
ď xy˚

i ´ µzi ,νhy

˙

` P
ˆ

´
β3,σ∆

2

4
ě xy˚

i ´ µzi ,νziy

˙

ďP

˜

β3,σ∆
2

8
ď xwi,

1

nh

ÿ

jPCh

wjy

¸

` P

¨

˝

β3,σ∆
2

8
ď x´wi,

1

nzi

ÿ

jPCzi

wjy

˛

‚, (3.65)
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where wi is defined as in (3.2). Note that, by the definition (3.12) of ρσ ,

8

∆2
3σ2

ˆ

4maxt
?
r log n, log nu
?
nh

`
r ` 4 log n

nh

˙

ď
24σ2

∆2

„

4
?
nα

p
a

r log n` log nq `
r ` 4 log n

nα

ȷ

“
24

ρ2σ

„

4
?
nα

n`Kr
p
a

r log n` log nq `
r ` 4 log n

n`Kr

ȷ

ď
24

ρ2σ

„

4
?
n

p
a

r log n` log nq `
r ` 4 log n

n`Kr

ȷ

Thus, by an application of Lemma 3.7.3 with t “ 4maxt
?
r log n, log nu, δ “ 1

n4 , and

β3,σ “
24

ρ2σ

„

4
?
n

p
a

r log n` log nq `
r ` 4 log n

n`Kr

ȷ

we obtain

P

˜

β3,σ∆
2

8
ď xwi,

1

nh

ÿ

jPCh

wjy

¸

(3.66)

ďP

˜

3σ2
ˆ

4maxt
?
r log n, log nu
?
nh

`
r ` 4 log n

nh

˙

ď xwi,
1

nh

ÿ

jPCh

wjy

¸

ď
2

n4
(3.67)

where the first inequality uses the definition of β3,σ the last inequality is obtained using Lemma

3.7.5. Note that ´wi is also a centered sub-Guassian random variable with parameter σ2. So,

inequality (3.67) holds for both terms of (3.65). Hence,

EpJ3,σIpGqq ď
4K

n4
ď

1

n3
. (3.68)
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where the second last inequality using the assumption The last term J4,σ is bound using β24,σ “
12ϵσ

∆2

and Chernoff bound on quadratic forms of sub-Gaussian random vectors

EJ4,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

P
ˆ

β4,σ
2

}µzi ´ µh}2 ď xwi,ϕh ´ ϕziy

˙

ď
ÿ

hPrKs

1

n

n
ÿ

i“1

P
ˆ

β4,σ
2

∆2

ϵ
ď }wi}

˙

ď
ÿ

hPrKs

1

n

n
ÿ

i“1

exp

ˆ

´
∆2

ϵσ
`
r

3
log 3

˙

ď K exp

ˆ

´
∆2

2ϵσ

˙

ď exp

ˆ

´
∆2

4ϵσ

˙

.

Then we consider the J1,ϵ and J2,ϵ. Under the definition that βϵ “ 4
ρϵ

, we have

I
ˆ

βϵ
2

}µzi ´ µh}
2

ă xei,µh ´ µziy

˙

ďI
ˆ

βϵ
2

}µzi ´ µh} ă ϵ

˙

ďI
ˆ

βϵ
2
∆ ă ϵ

˙

ďI
ˆ

βϵ
2

ă
1

ρϵ

˙

“ 0

and

J1,ϵ “ 0.

Lastly, we can deal with J2,ϵ using

}ζh ´ ζg} ď 2Γs}µh ´ µg}
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and β2,ϵ “ 4
ρϵ

to achieve

I
ˆ

β2,ϵ
2

}µzi ´ µh}2 ď xei, ζh ´ ζziy

˙

ďI
ˆ

β2,ϵ
2

}µzi ´ µh}2 ď 2ϵΓs}µh ´ µzi}

˙

ďI
ˆ

β2,ϵ
2

}µzi ´ µh}2 ă ϵ}µh ´ µzi}

˙

ďI
ˆ

β2,ϵ
2

∆ ă ϵ

˙

“ 0.

Summarizing the results above,

EpAs`1q ď EpJ1,σq ` EpJ2,σIpGqq ` EpJ3,σIpGqq ` EpJ4,σq ` EpJ1,ϵq ` EpJ2,ϵIpGqq ` PpGcq

ď exp

ˆ

´
γ∆2

8σ2

˙

`

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙

EpAsq `
1

n3
` exp

ˆ

´
∆2

4ϵσ

˙

with γ :“ β2σ ´
8σ2 logK

∆2 ě β2σ ´ 8{ρ2σ “ 1 ´ op1q. By recursion,

EpAsq ď

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙s

EpAsq `

1 ´

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙s`1

1 ´
1

ρσ
´

1

ρσρ2ϵ

„

exp

ˆ

´
γ∆2

8σ2

˙

`
1

n3
` exp

ˆ

´
∆2

4ϵσ

˙ȷ

.

With ρσ ě C2

?
k, ρϵ ě C3 for large C2, C3,

1 ´

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙s`1

1 ´
1

ρσ
´

1

ρσρ2ϵ

ď 2 (3.69)

and when s ě 4 log n,

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙s

EpAsq ď

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙logpn4q

EpAsq ď pn4q
log

ˆ

1
ρσ

` 1

ρσρ2ϵ

˙

ď
1

n3
. (3.70)

Thus, when s ě 4 log n,

EpAs`1q ď 2 exp

ˆ

´
γ∆2

8σ2

˙

` 2 exp

ˆ

´
∆2

4ϵσ

˙

`
3

n3
. (3.71)
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For sufficiently large C2 and C3, we have

γ “ β2σ ´
8σ2 logK

∆2
“ 1 ´ op1q ě

1

2
`

8σ

∆
. (3.72)

By Markov’s inequality, for any t ą 0,

P tAs ě tu ď
1

t
EAs ď

2

t
exp

ˆ

´
γ∆2

8σ2

˙

`
2

t
exp

ˆ

´
∆2

4ϵσ

˙

`
3

tn3
.

If γ∆
2

8σ2 ď 2 log n or ∆2

ϵσ ď 8 log n, choose

t “ max

"

exp

ˆ

´

ˆ

γ ´
8σ

∆

˙

∆2

8σ2

˙

, exp

ˆ

´

ˆ

1 ´
4
?
ϵσ

∆

˙

∆2

4ϵσ

˙*

and we have

P tAs ě tu ď
1

n
` 2 exp

ˆ

´
∆

σ

˙

` 2 exp

ˆ

´
∆

?
ϵσ

˙

.

Otherwise, since As only takes discrete values of
␣

0, 1n , ¨ ¨ ¨ , 1
(

, choosing t “ 1
n in (66) leads to

P tAs ą 0u “ P
"

As ě
1

n

*

ď 2n expp´2 log nq ` 2n expp´2 log nq `
3

n2
ď

5

n
.

The proof is complete.

■

3.7.2 Proof of Corollary 3.4.2

Proof. Follow the idea for proving Lemma 3.7.6. Fix h, we aim to bound }pµ
psq

h ´µh} by expanding

pµ
psq

h using ti : ẑ
psq

i “ hu “
Ť

gPrKs U
psq

gh as follows:

pµ
psq

h ´ µh “
1

pn
psq

h

ÿ

iPU
psq

hh

pyi ´ µhq `
ÿ

g‰h

pn
psq

gh

pn
psq

h

pȳ
U

psq

gh

´ µhq, (3.73)

where ȳ
U

psq

gh

“ 1

pn
psq

gh

ř

iPU
psq

gh

yi. By Lloyd’s algorithm, for i P U
psq

gh , }yi ´ pµ
ps´1q

h } ď }yi ´ pµ
ps´1q
g }.

Thus, it must be the case that }ȳ
U

psq

gh

´ pµ
ps´1q

h } ď }ȳ
U

psq

gh

´ pµ
ps´1q
g }. Then, repeatedly using the
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triangle inequality yields

}ȳ
U

psq

gh

´ µh} ď }ȳ
U

psq

gh

´ pµ
ps´1q

h } ` }pµ
ps´1q

h ´ µh}

ď }ȳ
U

psq

gh

´ pµps´1q
g } ` }pµ

ps´1q

h ´ µh}

ď }ȳ
U

psq

gh

´ µg} ` }µg ´ pµps´1q
g } ` }pµ

ps´1q

h ´ µh}

ď }ȳ
U

psq

gh

´ ȳ˚

U
psq

gh

} ` }ȳ˚

U
psq

gh

´ µg} ` }µg ´ pµps´1q
g } ` }pµ

ps´1q

h ´ µh}

ď ϵ` σ

g

f

f

e

3pn` rq

pn
psq

gh

` 2Γs´1∆,

where the last inequality uses Lemma 3.7.1, and the definition (3.11) of Γs´1. Thus, we bound the

second term of (3.73) as

}
ÿ

g‰h

pn
psq

gh

pn
psq

h

pȳ
U

psq

gh

´ µhq} ď
ÿ

g‰h

pn
psq

gh

pn
psq

h

}ȳ
U

psq

gh

´ µh}

ď
ÿ

g‰h

pn
psq

gh

pn
psq

h

ˆ

σ

g

f

f

e

3pn` rq

pn
psq

gh

` ϵ` 2Γs´1∆

˙

ď σ

g

f

f

e

ÿ

g‰h

K

ˆ

pn
psq

gh

pn
psq

h

˙2 3pn` rq

pn
psq

gh

`
ÿ

g‰h

pn
psq

gh

pn
psq

h

ϵ`
ÿ

g‰h

pn
psq

gh

pn
psq

h

2Γs´1∆

ď σ

d

3Kpn` rq

ppn
psq

h q2
nAs `

ÿ

g‰h

pn
psq

gh

pn
psq

h

ϵ` 2Γs´1∆
nAs

pn
psq

h

, (3.74)

where As is the misclustering rate.

For the first term of (3.73), using the fact that ti : zi “ hu “ U
psq

hh `
Ť

g‰h U
psq

hg and the definition

of ϵ,

›

›

›

›

1

pn
psq

h

ÿ

iPU
psq

hh

pyi ´ µhq

›

›

›

›

ď
pn

psq

hh

pn
psq

h

ϵ`
1

pn
psq

h

›

›

›

›

ÿ

i:zi“h

py˚
i ´ µhq ´

ÿ

g‰h

ÿ

iPU
psq

hg

py˚
i ´ µhq

›

›

›

›

(3.75)

ď
pn

psq

hh

pn
psq

h

ϵ`
1

pn
psq

h

ˆ

3σ
a

r ` log n
?
nh ` σ

a

3pn` rq

b

nh ´ pn
psq

hh

˙

, (3.76)

where the last inequality follows from applications of Lemma 3.7.1 and Lemma 3.7.4.
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Note that, by the assumption that Gs ď 1
2 ,

pn
psq

h ě pn
psq

hh ě nhp1 ´Gsq ě
nh
2

ě
αn

2
,

which implies

1
b

pn
psq

h

ď

c

2

αn
,

?
nh

pn
psq

h

ď
2

?
nh

ď
2

?
αn

.

Combining the above results together, we have that for all h P rKs,

}pµ
psq

h ´ µh}

ďσ

d

3Kpn` rq

ppn
psq

h q2
nAs ` 2Γs´1∆

nAs

pn
psq

h

`
1

pn
psq

h

ˆ

3σ
a

r ` log n
?
nh ` σ

a

3pn` rq
a

nAs

˙

` ϵ

ď2σ

c

3Kpn` rq

nα2
As ` 2∆

As
α

` 6σ

c

r ` log n

nα
` 2σ

c

3pn` rq

nα2
As ` ϵ

ď2
?
3p

?
K ` 1qσ

c

pn` rq

nα2
As ` 2∆

As
α

` 6σ

c

r ` log n

nα
` ϵ

ď2
?
3p

?
K ` 1qσ

c

pn` rq

nα2
As ` 2∆

As
α

` 6σ

c

r ` log n

nα
` ϵ.

3.7.3 Proof of Theorem 3.4.3

Let us first prove the first assertion (3.21). Recall that C1, C2 denote the true clusters. Without

loss of generality, assume that pµ
p0q

1 P C1. Then note that,

Pppµ
p0q

2 P C2|X , pµp0q

1 q “

ř

iPC2 ||yi ´ pµ
p0q

1 ||22
ř

iPX ||yi ´ pµ
p0q

1 ||22

.

For simplicity, write pµ
p0q

1 “ µ1 ` ξ0, where ξ0 :“ pγ0j : 1 ď j ď rq „ Nrp0, σ
2Irq, while for any

other data point, write yi “ µzpiq ` ξi with ξi “ pγij : 1 ď j ď rq, where as before zpiq P t1, 2u are

the true cluster assignments. Then, the numerator can be expanded and simplified using the CLT,
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Cauchy-Schwartz inequality, and the fact that ||ξ0|| “ OP p
?
rσq,

ÿ

iPC2

||yi ´ pµ
p0q

1 ||22 “
ÿ

iPC2

||pµ2 ´ µ1q ´ pξi ´ ξ0q||22

“
n

2
∆2 `

ÿ

iPC2

||ξi ´ ξ0||22 ´ 2
ÿ

iPC2

ă µ2 ´ µ1, ξi ´ ξ0 ą

“
n

2
∆2 `

ÿ

iPC2

`

||ξi||
2
2 ` ||ξ0||22 ´ 2 ă ξi, ξ0 ą

˘

´ 2
ÿ

iPC2

ă µ2 ´ µ1, ξi ´ ξ0 ą

“
n

2
∆2 `

n

2
rσ2 `

n

2

1

n{2

ÿ

iPC2

`

||ξi||
2
2 ´ rσ2

˘

`
n

2
||ξ0||22 ´ 2

ÿ

iPC2

ă ξi, ξ0 ą

“
n

2

ˆ

∆2 ` rσ2 ` rσ2OP p1q ` ∆
?
rσOP p1q ` oP p1q

˙

(3.77)

Similarly, for the denominator, the additional term can be written as,

ÿ

iPC1

||yi ´ pµ
p0q

1 ||22 “
ÿ

iPC1,yi‰pµ
p0q

1

||pξi ´ ξ0q||22 “
n

2

ˆ

rσ2 ` rσ2OP p1q ` oP p1q

˙

. (3.78)

Algebraic simplifications complete the proof.

Next let us prove the second assertion, namely (3.22). We start with the following preparatory

Lemma.

Lemma 3.7.8. (a) Let ξ0 „ Nrp0, σ
2Irq. Then for any t ą 0, with Γr as in (3.19),

P
ˆˇ

ˇ

ˇ

ˇ

||ξ0||2

σ
´ Ψr

ˇ

ˇ

ˇ

ˇ

ě t

˙

ď 2 exp

ˆ

´
t2

2

˙

.

(b) Let fσp¨q denote the density ofNrp0, σ
2Irq and suppose ξ̃0 has density f̃pxq9||x||2fσpxq, x P R.

Then given any ε ą 0, there exists Cε ă 8 such that for all t ą Cε,

P

˜ˇ

ˇ

ˇ

ˇ

ˇ

||ξ̃0||2

σ
´ Ψr

ˇ

ˇ

ˇ

ˇ

ˇ

ě t

¸

ď 4prq´1 exp

ˆ

´
p1 ´ εqt2

2

˙

.

Proof. Part(a) follows from standard Gaussian concentration for Lipschitz functions of Gaussian

random variables about their mean ((Boucheron et al., 2013, Theorem 5.6)), noting that || ¨ ||2 is a

1-Lipschitz function and the fact that Ep||ξ0||2q “ Ψr.
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To prove (b), first note that by symmetry and an application of Fubini,

P

˜ˇ

ˇ

ˇ

ˇ

ˇ

||ξ̃0||2

σ
´ Ψr

ˇ

ˇ

ˇ

ˇ

ˇ

ě t

¸

“
4

r

ż 8

pt`Ψrq

sP
ˆ

||ξ0||2

σ
ą s

˙

ds.

Using (a) now completes the proof of (b).

Now let us complete the proof the main Theorem. Without loss of generality assume that the

first initializer pµ
p0q

1 P C1 (else run the argument below interchanging the roles of C1 and C2). Then

by Lemma 3.7.8(a), we have that,

P

˜

}pµ
p0q

1 ´ µ1}2

∆
ą

1

2
´ ε

ˇ

ˇ

ˇ

ˇ

ˇ

pµ
p0q

1 P C1

¸

ď 2 exp

˜

´
1

2

ˆˆ

1

2
´ ε

˙

∆

σ
´ Ψr

˙2
¸

. (3.79)

Fix A ą 0 and let GA (a mnemonic for “good event”) denote the event,

GA :“
!

pµ
p0q

1 P C1, pµ
p0q

2 P C2, }pµ
p0q

1 }2 ă Aσ
)

.

Note that, even conditional on pµ
p0q

2 P C2, pµp0q

2 is not uniformly distributed as a point in the second

cluster, since by the implementation of the k-means`` algorithm, the second cluster is “biased”

to be far away from the first mean pµ
p0q

1 . Standard empirical process theory (Pollard, 1990) implies

that for any fixed A for the second center,

P
ˆ

||pµ
p0q

2 ´ µ2||2

∆
ą

1

2
´ ε

ˇ

ˇ

ˇ

ˇ

pµ
p0q

1 ,GA
˙

“ E

˜

||ξ0 ´ pµ
p0q

1 ||2

||pµ
p0q

1 ||2 ` rσ2
1

"

||ξ0||2

∆
ą

1

2
´ ε

*

¸

` op1q,

ď 2E

ˆ

||ξ0||22

rσ2
1

"

||ξ0||2

∆
ą

1

2
´ ε

*˙

` 2P
ˆ

||ξ0||2

∆
ą

1

2
´ ε

˙

` op1q,

where as before ξ0 „ Nrp0, Irq, and in going from the first to second line we have used the standard

norm properties ||x ´ y||22 ď 2p||x||22 ` ||y||22q @ x,y P R. Thus using Lemma 3.7.8(b) for the first

term and (a) for the second term finally gives,

P
ˆ

||pµ
p0q

2 ´ µ2||2

∆
ą

1

2
´ ε

ˇ

ˇ

ˇ

ˇ

pµ
p0q

1 ,GA
˙

ď 8prq´1 exp

˜

´
p1 ´ εq

2

ˆˆ

1

2
´ ε

˙

∆

σ
´ Ψr

˙2
¸

(3.80)
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Assuming A ą ||µ1||2{σ ` Ψr and using Lemma 3.7.8(a) to bound the event Pp||pµ
p0q

1 ||2 ą Aσq and

combining (3.79) and (3.80) finally gives the asserted bound in (3.22).

3.7.4 Proof of Theorem 3.4.4

Proof. Denote vpσ2q “ varpfq as the variance of the mean-zero, symmetric sub-Gaussian distribu-

tion. Using the property of sub-Gaussianity, we have

vpσ2q ď σ2.

It will be convenient to construct the datasets across n on the same probability space so one can

define lim sup and lim inf etc of various sequences of random variables. We also let C1, C2 denote the

true clusters (where these depend on n but we suppress this for simplicity). By Corollary 3.4.2 (also

see the statement of(Lu and Zhou, 2016, Theorem 6.2)), under the Assumptions of Theorem 3.4.1,

the cluster means pµ
xC1 ,

pµ
xC2 that Llyod’s algorithm converges to satisfy (with the same probability

guarantees as in the original result),

max
iPt1,2u

||pµ
pCi´µCi ||2 ď 4

?
3p

?
2`1qσ

c

n` r

n
exp

ˆ

´
2a2

σ2

˙

`8a exp

ˆ

´
4a2

σ2

˙

`σO

˜

c

log n

n

¸

(3.81)

Next by the definition of Llyod’s algorithm where points are assigned to their nearest centroids,

2
ÿ

i“1

ÿ

jP pCi

||yj ´ pµ
pCi ||

2
2 ď

2
ÿ

i“1

ÿ

jPCi

||yj ´ pµ
pCi ||

2
2 “

2
ÿ

i“1

ÿ

jPCi

||yj ´ µCi ||
2
2 ` Υn,

where using (3.81) and laws of large numbers, whp as n Ñ 8,

Υn

n
ď48p

?
2 ` 1q2σ2

n` r

n
exp

ˆ

´
4a2

σ2

˙

` 64a2 exp

ˆ

´
8a2

σ2

˙

` σ2O

ˆ

log n

n

˙

`

64
?
3p

?
2 ` 1qaσ

c

n` r

n
exp

ˆ

´
6a2

σ2

˙

` 8
?
3p

?
2 ` 1qσ

c

n` r

n
exp

ˆ

´
2a2

σ2

˙

O

˜

c

log n

n

¸

`

16aσ exp

ˆ

´
4a2

σ2

˙

Op

c

log n

n
q `

a

vpσ2qOp

c

log n

n
q.
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It is easy to check that the population covariance matrix for G is Σ “ diagpvpσ2q `

a2, vpσ2q, . . . , vpσ2qq. Thus by the laws of large numbers,

lim sup
nÑ8

CIppC1, pC2;X q ď
rvpσ2q

a2 ` rvpσ2q
`

48p
?
2 ` 1q2σ2

a2 ` rvpσ2q
exp

ˆ

´
4a2

σ2

˙

`
64a2

a2 ` rvpσ2q
exp

ˆ

´
8a2

σ2

˙

`

64
?
3p

?
2 ` 1qaσ

a` rvpσ2q
exp

ˆ

´
6a2

σ2

˙

(3.82)

Now the comparative distribution under the null hypothesis (since the test statistic is invariant

under-scaling), for large n, the cluster index is compared to a data from a normal Nrp0,Σq, where

Σ “ diagpa2 ` vpσ2q, vpσ2q, . . . , vpσ2qq. We will write XH0 for data generated according to this

distribution and the corresponding data points as tyi,H0 : 1 ď i ď nu and YH0 „ Nrp0,Σq. Stan-

dard empirical process results (see Pollard (1981); Telgarsky and Dasgupta (2013); Klochkov et al.

(2021)) imply that in this setting,

1

n
min

c1,c2PBr

n
ÿ

i“1

min
j“1,2

||yi,H0 ´ cj ||
2
2

P
ÝÑ Ep min

c1,c2PBr
||YH0 ´ ci||

2
2q (3.83)

Combining results in Pollard (1981, 1982); Bock (1985), Chakravarti et al. (2019, Appendix B)

shows that in this case, the optimal 2-means cluster centers are given by,

µ1 “

˜

´

c

2pvpσ2q ` a2q

π
, 0, . . . , 0

¸T

, and

µ2 “

˜

c

2pvpσ2q ` a2q

π
, 0, . . . , 0

¸T

.

The corresponding optimal population clusters are

A1 “ ty “ py1, . . . , yrq P Rr : y1 ď 0u , and

A2 “ ty “ py1, . . . , ydq P Rr : y1 ą 0u .

Using the optimal cluster centers, it is easy to check that

Ep min
c1,c2PBr

||YH0 ´ ci||
2
2q “ rEp min

c1,c2PR
|Yi ´ ci|

2q “

ˆ

1 ´
2

π

˙

pvpσ2q ` a2q ` pr ´ 1qvpσ2q.
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Thus under the null hypothesis, in the large n Ñ 8 limit, the cluster index under the null hypothesis

converges to,

CIH0

P
ÝÑ 1 ´

2

π

a2 ` vpσ2q

a2 ` rvpσ2q
, as n Ñ 8.

Comparing this with (3.82) completes the result using the assumption and the fact that vpσ2q ď

σ2.

3.8 Proofs of the Applications

3.8.1 Spectral clustering and stochastic block model

Recall the decomposition of the adjacency matrix A “
řn
i“1 λiuiu

T
i and the population (ex-

pected) adjacency matrix A˚ “
řK
i“1 λ

˚
i u

˚
i pu˚

i qT be the SVD of A and A˚ respectively with

λ1 ě λ2 ě . . . ě λn and λ˚
1 ě λ˚

2 ě . . . ě λ˚
K . Denote U˚ “ pu˚

1 ,u
˚
2 , . . . ,u

˚
Kq and

Λ˚ “ diagpλ˚
1 , λ

˚
2 , . . . , λ

˚
Kq. The spectral embedding U can be decomposed in a fashion similar

to the general model (3.5) up to some orthogonal rotation:

UO “ U˚ `
“

UO ´ AU˚pΛ˚q´1
‰

` EU˚pΛ˚q´1 “: U˚ ` E1 ` E2, (3.84)

where O P RKˆK is a rotation matrix. Let nk, for k “ 1, . . . ,K, be the number of nodes belonging

to each of the communities. Define the ℓ2Ñ8 distance between two matrices U P RnˆK and

U˚ P RnˆK as

d2Ñ8 pU,U˚q fi inf
OPRKˆK ,OTO“I

}UO ´ U˚}2Ñ8 ,

where }V}2Ñ8 “ maxiPrns }Vi}2 and Vi is the i-th row of V.

Applying Corollary 3.6 in (Lei, 2019), we have the following lemma:

Lemma 3.8.1. Assume the conditions in Assumption 1 hold. We have

d2Ñ8

`

U,AU˚pΛ˚q´1
˘

“ Θp
1

n
?
ρn

q.
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Proof. Without loss of generality assume that

Z “

»

—

—

—

—

—

—

—

–

1n1 0 ¨ ¨ ¨ 0

0 1n2 ¨ ¨ ¨ 0

...
...

. . .
...

0 0 ¨ ¨ ¨ 1nK

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Let M “ diag
`?
n1, . . . ,

?
nK

˘

and Q “ ZM´1. Then QTQ “ I and

A˚ “ QpMBMqQT .

Let VΛ˚VT be the spectral decomposition of MBM. Then QVΛ˚pQVqT is the spectral decom-

position of A˚ since QV is an orthogonal matrix. As a result, the eigenvector matrix of A˚ is

U˚ “ QV. By definition,

U˚ “

»

—

—

—

—

—

—

—

–

1n1V
T
1?

n1

1n2V
T
2?

n2

...

1nK
VT

K?
nK

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

where VT
i is the i-th row of V. We have }U˚}2Ñ8 “ Θp 1?

n
q. Let cp¨q : rns Ñ rKs be the

membership vector and Cs “ ti : cpiq “ su for s P rKs. Let v˚
s “ U˚

i for i P Cs. Using the fact that

V is an orthogonal, we have

}v˚
s ´ v˚

s1}2 “

b

}v˚
s }

˚
2 `

›

›v˚
s1

›

›

2

2
´ 2

@

v˚
s ,v

˚
s1

D

“

c

1

ns
`

1

ns1

“ Θp
1

?
n

q.

Therefore,

∆ :“ min
s‰s1

}v˚
s ´ v˚

s1} “ Θp
1

?
n

q.

As shown in the proof of Theorem 5.2 of (Lei, 2019), we have κ̄˚ ď 2K ĺ 1,∆˚ “ Θpnρnq and

Rpδq ĺ log n, gpδq ĺ
?
nρn `

log n

log log n
.
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Combined with Assumption 1 (b), we have

λminpA˚q ľ
nρn

?
n }U˚}2Ñ8

.

Then we can apply corollary 3.6 in (Lei, 2019) to achieve the final result on d2Ñ8

`

U,AU˚pΛ˚q´1
˘

.

The above lemma implies that there exists some orthogonal matrix O P R such that

ϵ :“ }E1}2Ñ8 “
›

›UO ´ AU˚pΛ˚q´1
›

›

2Ñ8
“ Θp

1

n
?
ρn

q.

Completing the proof of Theorem 3.5.1:

Proof. By Assumption 1, we have α “ minsPrKs
ns
n “ minsPrKs πs “ Θp1q. By decomposition result,

the sub-Gaussian matrix is

E2 :“ EU˚pΛ˚q´1.

Under SBMs, the error matrix is symmetric, i.e., eij “ eji for i ‰ j. Therefore, we don’t have the

row-independent property for E2. However, we have the following decomposition

E “ EL ` ETL,

where EL is the upper triangular matrix of E with EL,ij “ Eij for i ă j and EL,ij “ 0 for i ě j.

Therefore, E2 can be decomposed into two parts

E2 “ EU˚pΛ˚q´1 “ ELU
˚pΛ˚q´1 ` ETLU

˚pΛ˚q´1 “: E21 ` E22.

It is easy to check that E21 and E22 are row-independent sub-Gaussian matrices. Therefore,

Lemmas 3.7.1-3.7.5 hold by simply decomposing each error into two parts. Both E21 and E22 have

sub-Gaussian parameter σ :“ 1
2

1
λminpΛ˚q

, where λminpΛ˚q “ λminpA˚q “ ΘpnλminpB˚qq “ Θpnρnq,
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and σ “ Θp 1
nρn

q. Based on our updated lemmas, the effective signal-to-noise ratios are

ρσ “
∆

σapprox

d

α

1 ` Kr
n

“ Θp
n

?
ρn

?
n

d

1

1 `K2{n
q “ Θp

?
nρnq,

for E2i, i “ 1, 2, and

ρϵ “

?
α∆

ϵ
ď Θp

?
nρnq

It is easy to check that conditions in Theorem 3.4.1 hold under Assumption 1. To check the

initialization condition

G0 ă

ˆ

1

2
´

6 ˚ 2
?
ρσ

´
3

?
ρϵ

˙

∆

M
,

we use the facts that

∆ :“ min
s‰s1

}v˚
s ´ v˚

s1}2 ě

c

2

maxs ns

and

M :“ max
s‰s1

}v˚
s ´ v˚

s1}2 ď

c

2

mins ns
,

to have

∆

M
ě

c

mins ns
maxs ns

ě

c

c1
C1
.

and 12?
ρσ

À 12??
nρn

“ op1q, ϵ∆ À 1?
nρn

“ op1q. Therefore, the sufficient initialization condition is

G0 ď

ˆ

1

2
´

1

pnρnq1{4
´

1

pnρnq1{4

˙c

c1
C1

“ p
1

2
´ ϵq

c

c1
C1
,

for small ϵ. Then applying Theorem 3.4.1, we have that

As ď max

"

exp

ˆ

´
∆2

8σϵ

˙

, exp

ˆ

´
∆2

16σ2

˙*

ď exp

ˆ

´
c21
4C1

nρ2n

˙

. (3.85)

using the fact that

∆ “ min
s‰s1

}v˚
s ´ v˚

s1}2 ě

c

2

C1n
,

and

σ “
1

2

1

λminpΛ˚q
ď

1

2c1nρn
.
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with probability at least

1 ´ δpn, σ,∆, ρσ, ρϵq “1 ´
1

n
´ 2 exp

ˆ

´
∆

σ

˙

´ 2 exp

ˆ

´
∆2

8ϵσ

˙

Á1 ´ exp

ˆ

´
c21
4C1

?
nρn

˙

´ expt´
c1
4C1

nρnu.

Completing the proof of Theorem 3.5.2:

Proof. Under the stochastic block models with independent Bernoulli entries, we can show that

Lemma 3.7.1 - 3.7.5 can be improved to achieve a tight concentration result. We adopt the notation

used in the proof of Lemma 3.8.1. Without loss of generality assume that

Z “

»

—

—

—

—

—

—

—

–

1n1 0 ¨ ¨ ¨ 0

0 1n2 ¨ ¨ ¨ 0

...
...

. . .
...

0 0 ¨ ¨ ¨ 1nK

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

and denote Nh :“
řh
l“1 nl. We first give a detailed characterization of the error matrix E2 “

EU˚pΛ˚q´1 with

wi :“ E2,i “ pEU˚pΛ˚q´1qi “ pETi U
˚pΛ˚q´1qT ,

where Ei is the i-th row of E. For any fixed l P rKs and i P rns, we have

wil “ ETi u
˚
l {λ˚

l “
1

λ˚
l

K
ÿ

s“1

ÿ

jPCs

Eijvsl (3.86)

where vs is defined in Lemma 3.8.1 as v˚
s “ U˚

i for i P Cs. From the proof of Lemma 3.8.1,

∆ “ min
s‰s1

}v˚
s ´ v˚

s1} “ min
s‰s1

c

1

ns
`

1

ns1

ě

c

2

maxs ns
ě

c

2

n
,

and

M “ max
s‰s1

}v˚
s ´ v˚

s1} “ max
s‰s1

c

1

ns
`

1

ns1

ď

c

2

mins ns
ď

c

2

nα
.
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Therefore

M

∆
ď

c

maxs ns
mins ns

ď

c

C1

c1
. (3.87)

The following lemma is the key observation used to improve the concentration result under

SBMs, following from Theorem 5.2 in (Lei and Rinaldo, 2015).

Lemma 3.8.2. [Spectral bound of binary symmetric random matrices]. Let A be the adjacency

matrix of a random graph on n nodes in which edges occur independently. Set ErAs “ P “

ppijqi,j“1,...,n and assume that nmaxij pij ď d for d ě c0 log n and c0 ą 0. Then, for any r ą 0 there

exists a constant C “ C pr, c0q such that

}A ´ P} ď C
?
d

with probability at least 1 ´ n´r.

Fixing r “ 3 and using the fact that λminpΛ˚q “ λminpA˚q “ ΘpnλminpB˚qq “ Θpnρnq, we have

}E2} “ }EU˚pΛ˚q´1} ď }E}}pΛ˚q´1} À

?
nρn

nρn
À

1
?
nρn

,

that is

}E2} ď
C1

?
nρn

for some constant C1, with probability greater than 1´n´4. Let S Ă rns and define WS “
ř

iPS wi.

Lemma 3.8.3. }WS}2 ď
C1

a

|S|
?
nρn

for all S Ă rns with probability at least 1 ´ n´3.

Proof:
›

›

›

›

›

1
a

|S|
WS

›

›

›

›

›

2

“

›

›

›

›

›

1
a

|S|
1TSE2

›

›

›

›

›

2

ď }E2} ď
C1

?
nρn

with probability at least 1 ´ n´3.

Lemma 3.8.4. For all S Ă rns,

λmax

˜

ÿ

iPS

wiw
T
i

¸

ď
C2
1

nρn
,

with probability at least 1 ´ n´4.
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Proof:
›

›

›

›

›

ÿ

iPS

wiw
T
i

›

›

›

›

›

ď
›

›ET2 diag p1SqE2

›

› ď
›

›ET2
›

›

2

2
ď

C2
1

nρn
,

with probability at least 1 ´ n´4 ■

Lemma 3.8.5. For all h Ă rKs,

}WCh}2 ď C2

?
nh log n

n
?
ρn

with probability 1 ´ n´3.

Proof. Fix h P rKs,
›

›

›

›

›

ÿ

iPCh

wi

›

›

›

›

›

2

“

K
ÿ

l“1

˜

ÿ

iPCh

wil

¸2

and from equation (3.86)

ÿ

iPCh

wil “
ÿ

iPCh

1

λ˚
l

K
ÿ

s“1

ÿ

jPCs

Eijvsl

“
1

λ˚
l

ÿ

iPCh

˜

ÿ

jPCh

Eijvhl `
ÿ

s‰h

ÿ

jPCs

Eijvsl

¸

“
1

λ˚
l

¨

˝

Nh
ÿ

i“Nh´1`1

Nh
ÿ

j“Nh´1`1

Eijvhl `
ÿ

iPCh

ÿ

s‰h

ÿ

jPCs

Eijvsl

˛

‚

“
1

λ˚
l

¨

˝2
Nh
ÿ

i“Nh´1`1

Nh
ÿ

j“i`1

Eijvhl `
ÿ

iPCh

ÿ

s‰h

ÿ

jPCs

Eijvsl

˛

‚ (3.88)

To bound the first part of (3.88), using Bernstein inequality, for fixed h, l P rKs

P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Nh
ÿ

i“Nh´1`1

Nh
ÿ

j“i`1

Eijvhl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě t

˛

‚

ď2 exp

¨

˚

˚

˝

´

1

2

1

v2
hl

t2

p
nhpnh ´ 1q

2
`

1

3vhl
t

˛

‹

‹

‚

.
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Choosing t “ max

"

16

3
vhl log n, 2vhl

a

2pnhpnh ´ 1q log n

*

“ 2vhl
a

2pnhpnh ´ 1q log n under the

assumption p ě 1
n ,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
Nh
ÿ

i“Nh´1`1

Nh
ÿ

j“i`1

Eijvhl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 4vhl
a

2pnhpnh ´ 1q log n,

with probability at least 1´n´4. Similarly,we can bound the second part of (3.88) using Bernstein

inequality

P

˜ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPCh

ÿ

s‰h

ÿ

jPCs

Eijvsl

ˇ

ˇ

ˇ

ˇ

ˇ

ě t

¸

ď2 exp

˜

´

1
2 t

2

pnh ` 1
3

t?
nα

¸

,

where the inequality uses that fact that

Var

˜

ÿ

iPCh

ÿ

s‰h

ÿ

jPCs

Eijvsl

¸

ď
ÿ

iPCh

ÿ

s‰h

ÿ

jPCs

pv2
sl “

ÿ

iPCh

ÿ

s‰h

pv2
slns ď

ÿ

iPCh

p “ pnh,

since
ř

s‰h v
2
slns ď

řK
s“1 v

2
slns “ 1 and |Eijvsl| ď |vsl| ď 1?

ns
ď 1?

nα
. Choosing

t “ max

"

8

3

log n
?
nα

, 4
a

pnh log n

*

“ 4
a

pnh log n

under the assumption p ě 1
n , and then we have for fixed h, l P rKs

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPCh

ÿ

s‰h

ÿ

jPCs

Eijvsl

ˇ

ˇ

ˇ

ˇ

ˇ

ď 4
a

pnh log n,

with probability at least 1 ´ n´4. Combining two parts together and the union argument

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPCh

wil

ˇ

ˇ

ˇ

ˇ

ˇ

ď
4

λ˚
l

´

vhl
a

2pnhpnh ´ 1q log n`
a

pnh log n
¯

“
4

λ˚
l

a

pnh log n
`

vhl
?
2nh ` 1

˘

,
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for any fixed h, l P rKs with probability 1 ´ n´3 and

›

›

›

›

›

ÿ

iPCh

wi

›

›

›

›

›

2

“

K
ÿ

l“1

˜

ÿ

iPCh

wil

¸2

ď

K
ÿ

l“1

„

4

λ˚
l

a

pnh log n
`

vhl
?
2nh ` 1

˘

ȷ2

ď 32p2 `Kqpnh log n{pλ˚
Kq2,

for any fixed h P rKs with probability 1 ´ n´3 . The last inequality uses the facts that pa `

bq2 ď 2pa2 ` b2q, λ˚
l ě λ˚

K and
řK
l“1 v

2
hl “

1

nh
for fixed h P rKs. Using the definition of ρn and

λ˚
K “ Θpnρnq, we finally have

›

›

›

›

›

ÿ

iPCh

wi

›

›

›

›

›

ď C2

?
nh log n

n
?
ρn

,

with probability 1 ´ n´3.

Lemma 3.8.6. Let g, h P rKs such that g ‰ h. Then, for any a ą 0,

ÿ

iPCg

I
`

a}µg ´ µh}2 ď xwi,µh ´ µgy
˘

ď2ng exp
`

´C3a
2nρn

˘

` ng exp
`

´C4a
2nρn

˘

` 16 log n

` 4
a

ng log n

"

2 exp

ˆ

´
C3

2
a2nρn

˙

` exp

ˆ

´
C4

2
a2nρn

˙*

for some constants C3 and C4 with probability 1 ´ n´3.
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Proof. Fix g, h P rKs and a ą 0. By (3.86) and definition of vs for s P rKs, we have

I
`

a}µg ´ µh}2 ď xwi,µh ´ µgy
˘

“I
`

a}vg ´ vh}2 ď xwi,vg ´ vhy
˘

“I

˜

a}vg ´ vh}2 ď

K
ÿ

l“1

1

λ˚
l

K
ÿ

s“1

ÿ

jPCs

Eijvslpvgl ´ vhlq

¸

ďI

¨

˝a1}vg ´ vh}2 ď

K
ÿ

l“1

1

λ˚
l

ÿ

jPCg

Eijvglpvgl ´ vhlq

˛

‚

` I

˜

a2}vg ´ vh}2 ď

K
ÿ

l“1

1

λ˚
l

ÿ

s‰g

ÿ

jPCs

Eijvslpvgl ´ vhlq

¸

ďI

¨

˝

a1
2

}vg ´ vh}2 ď

K
ÿ

l“1

1

λ˚
l

i´1
ÿ

j“Ng´1`1

Eijvglpvgl ´ vhlq

˛

‚

` I

˜

a1
2

}vg ´ vh}2 ď

K
ÿ

l“1

1

λ˚
l

Ng
ÿ

j“i`1

Eijvglpvgl ´ vhlq

¸

` I

˜

a2}vg ´ vh}2 ď

K
ÿ

l“1

1

λ˚
l

ÿ

s‰g

ÿ

jPCs

Eijvslpvgl ´ vhlq

¸

:“Xi ` Yi ` Zi

where a “ a1`a2 and the last inequality guarantee the independence between different components

when we take summation over i P Gg. It is easy to check that the expectation for each term can be

bounded as

E pXiq ď exp
`

´C3a
2
1nρn

˘

,

E pYiq ď exp
`

´C3a
2
1nρn

˘

,

E pZiq ď exp
`

´C4a
2
2nρn

˘

,

for some constants C3 and C4. By Bernstein inequality,

P

¨

˝

ÿ

iPCg

pXi ´ EpXiqq ą t

˛

‚ď exp

˜

´

1
2 t

2

σ2X ` 1
3 t

¸
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where σ2X “ Var
´

ř

iPCg Xi

¯

ď ng exp
`

´C3a
2
1nρn

˘

. Choose t0 “ maxt16
3 log n, 4σX

?
log nu, we

have
ř

iPCg pXi ´ EpXiqq ď t0 with probability at least 1 ´ n´4. Therefore,

ÿ

iPCg

Xi ď ng exp
`

´C3a
2
1nρn

˘

`
16

3
log n` 4 exp

ˆ

´
C3

2
a21nρn

˙

a

ng log n,

with probability at least 1 ´ n´4. Similarly, we have

ÿ

iPCg

Yi ď ng exp
`

´C3a
2
1nρn

˘

`
16

3
log n` 4 exp

ˆ

´
C3

2
a21nρn

˙

a

ng log n,

with probability at least 1 ´ n´4, and

ÿ

iPCg

Zi ď ng exp
`

´C4a
2
2nρn

˘

`
16

3
log n` 4 exp

ˆ

´
C4

2
a22nρn

˙

a

ng log n,

with probability at least 1 ´ n´4. In summary, combining three parts together,

ÿ

iPCg

I
`

a}µg ´ µh}2 ď xwi,µh ´ µgy
˘

ď
ÿ

iPCg

pXi ` Yi ` Ziq

ď2ng exp
`

´C3a
2
1nρn

˘

` ng exp
`

´C4a
2
2nρn

˘

` 16 log n

` 4
a

ng log n

"

2 exp

ˆ

´
C3

2
a21nρn

˙

` exp

ˆ

´
C4

2
a22nρn

˙*

with probability greater than 1 ´ n´3.

Based on the formulation of wi, we have the following technique lemma which will be useful

throughout the proof.

Lemma 3.8.7. Let g, h P rKs such that g ‰ h. Then, for any a ą 0, i P Cg

P
`

a}µg ´ µh}2 ď xwi,µh ´ µgy
˘

ď expp´C5a
2nρnq,

for some constant C5.
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Proof. Fix i P Cg,

P
`

a}µg ´ µh}2 ď xwi,µh ´ µgy
˘

“P

˜

a}vg ´ vh}2 ď

K
ÿ

l“1

wilpvgl ´ vhlq

¸

“P

˜

a}vg ´ vh}2 ď

K
ÿ

l“1

1

λ˚
l

K
ÿ

s“1

ÿ

jPCs

Eijvslpvgl ´ vhlq

¸

ď exp
`

´C5a
2nρn

˘

,

for some constant C5 using Bernstein inequality.

Lemma 3.8.8. For all i P rns, we have

}wi} ď C6max

#

log n

n
?
nαρn

,
1

n

d

log n

ρn

+

,

for some constant C6 with probability 1 ´ n´3.

Proof. Fix i P rns and t ą 0, by Bernstein inequality,

P pt ď }wi}q “

K
ÿ

l“1

P
ˆ

t
?
K

ď |wil|

˙

ď

K
ÿ

l“1

P

˜

t
?
K

ď

ˇ

ˇ

ˇ

ˇ

ˇ

1

λ˚
l

K
ÿ

s“1

ÿ

jPCs

Eijvsl

ˇ

ˇ

ˇ

ˇ

ˇ

¸

ď

K
ÿ

l“1

exp

¨

˝´

1
2
t2

K
p

pλ˚
l q2

` 1
3

t?
K

1?
nαλ˚

l

˛

‚

ď K exp

¨

˝´

1
2
t2

K
p

pλ˚
l q2

` 1
3

t?
K

1?
nαλ˚

K

˛

‚

ď K exp

¨

˝´

1
2
t2

K
p

pλ˚
Kq2

` 1
3

t?
K

1?
nαλ˚

K

˛

‚

using the fact that

p
1

λ˚
l

K
ÿ

s“1

ÿ

jPCs

Eijvslq ď
p

pλ˚
l q2
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and
ˇ

ˇ

ˇ

ˇ

vsl
λ˚
l

ˇ

ˇ

ˇ

ˇ

ď
1

?
ns

1

λ˚
l

ď
1

?
nα

1

λ˚
l

.

Choosing t0 “ C6max
!

1
n

b

logn
ρn

, logn
n

?
nαρn

)

for some constant C6, then

P pt0 ď }wi}q ď
1

n4
.

Take a union argument and we get the final result.

In summary, in SBMs, we can view σapprox “ Θp
1

n
?
ρn

q instead of the sub-Gaussian parameter

σ “ Θp
1

nρn
q we used in the general theorem. Under the SSBM with K “ 2, we assume

ϵ “
C0

n
?
ρn
, (3.89)

for some constant C0 using Lemma 3.8.1. Define

ρσ “
1

C1

?
nαρn, (3.90)

and

ρϵ “
2

C0

?
nαρn. (3.91)

We will first control Gs and Γs. This will then allow us to control As as s grows.

Lemma 3.8.9. Conditionally on the events that the results of Lemmas 3.8.3, 3.8.4, and 3.8.5 hold,

if Gs ď 1
2 , then

Γs ď
ϵ

∆
` min

˜

2GsΓs´1 ` p1 `
?
2q

?
KGs
ρσ

`

?
2C2

C1

1

ρσ

c

log n

n
,
1

ρσ
`

c

C1

c1
Gs

¸

.

Proof: In order to bound Γs we need to bound }pµ
psq

h ´ µh}, which we do so expanding pµ
psq

h using

ti : ẑ
psq

i “ hu “
Ť

gPrKs U
psq

gh as follows:

pµ
psq

h ´ µh “
1

pn
psq

h

ÿ

iPU
psq

hh

pyi ´ µhq `
ÿ

g‰h

pn
psq

gh

pn
psq

h

pȳ
U

psq

gh

´ µhq, (3.92)
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where ȳ
U

psq

gh

“ 1

pn
psq

gh

ř

iPU
psq

gh

yi. By Lloyd’s algorithm, for i P U
psq

gh , }yi ´ pµ
ps´1q

h } ď }yi ´ pµ
ps´1q
g }.

Thus, it must be the case that }ȳ
U

psq

gh

´ pµ
ps´1q

h } ď }ȳ
U

psq

gh

´ pµ
ps´1q
g }. Then, repeatedly using the

triangle inequality yields

}ȳ
U

psq

gh

´ µh} ď }ȳ
U

psq

gh

´ pµ
ps´1q

h } ` }pµ
ps´1q

h ´ µh}

ď }ȳ
U

psq

gh

´ pµps´1q
g } ` }pµ

ps´1q

h ´ µh}

ď }ȳ
U

psq

gh

´ µg} ` }µg ´ pµps´1q
g } ` }pµ

ps´1q

h ´ µh}

ď }ȳ
U

psq

gh

´ ȳ˚

U
psq

gh

} ` }ȳ˚

U
psq

gh

´ µg} ` }µg ´ pµps´1q
g } ` }pµ

ps´1q

h ´ µh}

ď ϵ`
C1

?
nρn

b

pn
psq

gh

` 2Γs´1∆,

where the last inequality uses Lemma 3.8.3, the definition of ϵ bound, and the definition (3.11) of

Γs´1. Thus, we bound the second term of (3.92) as

}
ÿ

g‰h

pn
psq

gh

pn
psq

h

pȳ
U

psq

gh

´ µhq} ď
ÿ

g‰h

pn
psq

gh

pn
psq

h

}ȳ
U

psq

gh

´ µh}

ď
ÿ

g‰h

pn
psq

gh

pn
psq

h

¨

˝

C1

?
nρn

b

pn
psq

gh

` ϵ` 2Γs´1∆

˛

‚

ď
C1

?
nρn

g

f

f

eK
ÿ

g‰h

pn
psq

gh

ppn
psq

h q2
`

ÿ

g‰h

pn
psq

gh

pn
psq

h

ϵ`
ÿ

g‰h

pn
psq

gh

pn
psq

h

2Γs´1∆

ď C1

d

KGs

nρnpn
psq

h

`
ÿ

g‰h

pn
psq

gh

pn
psq

h

ϵ` 2Γs´1∆Gs, (3.93)

where the last two inequalities are obtained via Cauchy-Schwarz inequality and the definition (3.9)

of Gs. For the first term of (3.92), using the fact that ti : zi “ hu “ U
psq

hh `
Ť

g‰h U
psq

hg and the

definition of ϵ,

›

›

›

›

1

pn
psq

h

ÿ

iPU
psq

hh

pyi ´ µhq

›

›

›

›

ď
pn

psq

hh

pn
psq

h

ϵ`
1

pn
psq

h

›

›

›

›

ÿ

i:zi“h

py˚
i ´ µhq ´

ÿ

g‰h

ÿ

iPU
psq

hg

py˚
i ´ µhq

›

›

›

›

(3.94)

ď
pn

psq

hh

pn
psq

h

ϵ`
1

pn
psq

h

ˆ

C2
?
nh log n

n
?
ρn

`
C1

?
nρn

b

nh ´ pn
psq

hh

˙

, (3.95)
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where the last inequality follows from applications of Lemma 3.8.5 and Lemma 3.8.3.

Note that, by the assumption that Gs ď 1
2 ,

pn
psq

h ě pn
psq

hh ě nhp1 ´Gsq ě
nh
2

ě
αn

2
, (3.96)

which implies

1
b

pn
psq

h

ď

c

2

nα
,

?
nh

pn
psq

h

ď
2

?
nh

ď
2

?
nα

,

b

nh ´ pn
psq

hh
?
nh

ď
a

Gs. (3.97)

Then, for all h P rKs,

}pµ
psq

h ´ µh} ď C1

d

KGs

nρnpn
psq

h

`
ÿ

g‰h

pn
psq

gh

pn
psq

h

ϵ` 2Γs´1∆Gs

`
pn

psq

hh

pn
psq

h

ϵ`
1

pn
psq

h

ˆ

C2
?
nh log n

n
?
ρn

`
C1

?
nρn

b

nh ´ pn
psq

hh

˙

,

ď
p2 `

?
2qC1

n

d

KGs
αρn

` 2Γs´1Gs∆ ` ϵ`
2C2

n

d

log n

nαρn

ď ∆

˜

ϵ

∆
` 2GsΓs´1 ` p1 `

?
2qC1

d

KGs
nαρn

`

?
2C2

n

d

log n

αρn

¸

where we use ∆ ě

c

2

maxs ns
ě

c

2

n
and the second inequality is obtained using (3.97) and the

last inequality is obtained using the definition (3.90) of ρσ. Thus,

Γs ď
ϵ

∆
` 2GsΓs´1 ` p1 `

?
2q

?
KGs
ρσ

`

?
2C2

C1

1

ρσ

c

log n

n
. (3.98)

We can get another bound on Γs by rewriting pµ
psq

h as

pµ
psq

h “
1

pn
psq

h

n
ÿ

i“1

pµzi ` pyi ´ µziqqIppz
psq

i “ hq

“
ÿ

gPrKs

pn
psq

gh

pn
psq

h

µg `
1

pn
psq

h

ÿ

pz
psq

i “h

pyi ´ µziq.
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Using this decomposition and Lemma 3.8.3,

}pµ
psq

h ´ µh} ď
ÿ

g‰h

pn
psq

gh

pn
psq

h

}µg ´ µh} `

›

›

›

›

›

›

›

1

pn
psq

h

ÿ

pz
psq

i “h

py˚
i ´ µziq

›

›

›

›

›

›

›

` ϵ

ď M
ÿ

g‰h

pn
psq

gh

pn
psq

h

` C1

d

1

nρnpn
psq

h

` ϵ

ď ∆

ˆ

M

∆
Gs ` C1

c

1

nαρn
`

ϵ

∆

˙

.

This implies

Γs ď
M

∆
Gs ` C1

c

1

nαρn
`

ϵ

∆
ď

c

C1

c1
Gs ` C1

c

1

nαρn
`

ϵ

∆
, (3.99)

where the last inequality uses (3.87). Finally, by using (3.98) and (3.99), we conclude that

Γs ď
ϵ

∆
` min

˜

2GsΓs´1 ` p1 `
?
2q

?
KGs
ρσ

`

?
2C2

C1

1

ρσ

c

log n

n
,
1

ρσ
`

c

C1

c1
Gs

¸

.

■

Lemma 3.8.10. Assume Lemmas 3.8.3, 3.8.4, 3.8.5, and 3.8.6 hold. Assume Γs ď
1´CΓ

2 for some

0 ă CΓ ă 1, Gs ă 1
2 for all s. Define

β1,σ “
1

2
CΓ ´

3C0

2
?
2nρn

´
C1

α1{2pnρnq1{4
´

?
2C0

α1{2pnρnq1{4
,

and assume β1,σ ą 0. Then

Gs`1 ď
4

α
exp

`

´C3β
2
1,σnρn

˘

`
2

α
exp

`

´C4β
2
1,σnρn

˘

`
32 log n

nα

`
8

α

c

2 log n

n

"

2 exp

ˆ

´
C3

2
β21,σnρn

˙

` exp

ˆ

´
C4

2
β21,σnρn

˙*

`
4Γ2

s
?
nαρn

ď
2

β21,σnαρn

ˆ

2

C3
`

1

C4

˙

˜

1 ` 16

c

2 log n

n

¸

`
32 log n

nα
`

4Γ2
s

?
nαρn

.

Proof:
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To control Gs`1, we need a bound on pn
ps`1q

gh “
ř

i Ipzi “ g, pz
ps`1q

i “ hq for h, g P rKs with

h ‰ g. Suppose g is fixed. Then for h ‰ g,

Ipzi “ g, pz
ps`1q

i “ hq ď Ip}yi ´ pµ
psq

h }2 ď }yi ´ pµpsq
g }2q

“ Ipxyi ´ µg ` µg ´ pµ
psq

h ,yi ´ µg ` µg ´ pµ
psq

h y

ď xyi ´ µg ` µg ´ pµpsq
g ,yi ´ µg ` µg ´ pµpsq

g yq

“ Ipxµg ´ pµ
psq

h ,µg ´ pµ
psq

h y ´ xµg ´ pµpsq
g ,µg ´ pµpsq

g y ď 2xyi ´ µg, pµ
psq

h ´ pµpsq
g yq

“ Ip}µg ´ pµ
psq

h }2 ´ }µg ´ pµpsq
g }2 ď 2xyi ´ µg, pµ

psq

h ´ pµpsq
g yq (3.100)

and

}µg ´ pµ
psq

h }2 ě p}µg ´ µh} ´ }µh ´ pµ
psq

h }q2

“

ˆ

}µg ´ µh}

ˆ

1 ´
}µh ´ pµ

psq

h }

}µg ´ µh}

˙˙2

ě }µg ´ µh}2p1 ´ Γsq
2,

by the definition (3.11) of Γs. So,

}µg ´ pµ
psq

h }2 ´ }µg ´ pµpsq
g }2 ě }µg ´ µh}2p1 ´ Γsq

2 ´ }µg ´ pµpsq
g }2

ě }µg ´ µh}2pp1 ´ Γsq
2 ´ Γ2

sq

“ }µg ´ µh}2p1 ´ 2Γsq (3.101)

ě }µg ´ µh}2CΓ,

where the last inequality is obtained using the assumption that Γs ď
1´CΓ

2 . For k P rKs, write

ζk “ pµ
psq

k ´ µk. Based on the decomposition

pµ
psq

h ´ pµpsq
g “ µh ´ µg ` ppµ

psq

h ´ µhq ´ ppµpsq
g ´ µgq “ pµh ´ µgq ` pζh ´ ζgq,

120



we define coefficients corresponding to the two parts µh ´ µg and ζh ´ ζg whose reasons will be

clear later

β1,ϵ “
3C0

2
?
2nρn

, β2,σ “
C1

pnαρnq1{4
, β2,ϵ “

?
2C0

pnαρnq1{4
, (3.102)

and

β1,σ “
1

2
CΓ ´ β1,ϵ ´ β2,σ ´ β2,ϵ “

1

2
CΓ ´

3C0

2
?
2nρn

´
C1

pnαρnq1{4
´

?
2C0

pnαρnq1{4
,

where C0 is define in equation (3.89) and C1 defined in Lemma 3.8.3. Using the definition above,

Ipzi “ g, pz
ps`1q

i “ hq ď I
ˆˆ

1 ´ 2Γs
2

˙

}µg ´ µh}2 ď xyi ´ µg, pµ
psq

h ´ pµpsq
g y

˙

ď I
`

β1,ϵ}µg ´ µh}2 ď xyi ´ y˚
i ,µh ´ µgy

˘

` I
`

β1,σ}µg ´ µh}2 ď xy˚
i ´ µg,µh ´ µgy

˘

` I
`

β2,ϵ}µg ´ µh}2 ď xyi ´ y˚
i , ζh ´ ζgy

˘

` I
`

β2,σ}µg ´ µh}2 ď xy˚
i ´ µg, ζh ´ ζgy

˘

“: T1i ` T2i ` T3i ` T4i. (3.103)

For the first part of (3.103), we have

T1i “I
`

β1,ϵ}µg ´ µh}2 ď xyi ´ y˚
i ,µh ´ µgy

˘

(3.104)

ďI pβ1,ϵ∆ ď ϵq ď I

˜

β1,ϵ

c

2

n
ď ϵ

¸

(3.105)

ďI

˜

3C0

2
?
2nρn

c

2

n
ď

C0

n
?
ρn

¸

“ 0, (3.106)

where the second inequality uses the fact that ∆ ě

c

2

n
. The term related to T2i of (3.103) can be

bounded using Lemma 3.8.6 as follows:

ÿ

iPCg

T2i ď 2ng exp
`

´C3β
2
1,σnρn

˘

` ng exp
`

´C4β
2
1,σnρn

˘

` 16 log n

` 4
a

ng log n

"

2 exp

ˆ

´
C3

2
β21,σnρn

˙

` exp

ˆ

´
C4

2
β21,σnρn

˙*

ď
2ng

C3β21,σnρn
`

ng
C4β21,σnρn

` 16 log n`
16
a

ng log n

C3β21,σnρn
`

8
a

ng log n

C4β21,σnρn
,
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where C3 and C4 are constants defined in Lemma 3.8.6 and we use the fact expp´xq ď 1
x for x ą 0.

Based on the following result

}ζh ´ ζg} ď }ζh} ` }ζg} “ }pµ
psq

h ´ µh} ` }pµpsq
g ´ µg} ď 2Γs∆ ď 2Γs}µh ´ µg}, (3.107)

we can bound the third term of (3.103) as

ÿ

i:zi“g

T3i “
ÿ

i:zi“g

I
`

β2,ϵ}µg ´ µh}2 ď xyi ´ y˚
i , ζh ´ ζgy

˘

“
ÿ

i:zi“g

I

˜

1 ď
1

β22,ϵ}µg ´ µh}4
xyi ´ y˚

i , ζh ´ ζgy2

¸

ď
ÿ

i:zi“g

1

β22,ϵ∆
4

pxyi ´ y˚
i , ζh ´ ζgyq

2

ď
ϵ2}ζh ´ ζg}2

β22,ϵ∆
4

ng ď
2C2

0Γ
2
s

β22,ϵnρn
ng “

c

α

nρn
ngΓ

2
s

using the definition of ϵ in (3.89), the inequality (3.107) and ∆ ě

c

2

n
.

Similarly, we can bound the fourth term of (3.103) as

ÿ

i:zi“g

T4i “
ÿ

i:zi“g

I
`

β2,σ}µg ´ µh}2 ď xy˚
i ´ µg, ζh ´ ζgy

˘

ď
1

β22,σ∆
4

ÿ

i:zi“g

pxy˚
i ´ µg, ζh ´ ζgyq2

ď
}ζh ´ ζg}2

β22,σ∆
4
λmax

˜

ÿ

i:zi“g

wiw
T
i

¸

(3.108)

ď
4Γ2

s

β22,σ∆
2

C2
1

nρn

ď
C2
1Γ

2
s

β22,σρn
“

c

nα

ρn
Γ2
s, (3.109)

where (3.108) uses Lemma 3.8.4, and (3.109) uses the definition of β2,σ in (3.102). Note that (3.96),

which uses the assumption that Gs ď 1
2 , implies

1

ng
ď

1

αn
,

ng

pn
ps`1q

h

ď
2ng
αn

ď
2

α
,

?
ng

pn
ps`1q

h

ď
2
?
ng

αn
ď

2

α
?
n
.
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Combining the four parts together, we have

max
gPrKs

ÿ

h‰g

pn
ps`1q

gh

ng
“ max

gPrKs

ÿ

h‰g

ÿ

iPrns

T1i ` T2i ` T3i ` T4i
ng

ď2 exp
`

´C3β
2
1,σnρn

˘

` exp
`

´C4β
2
1,σnρn

˘

`
16 log n

ng

` 4

d

log n

ng

"

2 exp

ˆ

´
C3

2
β21,σnρn

˙

` exp

ˆ

´
C4

2
β21,σnρn

˙*

`

c

α

nρn
Γ2
s `

c

nα

ρn

Γ2
s

ng

ď2 exp
`

´C3β
2
1,σnρn

˘

` exp
`

´C4β
2
1,σnρn

˘

`
16 log n

nα

` 4

c

log n

nα

"

2 exp

ˆ

´
C3

2
β21,σnρn

˙

` exp

ˆ

´
C4

2
β21,σnρn

˙*

`

c

α

nρn
Γ2
s `

Γ2
s

?
nαρn

and

max
hPrKs

ÿ

g‰h

pn
ps`1q

gh

pn
ps`1q

h

“ max
hPrKs

ÿ

g‰h

ÿ

iPrns

T1i ` T2i ` T3i ` T4i

pn
ps`1q

h

ď
2ng

pn
ps`1q

h

exp
`

´C3β
2
1,σnρn

˘

`
ng

pn
ps`1q

h

exp
`

´C4β
2
1,σnρn

˘

`
16 log n

pn
ps`1q

h

` 4

a

ng log n

pn
ps`1q

h

"

2 exp

ˆ

´
C3

2
β21,σnρn

˙

` exp

ˆ

´
C4

2
β21,σnρn

˙*

`

c

α

nρn
Γ2
s

ng

pn
ps`1q

h

`

c

nα

ρn

Γ2
s

pn
ps`1q

h

ď
4

α
exp

`

´C3β
2
1,σnρn

˘

`
2

α
exp

`

´C4β
2
1,σnρn

˘

`
32 log n

nα

`
8

α

c

2 log n

n

"

2 exp

ˆ

´
C3

2
β21,σnρn

˙

` exp

ˆ

´
C4

2
β21,σnρn

˙*

`
4Γ2

s
?
nαρn

.

Finally, we have

Gs`1 ď
4

α
exp

`

´C3β
2
1,σnρn

˘

`
2

α
exp

`

´C4β
2
1,σnρn

˘

`
32 log n

nα

`
8

α

c

2 log n

n

"

2 exp

ˆ

´
C3

2
β21,σnρn

˙

` exp

ˆ

´
C4

2
β21,σnρn

˙*

`
4Γ2

s
?
nαρn

ď
2

β21,σnαρn

ˆ

2

C3
`

1

C4

˙

˜

1 ` 16

c

2 log n

n

¸

`
32 log n

nα
`

4Γ2
s

?
nαρn

.

Proof of Theorem 3.5.2: In order to bound the misclustering rate As`1, we first show that

under the initialization condition (3.13), Lemmas (3.7.6)–(3.7.7) hold for all s ě 1. Next we find

a bound for Γs which does not depend on s. Then we decompose Ipzi ‰ pz
ps`1q

i , pz
ps`1q

i “ hq using

(3.53) and the bound on Γs. Thus, allowing us to decompose As`1 into three components which
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we can bound in expectation. Finally, we will use Markov’s inequality and a recursive argument to

bound the misclustering rate. Recall that we assumed ρσ ą C2

?
K and nα ě C1K log n for some

C2, C1 ą 0.

Note that if G0 satisfies the initial condition (3.26), it follows from Lemma 3.8.10 that

Γ0 ď
ϵ

∆
`

1

ρσ
`

c

C1

c1
G0

ď
ϵ

∆
`

1

ρσ
`

ˆ

1

2
´

5C0

2
?
2nρn

´
C1

?
nαρn

´

?
2C0 ` C1 ` 1

pnαρnq1{4

˙

ď
1

2
´
C0 ` C1

pnρnq1{4
(3.110)

“
1

2
´

3C0

2
?
2nρn

´

?
2C0 ` C1 ` 1

pnαρnq1{4
, (3.111)

where the last inequality follows from the fact that nρn " 1. So regardless of which initial condition

(3.26) holds, we have (3.111). Plugging (3.111) into Lemma 3.8.10 with

CΓ :“
3C0

?
2nρn

`
2p

?
2C0 ` C1 ` 1q

pnαρnq1{4
,

yields

β :“
1

2
CΓ ´

3C0

2
?
2nρn

´
C1

pnαρnq1{4
´

?
2C0

pnαρnq1{4
“

1

pnαρnq1{4

and

G1 ď
2

β21,σnαρn

ˆ

2

C3
`

1

C4

˙

˜

1 ` 16

c

2 log n

n

¸

`
32 log n

nα
`

4Γ2
0

?
nαρn

ď
2

pnαρnq1{2

ˆ

2

C3
`

1

C4

˙

˜

1 ` 16

c

2 log n

n

¸

`
32 log n

nα
`

4Γ2
0

?
nαρn

ď 0.35,
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using the fact that nαρn " 1 and
nα

log n
ě 256. Then Lemma 3.8.9 yields

Γ1 ď
ϵ

∆
` 2G1Γ0 ` p1 `

?
2q

?
KG1

ρσ
`

?
2C2

C1

1

ρσ

c

log n

n

ď
C1

?
2nρn

` 2p0.35q

ˆ

1

2
´

3C0

2
?
2nρn

´

?
2C0 ` C1 ` 1

pnαρnq1{4

˙

` p1 `
?
2q

?
0.35

ρσ
`

?
2C2

C1

1

ρσ

c

log n

n

ď
1

2
´

3C0

2
?
2nρn

´

?
2C0 ` C1 ` 1

pnαρnq1{4
, (3.112)

under the assumption that nαρn " 1. By induction, we can show

Gs ă 0.35,Γs ă 0.4 (3.113)

for all s ą 1. Then, Γs ď 0.4 “
1´p1{5q

2 and with CΓ “ 1
5 . Lemma 3.8.10 gives

Gs`1 ď
4

α
exp

`

´C3β
2nρn

˘

`
2

α
exp

`

´C4β
2nρn

˘

`
32 log n

nα

`
8

α

c

2 log n

n

"

2 exp

ˆ

´
C3

2
β2nρn

˙

` exp

ˆ

´
C4

2
β2nρn

˙*

`
4Γ2

s
?
nαρn

.

where β “ 1
2CΓ ´ op1q “ 0.1 ´ op1q. Hence, using Lemmas 3.8.10 and 3.8.9 along with nαρn " 1,

and CΓ “ 1
5 , for all s ą 1,

Γs ď
ϵ

∆
` 2GsΓs´1 ` p1 `

?
2q

?
KGs
ρσ

`

?
2C2

C1

1

ρσ

c

log n

n

ď
ϵ

∆
` 2GsΓs´1 `

1 `
?
2

ρσ

a

KGs `

?
2C2

C1

1

ρσ

c

log n

n

ď
ϵ

∆
` 0.7Γs´1 `

p1 `
?
2q

?
K

ρσ

#

2
?
α
exp

ˆ

´
C3

2
β2nρn

˙

`

?
2

?
α
exp

ˆ

´
C4

2
β2nρn

˙

` 4

c

2 log n

nα

`
2

?
2

?
α

ˆ

2 log n

n

˙1{4 „?
2 exp

ˆ

´
C3

4
β2nρn

˙

` exp

ˆ

´
C4

4
β2nρn

˙ȷ

`
2Γs

pnαρnq1{4

+

`

?
2C2

C1ρσ

c

log n

n

ď

ˆ

c1

pnαρnq1{4
` 0.7

˙

Γs´1 `
c1

?
nαρn

` 4

c

2 log n

nα
,

for some constant c1 using the assumption nρn " 1 for all s ą 1. Therefore, when nρn is large

enough, we have

Γs ď
c2

2
?
nαρn

`
c2
2

c

log n

nα
,
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for some constant c2 and all s ě 2 log n. Define

β1 “ 1 ´
c2

?
nαρn

´ c2

c

log n

nα
, (3.114)

which ensures β1 ď 1 ´ 2Γs for all s ě 2 log n. Furthermore, define

β1 “ β1,σ ` β1,ϵ

β1,σ “ βσ ` β2,σ ` β3,σ ` β4,σ

β1,ϵ “ βϵ ` β2,ϵ.

and

β2,σ “
8
?
C1

pnαρnq1{4

β3,σ “ 4C2C6
log n

n3{2αρn
max

"

log n
?
nαρn

, 1

*

β4,σ “
3C0

?
nρn

β1,ϵ “
2C0 ` 1
?
nαρn

, βϵ “
2C0

?
nρn

, β2,ϵ “
C0

?
nαρn

,

where the constants are defined in Lemmas 3.8.3 - 3.8.6 and (3.89). These tell us that

βσ “ β1 ´ β1,ϵ ´ β2,σ ´ β3,σ ´ β4,σ “ 1 ´
c2

?
nρn

´ β1,ϵ ´ β2,σ ´ β3,σ ´ β4,σ,

which implies that βσ “ 1 ´ c for some small enough constant c. We assume that C1 and C3 are

large enough so that β ą 0. We shall bound As`1 by Markov’s inequality, for which we will need a
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bound on EpAs`1q. Combining (3.39), (3.40), β1 ď 1 ´ 2Γs, and the definition above, we obtain

Ipzi ‰ pz
ps`1q

i , pz
ps`1q

i “ hq ď Ipβ1}µzi ´ µh}2 ă 2xyi ´ µzi , pµ
psq

h ´ pµpsq
zi yq

ď Ipβ1,σ}µzi ´ µh}2 ă 2xy˚
i ´ µzi , pµ

psq

h ´ pµpsq
zi yq

` Ipβ1,ϵ}µzi ´ µh}2 ď 2xyi ´ y˚
i , pµ

psq

h ´ pµpsq
zi yq

“ Ip
β1,σ
2

}µzi ´ µh}2 ă xwi,µh ´ µzi ` ζh ´ ζziyq

` Ip
β1,ϵ
2

}µzi ´ µh}2 ď xei,µh ´ µzi ` ζh ´ ζziyq

where ζh “ pµ
psq

h ´ µh. Define

ϕh “
1

pn
psq

h

ÿ

iPC
psq

h

pyi ´ y˚
i q,νh “

1

pn
psq

h

ÿ

iPCh

py˚
i ´ µhq,φh “ ppµ

psq

h ´ µhq ´ ϕh ´ νh. (3.115)

We can decompose ζh as

ζh “ ϕh ` νh ` φh.

Using the definition of ϵ, we have

}ϕh} “

›

›

›

›

›

›

›

1

pn
psq

h

ÿ

iPC
psq

h

pyi ´ y˚
i q

›

›

›

›

›

›

›

ď ϵ. (3.116)

By Lemma 3.8.5,

}νh} “

›

›

›

›

›

1

pn
psq

h

ÿ

iPCh

py˚
i ´ µhq

›

›

›

›

›

ď
2C2

nα

?
nh log n

n
?
ρn

ď
2C2

n2α

d

nh log n

ρn
. (3.117)
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From the proof of Lemma 3.8.9,

}φh} “

›

›

›
ppµ

psq

h ´ µhq ´ ϕh ´ νh

›

›

›

ď

›

›

›

›

›

›

›

ÿ

g‰h

pn
psq

gh

pn
psq

h

pȳ
U

psq

gh

´ µhq ´
1

pn
psq

h

ÿ

g‰h

ÿ

iPU
psq

gh

pyi ´ y˚
i q ´

1

pn
psq

h

ÿ

g‰h

ÿ

iPU
psq

hg

py˚
i ´ µhq

›

›

›

›

›

›

›

ď

›

›

›

›

›

›

ÿ

g‰h

pn
psq

gh

pn
psq

h

pȳ
U

psq

gh

´ µhq

›

›

›

›

›

›

`

›

›

›

›

›

›

›

1

pn
psq

h

ÿ

g‰h

ÿ

iPU
psq

gh

pyi ´ y˚
i q

›

›

›

›

›

›

›

`

›

›

›

›

›

›

›

1

pn
psq

h

ÿ

g‰h

ÿ

iPU
psq

hg

py˚
i ´ µhq

›

›

›

›

›

›

›

ď 2ϵGs ` 2Γs´1Gs∆ `
C1p

?
2K ` 2q

n

d

Gs
αρn

. (3.118)

For the first part,

Ip
β1,σ
2

}µzi ´ µh}2 ă xwi,µh ´ µzi ` ζh ´ ζziyq

ďIp
βσ
2

}µzi ´ µh}2 ă xwi,µh ´ µziyq

`Ip
β2,σ
2

}µzi ´ µh}2 ď xwi,φh ´ φziyq

`Ip
β3,σ
2

}µzi ´ µh}2 ď xwi,νh ´ νziyq

`Ip
β4,σ
2

}µzi ´ µh}2 ă xwi,ϕh ´ ϕziyq.

Define

J1,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

βσ
2

}µzi ´ µh}2 ă xwi,µh ´ µziy

˙

,

J2,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

β2,σ
2

}µzi ´ µh}2 ď xwi,φh ´ φziy

˙

,

J3,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

β3,σ
2

}µzi ´ µh}2 ď xwi,νh ´ νziy

˙

,

J4,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

β4,σ
2

}µzi ´ µh}2 ď xwi,ϕh ´ ϕziy

˙

.
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On the other hand, we can define J1,ϵ, J2,ϵ as

J1,ϵ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

βϵ
2

}µzi ´ µh}2 ď xei,µh ´ µziy

˙

,

J2,ϵ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

β2,ϵ
2

}µzi ´ µh}2 ď xei, ζh ´ ζziy

˙

,

and get the bound

EpAs`1q ď EppJ1,σ ` J2,σ ` J3,σ ` J4,σ ` J1,ϵ ` J2,ϵqIpGqq ` PpGcq, (3.119)

where G is the event in which the results of Lemmas 3.8.3, 3.8.4, 3.8.5, and 3.8.6 hold. To bound

EpJ1,σq in (3.119), we use Lemma 3.8.7 to get

EpJ1,σq “
1

n

ÿ

hPrks

n
ÿ

i“1

P
ˆ

βσ
2

}µzi ´ µh}2 ď xy˚
i ´ µzi ,µh ´ µziy

˙

ď
1

n

ÿ

hPrks

n
ÿ

i“1

exp

ˆ

´
C5β

2
σ

4
nρn

˙

ď K exp

ˆ

´
C5β

2
σ

4
nρn

˙

ď exp

ˆ

´
C5β

2
σ

8
nρn

˙

,

using nρn " 1 and K fixed. Note that by (3.118), for all h P rks,

}φh} ď 2ϵGs ` 2Γs´1Gs∆ `
C1p

?
K `

?
2q

n

d

2Gs
αρn

ď 2ϵGs `Gs∆ ` C1p
?
K `

?
2q

d

Gs
nαρn

∆

ď 2p∆ ` ϵq
a

Gs

when nαρn " 1 and Gs ď 0.35 as in (3.113). Then using Gs ď 0.35 again,

}φh ´ φzi} ď 4p∆ ` ϵq
a

Gs,
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Conditionally on G,

J2,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

I
ˆ

β2,σ
2

}µzi ´ µh}2 ď xwi,φh ´ φziy

˙

ď
ÿ

hPrKs

4

nβ22,σ∆
4

n
ÿ

i“1

xy˚
i ´ µzi ,φh ´ φziy

2

ď
4

nβ22,σ∆
4

ˆ

C2
1

nρn
}φh ´ φzi}

2

˙

(3.120)

ď
128C2

1Gsp∆
2 ` ϵ2q

n2ρnβ22,σ∆
4

ď
128C2

1As
n2αρnβ22,σ∆

2
`

128C2
1Asϵ

2

n2αρnβ22,σ∆
4

(3.121)

ď
64C2

1As
nαρnβ22,σ

`
32C2

1As
n2αρ2nβ

2
2,σ

ď

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙

As.

where (3.120) follows from Lemma 3.8.4, (3.121) follows from the fact that Gs ď 1
αAs, and β

2
2,σ “

64C1
?
nαρn

and the definitions of ρσ, ρϵ. Hence,

EpJ2,σIpGqq ď

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙

EpAsq. (3.122)

For the third term, we bound the probability

P
ˆ

β3,σ∆
2

2
ď xy˚

i ´ µzi ,νh ´ νziy

˙

ďP
ˆ

β3,σ∆
2

2
ď }wi}}νh ´ νzi}

˙

ďP

˜

β3,σ∆
2

2
ď }wi}

4C2

n2α

d

nh log n

ρn

¸

ďP

˜

β3,σ∆
2

2
ď }wi}

4C2

nα

d

log n

nρn

¸

(3.123)

using (3.117). From Lemma 3.8.8,

}wi} ď C6max

#

log n

n
?
nαρn

,
1

n

d

log n

ρn

+
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for some constant C6 with probability 1 ´ n´3, and

}νh ´ νzi} ď }νh} ` }νzi} ď
4C2

n2α

d

nh log n

ρn
ď

4C2

nα

d

log n

nρn

under Lemma 3.8.5. Therefore,

}wi}}νh ´ νzi} ď
8C2C6

nα

d

log n

nρn
max

#

log n

n
?
nαρn

,
1

n

d

log n

ρn

+

with probability at least 1 ´ n´3. Choosing β3,σ “ 4C2C6
log n

n3{2αρn
max

"

log n
?
nαρn

, 1

*

,

P
ˆ

β3,σ∆
2

2
ď xy˚

i ´ µzi ,νh ´ νziy

˙

ď
1

n3
.

The last term J4,σ is bound using β4,σ “
3C0

?
nρn

and Bernstein inequality for sum of Bernoulli

entries similar to the proof of Lemma 3.8.8,

EJ4,σ “
ÿ

hPrKs

1

n

n
ÿ

i“1

P
ˆ

β4,σ
2

}µzi ´ µh}2 ď xwi,ϕh ´ ϕziy

˙

ď
ÿ

hPrKs

1

n

n
ÿ

i“1

P
ˆ

β4,σ
2

∆2

2ϵ
ď }wi}

˙

ď
ÿ

hPrKs

1

n

n
ÿ

i“1

P
ˆ

β4,σ
2

?
ρn

C0
ď }wi}

˙

ď K exp p´2C7nρnq ď exp p´C7nρnq ,

for some constant C7 using nρn " 1 and K fixed.

Then we consider J1,ϵ and J2,ϵ. Under the definition that βϵ “
2C0

?
nρn

, we have

I
ˆ

βϵ
2

}µzi ´ µh}
2

ď xei,µh ´ µziy

˙

ďI

˜

βϵ

c

1

2n
ď ϵ

¸

ďI
ˆ

?
2C0

n
?
ρn

ď
C0

n
?
ρn

˙

“ 0
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and

J1,ϵ “ 0.

Lastly, we can deal with J2,ϵ using

}ζh ´ ζg} ď 2Γs}µh ´ µg}

and β2,ϵ “
C0

?
nρn

to achieve

I
ˆ

β2,ϵ
2

}µzi ´ µh}2 ď xei, ζh ´ ζziy

˙

ďI
ˆ

β2,ϵ
2

}µzi ´ µh}2 ď 2ϵΓs}µh ´ µzi}

˙

ďI
ˆ

β2,ϵ
2

}µzi ´ µh}2 ă ϵ}µh ´ µzi}

˙

ďI
ˆ

β2,ϵ
?
n

ă ϵ

˙

“ 0.

Summarizing the results above,

EpAs`1q ď EpJ1,σq ` EpJ2,σIpGqq ` EpJ3,σIpGqq ` EpJ4,σq ` EpJ1,ϵq ` EpJ2,ϵIpGqq ` PpGcq

ď exp

ˆ

´
C5β

2
σ

8
nρn

˙

`

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙

EpAsq `
1

n3
` exp p´C7nρnq `

1

n3

with βσ “ 1´ c2?
nρn

´β1,ϵ´β2,σ ´β3,σ ´β4,σ “ 1´op1q ě 2
3 using the assumption nρn " 1. Denote

FP “
1

ρσ
`

1

ρσρ2ϵ
. By recursion,

EpAsq ď pFPq
s
EpAsq `

1 ´ pFPq
s`1

1 ´ FP

„

exp

ˆ

´
C5

18
nρn

˙

` exp p´C7nρnq `
2

n3

ȷ

.

With ρσ " 1, ρϵ " 1,

1 ´

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙s`1

1 ´
1

ρσ
´

1

ρσρ2ϵ

ď 2 (3.124)
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and when s ě 4 log n,

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙s

EpAsq ď

ˆ

1

ρσ
`

1

ρσρ2ϵ

˙logpn4q

EpAsq ď pn4q
log

ˆ

1
ρσ

` 1

ρσρ2ϵ

˙

ď
1

n3
.

Thus, when s ě 4 log n,

EpAs`1q ď 2 exp

ˆ

´
C5

18
nρn

˙

` 2 exp p´C7nρnq `
5

n3
.

By Markov’s inequality, for any t ą 0,

P pAs ě tq ď
1

t
EAs ď

2

t
exp

ˆ

´
C5

18
nρn

˙

`
2

t
exp p´C7nρnq `

5

tn3
. (3.125)

If nρn ď max
!

36
C5
, 2
C7

)

log n, choose

t “ exp

ˆ

´

ˆ

C ´
1

?
nρn

˙

nρn

˙

where C “ min
␣

C5
18 , C7

(

and we have

P tAs ě tu ď
1

n
` 4 expp´

?
nρnq.

Otherwise, since As only takes discrete values of
␣

0, 1n , ¨ ¨ ¨ , 1
(

, choosing t “ 1
n in (3.125) leads to

P tAs ą 0u “ P
"

As ě
1

n

*

ď 2n expp´2 log nq ` 2n expp´2 log nq `
3

n2
ď

5

n
.

The proof is complete.

■

3.8.2 Community Detection in Noisy Stochastic Block Models

Here we prove Theorem 3.5.3
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Proof. Denote z P Rn : rns Ñ rKs as the community labels. Under the noisy SBMs described in

Section 3.5.2, we have

PpYij “ 1q “ p1 ´ αn ´ βnqBzizj ` αn.

Therefore, the observed network Y follows the Bernoulli network model with expectation

EpYq “ p1 ´ αn ´ βnqA˚ ` αn “: BY.

Under Assumption 2 (c), it is easy to check that rankpBYq “ K and preserves the community

structure. Then we can apply similar argument as used in the proof of Theorem 1 on the embedding

matrix of Y to achieve the final results.

3.8.3 Spectral Clustering of Mixture Models

Here we prove Theorem 3.5.4.

Proof. Since X “ X̄ ` W, where X̄ is of rank K by assumption 3 and W has row-independent

sub-Gaussian error. From the proof of Theorem 3.1 in Abbe et al. (2022), we know that under

Assumption 3, all the assumptions in Corollary 2.1 in Abbe et al. (2022) hold with

γ “ 2κ30max

"

1
?
SNR

,

c

r

n

*

.

Then we can apply Corollary 2.1. in (Abbe et al., 2022) to get the decomposition of UΛ1{2 as

UΛ1{2 “ sUsΛ1{2 ` H
`

WXT
˘

sUsΛ1{2 ` E22,

where ϵ2 :“ }E22}2Ñ8 ď
1

?
log n

}sU}2Ñ8}sΛ1{2}2 with probability 1 ´ op1q. We can further decom-

position the embedding matrix as:

UΛ1{2 “ sUsΛ1{2 ` E1 ` E21 ` E22,

where E1 “ H
`

W sXT
˘

sUsΛ´1{2 and E21 “ H
`

WWT
˘

sUsΛ´1{2.
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The matrix E1 has row-independent sub-Gaussian errors with σG “ σ}sXT
sUsΛ´1{2}2 where

}sXT
sUsΛ´1{2}2 ď }sX}2}sU}2}sΛ´1{2}2 “

ˆ

λ̄1
λ̄K

˙1{2

“ κ1{2,

using the fact that }X̄}2 “ λ̄
1{2
1 and }sΛ´1{2}2 “ λ̄

1{2
K .

For the matrix E21, we would like to bound the l2Ñ8 norm. Using the property of l2Ñ8 norm,

we have
›

›

›
H
`

WW T
˘

sUsΛ´1{2
›

›

›

2Ñ8
ď
›

›H
`

WW T
˘

sU
›

›

2Ñ8

›

›

›

sΛ´1{2
›

›

›

2
.

and

P
`
›

›H
`

WW T
˘

sU
›

›

2Ñ8
ą t

˘

“P
ˆ

max
iPrns

›

›

“

H
`

WW T
˘

sU
‰

i¨

›

›

2
ą t

˙

ď

n
ÿ

i“1

P
´

›

›

“

H
`

WW T
˘

sU
‰

i¨

›

›

2
ą t

¯

.

It is easy to show

max
iPrns

}zi} ď 2
?
2σ

a

log n,

with probability greater than 1 ´ 1
n3 .

Define the event G as the setting where the above inequality and the inequality in 3.7.4 hold.

Then we have PpGq ě 1 ´ 2
n3 . Assume that the event G holds. Based on the bound

}
ÿ

j‰i

zj sUjl}2 ď

K
ÿ

s“1

}
ÿ

jPCs,j‰i

zj sVsl{
?
ns}2

“

K
ÿ

s“1

|sVsl|
?
ns

}
ÿ

jPCs,j‰i

zj}2

ď 3σ
a

d` log n
K
ÿ

s“1

|sVsl| ` 2
?
2σ

a

log n{
?
nα “: tl,
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we have

P

˜

xzi,
ÿ

j‰i

zj sUjly ą t

¸

“P

˜

xzi,

ř

j‰i zj
sUjl

}
ř

j‰i zj
sUjl}2

y ą
t

}
ř

j‰i zj
sUjl}2

¸

ďP

˜

xzi,

ř

j‰i zj
sUjl

}
ř

j‰i zj
sUjl}2

y ą
t

tl

¸

ď inf
θą0

e´θt{tl exp

ˆ

1

2
θ2σ2

˙

“ exp

ˆ

´
t2

2t2l σ
2

˙

.

Therefore,
ˇ

ˇ

ˇ

ˇ

ˇ

xzi,
ÿ

j‰i

zj sUjly

ˇ

ˇ

ˇ

ˇ

ˇ

ď
?
2tlσ

a

logp2{δq,

with probability greater than 1 ´ δ for each fixed l P rKs. Following the decomposition,

›

›

“

H
`

WW T
˘

sU
‰

i¨

›

›

2

2

“

›

›

›

›

›

›

˜

xzi,
n
ÿ

j“1,j‰i

zj sUjly

¸k

l“1

›

›

›

›

›

›

2

2

“

K
ÿ

l“1

˜

xzi,
ÿ

j‰i

zj sUjly

¸2

ď

K
ÿ

l“1

´?
2tlσ

a

logp2{δq

¯2
“ 2σ2 logp2{δq

K
ÿ

l“1

t2l

“2σ2 logp2{δq

K
ÿ

l“1

˜

3σ
a

d` log n
K
ÿ

s“1

|sVsl| ` 2
?
2σ

a

log n{
?
nα

¸2

ď4σ2 logp2{δq

˜

9σ2pd` log nq

K
ÿ

s“1

p

K
ÿ

s“1

|sVsl|q
2 ` 8σ2K

log n

nα

¸

ď4Kσ4 logp2{δq

ˆ

9Kpd` log nq `
8 log n

nα

˙

.

with probability greater than 1 ´Kδ. Therefore,

›

›H
`

WW T
˘

sU
›

›

2

2Ñ8
ď 4Kσ4 logp2{δq

ˆ

9Kpd` log nq `
8 log n

nα

˙

,
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with probability 1 ´ nKδ using the union argument. Choosing δ “ 1
n3K

, we get

›

›

›
H
`

WW T
˘

sUsΛ´1{2
›

›

›

2Ñ8
ď

d

4Kσ4 logp2Kn3q

ˆ

9Kpd` log nq `
8 log n

nα

˙

{
a

λ̄K “: ϵ1,

with probability 1´ 1
n2 . Under Assumption 3, it is easy to figure out }sU}2Ñ8 “ Θp 1?

n
q, }sΛ1{2}2 “

λ̄
1{2
1 , ∆ “ Θp

b

λ̄K
n q and

ϵ2 :“
1

?
log n

Θ

˜
c

λ̄1
n

¸

.

Therefore, the conditions on parameters in Theorem 3.4.1 are satisfied since

ρσ “ Θ

˜

λ̄
1{2
1

σ
?
n

¸

“ Ωp1q,

and

ρϵ “ min

$

&

%

Θp
λ̄K

σ2
a

n log npd` log nq
q,Θp

a

log n

d

λ̄K
λ̄1

q

,

.

-

“ Ωp1q,

under Assumption 3. Applying Theorem 3.4.1, we have that under initialization condition G0 ă

p1 ´ ϵ0q

b

c1
C1

for some small ϵ0,

As ď max

#

exp

ˆ

´c1
λ̄2K

nσ2λ̄21

˙

, exp

˜

´c2
λ̄2K

nσ3
a

log npd` log nqλ̄
1{2
1

¸

, exp

˜

´c3

?
log nλ̄

3{2
K?

nσλ̄1

¸+

(3.126)

for all s ě 4 log n with probability

1 ´ exp

ˆ

´
λ̄K

?
nσλ̄1

˙

´ exp

˜

´
λ̄K

?
nσ3{2plog npd` log nqq1{4λ̄

1{4
1

¸

´ exp

˜

´
plog nq1{4λ̄

3{4
K

pnσ2q1{4λ̄
1{2
1

¸

´ op1q.
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CHAPTER 4

Markovian Change Point Detection Models for Evolving Networks

4.1 Introduction

Networks, namely graphs with context dependent structure, offer fundamental ways to represent

relationships between objects. They play an increasingly important role in daily lives: Twitter and

Facebook social networks drive how individuals consume information and act on it; financial systems

connect economic agents distributed across locations;transportation networks and the electrical

power grid are physical networks of key import to our civilization. Analyzing these systems to

glean insight into their performance and evolution as well as vulnerability to adversarial agents

is both of great importance and significantly challenging owing to massive size and streaming

characteristics of the data in question.

A key area in the above settings are dynamic or evolving networks, namely networks that

change over time. Increasingly important in this domain are questions of anomaly detection, namely

stretches of time where the evolution of the underlying network is “atypical”. Motivations include

areas such as social networks where domain experts are interested in times where communities

split, merge or disappear (Gao et al., 2010; Ji et al., 2013; Ranshous et al., 2015) or network

neuroscience, where one is interested in changes in functional and structural connectivity of the

brain, in light of different tasks, stimulus or age (Xu and Lindquist, 2015; Khambhati et al., 2018;

Lurie et al., 2020). In the domain of statistics and applied probability, change point detection,

especially in the context of univariate time series, has matured into a vast field, for introductions

see Csörgö et al. (1997); Brodsky and Darkhovsky (1993), for more recent surveys tailored to the

high dimensional context see Wang and Samworth (2018); Fryzlewicz (2014); Jirak (2015); Cho and

Fryzlewicz (2015). Even in this more classical setting, consistent estimation especially in the setting

of multiple change points is non-trivial and requires specific assumptions see e.g. Yao (1988); in
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the area of econometric time series see Bai (1997); Bai and Perron (1998, 2003); for applications in

the biological sciences see Olshen et al. (2004); Zhang and Siegmund (2007).

Despite a significant push from applications (Ranshous et al., 2015), there is much less known

for change point detection for networks, both in terms of benchmark models or the performance of

standard estimators such as CUSUM based statistics in such settings. The last few years have shown

that in high dimensional network setting, even simple models lead to a break down of standard

estimators for change point. For example, for growing network models belonging to the so-called

preferential attachment class, it was shown in Bhamidi et al. (2018); Banerjee et al. (2018) that the

long range dependence of the initial time evolution makes the development of consistent estimators

highly non-trivial. This chapter has three main goals:

(a) Proposal of baseline models: Evolving network models with fixed vertex set but whose

dynamics are dependent from one time step to another have been proposed in a number of

applied areas. Switching to rigorous analysis of estimators, much of the literature focuses on

models which are independent (or conditionally independent given latent parameters) across

different time steps (Wang et al., 2021; Bhattacharjee et al., 2018; Zhao et al., 2019; Padilla

et al., 2019; Enikeeva and Klopp, 2021). In this chapter we survey a number of models

motivated by applications that fall under the general class of Markovian network models with

the goal of proposing anomaly detection benchmarks. We start with change point detection

problem and then extend the framework to the less studied event detection problem.

(b) Relationship between estimators and network dynamics: The second goal is to under-

stand the delicate interplay between the performance of standard estimators and functionals

that modulate network dynamics including relaxation time of the models before and after

change point, initial distribution, low rank underlying structure, and dependence of macro-

scopic functionals used in standard estimators, on network parameters driving the evolution.

(c) Examples of potential phenomenon: motivated by models considered in practice, we

illustrate the diversity of potential phenomenon through a breadth of different examples.

While there are a few general results, the main emphasis is model specific calculations in

a number of cannonical models of interest. Both positive results (settings where consistent
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estimators can be formulated) and perhaps as importantly negative results, where estimators

inherit degeneracy from the driving parameters of the models are described.

4.1.1 Organization of the Chapter

We start in Section 4.2, by laying out general models of network dynamics, organized according

to different taxonomy of change point and event detection, as well as specific concrete model classes.

We describe a general class of CUSUM type estimators and their concrete forms in specific settings.

We describe the main results in Section 4.3 followed by Applications. Section 4.4 contains extensions

to temporal motifs to track changes using statistics incorporating functionals of the graph stream

at multiple time points. We provide a discussion of the relevance of this chapter, related work and

open problems in Section 4.5. The rest of the chapter contains proofs of all the results.

4.2 Change Point Models and Estimators

We outline basic notation and then describe models of interest.

4.2.1 Notation

Write Z for the set of integers, R for the real line, R` :“ p0,8q, N for the set of natural numbers

and let Z` :“ t0, 1, 2, . . .u. Write
a.s.
ÝÑ,

P
ÝÑ,

d
ÝÑ for convergence almost surely, in probability and

in distribution respectively. For non-negative function g and another function f both defined on

N, we write fpnq “ Opgpnqq when |fpnq|{gpnq is uniformly bounded, and fpnq “ opgpnqq when

limnÑ8 |fpnq|{gpnq “ 0. Write fpnq “ Θpgpnqq if fpnq “ Opgpnqq and gpnq “ Opfpnqq. A sequence

of events pAnqně1 occurs with high probability (whp) when PfpAnq Ñ 1.

Throughout the chapter, we will be interested in graphs on a fixed set rns :“ t1, 2, . . . , nu

of vertices; in most cases the observed graphs will be simple (i.e. no self-loops or directed edges),

unweighted and undirected (albeit we will describe one extension of this framework to hypergraphs).

The natural space for such objects is Ωn :“ t0, 1upn2q, where each configuration x :“ pxijq P Ωn

represents a graph with xij “ 1 if there is an edge present between vertex i, j else xij “ 0.

For fixed graph G P Ωn, we let AG denote the corresponding adjacency matrix of G. We will

consider a sequence of graphs G :“ tGt : t P t0, 1, . . . , T uu on vertex set rns (sometimes called a
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graph stream) observed over a discrete finite time grid and we let tAptq : t P t0, 1, . . . , T uu denote

the corresponding sequence of adjacency matrices. We abbreviate CP for change point models

and ED for event detection models. Since one of the main goals of this chapter is large network

asymptotics, in most settings relevant for this chapter, implicitly the time window T “ fpnq Ñ 8.

Unless required, we will suppress this dependence on n to ease notational overhead.

4.2.2 Markovian Change point and Event detection models for evolving net-

works

Let Pn denote the space of all irreducible, aperiodic, transition matrices on Ωn. For fixed

κ P Pn, let πκ denote the corresponding stationary distribution.

Definition 1 (Markovian Change point model). Fix ℓ ě 1, constants α0 :“ 0 ă α1 ă α2 ă

¨ ¨ ¨ ă αℓ ă 1 :“ αℓ`1 and kernels tκi : 1 ď i ď ℓu with κi P Pn and an initial distribution ν

on Ωn. Consider the graph stream G :“ tGt : t P t0, 1, . . . , T uu with G0 „ ν and for i P rℓs,

tGt : t P pαi´1T, αiT su evolves like a Markov chain with kernel κi. Say that model is s-stationary

distinct if for all 1 ď i ď ℓ´ 1, πκi ‰ πκi`1 .

The next definition deals with detection of anomalous events. For ease of exposition, we

specialize to one event in this chapter and defer a discussion of the general case to Section 4.5.

Definition 2 (Markovian Event detection model). Fix α P p0, 1q, κ1,κ2 P Pn, an initial distribu-

tion ν on Ωn and a sequence εn Ñ 0. Consider the graph stream G “ tGt : 0 ď t ď T u with G0 „ ν

and tGt : 0 ď t ď αT u evolving as a Markov chain with kernel κ1, for tGt : αT ă t ď pα ` εnqT u

evolving like a Markov chain with transition matrix κ2, and then for tGt : pα ` εnqT ă t ď T u once

again evolving using the kernel κ1.

Two comments are in order. First, the motivation for the above framework are settings where

an “event” occurs in the evolution of the network which changes the dynamics for a stretch of

time that is of lower order (εnT ) than the entire time window T , before the system regains its

original dynamics; see Definition 5 for a specific model motivated by anomaly detection. Second,

in principle the above can be viewed as a special case of Definition 1 with ℓ “ 2 and α1 “ α and

α2 “ α ` εn. However, the motivation, emphasis, and asymptotic framework is different and thus

it makes sense to qualify this as a separate model.
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We now describe concrete model classes from several disciplines that motivate our analysis. To

ease exposition we specialize to the setup with only one change point at τ “ αT .

4.2.2.1 Independent Evolution:

This framework is the simplest and most rigorously analyzed in the literature (Wang et al.,

2021; Bhattacharjee et al., 2018; Zhao et al., 2019; Padilla et al., 2019; Enikeeva and Klopp, 2021).

Fix probability measures Pf1 and Pf2 on Ωn. Let Gt „iid Pf1 for 0 ď t ă αT and Gt „iid Pf2 for

αT ď t ď T .

4.2.2.2 Markovian Edge Independent Evolution (Grindrod and Higham, 2012):

For each distinct (undirected) pair ti, ju , i ‰ j P rns, fix a two state transition matrix κij on

t0, 1u. Let κ “ bti,ju,i‰jPrnsκij namely the transition matrix obtained via independent evolution

over the edges. Let Pn,b Ď Pn denote the subclass of all such transition mechanisms. An

important sub-class of Pn,b is the following.

Definition 3 (Grid sampling of a Dynamic Stochastic Block model (Xu and Lindquist, 2015;

Peixoto, 2015; Zhang et al., 2017)). Fix K ě 1, a probability mass function π on rKs, a symmetric

connection probability matrix P :“ pPα,βqα,βPrKs where Pα,β denotes the probability of an edge

between vertices in communities α and β at stationarity. Fix two additional (strictly positive,

symmetric) matrices λ :“ pλα,βqα,βPrKs (normalized edge creation rates) and µ :“ pµα,βqα,βPrKs

(normalized edge deletion rates) and global time scale ρn with the relationship,

Pα,β “
λα,β

λα,β ` µα,β
, @α, β P rKs. (4.1)

Now consider the following (continuous time) dynamic network process tG̃s : s ě 0u: at s “ 0, each

vertex i P rns has a community label cpiq P rKs chosen using π independent across vertices; in the

baseline (non-change point) model this identity does not change. For two vertices i, j P rns with

cpiq “ α, cpjq “ β, the corresponding edge Xijpsq is a continuous time Markov chain on t0, 1u (with

0 denoting absence, 1 denoting presence of the edge) and transition rates ρnλα,β for 0 ⇝ 1 and

ρnµα,β for 1⇝ 0, independently across edges. Consider the process tGt : t “ 0, 1, . . . , T u obtained

via Gt “ G̃t, i.e. observing the continuous time process on a discrete regular grid. Write Pn,b,SBM Ď
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Pn,b to be the subclass of such models. We parameterize such a model as θ :“ pλ,µ, π, ρnq and

write Pθ for the stationary edge probability matrix.

Despite its simplicity, two major reasons for the ubiquity of the above model in practice include:

(A) Tractable Benchmarks for change point models: The model is mathematically tractable,

allowing one to incorporate dynamics of interest for domain scientists as well as gains from under-

lying low rank structure and secure rigorous traction in studying the performance of potentially

complicated estimators. Concrete models include:

(i) Macroscopic change models: Three major events of interest for sociologists are times

where communities split, merge or disappear (Gao et al., 2010; Ji et al., 2013; Ranshous et al.,

2015). Each of these possibilities can be incorporated into the baseline DSBM above.

Definition 4 (Macro CP in DSBM). Fix θ1 ‰ θ2 P Pn,b,SBM but with the same rate ρn. Consider

one change point event in the DSBM model where the dynamics evolves as in Definition 3 with

dynamics following κ1 before αT and κ2 after αT . We say that this change corresponds to a

community change if rankpPθ1q ‰ rankpPθ2q. We say that a potential merger change has happened

if rankpPθ1q ą rankpPθ2q and a potential split has happened if rankpPθ1q ă rankpPθ2q.

Note that the above definitions are only a first approximation to potential events and are not

exhaustive, i.e. community changes of vertices could have happened, whilst leaving the connectivity

rank the same. Similarly a decrease in rank only suggests a potential merger of communities,

however there are other community change mechanisms which imply a decrease in rank.

(ii) Mesoscale anomalous activity: The above formulation implicitly considers only macro-

scopic changes in the network. Analogous questions of relevance to anomaly detection such as

detecting fraudulent bots in systems, is where a subset of smaller order (thus of mesoscopic scale)

than the rest of the network changes its dynamics whilst the majority of the network behaves as

before. Two major traits empirically observed for such behavior (Giatsoglou et al., 2015; Xie et al.,

2012) are (a) Trait 1: There is a small window where anomalous vertices communicate much

faster with each other than the baseline; (b) Trait 2: The end of the attack corresponds to sudden

drops in activity compared to network baseline. This motivates the next model:
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Definition 5 (Anomalous communication model). Let κ P Pn,b,SBM. Fix a subset ANn Ď rns

with |ANn| “ opnq and ρ`
n " ρn " ρ´

n where ρn is the network baseline rate and event windows

εn,1, εn,2 with maxi“1,2 Tεn,i Ñ 8. Suppose:

(a) the dynamics evolves according to κ for t ď αT ;

(b) For t P pαT, pα` εn,1qT s, the only change is in the dynamics between pairs of vertices in ANn

where edges are created at rate ρ`
n and deleted with rate ρ`

n .

(c) For t P ppα ` εn,1qT, pα ` εn,1 ` εn,2qT s the only change is in dynamics of pairs of vertices in

ANn where edges are created and dissolved at rate ρ´
n .

(d) For t ą pα ` εn,1 ` εn,2qT the network resumes evolution according to κ.

(B) Propagation of chaos and approximation of more complex models: The second

reasons for studying SBM based models is that, owing to deep reasons in extremal combinatorics

(e.g. Szemaradi regularity Lemma (Szemerédi, 1975; Lovász, 2012; Komlós et al., 2000)), in the

dense, large network n Ñ 8 regime, a host of complex models can be approximated by SBM

type connectivity; further many dynamics on such networks decouple and become asymptotically

independent (termed propagation of chaos (Sznitman, 1991; Bhamidi et al., 2019)) in this regime.

For example, in a number of regimes, Exponential random graph models described next, which at

first sight look nothing like an SBM, in a number of different regimes, look approximately like an

SBM in the large network limit (Bhamidi et al., 2008; Chatterjee and Diaconis, 2013).

4.2.2.3 ERGMs and Glauber dynamics:

Exponential random graph models are amongst the most widely used models in sociology and

political science, see for example (Holland and Leinhardt, 1981; Snijders, 1996; Snijders et al.,

2006) and the references therein; see (Chatterjee and Diaconis, 2013; Bhamidi et al., 2008) for large

network asymptotics for these models. To setup the model, we follow (Chatterjee and Diaconis,

2013; Lovász, 2012). Fix a simple graph G P Ωn (think of G as a ”big” graph). Fix another

graph H (think of this as a small graph e.g. a triangle). Let hompH,Gq denote the collection of

homomorphisms of H into G i.e. edge preserving maps V pHq Ñ V pGq. Let | hompH,Gq| be the
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number of such homomorphisms. Define the homomorphism density:

tpH,Gq “
|hompH,Gq|

|V pGq||V pHq|
.

We always take H0 to be a single edge. For fixed pH1, H2, . . . Hsq, constants pβ0, . . . , βsq and x P Ωn

define,

Hpxq “

s
ÿ

i“0

βitpHi,xq.

The ERGM with the above specifications is defined as the probability measure on Ωn defined by,

pnpxq “ exp
`

n2 pHpxq ´ ψnpβqq
˘

, x P Ωn (4.2)

where ψnpβq “ 1
n2 log

`
ř

xPΩn
exp

`

n2Hpxq
˘˘

is the normalizing factor.

Definition 6 (Glauber dynamics for ERGM). Given the Gibbs measure above, the correspond-

ing Glauber dynamics is a discrete time ergodic, reversible Markov chain on Ωn with stationary

distribution pnp¨q. Given the current state x, the next state x1 is obtained by choosing an edge e

uniformly at random and letting x1 “ xe` with probability proportional pnpxe`q and x1peq “ xe´

with probability proportional to pnpxe´q. Here xe` is the graph which coincides with x for all

edges other than e and xe`peq “ 1. Similarly xe´ is the graph which coincides with x for all edges

other than e and xe´peq “ 0.

An ERGM is parametrized by pβ,Hq where β “ pβ0, . . . , βsq and H “ pH0, H1, . . . ,Hsq. Write

Pn,ERGM for the space of Glauber dynamics corresponding to an ERGM.

Assumption 4 (Ferromagnetic assumption). For this chapter, we work in the setting where,

for an ERGM under consideration, with coupling parameters β “ pβ0, . . . , βsq, while β0 P R,

β1, . . . , βs ě 0. Write Pn,ERGM,` for the corresponding class of Glauber transition dynamics.

4.2.2.4 TERGMs:

The temporal exponential random graph model (TERGM) (Hanneke et al., 2010) with order

one dependence uses ERGM type distributions to directly specify dynamics of the model. Fix
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function Ψ : Ωn ˆ Ωn Ñ Rd and θ P Rd. Consider the transition dynamics:

Pf pGt “ x | Gt´1q “
1

Z pθ,Gt´1q
exp

`

θ1Ψ px,Gt´1q
˘

, x P Ωn.

Here Ψ “ pΨ1,Ψ2, . . . ,Ψdq are model dependent contrast or stability functions. One concrete

example considered in this chapter, for specific choices β “ pβijqiăjPrns and γ “ pγijqiăjPrns is

Ψ
`

x1,x
˘

“
1

pn´ 1q

ÿ

iăj

“

βi,jx
1
ijxij ` γijp1 ´ x1

ijqp1 ´ xijq
‰

In this case, it is easy to check that the model belongs to Pn,b namely edge independent evolutions.

4.2.2.5 Edge Rewiring and Scale Free Networks:

The following model was motivated by trying to study dynamics where individuals have op-

portunity to rewire their connections to more “popular vertices” (Evans and Plato, 2007; Hruz and

Peter, 2010). Fix a function f : Z` Ñ p0,8q and m the number of edges in the system. This is

the only model in this chapter where technically the evolution happens on the space of multigraphs

(i.e. where self-loops and multiple edges are allowed). Given a graph G and v P rns, write degpv,Gq

for the degree of v in G. For a given vertex map h : rns Ñ R write xhyG “
ř

vPrns hpdegpv,Gq{n

for the h-moment of the degree. Conditional on the present state x, select an edge e “ ta, bu P x

uniformly at random. Select an end vertex V from a, b of this edge e at random (the vertex that

will lose an edge). Select a vertex vre P rns (the vertex that will be connected to) with probability

proportional to fpdegpv,xqq{
ř

v1 fpdegpv1,xqq. Remove e from x and if V “ a then replace e by

the new edge tvre, bu (analogous dynamics if V “ b with a replaced by b).

4.2.3 Estimators and Functionals of Markov Chains:

We now describe potential estimators belonging to the general class of CUSUM type statistics,

which are especially tractable in this setting, since they result in additive functionals of Markov

chains.

Definition 7 (CUSUM type statistics). Let G “ tGs : 0 ď s ď T u be a graph stream. Let H

denote a normed linear Polish space with associated norm || ¨ ||. Fix a collection of functions
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A “ tAi : 1 ď i ď T u with Ai : Ωn Ñ H. Define the function,

GAptq :“

c

tpT ´ tq

T

˜

1

t

t
ÿ

s“1

AspGsq ´
1

T ´ t

T
ÿ

s“t`1

AspGsq

¸

Fix a small threshold 0 ă α0 ! 1. Define the CUSUM based estimator (suppressing dependence of

this object on α0):

τ̂ :“ argmax t||GAptq|| : α0T ď t ď p1 ´ α0qT u . (4.3)

A few clarifications are in order, best illustrated through concrete examples.

e.g. [Adjacency matrix based CUSUM] LetH “ Sn be the space of all n-dimensional symmetric

matrices with either the spectral norm (denote by || ¨ || when the context is clear) or the Frobenius

norm ||¨||F. Let Ai “ A where A maps a graph to its adjacency matrix. Recall the Homomorphism

densities defined above Definition 6. e.g. [Summary statistics based CUSUM]

(a) Fix d and let H “ Rd with the Euclidean norm. For 1 ď i ď d, fix graphs Hi “ pVi, Eiq. Let

Al ” A for all 1 ď l ď T where,

ApGq “ ptpH1,Gq, tpH2,Gq, . . . , tpHd,Gqq, G P Ωn.

(b) Let H “ ℓ1 with usual norm. Let A : Ωn Ñ ℓ1 denote the map taking a network to its degree

distribution, i.e. for x P Ωn, Apxq “ pn´1
ř

vPrns 1tdegpv,xq “ ku, k “ 0, 1, . . .q.

The next example shows that, in principle, the functions could involve auxiliary randomization.

Given a graph G P Ωn and distinct vertices pv1, v2, . . . , vmq Ď rns. Write Grv1, v2, . . . , vms for the

subgraph spanned by these vertices in G. e.g. [CUSUM using uniform random sampling] Fix m ă n

and for 1 ď t ď T let Vt “ pVt,1, . . . , Vt,mq be a uniform random sample, without replacement, from

rns. As in Example 4.2.3, for 1 ď i ď d fix graphs Hi “ pVi, Eiq. Define,

AtpGq :“ ptpH1,GrVtsq, tpH2,GrVtsq, . . . , tpHd,GrVtsqq, G P Ωn.

In words, for each time t, we first sample a collection of vertices from the graph, and then the

functional measures the homomorphism density of the fixed graphs tHiu1ďiďd in the graph spanned

by the sampled vertices. Similar estimators can be constructed for other functionals such as the
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degree distribution. We have not specified the relationship between samples across time; they

could be the same vertices sampled once at time zero; they could be independent samples at every

time instance etc. We conclude this Section with basic notation for expectation operators and

definitions related to Markov chain mixing. To ease notation, we mainly work in the setting of a

single change point.

Definition 8 (Expectation operator). For a graph stream G (with or without change point) with

G0 „ ν and functional A : Ωn Ñ H as above (involving potentially auxiliary randomization), let

θνpA; tq “ EνpApGptqqq. For the functional applied to the stationary distribution, write

θπpAq :“ EpApGqq, G „ π. (4.4)

Remark 9. We remind the reader the intuition for the CUSUM statistic. Let As ” A @s. Recall

the function GAp¨q “ GAp¨q from Def. 7 and let HAp¨q “ EpGAp¨qq. As a first approximation one

has HA « H̃A where,

rHAptq “

$

’

&

’

%

pT ´ τq

b

t
T pT´tq pθπ1pApGqq ´ θπ2pApGqqq if t ď τ

τ
b

T´t
T t pθπ1pApGqq ´ θπ2pApGqqq if t ą τ

. (4.5)

A large part of this chapter is carefully understanding settings where the above approximation holds.

Let ϕptq “ } rHAptq}. Clearly, if θπ1pApGqq ‰ θπ2pApGqq, then ϕp¨q attains its unique maximum at

t “ τ and this suggests that the sample estimator τ̂ in (4.3) should be close to τ .

Next we describe standard mixing time and spectral gap methodology for Markov chains (Al-

dous and Fill, 1995; Levin and Peres, 2017).

Definition 9 (Mixing time and absolute spectral gap for time homogeneous chains). Let κp¨, ¨q be

a transition Kernel on Ωn with stationary distribution πκ and let κt denote the t-step transition

kernel. The following two functionals for measuring convergence to stationarity will be used in this

chapter:
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(a) Mixing time: Let dTV denote the total variation distance between probability measures on

Ωn. Let dptq :“ supxPΩn
dTV

`

κtpx, ¨q,π
˘

. The mixing time of the chain tmix, is defined by

tmixpϵq :“ mintt : dptq ď ϵu, tmix :“ tmixp1{4q.

Say that the convergence rate is upper bounded by ρ “ ρn if,

sup
xPΩn

dTV

`

κtpx, ¨q,π
˘

ď ρt, @ t ě 1.

(b) Absolute spectral gap: For a function h : Ωn Ñ R, write πκphq :“
ş

hpxqπκpdxq. Let

L2pπκq “
␣

h : πκ

`

h2
˘

ă 8
(

be the Hilbert space consisting of πκ-square-integrable functions,

and L0
2pπκq “ th P L2pπκq : πκphq “ 0u be its subspace of πκ-mean-zero functions. The

transition probability kernel κ of the Markov chain can be viewed as an operator acting on

L2pπκq. Let λ P r0, 1s be the operator norm of P acting on L0
2pπκq. We refer to 1 ´ λ as the

absolute spectral gap of the Markov chain.

Note that by assumption of irreducibility of the underlying chains, πκpxq ą 0 for all x P Ωn.

For an arbitrary distribution q on Ωn, let dq{dπκ denote the corresponding density and denote the

second moment via,

Nq,πκ :“ Eπκ

˜

ˆ

dq

dπκ

˙2
¸

“

ż

xPΩn

dq

dπκ
pxqqpdxq (4.6)

4.3 Main Results

4.3.1 Consistency of the Single Change Point Estimator

We make the following assumptions on the dynamic mechanisms in each stretch of the evolution.

Note that the evolution dynamics is κ1 in the first stretch of length T1 “ τ , initialized at ν1,0 “ ν

with stationary dynamics ν1,1 “ π1. Then at the change point when the distribution of the chain

is ν2,0 “ νκτ1 , the chain transitions to dynamics κ2 with stationary distribution ν2,1 “ π2 for a

stretch of time T2 “ T ´τ . Let Nνi,0,νi,1 as in (4.6) be the respective second moments of the Radon-

Nikodym density at the start of each stretch as contrasted with the stationary distribution of the
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dynamics of the network in that stretch. Recall the setting of the CUSUM statistic in Remark 9

with fixed functional A : Ωn Ñ Rd1ˆd2 where θπ1pApGqq´θπ2pApGqq denote the average separation

under stationary in each stretch of the dynamics. Recall the definition of the truncation factor

away from the end points α0 from (4.3). For i “ 1, 2, write γ˚
n,i for the absolute spectral gap the

transition kernel κi. Fix A : Ωn Ñ Rd1ˆd2 (i.e. the space of d1 ˆ d2 real valued matrices). For

i “ 1, 2, and any G P Ωn

WipGq “ ApGq ´ θπipAq.

Let Ri “ supGPΩn
}WipGq}max. Define,

S2
i “ max

sPrd1s,tPrd2s
Varπi pApGqstq .

Assumption 5. We assume that for i “ 1, 2, write

δi “ log
`

Nνi,0,νi,1d1d2n
2T 4

˘

.

Write rτ “ min
!

T´τ
τ1{2 ,

τ
pT´τq1{2

)

and ∆ “
}θπ1 pApGqq´θπ2 pApGqq}

F?
d1d2

as the signal strength. For i “ 1, 2,

we assume

p1 ´ α0q3S2
i δi

r2τ∆
2

“ o
`

γ˚
n,i

˘

, (4.7)

p1 ´ α0qRiδi
?
α0Trτ∆

“ opγ˚
n,iq. (4.8)

Based on the above assumptions, we can show the consistency of the single change point

estimator τ̂ as follows.

Theorem 4.3.1. Consider the change point model in Definition 1 with one change point at τ “

αT . Consider the CUSUM based change point estimator τ̂ as in (4.3) with the Frobenuis norm.

Assuming α0 ă α, under Assumptions 5, τ̂ is consistent in the sense that

ˇ

ˇ

ˇ

ˇ

τ̂

T
´ α

ˇ

ˇ

ˇ

ˇ

P
ÝÑ 0
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as T Ñ 8. More precisely, we have,

Pp|τ̂ ´ αT | ą Tϵn,T q ď
c

nT
,

where c ą 0 is a model specific constant and,

ϵn,T “
4p1 ´ α0q3{2

rτ∆
max
iPt1,2u

˜

max

#

b

S2
i δi{γ

˚
n,i,

1
a

α0p1 ´ α0qT
Riδi{γ

˚
n,i

+¸

.

Remark 10. The above result is general in the sense that we allow arbitrary dependence structure

between different coordinates of ApGq. Under the adjacency matrix based CUSUM statistics and

edge independence assumption, we can achieve tighter bound. However, this is not the pursuit of

our current work.

4.3.2 Applications: Dynamic Stochastic Block Models

In this section, we provide some specific applications that can use the main theorem we derived

above.

In the introduction part, we have defined the dynamic stochastic block model with markovian

edge independent evolution in Def. 3. To make the model more practical, we allow community

change at time τ . We will show that under the recovery of the exact or partial community structure

(to be defined below), we can design a change point estimator τ̂ that achieves a much faster

convergence rate compared with the general setting.

Assumption 6. We define our change point model based on the dynamic stochastic block model

described in Def. 3.

(a) Assume there exists a change point τ P rT s. Before or after the change point τ , the model

is parameterized with θi :“ pλi,µi, πi, ρnq and a symmetric connection probability matrix

Pi :“ pPi,αβqα,βPrKis
with

Pi,αβ “
λi,αβ

λi,αβ ` µi,αβ
, @α, β P rKis, (4.9)
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where Ki is the number of communities and i “ 1 and 2 corresponds to the models before

and after change point.

(b) The initial distribution is ν.

(c) Before and after the change point τ , the community labels are c1 P rK1sn and c2 P rK2sn,

respectively.

(d) Assume ρn “ op1q and minα,βPrKis
tλi,αβ ` µi,αβu “ Op1q for i “ 1, 2, which is the difficult

but interesting regime.

Under the change point model on SBMs, we have the following specific formula for the absolute

spectral gap.

Lemma 4.3.2. Under the model assumption 6, for i “ 1, 2, the spectral gap is

γ˚
n,i “ 1 ´ max

α,βPrKis
texp t´ρnpλi,αβ ` µi,αβquu .

In order to design a low-rank version of test statistics using the community structure, we make

the following assumption to guarantee the existence of certain global community structure even if

the community structure change at time τ .

Assumption 7. Under the model assumption 6, we consider a subclass of models.

(a) Consider a simple but practical scenerio that there exists a global community label c P rKsn

where K ě maxtK1,K2u. For i “ 1, 2 and any s, l P rns with cipsq “ ciplq, we have cpsq “ cplq.

Then we can expand the connection probability matrices P1 and P2 into rP1 P RKˆK and

rP2 P RKˆK based on the new label cp¨q.

(b) For k P rKs, define Ck “ ti : cpiq “ ku, nk “ |Ck| and πk “ nk{n. For k, l P rKs, define

Ckl “ tpi, jq : cpiq “ k, cpjq “ lu and nkl “ |Ckl|.

The global community structure is used to design the test statistics and we make conditions

for consistency change point estimator.

Assumption 8. Under the model assumptions 6 and 7, we have the following results corresponding

to the general Assumption 5.
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(a) Test statistic: Define A : Ωn Ñ RKˆK with ApGqkl “ 1
nkl

ř

cpiq“k,cpjq“lAij where A P Rnˆn

is the adjacency matrix of the graph G. Define the change point estimator as

τ̂ :“ argmax t||GAptq||F : α0T ď t ď p1 ´ α0qT u . (4.10)

(b) Mixing time and length of evolution: For i “ 1, 2, write

δi “ log
`

Nνi,0,νi,1K
2n2T 4

˘

.

Write ∆ “
}rP1´rP2}F

K as the signal strength and rτ “ min
!

T´τ
τ1{2 ,

τ
pT´τq1{2

)

. For i “ 1, 2,

p1 ´ α0q3p˚
i δi

nminr2τ∆
2

“ o pρnq ,
p1 ´ α0qδi
?
α0Trτ∆

“ opρnq, (4.11)

with p˚
i “ }rPi}max.

Definition 10 (Exact recovery). Assume stochastic block models with community labels c “

pc1, . . . , cnq. Let ĉ denote the estimated labels via some community detection algorithm. We say

that the algorithm achieves exact recovery if

P
`

D permutation π, ĉπpiq “ ci@i P rns
˘

“ 1 ´ op1q.

To ensure that spectral clustering on sum of adjacency matrices can guarantee the exact recov-

ery of global community structure, we make the following assumption.

Assumption 9. (a) Balanced communities: There exist constants c0 and C0 such that

0 ă c0 ď min
kPrKs

πk ď max
kPrKs

πk ď C0 ă 1. (4.12)

(b) Exact recovery: For i “ 1, 2, we assume that

«

logpNνi,0,νi,1n
4T 2q

Tnp˚
i

ff1{3

“ opρnq. (4.13)
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Under the above assumption, we can show strong consistency of spectral clustering using results

from Lei (2019).

Lemma 4.3.3. (Exact recovery of community labels) Under the model assumptions 6 and parame-

ter assumptions 7 and 9, spectral clustering via the sum of adjacency matrices A “
řT
t“1Aptq with

a prespecified number of communities K achieves exact recovery with probability at least 1 ´ c
nT

for some universal constant c.

Assuming the global community label is recovered, the proposed low-rank test statistic based

estimator is consistent as follows.

Theorem 4.3.4. Assume that we can achieve exact recovery of the global community label c P

rKsn. Under the change point model in Assumption 6 with one change point at τ “ αT . Consider

the CUSUM based change point estimator τ̂ as in (4.10) with the Frobenuis norm. Assuming

α0 ă α, under Assumptions 7 and 8, τ̂ is consistent in the sense that

ˇ

ˇ

ˇ

ˇ

τ̂

T
´ α

ˇ

ˇ

ˇ

ˇ

P
ÝÑ 0

as T Ñ 8. More precisely, we have,

Pp|τ̂ ´ αT | ą Tϵn,T q ď
c

nT
,

where c ą 0 is a model specific constant and,

ϵn,T “
4p1 ´ α0q3{2

rτ∆
max
i“1,2

max

#

d

p˚
i δi

nminρn
,

δi
a

α0p1 ´ α0qTρn

+

. (4.14)

4.3.3 Operator Norm and Random Sampling

Denote V “ pV1,V2, . . . ,VT q as the uniform random sampling defined in Example 4.2.3 with

Vt P Rm representing a subset of m nodes at time t and µm is the uniform sampling distri-

bution of m nodes over a total of n nodes. Recall the setting of the CUSUM statistic in Re-

mark 9 with fixed functional under uniform random sampling of m nodes A : Ωn ˆ Rm Ñ Rdˆd

where θπ1ˆµnpApGrV sqq ´ θπ2ˆµmpApGrV sqq denote the average separation under stationary in
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each stretch of the dynamics. Recall the definition of the truncation factor away from the end

points α0 from (4.3). For i “ 1, 2, denote ti,mixpϵq as the mixing time of the transition kernel κi.

Assumption 10 (Independent uniform random sampling). Assume that

(a) V “ pV1,V2, . . . ,VT q with Vt
i.i.d.
„ µm.

(b) There exist real symmetric matrices Hn,1 and Hn,2 such that

pApGtrVtsq ´ ApG1
trV

1
t sqq

2
ĺ H2

n,1 for all Gt,G1
t P Ωn,Vt,V

1
t P Rm, for t ď τ and

pApGtrVtsq ´ ApG1
trV

1
t sqq

2
ĺ H2

n,2 for all Gt,G1
t P Ωn,Vt,V

1
t P Rm, for t ą τ .

Assumption 11 (Fixed uniform random sampling). Assume that

(a) V “ pV1,V2, . . . ,VT q with V0 „ µm and Vt “ V0 for all t P rT s.

(b) There exist real symmetric matrices Hn,1 and Hn,2 such that

pApGtrVtsq ´ ApG1
trVtsqq

2
ĺ H2

n,1 for all Gt,G1
t P Ωn,Vt P Rm, for t ď τ and

pApGtrVtsq ´ ApG1
trVtsqq

2
ĺ H2

n,2 for all Gt,G1
t P Ωn,Vt P Rm, for t ą τ .

Assumption 12 (Condition on consistency). For i “ 1, 2, define

ti,min “ min
0ďϵă1

ti,mixpϵq

ˆ

2 ´ ϵ

1 ´ ϵ
`

2 ` 2ϵ

p1 ´ ϵq2

˙

.

Write δi “ log
`

p1 ´ 2α0qdn2T 4Nνi,0,νi,1q
˘

and ∆ “ }θπ1ˆµmpApGrV sqq ´ θπ2ˆµmpApGrV sqq}.

Denote rτ “ max
!

T´τ
τ1{2 ,

τ
pT´τq1{2

)

. Under Assumption 10 or 11, we assume that for i “ 1, 2,

ti,min “ o

˜

r2τ∆
2

p1 ´ α0q3λmaxpH2
n,iqδi

¸

. (4.15)

Based on the above assumptions, we can show the consistency of the single change point

estimator τ̂ as follows.

Theorem 4.3.5. Consider the change point model in Definition 1 with one change point at τ “ αT .

Consider the CUSUM based change point estimator τ̂ as in (4.3) with the matrix operator norm.

Assuming α0 ă α, under Assumptions 10 or 11 and Assumption 12, τ̂ is consistent in the sense

that
ˇ

ˇ

ˇ

ˇ

τ̂

T
´ α

ˇ

ˇ

ˇ

ˇ

P
ÝÑ 0
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as T Ñ 8. More precisely, we have,

Pp|τ̂ ´ αT | ą Tϵn,T q ď
c

nT
,

where c ą 0 is a model specific constant and,

ϵn,T “
4

?
2p1 ´ α0q3{2

rτ∆
max
iPt1,2u

!b

ti,minλmaxpH2
n,iqδi

)

.

4.3.4 Application: Subgraph Densities in DSBMs

In the introduction part, we have defined the dynamic stochastic block model with markovian

edge independent evolution in Def. 3. To make the model more practical, we allow community

change at time τ . We will show that under the recovery of the exact or partial community structure

(to be defined below), we can design a change point estimator τ̂ that achieves a much faster

convergence rate compared with the general setting.

Under the change point model on SBMs, we have the following specific formula for the absolute

spectral gap.

Lemma 4.3.6. Under the model assumption 6, for i “ 1, 2, the spectral gap is

γ˚
n,i “ 1 ´ max

α,βPrKis
texp t´ρnpλi,αβ ` µi,αβquu .

Assumption 13. Under the model assumptions 6 and 7, we have the following results correspond-

ing to the general Assumption 5.

(a) Test statistic: Define A : Ωn ˆ Rm Ñ R as the mapping from a subgraph of size m to the

triangle density. Define the change point estimator as

τ̂ :“ argmax t|GAptq| : α0T ď t ď p1 ´ α0qT u . (4.16)

(b) Fixed random sampling: Assume that V “ pV1,V2, . . . ,VT q with V0 „ µm and Vt “ V0

for all t P rT s.
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(c) Mixing time and length of evolution: Write δi “ log
`

p1 ´ 2α0qn2T 4Nνi,0,νi,1q
˘

and

∆ “ |θπ1ˆµmpApGrV sqq ´ θπ2ˆµmpApGrV sqq|, where for i “ 1, 2

θπiˆµmpApGrV sqq “
pm´ 1qpm´ 2q

m2

ÿ

α,β,γPrKis

πipαqπipβqπipγqPi,αβPi,βγPi,γα.

Denote rτ “ max
!

T´τ
τ1{2 ,

τ
pT´τq1{2

)

. We assume that for i “ 1, 2,

ρn “ w

ˆ

p1 ´ α0q3m2 logpp˚qδi
r2τ∆

2

˙

. (4.17)

Theorem 4.3.7. Assume that we can achieve exact recovery of the global community label c P

rKsn. Under the change point model in Assumption 6 with one change point at τ “ αT . Consider

the CUSUM based change point estimator τ̂ as in (4.16) with the operator norm. Assuming α0 ă α,

under Assumptions 7 and 13, τ̂ is consistent in the sense that

ˇ

ˇ

ˇ

ˇ

τ̂

T
´ α

ˇ

ˇ

ˇ

ˇ

P
ÝÑ 0

as T Ñ 8. More precisely, we have,

Pp|τ̂ ´ αT | ą Tϵn,T q ď
c

nT
,

where c ą 0 is a model specific constant and,

ϵn,T “
4p1 ´ α0q3{2

rτ∆
max
i“1,2

max

#

d

p˚
i δi

nminρn
,

δi
a

α0p1 ´ α0qTρn

+

. (4.18)

4.4 Network Temporal Motif Based CUSUM

The above mentioned CUSUM statistics are all based on some function A mapping from a

single graph space Ωn to H. For example, a typical choice would be A “ A the adjacency matrix.

As we can see, the CUSUM statistics treat each graph separately. However, there are some types of

structure change where this class of CUSUM fail to capture. For instance, consider the Markovian

Edge independent evolution 3. Assume that before the change point τ , the model can be charac-

157



terized by θ :“ pλ,µ, π, ρnq and after τ , the normalized edge creation rates and deletion rates are

doubled as 2λ and 2µ. In this case, the stationary distributions of the networks before and after τ

are the same. Therefore, the adjacency matrix based CUSUM and other similar choices probably

fail to capture such rate change. In order to capture such change, we need to use the information

about how the network changes from time t to time t` 1.

Definition 11 (Temporal edges and graphs). We define a temporal edge to be a directed edge

between an ordered pair of nodes with arrival time. A temporal graph is a collection of temporal

edges. Formally, a temporal graph T on a node set V is a collection of tuples pui, vi, tiq , i “ 1, . . . ,m,

where each ui and vi are elements of V and each ti is a timestamp in R. We refer to a specific

pui, vi, tiq tuple as a temporal edge.

Definition 12 (δ-temporal motifs). We define a k-node, l-edge, δ-temporal motif to be a sequence

of l edges, M “ pu1, v1, t1q , pu2, v2, t2q . . . , pul, vl, tlq that are timeordered within a δ duration, i.e.,

t1 ă t2 . . . ă tl and tl ´ t1 ď δ, such that the induced static graph from the edges is connected and

has k nodes.

Definition 13 (Generalized CUSUM type statistics). Let G “ tGs : 0 ď s ď T u denote a graph

stream. Let H denote a normed linear Polish space with associated norm || ¨ ||. Fix a collection

of functions A “ tAi : 1 ď i ď T ´ 1u with Ai : Ωn ˆ Ωn Ñ H for some constant k. Define the

function,

GAptq :“

c

pt´ 1qpT ´ tq

T ´ 1

˜

1

t´ 1

t´1
ÿ

s“1

AspGs,Gs`1q ´
1

T ´ t

T´1
ÿ

s“t

AspGs,Gs`1q

¸

.

Fix a small threshold 0 ă α0 ! 1. Define the CUSUM based estimator:

τ̂ :“ argmax t||GAptq|| : α0T ď t ď p1 ´ α0qT u . (4.19)

e.g. [Network correlation-based CUSUM] One simple measurement of network correlation is to

use the inner product of adjacency matrices. LetAi “ A andApGs,Gs`1q “
ř

i,j ApsqijAps`1qij{n
2.

In our setting, if Aijptq “ 1, we will encode it with one temporal edge pi, j, tq. Then for network

correlation between Gs and Gs`1, we can estimate it by searching all 2-node, 2-edge, 1-temporal

motifs given all encoded temporal edges on Gs and Gs`1.
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Remark 11. Generally, the network motifs between graphs Gs and Gs`1 can be counted exactly

using algorithms proposed in (Paranjape et al., 2017).

Definition 14 (Generalized expectation operator). For a graph stream G (with or without change

point) with G0 „ ν and functional A : Ωn ˆ Ωn Ñ H as above (involving potentially auxiliary

randomization), we let θν,κpA; tq “ Eν,κpApGt,Gt`1qq. For the functional applied to the stationary

distribution, write

θκpAq :“ EpApG1,G2qq, G1 „ π,G2 „ κpG1, ¨q. (4.20)

With a collection of estimatorsA as in Definition 7, letHAptq :“ EpGAptqq (suppressing dependence

on the initial distribution). For a single change point at τ P p0, T q, denote π1,π2 as the stationary

distribution of the dynamics before and after τ respectively, and κ1,κ2 as the transition kernels of

the dynamics before and after τ respectively. Let rHAp¨q represent the corresponding expectation

assuming stationary dynamics namely,

rHAptq :“

c

pt´ 1qpT ´ tq

T ´ 1

˜

1

t´ 1

t´1
ÿ

s“1

rθpAs,As`1q ´
1

T ´ t

T´1
ÿ

s“t

rθpAs,As`1q

¸

, (4.21)

where rθpAs,As`1q “ θκ1pAspGs,Gs`1qq for s ď τ and rθpAsq “ θκ2pAspGs,Gs`1qq for t ą τ .

Remark 12. We recall the intuition for the CUSUM statistic. When As ” A @s, one gets

rHAptq “

$

’

&

’

%

pT ´ τq

b

t´1
pT´1qpT´tq pθκ1pAq ´ θκ2pAqq if t ď τ

pτ ´ 1q

b

T´t
pT´1qpt´1q

pθκ1pAq ´ θκ2pAqq if t ą τ
. (4.22)

Let ϕptq “ } rHAptq}. Clearly, if θκ1pAq ‰ θκ2pAq, then ϕp¨q attains its unique maximum at t “ τ .

Similar to the general consistency theorem, we will need the following assumptions on the

behavior of the evolutionary mechanisms in each stretch of the evolution. Note that evolution

dynamics is κ1 in the first stretch of length T1 “ τ ´ 1, initialized at ν1,0 “ ν with stationary

dynamics ν1,1 “ π1. Then at the change point when the distribution of the chain is ν2,0 “ νκτ1 ,

the chain transitions to dynamics κ2 with stationary distribution ν2,1 “ π2 for a stretch of time

T2 “ T ´ τ . Recall the setting of the CUSUM statistic in Rem. 12 with fixed functional A :
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Ωn ˆ Ωn Ñ Rd1ˆd2 where θκ1pAq ´ θκ2pAq denotes the separation under stationarity in each

stretch.

Remark 13. If tGt, t P rT su is a time-homogenous Markov chain with transition kernel κ, then

tpGt,Gt`1q, t P rT ´ 1su is also a time-homogeneous Markov chain with transition kernel of the

sample spectral gap.

Assumption 14. (a) Spectral gap: For i “ 1, 2, the transition kernel κi has absolute spectral

gap γ˚
n,i.

(b) Test statistic: Let A : Ωn ˆ Ωn Ñ Rd1ˆd2 (i.e. the space of d1 ˆ d2 real valued matrices).

For i “ 1, 2, and any G,G1 P Ωn with G1 „ κipG, ¨q

WipG,G1q “ ApG,G1q ´ θκipAq.

Let Ri “ supG,G1PΩn
}WipG,G1q}max. Define,

S2
i “ max

sPrd1s,tPrd2s
Varκi

`

ApG,G1qst
˘

.

(c) Mixing time and length of evolution: For i “ 1, 2, write

δi “ log
`

Nνi,0,νi,1d1d2n
2T 4

˘

.

Write rτ “ min
!

T´τ
pτ´1q1{2 ,

τ´1
pT´τq1{2

)

and ∆ “
}θκ1 pApGqq´θκ2 pApGqq}

F?
d1d2

. For i “ 1, 2,

p1 ´ α0q3S2
i δi

r2τ∆
2

“ o
`

γ˚
n,i

˘

, (4.23)

p1 ´ α0qRiδi
?
α0Trτ∆

“ opγ˚
n,iq. (4.24)

The single change point estimator τ̂ is shown to be consistent under the above assumption.

Theorem 4.4.1. Consider the change point model in Def. 1 with one change point at τ “

αT . Consider the CUSUM based change point estimator τ̂ as in (4.3) with the Frobenuis norm.
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Assuming α0 ă α, under Assumptions 14, τ̂ is consistent in the sense that

ˇ

ˇ

ˇ

ˇ

τ̂

T
´ α

ˇ

ˇ

ˇ

ˇ

P
ÝÑ 0

as T Ñ 8. More precisely, we have,

Pp|τ̂ ´ αT | ą Tϵn,T q ď
c

nT
,

where c ą 0 is a model specific constant and,

ϵn,T “
p1 ´ α0q3{2

rτ∆
max
i“1,2

max

#

b

S2
i δi{γ

˚
n,i,

1
a

α0p1 ´ α0qT
Riδi{γ

˚
n,i

+

.

The proof of Theorem 4.4.1 is similar to that of Theorem 4.3.1, so omitted here.

Then, we provide one specific application on DSBMs that can use the main theorem we derived

above. Consider the similar setting as in Section 4.3.2 but with the different rates ρn,1 and ρn,2

before and after the single change point τ .

Definition 15. We define our change point model based on the dynamic stochastic block model

described in Def. 3.

(a1) Assume there exists a change point τ P rT s. Before or after the change point τ , the model

is parameterized with θi :“ pλi,µi, πi, ρn,iq (see Definition 3) and a symmetric connection

probability matrix Pi :“ pPi,αβqα,βPrKis
with

Pi,αβ “
λi,αβ

λi,αβ ` µi,αβ
, @α, β P rKis, (4.25)

where Ki is the number of communities and i “ 1 and 2 corresponds to the models before

and after change point.

The consistency theorem 4.3.4 depends on the separation signal
›

›

›

rP1 ´ rP2

›

›

›

F
being strictly

positive. However, there exist cases where rP1 “ rP2 but the transition rates are different, i.e.,

ρn,1 ‰ ρn,2. The original single-layer CUSUM based estimator proposed in Section 4.3.2 failed

but the method based on multilayer CUSUM might work. We make the following assumption for

consistent estimation of the change point.
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Assumption 15. Under the model assumptions 6 and 7, we have the following results correspond-

ing to the general assumptions 5.

(a) Test statistic: Define A : Ωn ˆ Ωn Ñ RKˆKˆ2 with

ApG,G1qkl¨ “
1

nkl

ÿ

cpiq“k,cpjq“l

“

AijA
1
ij , p1 ´ Aijqp1 ´ A1

ijq
‰

where A,A1 P Rnˆn are the adjacency matrices of the graphs G and G1. Define the change

point estimator as

τ̂ :“ argmax t||GAptq||F : α0T ď t ď p1 ´ α0qT u . (4.26)

(b) Mixing time and length of evolution: For i “ 1, 2, write

δi “ log
`

Nνi,0,νi,1K
2n2T 4

˘

.

Write ∆ “
}rB1´rB2}F

K with

rBi,αβ¨ “

„

λi,αβµi,αβ
pλi,αβ ` µi,αβq2

exp t´ρn,ipλi,αβ ` µi,αβqu ` p
λi,αβ

λi,αβ ` µi,αβ
q2,

λi,αβµi,αβ
pλi,αβ ` µi,αβq2

exp t´ρn,ipλi,αβ ` µi,αβqu ` p
µi,αβ

λi,αβ ` µi,αβ
q2
ȷ

.

Denote rτ “ min
!

T´τ
pτ´1q1{2 ,

τ´1
pT´τq1{2

)

. For i “ 1, 2, we assume that

p1 ´ α0q3p˚
i δi

nminr2τ∆
2

“ o pρn,iq , (4.27)

p1 ´ α0qδi
?
α0Trτ∆

“ opρn,iq, (4.28)

where p˚
i “ }rBi}max and nmin “ minkPrKstnku.

Based on the above assumption, we have the following consistency theorem.

Theorem 4.4.2. Assume that we can achieve exact recovery of the global community label c P

rKsn under Assumption 7. Under the change point model in Definition 15 with one change point
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at τ “ αT . Consider the CUSUM based change point estimator τ̂ as in (4.26). Assuming α0 ă α,

under Assumptions 7 and 15, τ̂ is consistent in the sense that

ˇ

ˇ

ˇ

ˇ

τ̂

T
´ α

ˇ

ˇ

ˇ

ˇ

P
ÝÑ 0

as T Ñ 8. More precisely, we have,

Pp|τ̂ ´ αT | ą Tϵn,T q ď
c

nT
,

where c ą 0 is a model specific constant and,

ϵn,T “
p1 ´ α0q3{2

rτ∆
max
i“1,2

max

#

b

p˚
i δi{pnminρn,iq,

1
a

α0p1 ´ α0qT
δ1{ρn,i

+

.

4.5 Future Work

In the chapter, we proposed a general Markovian network change point model and surveyed

canonical examples within this subclass. We proposed multiple CUSUM-type estimators leveraging

single and multi-layer graph structures to detect the change point location. As for applications, we

use our methods on the dynamic stochastic block models to explore the minimal condition on the

rate of evolution. In the future, we plan to apply our methods to other examples, such as subgraph

densities under exponential random graph models, aiming to achieve meaningful results and deepen

our understanding of such models. In addition, we would like to build a connection between our

models and dense graph limits.

4.6 Supplementary Materials

In this section, we prove the theoretical proofs in this chapter.

4.6.1 Proof for Theorem 4.3.1

Proof of Theorem 4.3.1. Recall the definition of the estimator from (13) and the approximation of

the expectation ϕptq “ } rHAptq} from Remark 9 that attains its unique maximum at t “ τ . The

proof then consists of the following two main steps:
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(i) Showing that }GAptq ´ rHAptq}F is uniformly small for t P rα0T, p1 ´ α0qT s.

(ii) Showing that (i) implies |τ ´ τ̂ | is small.

To accomplish the first step, our main till is the following, which essentially follows from (Paulin,

2015).

Lemma 4.6.1. (Concentration bounds starting from arbitrary initial conditions) Consider a graph

stream G “ tGt : 0 ď t ď T u without change point (i.e. single transition dynamics across the time

window) with transition kernel κ, stationary distribution π and absolute spectral gap γ˚
n, starting

with an arbitrary initial distribution ν. Fix A : Ωn Ñ Rd1ˆd2 . For G P Ωn write WpGq “

ApGq ´ θπpAq and define, R “ supGPΩn
}WpGq}max and S2 “ maxsPrd1s,tPrd2s Varπ pApGqstq . and let

δ “ log
`

Nν,πd1d2n
2T 4

˘

. For a fixed real sequence a “ taptqu
T
t“1, and time 1 ď ζ ď T there exist

a universal constant c such that

Pν

˜›

›

›

›

›

ζ
ÿ

t“1

aptqWpGtq

›

›

›

›

›

F

ě ϵa,ζ

¸

ď
c

nT 2
,

where

ϵa,ζ “ max

$

&

%

g

f

f

ed1d2

˜

ζ
ÿ

t“1

aptq2

¸

S2 δ{γ˚
n, amax,ζR

a

d1d2δ{γ˚
n

,

.

-

,

and amax,ζ “ max1ďtďζ |aptq|.

Completing the proof of Theorem 4.3.1 assuming Lemma 4.6.1:

Step 1. Bounding suptPrα0T,p1´α0qT s }GAptq ´ rHAptq}F : For later reference, for any s let rθpAsqq “

θπ1pApGqq if s ď τ else rθpAsqq “ θπ2pApGqq. Now note that if t ď τ , algebraic manipulations
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imply,

}GAptq ´ rHAptq}F

“

c

tpT ´ tq

T

›

›

›

›

›

1

t

t
ÿ

s“1

pApGsq ´ rθpAsqq ´
1

T ´ t

T
ÿ

s“t`1

pApGsq ´ rθpAsqq

›

›

›

›

›

F

ď

c

tpT ´ tq

T

˜›

›

›

›

›

1

t

t
ÿ

s“1

pApGsq ´ rθpAsqq ´
1

T ´ t

τ
ÿ

s“t`1

pApGsq ´ rθpAsqq

›

›

›

›

›

F

`

›

›

›

›

›

1

T ´ t

T
ÿ

s“τ`1

pApGsq ´ rθpAsqq

›

›

›

›

›

F

¸

:“

c

tpT ´ tq

T
Υptq `

c

tpT ´ tq

T
Eptq.

The goal of this decomposition is to divide the interval r0, T s into two homogeneous (in terms

of evolutionary dynamics) sub-intervals and apply Lemma 4.6.1. For i “ 1, 2, recall δi as in the

Assumption 5 (c). Using Lemma 4.6.1 on the intervals r0, τ s and rτ ` 1, T s. With probability

greater than 1 ´Op 1
nT 2 q , the following inequality holds for any fixed t P rα0T, τ s

Υptq ď
a

d1d2max

#

d

ˆ

1

t
`

τ ´ t

pT ´ tq2

˙

S2
1δ1{γ˚

n,1,

ˆ

1

t
_

1

T ´ t

˙

R1δ1{γ˚
n,1

+

,

and with probability greater than 1 ´Op 1
nT 2 q, we have

Eptq ď
a

d1d2max

#
d

T ´ τ

pT ´ tq2
S2
2δ2{γ˚

n,2,
1

T ´ t
R2δ2{γ˚

n,2

+

.
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Denote S2δ{γ˚
n “ max

␣

S2
1δ1{γ˚

n,1, S
2
2δ2{γ˚

n,2

(

and Rδ{γ˚
n “ max

␣

R1δ1{γ˚
n,1, R2δ2{γ˚

n,2

(

. Then with

probability greater than 1 ´Op 1
nT 2 q, we have

}GAptq ´ rHAptq}F

ď

c

tpT ´ tq

T

a

d1d2

˜

max

#

d

ˆ

1

t
`

τ ´ t

pT ´ tq2

˙

S2
1δ1{γ˚

n,1,

ˆ

1

t
_

1

T ´ t

˙

R1δ1{γ˚
n,1

+

`

max

#
d

T ´ τ

pT ´ tq2
S2
2δ2{γ˚

n,2,
1

T ´ t
R2δ2{γ˚

n,2

+¸

ď

c

tpT ´ tq

T

a

d1d2max

#
d

2T

tpT ´ tq
S2δ{γ˚

n,

ˆ

T

tpT ´ tq
_

2

T ´ t

˙

Rδ{γ˚
n

+

“
a

d1d2max

#

a

2S2δ{γ˚
n,

˜
d

T

tpT ´ tq
_ 2

d

t

T pT ´ tq

¸

Rδ{γ˚
n

+

.

Using a union argument, we have with probability greater than 1 ´Op 1
nT q,

sup
tPrα0T,τ s

}GAptq ´ rHAptq}F

ď
a

d1d2max

#

a

2S2δ{γ˚
n,

d

1

α0p1 ´ α0qT
Rδ{γ˚

n

+

.

Similarly, we have with probability greater than 1 ´Op 1
nT q,

sup
tPrτ,p1´α0qT s

}GAptq ´ rHAptq}F

ď
a

d1d2max

#

a

2S2δ{γ˚
n,

d

1

α0p1 ´ α0qT
Rδ{γ˚

n

+

.

Therefore, with probability greater than 1 ´Op 1
nT q, we can have the uniform bound

sup
tPrα0T,p1´α0qT s

}GAptq ´ rHAptq}F (4.29)

ď
a

d1d2max

#

a

2S2δ{γ˚
n,

d

1

α0p1 ´ α0qT
Rδ{γ˚

n

+

“: BT . (4.30)

166



Step 2. Bounding |τ ´ τ̂ |. Recall that ϕptq “ } rHAptq}F with rHAp¨q as in (4.5).Then note that for

t P rα0T, τ s, an application of the mean value theorem shows that,

ϕpτq ´ ϕptq ě
1

2
pτ ´ tq

T ´ τ

p1 ´ α0q3{2τ1{2T
}θπ1pApGqq ´ θπ2pApGqq}F . (4.31)

Similarly for t P rτ, p1 ´ α0qT s,

ϕpτq ´ ϕptq ě
1

2
pt´ τq

τ

p1 ´ α0q
3{2

pT ´ τq
1{2 T

}θπ1pApGqq ´ θπ2pApGqq}F .

Note that for t P rα0T, p1 ´ α0qT s,

ϕpτq ´ ϕpτ̂q “

›

›

›

rHApτq

›

›

›

F
´ }GApτq}F ` }GApτq}F ´ }GApτ̂q}F ` }GApτ̂q}F ´

›

›

›

rHApτ̂q

›

›

›

F

ď

›

›

›
GApτq ´ rHApτq

›

›

›

F
`

›

›

›
GApτ̂q ´ rHApτ̂q

›

›

›

F
,

ď2 sup
tPrα0T,p1´α0qT s

}GAptq ´ rHAptq}F “ 2BT ,

where the second line uses τ̂ “ argmaxtPrα0T,p1´α0qT s }GAptq}F and the triangle inequality. Thus

combining the above bounds with (4.31) shows that if τ̂ ď τ ,

1

2
pτ ´ τ̂q

T ´ τ

p1 ´ α0q3{2τ1{2T
}θπ1pApGqq ´ θπ2pApGqq}F ď 2BT . (4.32)

Similarly if τ̂ ě τ then,

1

2
pτ̂ ´ τq

τ

p1 ´ α0q
3{2

pT ´ τq
1{2 T

}θπ1pApGqq ´ θπ2pApGqq}F ď 2BT . (4.33)

To guarantee the consistency of the change point estimator, require |τ´τ̂ |

T
P

ÝÑ 0 as n, T Ñ 8. If

τ̂ ď τ , using (4.32), it suffices to require that as n, T Ñ 8,

|τ ´ τ̂ |

T
ď

4p1 ´ α0q3{2τ1{2

T ´ τ

BT
}θπ1pApGqq ´ θπ2pApGqq}F

Ñ 0.

By part (4.7) and (4.8), we see that the above convergence result holds.
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Similarly for the case where τ̂ ě τ , under the assumptions (4.7) and (4.8), we have |τ´τ̂ |

T
P

ÝÑ 0

as n, T Ñ 8.

Combine (4.32) and (4.33) together and plug in (4.30), then we have that under the assumptions

(4.7) and (4.8),

|τ ´ τ̂ |

T
ď

4p1 ´ α0q3{2

rτ∆
max
i“1,2

max

#

b

S2
i δi{γ

˚
n,i,

d

1

α0p1 ´ α0qT
Riδi{γ

˚
n,i

+

:“ ϵn,T
P

ÝÑ 0.

This completes the proof of the Theorem.

Proof of Lemma 4.6.1. Applying the change of measure from the initial distribution ν to the

stationary distribution π before the change point τ , we have

Pν

˜›

›

›

›

›

ζ
ÿ

t“1

aptqWpGtq

›

›

›

›

›

F

ě ϵ

¸

ď N 1{2
ν,π

«

Pπ

˜›

›

›

›

›

ζ
ÿ

t“1

aptqWpGtq

›

›

›

›

›

F

ě ϵ

¸ff1{2

,

where Nν,π :“ Eπ

´

`

dν
dπ

˘2
¯

is the L2 norm of the density ratio between the initial distribution and

the stationary distribution defined in (4.6).

Using the fact that

›

›

›

›

›

ζ
ÿ

t“1

aptqWpGtq

›

›

›

›

›

2

F

“

d1
ÿ

i“1

d2
ÿ

j“1

˜

ζ
ÿ

t“1

aptqWpGtqij

¸2

, (4.34)

it suffices to achieve an upper bound on |
řζ
t“1 aptqWpGtqij | for any i P rd1s, j P rd2s.

The probability on the right hand side of (4.34) can be decomposed as

Pπ

˜›

›

›

›

›

ζ
ÿ

t“1

aptqWpGtq

›

›

›

›

›

F

ě ϵ

¸

“ Pπ

¨

˝

›

›

›

›

›

ζ
ÿ

t“1

aptqWpGtq

›

›

›

›

›

2

F

ě ϵ2

˛

‚

“ Pπ

¨

˝

d1
ÿ

i“1

d2
ÿ

j“1

˜

ζ
ÿ

t“1

aptqWpGtqij

¸2

ě ϵ2

˛

‚

ď Pπ

¨

˝ max
iPrd1s,jPrd2s

˜

ζ
ÿ

t“1

aptqWpGtqij

¸2

ě
ϵ2

d1d2

˛

‚

ď

d1
ÿ

i“1

d2
ÿ

j“1

Pπ

˜ˇ

ˇ

ˇ

ˇ

ˇ

ζ
ÿ

t“1

aptqWpGtqij

ˇ

ˇ

ˇ

ˇ

ˇ

ě
ϵ

?
d1d2

¸

.
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Fix i P rd1s, j P rd2s. Applying Theorem 1 in (Jiang et al., 2018) on the above probability, we have

Pπ

˜ˇ

ˇ

ˇ

ˇ

ˇ

ζ
ÿ

t“1

aptqWpGtqij

ˇ

ˇ

ˇ

ˇ

ˇ

ě
ϵ

?
d1d2

¸

ď exp

˜

´
ϵ2{pd1d2q

8r
řζ
t“1 aptq2sS2 ` 20amax,ζRϵ{

?
d1d2

¸

,

where amax,ζ :“ max1ďtďζ |aptq|. Recall we have defined δ “ log
`

Nν,πd1d2n
2T 4

˘

. Choosing

ϵa,ζ “ max

$

&

%

g

f

f

ed1d2

˜

ζ
ÿ

t“1

aptq2

¸

S2 δ{γ˚
n, amax,ζR

a

d1d2δ{γ˚
n

,

.

-

,

we have

Pπ

˜
ˇ

ˇ

ˇ

ˇ

ˇ

ζ
ÿ

t“1

aptqWpGtqij

ˇ

ˇ

ˇ

ˇ

ˇ

ě
ϵa,ζ

?
d1d2

¸

ď
c

d1d2Nν,πn2T 4

for some universal constant c. Therefore, the target probability becomes

Pν

˜›

›

›

›

›

ζ
ÿ

t“1

aptqWpGtq

›

›

›

›

›

F

ě ϵa,ζ

¸

ď N 1{2
ν,π

„

c

Nν,πn2T 4

ȷ1{2

“
c1{2

nT 2
.

4.6.2 Proof for Lemma 4.3.3

Proof. The proof is based on the theoretical results in (Lei, 2019).

First we introduce some notation used throughout this proof. Define A “
řT
t“1Aptq, rA˚

i “

TiZrPiZ
T , for i “ 1, 2 and rA˚ “ rA˚

1 ` rA˚
2 “ ZPZT with P “ τ rP1 ` pT ´ τqrP2, where Z is the

membership matrix for the global communities. Define the connection probability matrix removing

diagonal entries as

A˚ “ rA˚ ´ diag
´

rA˚
¯

.

Let λ1 ě λ2 ě . . . ě λn and λ˚
1 ě λ˚

2 ě . . . ě λ˚
n be the eigenvalues of A and A˚, respectively. For

the given true number of communities K, let

Λ “ diag pλ1, λ2, . . . , λKq , Λ˚ “ diag pλ˚
1 , λ

˚
2 , . . . , λ

˚
Kq .
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Let U and U˚ be the a matrix of eigenvectors such that

AU “ UΛ, A˚U˚ “ U˚Λ˚.

The ℓ2Ñ8 distance between U and U˚ is defined as

d2Ñ8 pU,U˚q fi inf
OPRrˆr,OTO“I

}UO ´ U˚}2Ñ8

Let R “ diag
`?
n1, . . . ,

?
nK

˘

and Q “ ZR´1. Then QTQ “ I and

rA˚ “ QpRPRqQT .

Let VΛVT be the spectral decomposition of RPR. Then pQVqBpQVqT is the spectral decom-

position of rA˚ since QV is an orthogonal matrix. As a result, the eigenvector matrix of rA˚ is

rU˚ “ QV. By definition,

rU˚ “

»

—

—

—

—

—

—

—

–

1n1V
T
1?

n1

1n2V
T
2?

n2

...

1nK
VT

K?
nK

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

where VT
i is the i-th row of V by definition of Q. It is clear that rU˚

i “ rU˚
j if i and j come from the

same cluster. Therefore, k-means can perfectly recover the communities using rU˚. Let v˚
s “ rU˚

i

for i P Cs. Let λ̃˚
1 ě λ̃˚

2 ě . . . ě λ̃˚
K ą 0 be the eigenvalues of rA˚.

Using the fact that V is an orthogonal matrix, we have for any s, s1 P rKs,

}v˚
s ´ v˚

s1}2 “

b

}v˚
s }

˚
2 `

›

›v˚
s1

›

›

2

2
´ 2

@

v˚
s , v

˚
s1

D

“

c

1

ns
`

1

ns1

ě

d

2

maxsPrKs ns
ě

?
2

maxs
?
πs

1
?
n

By Lemma 5.1 in (Lei, 2019), in order to show exact recovery when we applying k-means

algorithm on U, it suffices to show

d2Ñ8

´

U, rU˚
¯

ď
mins πs

6

?
2

maxs
?
πs

1
?
n
. (4.35)
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Using the assumption of balanced communities (4.12), we achieve a lower bound the right-hand

side of the above formula

mins πs
6

?
2

maxs
?
πs

1
?
n

ě
c0
6

c

2

C0

1
?
n
.

Therefore, it is enough to prove

d2Ñ8

´

U, rU˚
¯

ď
c0
6

c

2

C0

1
?
n

fi
2c1
?
n
. (4.36)

By the triangle inequality, we can decompose the left-hand side as

d2Ñ8

´

U, rU˚
¯

ď d2Ñ8 pU,U˚q ` d2Ñ8

´

U˚, rU˚
¯

.

By definition,

d2Ñ8

´

U˚, rU˚
¯

“ inf
OPOK

›

›

›
U˚O ´ rU˚

›

›

›

2Ñ8
ď inf

OPOK

›

›

›
U˚O ´ rU˚

›

›

›

op

By Davis-Kahan Theorem [(Yu et al., 2015), Theorem 2],

inf
OPOK

›

›

›
U˚O ´ rU˚

›

›

›

op
ď

?
8K

›

›

›
A˚ ´ rA˚

›

›

›

op

rλ˚
K

ď

?
8Kpτp˚

1 ` pT ´ τqp˚
2q

λ̃˚
K

,

where we use the fact that A˚ ´ rA˚ “ diag
´

rA˚
¯

and rankprA˚q “ K.

Since

λ̃˚
K ě n pτp˚

1 ` pT ´ τqp˚
2q min

sPrKs
πs ě c0n pτp˚

1 ` pT ´ τqp˚
2q , (4.37)

we have when n is large enough

d2Ñ8

´

U˚, rU˚
¯

ď inf
OPOK

›

›

›
U˚O ´ rU˚

›

›

›

op
ď

?
8Kpτp˚

1 ` pT ´ τqp˚
2q

c0n pτp˚
1 ` pT ´ τqp˚

2q
ď

c1
?
n
. (4.38)

Combining with (4.36), it is left to prove

d2Ñ8 pU,U˚q ď
c1

?
n

(4.39)
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In order to prove (4.39), we are going to apply Theorem 2.4 in (Lei, 2019) and it is required to

check Assumptions 1-4 in the Theorem 2.3. In the following, we are going to check Assumptions

1-4 one by one. Define Eptq “ Aptq ´ rA˚ptq with rA˚ptq “ ZrP1Z
T when t ď τ and rA˚ptq “ ZrP2Z

T

when t ą τ . Let E “
řT
t“1Eptq,E1 “

řτ
t“1Eptq and E2 “

řT
t“τ`1Eptq.

Assumption A2: To check assumption A2, it is enough to provide an upper bound on }E}op.

Thus, it suffices to provide an upper bound on }E1}op and }E2}op since }E}op ď }E1}op ` }E2}op.

To only show the proof for }E1}op and the proof for }E2}op is similar so omitted. Our proof is

partially based on the techniques used in (Lei and Rinaldo, 2015). Throughout the proof we will

use the following notation.

• Define di “
ř

jPrns Aij “
ř

jPrns

řτ
s“1Aijpsq and d “ τnp˚

1 . Define A “
řt
s“1Apsq, Θ “

řt
s“1Θpsq. Denote aij , θij and wij the pi, jq entry of A, Θ and W , respectively.

• For i “ 1, . . . , n, set di to be the degree of node i and d̄i “ di ´ Edi, the centered degree.

• For t ą 0, let St “ tv P Rn : }v}2 ď tu be the Euclidean ball of radius t and set S “ S1.

The idea is to bound supxPS

ˇ

ˇxTE1x
ˇ

ˇ. The proof consists of three major steps.

1. Discretization. We first reduce the original problem to the problem of bounding the supremum

of xT pA´ Θqy over all pairs of vectors in a finite set of grid points in S.

2. Bounding the light pairs. This step uses a Bernstein type bound for Markov chains and an

union bound to control the light pairs.

3. Bounding the heavy pairs. In the final step, we will use a combinatorial argument on the

event that the degrees do not deviate much from their expectation.

Step 1. Discretization.

Define

T “
␣

x “ px1, . . . , xnq P S : 2
?
nxi P Z,@i

(

,

where Z denotes the set of all integers. Then

sup
xPS

ˇ

ˇxTE1x
ˇ

ˇ ď 4 sup
x,yPT

|xTE1y|
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according to lemma 2.1. in the Supplement material of (Lei and Rinaldo, 2015). For any pair of

vectors x, y P T , we have

xTE1y “ xT pA1 ´ rA˚
1qy “

ÿ

1ďi,jďn

xiyj

´

A1,ij ´ rA˚
1,ij

¯

.

Then we can split the pairs pxi, yjq into light pairs

L “ Lpx, yq :“
!

pi, jq : |xiyj | ď

b

τp˚
1γn,1{pn logpnT qq

)

,

and into heavy pairs

L “ Lpx, yq :“
!

pi, jq : |xiyj | ą

b

τp˚
1γn,1{pn logpnT q

)

.

Step 2. Bounding the light pairs.

In this part, we will show that the contribution of the light pairs,

sup
x,yPT

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

pi,jqPLpx,yq

xiyjE1,ij

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

,

can be bounded by
b

τnp˚
1 logpnT q{γ3n,1 with high probability at least 1 ´ c

nT for some universal

constant c.

Let uij “ xiyj1
`

|xiyj | ď
a

τp˚
1γn,1{pn logpnT qq

˘

` xjyi1
`

|xjyi| ď
a

τp˚
1γn,1{pn logpnT qq

˘

, for

i, j “ 1, . . . , n. Then we have

ÿ

pi,jqPLpx,yq

xiyjE1,ij “
ÿ

1ďiăjďn

uijE1,ij .

We can see that |uij | ď 2
a

τp˚
1γn,1{pn logpnT qq, and each term in the above formula has mean zero

when initial distribution is the stationary distribution and is bounded by 2
a

τp˚
1γn,1{pn logpnT qq.

Using the Berstein inequality for Markov chains, we have

Pν

˜ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăj

uijE1,ij

ˇ

ˇ

ˇ

ˇ

ˇ

ě ϵ

¸

ď

«

Nν,π1Pπ1

˜ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăj

uijE1,ij

ˇ

ˇ

ˇ

ˇ

ˇ

ě ϵ

¸ff1{2

,
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and

Pπ1

˜ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăj

uijE1,ij

ˇ

ˇ

ˇ

ˇ

ˇ

ě ϵ

¸

ď2 inf
θą0

exp p´θϵqΠiăj E pexp pθuijE1,ijqq

ď2 inf
θą0

exp

˜

´θϵ`
ÿ

iăj

τp˚
1

γn,1
θ2u2ijp1 ´

5θ

γn,1
q´1

¸

ď2 inf
θą0

exp

ˆ

´θϵ`
2τp˚

1

γn,1
θ2p1 ´

5θ

γn,1
q´1

˙

ď2 exp

˜

´
ϵγn,1

8τp˚
1 ` 20

a

τp˚
1γn,1{pn logpnT qqϵ

¸

where in the third inequality, we use the fact that

ÿ

iăj

u2ij ď
ÿ

iăj

2
`

x2i y
2
j ` x2jy

2
i

˘

ď 2
ÿ

1ďi,jďn

x2i y
2
j “ 2}x}22}y}22 ď 2.

Let ϵ “ c2
a

τnp˚
1 logpnT q{γn,1 for some properly chosen c2, then we have

P

˜ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iăj

uijE1,ij

ˇ

ˇ

ˇ

ˇ

ˇ

ą c2

b

τnp˚
1 logpnT {δ2q{γn,1

¸

ď expt´n logpT qu.

Therefore, using the union bound, we have

P

¨

˝ sup
x,yPT

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

pi,jqPLpx,yq

xiyjwij

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ą c2

b

τnp˚
1 logpnT {δ2q{γn,1

˛

‚

ď2 exp p´plogpT q ´ 2 logp14qqnq .

Step 3. Bounding the heavy pairs.

In this part, we will show that the contribution of the heavy pairs,

sup
x,yPT

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

pi,jqPLpx,yq

xiyjpA1,ij ´ A˚
1,ijq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

,

can be bounded by c3

b

τnp˚
1 logpnT q{γ3n,1 with high probability for some universal constant c3.
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First observe that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

pi,jqPL

xiyjA
˚
1,ij

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

pi,jqPL

x2i y
2
j

xiyj
A˚

1,ij

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

pi,jqPL

x2i y
2
j

|xiyj |
τp˚

1 ď
ÿ

pi,jqPL

x2i y
2
j τp

˚
1

1
a

τp˚
1γn,1{pn logpnT q

ď

b

τnp˚
1 logpnT q{γn,1

where the second the inequality comes from the definition of L. Therefore, it suffices to show that

ÿ

pi,jqPL

xiyjAi,j “ O
´
b

τnp˚
1 logpnT q{γ3n,1

¯

,

with high probability. We will only show the results for the subset of heavy pairs as

L1 “
␣

pi, jq P L : xi ą 0, yj ą 0
(

.

The proof of the other three cases are similar.

To simplify the proof, we will use the following notation. For fixed px, yq P T , define

• I1 :“
!

α : 2´1
?
n

ď xi ď 1?
n

)

, Is :“
!

α : 2s´2
?
n

ă xi ď 2s´1
?
n

)

, for s “ 2, 3, . . . , rlog2p2
?
nqs.

• J1 :“
!

β : 2´1
?
n

ď yj ď 1?
n

)

, Jt :“
!

β : 2t´2
?
n

ă yj ď 2t´1
?
n

)

, for t “ 2, 3, . . . , rlog2p2
?
nqs.

• epI, Jq : the average number of distinct edges between community sets I and J . If I and J are

disjoint, then epI, Jq “
ř

iPI,jPJ A1,ij . If I X J ‰ H then epI, Jq “
ř

pi,jqPpIˆJqzpIXJq2 A1,ij `

ř

pi,jqPpIXJq2,iăj A1,ij .

• µpI, Jq “ EepI, Jq, µ̄pI, Jq “ τp˚
1 |I||J |{γn,1. We will use µ and µ̄ for convenience when there

is no need to specify the dependence on I and J .

• λst “
epIs,Jtq

µ̄st{γn,1
, where µ̄st “ µ̄ pIs, Jtq.

• αs “ |Is| 2
2s{n, βt “ |Jt| 2

2t{n, σst “
λst

?
τnp˚

1 {pγn,1 logpnT qq

2s`t .

To arrive the final conclusion, we will use the results from Lemmas 4.6.2 and 4.6.3.
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Simple algebra suggests that

ÿ

pi,jqPL1

xiyjA1,ij ď 2
ÿ

ps,tq:2s`tě
?
τnp˚

1 γn,1{ logpnT q

e pIs, Jtq
2s`t

n

ď 2
ÿ

ps,tq:2s`tě
?
τnp˚

1 γn,1{ logpnT q

e pIs, Jtq

µ̄pIs, Jtq{γn,1
τp˚

1 |Is||Jt|
2s`t

n
{γn,1

“ 2
ÿ

ps,tq:2s`tě
?
τnp˚

1 γn,1{ logpnT q

λst
|Is|2

2s

n

|Jt|2
2t

n
τnp˚

12
´ps`tq{γn,1

“ 2
b

τnp˚
1 logpnT q{γn,1

ÿ

ps,tq:2s`tě
?
τnp˚

1 γn,1{ logpnT q

αsβt
λst

a

τnp˚
1{pγn,1 logpnT qq

2s`t

“ 2
b

τnp˚
1 logpnT q{γn,1

ÿ

ps,tq:2s`tě
?
τnp˚

1 γn,1{ logpnT q

αsβtσst.

So it suffices to show that

ÿ

ps,tq:2s`tě
?
τnp˚

1 γn,1{ logpnT q

αsβtσst “ Op1{γn,1q.

We bound this sum by splitting the pairs of ps, tq into two categories

C “

!

ps, tq : 2s`t ě

b

τnp˚
1γn,1{ logpnT q, |Is| ď |Jt|

)

and

C1 “

!

ps, tq : 2s`t ě

b

τnp˚
1γn,1{ logpnT q, |Is| ą |Jt|

)

.

We will only prove
ř

ps,tqPC αsβtσst “ Op1{γn,1q and the proof for C1 is similar. We further divide

the set C into two subsets.

• C1 “
␣

ps, tq P C, 2s ě
a

τnp˚
1{pγn,1 logpnT qq2t

(

.

• C2 “ tps, tq P C{C1u

We now analyze separately each of the four cases. To show these results, we will repeatly use the

following simple facts:
ÿ

s

αs ď
ÿ

i

|4xi|
2

ď 16 and
ÿ

t

βt ď 16.
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Pairs in C1. In this case, we have 2s´t ě
a

τnp˚
1{pγn,1 logpnT qq. By bounded degree lemma

4.6.2, we know that

e pIu, Jvq ď c4 |Iu| d{γn,1,

and λst ď c4n
|Jt|

. Therefore

ÿ

ps,tq

αsβtσst1 pps, tq P C1q “
ÿ

s

αs
ÿ

t

βtσst1 pps, tq P C1q

“
ÿ

s

αs
ÿ

t

|Jt|
22t

n
λst

b

τnp˚
1{pγn,1 logpnT qq2´ps`tq1 pps, tq P C1q

ď
ÿ

s

αs
ÿ

t

|Jt|
22t

n

c4n

|Jt|

b

τnp˚
1{pγn,1 logpnT qq2´ps`tq1 pps, tq P C1q

ďc4
ÿ

s

αs
ÿ

t

a

τnp˚
1{pγn,1 logpnT qq

2s´t
1 pps, tq P C1q

ď2c4
ÿ

s

αs ď 32c4,

where the third inequality uses the inequality
ř

t:ps,tqPC1

?
τnp˚

1 {pγn,1 logpnT qq

2s´t ď
ř

iě0 2
´i ď 2.

Pairs in C2. In order to bound pairs in C2, we will use the second case described in the bounded

discrepancy lemma 4.6.3 and have

αsσst “ |Is|
22s

n

λst
a

τnp˚
1{pγn,1 logpnT qq

2s`t

“
epIs, Jtq2

s´t

|Jt|
a

τnp˚
1 logpnT q{γn,1

ď
2s´t

a

τnp˚
1{pγn,1 logpnT qq

1

logpnT q

c5|Jt| logp nT
|Jt|

q{γn,1

|Jt|

ď
2s´t

a

τnp˚
1{pγn,1 logpnT qq

c5{γn,1.
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Because ps, tq R C1, therefore 2s´t
?
τnp˚

1 {plogpnT qγn,1
ď 1 and hence

ÿ

s,t

αsβtσst1 pps, tq P C2q ď c5{γn,1
ÿ

t

βt
ÿ

s

2s´t

a

τnp˚
1{pγn,1 logpnT qq

1 pps, tq P C2q

ď c5{γn,1
ÿ

t

βt
ÿ

s

2s´t

a

τnp˚
1{pγn,1 logpnT qq

1 pps, tq P C2q

ď 2c5{γn,1
ÿ

t

βt

ď 32c5{γn,1.

This ends showing that }E1}op ď C

b

τnp˚
1 logp

Nν1,0,ν1,1

δ2
q{γ3n,1 with probability greater than 1´δ{2.

Similarly, we have show that }E2}op ď C

b

pT ´ τqnp˚
2 logp

Nν2,0,ν2,1

δ2
q{γ3n,2 with probability greater

than 1 ´ δ{2.

Summing them up, we have

}E}op ď C
?
Tnmaxt

b

p˚
1 logpNν1,0,ν1,1{δ2q{γ3n,1,

b

p˚
2 logpNν2,0,ν2,1{δ2q{γ3n,1u “: E2pδq

with probability at least 1 ´ δ. Therefore, Assumption A2 is satisfied with

λ´pδq “ E`pδq “ Ē`pδq “ E8pδq “ E2pδq

with probability at least 1 ´ δ.

Lemma 4.6.2Bounded degree. For c4 ą 0, there exists constant c1 “ c1pc4q such that with

probability at least 1 ´ exp p´c1τnp˚
1q, di ď c4d{γ for all i.

Proof. Applying the Bernstein inequality of Markov Chains in (Paulin, 2015), we have for any

i P rns

Pπ1pdi ě cd{γq ďPπ1

˜

n
ÿ

j“1

E1,ij ě pc´ 1qd{γ

¸

ď inf
θą0

exp p´pc´ 1qdθ{γqΠjPrnsE rexp pθE1,ijqs

ď inf
θą0

exp

ˆ

´pc´ 1qdθ{γ `
τnp˚

1θ
2

γn,1
p1 ´

5θ

γn,1
q´1

˙

ď exp

"

´
c´ 1

20
τnp˚

1

*
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Applying union bound and under assumption (4.13), we have

Pπ1 pDi P rns : di ě cd{γq ď n exp

ˆ

´
c´ 1

20
d

˙

ď exp
`

´c1d
˘

,

for some constant c1 “ c1pc4q.

Lemma 4.6.3Bounded discrepancy. For c ą 0, there exist constants c6 “ c6pc4q and c5 “

c5pc1, c2q, both larger than 1, such that with probability at least 1 ´ exp p´c1τnp
˚
1q ´ n´c2t´c3 , for

any I, J Ă rns with |I| ď |J |, at least one of the following holds:

1. epI,Jq

µ̄pI,Jq{γn,1
ď c4e;

2. epI, Jq ď c6|J | logpnT
|J |

q{γn,1.

Proof. Assume that the event of bounded degree with constant c4 described in Lemma 4.6.2 holds.

If |J | ě n{e, then bounded degree implies that

epI, Jq

µ̄pI, Jq{γn,1
ď

epI, Jq

|I||J |τp˚
1{γn,1

ď
|I|c4d{γn,1

|I||J |τp˚
1{γn,1

ď
c4d{γn,1

pn{eqpd{γn,1q
ď c4e.

Otherwise, if |J | ă n{e, let k be a positive number to be determined later. Denote spI, Jq the set

of all possible distinct edges pi, jq between I and J . Again applying the Bernstein inequality of

Markov Chains in (Paulin, 2015), we have

P pepI, Jq ě kµ̄pI, Jq{γn,1q

ďP

¨

˝

ÿ

pi,jqPspI,Jq

A1,ij ě k|I||J |τp˚
1{γn,1

˛

‚ď P

¨

˝

ÿ

pi,jqPspI,Jq

E1,ij ě pk ´ 1q|I||J |τp˚
1{γn,1

˛

‚

ď inf
θą0

exp p´θpk ´ 1q|I||J |τp˚
1{γn,1qqΠpi,jqPspI,JqE pexp pθE1,ijqq

ď inf
θą0

exp

ˆ

´θpk ´ 1q|I||J |τp˚
1{γn,1 `

τp˚
1 |I||J |θ2

γn,1 ´ 5θ

˙

ď exp

ˆ

´
pk ´ 1q2µ̄pI, Jq{γn,1
4 ` 10pk ´ 1q{γn,1

˙

ď exp

ˆ

´
1

11
kµ̄pI, Jq

˙

,

where the last inequality holds for k ě 5. Fix a number c3 ą 0, and define kpI, Jq the number such

that

kpI, Jq “ 11c6
|J |

µ̄pI, Jq
logp

nt

|J |
q.
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Let k˚pI, Jq “ maxt5, kpI, Jqu. Then we have

P pepI, Jq ě k˚pI, Jqµ̄pI, Jq{γn,1q ď exp

ˆ

´c6|J | logp
nt

|J |
q

˙

Therefore,

P
´

DpI, Jq : |I| ď |J | ď
n

e
, epI, Jq ě k˚pI, Jqµ̄pI, Jq{γ

¯

ď exp

ˆ

´c6|J | logp
nT

|J |
q

˙

ď
ÿ

I,J :|I|ď|J |ďn{e

exp

ˆ

´c6|J | logp
nT

|J |
q

˙

ď
ÿ

h,g:1ďhďgďn{e

ÿ

I,J :|I|“h,|J |“g

exp

ˆ

´c6g log
nt

g

˙

“
ÿ

h,g:1ďhďgďn{e

ˆ

n

h

˙ˆ

n

g

˙

exp

ˆ

´c6g log
nT

g

˙

ď
ÿ

h,g:1ďhďgďn{e

´ne

h

¯h
ˆ

ne

g

˙g

exp

ˆ

´c6g log
nT

g

˙

“
ÿ

h,g:1ďhďgďn{e

exp

ˆ

´c6g log
nT

g
` h log

n

h
` h` g log

n

g
` g

˙

ď
ÿ

h,g:1ďhďgďn{e

exp

ˆ

´c6g log
nT

g
` 2g log

n

g
` 2g

˙

ď
ÿ

h,g:1ďhďgďn{e

exp

ˆ

´pc6 ´ 4qg log
nT

g

˙

ď
ÿ

h,g:1ďhďgďn{e

pnT q´pc6´4q ď n´pc6´6qT´pc6´4q.

From the above, we have epI, Jq ď k˚pI, Jqµ̄pI, Jq{γn,1 for all |I| ď |J | ď n{e with probability at

least n´pc6´6qT´pc6´4q.

In conclusion, if k˚pI, Jq “ 5, then we have

epI, Jq ď k˚pI, Jqµ̄pI, Jq{γn,1 “ 5µ̄pI, Jq{γn,1.

If k˚pI, Jq ą 5, then we

epI, Jq

µ̄pI, Jq{γn,1
ď kpI, Jq ď 11c6

|J |

µ̄pI, Jq
logp

nT

|J |
q.
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Assumption A1: Since Aij ’s are independent random variables, Proposition 2.1 in (Lei,

2019) shows that

L1pδq “
?
2 p}A˚}2Ñ8 ` E8pδqq “

?
2 p}A˚}2Ñ8 ` E2pδqq ,

L2pδq “ 1,

L3pδq “
E8pδq ` λ´pδq ` }A˚}2Ñ8

λ˚
K

“
2E2pδq ` }A˚}2Ñ8

λ˚
K

,

with }A˚}2Ñ8 ď pτp˚
1 ` pT ´ τqp˚

2q
?
n “: Tp.

Assumption A3: By proposition 2.2 in (Lei, 2019), in order to check Assumption A3, it is

enough to find a8pδq, a2pδq ą 0 such that for any δ P p0, 1q, vector w P Rn and each k such that

ETkw ď a8pδq}w}8 ` a2pδq}w}2

with probability at least 1 ´ δ.

Without loss of generality, assume }w}8 “ 1, ETkw “ ET1,kw ` ET2,kw. For arbitrary initial

distribution ν and ϵ ą 0,

Pν

`

|ET1,kw| ą ϵ
˘

ď N 1{2
ν,π1

“

2Pπ

`

ET1,kw ą ϵ
˘‰1{2

ď N 1{2
ν,π1 inf

2θą0

“

expp´θϵqEpexp
␣

θET1,kw
(

q
‰1{2

“ N 1{2
ν,π1 inf

θą0
r2 expp´θϵqEpexptθ

n
ÿ

l“1

wlE1,kluqs1{2

“ N 1{2
ν,π1 inf

θą0
r2 expp´θϵqΠnl“1Epexptθwi

τ
ÿ

s“1

E1,klptquqs1{2

ď N 1{2
ν,π1 inf

θą0
r2 expp´θϵqΠnl“1 expt

τw2
i p

˚
1

γn,1
θ2p1 ´

5θ

γn,1
q´1us1{2

ď N 1{2
ν,π1 inf

θą0
r2 expp´θϵq expt

τ}w}22p
˚
1

γn,1
θ2p1 ´

5θ

γn,1
q´1us1{2

ď
?
2N 1{2

ν,π1 expt´
ϵ2γn,1

8}w}22τp
˚
1 ` 20ϵ

u
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Therefore, taking }w}8 into consideration

|ET1,kw| ď maxt

c

8τp˚
1 logp

8Nν,π1

δ2
q{γn,1}w}2, 20 logp

8Nν,π1

δ2
q{γn,1}w}8u (4.40)

ď

c

8τp˚
1 logp

8Nν,π1

δ2
q{γn,1}w}2 ` 20 logp

8Nν,π1

δ2
q{γn,1}w}8, (4.41)

with probability at least 1 ´ δ{2. Similarly, we can show that

|ET2,kw| ď maxt

c

8pT ´ τqp˚
2 logp

8Nν2,0,ν2,1

δ2
q{γn,2}w}2, 20 logp

8Nν2,0,ν2,1

δ2
q{γn,2}w}8u (4.42)

ď

c

8pT ´ τqp˚
2 logp

8Nν2,0,ν2,1

δ2
q{γn,2}w}2 ` 20 logp

8Nν2,0,ν2,1

δ2
q{γn,2}w}8, (4.43)

with probability at least 1 ´ δ{2. Combing (4.41) and (4.43), we have

|ETkw| ď 4

c

Tp˚ logp
8Nν,π

δ2
q{γn}w}2 ` 40 logp

8Nν,π

δ2
q{γn,2}w}8.

with p˚ “ maxtp˚
1 , p

˚
2u and logp

8Nν,π

δ2
q{γn “ maxtlogp

8Nν,π1
δ2

q{γn,1, logp
8Nν2,0,ν2,1

δ2
q{γn,2u By propo-

sition 2.2 in (Lei, 2019), Assumption A3 is satisfied with

b8pδq “ 80 logp
8 ˚ 52Kn2Nν,π

δ2
q{γn,

b2pδq “ 8

c

Tp˚ logp
8 ˚ 52Kn2Nν,π

δ2
q{γn.

Assumption A4: In our setting, the effective eigen-gap ∆˚ is ∆˚ fi λ˚
K

By Weyl’s inequality,

|λ̃˚
K ´ λ˚

K | ď }A˚ ´ rA˚}op ď τp˚
1 ` pT ´ τqp˚

2 “ Tp. (4.44)

Combining (4.37) and (4.44), we have

λ˚
K ě pc0n´ 1qTp.
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The effective condition number is defined as

κ̄˚ fi min tλ˚
1{λ˚

K , 2Ku ĺ 1 (4.45)

using the assumption that K is fixed. In the definition of Assumption A4,

ηpδq “ E8pδq ` b8pδq ` b2pδq

“ E2pδq ` b8pδq ` b2pδq,

and

σpδq “ tκ̄˚L2pδq ` L3pδq ` 1u ηpδq ` E`pδq

ď

"

κ̄˚ ` 1 `
2E2pδq ` }A˚}2Ñ8

λ˚
K

*

pE2pδq ` b8pδq ` b2pδqq ` E2pδq

ĺ

"

1 `
2E2pδq ` }A˚}2Ñ8

λ˚
K

*

pE2pδq ` b8pδq ` b2pδqq

Then,

σpδq ` L1pδq ` λ´pδq

ĺ

"

1 `
2E2pδq ` }A˚}2Ñ8

λ˚
K

*

pE2pδq ` b8pδq ` b2pδqq `
?
2 p}A˚}2Ñ8 ` E2pδqq ` E2pδq

ĺ

"

1 `
2E2pδq ` }A˚}2Ñ8

λ˚
K

*

pE2pδq ` b8pδq ` b2pδqq `
?
2 }A˚}2Ñ8

To check

∆˚ “ λ˚
K ě 4 pσpδq ` L1pδq ` λ´pδqq , (4.46)

it is enough to show

λ˚
K ľ E2pδq ` b8pδq ` b2pδq ` }A˚}2Ñ8 . (4.47)

which is satisfied under the assumption (4.13).

From Remark 2.2 in (Lei, 2019), we have

}EU˚}2Ñ8 ď b8pδq }U˚}2Ñ8 ` b2pδq }U˚}op “ b8pδq }U˚}2Ñ8 ` b2pδq, (4.48)
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Using the definition of rU˚, we have

}rU˚}2Ñ8 “ max
i

}rU˚
i }2 “ max

s
}v˚

s }2 “ max
s

›

›

›

›

Vs
?
ns

›

›

›

›

2

“ max
s

1
?
ns

“
1

mins
?
πs

1
?
n
.

By (4.38),

|}U˚}2Ñ8 ´ }rU˚}2Ñ8| ďd2Ñ8

´

U˚, rU˚
¯

ď
c1

?
n
,

}U˚}2Ñ8 ´ }rU˚}2Ñ8 ď
c1

?
n
,

}U˚}2Ñ8 ď
c1

?
n

` }rU˚}2Ñ8

ď
c1

?
n

`
1

mins
?
πs

1
?
n

ĺ
1

?
n
,

}U˚}2Ñ8 ´ }rU˚}2Ñ8 ě ´
c1

?
n
,

}U˚}2Ñ8 ě}rU˚}2Ñ8 ´
c1

?
n

ě
1

mins
?
πs

1
?
n

´

?
2

12

mins πs
maxs

?
πs

1
?
n

ľ
1

?
n
.

Therfore, we have

}U˚}2Ñ8 ľ
1

?
n
.

Then we can apply Theorem 2.5 in (Lei, 2019) and use results from (4.48) to get

d2Ñ8 pU,U˚q

ď
C }EU˚}2Ñ8

λ˚
K

`
C

λ˚
K

"

σpδq }U˚}2Ñ8 `
E`pδqb2pδq

λ˚
K

` E`pδq
}A˚}2Ñ8

λ˚
K

*

ĺ
1

λ˚
K

"

b8pδq }U˚}2Ñ8 ` b2pδq ` pE2pδq ` b8pδq ` b2pδqq }U˚}2Ñ8 `
E2pδqb2pδq

λ˚
K

`
E2pδq }A˚}2Ñ8

λ˚
K

*

ĺ
1

λ˚
K

"

b8pδq
?
n

` b2pδq `
E2pδq
?
n

*

ĺ
1

?
n
.

(4.49)

The proof is then completed.
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4.6.3 Proof for Theorem 4.3.4

Proof. Under the assumption 7 (c), we have γ˚
n,i — ρnminα,βPrKis

pλi,αβ ` µi,αβq. Apply theorem

4.3.1 with R1 “ R2 “ 1, S2
i “

p˚
i

nmin
, for i “ 1, 2 and d1 “ d2 “ K.

4.6.4 Proof for Theorem 4.3.5

Proof of Theorem 4.3.5. Recall the definition of the estimator from (13) and the approximation of

the expectation ϕptq “ } rHAptq} from Remark 9 that attains its unique maximum at t “ τ . The

proof then consists of the following two main steps:

(i) Showing that }GAptq ´ rHAptq} is uniformly small for t P rα0T, p1 ´ α0qT s.

(ii) Showing that (i) implies |τ ´ τ̂ | is small.

To accomplish the first step, our main till is the following, which essentially follows from (Paulin,

2015).

Lemma 4.6.4Concentration bounds starting from arbitrary initial conditions. Consider

a graph stream G “ tGt : 0 ď t ď T u without change point (i.e. single transition dynamics across

the time window) with transition kernel κ, stationary distribution π and mixing time tmixpϵq,

starting with an arbitrary initial distribution ν. Consider the random sampling V “ pV1, . . . ,VT q

with Vt P Rm and fix A : Ωn ˆ Rm Ñ Rdˆd. Assume there exists a fixed real symmetric matrix

Hn P Rdˆd such that one of the following conditions holds:

• Each Vt
i.i.d.
„ µ and pApGrV sqq ´ pApG1rV 1sqq

2
ĺ H2

n for any G,G1 P Ωn and V ,V 1 P Rm,

• V0
i.i.d.
„ µ,Vt “ V0 and pApGrV sqq ´ pApG1rV sqq

2
ĺ H2

n for any G,G1 P Ωn and V P Rm,

Write WpApGrV sqq “ ApGrV sq ´ θπˆµmpApGrV sqq. For a fixed piecewise-constant real sequence

a “ taptqu
T
t“1 satisfying aptq “ a1 if t ď T0 and aptq “ a2 if t ą T0 for some T0 P rT s. The change

point estimator is consistent in the sense that

Pν

˜›

›

›

›

›

T
ÿ

t“1

aptqWpApGtrVtsqq

›

›

›

›

›

ě ϵa,δ

¸

ď δ,
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where

ϵa,δ “

d

tmin

“

a21T0 ` a22pT ´ T0q
‰

λmaxpH2
nq log

ˆ

dNν,π

δ2

˙

and tmin “ min0ďϵă1 tmixpϵq
´

2´ϵ
1´ϵ ` 2`2ϵ

p1´ϵq2

¯

.

Completing the proof of Theorem 4.3.5 assuming Lemma 4.6.4:

Step 1. Consider the independent random sampling where V “ pV1,V2, . . . ,VT q with Vt
i.i.d.
„ µm

where µm is the uniform distribution of m nodes over a total of n nodes.

Bounding suptPrα0T,p1´α0qT s }GAptq ´ rHAptq}: For later reference, for any s let rθs “

θπ1ˆµmpApGrV sqq if s ď τ else rθs “ θπ2ˆµmpApGrV sqq. Shorten ApGsrVssq as As. Now note

that if t ď τ , algebraic manipulations imply,

}GAptq ´ rHAptq}

“

c

tpT ´ tq

T

›

›

›

›

›

1

t

t
ÿ

s“1

pAs ´ rθsq ´
1

T ´ t

T
ÿ

s“t`1

pAs ´ rθsq

›

›

›

›

›

ď

c

tpT ´ tq

T

˜
›

›

›

›

›

1

t

t
ÿ

s“1

pAs ´ rθsq ´
1

T ´ t

τ
ÿ

s“t`1

pAs ´ rθsq

›

›

›

›

›

`

›

›

›

›

›

1

T ´ t

T
ÿ

s“τ`1

pAs ´ rθsq

›

›

›

›

›

¸

:“

c

tpT ´ tq

T
Υptq `

c

tpT ´ tq

T
Eptq.

The goal of this decomposition is to divide the interval r0, T s into two homogeneous (in terms

of evolutionary dynamics) sub-intervals and apply Lemma 4.6.4. For i “ 1, 2, recall δi as in the

Assumption 12. Using Lemma 4.6.4 on the intervals r0, τ s and rτ ` 1, T s. With probability greater

than 1 ´ δ, the following inequality holds for any fixed t P rα0T, τ s

Υptq ď

d

t1,min

„

p
1

t
q2t` p

1

T ´ t
q2pτ ´ tq

ȷ

λmaxpH2
n,1q log

ˆ

dNν,π1

δ2

˙

,

and with probability greater than 1 ´ δ, we have

Eptq ď

d

t2,min

ˆ

T ´ τ

pT ´ tq2

˙

λmaxpH2
n,2q log

ˆ

dNνκτ
1 ,π2

δ2

˙

.

186



Using a union argument, with probability greater than 1 ´ pτ ´ α0T qδ, we have

sup
tPrα0T,τ s

}GAptq ´ rHAptq}

ď sup
tPrα0T,τ s

c

tpT ´ tq

T

#

d

t1,min

„

p
1

t
q2t` p

1

T ´ t
q2pτ ´ tq

ȷ

λmaxpH2
n,1q logp

dNν,π1

δ2
q

`

d

t2,min

ˆ

T ´ τ

pT ´ tq2

˙

λmaxpH2
n,2q logp

dNνκτ
1 ,π2

δ2
q

+

ď
?
2max

#

c

t1,minλmaxpH2
n,1q logp

dNν,π1

δ2
q,

c

t2,minλmaxpH2
n,2q logp

dNνκτ ,π2

δ2
q

+

Similarly, we have with probability greater than 1 ´ pp1 ´ α0qT ´ τqδ,

sup
tPrτ,p1´α0qT s

}GAptq ´ rHAptq}

ď
?
2max

#

c

t1,minλmaxpH2
n,1q logp

dNν,π1

δ2
q,

c

t2,minλmaxpH2
n,2q logp

dNνκτ ,π2

δ2
q

+

.

Therefore, with probability greater than 1 ´ p1 ´ 2α0qTδ, we can have the uniform bound

sup
tPrα0T,p1´α0qT s

}GAptq ´ rHAptq} (4.50)

ď
?
2max

#

c

t1,minλmaxpH2
n,1q logp

dNν,π1

δ2
q,

c

t2,minλmaxpH2
n,2q logp

dNνκτ ,π2

δ2
q

+

“: BT pδq. (4.51)

We choose δ0 “ 1
p1´2α0qnT 2 , where the above bound holds with probability greater than 1 ´ 1

nT .

Step 2. Bounding |τ ´ τ̂ |. Recall that ϕptq “ } rHAptq} with rHAp¨q as in (4.5).Then note that for

t P rα0T, τ s, an application of the mean value theorem shows that,

ϕpτq ´ ϕptq ě
1

2
pτ ´ tq

T ´ τ

p1 ´ α0q3{2τ1{2T
}θπ1ˆµmpApGrV sqq ´ θπ2ˆµmpApGrV sqq} . (4.52)

Similarly for t P rτ, p1 ´ α0qT s,

ϕpτq ´ ϕptq ě
1

2
pt´ τq

τ

p1 ´ α0q
3{2

pT ´ τq
1{2 T

}θπ1ˆµmpApGrV sqq ´ θπ2ˆµmpApGrV sqq} .
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Note that for t P rα0T, p1 ´ α0qT s,

ϕpτq ´ ϕpτ̂q “

›

›

›

rHApτq

›

›

›
´ }GApτq} ` }GApτq} ´ }GApτ̂q} ` }GApτ̂q} ´

›

›

›

rHApτ̂q

›

›

›

ď

›

›

›
GApτq ´ rHApτq

›

›

›
`

›

›

›
GApτ̂q ´ rHApτ̂q

›

›

›
,

ď2 sup
tPrα0T,p1´α0qT s

}GAptq ´ rHAptq} ď 2BT pδ0q,

with probability greater than 1 ´ 1
nT . The second line uses τ̂ “ argmaxtPrα0T,p1´α0qT s }GAptq} and

the triangle inequality. Thus combining the above bounds with (4.52) shows that if τ̂ ď τ ,

1

2
pτ ´ τ̂q

T ´ τ

p1 ´ α0q3{2τ1{2T
}θπ1ˆµmpApGrV sqq ´ θπ2ˆµmpApGrV sqq} ď 2BT pδ0q. (4.53)

Similarly if τ̂ ě τ then,

1

2
pτ̂ ´ τq

τ

p1 ´ α0q
3{2

pT ´ τq
1{2 T

}θπ1ˆµmpApGrV sqq ´ θπ2ˆµmpApGrV sqq} ď 2BT pδ0q. (4.54)

To guarantee the consistency of the change point estimator, require |τ´τ̂ |

T
P

ÝÑ 0 as n, T Ñ 8. If

τ̂ ď τ , using (4.53), it suffices to require that as n, T Ñ 8,

|τ ´ τ̂ |

T
ď

4p1 ´ α0q3{2τ1{2

T ´ τ

BT pδ0q

}θπ1ˆµmpApGrV sqq ´ θπ2ˆµmpApGrV sqq}
Ñ 0.

By part (4.15), we see that the above convergence result holds. Similarly for the case where τ̂ ě τ ,

under Assumption 12, we have |τ´τ̂ |

T
P

ÝÑ 0 as n, T Ñ 8.

Combine (4.53) and (4.54) together and plug in (4.51), then we have that under Assumption

12,

|τ ´ τ̂ |

T
ď

4
?
2p1 ´ α0q3{2

rτ∆
max
i“1,2

!b

ti,minλmaxpH2
n,iqδi

)

“: ϵn,T
P

ÝÑ 0.

This completes the proof of the Theorem.
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Proof of Lemma 4.6.4. Applying the change of measure from the initial distribution ν to the

stationary distribution π, we have

Pν

˜
›

›

›

›

›

T
ÿ

t“1

aptqWpGtrVtsq

›

›

›

›

›

ě η

¸

ď N 1{2
ν,π

«

Pπ

˜
›

›

›

›

›

T
ÿ

t“1

aptqWpGtrVtsq

›

›

›

›

›

ě η

¸ff1{2

,

where Nν,π :“ Eπ

´

`

dν
dπ

˘2
¯

is the L2 norm of the density ratio between the initial distribution and

the stationary distribution defined in (4.6).

Following the idea of proof in (Paulin, 2015), we divide the time steps t1, 2, . . . , T u where the

length each segmentation is upper bounded by the the mixing time tmixpϵq of the graph stream G.

Let T̂ “

Q

T
tmixpϵq

U

. Denote Xt “ GtpVtq and

X̂ :“ pX̂1, X̂2, . . . , X̂T̂ q “

:“
´

`

X1, . . . ,Xtmixpϵq

˘

,
`

Xtmixpϵq`1, . . . ,X2tmixpϵq

˘

, . . . ,
´

X
pT̂´1qtmixpϵq`1, . . . ,XT

¯¯

.

Denote the index sets spX̂iq “ tpi´ 1qtmixpϵq ` 1, . . . , itmixpϵqu for i ď T̂ ´ 1 and

spX̂T̂ q “

!

pT̂0 ´ 1qtmixpϵq ` 1, . . . , T
)

. Write Ât “
ř

iPspX̂tq
apiqXi and ST̂ “ ST :“

řT̂
t“1 Ât “

řT
t“1 aptqXt. Without loss of generality, we assume that T̂0 “ T0

tmixpϵq is an integer such that

the elements in X̂i have the same coefficient of aptq. Then Ât “
ř

iPspX̂tq
a1Xi for i ď T̂0 and

Ât “
ř

iPspX̂tq
a2Xi for i ě T̂0. Define F̂t “ σpX̂1, . . . , X̂tq for t ď T̂ as the σ-field generated by

the random variables X̂1, . . . , X̂t. Write ST̂ ´ EπpST̂ q “
řT̂
t“1

´

EpST̂ |F̂tq ´ EpST̂ |F̂t´1q

¯

with

EpST̂ |F̂tq ´ EpST̂ |F̂t´1q “ Ep

T̂
ÿ

i“t

Âi|F̂tq ´ Ep

T̂
ÿ

i“t

Âi|F̂t´1q.

We then define a Marton coupling of X̂ “

´

X̂1, . . . , X̂T̂

¯

P ΩbT
n as a set of couplings

´

X̂px̂1,...,x̂i,x̂
1
iq, X̂ 1px̂1,...,x̂i,x̂

1
iq
¯

P ΩbT
n ˆ ΩbT

n ,
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where X̂ 1
t “ pX 1

iqiPspX̂tq
and correspondingly Â1

t “
ř

iPspX̂tq
apiqX 1

i. By Proposition 2.4 of (Paulin,

2015), the mixing matrix of the defined coupling Γ satisfies

Γ “ pΓi,jqi,jďT̂ ď

¨

˚

˚

˚

˚

˚

˚

˚

˝

1 1 ϵ ϵ2 ϵ3 . . .

0 1 1 ϵ ϵ2 . . .

...
...

...
...

... . . .

0 0 0 0 . . . 1

˛

‹

‹

‹

‹

‹

‹

‹

‚

with the inequality meant in each element of the matrices.

We discuss the left proof based on the design of random sampling.

1. Independent random sampling. Assume V “ pV1,V2, . . . ,VT q with Vt
i.i.d.
„ µ where µ

is the uniform distribution of m nodes over a total of n nodes. Then V can be viewed as a Markov

chain whose mixing time is 0. Therefore, the mixing time of tGtpVtquTt“1 is determined by the graph

stream part G.

We can control the perturbation of the partitioned chain using the condition as

Ât ´ Â1
t “

tmixpϵqt
ÿ

i“tmixpϵqpt´1q`1

apiq
`

Xi ´ X 1
i

˘

“

$

’

&

’

%

řtmixpϵqt
i“tmixpϵqpt´1q`1 a1 pXi ´ X 1

iq , t ď T̂0
řtmixpϵqt
i“tmixpϵqpt´1q`1 a2 pXi ´ X 1

iq , t ą T̂0

,

and
´

Ât ´ Â1
t

¯2
ĺ

¨

˝

tmixpϵqt
ÿ

i“tmixpϵqpt´1q`1

apiq
`

Xi ´ X 1
i

˘

˛

‚

2

ĺ tmixpϵqapiq2H2
n `

tmixpϵqt
ÿ

i,j“tmixpϵqpt´1q`1,i‰j

|apiqapjq|H2
n

ĺ âptq2tmixpϵq2H2
n,

where âptq “

$

’

&

’

%

a1, t ď T̂0

a2, t ą T̂0

.
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For the Marton coupling, we have

¨

˝Ep

T̂
ÿ

i“t

Âi ´

T̂
ÿ

i“t

Â1
i|F̂tq

˛

‚

2

“

¨

˝Ep

T̂
ÿ

i“t

pÂi ´ Â1
iq1tX̂i ‰ X̂ 1

iu|F̂tq

˛

‚

2

ĺ

T̂
ÿ

i“t

Γt,iâpiq2tmixpϵq2H2
n `

T̂
ÿ

j1,j2“t,j1‰j2

Γt,j1_j2 âpj1qâpj2qtmixpϵq2H2
n

“tmixpϵq2H2
n

»

–

T̂
ÿ

i“t

Γt,iâpiq2 `

T̂
ÿ

j1,j2“t,j1‰j2

Γt,j1_j2 âpj1qâpj2q

fi

fl “: D̂2
t .

Since the above result holds for all coupling pairs pX,X 1q, we have

´

EpST̂ |F̂tq ´ EpST̂ |F̂t´1q

¯2
“

¨

˝Ep

T̂
ÿ

i“t

Âi|F̂tq ´ Ep

T̂
ÿ

i“t

Âi|F̂t´1q

˛

‚

2

ĺ D̂2
t .

Then we can continue to bound the matrix operator norm using Theorem 7.1 in (Tropp, 2012)

Pπ

˜›

›

›

›

›

T
ÿ

t“1

aptqWpGtrVtsq

›

›

›

›

›

ě η

¸

“Pπ

`
›

›ST̂ ´ EπpST̂ q
›

› ě η
˘

“Pπ

¨

˝

›

›

›

›

›

›

T̂
ÿ

t“1

´

EpST̂ |F̂tq ´ EpST̂ |F̂t´1q

¯

›

›

›

›

›

›

ě η

˛

‚

“2d exp

#

´
η2

8λmaxp
řT̂
t“1 D̂

2
t q

+

.

Through some tedious calculation, we can figure out that

T̂
ÿ

t“1

D̂2
t ĺ tmixpϵq2ra21T̂0 ` a22pT̂ ´ T̂0qs

ˆ

2 ´ ϵ

1 ´ ϵ
`

2 ` 2ϵ

p1 ´ ϵq2

˙

H2
n

ĺ tmixpϵqra21T0 ` a22pT ´ T0qs

ˆ

2 ´ ϵ

1 ´ ϵ
`

2 ` 2ϵ

p1 ´ ϵq2

˙

H2
n.
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Define tmin :“ inf0ďϵă1 tmixpϵq
´

2´ϵ
1´ϵ ` 2`2ϵ

p1´ϵq2

¯

. Then we have

T̂
ÿ

t“1

D̂2
t ĺ tminra21T0 ` a22pT ´ T0qsH2

n,

and

Pπ

˜›

›

›

›

›

T
ÿ

t“1

aptqWpGtrVtsq

›

›

›

›

›

ě η

¸

ď 2d exp

"

´
η2

8tminra21T0 ` a22pT ´ T0qsλmaxpH2
nq

*

.

Define ϵa,δ “

c

tmin

“

a21T0 ` a22pT ´ T0q
‰

λmaxpH2
nq log

´

dNν,π

δ2

¯

and we get

Pν

˜›

›

›

›

›

T
ÿ

t“1

aptqWpGtrVtsq

›

›

›

›

›

ě ϵa,δ

¸

ď δ,

which finishes the proof under independent random sampling.

2. Fixed random sampling. Assume V “ pV1,V2, . . . ,VT q with V0 „ µ and Vt “ V0 where

µ is the uniform distribution of m nodes over a total of n nodes. The idea is the same except that

we consider any fixed subset of m nodes Vt “ V0 “ v.
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