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ABSTRACT

Hui Shen: Consistency of Statistical Learning Techniques: Unsupervised Learning and
Network Change Point
(Under the direction of Shankar Bhamidi and Yufeng Liu)

In statistics and machine learning, unsupervised learning techniques are popular for data ex-
ploration, including structure identification, clustering, and change point detection. In this disser-
tation, we address some unsupervised learning problems in the high-dimensional setting. In the
first direction, we consider the problem of assessing the statistical significance of general unimodal
clusters. We extend SigClust, an important existing method for evaluating significance of clustering
to the setting of multidimensional scaling (MDS). The proposed MDS-based SigClust can circum-
vent the challenge of parameter estimation of the original method in high-dimensional spaces while
keeping the important clustering structure in the MDS space. In the second direction, we conduct
a theoretical investigation into Lloyd’s algorithm, one of the most popular clustering algorithms
widely applied in practice. We aim to improve the theoretical understanding of Lloyd’s algorithm,
particularly in the context of applying dimension reduction to high-dimensional clusterable data.
Our result is demonstrated to be useful in multiple applications, including spectral clustering in
stochastic block models, multidimensional scaling for sub-Gaussian mixture models. In the third
direction, we study the network change-point detection problem, which is challenging due to the
sparsity and high dimensionality of network data. We introduce a general class of Markovian net-
work change-point models allowing flexible spatial and temporal dependence. To detect network
change points, new CUSUM-type statistics based on static and evolutionary graph structure rep-
resentations, including graph counts and sampled network motifs, are proposed. Theoretically,
we develop new concentration inequality for matrix-valued Markov chains under random graph

sampling using coupling techniques to prove the consistency of our proposed methods.
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CHAPTER 1

Introduction and Overview of the Thesis

Unsupervised learning is a class of machine learning techniques that learn patterns from unla-
belled data. It is a valuable tool for data exploration and finding meaningful patterns in the data.
In this chapter, we provide the general background and review some existing unsupervised learning
techniques in the literature, and then give an overview of the contributions of this dissertation.

This thesis has three different themes which are described next.

1.1 Statistical Significance of Clustering

Clustering is one important area in unsupervised learning, which aims to divide data into several
groups so that data points within the same group are more similar than those across groups. Many
clustering methods have been proposed and well-studied in the literature. Comprehensive reviews
of clustering algorithms can be found in Jain and Dubes (1988), Xu and Wunsch (2005), Xu and
Tian (2015), and references therein. Despite rapid developments in clustering algorithms and their
wide applications in practice, a natural question is how to assess the statistical significance of
clustering results. For a specific clustering algorithm, given the desired number of clusters k, one
can typically separate the data into k groups. However, this may result in spurious clusters.

For example, consider a test case with k = 2 as explained in Liu et al. (2008). Suppose that
n samples are generated from the standard normal distribution N(0,1) and we group the smallest
half of the observations into one cluster and the remaining into the other. Since samples are gen-
erated from one Gaussian distribution, we prefer not to call the clusters ”statistically significant”.
However, a two-sample t-test gives a significant p-value when we separate data generated from a
one-dimensional standard Gaussian distribution into two clusters. This conclusion is different from
the conclusion that these two clusters are there. In many applications, one may prefer not to divide

data from the same Gaussian distribution into multiple clusters. Therefore, assessing the signifi-



cance of clustering is different from testing subgroup differences. The above example motivates us
to define a cluster as a population from a single Gaussian distribution.

To assess the statistical significance of clustering under the Gaussian cluster assumption, Liu
et al. (2008) proposed a Monte Carlo-based method called the statistical significance of clustering
(SigClust), which addresses the problem of assessing the significance of clustering results for HDLSS
datasets. The null hypothesis of SigClust is that the data are from a single Gaussian distribution,
and the alternative hypothesis is that the data are from a non-Gaussian distribution (e.g., a mixture
of Gaussians). Specifically, the above problem can be formulated as

Hy: The data came from a single d-dimensional Gaussian distribution.

H,: The data came from a d-dimensional non-Gaussian distribution.

To carry out the test, they defined a testing statistic called the cluster index, which is the ratio
between the within-class sum of squared distances to class means and the overall sum of squared

distances to the overall mean,

_ Zi:l ey ij —x®) H2
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One key step in Liu et al. (2008) is to estimate the Gaussian distribution under the null hypothesis.
Because of the location and rotation invariance of the test statistic, the cluster index, they simplified
the parameter estimation by setting the mean to be zero and the covariance matrix diagonal. They
assumed a factor model to further simplify the eigenvalue estimation of the null covariance matrix.
Huang et al. (2015) improved the original SigClust by proposing a soft thresholding estimator of
the null covariance matrix. Kimes et al. (2017) extended SigClust in the context of hierarchical
clustering.

SigClust (Liu et al., 2008), a statistical testing procedure for Gaussian clusters, has been widely
applied in practice, including assessing significant cancer subtypes (Verhaak et al., 2010; TCGA,
2012; Walter et al., 2013; Agrawal et al., 2014; TCGA, 2015). Despite these successful applica-
tions of SigClust for assessing the significance of clustering, there are still cases where the original
SigClust is not applicable. In particular, in some applications such as natural language process-
ing (NLP) (Poland and Zeugmann, 2006a), one may only have the pairwise dissimilarity matrix

between samples. In that case, clustering can still be performed, but the current SigClust cannot



be implemented without the original data. Furthermore, although Huang et al. (2015) proposed
an improved estimator for the null covariance matrix, parameter estimation in the general high
dimensional setting is still a challenging problem. Thus, there is room for further improvement.
As shown in Chakravarti et al. (2019), there are certain regions of the parameter space where the
original SigClust has relatively low power.

To solve the problems of the original SigClust, in Chapter 2, we propose a new multidimensional
scaling (MDS) based SigClust method. MDS is an important dimension reduction technique with
wide applications (Borg and Groenen, 2005). The basic idea of MDS is to find low-dimensional
representations of the original data while preserving pairwise dissimilarities between samples. This
idea fits well with the goal of clustering since many clustering methods are based on pairwise
dissimilarities between samples. Moreover, MDS does not require access to the original data. As
discussed, in many applications, data analysts may not have the original data available and can
only work with the pairwise dissimilarity matrix. The existing SigClust is not applicable due to
a lack of original data. Alternatively, MDS can be a natural technique for such problems. In
this case, the low-dimensional MDS space can help avoid the covariance matrix estimation in the
high-dimensional setting as needed for the original SigClust. Based on these considerations, it is
meaningful to combine MDS and SigClust to produce an effective clustering evaluation method.

More details will be discussed in Chapter 2.

1.2 Lloyd’s Algorithm for Clustering

Clustering is a fundamental problem in machine learning and statistics that aims at divid-
ing data into several groups such that data points within the same group are more similar than
those across groups. In the popular k-means clustering algorithm, given a set of observations
(x1,x2,...,x,) with x; € R? the objective is to find a division of data into k parts to mini-
mize the sum of the squared distances between each point and the corresponding cluster center.

Mathematically, k-means aims to find z = (21,...,2,) € [k]" in

n
arg minZ | — o |?

Z i=1



where pg is the mean of points in the s-th cluster, i.e.

ll's:nlSZmi

2;=8

and ng is the size of the s-th cluster. Equivalently, k-means objective function can be formulated
as finding the optimal k-means centers p = (@1, ..., (k).

Solving this problem is NP-hard, even for the simple two-cluster setting. Lloyd’s algorithm
(Lloyd, 1982) is one of the most widely used k-means clustering algorithms to approximately op-
timize the k-means objective due to its simplicity and excellent performance. The procedure of

Lloyd’s algorithm can be summarized as follows:
1. Get an initial estimation of cluster labels or centers.
2. Repeat the following steps until convergence:

(2a) For h =1,....k,

= o L®
i1 {Zz =h
(2b) Fori=1,2,---n,
2
;31(5“) = argmin ‘ T — ﬁﬁf)
helk]

However, contrary to its widespread popularity, the theoretical investigation of Lloyd’s algo-
rithm is relatively limited. (Lu and Zhou, 2016) proposes a sub-Gaussian mixture model and shows
that the Lloyd’s algorithm can achieve exponentially small clustering error after an order of log(n)
iteration. However, there are many models that can not fit into the framework of (Lu and Zhou,
2016). Specifically, for many high-dimensional data, certain dimension reduction technique is first
employed and then Lloyd’s algorithm is applied to the low-dimensional embedding matrix where

the independence underlying the mixture model fails.

1.3 Change Points for Dynamic Network Valued Data

Change points are one form of data structure specifically for ordered data. The study of change

point problems dates back to Page (1955) and has been an active research area since then. Assume



we are given a sequence of ordered data, usually a time series. The change point analysis aims
to answer two different but related questions: (1) whether there exist some time points when
the underlying distribution changes; (2) if they exist, what’s the location of the change points.
Change point analysis is of great importance for data analysis. One reason is that many statistical
inference procedures will assume that the observed data satisfy the independent and identically
distributed condition or certain smoothness assumptions. However, the existence of structural
changes may lead to the failure of those methods. First, checking the existence of change points
and then detecting them will help improve the accuracy of the follow-up analysis by dividing data
sequences into homogeneous segments. Besides that, the study of change points itself is meaningful.
For example, in functional Magnetic Resonance Imaging (fMRI) studies, a rapid change in blood
oxygen level-dependent (BOLD) contrast in a subset of voxels may indicate neurological activity
of interest (Aston and Kirch, 2012; Wang and Samworth, 2018).

The history of change point detection starts from the fixed and low dimensional regime, espe-
cially the univariate problem. Algorithms and theories are well-developed in this area with surveys
of various methods can be found in Csorgd et al. (1997) and Horvath and Rice (2014). In the last
few decades, with the availability and popularity of high dimensional data, more efforts have been
put into addressing the high dimensional change point detection problems under different models.
When the dimension p is large and goes to infinity as the same size n — o0, many classic methods in
the low dimensional setting are no longer applicable. Under the high-dimensional regime, usually,
we need more structural assumptions like the sparsity of the changing pattern to solve the prob-
lems. The same idea has been applied to many high-dimensional statistical problems. Bai (2010)
studies the least squares estimator of a single change point in the high-dimensional setting. Zhang
et al. (2010) considers the estimator of I aggregation of CUSUM statistics from all coordinates
without any sparsity assumption. Jirak (2015) studies the theoretical properties of I, aggregation
of CUSUM statistics in high-dimensional time series with temporal and spatial dependence. Cho
and Fryzlewicz (2015) proposed a Sparsified Binary Segmentation to deal with multiple change
points, which takes sparsity into account. Wang and Samworth (2018) uses a sparse projection
method to detect sparse and weak changes.

Most of the existing work on change point detection focuses on multivariate data. Network

data has become a popular data format with wide applications in areas such as Biology, Sociology,



Genetics and so on. The study of change point detection under the network setting is still under
development. Among the few works that study this problem, they assume that the networks at
different time steps are independent (Wang et al., 2021; Bhattacharjee et al., 2018; Zhao et al., 2019)
or conditional independent (Padilla et al., 2019). The independence or conditional independence
assumption is seldom true in reality. For example, in social networks, two users have a higher
chance to connect if they share many common friends, in which case the temporal dependence
obviously exists. Motivated by this, we want to extend the existing literature on network change

point detection to allow general forms of dependence.

1.4 New Contributions and Outline

The remaining chapters of the dissertation are organized as follows.

e In Chapter 2, we discuss our contribution to the theme introduced in Section 1.1. We pro-
pose a new SigClust method using multidimensional scaling (MDS). The original SigClust has
been widely applied in practice, including assessing significant cancer subtypes. Despite these
successful applications of SigClust for assessing the significance of clustering, there are cases
where the original SigClust method may not work well (Chakravarti et al., 2019). Further-
more, for certain practical problems, researchers may not have access to the original data and
only have the dissimilarity matrix between samples available. In this case, clustering can still
be performed, but the current SigClust is not applicable. To address these issues, we propose
a new SigClust method using MDS. The underlying idea behind the MDS-based SigClust is
that one can achieve low-dimensional representations of the original data via MDS using only
the dissimilarity matrix and then apply SigClust on the low-dimensional MDS space. The
proposed MDS-based SigClust can circumvent the challenge of parameter estimation of the
original method in high dimensional spaces while keeping the important clustering structure
in the MDS space. Both simulations and applications to real data demonstrate that the

proposed method works remarkably well for assessing the statistical significance of clustering.

e In Chapter 3, we theoretically analyze one of the most widely used clustering algorithms -
Lloyd’s algorithm under a general class of low-rank models with perturbation. In particular,

Lu and Zhou (2016) have shown that the misclustering rate of Lloyd’s algorithm on n in-



dependent samples from a sub-Gaussian mixture is exponentially bounded after O(log(n))
iterations, assuming proper initialization of the algorithm. However, in many applications,
the true samples are unobserved and need to be learned from the data via pre-processing
pipelines such as spectral methods on appropriate data matrices. We show that the misclus-
tering rate of Lloyd’s algorithm on additively perturbed samples from a sub-Gaussian mixture
is also exponentially bounded after O(log(n)) iterations under the assumption that the per-
turbation is small relative to the sub-Gaussian noise. We then derive implications of the
result in providing theoretical guarantees on the misclustering rate when Llyod’s algorithm
is applied to several settings, including stochastic block models and low-rank sub-Gaussian

models under multidimensional scaling.

In Chapter 4, we study the network change-point detection problem, which is challenging
due to the sparsity and high dimensionality of network data. We propose a general class of
Markovian network models to deal with heterogeneity and dependence for dynamic networks
and discuss canonical example of models that fall within this sub-class. We proposed CUSUM-
type statistics based on static and evolutionary graph structure representations using graph
counts and network motifs are proposed to detect different types of change point phenomena.
Theoretically, we develop the concentration inequality for matrix-valued Markov chains under
random graph sampling using coupling techniques to prove the consistency of our proposed
methods. Our results are applied to the dynamics stochastic blocks. The overarching goal is
to understand the delicate interplay between the performance of standard estimators, time
scales that modulate network dynamics, and macroscopic phenomena such as the propagation

of chaos in high-dimensional networked systems.



CHAPTER 2

Statistical Significance of Clustering with Multidimensional Scaling

2.1 Introduction

Clustering is a typical form of unsupervised learning that aims to divide data into several groups
so that data points within the same group are more similar than those across groups. Traditional
clustering methods use datasets without responses. Clustering is an essential tool for researchers
to find potentially helpful hidden structures in high-dimensional data and is commonly used for
explanatory data analysis. It has been widely applied in many fields, such as biomedical research,
genetics, and social network analysis.

Many clustering methods have been proposed and well-studied in the literature. Comprehen-
sive reviews of clustering algorithms can be found in Xu and Tian (2015) and references therein.
Concrete examples of classical clustering algorithms include partition-based algorithms such as
K-means (MacQueen et al., 1967), various hierarchical algorithms, and model-based algorithms.
Other popular clustering approaches include kernel-based algorithms (Ben-Hur et al., 2001), spec-
tral clustering algorithms (Von Luxburg, 2007), and ensemble-based algorithms (Fred and Jain,
2005).

Despite rapid developments of clustering algorithms and their wide applications in practice,
a natural question is how to assess the statistical significance of clustering results. For a specific
clustering algorithm, given the desired number of clusters k, one can typically separate the data
into k groups. However, this may result in spurious clusters even in simple settings. For example,
with k£ = 2 as explained in Liu et al. (2008), a two-sample ¢-test gives a significant p-value when we
separate data generated from a one-dimensional standard Gaussian distribution into two clusters,
suggesting that the two clusters are different from each other. However, in many applications, one
may prefer not to divide data from a single Gaussian distribution into multiple clusters. Therefore,

assessing the significance of clustering is different from testing subgroup differences.



Several cluster evaluation methods have been proposed in the literature to test the statistical
significance of clustering. Amongst existing methods, the Gaussian cluster definition is commonly
used in the sense that data should not be divided further by clustering if they follow a single
Gaussian distribution. McShane et al. (2002) proposed a method to evaluate whether the data
come from a single Gaussian distribution, i.e., whether one should perform clustering on the data.
Their method is based on examining the Euclidean distance between samples in a three-dimensional
principal component space. Maitra et al. (2012) used a bootstrap approach and compared a simpler
model with a more complicated one for assessing significance of clustering. Chakravarti et al. (2019)
tests whether a mixture of Gaussian distributions provides a better fit relative to a single Gaussian
distribution focusing on the low-dimensional setting. Despite progress in this area, assessing the
statistical significance of clustering remains an open question, especially in the high-dimension,
low-sample size (HDLSS) setting.

Liu et al. (2008) proposed a Monte Carlo-based method called the statistical significance of
clustering (SigClust), which addresses the problem of assessing the significance of clustering for
HDLSS datasets. To make the HDLSS setting tractable, they used the Gaussian cluster definition
and focused on testing whether data come from a single Gaussian distribution. A similar model
assumption was used in McLachlan and Peel (2000) and Fraley and Raftery (2002). One critical
step in Liu et al. (2008) is to estimate the Gaussian distribution under the null hypothesis. They
assumed a factor model to simplify the eigenvalue estimation of the null covariance matrix. Huang
et al. (2015) improved the original SigClust by proposing a soft thresholding estimator of the null
covariance matrix. Kimes et al. (2017) extended SigClust in the context of hierarchical clustering.

SigClust has been widely applied in practice, such as assessing significant cancer subtypes
(TCGA, 2012; Agrawal et al., 2014). Despite these successful applications, there are still cases where
the original SigClust is not applicable. In particular, in several applications such as natural language
processing (NLP) (Poland and Zeugmann, 2006b), one may only have the pairwise dissimilarity
matrix between samples. In that case, clustering can still be performed, but the current SigClust
cannot be implemented due to the lack of original data. Furthermore, although Huang et al.
(2015) proposed an improved estimator for the null covariance matrix, parameter estimation in the

general high-dimensional setting remains a challenging problem. Hence, there is room for further



improvement. As shown in Chakravarti et al. (2019), there are certain regions of the parameter
space where the original SigClust has relatively low power.

This chapter proposes a new multidimensional scaling (MDS) based SigClust method. MDS is
an important dimension reduction technique with broad applications (Borg and Groenen, 2005).
The basic idea of MDS is to find low-dimensional representations of the original data while pre-
serving pairwise dissimilarities between samples. This idea aligns well with the goal of clustering
since many clustering methods are based on pairwise dissimilarities between samples. Moreover,
MDS does not require access to the original data. As mentioned earlier, in many applications, data
analysts may not have the original data available such as applications in NLP (Nakamura, 2006)
and can only work with the pairwise dissimilarity matrix. However, one can still perform effective
clustering using only the dissimilarity matrix (Poland and Zeugmann, 2006b). A natural follow-up
question is to understand the statistical significance of the obtained clustering results. The exist-
ing SigClust is not applicable due to the lack of original data. In such cases, MDS can provide
a natural solution to address these challenges. By utilizing the low-dimensional MDS space, the
need for estimating the covariance matrix in a high-dimensional setting, as required for the original
SigClust, can be avoided. Based on these considerations, it is meaningful to combine MDS and
SigClust to produce an effective clustering evaluation method.

Besides the base version of MDS-based SigClust we mentioned earlier, to tackle the settings
mentioned in Chakravarti et al. (2019) where the original SigClust fails, we further improve our
MDS-based SigClust using columnwise testing of the MDS embeddings. When the data consist of
more than two clusters, besides the significance of clustering, we are also interested in evaluating
the number of clusters in the data. To this end, a generalized MDS-based SigClust (see Section
2.2.5) is introduced using a set of general cluster indices Clo,...,CIk for a prespecified K.

The rest of this chapter is organized as follows. In Section 2.2, we introduce notation and
describe details of different versions of MDS-based SigClust. In Section 2.3, we examine the theo-
retical properties under the null and alternative hypotheses. In Section 2.4, we perform simulation
studies to demonstrate the performance of our new methods. We then apply our techniques to real
datasets, including cancer gene expression datasets and applications in natural language processing,
in Section 2.5. Finally, we conclude the chapter with some discussion in Section 2.6. Proofs of our

theoretical results and additional numerical results are provided in Section 2.7.
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2.2 Methodology

We begin by introducing the notation used throughout the chapter, as well as MDS and the
original SigClust, to establish the basis of our approach. We then proceed to describe our MDS-

based SigClust and its implementation.

2.2.1 Notation

We use regular letters for scalars and bold letters for both matrices and vectors. We use x and X
to denote random vectors and matrices. We write [n] for the set {1,2,...,n}. For any vector v, |v|

. The set of n x r matrices with orthonormal

denotes the Euclidean norm and |v|, = max; |v(7)
columns is denoted by Oy x,. For a matrix A = (aj,...,a;) € Opxx and m < k, let A, =
(a1,...,am) € Opxm. For a diagonal matrix A = diag(ay,--- ,ay), let A, = diag(ay,--- ,an,) be
a m x m diagonal matrix. Let f,g: N — R, and let ¢,b be positive constants and ng an integer.
Then f(n) = O(g(n)) if f(n) < cg(n) for all n > ng; f(n) = Qg(n)) if f(n) = bg(n) for all n > np;
F(n) = olg(m)) if F(n)/g(n) — 0 as n — o0; f(n) = w(g(n)) it f(n)/g(n) — o as n — o0. Fix
n,d = 1. Suppose we have n i.i.d random samples {x;};_, < R? with E(x;) = 0 and E (xixiT) =3

The sample covariance matrix is defined as 3 = LS (% — ) (xi — fix) T, where fix = Y,/ x;/n.

Let X = (x1,...,%,)T € R"*? be the data matrix.

2.2.2 Multidimensional Scaling

Regardless of the availability of the original data X € R™*? suppose we have access to the
dissimilarity matrix D € R"*" = (dij)i,je[n]a which measures the pairwise distance between samples
for some distance metric d. The main objective MDS is to find a low-dimensional representation
of a set of objects Y € R™ " such that the distance between any two points is close to their
corresponding dissimilarity as much as possible. We denote the pairwise distance between points
i and j in the MDS space as d;; = [y; — yjll2 and define the error of representation for the
pair {i,j} as e?j = (dij — 5ij)2. The total error is defined by summing over all distinct pairs,
or(Y) = 2y Z?:i+1 (dij — 5ij>2~

One can consider using different error or distance functions, leading to distinct MDS represen-

tations (Borg and Groenen, 2005). The goal of MDS is to find a matrix Y to minimize o,(Y).
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When the distance metric d is the Euclidean distance (d;; = |x; — «;|2), MDS is equivalent to
standard PCA, in which case the method is also called Classic MDS (CMDS). However, MDS is

much more general than standard PCA and can also perform nonlinear dimension reduction. De-

(2 = D?

,J 0,50

column vector of ones. Consider the SVD decomposition on B = PAPT. In CMDS, the solution

note B = —%JD(Q)J, where D J =1, — 117 /n is the centering matrix, and 1 € R" is a
Y can be represented as Y = IN’T./NX}/ 2, where P, and A, are first r eigenvectors and eigenvalues of

B.

2.2.3 Problem Formulation

Before introducing our new method, we start with the original SigClust. In the original SigClust,
Liu et al. (2008) used the Gaussian cluster definition and considered the hypothesis problem where
the null is that the data come from a single d-dimensional Gaussian distribution and the alternative
is the data come from a mixture of d-dimensional Gaussian distributions. To solve this problem,
they used a test statistic, k-means cluster index CIi, which is defined as the ratio between the
within-class sum of the squared distance to within-class means and the overall sum of the squared

distance to the overall mean,

x; = x|’

k
ZSZI Zjecs

=12
2= I =X

ClI, =

Here, for s € [k], Cs denotes the index set of the sth cluster produced by a specific clustering
algorithm and X(®) represents the corresponding within-cluster mean. The intuition underlying the
cluster index is that if the k clusters produced by some clustering algorithm such as k-means are
well-separated, the data points concentrate around the cluster centers within each cluster and the
within-cluster sum of the squared distance tends to be small. On the contrary, if the data come
from a single Gaussian cluster, and we try to divide them into k parts, the cluster index tends to
be large.

Liu et al. (2008) focused on the test statistic C'Is to test whether there is one or more than one
Gaussian cluster. To carry out the test and find the p-value, they used a Monte Carlo procedure
which generates Gaussian random variables N(p,3) under the null. However, it is difficult to

achieve consistent estimators of g and 3 in the HDLSS setting. Since the test statistic C'Iy is
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location-invariant and the Euclidean distance is invariant to orthogonal rotations, one can assume
p =0 and ¥ to be diagonal. This property simplifies the task of estimating d(d + 1)/2 parameters
to estimating d eigenvalues of ¥. Moreover, Liu et al. (2008) assumed the covariance matrix to be

spiked, namely

¥ =VAVT A=A+, (2.1)

where Ay is of low rank, which captures a few strong signals in the data, and the relatively small

2

On

represents the constant variance of the background noise. Then it is enough to estimate a few

2

top eigenvalues of Ay and background noise variance ;. The above assumptions help make the
high-dimensional estimation tractable and reasonable in applications.

The Gaussian cluster definition is a central tenant of the original SigClust (Liu et al., 2008). As
will be evident later, we perform a detailed investigation into the relevance of this assumption. In
particular, we shall find that the significance of clustering is relatively robust, and under a range of
alternative definitions, the Gaussian cluster assumption is the most conservative one. The difficulty
of more general notions of a single cluster is that if no specific parametric assumption is made, the
exact null distribution of the test statistic CI; is hard to compute. Our idea is to calculate the
p-value using a simple Monte Carlo procedure without explicitly figuring out the cluster index’s
null distribution. When generating data under the null, the SigClust-based methods (Liu et al.,
2008) generate Gaussian random variables as the reference distribution. As we will show later,
through theoretical results and simulations, the cluster index CI; converges under a general class
of distributions. The Gaussian distribution as a reference is the conservative choice. The population
CI under the Gaussian assumption is smaller than that of many other distributions. When the null
is not Gaussian, and we are generating Gaussian samples, the p-value tends to be larger than that
of the true null hypothesis. As a result, our SigClust tends to make a conservative conclusion. In
real applications such as modern gene expression analyses, a fundamental issue is that clusters are
sometimes detected and claimed to be real when they may not be significant. Hence, the generation

of Gaussians is meaningful because it helps avoid over-clustering when the data just correspond to

one cluster.
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These observations motivate us to extend the definition of a single Gaussian cluster to a single
unimodal cluster, i.e., data coming from a single unimodal distribution, such as t or x2, and consider

a general hypothesis problem:

Hj : The data come from a single d-dimensional unimodal distribution;

H; : The data come from a mixture of d-dimensional unimodal distributions.

For this hypothesis problem, the k-means cluster indices CI}, is still helpful as we explained above.
There could be a class of testing statistics C'I, given different values of k. In general, we can choose
k = 2 and use 2-means cluster index as the test statistic C'Ia when we are interested in testing
whether there is one or more than one cluster. In some cases, if the test result is significant and we
are further interested in knowing the number of clusters in the data, we can use multiple cluster
indices simultaneously. In the next section, we will focus on the 2-means cluster index CI, for our

new proposed method and discuss a generalized method based on CIj in Section 2.2.5.

2.2.4 MDS-based SigClust

In this chapter, we propose a new MDS-based SigClust, which combines the original SigClust
and the dimension reduction technique MDS. The proposed method starts with the dissimilarity
matrix D € R™ " between samples. We can achieve a low-dimensional representation matrix
Y € R™" through MDS. If the data come from a single cluster or a mixture of clusters, the
embedding matrix Y tends to preserve certain properties of the single or mixture of clusters.
Furthermore, for two datasets of the same size, suppose one is obtained from a single cluster and
another from a mixture of two distinct clusters with the same covariance matrix as the first dataset.
The C'I5 of the second dataset should be smaller than that of the first dataset, i.e., the separation
information of the mixtures (difference between two mean vectors) can be captured through a
smaller C1s.

There are cases where the original SigClust might fail, see Chakravarti et al. (2019). For
simplicity, consider the Gaussian cluster definition. If the data come from a mixture of two Gaussian
distributions, the separation can happen in multiple ways, i.e., the difference between the means

of the two distinct Gaussian components can be nonzero in any coordinates. The mean difference
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may be nonzero in one coordinate cj, but the variance is the largest in another coordinate cs.
Therefore, the coordinate co will determine how the data are clustered into two and dominate the
cluster index of the data. Even if the cluster index can capture the separation signal in coordinate
c1, the signal in coordinate ¢; only accounts for a small portion of the test statistic CIy and is
too small to be detected as significant. To address this issue, we improve our method, aiming to
capture the separation signal from all possible directions.

In this modified procedure, an initial goal is to calculate a combined C'I5 defined as the minimum
of the C'Iy’s calculated from Y and each column of Y. However, one challenging issue is that Cls’s
calculated from data with different dimensions are not comparable because the limiting distribution
of the cluster index of one dataset depends on its dimensionality. To solve this problem, we use the
2-means clustering result as classification labels and project the data Y onto the one-dimensional
space by linear discriminant analysis (LDA). Then the combined CI; is taken to be the minimum
of the CIy’s calculated from the one-dimensional LDA projection of Y and each column of Y.
Following the Monte Carlo idea of the original SigClust, we estimate the sample covariance matrix
iy of Y, generate data Z from N (O, iy), and calculate a combined C'I5 of the simulated data Z
using the same procedure. After that, we compare the observed C'Is with those of the simulated
data to draw a conclusion about the significance of clustering.

Our base version of MDS-based SigClust is summarized as below.

Base version of MDS-based Sigclust:

Step 1. Choose the dimension r of the MDS space. Obtain the MDS matrix Y = (y1,...,y,) of the

dimension n x r from the dissimilarity matrix D.

Step 2. Implement the 2-means clustering on Y and calculate the cluster index CI, of Y using the

estimated labels, denoted as Clsy.

Step 3. Estimate the sample covariance matrix f)y of Y. Generate an n x r matrix Z with each row
z; drawn independently from N (0, Svy) for i € [n].

Step 4. Perform Step 2 on Z and calculate the cluster index C'I3, denoted as C1s 7.

Step 5. Repeat Steps 3 and 4 Ny, times. For i € [Ngy, ]|, Z; denotes the ith simulation and Clz gz,

denotes the corresponding C'I>. Then we have a set of Ny, Cla 7.
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Step 6. Using the empirical distribution of {Cls z, : ¢ € [Ngm]|}, calculate a p-value for the C'I; of Y.
Draw a conclusion based on a prespecified level of significance .

For the scenario motivated by Chakravarti et al. (2019), Step 2 in the above algorithm can be

modified into the following one.

Modification MDS-based SigClust:

Step 2”: For each i € [r], implement 2-means clustering on y; and use the labels to calculate the
C1I; of y;, denoted as Cl y,. Implement the 2-means clustering on Y and take the clustering labels
as the classification labels to apply LDA. Use the LDA result to get the one-dimensional projection
of Y, denoted as Y;pa. Calculate the Clz of Yypa, denoted as Cls 1pa. The combined CIy of
Y, denoted as Clyy is taken to be min{{Clsy, }1<i<r, Cl2, DA}

There are different methods to calculate the p-value in Step 6 of the above procedure. One
method is to use the proportion of simulated Cls’s that are smaller than C'ly. This method
depends heavily on the number of simulations Ng;,. Another method is to fit a one-dimensional
Gaussian distribution using the simulated CI’s and calculate the quantile of Cly in this fitted
distribution. The second approach provides a continuous range of p-values, especially when the
empirical p-value is zero. We refer to these two types of p-values as the percentile p-value and the
fitted p-value, respectively.

Note that r is a prespecified parameter representing the dimension of the MDS space. As will
be seen below, in many settings, when using the 2-means cluster index Cly, 7 = 1 or 2 is enough
to detect the separation signal if the original data come from a mixture of two or more clusters.
This is due to the fact that the first few dimensions can capture the signals as shown in several
settings such as Gaussian mixture models and stochastic block models (LofHler et al., 2021; Abbe
et al., 2020). However, when we want to evaluate the number of clusters using CI with & > 2 as

described in Section 2.2.5, a higher dimension r would be preferred.

2.2.5 Generalized MDS-based SigClust

In some cases, when the p-value in the above test procedure is significant, we may be interested
in evaluating the number of clusters in the data, which can be summarized as a two-stage testing
problem: 1) whether there is one or more than one cluster; 2) if there is more than one cluster,

how many clusters exist in the data?
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To solve this, we simultaneously consider a sequence of K — 1 test statistics Cls,...,Clk,

which correspond to the hypothesis test problems:

Hy : The data come from a single d-dimensional unimodal distribution;

H; : The data come from a mixture of k£ d-dimensional unimodal distributions.

for kK = 2,..., K. For each CI;, we can calculate the p-value p; using a similar procedure for
C1I, described in Section 2.2.4. Then we obtain a set of K — 1 p-values (p2,...,pr). To deal
with the issue of multiple comparisons, we use the Holm—Bonferroni method (Holm, 1979), while
other adjustment methods can be used as well. If any of the adjusted p-values is significant, we
would reject the null that there is only one cluster. To decide how many clusters are preferred,
we can estimate the number of clusters by argminge(, gy Ps, 1-€., the hypothesis index that has
the minimum p-value. The same idea can apply to the original SigClust, which will be used in

simulations and real data examples for comparison (name it generalized SigClust-Soft).

2.3 Theoretical Properties

To gain further insight into the proposed MDS-based SigClust, we study some of its the-

oretical properties. For simplicity, we consider 2-means clustering. Assume we have n i.i.d.

samples xi,...,%, € R? from some distribution P. Recall that the sample k-means clus-
ter centers by, = (bp1,...,0pr) € RP*F is defined as b, = argmin, gaxr Wy(a), where
Wa(a) = L3 minigjep % — a; |>. One can define the population k-means cluster centers

= (u1,...,u) € R* as u = argming gaxx Wp(a), where Wp(a) = E[W,(a)].

Theorem 2.3.1. (Convergence of Cluster Index.) Assume one-dimensional random variables
Z1,...,T, are independently generated from some distribution F'(-) with continuous density
function f(-). Suppose the density function is symmetric over 0 and dominated by p(-) with
SR rp(r)dr < o and assume that SR x?f(z) < oo. Moreover, suppose the population 2-means
centers p = (pu1, p2) are unique and symmetric. Then for X ~ F', we have

as. B(X?) — (E|X])?
ory s B (BIX)
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Remark 1. The above theorem can be extended to finite-dimensional settings under similar as-

sumptions.

Remark 2. Most of the assumptions on the distribution F' in the above result are to guarantee
that the sample 2-means centers converge to the population 2-means centers as sample size n — c0.
Then the main theorem in Pollard et al. (1982) can be applied to show the consistency of the cluster

index.

Theorem 2.3.1 shows that the test statistic, cluster index, is not designed exclusively for Gaus-
sian clusters. Even when data are generated from non-Gaussian distributions, such as t and x?
distributions, the cluster index can still converge to a limit. This result provides insight into why
our method can still effectively work for non-Gaussian data. We have provided detailed proofs for
all of our stated results in Section 2.7.

Next, we focus on the specific setting of Gaussian clusters and show further theoretical results
about our MDS-based SigClust. Suppose x; follows %Nd(u, ¥) + %Nd(—u, ¥)) independently for
i € [n]. We are interested in the hypothesis testing problem: Hy : g = 0 versus Hy : g # 0. For
simplicity, we use that classical MDS with the Euclidean distance. The first result is on the p-value

of MDS-based SigClust under the null hypothesis Hy.

Theorem 2.3.2. Suppose the data come from N(0,X). For r = 1, the distribution of p-value

from MDS-based SigClust converges to U[0,1] as n — .

The idea of the proof is to show that the MDS matrix Y preserves Gaussian properties if the
original data X come from a single Gaussian distribution. The uniform distribution of the p-value
on [0,1] shows that MDS-based SigClust can control the type I error.

Next, we consider the alternative hypothesis H;. Without loss of generality, we assume that

¢ = (1F

o flg)T is the n-dimensional label vector with 1 representing the first group and —1

representing the second group. We use n; to denote the number of observations in the ith group

for i = 1,2. Let Apax = maxigj<qg Aj = A1, where A;’s are the eigenvalues of 3. Define the signal-

2
— lell

.-, Where ||2]|? represents the signal and Apay the noise. The following

to-noise ratio as SNR
results show that our method can recover the true class labels with high probability and maintain
high power when SNR is sufficiently large. Lemma 2.3.3 and Corollary 2.3.4 are modified from
(Little et al., 2022).
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Lemma 2.3.3. In the general high-dimensional setting where d = Q(n), suppose the data come
from a mixture of two Gaussian distributions under H; with [[u| # 0. With a probability at least
1 —4/n, we have

|51 8| <@+ 302/, (2.2)

where w = (22 {8(Amax logn)'/? + 4(610g1/d)"*Mnax/| 1l + dAmax/(n]ue])}. Here, 0 = gt =
L(lT

NE —171 )" is the normalized true label vector and p; is the first column of Y.

Corollary 2.3.4. In the high-dimensional setting where d = O(nlogn), suppose the data come

2
from a mixture of two Gaussian distributions under H; with ||| # 0 and % = w(logn). Then

b, -k

Note that each element in £ takes values in the set {ﬁ, —ﬁ} From this corollary, pi is close

we have ‘

to £ elementwise, which implies that using the MDS matrix Y with » = 1 can recover the true

cluster labels accurately.

Theorem 2.3.5. In the high-dimensional setting where d = O(nlogn), suppose the data come
2
from a mixture of two Gaussian distributions under H; with ||u| # 0 and % = w(logn). For

r = 1, the p-value from MDS-based SigClust converges to 0 in probability as n — 0.

This theorem tells us that if the data truly come from a mixture of two Gaussian distributions
under a moderate dimensional regime and SNR grows faster than logn, MDS-based SigClust can
detect the separation and produce a significantly small p-value. A similar conclusion can be drawn

in higher dimensional settings as follows.

Theorem 2.3.6. Consider the general high and ultra high dimensional settings where d =

Q(nlogn). Suppose the data come from a mixture of two Gaussian distributions under H; with
2

||| # 0 and % = w(%). For r = 1, the p-value from MDS-based SigClust converges to 0 in

probability as n — co.

2.4 Simulations

In this section, we compare cluster evaluation methods on various simulated examples in low
and high-dimensional settings. Methods include RIFT and MRIFT (Chakravarti et al., 2019), the

method proposed in McShane et al. (2002), SigClust using soft thresholding (SigClust-Soft, (Huang
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et al., 2015)), our proposed MDS-based SigClust (SigClust-MDS) and SigClust-MDS with the
true covariance matrix (SigClust-True-MDS). The SigClust-Soft and SigClust-True-MDS generate
Gaussian data under the null in the original space. Our MDS-based SigClust involves the estimation
of the sample covariance matrix in a low-dimensional MDS space.

To account for the rotation invariance of C'I; under a single Gaussian and a mixture of Gaussians
with identical covariance matrices, we restrict our attention to the case where the covariance matrix
3 for each Gaussian component is diagonal with entries Aq,...,Ag. In all experiments, we set
n = 100, d = 1000, and Ng;,,, = 1000, unless otherwise specified. We obtain the cluster assignments
for the CIj using k-means clustering with k£ specified in each subsection. We use the fitted p-
values throughout. Different methods are evaluated based on their ability to maximize power while
controlling the type I error.

In Section 2.4.1, we generate data from a single Gaussian and a mixture of two Gaussians
and compare SigClust methods with the method proposed in McShane et al. (2002). In Sections
2.4.2, we compare our MDS-based SigClust with RIFT and MRIFT (Chakravarti et al., 2019) in a
low-dimensional setting. To demonstrate the performance of our method under cluster definitions
other than Gaussian, we generate data from ¢ and Poisson distributions and visualize the results in
Section 2.4.3. The generalized MDS-based SigClust is evaluated in Section 2.4.4. We summarize

the simulation results in Section 2.4.5. Extended simulations are provided in Section 2.7.

2.4.1 Gaussian Mixtures

To analyze the performance of three SigClust-based methods, we generate data under the null
and alternative hypotheses, namely a single Gaussian Ny(0,X) and a mixture of two distinct Gaus-
sian distributions 3 Ng(p, X) + $Ng(—p, ). We let p = (a,0,...,0)7 and ¥ = diag(A1, ..., Aq)
with A\; = Ay = --- > A\g > 0. The covariance matrix of the data is ¥* = diag(A; + a2, Xa, ..., \q).
SigClust-True-MDS uses X* to generate the simulated data Z in the Monte-Carlo procedure, on
which we apply SigClust-MDS. We use the modified version of MDS-based SigClust with C'Is and
r = 2. Consider three settings for 3 as follows:

1) ¥ = diag(100, 100, --- ,100,1,--- ,1), where the first 10 entries are 100;
2) ¥ = diag(10,10,---,10,1,--- ,1), where the first 100 entries are 10;

3) X = diag(100,95,---,10,5,1,--- ,1), where the first 20 entries form an arithmetic sequence.
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The first setting corresponds to the spiked covariance model, with a few large eigenvalues and
others small. In the second setting, we assume a group of medium-large eigenvalues together with
small ones. The third setting interpolates between the first two, where the eigenvalues decrease
gradually.

We plot the empirical distributions of p-values under three settings in Figure 2.1 (and Figures
S1 - S2in Section 2.7). Two vertical lines represent two thresholds o = 0.05 and 0.1. In each figure,
four subfigures show how the empirical distributions change as a gets larger for all methods. For
effective tests, we expect to see that the empirical distributions of p-values are close to the diagonal
line when a = 0 and move towards the upper-left corner quickly as a increases.

When a = 0 (a single Gaussian distribution), Figure 2.1(a) shows that all four methods can
control the type I error. Moreover, SigClust-MDS, SigClust-True-MDS, and McShane et al. (2002)
produce uniformly distributed p-values on [0,1] while SigClust-Soft produces large p-values with
conservative results. When a # 0 (Gaussian mixtures), the empirical distributions of all four
methods move towards the upper-left corner as a increases except the method in McShane et al.
(2002). In all three settings, the power of SigClust-MDS is close to 1 when a is moderately large,
while the other methods have power less than 0.5 under a = 0.05. Compared with SigClust-MDS,
the method by McShane et al. (2002) gains power very slowly. Overall, SigClust-MDS is more

powerful than the other methods when the signal is in one coordinate direction.
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Figure 2.1: Empirical distributions of SigClust p-values based on True-MDS, soft, and MDS methods and
method from (McShane et al., 2002) for Setting 2. The mean difference comes from one direction with
a = 0,6, 10, respectively.
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2.4.2 Signal in Directions with Low Variation

Chakravarti et al. (2019) pointed out that the original SigClust may have relatively low power
against certain alternatives and proposed a test for a relative fit of mixtures focusing on the low-
dimensional setting. Given the hypothesis problem and the data, they fit two models, a multivariate
Gaussian and a mixture of two multivariate Gaussians, to compare which model fits the data better
and get a p-value to make a conclusion. They described a simulation setting where the original
SigClust has low power. Here, we use their setting to compare our MDS-based SigClust, the
original SigClust, RIFT, and MRIFT (Chakravarti et al., 2019). The modified version of MDS-
based SigClust is used with C'Iy and r = 2.

In this simulation setting, a mixture of two Gaussian distributions $N(0,X) + SN (p,X) is
considered, where p = (a,0,---,0). For simplicity, we let X be a diagonal matrix with 3;; = 400
for j = 2 and X;; = 1 for j # 2. This problem is challenging because the signal, i.e., the mean
difference of two Gaussian components, lies in the first dimension, but its variance is significantly
smaller than that of the second dimension.

We let n = 100 and d = 5. For this low-dimensional problem, we use the original SigClust
with the sample covariance matrix (SigClust-Sample) since d = 5 < n. We plot the empirical
distributions of p-values based on four methods with different values of a in Figure 2.2. Two
vertical lines correspond to v = 0.05 and 0.1 as before. For a = 0, the ideal distribution of p-value
is uniform [0,1]. For a > 0, we hope to have small p-values because there are two clusters. From
Figure 2.2, we can see that for a = 0, all methods work similarly except RIFT is slightly more
conservative. For ¢ = 2 and 3, SigClust-MDS works better than the other methods. In particular,
for a = 3, our method has power close to 1 while the other methods have low power. This example
further demonstrates the usefulness of the modified C'I5, which can capture the separation signal
in all possible directions. At the same time, SigClust-Sample may ignore some information when

the signal (mean difference) is not in the largest variance direction.

2.4.3 Sensitivity Analysis

Although our theoretical analyses focus on Gaussian clusters, our method is applicable to cluster

definitions other than Gaussian. It is conservative in a number of settings in the sense that if the
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Figure 2.2: Empirical distributions of p-values based on RIFT, MRIFT, SigClust-Sample, and SigClust-
MDS in the low dimensional setting described in Section 2.4.2. The mean difference comes from the first
direction with a = 0,2, 3, respectively.

test is significant, this might indicate strong evidence of underlying clusters. To demonstrate this,
we generate data from ¢t and Poisson cluster definitions under both null and alternative hypotheses
in the high-dimensional setting.

Under the alternative hypothesis, a mixture of two unimodal distributions are generated
from the same distribution class with different location parameters p; = (a,a,...,a) and
w2 = (—a,—a,...,—a). Taking the ¢ distribution as an example, under the null hypothesis, each
column of data is independently generated from a single ¢ distribution with degrees of freedom
being 10, i.e., t(10). Under the alternative hypothesis, a mixture of two shifted ¢ distributions
3(t(10) + a) + 1(t(10) — a) are generated. For the Poisson case, data are generated similarly with
mean 3. We use the modified version of MDS-based SigClust with CIy and » = 2. As shown in
Figure 2.3, both methods give conservative p-values and control the type-I error well under the
null. As the cluster mean difference a gets larger, our SigClust-MDS gains power quickly while

Sigclust-soft’s power stays low.

2.4.4 Generalized SigClust

In Section 2.2.5, we proposed a generalized MDS-based SigClust to identify the number of
clusters when there is more than one. To evaluate its performance, we generate data from a single
Gaussian and a mixture of multiple Gaussians. When the data are from Gaussian, we want to see
whether the proposed generalized method can control type I error. When multiple clusters exist,
we evaluate its performance by two criteria: 1) power: the probability of correctly rejecting the

null; 2) selection ratio: the probability of choosing the correct number of clusters K.
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Figure 2.3: Empirical distributions of p-values based on SigClust-Soft and SigClust-MDS in the high
dimensional setting under ¢ and Poisson cluster definitions considered in Section 2.4.3.

Throughout this section, we generate data from Gaussian or mixture of Gaussians with the
identity covariance matrix 3 = I; for each Gaussian component. We use the base version of MDS-
based SigClust with » = 5 and consider the set of test statistics Cls,...,C15. For a mixture of
K Gaussians, we try K = 2,3 and 4. We compare the generalized version of the original SigClust
(SigClust with Cls,...,C1I5) and our generalized method proposed in Section 2.2.5. The cluster
centers for different K are:

1) K=2:p =(a,...,a) and g = —p1;

2) K=3:pu; =(0,...,0), p2 = (a,...,a) and p3 = (a,...,a,—a,...,—a) with first half coordi-
nates being a;

) K=4:pu =(a,...,a), po = —p1, 3 = (a,...,a,—a,...,—a) with first half coordinates being
a and py = —p3.

Table 2.1 demonstrates the performance of both methods under different K. For a single
Gaussian (K = 1), both generalized methods have type I error being 0. Under the alternatives,
Table 2.1 shows that when the value of a is reasonably large, our generalized SigClust-MDS has
high power and selects the correct number of clusters with high frequency, while the generalized

SigClust-Soft has very low power.
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Table 2.1: Performance of the generalized SigClust-Soft and SigClust-MDS. Type I errors under a single
Gaussian and power under a mixture of K Gaussians are given.

SigClust-Soft SigClust-MDS
Type-I error Type-I error
K=1 0 0
Power selection ratio Power selection ratio
K =2(a=3) 0.68 1 0.94 1
K = 3(a =0.16) 0 NA 1.00 0.97
K =4(a=0.12) 0 NA 0.98 0.94

2.4.5 Summary of Simulation-based Findings

In Section 2.7.3, we provide additional simulations to demonstrate the performance of our pro-
posed methods. All simulation results in Section 2.4 and Section 2.7.3 show that our MDS-based
SigClust methods can control the type I error under the null, have great power under the alterna-
tives, and are robust to different cluster definitions. Based on these simulation examples, we can see
that SigClust-MDS performs the best under both null and alternative hypotheses. In particular,
the p-values are approximately uniformly distributed on [0,1] under the null, similar to SigClust-
MDS-True. It also has the largest power in all settings under the alternative among all comparison
methods. Moreover, when the spiked covariance assumption fails in the high-dimensional setting,

SigClust-MDS is much more powerful than SigClust-Soft.

2.5 Real Data Analysis

We demonstrate the effectiveness of our base and generalized versions of SigClust-MDS (see
Sections 2.2.4 - 2.2.5) on several cancer gene expression datasets and various applications in natural
language processing. Each dataset consists of several subgroups and contains a group label for each
sample. We consider two approaches to evaluate the cluster significance. One is to test every
pairwise combination of two clusters using the base version of SigClust-MDS with CI3 and r = 2.
When calculating the test statistic C'I2, we need to first separate the data into two clusters. We
use both the group labels (“True”) and 2-means clustering results (“Est”) as cluster assignments
to calculate the CIy’s. The true labels correspond to underlying (biological) groups of interest,
while the estimated labels from clustering algorithms correspond to clusters with good separation

between clusters. Clustering errors are typically reported as the misclassification rate of the k-
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means clustering algorithm compared to the true labels. In most cases, the algorithm performs
similarly for both choices of labels. The other method is to test all clusters simultaneously using
the generalized SigClust-MDS and choose the number of clusters based on the minimum p-value.
We implement SigClust using soft thresholding (SigClust-Soft) for comparison. The fitted p-values

are used throughout.

2.5.1 Multi-Cancer Gene Expression Dataset

We first consider a multi-cancer dataset consisting of three cancer types: 100 samples of head
and neck squamous cell carcinoma (HNSC), 100 samples of lung squamous cell carcinoma (LUSC),
and 100 samples of lung adenocarcinoma (LUAD). More information can be found in the Cancer
Genome Atlas (TCGA) project (TCGA, 2012). Each sample consists of 20531 genes estimated
from RNA-seq data v2, which is available at https://wiki.nci.nih.gov/display/TCGA/RNASeq+
Version+2. Following the same data preprocessing procedure as in (Kimes et al., 2017), we use the
log transformation of the original data and select a subset of 500 genes with the highest median
absolute deviation (MAD) about the median. After preprocessing, the dataset consists of 300
samples and 500 genes.

Table 2.2 presents the testing results for pairwise subgroups using both estimated and given
true labels, as well as the clustering errors. SigClust-soft and SigClust-MDS show high power (p-
values ~ 0) in all comparisons. The small p-values indicate that these clustering operations are
statistically significant. The clustering errors are small for both methods and all three combinations
of subgroups.

To implement the generalized MDS-based SigClust, we choose the set of test statistics
Cl,ClIs,Cly and Cl5 and set r = 4. Table 2.3 displays the performance of generalized SigClust
methods. Both generalized SigClust-MDS and SigClust-Soft reject the null, while our SigClust-
MDS successfully estimates the correct number of clusters as 3.

In addition, we apply our methods on every single subgroup, HNSC, LUSC, and LUAD. Within
each group, we cluster the data into two parts to create artificial clusters to see whether our method
can tell that the cluster operation within each class is not preferred. Table 2.4 shows that our
SigClust-based MDS gives large p-values for all three cases, indicating each group should not be
divided further.
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Table 2.2: SigClust p-values for each pair of subtypes for the Multi-Cancer data. Both the known class
labels (“True”) and estimated labels (“Est”) are used to calculate the cluster indices. Clustering errors are
provided (defined in the beginning of this section).

‘Soft(True) Soft(Est) Error(Soft) ‘ MDS(True) MDS(Est) Error(MDS)

HNSC & LUSC 8.78e-5 2.07e-4 0.04 2.14e-8 5.38e-08 0.05
HNSC & LUAD | 2.70e-18 2.54e-17 0.01 7.89e-47 1.90e-32 0.01
HNSC & LUAD | 5.20e-06 1.31e-8 0.035 9.8e-20 9.40e-18 0.035

Table 2.3: Application of the generalized SigClust-Soft and generalized MDS-based SigClust proposed in
Section 2.2.5 on multi-cancer and a subset of breast bancer data.

SigClust-Soft ~ SigClust-MDS

Multi Cancer Decision Reject Hy Reject Hy

True K =3 Choice of K 2 3
Subset of Breast Cancer Decision Reject Hy Reject Hy

True K =4 Choice of K 5 3

2.5.2 Breast Cancer Gene Expression Dataset

We consider a gene expression dataset from 337 breast cancer samples which is categorized
into five molecular subtypes: 97 LumA, 54 LumB, 91 basal-like, 47 normal breast-like, and 48
HER2-enriched samples. The dataset is available at https://genome.unc.edu/pubsup/clow/.
We choose a subset of 1645 intrinsic genes identified in (Prat et al., 2010).

Table 2.5 shows the p-values for 10 pairs of breast cancer subtypes. Both methods yield sig-
nificant p-values for the first 8 pairs of comparison and insignificant p-values for the last pair.
When testing the statistical significance of two breast cancer subtypes “LumA” and “LumB”, our
MDS-based SigClust gives insignificant p-values, suggesting that the two cancer subtypes are not
significant clusters. This result is consistent with the fact that both “LumA” and “LumB” be-
long to the luminal cancer subtype. The luminal subtype has a big spectrum of samples but not
necessarily contains two significant subgroups. According to Yersal and Barutca (2014), “LumA”
and “LumB” have similar biological features with ER-responsive genes. Therefore, our MDS-based
SigClust suggests it is not statistically significant to divide the luminal subtype into luminal A and
luminal B.

For the pair of Her2 & LumB, SigClust-MDS with estimated labels gives a significant p-value

while SigClust-Soft gives insignificant p-values. Figure 2.4b indicates that the two subgroups are
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Table 2.4: SigClust p-values for testing each single subgroup in the multi-cancer dataset.

SigClust-Soft ~ SigClust-MDS

HNSC 2.87e-3 0.419
LUSC 0.351 0.954
LUAD 0.330 0.666

separated in the first MDS direction although there is no significant gap between the two subgroups.
Therefore, our MDS-based SigClust produces a more convincing testing result in this case.

To demonstrate the performance of the generalized MDS-based SigClust, we consider a subset
consisting of four cancer subtypes “Basal”, “Normal”, “LumA”, and “LumB” because of the over-
laps between “Her2” and luminal groups, as shown in Figure 2.4a. When applying the generalized
MDS-based SigClust on the subset, our method estimates the number of clusters as 3, which is
consistent with the pairwise testing result that “LumA” and “LumB” are not statistically different
from each other, as shown in Table 2.3. The SigClust-soft estimates the number of clusters as 5,
which is incorrect. The results for the entire dataset with all five subtypes are included in Section
2.7. We can see from Table 3 of Section 2.7 that the clustering error is large (0.31) on the MDS
space. Therefore, the evaluation result from the generalized MDS-based SigClust on the entire

dataset is not reliable due to the poor clustering performance.
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Figure 2.4: The MDS projection scatterplots of the breast cancer data. Left: entire dataset with 5 cancer
subtypes. Right: subset with 2 cancer types. True labels are used.
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Table 2.5: SigClust p-values for each pair of subtypes for the breast cancer data. Both known class labels
(“True”) and estimated labels (“Est”) are used to calculate the CIs. Clustering errors are provided.

Soft(True) Soft(Est) Error(Soft) | MDS(True) MDS(Est) Error(MDS)
Basal & Normal 0.028 0.025 0.08 1.42e-05 2.63e-4 0.08
Basal & Her2 2.82e-3 1.66e-13 0.04 5.07e-12 4.86e-5 0.04
Basal & LumA 1.89e-8 2.70e-7 0.005 1.76e-39 6.83e-20 0.005
Basal & LumB 7.32e-6 1.483-4 0.01 1.68e-25 2.95e-11 0.01
Normal & Her2 0.034 0.018 0.07 9.28e-6 6.47e-5 0.07
Normal & LumA 9.18e-3 0.023 0.03 2.92e-7 4.3e-5 0.03
Normal & LumB 1.86e-3 3.19e-3 0.02 4.68e-14 5.03e-7 0.02
Her2 & LumA 4.0e-3 3.36e-12 0.02 1.49e-2 9.01e-6 0.03
Her2 & LumB 0.220 0.282 0.069 0.084 0.022 0.078
LumA & LumB 0.963 0.57 0.19 1 0.216 0.17

2.5.3 British Author Data

Our MDS-based SigClust is flexible because it can work with various distance functions. Here is

an application where the Canberra distance handles count data. The Canberra distance d between

n  |pi—ail

vectors p and q in an n-dimensional real vector space is given as follows: d(p,q) = >/, i Flail

,Pn) and q = (q1,42, - - .,qn) are vectors.

where p = (p1,p2, ...
We implement the sample SigClust method, namely using the sample covariance matrix as
an estimator of the population covariance matrix (denoted as SigClust-Sample) for comparison,

because d = 69 < n = 841. This dataset consists of word counts from chapters written by four

British authors: 317 chapters from Jane Austen, 296 from Jack London, 55 from John Milton, and
173 from William Shakespeare. The goal is to establish the statistical significance of clustering the

dataset into subgroups according to the authors.
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Figure 2.5: PCA and MDS projection scatterplot view of the British author data. True labels are used.
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Table 2.6: SigClust p-values for each pair of subtypes for the British author data. Both known class
labels (“True”) and estimated labels (“Est”) are used to calculate the cluster indices. Clustering errors are
provided.

Soft(True) Soft(Est) FError(Soft) | MDS(True) MDS(Est) Error(MDS)
Austen & London 5.72e-22 1.62e-5 0.09 3.23e-48 1.01e-6 0.09
Austen & Milton 7.98e-68 2.13e-59 0 4.02e-84 7.52e-26 0
Austen & Shakespeare | 8.66e-56 8.95e-60 0.02 9.24e-71 5.59e-20 6e-3
London & Milton 0.645 0.020 0.3 6.9e-37 9.41e-4 Se-3
London & Shakespeare 9.85e-5 4.11e-7 0.06 6.73e-42 1.30e-14 0.06
Milton & Shakespeare 1.87e-35 3.58e-36 0.04 7.22e-34 8.87e-15 0

To demonstrate the usefulness of the Canberra distance, we visualize the data using the first
two coordinates of the MDS matrix with the Euclidean and the Canberra distance. We use dif-
ferent shapes for different authors. As shown in Figure 2.5, the Canberra distance provides better
separation among different authors than the Euclidean distance.

Table 2.6 shows the p-values for all pairs of authors based on MDS representations with the
Canberra distance. Both methods yield significant p-values except the fourth pair, London &
Milton. For this pair, SigClust-MDS gives a significant p-value while SigClust-Sample gives a large
p-value (near 1) using the given labels. Figure 2.5a shows that the subgroups of London and Milton
are mixed in the first two PC directions. Therefore, SigClust-Sample fails to identify subgroups
under true labels. This application demonstrates that the Canberra distance helps to measure the

difference among these subgroups and thus benefit the clustering evaluation task.

2.5.4 Applications in Natural Language Processing

As discussed before, our MDS-based SigClust works even when the original data are unavailable,
as long as the dissimilarity matrix is provided. In this analysis, we apply the MDS-based SigClust on
canonical natural language datasets available from (Nakamura, 2006). For natural language terms,
the data points do not have geometric coordinates. Thus these datasets are in the form of distance
matrices where the Google distance captures the pairwise distance. To test the significance of
clusters, we apply the base version of our MDS-based SigClust with r=2 on each pair of subgroups.
Six datasets peopleb, alt-ds, math-med-fin, finance-cs-j, phil-avi-d and math-cuisine are

analyzed. Detailed descriptions of datasets are given in Section 2.7.
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Table 2.7 displays the clustering and MDS-based SigClust test results for the dataset people5
and the results for the other datasets are in Table 2.12. The ‘SigClust-MDS True’ and ‘SigClust-
MDS Est’ columns show the testing results where cluster indices are calculated using true and
estimated labels, respectively. The ‘clustering error’ and ‘misclassified nodes’ columns display the
error rates and the numbers of misclassified nodes under the 2-means algorithm.

As shown in Table 2.7 (and Table 2.12), the clustering error is very small in each case. Therefore,
the MDS matrix gives a good 2-dimensional representation of the original distance matrix and
preserves the distance information. The testing results for datasets alt-ds, math-med-fin, phil-
avi and math-cuisine are significant (< 0.05) using both true labels and estimated labels. The
only two insignificant tests are the ‘author vs pop musicians’ comparison in people5 and the one
in finance-cs-j using true labels. Both cases have p-values slightly larger than 0.05. In summary,
our MDS-based SigClust suggests that those clusters are mostly significantly different from each
other.

Table 2.7: MDS-based SigClust test results for the dataset peopleb.

SigClust-MDS True SigClust-MDS Est  clustering error

classical composers vs artists 3.77e-12 6.43e-13 0
classical composers vs authors 4.54e-10 3.52e-10 0.04
classical composers vs math 8.64e-12 2.91e-11 0
classical composers vs pop music 1.87¢-08 5.83e-08 0.02
artists vs authors 2.21e-10 4.62e-09 0
artists vs mathematicians 2.87e-09 2.11e-09 0.02
artists vs pop musicians 1.04e-12 5.84e-14 0
authors vs mathematicians 2.29e-05 7.03e-08 0.06
authors vs pop musicians 0.071 0.02 0.04
mathematicians vs pop musicians 2.37e-06 2.43e-06 0.04

2.6 Discussion

In this chapter, we propose a new MDS-based SigClust method for testing the statistical sig-
nificance of clustering. Our method combines the original SigClust method and multidimensional
scaling. The most challenging part of the original SigClust is the estimation of the high-dimensional
covariance matrix. Furthermore, one may only have the pairwise dissimilarity matrix between sam-
ples available without the original data in various applications. Our new method can tackle these

challenges effectively. We can obtain low-dimensional representations of the original data through
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MDS using only the dissimilarity matrix. Through extensive simulation studies, we show that the
MDS matrix can preserve existing cluster information under null and alternative hypotheses. Our
method can control type I error under the null and is powerful under the alternative hypothesis.
As an extension of the original cluster index, the combined cluster index successfully captures sep-
aration signals from all possible directions. The extension makes our MDS-based SigClust more
broadly applicable. Moreover, we propose a generalized MDS-based SigClust that can identify the
number of clusters when there is more than one.

There are several open directions for future research. One interesting direction is to further
develop theoretical results under more general null distributions in contrast to the usual Gaussian
cluster assumption. Another important area of research is to establish consistency of the estimated

number of clusters using generalized MDS-based SigClust.

2.7 Supplementary Materials

In this section, we provide additional simulations and real data analysis, as well as proof of the
theoretical results in this chapter.

Fix n,d > 1. Suppose we have n ii.d random samples {x;}/_, < R? with E(x;) = 0
and E (XZ'XlT) = X¥. Consider the spectral decomposition of 3 as ¥ = VAVT, where A =
diag (A1, A2, ..., Ag) with Ay = X9 = --- = Agand V = (vy,...,vy) € Ogxq. The sample covariance
matrix is defined as 3 = L3 L (xi — fx)(x; — fix)T, where fix = > | x;/n. Let 3 = VAVT be
the corresponding spectral decomposition, where A= diag(xl, e ,Xd) with 3\1 > 3\2 == /A\d
and V = (V1,...,Vq) € Ogxg. Let X = (x1,...,%,)T € R™™? be the data matrix. Define
pr = (X — 11L)vy, namely project the centered data onto the population eigenvector correspond-
ing to the kth largest eigenvalue; call py the kth vector of population principal component (PC)

scores. Similarly, define py = (X — 14L)¥}, and call py, the kth vector of sample PC scores.

2.7.1 Methodology

We provide more detailed description of our method in this part.
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2.7.1.1 Multidimensional Scaling

Suppose we have access to the dissimilarity matrix D € R™*™ which measures the pairwise
distance between samples, regardless of whether the original data X € R"*? are available or not.
First we give a brief introduction to the classical MDS and show its relationship with PCA when
D = (Djj)i<i,j<n is the Euclidean distance matrix, i.e., Dj; = ||x; — x|

Given the dissimilarity matrix D with the Euclidean distance, classical MDS first obtains a
matrix B by applying double centering to D. Specifically, let B = —%JD@)J , where Dg?j) =
DZQJ,J = I, — 117 /n is the centering matrix, and 1 € R" is a column vector of all ones. It can be

shown ((Borg and Groenen, 2005)) that
B — (X — 140)(X — 10)T = (IX)(IX)", (23)

where fix = > | x;/n is the empirical mean. Let B = PAPT be the spectral decomposition of B,
where A = diag(xl, .. ,Xn) with Xl > > Xn and P = (P1,---,Pd) € Onxn- The coordinates of
an r-dimensional embedding are given by the rows of Y = P, Al/ 2

Note that columns of PT correspond to the normalized vectors of sample PC scores. The sample
covariance matrix can be represented as 3, = 1 L3 (% — bx) (x5 — fx)T = (X — 1) (X -
1a5) = LIX)T(IX). Let S« = VAVT be the spectral decomposition of 3. Since B =
(IX)(IX)T = PAPT and py, = (X — 111)v;, = (JX)V}, it can be shown that A = nA, X, = ny,

P = A/ NPk = A/ n\kDr. Therefore, we have

(2.4)

N 1 . 1 .
k= —7=——=Pr = ——DPk-
A/ nAg A/ Ak

The normalization factor \/IT depends on the sample size n and the kth sample eigenvalue Xk
NAE

Replace py with pg in the formula of Y,

which means that columns of Y are actually top r vectors of sample PC scores.
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2.7.1.2 Holm—Bonferroni method

We provide detailed implementation of Holm—Bonferroni method used in Section 2.2. Given

the set of p-values po, ..., px, we do the followings:

Sort p-values into order lowest-to-highest as Py, ..., Px_1, and their corresponding hypotheses

Hy,...,Hg_1 (null hypotheses).

Is P < /(K —1) 7 If so, reject Hy and continue to the next step, otherwise EXIT.

Is P < af/(K — 2) 7 If so, reject Ho also, and continue to the next step, otherwise EXIT.

And so on: for each P value, test whether Ps < = If so, reject H; and continue to examine

the larger P values, otherwise EXIT.

2.7.2 Theoretical Proofs

In this section, we collect the proofs for theorems and lemmas presented in the main chapter.

2.7.2.1 Proof of Theorem 3.1

Proof. Assuming that the conditions on the distribution F' hold, the population 2-means centers
are symmetric which we denote as a and —a with a > 0. Recall that 2-means centers are defined

as the value that minimizes W (a). We can easily figure out the value of a through calculation.

W(a) = E (min {(X — a)?, (X + a)?})
=E ((X —a)?1x50) + E ((X +a)?1x)
=2 (X — a)?1x20)
=E(X?) +a® —2aE(X1xs0) + 20 E(X1x<)

= E(X?) +a® - 20 B(]X)).

Therefore, the minimizer is p = E(]X|) with X ~ F. Applying the corollary 6.5 in (Pollard et al.,

1982), we have the convergence result of within-cluster sum of squares as
Wa(b,) 3 E(X?) — (E(|X1)*.
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By the law of large numbers, we have the denominator of the cluster index converging

n

FONCIEESEES 6O

7j=1
Combining them together, the 2means cluster index converges

as. B(X?) - E|X]?
Cl, = E(XQ)

2.7.2.2 Proof of Theorem 3.2

Proof. Let X = (x1,...,X,)7 be the data matrix with x; independently generated from Ny (0, X).
Consider the singular value decomposition of X as X = WH® ", where H = diag(o1(X), ..., 04(X))
with 01(X) = -+ = 0¢(X), ¥ = (¢1(X),...,v4(X)) € 0% and & = (¢1(X),...,¢q4(X)) e O,
Because P is the vector of first PC scores, it can be shown that p; = ¥1(JX), where J = I,—117/n
is the centering matrix. Without loss of generality, assume that X has been centered since the
normal distribution has zero mean. Therefore, we have p; = 91 (X).

For any orthogonal matrix G € O™*"™ we have GX 2 X. The proof is as follows: suppose
that X is represented as X 4 yxV 2 where Y € R™? is a matrix with elements i.i.d. from
N(0,1); since Y 4 GY, we have X 4 yx12 £ gyxs!/2 £ GX. This indicates that the matrix
X preserves its original distribution after left-side orthogonal rotation. Furthermore, we have
P1(UX) = Uy (X) L (X). Because U can be arbitrary, the distribution of v (X) is rotation
invariance. Therefore, we have 11(X) ~ Uniform(S"~!), where S"~! is the n-dimensional sphere
with radius 1.

Choose r = 1. In the testing procedure, we generate an n x 1 random vector z with entries
drawn independently from N (0,3\1). Using the well-known property of Gaussian distributions,
z/||z|| ~ Uniform(S"~1). Combining the above conclusions and the scale-invariance of the CI, we
have 91 (X) 4 z/ ||z, and CI, x) Liye) C15,. Therefore, the p-value from MDS-based SigClust

follows the uniform distribution on [0, 1]. O
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Next we consider the alternative hypothesis H; where the data come from a mixture of two

T
1.,

Gaussian distributions. Without loss of generality, we assume that £ = ( —IEQ)T is the n-
dimensional label vector with 1 representing the first group and —1 representing the other. We use
n; to denote the number of observations in the ith group for i € [2]. Let Apax = maxi<j<aAj = A1
Define the signal to noise ratio as SNR = %, where ||p||* represents the signal and Apax the
noise. Intuitively, when ||u||* gets larger, centers of these two clusters are further away from each
other and it would be easier to separate two clusters. On the other hand, when Apax gets larger,
points from two clusters tend to mix together and it would be harder to separate them accurately.
The following results show that when SNR is sufficiently large, we can recover the true class labels

with high probability. Proofs of Lemma 3.3 and Corollary 3.4 in the main chapter are modified

from Little et al. (2022).

2.7.2.3 Proof of Lemma 3.3

Proof. Without loss of generality, assume that x; ~ Ny(p, X) for i € [n/2] and x; ~ Ny(—p, X)
for i € [n]\[n/2]. Denote M = IE(X) as the mean matrix, i.e., M = £u”. Let E = D — MM” =
(IX)(IX)T —~MMT be the error matrix. For shorthand, we write 7 = |E| o, and & = v/n|EV | max-

An obvious bound for x is k < 7. By Lemma 5 of Fan et al. (2018), we have
|81 -2 < @+ 3w/2)/vm,
o0

where w = 16r/(n||p)?). Since x < 7, we have Hf)l—éH < (w? + 3w/2)/y/n, where w =
o0

167/(n [|p]*).

Next we are going to bound 7. Decompose X as X = M + H, where HlT = 7; has the
distribution N(0,X) . Using the fact that JM = M and M?J = M7”, the matrix E can be

represented as
E={JM+H}HIM+H)} - Mmm?

= JMHTJ + JHMTJ + JHHTJ

=J (MH" + HM") J + J (HH” — t2(2)L,) J + tr(X)J.
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Then we can bound the norm of E as

|E| < |3 (MH" + HM") 3|+ [J (HE" — tx(2)L,) J|  + [ tr(2)JT [ o

= (I) + (II) + (III).

We proceed to bound each term. For any matrix product AB, [[AB|max < [A|w|B|max and
|AB|max < [|A|max|BJ1. Since |J| = [J|1 = 2(n — 1)/n < 2, we can conclude that for any
matrix A, [|[JAJ||max < 4[|Allmax, & property that will be used later.

Bounding (I):

|3 (HEM” + MH") J|_ <n|J (HM" + MH") J|

max

<d4n|HM" + MH"| .

Write H = GX'/2, where G has independent N(0,1) entries. Let G! =v;, and we have

Z7j

= <Vi7 21/2,u£j> + <21/2IJ‘£¢7 Vj>7

(EMT + MHT), = (GZ'2MT + M3'2GT)

.3

where pp, represents the mean vector of the jth sample. Therefore,
[EMT + MHT|, < 2max |(520,0,).
3

Since <21/2u,1/¢> ~ N(0,||a||?) for i € [n] independently, where a = X'2u, by concentration
inequality for sub-Gaussian variables, we have for ¢ > 0,

__
>t) < 2e 2lal]

(s )

IP’(mZaX ’<21/2u, I/Z'>

2
<t)=1-—2ne 2lal?,

+2

Choosing 2ne 2Ial?> = 2/n, we have t < 2| | (Amax logn)'/?

, using the inequality |la|® =

HZl/QuH2 < Amax ||£]|%. Then we obtain

IP’(m?X’<El/2u,ui> < 2|l e log 2)Y2) = 1 — 2/,
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We can conclude that with probability at least 1 — 2/n,
|3 (EMT + MHT) J|_ < 160 ||p]| (Amax log n) /2.
Bounding (II):

() = [J{HH" — (D)L} I, = |J{HH' —E (HH")} 3],

< min {4n HHHT -E (HHT) H n'/? HHHT —E (HHT) HQ} :

max ’

Let vi,...,vq € R? denote the eigenvectors of ¥ and decompose 3 as ¥ = Zgzl Asvsvl. Define

gs = Gvg, and we have

d
HH" = GEG” = ) \.Guu!G" =

s=1 s

AsBsBL.

d
=1

Since G has iid N(0,1) entries and {vs,s € [d]} are orthogonal vectors, g, also has iid N(0,1)

entries. We have the following decomposition
d

HH" - E (HH") = ) X\, (997 — 1) .
s=1

Each entry of HH” — E (HHT) can be decomposed as

Zgzl )‘sgs(i)gs(j) (s ]

{HH" - E (HH")}, . =
YA {gs(i)? =1} =3

0,3
Next we show that each entry is sub-exponential. For i # j

E(e!*9:(09:0))y = B[E(e!*+9:(1)9:() g (§))] = E[ez!¥9:0)*] = (1 — £222)"1/2
1 1
< exp{§t2)\§ + §t4xg} for t2A\2<1/2

1 1,5,3
< exp{§t2)\§(1 +1/2)} = exp{§t2(§/\§)}.

It shows that Asgs(i)gs(j) is sub-exponential with (I/él), agl)) = (\/g)\s, V2);). The first inequality

uses the fact that (1 —2t)~1/2 < exp{t + 2t?} for all |t| < 1/4. Therefore Zle As9s(1)gs(7) (i # j)
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[OIPNEY)

is sub-exponential with parameters (v, oy '), where

)2 < \/gx/a)\max and agkl) 1= max agl) = V2 max.

Apply the concentration inequality for sub-exponential variables, for ¢t > 0,

, dt? dt
(’Z Asgs(1)gs(J dt) < 2exp {_ min 1) ) (1))} :
2((vs")?/d) 2a

(1)y2
Suppose t < %7 ie., t< %, then we obtain
Qg

dt? dt?
| > Asgs(i)gs(J dt) <2exp{—} =2exp{—}_
( - 2((iV)2/d) BAZ, 0

E <et(/\s(gs(i)2_1))> <exp {2222} = exp{%t2(4)\g)} for t<

For ¢ = 7,

4N

It shows that A\s(gs(i)2—1) is sub-exponential with (u§ ), gz)) = (2\s,4);). Hence Zgzl As(gs()?—

(2) ())

1) is sub-exponential with parameters (v, where

22 2V dAmax  and ozgf) := max ozg,z) = 4\ pax.

Apply concentration inequality for sub-exponential variables, for ¢ > 0

, dt? dt
<|Z As(gs(i 1| = dt) < 2exp {_mm(2((yf))2/d) e ))} .

(v (2))2
75 e, t < Amax, we have

Assuming t < NE
%

d N dt? dt?
P (|;1 Asgs(i)gs(j)| = dt) < 2exp {—2((%&2))2/@ } = 2exp {_8)\I2nax} .
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Then

P(max|(HH" — E(HH)),;| < dt)
17]

=1 — P(max|(HH" — E(HH"));;| > dt)
Z7]

>1- ) P(|((HH" — E(HHT));;| > dt)

—1 - S P(HHT — BHH")),| > dt) - 3 P((HHT — EHHT)),| > dt)

A i#]
dt? dt?
21—2(n2—n)exp{ }—2nexp{ }
3)\12H8.X SA%IHX
dt?
>1—2n? exp .
8.

Choosing 2n2exp {78)?%2} = 2/n, i.e., t = 2(61logn/d)"/*Amax, we obtain

P ([HE" — E (HE")|,,.. < 2(6logn/d)"*Anax) > 1-2/n,

max

which requires logn/d < 1/24. This condition is always satisfied in the general high-dimensional
setting where d = Q(n).
On the other hand,

HH” — E(HHT) = s(gsgT —1,).

HM&

Using Corollary 5.35 from (Vershynin, 2010), we have for ¢ > 0, with probability at least 1 —
2 exp(_t2/2)7

\/ﬁ -1-t< Smm(gs) Smax(gs) 1+ \/H +1.

Apply Lemma 5.36 from (Vershynin, 2010) with § = y/n + t,

gsg” — I|| < 3max(vn +t,(vn + 1)?) = 3(v/n + 1)?,
[As(gsg? —D)|| < 3M\s(v/n + )2,

max HAS(QSQZ - I)H < 3)\rnax(\/ﬁ + t)2.

The last inequality holds with probability 1 — 2d exp(—t2/2). Choose 2d exp(—t%/2) = 2/n, we
obtain ¢ = 1/2log(nd) and max; || As(gsg? — I)|| < 3Amax(v/n++/21og(nd))? holds with probability
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1 —2/n. We denote K = 3Amax(v/n + v/2lognd)? which will be used later. Decompose

2
(gsgz *In) = HgnggsgsT - 2959? + Im
and we have

lgs]> gs9%
k=1 ki,

T

g
(
(Hg I3 9s9:
(
(9:9

E (lg:I3 9,97 )

Zg( '+ D 95(0°950)°,

Jj

E(lg.139.97) =
Ji

= 950090 2 )2 = 94(7)°gs (i) + 95(1)gs(§) + gs()gs(4) D] gs(k)?,

{)\ 959" In)z} A2 {(n+ 2L, — 2L, + L} = A2(n + 1)L,

Therefore

d

Z E(/\s(gsgg —1,))

s=1

d
2(n + 1)I (n+1 Z < (n+1)dX\2,..

2 2

Denote 02 = (n + 1)d\2

max
. 2 . 2 1)dA
Assuming th? > f—f{, ie,t> 3% = (\ﬁf\/ﬁ)% we have

and apply Theorem 5.29 from (Vershynin, 2010), for ¢ > 0,

d

Z (9s9: — 1)

t2/2 t2 3t
S W) 7
o7y ya) S el min(, )

> t) < 2nexp(—
2

3t
t 2 —-——
2> ) nexp( 4K)

Z )\s (gsgsT - In)

Let 2nexp(—2L) = 2/n, then with probability 1 —2/n,

|HH" — E (HH") |, < 8K logn/3 = 8 Amax(v/n + v/2log nd)*(log n).
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Therefore, suppose d = Q(n), with probability at least 1 — 2/n, when n is sufficiently large

(1) < min {4n [HHT — E (HAT)[ 0" [HHT - E (HHT)|,}

max ’

< min{8n(61og n/d)"*max, 802 (v/n + r/21og nd)? (1og 1) Amax }

= 8n(6log n/d)l/QAmaX.

Bounding (III):

d
(D) = [ t2(2)T oo = tr(2)[Toe < 2t2(2) =2 Y Ay < 2d A
s=1

To summarize, suppose d = Q(n), when n is sufficiently large, we have with probability at least
1—4/n,

| E [0 < 160 ] (Amax logn)"? + 8n(61og n/d)?*Amax + 2dAmax.
This finishes the proof of this lemma. O

Before the proof of the next theorem, we first introduce a lemma which is useful in that proof.
Consider the setting only in this part of the whole chapter: the dimension d is fixed, the sample size
n — o, {x;}", i N(0,%) where ¥ = diag(A1,...,\g) is a fixed diagonal matrix. For notational
convenience, assume that Ay > Ay = A3--- = Ay > 0. Recall that the k-means clustering algorithm

chooses cluster centers by, = (byy, ..., bu) € R¥F to minimize the within-cluster sum of squares,

1 n
= Z min [x; —a,°,

3

which is a function of a = (aj,...,a,). For each center a;, let A; denote a convex polyhedron
which contains all points in R? closer to a; than to any other centers. In addition, we define
W(a) = E[W,(a)]. Let b, be the minimizer of W,(a), i.e., b, are cluster centers. Let pu =

(11, ..., ux) € R¥>F be the minimizer of W (a). Then the cluster index can be represented as

n . 2
Cl(b,) = Wi (bn) _ 2imy Mitigjcr [Xi = basl”

<112
52 ey [xi — %]
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where b, = (b, by,) is the vector of optimal centers chosen by the 2-means clustering algorithm.
Based on the theoretical results in Pollard et al. (1982) and Bock (1985) (Chakravarti et al., 2019,

Appendix B), we have the following conclusion.

Lemma 2.7.1. The minimum within-cluster sum of squares W,, (b,,) has an asymptotically normal

distribution given by,
\/E(Wn (bn) — W(n)) ~ N (0’7—2) ) as  n — o,

where

d
2\
LUMEDIPEES

i=1 &

d 2

16\

2 2 1
T —2i21)\i— 7

Proof. The vector p that minimizes the population within-cluster sum of squares for the 2-means

clustering has components given by

The corresponding optimal population clusters are

Alz{x=(m1,...,ajd)eRd:x1éO}, and

Agz{x:(ml,...,xd)eRd:xl>O}.
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Through calculation, we have
W () =B |[x = | Tig, <oy | + B[ Ix = p12]* Lz,
— 28 [|x — 1 |* Ly, <o)

d
=2 (E [(Il — p11) ]1{331<0}] + Z E Li H{9C1<0} )

=2

which finishes our first claim of the mean term.

Similarly,

\]
+
ﬁ w\v—l

— AB[lx = m|* 21 < 0| + E||x — pal* | 21 > 0}
~E|

Hx—uﬂ!x1<ﬂ

d

=K 331 Hll |X1<0]+22E[SE1 /~511) ‘$1<O]E[2]
=2

[<x1 [i11) +Z >2|x1<0
L

23 3 BB+ DBl

i=2j=2,j#i i

d
=A§<3—i—g>+22A1Ai<1 )+22 2 Ai)j +3Z)\2.
=2

1=2j=2,9%#1

Plugging in the value of W (u), we have

which finishes the second claim of the variance term.
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Corollary 2.7.2. The CI has the following convergence result:

n : 2
Cl(by,) = Wi (br) _ i1 Minigj<o [Xi — byj| as 1 _ 2N

— 2 d
52 Z?:l |xi — x| WZZ‘=1 Ai

Proof. By the strong law of large number, we have

1 n d
= 2 Ixi — x| == Z Ai-
ni:l =1

Using Lemma 2.7.1,
2)\

Combining the above two results together,

Clby) = VW 2N

Y PV v IPY

which finishes the proof. O

2.7.2.4 Proof of Corollary 2.3.4

Proof. From Lemma 3.3, with probability at least 1 — 4/n, we have

le é” (w? 4 3w/2)//n,

with w = HMH 2 {8(Amax Log n)1/? + 4(61og n/d) > Amae/ | 1] + dAsmax/ (n] 2]))}-

1/2

Suppose d = O(nlogn) and 25 = o). We obtain Cmsslegn” _ (1) Amasllogy? _

i H | lleell
P1 — 4’ o( 7).

o(1), and dﬂ‘“‘ﬁ’g = 0(1). Therefore, we have w = o(1) and ’

2.7.2.5 Proof of Theorem 2.3.5

Yko1 Yjecy [ % —%*) I*

—2
Z?:ﬂ‘xj —x|

Proof. Recall the definition of the CI for data X: Clx =

. We will prove this
theorem by showing that under the alternative hypothesis,

1) The CT of the simulated data Z in Steps 5 and 6, CIz, is bounded away from 0 as n — o0;
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2) The CI of the MDS matrix Y, Cly, converges to 0 as n — 0.

Take r = 1. According to the procedure of our MDS-based SigClust and using the scaling-
invariance property of the CI, we generate n independent samples z = (21, ..., 2,) with z; inde-
pendently from N(0,1) in Step 5. Denote the cluster index of Z as C'I,. Applying Corollary 2.7.2
with d = 1, we have CT, % 1 — % Therefore, C'Iz is bounded away from 0 when n is sufficiently
large which finishes our first claim.

For the second claim, choosing r = 1, the MDS matrix can be represented as Y = p;. In the
main chapter, we have shown that p; = nxlf)l. Because of the scale-invariance of the C1, it is
equivalent to calculate CT using v/np;. From Corollary 3.3, with probability at least 1 — 4/n, we
have Hf)l - ZHOO = o(ﬁ) and ||v/np1 — £||, = o(1), where £ is the vector of the true labels.

Denote /np1 = (p1,--+ ,Pn). Let Cr be the true sample index set and O} be the sample index
set clustered by the 2-means clustering algorithm of the kth cluster, for k € [2]. For arbitrary € > 0,

there exists dy such that Vd > do, ||v/np1 — £||,, < €. Then we have
pi€[l—¢1+¢]forie Ci,pY e [1—€1+¢€];

pie[-1—¢—1+¢],forie Cy,p? € [-1—€,—1+¢€];
psll = (1 —¢).

Here, V) and p® represent the within-cluster means. Finally,

_ Zi:l ZjeCk Hpj _ﬁ(k)Hz
S Ips — 2P
2
Rl

2
21 [psl
2

Cly

4dne
< —

n(l—¢)?

42
:;—»Oase—>0,

1o

which finishes our second claim and the whole proof. ]
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The proof of Theorem 3.6 is similar to that of Theorem 3.5, therefore it is omitted.

2.7.3 Simulations

In this section, we provide extended simulation results. Methods include SigClust using soft
thresholding (SigClust-Soft, Huang et al. (2015)), our proposed MDS-based SigClust (SigClust-
MDS) and SigClust with the true covariance matrix (SigClust-True), and SigClust-MDS with the
true covariance matrix (SigClust-True-MDS). The SigClust-Soft, SigClust-True and SigClust-True-
MDS generate Gaussian data under the null in the original space. Our MDS-based SigClust involves
the estimation of the sample covariance matrix in a low-dimensional MDS space.

To account for the rotation invariance of the test statistic CI; under a single Gaussian and
a mixture of Gaussians with identical covariance matrices, we restrict our attention to the case
where the covariance matrix 3 for each Gaussian component is diagonal, with entries A1,..., A4
We let n = 100, d = 1000, and N, = 1000 in all cases unless specified otherwise. The cluster
assignments of the CI; are obtained from the k-means clustering with the value of & specified in
each section. The percentile p-values are used throughout. We evaluate different methods on their
ability to maximize the power while controlling the type I error.

In Section 2.7.3.1, we generate data from the null hypothesis, i.e., data from a single Gaussian
distribution. In each case, we compare the type I error (defined as the wrong rejection rate)
of different methods.. In Sections 2.7.3.2 and 2.7.3.3, we consider data from a mixture of two
Gaussian distributions with varying mean difference and explore the power (namely how often they
correctly reject the null hypothesis) of different methods. To demonstrate the performance of our
method under distributions other than Gaussians, we generate data from x? and double exponential

distributions and visualize the results in Section 2.7.3.4.

2.7.3.1 One Cluster

We compare the type I error of three SigClust-based methods. Suppose data are generated

from a single Gaussian distribution with the covariance matrix ¥ = diag(v,...,v,1,...,1). We

N~

w
consider 31 different combinations of v and w, as shown in Table 2.8. SigClust-True uses ¥ to
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Table 2.8: Summary table of the mean, N5 and N of p-values based on different methods under various
settings.

SigClust-True SigClust-Soft SigClust-MDS
v w | Mean Ns Njg | Mean N; Nig | Mean N5 Nyg
1000 1 0.53 6 8 0.47 0 2 0.51 8 9
200 5 049 4 11 | 076 0 0 0.51 4 8
100 10 | 049 6 12 | 088 0 0 0.54 2 9
40 25 | 045 10 12 | 097 0 0 0.51 3 7
20 50 0.5 8 13 1 0 0 044 12 14
10 100| 049 7 13 1 0 0 047 9 14
200 1 0.51 6 10 0.4 0 0 049 6 12
100 1 0.55 4 6 036 0 1 0.50 10 11
50 1 0.53 1 7 032 0 0 053 0 9
40 1 047 9 17 0.3 0 1 0.53 5 11
30 1 047 6 14 0.3 1 5 0.50 5 11
20 1 0.5 5 12 | 046 0 0 049 6 14
10 1 0.54 3 9 098 0 0 0.50 10 14
50 10 0.5 3 6 0.86 0 0 0.50 3 10
40 10 | 048 5 1 | 082 0 0 0.46 5) 10
30 10 | 052 4 9 0.79 0 0 049 8 14
20 10 | 0.51 5 9 0.7 0 0 0.48 7 10
10 10 | 048 10 14 | 094 O 0 0.50 6 7
50 5 0.51 3 12 | 065 0 0 044 11 16
40 5 053 9 10 | 066 O 0 049 ©6 9
30 5 0.5 9 10 | 0.61 0 0 0.46 9 15
20 5 0.52 6 8 0.68 0 0 054 5 8
10 5 047 9 12 | 094 0 0 0.48 7 13
50 2 049 5 13 |1 042 0 1 048 8 15
40 2 047 3 9 043 0 0 0.50 9 15
30 2 049 8 14 | 043 0 1 0.55 6 11
20 2 0.56 6 7 055 0 0 0.46 5 12
10 2 049 3 6 097 0 0 0.51 7 8
5 1 0.45 7 16 1 0 0 0.48 7 14
3 1 0.5 4 8 1 0 0 044 7 12
1 1 0.45 4 12 1 0 0 0.47 5) 13
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generate new data Z. We repeat the simulation 100 times in each setting. We use modified version
of MDS-based SigClust with C'I, and r = 2.

Because the data come from a single Gaussian distribution, we expect p-values to be uniformly
distributed on [0,1] and the mean of p-values close to 0.5 if the covariance matrix estimation is
accurate. Table 2.8 shows the means of p-values and the numbers of p-values that are less than
0.05 (N5) and 0.1 (Nyo) in 100 repetitions. For SigClust-True, first column of Table 2.8 shows
that the mean of p-values is close to 0.5 and the type I error is smaller than 0.1 under the level
of significance a = 0.05 in each case. For SigClust-Soft, the mean of p-values is close to 1 when
v is small; N5 and Njg are 0 in most cases. SigClust-Soft is too conservative because it does not
reject the null hypotheses in almost all settings. The performance of SigClust-MDS is close to that
of SigClust-True, which confirms the property of uniformly distributed p-value on [0, 1] proved in
Theorem 3.2 of our main chapter. Overall the results demonstrate the effectiveness of our proposed
method under the null hypothesis.

Note that in some cases, the values of N5 and Nig for SigClust-True are larger than the
significance levels « of 0.05 and 0.1. The reason is that we are generating data from the high-
dimensional, low-size setting (n = 100,d = 1000). Although we know the true covariance matrix,
considering the noise accumulated from high-dimensionality, the randomness brought by the 2-
means clustering algorithm, and the number of replications being only N,., = 100, it can be
challenging to get precisely uniformly distributed p-values. The phenomenon gets more apparent
when there is a weaker signal in the first few coordinates, for example, > = I;. In those cases, it
is more difficult for the k-means clustering algorithm to divide the data into two clusters perfectly
under high-dimensionality. To further explore this, we increase the number of replications from
Nyep = 100 to 1000 for the setting with v = 10,w = 10 (see row 18 in Table 2.8), and the type I

error becomes 0.06 and gets closer to the significance level 0.05.
2.7.3.2 Mixture of Two Gaussian Distributions With Signal in One Coordinate Di-
rections

Additional figures of Section 4.1 of the main chapter are presented here. Consider three settings
for 3 the same as Section 4.1 of the manuscript:

1) ¥ = diag(100, 100, --- ,100,1,--- ,1), where the first 10 coordinates have entry 100;
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2) ¥ = diag(10,10,---,10,1,---
3) ¥ = diag(100,95,---,10,5,1,---,1).

The first setting corresponds to the spiked covariance

model, with a few large eigenvalues and others small.

In the second setting, we assume a group of medium-large eigenvalues and the other small ones.

, 1), where the first 100 coordinates are set to 10;

The third setting interpolates between the first two, where the eigenvalues decrease gradually.

Figures 2.6 - 2.7 show the empirical distributions of p-values with varying a for settings 1 and
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Figure 2.6: Empirical distributions of SigClust p-values using true, soft and MDS methods for Setting 1.
The mean difference comes from one direction with a = 0,12, 18, respectively.
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2.7.3.3 Mixture of Two Gaussian Distributions With Signal in All Coordinate Direc-

tions

In the above section, we considered the mean vector in the form of (a,0,...,0), where the
signal comes from one coordinate direction. Next we consider the scenario where the signal comes
from all coordinate directions. Data are generated from a mixture of two Gaussian distributions,
INg(p, 2) + 3Ng(—p, 2), where p = (a,a,...

,a). The underlying covariance matrix is X% =
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S+ pp”, which is used by SigClust-True to generate the simulated data Z in the testing procedure.
We use modified version of MDS-based SigClust with C'Iy and r = 2.
Consider three settings for 3 the same as Section 4.1 of the manuscript:
1) ¥ = diag(100,100,---,100,1,--- ,1), where the first 10 coordinates have entry 100;
2) ¥ = diag(10,10,---,10,1,--- , 1), where the first 100 coordinates are set to 10;
3) ¥ = diag(100,95,---,10,5,1,--- ,1).

Figures 2.8 - 2.10 show the empirical distributions of p-values with varying a. Compared with
Section 3.2, since signals exist in all directions, a much smaller a is enough for all methods to
detect significance of clusters. Furthermore, the difference among three methods is smaller than
the settings in Section 3.2. The main reason is that when signals come from all directions, there
is less contrast between the first few sample eigenvalues. The ratio between the first and second
largest sample eigenvalues is much smaller than that of Section 3.2.

Among three settings, the second one is slightly different from the other two and the covariance
matrix of Gaussian mixtures is far from a spiked one. As shown in Figures 2.8 - 2.10, SigClust-Soft
has little power. This is because SigClust-Soft uses the spiked covariance assumption which is not
satisfied here. In addition, SigClust-MDS can work well even with a relatively small a. Through
calculation of the eigenvalues of the sample covariance matrix, we find that under the same a,
the ratio between the first and second largest sample eigenvalues is much larger in this setting.
Therefore, SigClust-MDS can detect the separation signal on the first coordinate and produce an
significant p-value using a smaller a. Overall SigClust-MDS is better than SigClust-Soft in all three

settings, especially when the spiked covariance assumption fails.
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2.7.3.4 General Alternative Distributions

In our main chapter, the simulations focus on some specific alternative assumptions %Nd( w, X))+
%Nd(u, 3)) where there are two mixture components with equal cluster size and same covariance
matrix. In this section, we provide extended simulations under different alternative structures
including unequal cluster sizes, unequal covariance matrices, and a mixture of three Gaussian
distributions.

For all settings, we set n = 100 and d = 1000. For unequal sizes, data are generated from
iNg(1,2) + 2Ng(—p, 2) with oo = (a,...,a) and ¥ = I;. For unequal covariance scenario, we

consider the alternative hypothesis in the form of $Ny(p, £1) + 3 Na(—p, o) with p = (a,...,a)

and two different settings of covariance matrices:
e Case 1: 21 = Id, 22 = 1.5Id.

e Case 2: 31 = Iy, 3y = diag(10,...,10,1,...,1) where length of 10 = 10.
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Additionally, we generate alternative data from a mixture of three Gaussian distributions
2Ny(0,14) + $Na(p1,1a) + 2Ng(po, Ig) where py = (a,...,a) and po = (a,...,a,—qa,...,—a)
with length of a = d/2.

Figures 2.11 show the four alternative settings we mentioned above. The number of a below
each figure is the value we used to draw the figures. Our MDS-based SigClust performs good under

different alternative scenarios with reasonably large separation signal.
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Figure 2.11: Empirical distributions of p-values based on SigClust-Soft and SigClust-MDS in the high-
dimensional setting under different alternative settings.

2.7.3.5 Sensitivity Analysis

Although our theoretical analyses focus on Gaussian clusters, our method applies to distribu-
tions other than Gaussians and is conservative in a number of settings in the sense that if the test is
significant, this might indicate strong evidence of underlying clusters. Besides the ¢ and poisson dis-
tributions provided in the main chapter, we generate data from chi-square and double-exponential
distributions. Figures 2.12 show that our proposed method is robust under the null and remains

good power under the alternatives.
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Figure 2.12: Empirical distributions of p-values based on SigClust-Soft and SigClust-MDS in the high
dimensional setting under double exponential and chi-square distributions.

2.7.4 Real Data Analysis

In this section, we provide additional real data analysis and figures in Section 5 of our main

chapter.

2.7.4.1 Breast Cancer Gene Expression Dataset

Table 2.9 presents the testing result when we try to divide a single cluster into two. The p-
values are all insignificant by SigClust-MDS, which prevent splittling further for each single breast
cancer type data.

Table 2.10 shows the generalized MDS-based SigClust on the entire breast cancer dataset with
five subtypes. Although our proposed method estimate the number of clusters as 5, the clustering
error (0.31) is large indicting that the estimated labels do not correspond to the true biological
subgroups. Therefore, the evaluation result from the generalized MDS-based SigClust on the entire

dataset is not reliable due to the poor clustering performance.
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Table 2.9: SigClust p-values for testing each single subgroup in the breast cancer dataset.

SigClust-Soft  SigClust-MDS

Basal 0.018 0.967
Normal 0.039 0.13
Her2 0.991 0.893
LumB 0.901 0.787
LumA 0.733 0.811

Table 2.10: Application of the generalized SigClust-Soft and generalized MDS-based SigClust on the entire
breast cancer dataset.

SigClust-Soft  SigClust-MDS

Decision Reject Hy Reject Hy
True K =5 Choice of K 5 5
Clustering error 0.18 0.31

2.7.4.2 Lung Cancer Gene Expression Dataset

We implement our method on a lung cancer gene expression dataset consisting of 254 samples
and 12625 genes. A detailed description of this dataset can be found in (Bhattacharjee et al.,
2001). The original dataset consists of samples from 6 different lung cancer types. We focus
on 4 unambiguous histological types for which there is little diagnostic confusion: 17 normal lung
(normal), 20 pulmonary carcinoid tumors (Carcinoid), 13 colon metastases (Colon), and 6 small cell
carcinoma (SmallCell). We aim to test whether clustering the dataset into subgroups is statistically
significant. We filter the genes using the ratio of the sample standard deviation and sample mean of
each gene and keep 2530 of them with large ratios. Then we apply standardization to the remaining
genes. After filtering, the dataset consists of 56 samples and 2530 genes.

Table 2.11 shows p-values for 6 pairs of lung cancer subtypes. All these p-values are small,
indicating that these subgroups are significant. This confirms that these lung cancer types are

significantly different from each other.

2.7.4.3 Applications in Natural Language Processing

The dataset peopleb consists of data points from five different categories of famous individuals:

classical composers, artists, authors, mathematicians, and pop musicians. Fach subgroup has a
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Table 2.11: SigClust p-values for each pair of subtypes for the lung cancer data. The known class labels
are used to calculate the CI.

Soft(True) Soft(Est) Error(Soft) | MDS(True) MDS(Est) Error(MDS)
Carcinoid & Colon 2.60e-06 1.69e-2 0 1.33e-08 5.87e-5 0
Carcinoid & Normal 3.73e-11 9.71e-11 0 1.17e-3 2.08e-7 0
Carcinoid & SmallCell | 3.73e-5 1.75e-05 0 6.93e-05 3.35e-2 0
Colon & Normal 3.50e-6 3.41e-6 0 5.41e-7 2.93e-4 0
Colon & SmallCell 0.018 0.02 0 8.84e-5 0.035 0
Normal & SmallCell 2.19e-06 2.31e-6 0 5.67e-5 1.27e-3 0

sample size of 25. The dataset alt-ds contains titles and authors’ last names of the papers from
two conferences — Algorithmic Learning Theory (ALT) 2004 and Discovery Science (DS) 2004, with
34 papers from ALT and 30 from DS. Moreover, we use datasets math-med-fin containing 20
terms each from the mathematical, medical, and financial terminology, as well as finance-cs-j
containing 20 financial terms and 10 cs terms in Japanese. The dataset phil-avi-d has 98 terms
from philately and 100 terms from aviation in German and math-cuisine has 254 mathematical
and 346 cuisine-related terms (in English). The distance matrices of the last two datasets are not
fully given: in phil-avi-d 50% of the entries are given and in math-cuisine only 30% entries are
known (Poland and Zeugmann, 2006b).

Figures 2.13 - 2.14 visualize six datasets (used in Section 5.4) using the two-dimensional MDS
embeddings with different colors representing different subgroups. In Figure S6, the two plots
represent datasets after imputation with average of non-zero entries. Note that in Figures S5 (b)—
(d) of datasets alt-ds, math-med-fin and finance-cs-j, there are outliers that lie far away from
most of the points. By checking the original datasets, we figure out that these outliers are further
away from the cluster centers compared with the other points in the same group. Outliers may
create challenges to the testing because one outlier itself may form a cluster when we apply k-means

algorithm.
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Table 2.12: MDS-based SigClust test results for all five datasets alt-ds, math-med-fin, finance-cs-j, Phil-
avi-d and math-cuisine.

SigClust-MDS True SigClust-MDS Est  clustering error

alt-ds
ALT vs DS 1.36e-07 4.47e-08 0.016
math-med-fin
math vs med 1.08e-08 1.15e-09 0
math vs fin 4.96e-03 2.98e-04 0.025
med vs fin 2.31e-08 1.86e-08 0
finance-cs-j
finance vs cs 0.075 9.79¢-04 0.067
phil-avi-d
Phil vs avi (impute) 6.58e-05 9.88e-11 0.04
math-cuisine
math vs cuisine (impute) 6.90e-33 1.43e-46 0.032
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CHAPTER 3
Consistency of Iterative Algorithms for Clustering Under Perturbed Models

3.1 Introduction

The second project is on the topic of consistency analysis of iterative algorithms. Examples of
iterative algorithms include Lloyd’s algorithm for clustering, EM algorithm, Variational inference,
and Gibbs sampler. The analysis of iterative algorithms is important because they are widely used
in practice. For example, k-means clustering is NP-hard and usually implemented via the iterative
Lloyd’s algorithm.

Despite the usefulness of these algorithms, theoretical results on consistency are less studied.
Therefore, our goal is to bridge this gap between practice and theory of iterative algorithms,
demonstrating the performance of these algorithms via theoretical analysis. Lloyd’s algorithm is
the focus of our current work, one of the most popular clustering algorithms used by practitioners,
with a wide range of applications from computer vision to astronomy and biology. Lloyd’s algorithm
is very simple and easy to implement. It starts with an initial estimate of centers or labels and then
iteratively updates the labels and the centers until convergence. Despite its simplicity and a wide
range of successful applications, surprisingly, there is very limited theoretical analysis explaining
Lloyd’s algorithm’s effectiveness. It is well known that there are two issues with Lloyd’s algorithm
under the worst-case analysis. First, as a greedy algorithm, Lloyd’s algorithm is only guaranteed
to converge to a local minimum. Second, the convergence rate of Lloyd’s algorithm can be very
slow. Its analysis can be challenging due to the dependence between iterative steps. There is
one fundamental paper Lu and Zhou (2016), which analyses Lloyd’s algorithm under independent
sub-Gaussian mixture models. It shows that the misclustering rate of Lloyd’s algorithm, given a
good enough initial clustering, has an exponential bound after O(logn) iterations.

In practice, to cluster high-dimensional data or network data, some dimension reduction tech-

nique is first applied, and then Lloyd’s algorithm is implemented on the low-dimensional embedding
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space. Consider the popular stochastic block model, the most important network model. In the
SBMs, a network consists of k communities. We observe a symmetric adjacency matrix where each
coordinate is generated from a Bernoulli distribution, whose parameters are determined by the
low-rank k£ x k connection probability matrix and the community labels. For the theoretical limit
on spectral clustering in stochastic block models, many papers use k-means as a final step to recover
community labels to achieve fundamental limits in community detection. For example, in Zhang
(2023), the last step of the algorithm is implemented via k-means clustering. However, it is unclear
whether this kind of fundamental limit can be achieved in practice. This example motivates us to
study the consistency of Lloyd’s algorithm and try to understand this phenomenon. One difficulty
in analysis lies in the dependence between observations after dimension reduction.

To tackle this, we propose a perturbed mixture sub-Gaussian model, which incorporates spec-
tral clustering in SBMs as one application. The analysis is based on the step-wise analysis of
cluster-wise misclustering rate and consistency of estimated cluster centers. Moreover, we theoret-
ically investigate the relationship between the perturbation and the other parameters to guarantee

exponentially small clustering error.

3.1.1 Informal Description of Our Results

Here we briefly summarize the main contributions of this chapter:

(a) Consistency under perturbed data: In many situations, unsupervised learning algorithms
such as Lloyd’s algorithm are not directly applied to the original data but rather pre-processed
versions of the same; this could be for example either owing to lack of access to the original
data, for example where these objects are loading vectors for factors in high-dimensional
time series data, or owing to dimension reduction pipelines such as PCA. Such issues lead to
clustering estimates of y; which introduces an estimation error, typically dependent across y;’s
as the entire data set is used for such estimation. The goal of this chapter is to understand
the correctness of Llyod’s algorithm in such perturbed settings. In the sub-Gaussian mixture
settings, with small enough perturbation, via a careful modification of the original proof in Lu

and Zhou (2016), we show that the misclustering rate of Lloyd’s algorithm has an exponential
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bound after O(logn) iterations. Our main theorem reduces to the one used in Lu and Zhou

(2016) as a special case.

(b) Properties of initialization generating algorithms: The main result requires control both
on the level of perturbation as well as moderate control on the initialization of the algorithm.
We provide (lower) bounds for algorithms such as k-means++ (Arthur and Vassilvitskii, 2007)

to provide such initializations.

(c) Significance of clusters: Over the last decade, there has been significant effort in formulating
a methodology for testing the significance of found clusters in unsupervised learning approaches
(Liu et al., 2008; Shen et al., 2023). We show the implications of the results, in particular

showing consistency of methodologies such as SIGCLUST (Liu et al., 2008).

(d) Canonical applications: We apply the main results to a number of fundamental examples,
including high-dimensional data that undergo an initial dimension reduction step such as

multi-dimensional scaling and community detection for networks.

3.1.2 Organization of the Chapter

The next section describes the notation used in the chapter. Then in Section 3.3, we introduce
the general clustering framework studied in this chapter. In Section 3.4, we state and prove the main
results, while Section 3.5 has applications of the main results in a number of settings. Lastly, Section

3.7 contains the proofs of the main results while Section 3.8 contains proofs of the applications.

3.2 Notation

All vectors in this chapter will be treated as column vectors. Unless otherwise stated, we will
use |x| to denote the Euclidean 2-norm of a vector € R" and for two vectors @1, x9 € R" write
(&1, x2) := @2 for the inner product between these two vectors. For square matrix A € R™*",

write |A[ for the spectral norm of A. The 2 — oo bound for any matrix X € R™*"™ is defined as

IX[[2-00 = max | X,
i€n
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where X; € R™ is the column vector corresponding to the i-th row of X. Let Apax(A) and Apin (A)
be the maximal and minimal eigenvalues of any real symmetric matrix A. For any finite set .S, write
|S| for the cardinality of S. A random vector X € R" is said to be sub-Gaussian with parameter

o > 0 if, for all a € R",

o

Ee(X—]EX,a) <e 2

For sequences {a,} and {b,}, we write a, = o(b,) or a, <« b, if lim,a,/b, = 0, and write
an = O (by),an, < b, or b, 2 ay if there exists a constant C' such that a, < Cb, for all n.
We write a, = w(b,) if b, = o(a,) and a, = Q(b,) if b, = O(a,). We write a, = ©O(by,) if
ap, = O(b,) and a, = Q(b,). We write a,, = b, if a, < b, and a, = b,. We write op,Op
for the corresponding probabilistic anologues, so for example, for a sequence of random variables
(Xp; n = 1) and constants (b, : n > 1) with b, 1 o0, we write X,, = op(b,) when X, /b, .0
as n — 0. Throughout, C,C,Cs, ... are constants, that can change from line to line. We let
w P

a.s. . . . . . . o7
—, —>, and — respectively denote convergence in distribution, convergence in probability, and

almost sure convergence.

3.3 Ground Truth Template

Fix K > 2. Suppose {y]}i[, are independent samples from a K-mixture distribution G.
More precisely, let p = {px : k € [K]} be a probability mass function (with each component
strictly positive) and let {F}, : k € [K]} be K sub-Gaussian probability measures on R" each with

sub-Gaussian parameter ¢ > 0. Define F to be the mixture distribution,

K
]'— = 2 pk}—k- (3.1)
k=1

Next, let y ~ G independent across ¢ € [n]. Let z : [n] — [K] be the membership function where
z; = k if and only if y ~ Fy. If z; = k, we say that 7 belongs to the k-th cluster. Write py, := IE F,

for the population mean of the k-th component of the mixture. Then we write

Yy = p, + w, (3.2)

62



where {w;,i € [n]} are independent zero mean sub-Gaussian vectors with parameter o > 0. We
assume that we do not observe the true samples {y; };c[] and instead observe a perturbed sample
{Yi}icn) given by

Yi=Y; +e=p, +w +e, (3.3)

where {e;};c[,] is some (potentially dependent across i) noise assumed to be uniformly bounded by

(a problem dependent) parameter e, i.e.,
max [e;]| < e. (3.4)
i€[n]

In our application settings, we will have high probability bounds on the event in question corre-
sponding to (3.4). Let Y = (y1,...,yn)" € R™ " be the observation matrix. Let Z € R"*X be the
true membership matrix with Z;;, = 1 if z; = k and 0 otherwise. Let M = (p1, ... i)l e REXT
be the cluster center matrix. Let E = E; + Ey where E; = (eq,...,e,)" and Es = (wy,...,w,)T.

Then the model in (3.3) can be written in matrix form as
Y =7ZM+E =7ZM + E; + Eo, (3.5)

with |Ei]2—0 < € and Ey row-independent sub-Gaussian matrix with ¢ > 0. The model can
be summarized by four driving ingredients {Z,M,¢,o}. Note that we view y; as an at most €
perturbed observation of y. One may also view y; as an estimate of ¥y under the condition that
|lyi —y|| <e. Although assumption (3.4) appears restrictive, owing to foundational recent advances
in high-dimensional statistics and probability (see e.g. Abbe et al. (2022, 2020) and the references
therein) as described in Section 3.5, there are many settings in which such bounds can be obtained
with high probability.

For the rest of the chapter, we will write X for the data that needs to be clustered; the

underlying model will always be clear from the context.

3.4 Main Results

We start by describing the main result in this chapter. We then show the implications of the

main result for various canonical settings.
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3.4.1 Main Result

For k € [K], let Cy, = {i : z; = k} for the true k-th cluster and recall that n; = |Cj| denotes the

corresponding cluster size. For the minimal cluster density, write
a = min —, (3.6)

Let {ﬁ,(j)} and 205 be the estimated cluster centers and membership function respectively, after
s = 0 iterations of Lloyd’s algorithm applied to {y;};c[,)- The initial centers and corresponding

membership function correspond to the s = 0 setting. For any [, k € [K], define,
U =iz =12 = k} (3.7)

as the subset of samples in cluster [ which are assigned to cluster k at the s-th iteration. Note that
the cardinality of these sets determines the number of misclustered points. Let ﬁl(z) = |Ul(ks)| and

ﬁ,(:) =i 21.(8) = k}|. Denote the misclustering rate at iteration s as

n

_ 1 (5) A
Ay = max ;H{Zi # ()}, (3.8)

where Sk is the group of permutations on [K]. Assume the cluster labels have being aligned such

that 7(i) = 4, then we can write the misclustering rate as
1 ~(s)
A= —

s n 2 Ny

(L ke[ K]:1#k}

and the cluster-wise misclustering rate at iteration s as

Gs = max {A(ls) Z ?Ll(z), L Z ﬁ,(;)} : (3.9)

LRIy iz Ky

The misclustering rate A denotes the number of points incorrectly clustered after s steps of Lloyd’s
algorithm and G, denotes the maximum, over all clusters, of the proportion of points incorrectly
placed in a cluster or the proportion of points in a cluster that were misclustered. Note that both

As,Gs <1 and Gya < A,
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In order to obtain bounds on the misclustering rate, we now describe assumptions required on
the mixture distribution F such as separability of the means as well as signal-to-noise ratio. Define

the minimal and maximal distance between the true population cluster means as
A = min — and M = max — . 3.10
in 1 — ]| nevs s — (3.10)

Define the scaled maximum of the mean estimation error at iteration s as,

1A% —
I, = . I LY
ik A

A | « ValA
Po = ; 1 + %7 Pe = 6 9 (312)

If o =0o0re=0, we will let p, = © or p. = 00, respectively. Note that both p, and p. increase

(3.11)

Define the signal-to-noise ratio,

if the distance between the mixture means {f} e[ increases. If each component of the mixture
distributions is more concentrated around their respective means, then p, increases. Similarly, if
there is less perturbation error e, then p. increases. So with large enough p, and p., one would
expect Lloyd’s algorithm to do well. However, as discussed in Section 3.1, k-means is reliant on a

good initialization. We require that the initialization satisfies one of the following two conditions:

2 Po Pe a al/t\ A

= Mg <= — — — _
M o ‘ 2 Po Pe al/4

(3.13)

. <<1 Ve+1 21ya+1 1 O'>A 1 1 1lya+1 1 [o
0x\|\35— - N
A

Note that as p, or p. increases, the stringency imposed by the above conditions on the initial-
ization weakens. The bound on Gy is a requirement on our initial cluster assignments while the
bound on I'j states that the initial cluster mean estimates should not deviate too far from the true
means relative to A.

Given the initialization condition and upper bound on the additive perturbation €, the next

result shows an exponential bound on the misclustering rate Ag for s = O(logn) with probability
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at least 1 — §, where ¢ is an explicit error bound with dependence on n, o, A, ps, pe, given by

d(n,o,A€) =% + 2exp <§> + 2exp <\/A€7> .

Note that § — 0 as ps, pe, n — 0.

Theorem 3.4.1. Assume that

na = C1K logn, (3.14)
po = CoVK, (3.15)
pe = C3VK, (3.16)
§ > rlog(3), (3.17)

for some sufficiently large constants C, Co,C3 > 0. Assuming the initialization satisfies (3.13), we

A? A?
As < max {exp <_1602> , €Xp (_860'>} for all s> 4logn (3.18)

have

with probability greater than 1 — d(n, o, A, €).

Remark 3. The noiseless setting “e = 0” was analyzed in a fundamental paper by Lu and Zhou
(2016). One main goal is to show how the proof techniques developed in that paper carry over to

settings with additive perturbation.

Remark 4. Compared with the proof in Lu and Zhou (2016), we have overcome a few difficulties.
Firstly, we need to deal with three parts of error: the sub-Gaussian error, the random perturbation
error and their interaction in each iteration step in a nearly optimal fashion. Specifically, we employ
a different way to decompose Ay so that each error can be bounded well. Secondly, we improved
some of the key lemmas to achieve better consistency results. Thirdly, in the sparse stochastic
block models, we revised the proof to achieve a significantly improved version using properties of

sparse networks.

Remark 5. Note that the bound on the misclustering rate depends on both the effective signal-
to-noise ratios. The max term in the error bound indicates that it is not good enough to have

just one of these terms be low. We must have small enough perturbation and sub-Gaussian error
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relative to A for Lloyd’s algorithm to work well. Also, as the distance between the means gets
smaller, we require smaller additive perturbation error ¢ and smaller sub-Gaussian error o for a
better probability. Finally, we note that the proof of Theorem 3.4.1 has not been optimized to find
the lowest constants Cq,Cs,C3 > 0 such that the result holds. Although the current proof uses
some quite large constants C, Co, C3 > 0, our simulations show that the constants can be much

smaller in practice.

Remark 6. The initialization conditions given in (3.13) ensure that the initialized means are not
too far away from the true means. Consider the case when K = 2. Then the condition on I'y yields
that the initial means ﬁﬁo), ﬁgo) must be at most %A distance away from g1, to, respectively. As
the signal-to-noise ratios increase, the distances are allowed to approach A = %|pu1 — po|. Note
that even though the initial condition on Gy is a bound on the cluster-wise misclustering rate, we
have shown in the proof of Theorem 3.4.1 that the condition on G implies the condition on I'y in

this setting. This is not surprising since good initial cluster labels should indicate that the means

are relatively close to the true means.

Remark 7. Even with large signal-to-noise ratios, without the initial conditions (3.13), Lloyd’s
algorithm may arrive at a local minimum different from the global minimum. A theoretical example
is given by Lu and Zhou (2016), showing that (3.13) is almost necessary. In Figure 3.1, we provide
an example where 0 = 0, ¢ = 1, and A = 24/2. But with initial means not satisfying (3.13), Lloyd’s

algorithm converges to a local optimum which yields a bad misclustering rate.

As a byproduct of Theorem 3.4.1, we have the convergence rate of estimated cluster centers

under our proposed model. A similar result was stated in Lu and Zhou (2016, Theorem 6.2), but

.. . 2 2\ .
our results seem to indicate the presence of an additional error term 1?}% exp (—%) in the error

bound.

Corollary 3.4.2. Assume that na = C1K logn, p, = CovV/'K, pc = C3vVK a2 rlog(3), for some

’ €0

sufficiently large constants C,Cy,C3 > 0. Then given any initializer satisfying

2 Po pe oAV A

Go

IN

or I'o<-———

1 V6+1 21ya+l 1 [0\ A 1 1 1llya+l 1 [o
M 2 po Pe al/t\ A7
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Figure 3.1: An example illustrating the need for the initial conditions given in (3.39). Note that even with
clear separation of the clusters, there exist candidate initial means which lead to local optima with a bad
misclustering rate.

we have for s > 4logn,

i, As 1
ma () — i) < 2VBVEK + 1oy [P Ay oa %o oy [TE0BR
ke[K] o o —

where Ay, < max {exp (—%) , €Xp <—$€—i>} and with probability 1 — % — 2exp (—%) —

2 exp (_\/A?a)

3.4.2 K-means+-+ and Good Initialization

Note again that Theorem 3.4.1 hinges on good initialization (3.13). The aim here is to show
that one standard method of finding “good” initial seeds, the so-called k-means++ algorithm
(Arthur and Vassilvitskii, 2007) is able to provide such seeds with high probability, provided enough
separation between the clusters. We work in the following simplified setting albeit similar proof

techniques should apply more generally:

(a) Assume K = 2 clusters with equal sizes ny = ng. Thus, A = M = ||p1 — p2l|.
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(b) Assume the noiseless case € = 0.

(c) Assume a Gaussian mixture model with Fj, ~ N,(ug,02I,), k = 1,2, with the same scale

factor o2 > 0.

In the K = 2 setting, the k-means++ algorithm, applied to the dataset X is as follows (Arthur
and Vassilvitskii, 2007):
(i) Choose the first center ﬁg()) uniformly at random from X.

(ii) Choose the second center ﬁgo) with probability:

~(0)))2
(0 (0 y— [
P(ay) = ylx,al”) = ! , ! !(0) - Yedx.
Dyex 1Y — 07|
Next, define the constant
or(rtl
U, = M7 (3.19)

where I'(-) denotes the usual Gamma function, and for given ¢ > 0, set

((A) =2 exp <—; ((; - 5> % - xp>2> +2exp ( - ;<A - <\11 4 f))z) (3.20)
+8(r) L exp (-“ - 2 <(; - 5> % - \IJ)2> .

Theorem 3.4.3. Let D denote the event that the two initial seeds ﬁgo), ﬁgo) belong to different

(ground truth) clusters. Then
2

P(D|X)>1-0, (Z) . (3.21)

Conditional on D, without loss of generality, assume ﬁg)) is in (true) cluster k (else permute the

labeling). Given any € > 0, 3 C' > 2V, such that if A/o > C, then for any fixed A > ||u1]|/o + ¥,

we have

~(0)
— 1
P(ﬂﬂaxnuk prll 1

k=12 A 5 € D) < {(A) +o(1). (3.22)

Remark 8. Note that the parameter A is needed for a truncation argument in the proof and
controls the rate of decay of the o(1) term in (3.22). It does not appear on the left-hand side for

(3.22) for this reason.
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3.4.3 Implications for Testing Significance of Clustering

Here we describe the second implication of Theorem 3.4.1 in the context of standard pipelines
developed to judge the statistical significance of clusters found via using k-means on data, in
particular the so-called SigClust method (Liu et al., 2008). We first recall the motivation of this
pipeline, then describe the specific details underpinning SigClust and then describe our main results.

As described in Liu et al. (2008), while there has been an enormous development of the field
of clustering in terms of development of various techniques to extract clusters from data, there is
much less work in judging whether the extracted clusters are significant in any way, as opposed to
just artifacts of the data. To fix ideas, consider the specific context where data are all sampled from
a one dimensional standard normal distribution. If one was to use k-means clustering with k£ = 2
on the data, then one would naturally find two clusters and further a standard t-test for judging
the difference between the two cluster means would find overwhelming evidence for the difference
between the two cluster means, while most practitioners would agree that the underlying true data
generating mechanism has no cluster.

Liu et al. (2008) takes this as their starting point to develop methodology for judging the

significance of any proposed clustering of the data. Consider the null hypothesis:
Hj : The data come from a single r-dimensional Gaussian distribution.

If Hy is not rejected, then there is not enough evidence to conclude that if the extracted clusters

are “real”. To carry out the tests, given a data set X and a proposed clustering partition (for

simplicity assumed to be with K = 2) C = {(?1,52} with corresponding cluster means i1 and fio

respectively, the main test statistic used is the cluster index of the proposed clustering scheme:
Y i — P+ Xee, 1y — Bal?

CI(Cy,Cy; X) = ST T~ g2 , (3.23)
=1 11Yj

where y is the full sample mean of the data set X. To figure out the null distribution of the test
statistic, we need to estimate the normal distribution N(u,3) for the null hypothesis. Liu et al.
(2008) use a factor analysis model to simplify the estimation procedure in the high-dimensional
setting that ¥ = MDM? which is the singular value decomposition (SVD) of ¥ and D = ¥p +

02 x I,,. Here the diagonal matrix X p represents the real signal and is typically low-dimensional,
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and o2 represents the level of background noise. Given the full set of 7 x n entries of the original
data matrix, Liu et al. (2008) calculated the median absolute deviation from the median (MAD),

to estimate o, as
F— MADrxn dataset
" M ADx o 1)

The procedure of SigClust (Liu et al., 2008) is summarized through the following steps:

1. Calculate the CZ for the original dataset based on the given two-cluster assignments. The
cluster assignments can be obtained, for example, from application of a clustering algorithm

such as k-means.

MAD;x n dataset

2. Estimate o2 using all entries from the original data matrix by &, = MADx o)

3. Calculate the sample variance-covariance matrix of the original data and perform eigen-

decomposition to obtain estimates ;\1, ey A of the eigenvalues Ay, Ag, ..., A, of 2.
4. Simulate data from the null distribution: (z1,...,z,) with z; AN <0, max (;\j, &721)).

5. Perform clustering using the k-means algorithm with K = 2 on the simulated data from Step

4 and calculate the corresponding two-means CZ.

6. Repeat Steps 4 and 5Ng;,, times, with Ng;,, some large number, to obtain an empirical

distribution of the CI based on the null hypothesis.

7. Using the CZs of the simulated data, calculate a p-value for the CZ of the original data set;

draw a conclusion based on a prespecified test level « if desired.

Fix f as a mean-zero, symmetric, sub-Gaussian distribution with parameter o2. A 7-
dimensional multivariate distribution f is defined as a random vector where each column is generated
independently from f. Now assume that the data X originates from a mixture of two sub-Gaussian

models, i.e the mixture distribution in (3.1) is given by
1 1
F ~ §(f + aey) + §(f — aeq),

with @ > 0 and e; is the vector with the first coordinates being 1 and the others being 0. Thus

note that in this case, the mean separation A = M = 2a.
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Theorem 3.4.4. Assume that the conditions of Theorem 3.4.1 hold for the same model with e = 0
and consider the partition {CAl,CAg} obtained from the ensuing output of Llyod’s algorithm after
4logn iterations. Assume also that
2 a? 4a? 2 8a? 6a’ 2
1- =)L 482+ 1)%exp | — o ) =645 exp [ — o ) —64v3(vV2+ 1) Lexp ([ — 2 ) > =
T ) o2 o2 o o2 o o T
Then the SigClust procedure applied to the dataset X', using the partition {(?1, 52} is asymptotically

consistent in the sense that the probability of rejecting the null hypothesis is rejected converges to

1l asn — .

3.5 Applications

In this section, we describe applications of the main result to various canonical settings. To
keep the chapter to manageable length, we have not aimed at pushing results all the way to their

optimal regime and leave this for future work.

3.5.1 Community Detection in Stochastic Block Models

The stochastic block model (SBM) is a powerful tool used in network analysis and graph
theory to model and understand the structure of complex networks. It is particularly useful for
studying networks that exhibit community structure, widely used in social networks to capture
relationships and interactions between individuals or entities. One of the most important tasks in
SBMs is community detection, aiming to partition the vertices into clusters that are more densely
connected (Abbe, 2017). To solve this problem, in recent years, researchers have proposed a variety
of procedures, including spectral clustering (Lei and Rinaldo, 2015) and its variation (Joseph and
Yu, 2016), likelihood methods (Gao et al., 2017) and convex optimization (Hajek et al., 2016). For
spectral clustering, the procedure usually ends with k-means clustering on the spectral embedding
matrix. We consider the simplest version of spectral clustering on the adjacency matrix and study
the performance of Lloyd’s algorithm on recovering the community labels.

Consider the Stochastic Block Model (SBM) with K communities where K is fixed. The
probability matrix A* can be represented as A* = ZBZ”T where Z € R"*¥ denotes the membership

matrix and B € RE*X ig the low-rank connection probability matrix. The graph observed can be
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represented as an adjacency matrix A with A;; = Aj; ~ Bernoulli(A};) for all i # j and A;; = 0
for i € [n]. Denote the error term as

E=A—A*

Let A =Y  Nuu!l and A* = 35 A#u*(u)T be the SVD of A and A* respectively with A >
A2 =...= Ayand AT = A5 > ... > Aj.. The goal is to analyze the performance of Lloyd’s algorithm
on the n x K spectral embedding matrix U = (w1, u2,...,uk). Denote U* = (u],uj, ..., uj)
and A* = diag(Af, A5, ..., A)). The spectral embedding U can be decomposed in a fashion similar

to the general model (3.5) up to some orthogonal matrix:
UO = U* + [UO — AU*(A*)"!] + EU*(A*)™! = U* + E; + E», (3.24)

where O € RE*K is an orthogonal matrix. Let ny, k = 1,..., K, be the number of nodes belonging
to each of the communities. Define the 2 — oo distance between two matrices U € R ¥ and
U* e R™*K ag

*®\ . __ : _ *
T (U,U%) 1= il [UO =T,y

where |V|2—0 = maxie,) [Vi] and V; is the i-th row of V.

In this subsection we consider a We make the following assumptions on the SBM.
Assumption 1. We assume that

(a) There exist some constants C; and ¢; such that

0 < ¢ < liminfinf — < limsupsup — < C; < 0.
n kK n n k n

(b) A standard asymptotic setting where K is held fixed,
B = pTLB07

for some rate function p,, fixed matrix By.

(c¢) Assume the sparse regime such that

Pn =
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for some large c.

Applying Lloyd’s algorithm to U to recover the community label, Theorem 3.4.1 yields the

following result.

Theorem 3.5.1. Under SBMs, assume the conditions in Assumption 1 hold. Then for any initial-

izer which satisfies Go < (1 — €g) 4/ 5—11 for some small ¢y, we have
As < exp (—Cnpi) , forall s=>4logn (3.25)

for some constants C' with probability at least 1 — L — dexp (—y/npp) -

The fundamental limit for exact recovery in SBMs is p,, = Q (loi ") (Abbe, 2017). However, the
spectral clustering with adjacency matrix is known to be sub-optimal and the sparsity assumption
in our setting p, = (ﬁ) which is reasonably well. We would expect the condition on network
sparsity can be improved if variants of spectral clustering is considered.

In the sparse SBMs where p,, = o(1), we can achieve better concentration bound for Bernoulli

entries and therefore improve the misclustering rate in this setting as follows.

Theorem 3.5.2. Assume 1 (a) and (b) hold with p,, > € for some large ¢ and enough sample size
n

n = 256 logn. Then for any initializer which satisfies

c (1 c2 ca 1 C2 c2
Go<ail—|=-— — or T'p<=— — 3.26
‘ (2 npPn (npn) 1/4 ) ’ ( )

for some constant ¢y, we have
As <exp(—Cnpyp), forall s=4logn

for some constant C' with probability 1 — % —4dexp (—1 /n,on).

This implies that Lloyd’s algorithm can achieve exact recovery in SBM with fixed K with

clogn

sparsity approaching the fundamental limit when p, > ==

for some large c.
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3.5.2 Community Detection in Noisy Stochastic Block Models

Although the SBM is a powerful tool in analyzing networks with community structures, it fails
to incorporate potential measurement error which is prevalent in nearly every network analysis
application. Measurement error refers to inaccuracies or uncertainties in the observed network
data, such as missing or noisy edges. Therefore, when modelling networks using SBM or applying
community detection method, it is important to consider and address the potential impact of
measurement error to ensure robust and reliable analysis of network communities (Priebe et al.,
2015; Tabouy et al., 2020).

Consider a noisy version of SBM described in Section 3.5.1. Assume the adjacency matrix
A e R™™" is generated from SBM with A;; = Aj; ~ Bernoulli (A;’}) and A* = ZBZT. What we

observe is a noisy graph with the adjacency matrix Y € R™"*" as described in (Chang et al., 2022):
P(Yij=1|Aij=O)=Oén and P(Yl]=0|Al]=1)=,ﬁn

Decompose Y as Y = > Nuul. Denote U = (uy,us,...,ux). We are interested in the

misclustering rate of Lloyd’s algorithm on the spectral embedding matrix U.

Assumption 2. We assume that conditions (a) and (b) of Assumption 1 hold and that the noise

level satisfies

(1 — Op — /Bn)pn = %)

and

(1 — Qp — Bn)Pn = COlp,
for some large c.

Similar to Section 3.5.1, we have the following misclustering rate of Lloyd’s algorithm under

the noisy SBMs.

Theorem 3.5.3. Under noisy SBMs, assume the conditions in Assumption 2 hold. Then for any

initializer which satisfies Gy < ( % —€) 8—11 for small €y, we have
As < exp (—C (1 —an — Bn)? npi) for all s> 4logn (3.27)
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for some constant C with probability 1 — L — 4exp (— (1 — an — B) v/1pn).

This theorem is similar to Theorem 3.5.1 except there is some additional noise controlled by a,
and (,,. Therefore, without the additional noise (ay, = 0, 3, = 0), this theorem reduces to Theorem

3.5.1. A similar version of Theorem 3.5.2 can be derived here.

3.5.3 Spectral Clustering of Mixture Models

Sub-Gaussian Mixture Models (SGMMs) are a probabilistic modeling technique used in machine
learning and statistics. They are an extension of Gaussian Mixture Models (GMMs) that relax the
assumption of Gaussian distribution for the mixture components. They encompass a wide variety
of fundamental clustering models, including: 1) Spherical and general Gaussian mixture models
(GMMs); 2) Mixture models with bounded support. The same settings have been analyzed in
Loffler et al. (2021); Ndaoud (2022); Zhang and Zhou (2022).

We consider the basic version of spectral clustering problem in SGMMs where we apply Lloyd’s

algorithm in the last step for clustering. Consider the sub-Gaussian mixture model:
Ti=T; +w; = P, + w; € RP, for i e [n].

Here, {p;};*, € R? are cluster centers, {2}, < [K]" are true labels, and w; are i.i.d. subG(c?)
with mean zero. The matrix form is X = X+ W with X = ZM, where Z € R"*¥ is the membership
matrix and M € RE*P is the low-rank class center matrix.

We consider the clustering error of Lloyd’s algorithm to the spectral embeddings based on a
hollowed matrix as defined in (Abbe et al., 2022). Define the hollowed Gram matrix G € R™*"
of samples {x;}_, through G;; = (®i,xj)1(i+jy, and the Gram matrix G e R™ ™ of signals
{z;}1", through G;; = (&;,&;). Let G = >  Nuul and G = Zfil Nl be the eigen-
decomposition of matrices G and G, respectively, with \{ = Ao > ... > N\,and \; = Ao > ... > \g.
Define U = (u1,...,ux) and A = diag(\1,..., k). Similarly, define U = (uy,...,ux) and
A = diag (5\1, A K). We are interested in the misclustering rate when applying Lloyd’s algorithm

on the spectral embedding matrix UAY2.
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Define A = minbék ”Nl — Nk”7 R = 5\1/5\[( and

2 4
SNRzmin{A n& }

2’ pot
We make the following assumption on the sub-Gaussian mixture model.

Assumption 3. (a) (Regularities) Let MM € RE*X be the Gram matrix of {m}{il. Suppose

that rank(MM?) = K fixed and there is a constant xg that bounds

n A (MMT) o Aie(K] |
mingeg [{i € [n] 1y = k}|” Ax(MMT) mingp, || — p

from above. Here \;(-) denotes the j-th largest eigenvalue of a symmetric matrix.

(b) Taking ko from above condition, assume

min 5\%{_ 5\%( v/log nf\iﬂ e
no?i;’ na34/logn(p + log n))\}/Q’ Vno

for some large C1.

When applying Lloyd’s algorithm on the spectral embedding matrix UAY?2, we have the fol-

lowing theorem.

Theorem 3.5.4. Assume the conditions in Assumption 3 hold. Then for any initializer which

satisfies Go < (% — €0)4/ et for some small €p, we have
T T

22 32 I 33/2
As < max { exp < sz—f > ,exp | — e 7z | Texp 7@
nosAi no34/logn(p + logn)\ Vno
(3.28)

some constant C for all s > 4logn and with probability

2?2 A2 Viog nh/?
1—exp <— ;ﬁ ) —exp | — K i | exXp _VOBNAKR —o(1).
noA no3+/logn(p + logn)\; Vo
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Assumption 3 (a) and (b) are used to guarantee the application of the main theorem in Abbe
et al. (2022) which states that

u; = G’I,Lj/)\j e G’ﬁj/j\j.

Therefore, our focus is on the analysis of Gi;/A;, which is a linear combination of elements in G.
To compare our result with existing literature such as Loffler et al. (2021), we consider the simple
two-component setting with K = 2, the balanced case with n; = ny = n/2 and p = O(n). Assume
1] and || are of the same order, then we have A1, A2 and no?A are of the same order and our
assumption 3 matches the condition of Theorem 2.1 in LofHer et al. (2021). As for the consistency,
our result and that of Loffler et al. (2021) are both of exponential forms, where their exponent has
an optimal coefficient (1 — 0(1))% while ours not. However, considering their result is based on
Gaussian distributions and they only show polynomial error rate under the general sub-Gaussian

case in the Proposition D.1 in the Appendix, our results are more general and reasonably well.

3.6 Conclusion

We establish a misclustering rate bound for Lloyd’s algorithm with high probability after 4 logn
iterations when applied to perturbed samples from a sub-Gaussian mixture model. We then apply
our general theorem to a number of canonical examples including SBMs and spectral clustering on
sub-Gaussian mixture models. In the future, we plan to extend the theoretical analysis of Lloyd’s

algorithm to more general model settings.

3.7 Proof of the Main Results

3.7.1 Proof of Theorem 3.4.1:

We will suitably modify the proof of Lu and Zhou (2016) to our setting. We will need Lemmas
A.1-A 4 from Lu and Zhou (2016) which are technical lemmas about the behavior of sub-Gaussian
vectors and revise Lemma A.5 to achieve a tighter bound. We reproduce the lemmas from Lu and

Zhou (2016) (with slight changes) for completeness. Let S < [n] and define Wg = >, _c w;.

Lemma 3.7.1. |[Wg|2 < o4/3(n+r)|S| for all S < [n] with probability greater than 1 —

exp(—.3n).

78



Lemma 3.7.2. For any w € R" and S c [n],

2 (wiw)® < 60%(|S| + 7)ul3,
€S
with probability greater than 1 — exp(—.5n).

Lemma 3.7.3. For any fixed i€ [n], S c[n],t>0and d >0

. (<wi7|;| S wyy = 302(t\/|S] + 1 + 10g(1/5))> - <_min{t2 t}) s

o |S] 4r’ 4

Lemma 3.7.4. For all h € [K],

[Weyll2 < 30/ (r + log n)|Cal,

with prob greater than 1 — n=3.

Lemma 3.7.5. Let g, h € [K] such that g # h. Then, for any a > 0,

DT (allg — pn® < Cwi, g — )

1€Cy
22 16 ZA?
<ng exp <f a202 ) + max {3 log(n), 4 exp <a4a2 ) Ng log(n)} ,

with probability greater than 1 — n=%.

Note that Lemma 3.7.5 is an immediate consequence of Bernstein’s inequality using the fact
that indicators are independent and identically distributed Bernoulli random variables. We will
also use the following immediate consequence of the Cauchy-Schwarz (CS) inequality. For all

a1,...,ap >0€ R,

(3.29)

We will first control G¢ and I's. This will then allow us to control As as s grows.
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Lemma 3.7.6. Conditionally on the events that the results of Lemmas 3.7.1, 3.7.2, and 3.7.4 hold,

if Gs < %, then

€

S
A

KGy+ —,

o Po  Po

(3.30)

+ min (ZGSFs_l + 2v6 6 @ + ]\ZGS)

PROOF: In order to bound I'y; we need to bound Hﬁf) — pp, ||, which we do so expanding ﬁgf) using

{i: éi(s) = h} = Ugerr U;Z) as follows:

~(s)

~(s) _ 1 , "gh
= b= = D Wi — ) + ), T)(yU“) Hh); (3.31)

h geuts) g#h T

(S 1 H (S 1)”‘

where gU<Z> = A( 3 ZzeU(5> y;. By Lloyd’s algorlthm for i e U h> ly; — ly; —
g

Thus, it must be the case that g, — h || < |y e — )H Then, repeatedly using the
gh gh

triangle inequality yields

_ _ ~(s—1 ~(s—1
1900 = punll < [0 = A"+ 15— o
g ]

_ A~(s— ~(s—1
< g0 — A ”H+nu$ '~
g9

7] 1
<Gyt = ol + g — B+ 1A — panl
gh
S HgU;Z) - i'?;}<2> I+ H?Jl*]( — pg| + g — BEY] + |y AC7Y
g gh

3(n +

S€eto % + 201 A,
Ty
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where the last inequality uses Lemma 3.7.1, the € bound (3.4), and the definition (3.11) of I's_;.

Thus, we bound the second term of (3.31) as

~(s)

/\(s)

Nen n,
I Z ﬁ(yms) — )| < Z & ||yU<s> Hal|
g#h M " g2h
A0
_l’_
\ZAfS %))4-6-‘1-2115 1A
g#h ngh
/\(8) 2 ~ S) (5)
gh | 3(n+7) Ngp n,
<o | DK\ G| Tom 2 et X 2
g#h h gh g#h 'y, g=h T,
~(s)
3K
s (j;r T)Gs Z %e + 2T 1AGs, (3.32)
np, g#h T,

where the last two inequalities are obtained by an application of 3.29 and the definition (3.9) of Gs.

For the first term of (3.31),

using the fact that {i : z; = h} = U(Z) + Ugen U,(ZS) and the definition

g
of e,
1 A
~(s) Z (yi - “h) < ,\(s)e + ~(s) Z (yz* - Hh) - Z Z (yz* - Mh) (3'33)
nh ZEU,(;L) nh nh i:zi=h g#hieU}(L?
A( )
1
< (S)e + ﬁ (30«/7’ + log ny/ny, + o+/3(n + )7/ np, — nf,?) (3.34)
where the last inequality follows from applications of Lemma 3.7.1 and Lemma 3.7.4.
Note that, by the assumption that G %,
A =g = (- G = = O (3.35)
which implies
1 2 nn 2 2 n — Ay
< y o S < , < 4/Gs. (3.36)
ﬁ;Ls) an iy’ N AJan A/



Then, using the bounds (3.34) and (3.32) of the first and second terms, respectively, of the decom-
position (3.31), for all h € [K],

~(s) 3K ésh)
8 — pn| <o G + ) RO 20, 1 AG,
gyéh h

A

"hh I
ng) ()<3a«/r+logm/ + o/3(n +1r)\/ny nhh>

K 1
SK(nt7) (n+T)GS +2I's_1GsA + € + 60 r+ogn
an an

< A(Z +2G,I, 2\/6«/KGS + 6)
Po Po

< 20

where the second inequality is obtained using (3.36) and the last inequality is obtained using the
definition (3.12) of p,. Thus,

2v/6 6
e AL i (3.37)

g g

|

l>

We can get another bound on I'y by rewriting ﬁgf) as

7/7\/28 =1
~(s)
LS
= 2 ket o 2 Wi
ge[K] "h h 2 p

Using this decomposition and Lemma 3.7.1,

A(S)
s n
8~ unl < Y 2y uh|+'

1
~(s) Z (y;k_ﬂzi) t+e
3

g#h T h “Z(S):h
<M Z gh 7(71(; ) +e€
g#h ”h ™h

M o [6(n+1) €
< A S N - N .
A(AG + X —t >

>

This implies

6 M
T, < { + 5 Gs i. (3.38)
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Finally, by using (3.37), we conclude that

I Z+m1n <2G | 2[\/KG

O'

£ AZG>

Lemma 3.7.7. Conditionally on the events that the results of Lemmas 3.7.1, 3.7.2, 3.7.4, and 3.7.5

hold, assume I'; < % for some 0 < Cr < 1, G4 < % for all s. Define

1.1e 1 1
B= O
: A Po  Pe

and assume (31, > 0. Then

3 na * afB2A? n e

PRroOOF:
To control Gy1, we need a bound on n “;LH 2Tz (SH)

h # g. Suppose g is fixed. Then for h # g,

T = g, 27 = ) < T(lyi — ) < i — A1)
= T(CYi — pg + by — 5 Y — g + g — )

< <yi — Mg+ g — ﬁgS)a Yi — Kg + g — ﬁés)»

= T((pg — B, g — A — (g — BY), g — B9 <

2K1 402 K1 I?
3 og(n) o (1 L8 og(n)) N 8I'y N

4812
Po '

= h) for h,g € [K] with

2yi — g 1 —ug)>)

= Z(lug — 5% — |1y — B2 < 20yi — pg, 5 — L)) (3.39)

and

A2 = (g — pnl — [pn — 2372

~ 2
= (1o =l (1= T2l B )
! leg — b

> |y — pal*(1 = Ts)%,

Hﬂg
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by the definition (3.11) of I's. So,

a2 2|2

— g = B > g — pal(1 = T)* = | g — 3§
> |1y — pal?((1 = T)* = T7)

= ||y — pn)*(1 — 2T) (3.40)

HHg

> | g — pn|*Cr,

where the last inequality is obtained using the assumption that 'y < % For k € [K], write

L= [Z,(:) — pg. Then using (3.39) and writing

~(s) 7(s)

Ay - — ) — (i

_NS)_Hh_Ng (ﬂ — Hg) = (n — pg) + (Cn — Cg),

we define coefficients corresponding to the two parts pj, — py and ¢, — ¢, whose reasons will be

116 n+ Kro 1 1 € 1
=2 By, =4/ g e Bhe= e = —, 3.41
Pre= Poo no A p, Pae VaA o pe ( )

1 .
Bl = §CF — Bie—Boo — Poe = §Cr - = —

clear later

and

Using the definition above,

~(s 1_2Fs
L(z =g, Zi( o h) <I(< 2 ) e — pn® < (yi - “wuh _“g)>)

T (Buclirg — mnl® < Cyi — ¥5 tan — 1))
F T (Brollmg — il < F — by, 1~ 1)
+ T (Boellrg — mnl? < (yi —y5.Cn— o))
+I( —uhH2 <Y~ g, G — Cy))
= Ty + Toi + Tsi + Tui. (3.42)
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The first term 77; of (3.42) can be bounded using Lemma 3.7.5 as follows:

Ty =T (Biellrg — mal? < yi — y5s i — 1g))

< T (Brelrg — pal? < elpg — pnl)
€ 1.1e €
</81,5<Z> :I<A < A) ZO,

using the definition of 3;  in (3.41).

N

<

The term related to Ty; of (3.42) can be bounded using Lemma 3.7.5 as follows:

Bt A7 16 Bt ,A°
Z Ty < ngexp (— 552 + max 3 log(n),4exp | — 107 nglog(n) ¢ .

1€Cy

Based on the following result,
16 = Coll < Gl + 16l = 18" = pal + IAS) = gl < 205 A < 20 an — g (3.43)
and the definition of € in (3.4), we have

g — mul? < yvi— v Cn—¢p)

Z T3 = Z T (Ba,e]

1:2;=g 1:2;=9g

1
< I(1< 55— yi—y5 =)
2 ( B3 g — pn| 40 !

1:2,=g

\/32 A4

2, 2=

< S -y G- &)

e2|¢h — ¢,l2 4€2T2 4y/cvel?
ST A4g ng < 3 ASan < A “ng. (3.44)
J€ J€
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where the second last inequality uses (3.43) and the last one uses the definition of 35, in (3.41).

Similarly, we can bound the term Ty; in (3.42) as follows:

— | < Y — g, G — Cy))

Z Ty= Y I(

11z = 1:2;=g

3 z( 1<<yz<—ug7<h—<g>>2>

i 5 ollrg — pn*

T 52 A4 Z i — N97Ch_Cg>)2

7 ZZ—

I¢n — ¢ H
< ;2 Ai max ( Z w;w )

Q2=

6o Gol?
ST (et (3.49)
240212 na  ol?

where (3.45) uses Lemma 3.7.2, and (3.46) uses equation (3.43).

Note that (3.35), which uses the assumption that G5 < 2, implies

1 1 Ng 2ng 2 /Mg 2,/ng 2

— <= <=2z < < .

ng an’ 6D T an T o’ Z6HD T an T oay/n
9 ny, ny,

Combining the three parts together, we then have

1
S+ ) - le + T2z + T3Z + T4z
=mex ), ), .
I g ie[n) g
16 K'1 2 A2 2 A2 1 AK 2
< max 770g(n) + Kexp —BLU 5 + 4K exp —51’02 og(n) + Vol
ge[K] | 3 Ng 20 4o Ng A

na ol2n,+r
24K 4 | 59
* n+Kr A ng }

2 AZ 2 AQ 2
_16Klog(n) o (_ﬁl,g >+4Kexp (_ﬁlp ) log(n) , 4K/

3 no 202 402 na A

noa  ol2 r

24K s —).
+ +KTA( +na)
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and

1
(S+ ) le + TQz + T3z + T4z
ax ), Z

}{rel[aé{] s+1 - NEY)
g#h T h g#hze y
< max 16 K log(n) n exp _5%’0A2 N 4/ Knlog(n) exp _B%UA2 N 4y/ael?  n
“he[K] 3 ﬁELS—H) ﬁELS—H) 202 ﬁgs‘*‘l) 402 A ﬁ;f‘*‘l)

ey na  ol2n+ Kr
n+ Kr A ps+1)
h
2 A2 2 A2
<§Klog(n) N zexp _Bl,UA N 8 [Klog(n) exp _5170A N 8el2 N 48012 |n+ Kr
3  na a 202 a n 402 VaA A no

32 K1 2 2 A2 8 [K1 2 A2 82 4802
zii(n)_*_fexp _61’0 _ Mexp _61# + S + S
3 na 202 a n 402 Pe Do

—+

Finally, we obtain

Gopr < 22080, 2
SHES 37 ha a 202 a 402 Pe Do

32 K1 2 2 A? 8 [K1 2 A? 8T'2 4872
og(n) | p(— L + (f’(n) exp | - by s

Using exp(—2) < 1 for 2 > 0, we have

Gs-i—l < -
Pe Po

32 K1 402 K1 82 48T2
og(n) + 20 1+8 Klog(n) + —+ 2,
3 na aff A n

|
PROOF OF THEOREM 3.4.1: In order to bound the misclustering rate Agy1, we first show that

under the initialization condition (3.13), Lemmas (3.7.6)—(3.7.7) hold for all s > 1. Next we find
S(s+1) Hs+1) _ g

a bound for I'y which does not depend on s. Then we decompose Z(z; # Z; ) 2, ) using
(3.53) and the bound on I';. Thus, allowing us to decompose Agy; into three components which
we can bound in expectation. Finally, we will use Markov’s inequality and a recursive argument to
bound the misclustering rate. Recall that we assumed p, > CovK and na > C1K log n for some

CQ, Cl > 0.
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Note that if G satisfies the initial condition (3.13), it follows from Lemma 3.7.6 that

6 M
F0<£+\/a+fGo
Po Pe A
<\/6+\/a+<1_\/6+1_2.1\/a+1_ 1 a)
= o Pe 2 Po Pe al/A\ A
<1_i_1.1\/&+1_ 1 g (3.47)
2 po_ pe a1/4 A?

where the last inequality follows from the fact that p, > 3/2 and p. = 1. So regardless of which
initial condition (3.13) holds, we have (3.47). Plugging (3.47) into Lemma 3.7.7 with

oL 22,2 2 2 [0
r = A o De Oé1/4 3

yields

and

32 K log(n) 402 Klog(n) 83 48173
Gy < — 148\ ————= —+ —
1S3 ha * aff2A2 n * *

Pe Po
32 K log(n) 4o Klog(n) o1 6

< — 148\ ————= 8I'G [ — + — ) < 0.35, 3.48
3 na - VaA * n oo e " Po (3.48)

using the assumptions that na > 64K logn, p, » 1 and pe » 1. Then Lemma 3.7.7, with p, » 1

and pe » 1, yields

6 24/6
n<—+ \f\/KGl-I-QGlFQ-F \/a

Po Po Pe
6 2.6 11 LlJa+l 1

< 0 2V0 s+ 200.35) < Sl thedl L U) L ve (3.49)
Po Po 2 Po Pe al/ A Pe

_1 1 1lasl 1 [o (5.50)
2 po Pe al/t\ A

Furthermore, (3.49) implies I'; < 0.4 and (3.50) implies that we may apply Lemma 3.7.7 to Go

with Cp = 22 + p% + % + ﬁ\/% By the same argument as (3.48), (3.49), and (3.50), it follows
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by induction that
Gs <0351y <04 (3.51)

for all s > 1. Then, I'y < 0.4 = 1_(21/5) and with Cr = % Using Lemmas 3.7.7 and 3.7.6 along with

poe > 1, and Cr = %, for all s > 1,

L L L L _pl-o(1
b= CF A Po Pe 10 A Po Pe 0 0( >’

and

6 26
Ly -+ ;F«/KGS +2G,01 +

2K1 2 ZA2 K1 ZA? [2 4812
Gs+1:iM+—exp —L +§ Mexp ﬁ +8 s 4 8 s
a 202 o n 402 De Do

3 no
2'6K\ﬁ+07r8 \F

< -
Po
1/4
2\/6K /32 Klog \[ ( /32A2> \/§ ( Klog(n)> / ( 62A2>
g — — exp — T eXp | — B}
« n 8o
24201  44/30,_
+\f L4 V3 1>+0.7FS_1+\/a
\/Pe v Po Pe
Cc1 Cc1 Cc1 C1 ClKIOgTL> 1/2
< — + P Dy_1+0.70_1 + (
Po <\/P7 ﬁ) no

for some constant ¢; for all s > 1.

Therefore, when p, and p. are large enough, we have

K1 12
s < — + 24 c2 ( Ogn> ;
Po e no
for all s = logn and define
2y 2 K1 12
Br=1-22_22 o9, (2280 (3.52)
Po Pe no

89



which ensures 61 < 1 — 2[5 for all s > logn. Furthermore, define

B1 = Pio+ Bie
Bl,a = /60' + 52,0 + BS,U + 6470

Bl,e = Be + 52,6'

and

192K
Po

24 | 4 41
B30 =— [ (\/rlogn+logn)+r+ogn}

n n+ Kr

ﬁQ,o’ =

B

Q

12¢
/84,0' = A2
4

8
ﬁl,e = 77B6 = ﬂ?,e = -
Pe p

€

These tells us that

50 = ﬁl - ﬁl,e - ﬁQ,U - 63,0 - 54,07

which implies that 5, = 1 — ¢ for some small enough constant c¢. We assume that C; and C3 are
large enough so that 8 > 0. We shall bound As.1 by Markov’s inequality, for which we will need a
bound on E(As41). Combining (3.39), (3.40), 81 <1 — 2T, and the definition above, we obtain

T(z #2520 = 0) S T(Bpe, — panl® < 2yi — oy 1Y) — D))
pe, — pnl? < 2yF — ey, ) — B9))

+ Z(Brelitey — pnl® < 20y — yi, B — G)))

< I(ﬁl,a

B,
51,6 2
25 e — pnl” < eis b — pzi + G = €2))
where ¢}, = ﬁgs) — pp. Define
1 * 1 « ~(s)
bh =5 2 Wi~y vn = 5 D — mn)oen = () — pn) —wye —vhe (3.53)
h i€Ch nh i€Cp, hh
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We can decompose ¢, as

Ch = dn + vy + .

In the proof of Lemma 3.7.6, v}, appears in (3.33) and in proving (3.37) we can shown with simple

modification that

|#nl <, (3.54)

1
Jnl < 6oy | 108 (3.55)
np

2;/6«/17((;8> A+ €G,. (3.56)

lonl < <2Gsrs_1 N

For the first part,

61,0
2

B
<T(7F e — pnl? < (wi, pn — p,))

6270
(7 M = pl* < (wi on = 2)
T~ < v )
6470 2 )
+I( 2 ’l"l’Zz - Nh” < <w17¢h - ¢zl>)
Define
Tl = Lz (Be 2
lo = n Z 7“”% — pa|* < Cwi, pp — Uzz'> )
he[K] =1
1 ﬁ2,a
J2,G = E ZI < 9 H:U’Zz - /’l’h”2 < <wi7 $h — ‘le>> >
he[K] i=1
1 B3.0
JB,UZ nZI< ; H/"’Zi_u'h”2 <<wi,yh—yzi>> )
he[K] " i=1
J 1 = T ﬁ4,0 2
4,0 = EZ 2 H“Zz _l"’hH <<wi7¢h_¢zi> :
he[K] ' i=1
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On the other hand, we can define Jy, Jo . as

Z ZI (Be H/J'z, Hh“2 <<{ei, pn — “’Zz>> )

he]zl

B26
-3 (e
hez[z:qni; 2

~ pnl < Cean G czz.>> ,
and get the bound
E(ASJrl) ((J10+J20+J3U +J40'+J16 +J2 e) (g)) +P(gc)a (357)

where G is the event in which the results of Lemmas 3.7.1, 3.7.2, 3.7.4, and 3.7.5 hold. To bound
E(J1,,Z(G)) in (3.57), we use Chernoff bound to get

E(J1,0Z( Z Z p( e = pnl* < i = e = )

2
where 7 := 57 — S 3P > 52— 8/p.

Note that by (3.53), for all h € [k],

lonl < (2Gsr . 2/)“5 m) A+eC,
< VG A+ eGy < (A +e)V/Gs

when p, > 128/ K using the fact that 21\2/; < 1—14/0.35 and G5 < 0.35 as in (3.51). Then using
Gs < 0.35 again,

ln — o < A(VEL(A + )2 < 8GL(A + &2).
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Conditionally on G,

1 ¢ Ba
ho= 3 N (Bl il < wn - 20

he[K]

4
< Z 4 Z<yz Mz, Ph — ¢Zi>2
620 1=1

AT A4 Z <Z6a m+r>|¢h—¢12)

le[k]

19202G, A2+e
< n520A4 Z Z]nl-l-?"

K(n+ Kr)

<]9mﬂG4A2+e)
n[i’%,UA‘l

19202G,4 19202€2G

7[( K - - -2

n,8§70.A2 (n + T) + n52270_A4

192K N 192

B3 .02 " B3,p2p?

1 1
(L),
Po Pop?

K(n+ Kr)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

where (3.59) follows from Lemma 3.7.2, (3.60) follows from the bound (3.56) of |¢p|, (3.61) follows

from the fact that Gsa < As, and (3.62) follows from B%’U = 192K 53nd the definition (3.12) of p,.

Po

Hence,

1 1
E J270—I g)) < ( +
( @) Po PoP?

) E(A,).

For the third term, we bound the probability

2
,A2 A
<P <B374 <Y~ pas Vh>> o <_/8374 > W Vzi>>

AQ
P<B37U < <y;< — MKz Vh _Vzi>>
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where w; is defined as in (3.2). Note that, by the definition (3.12) of p, ,

8 352 <4max{\/rlogn,logn} N T+4logn)

A2 N o
22‘2 [ (rogn 4 togy + TN

o | roen o)+ T

<2§ [jﬁ(\/@ﬂognHm}

Thus, by an application of Lemma 3.7.3 with ¢ = 4 max{/r logn,logn}, 6 = 4, and

41
B30 = [ (v/rlogn +logn) + r+ogn}
Po

n+ Kr

we obtain

B3,0'A2 1
1%8 <w, = Y wy) (3.66)
h jecn
<P (3 9 <4max{\/rlogn logn} r+ 4logn> (w 1 Z w >)
S ~x 1y J
A/ Th np jec,

2
<— .

- (3.67)

where the first inequality uses the definition of 33, the last inequality is obtained using Lemma
3.7.5. Note that —wj; is also a centered sub-Guassian random variable with parameter o2. So,

inequality (3.67) holds for both terms of (3.65). Hence,

E(J3,Z(G)) < — < —. (3.68)
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where the second last inequality using the assumption The last term J4 , is bound using Bi - =

and Chernoff bound on quadratic forms of sub-Gaussian random vectors

— pa|? < {wi, pp, — ¢zi>>

EJyo = Z iiﬂ”(ﬂ“
<X Z @“ < i)

Then we consider the Ji . and J2 .. Under the definition that g, = i , we have

N

7~ N/ N7 N7 N

2
s — wn«%w—%ﬁ

s — MRQ

A

[CYBSSRN Y BN BT pSS
>
R LA
(@)
N

~
Il
[a)

and

Lastly, we can deal with Js . using

ICh = Coll < 2T lan — pagl
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and [z = i to achieve

B,
7 (52 = il < e = €2
/82,5 2
<Z 2 ’l‘l’Zi - “hH < QGPSHth — Kz H
62,6
< (% = nl? < el — o,

<Z </8;’6A < e> = 0.

Summarizing the results above,

E(As1) < E(J10) + E(J202(9)) + E(J3,02(9)) + E(Jue) + E(J1e) + E(J2,L(9)) + P(G°)
yA? 1 1 1 A?
= o <_802> " (pa " pw?) E(4s) + PRI <_4€a>

with v := 52 — 8‘727023[( > (2 —8/p2 =1—o0(1). By recursion,

1 1\* 1_<1+ 12>s+1 A? 1 A?
E(AS)<(+> E(As) + Po_ Pole [exp( 2 >++exp(—>}.

P Pop? 1 1 802 n3 deo

1 1 s+1
(1)
Po  PoPe

1 1 <2 (3.69)
l1——- 2
Po  PoPe
and when s > 4logn,
1 1 \¢ 1 1\ los(n®) 1og<i+ 12> 1
(o) B < (o) By <o) < @)
Po PoPe Po PoPe n
Thus, when s > 4logn,
yA? A? 3
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For sufficiently large Cy and C5, we have

8c2log K 1 8o
2
= ———=1—-0(1) 2 -+ —. .72
=8 o) > 5+ % (372)
By Markov’s inequality, for any t > 0,
1 2 yA? 2 A? 3
P{A; >t} < -EA, < — - — - —.
(s > 1} < S BA, teXp< 802> - teXp< teo ) Tl
If gﬁ; < 2logn or f—; < 8logn, choose
8o\ A? A Jea\ A?
o (= (-5 ) ) oo (- (1-557) 55}
and we have
1 A A
P{A; >t} < ot 2 exp <0> + 2exp <\/?> .
Otherwise, since A only takes discrete values of {0, %, Sy 1}, choosing t = % in (66) leads to

1 3 5
P{As >0} = IP’{AS > } < 2nexp(—2logn) + 2nexp(—2logn) + — < —.
n n? " n

The proof is complete.

3.7.2 Proof of Corollary 3.4.2

Proof. Follow the idea for proving Lemma 3.7.6. Fix h, we aim to bound | ;’i,(f) — pp|| by expanding

AL using {i 2 2% = b} = Uyepaey US) s follows:

~(s) 1 ' ﬁgh _
Ay = b= D i — ) + ) (5 Wy — n), (3.73)
h z’eU}j} g#h "y,

_ , : . ~(s—1 ~(s—1
where Yy = @ZKU‘;? y;. By Lloyd’s algorithm, for i € Ug(z)7 lyi — HE{S )H < lys — 'ués )“

Thus, it must be the case that [g,) — ﬁgs_l)H < |y e — ﬁé’s—l)H. Then, repeatedly using the
gh gh
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triangle inequality yields

— — ~(s—1 ~(s—1
1950 = pnll < 170 = A+ 1A = )
g g

< gy — a5+ 1A — )

<Gy — Hgll + g = A5V + I
9
_ _ _ A~ 1
<9y — G5l + ||y;,;2> — gl + g — BV + BT —
3

<e+to M + 21 A,
~(s)
ngh

where the last inequality uses Lemma 3.7.1, and the definition (3.11) of I's_;. Thus, we bound the

second term of (3.73) as

o A
HZT)(yU“) )| < Z 5 HyU(g) wrl

g#h T, o" g7h T,
~(s)
n
<Moo (30D oA
~(s) ~(s)
g#h T, LS
~(s) 2 ~(s) ~(s)
n 3(n+r) n n
gh gh gh
SO ZK<ﬁ(s)> () > T (5 2Ls—1A
g#h h gh g#h "' g#h ''n
~(s)
3K Ay
<o (1) 4y 3 eqor, AT (3.74)
~(s)\2 (s) ~(s)
(nh ) g#h Ty, h

where A; is the misclustering rate.

For the first term of (3.73), using the fact that {i : z;, = h} = hh +Ug¢h Uf(bs) and the definition

of €,
A0
1
o 2 Wi )| < ;ﬂ;eus) D) = D D (- ) (3.75)
"h iU np, Ny Wizi=h g;«ehieU}Ss;
( )
1
< gg y(gamr+amm> (3.76)

where the last inequality follows from applications of Lemma 3.7.1 and Lemma 3.7.4.
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Note that, by the assumption that G < %,
~(s) 5 ~(s)

n,’ =ny; =np(l—Gs) =

which implies

1 2
< )
ﬁés) an
A /nh 2
A(S \/7 \/7

Combining the above results together, we have that for all h € [K],

1A = g

K
M nAs + 20— 1A 5 <30’ r + logny/np + ov/3(n+r \/nA)
"h

1
n+1" +2A—+6 [+ rtlogn /3 n~|—r)A e
+1 n—i—rA +2AAS /r+logn
na? a
A 1
flwmefm+mﬁf w””w
no «

N

=

3.7.3 Proof of Theorem 3.4.3

Let us first prove the first assertion (3.21). Recall that C1,Cs denote the true clusters. Without

loss of generality, assume that ﬁgo) € C;. Then note that,
~(0
Siec, Iy — A1 113

P(ay) € Colx, @) = 2
ZieX ||yz - Hgo)”%

For simplicity, write ﬁgo) = p1 + &, where & := (y0; : 1 < j < 1) ~ N.(0,0%I,), while for any

other data point, write y; = ;) + & with & = (vi; : 1 < j < r), where as before 2(i) € {1,2} are

the true cluster assignments. Then, the numerator can be expanded and simplified using the CLT,
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Cauchy-Schwartz inequality, and the fact that ||&|| = Op(y/ro),

Sy — 8213 = D (w2 — p1) — (& — €)I13

i€Co ieCo
n
= §A2+ Z ’|£i—£0”§_22 < p2—p1,& — & >
1€Co 1€Co
n
= 5O+ 3 (6l + lI60ll3 —2 < &80 >) =2 3 < o — i & — 6o >
i€Co i€Co
n n n 1 n
a2 o2 A2 —ro?) + 2 2_o9 ;
3251+ 5 2 (6l - o) + gllell -2 ), < &t >
= Z(M +r0? +ra?0p(1) + AyroOp(1) +0p(1)> (3.77)

Similarly, for the denominator, the additional term can be written as,

~ n
Slw-aB= X &=l (ro +ret0p0 + o). @78)
€t ieC1,yi#a")
Algebraic simplifications complete the proof. O

Next let us prove the second assertion, namely (3.22). We start with the following preparatory

Lemma.

Lemma 3.7.8. (a) Let & ~ N,(0,02I.). Then for any ¢t > 0, with I, as in (3.19),

t2
P <‘H£0|2 -V, = t> < 2exp <—> .
o 2

(b) Let f,(-) denote the density of N,.(0, 021, ) and suppose & has density f(x)x||z|/?f,(x), z € R.

Then given any ¢ > 0, there exists C. < o such that for all ¢t > C.,

P <|H£~2H2 -0, = t) < 4(r) " texp <—(1 _2€)t2> .

Proof. Part(a) follows from standard Gaussian concentration for Lipschitz functions of Gaussian

random variables about their mean ((Boucheron et al., 2013, Theorem 5.6)), noting that || - ||2 is a

1-Lipschitz function and the fact that E(||&ol]2) = ¥,
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To prove (b), first note that by symmetry and an application of Fubini,

jod 0
P @*\I’TZt :4j 5P<H£()"2>5>d8.
o T J+w,) g

Using (a) now completes the proof of (b). O

Now let us complete the proof the main Theorem. Without loss of generality assume that the

first initializer ﬁgo) € C; (else run the argument below interchanging the roles of C; and C3). Then

by Lemma 3.7.8(a), we have that,

> - —€

p (1A — e 1
A 2

" 1//1 A 2
,ﬁ”ea><2em<—2<<2—g>a-wm>). (3.79)

Fix A > 0 and let G4 (a mnemonic for “good event”) denote the event,
Gai={a" e, @ e [A"): < Ao}

Note that, even conditional on ﬁ,(QO) € Co, ﬁ(QO) is not uniformly distributed as a point in the second

cluster, since by the implementation of the k-means++ algorithm, the second cluster is “biased”

to be far away from the first mean ﬁgo). Standard empirical process theory (Pollard, 1990) implies

that for any fixed A for the second center,

~(0)))2
~(0) _ o[ 1€ — By €oll2 _ 1
Ky 7QA> _E<Hﬁgo)|]2+r02]l N g ¢ + 0o(1),
§

[1€oll5 ; { l1€oll2 _ 1 [€oll2 _ 1
<2]E<m2]l N T3 € + 2P N 5 ¢ +o(1),

where as before & ~ N,.(0, I,), and in going from the first to second line we have used the standard

A “ 37 ¢

P(nﬁé”mnz 1

norm properties ||z — y|3 < 2(||z|]3 + ||y||3) V x,y € R. Thus using Lemma 3.7.8(b) for the first
term and (a) for the second term finally gives,

ﬁ@éh><8ﬁydwp<—u;f)<(;—%>§—Jh>j (3.80)

A “37¢

~(0
P(Hué)—uzl\z !
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Assuming A > ||p1]]2/0 + ¥, and using Lemma 3.7.8(a) to bound the event IP(HﬁgO)HQ > Ac) and
combining (3.79) and (3.80) finally gives the asserted bound in (3.22). O

3.7.4 Proof of Theorem 3.4.4

Proof. Denote v(0?) = var(f) as the variance of the mean-zero, symmetric sub-Gaussian distribu-

tion. Using the property of sub-Gaussianity, we have

It will be convenient to construct the datasets across n on the same probability space so one can
define lim sup and lim inf etc of various sequences of random variables. We also let C1,Cy denote the
true clusters (where these depend on n but we suppress this for simplicity). By Corollary 3.4.2 (also
see the statement of(Lu and Zhou, 2016, Theorem 6.2)), under the Assumptions of Theorem 3.4.1,
the cluster means ﬁa, [l@ that Llyod’s algorithm converges to satisfy (with the same probability

guarantees as in the original result),

/ 2a? 4a? 1
max ||fg —pe,|l2 < 43(V2+1)a nEr exp (—GZ) +8a exp (—a2> +00 ( ogn) (3.81)
i€{1,2} n o o n

Next by the definition of Llyod’s algorithm where points are assigned to their nearest centroids,

2 2 2
Dol Bl <Y X My —hell =2, > [y — neill3 + Tu,

i=1 jeC, i=1 jeC; i=1jeC;

where using (3.81) and laws of large numbers, whp as n — o0,

T 4a? 1
" <48(V2 + 1)202n Z r exp <—;2> + 64a% exp <—> +0%0 < ogn)

n

64ﬁ(ﬁ+1)aaﬁexp< a >+8\f\f+1 \/7€Xp< )O( loi">+
16a0 exp <—4;22> O( logn +/v(62)O( \/@
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It is easy to check that the population covariance matrix for G is ¥ = diag(v(o?) +

a?,v(0?),...,v(c?)). Thus by the laws of large numbers,
rv(o?) 48(+v/2 + 1)%02 4a? 64a> 8a?
lim sup CZ(Cy, C: e I SN
i (€1, Cos ) < “a? + ro(o?) R rv(o?) P\ ") Ty rv(o?) P Tz ) F
644/3(v/2 + 1)ac 6a?
—— 3.82
a+ rv(o?) AP\ T2 (3:82)

Now the comparative distribution under the null hypothesis (since the test statistic is invariant
under-scaling), for large n, the cluster index is compared to a data from a normal N, (0,X), where
¥ = diag(a® + v(0?),v(0?),...,v(c?)). We will write Xy, for data generated according to this
distribution and the corresponding data points as {y; m, : 1 <@ < n} and Yy, ~ N,(0,X). Stan-
dard empirical process results (see Pollard (1981); Telgarsky and Dasgupta (2013); Klochkov et al.

(2021)) imply that in this setting,

P
— min me\lyzHo ejllz — B min_ ||¥r, - cill3) (3.83)

n cl,czeB’" j 1,2 ci,e

Combining results in Pollard (1981, 1982); Bock (1985), Chakravarti et al. (2019, Appendix B)

shows that in this case, the optimal 2-means cluster centers are given by,

T
2 2
i <__ 2<v«r>-+cz>,0w,,70> and

™

m:< ww%ﬂwﬂwwgf

s

The corresponding optimal population clusters are

={y=(w,...,yr) €eR":yy <0}, and

Ay ={y = (y1,...,y4) € R" : y; > 0}.
Using the optimal cluster centers, it is easy to check that

E( min ||Yg, —¢|[3) = rE( min_|Y; —¢]?) = <1 — i) (v(0?) + a?) + (r — 1)v(c?).

c1,c2€B” c1,c2€R

103



Thus under the null hypothesis, in the large n — oo limit, the cluster index under the null hypothesis

converges to,
2 a? + v(o?)

p
CTy Fo1- 2o tuer)
Ho ma? + rv(o?)

, as n — o0.

Comparing this with (3.82) completes the result using the assumption and the fact that v(o?) <
2. [

3.8 Proofs of the Applications

3.8.1 Spectral clustering and stochastic block model

Recall the decomposition of the adjacency matrix A = 7" | )\ZuzuZT and the population (ex-
pected) adjacency matrix A* = Zfil Muf(uf)T be the SVD of A and A* respectively with
Al = A = .02 M and A = A5 = ... > A5, Denote U* = (uj,uj,...,u}) and
A* = diag(A}, A3, ..., A%). The spectral embedding U can be decomposed in a fashion similar

to the general model (3.5) up to some orthogonal rotation:
UO = U* + [UO — AU*(A*)7!] + EU*(A*)™! = U* + E; + E», (3.84)

where O € REXK

is a rotation matrix. Let ng, for £ = 1,..., K, be the number of nodes belonging
to each of the communities. Define the fs_,, distance between two matrices U € R™*¥ and
U* e RM*K a5

dysep (U, U*) = inf |UO — U*

OeREXK OTO=I 20

where |V|2—0 = maxie,) [Vil, and V; is the i-th row of V.

Applying Corollary 3.6 in (Lei, 2019), we have the following lemma:

Lemma 3.8.1. Assume the conditions in Assumption 1 hold. We have

1
ny/Pn

dasen (U, AU*(A*)71) = O ).
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Proof. Without loss of generality assume that

1,, 0 0
0 1, 0
7 — 2
0 0 Lo,

Let M = diag (y/n1,...,4/nk) and Q = ZM~!. Then Q7Q =1 and
A* = QMBM)QT.

Let VA*VT be the spectral decomposition of MBM. Then QVA*(QV)T is the spectral decom-

position of A* since QV is an orthogonal matrix. As a result, the eigenvector matrix of A* is

U* = QV. By definition,

U*

-

1., VE

L ViK

where V7 is the i-th row of V. We have |U*|sn = @(ﬁ) Let ¢(-) : [n] — [K] be the

membership vector and Cg = {i : ¢(i) = s} for s € [K]. Let vi = U} for i € C;. Using the fact that

V is an orthogonal, we have

v =iy = \/Ivals + v

2 /1 1 1
— 92 *oyvES = — = —).
2 <Vs7vs> Ns + N @(\/ﬁ)

1

Vn

As shown in the proof of Theorem 5.2 of (Lei, 2019), we have i#* < 2K < 1, A* = O(np,) and

Therefore,

. k|| _
A= EI;ISI/I ”Vs VS’H - 6(

).

logn
<1 < _—
R(6) <logn, ¢(d) < /npn, + loglog
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Combined with Assumption 1 (b), we have

NP
Amin (A*) > —————.
Vi [U*y o

Then we can apply corollary 3.6 in (Lei, 2019) to achieve the final result on da_,4 (U, AU* (A*)_l) .
]

The above lemma implies that there exists some orthogonal matrix O € R such that

1
n/Pn

€= |Ei[,_, = |[UO — IALU*(A*)*H%OO =0 ).

Completing the proof of Theorem 3.5.1:

Proof. By Assumption 1, we have a = ming(x) 7+ = ming (g 7s = ©(1). By decomposition result,
the sub-Gaussian matrix is

E, := EU*(A*)"L.

Under SBMs, the error matrix is symmetric, i.e., €;; = ej; for i # j. Therefore, we don’t have the

row-independent property for Eo. However, we have the following decomposition
E=E, +E],

where Ey, is the upper triangular matrix of E with E ;; = E;; for ¢ < j and Ep;; = 0 for ¢ > j.

Therefore, Eo can be decomposed into two parts
E; = EU*(A*)™! = ELU*(A*)"! + ETU*(A*)™! = By, + Eo.

It is easy to check that Es; and Egy are row-independent sub-Gaussian matrices. Therefore,
Lemmas 3.7.1-3.7.5 hold by simply decomposing each error into two parts. Both Es; and Egs have

sub-Gaussian parameter ¢ := %m, where Apin(A*) = Apnin(A*) = O(nAnin(B*)) = O(npn),
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and o = ©(-2-). Based on our updated lemmas, the effective signal-to-noise ratios are

npn
A « Na/Pn 1
- = =0 =0 n)s
07 = e\ T+ 52~ O\ T iz = OV

for Egi,’i = 1,2, and

JalA

€

< ©(yipn)

Pe =

It is easy to check that conditions in Theorem 3.4.1 hold under Assumption 1. To check the

<1 6 # 2 B)A
Go<|z——=~— =,
2 Jpe b)) M

2
A:=min v —vi|2 =4/ ———
s#s’ maXg Mg

initialization condition

we use the facts that

and
* * 2
M :=max |v} — vz < : ,
s#s! ming ng
to have
A ming ng 1
— 2N 2|~
M maxg Mg &
12 12 € 1 . TTRT . e .
< = —_— < =
and 2= S — o(l), X < T o(1). Therefore, the sufficient initialization condition is

1 1 1 c1 1 €1
<(5- - Ve =G /=
“ <2 (npn) /4 (npn)1/4> a2 Na

for small €. Then applying Theorem 3.4.1, we have that

A? A? c?
As < max {exp <_806> , €Xp <_1602>} < exp (—ﬁnpi) ) (3.85)

using the fact that

and
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with probability at least

1 A A?
1- 6(”3 g, A»Pa,Pe) =1-—- 2€Xp <> - 2€Xp <>
n g

8eo

npn}.

C2
21 —exp (—4011\/%0 eXp{—4C

Completing the proof of Theorem 3.5.2:

Proof. Under the stochastic block models with independent Bernoulli entries, we can show that
Lemma 3.7.1 - 3.7.5 can be improved to achieve a tight concentration result. We adopt the notation

used in the proof of Lemma 3.8.1. Without loss of generality assume that

[ 1,, O 0 |
7 _ 0 1, 0 7
| 0 0 Log |
and denote Np := Zlh=1 n;. We first give a detailed characterization of the error matrix Eo =

EU*(A*)~! with
w; 1= Ey; = (BU*(A*)7); = (E] U*(A*) )T,

where E; is the i-th row of E. For any fixed [ € [K] and i € [n], we have

wy = E?“?/Af - * Z Z Emvsl (386)
l s=1jeCs

where vy is defined in Lemma 3.8.1 as v} = U7 for 7 € C;. From the proof of Lemma 3.8.1,

1 1 2 2
A =min vy — vy =ming/— + >\ ———— =4/,
s#s! s#s' \| Mg Ny maxs 1 n

and

M = max vy — v | = max <
s#s! s#s' ming n nao
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Therefore
M [maxems o [C1 (3.87)
A ming ng Cc1

The following lemma is the key observation used to improve the concentration result under

SBMs, following from Theorem 5.2 in (Lei and Rinaldo, 2015).

Lemma 3.8.2. [Spectral bound of binary symmetric random matrices]. Let A be the adjacency
matrix of a random graph on n nodes in which edges occur independently. Set E[A] = P =
(pij)z‘,j=1,...,n and assume that nmax;; p;; < d for d > ¢plogn and ¢y > 0. Then, for any r > 0 there

exists a constant C' = C (r,¢g) such that

A -P| <CVd

-

with probability at least 1 —n

Fixing r = 3 and using the fact that Apin(A*) = Apin(A*) = O(nAmin(B*)) = ©(np,), we have

_ _ N 1
|Eof = [EU*(A*)7Y < |[E[|(A") "] < o < ;

that is
C

npn

2| <

j

for some constant Cj, with probability greater than 1 —n~%. Let S < [n] and define Wg = 3, ¢ w;.

Ciy/|S
Lemma 3.8.3. |[Wg|2 < 115 for all S < [n] with probability at least 1 —n =3
np

Proof:
Cy

N

15Ez| < |BEof <

[,

1
' W
VIS
with probability at least 1 —n ™3

Lemma 3.8.4. For all S c [n],

max (2'“77, 1T> = 07127

€S

with probability at least 1 — n =%
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Proof:
02
< | ding (1) Eo] < B2 < S0
NPn

5w

€S

9

with probability at least 1 —n~* B

Lemma 3.8.5. For all h c [K],
v/nplogn

We < Oy
H hHQ n\/an

with probability 1 —n=3

Proof. Fix h € [K],

D, wi

1€Cp,

()

1€Cp,

and from equation (3.86)

2w =2, 5% P

ieCp, ieCh, l s=1jeCs
=*Z<Z%W+ZZEMO
l JjeCn s#h jeCs

i =Np_1+1j=Np_1+1 1€Cy, s#h jeCs

Np,
D Eyvn+ Y, Y D Eyuy

1
)\ . :
= Nh 1+15=1+1 1€Cp, s#h jeCs

;( IR YRR S5 0

To bound the first part of (3.88), using Bernstein inequality, for fixed h,l € K]

Np N,
P Z Z Eijop| >t

i=Np_1+1 j=i+1

11 )
<2ex — thz
S OXp np(np — 1) N 1 ;
P 2 3'Uhl
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16
Choosing t = max {3’Uhl logn, 2’Uhl\/2pnh(nh —1)log n} = 2vhl\/2pnh(nh —1)logn under the

assumption p > %,

Ny, N,
2 Z Z Eijvhl < 4vhl\/2pnh(nh — 1) log n,
1=Np_1+1j=i+1

with probability at least 1 —n~%. Similarly,we can bound the second part of (3.88) using Bernstein

P( . )

< 3"

Lexp | ——————1+—
pnp + %\/% ’

where the inequality uses that fact that

inequality

PIDIPILLE

’iECh S?ﬁh jECs

Var <Z O Eijvsl) <Y YDk =) Y pving < Y p=pm,

1€Cp, s#h jeCs 1€Cp, s#h jeCs i€Cp, s#£h ieCp,

: 2 K .2 1 1 :
since X, ., vgns < 2 vns = 1 and [Ejjvg| < Jvg| < Fo S 7na- Choosing

Ns na”

1
t = max {i\jgin,ll\/pnh logn} = 4+/pnplogn
na

under the assumption p > 1, and then we have for fixed h,l € [K]

2 Z 2 E;jvg| < 44/pnylogn,

iECh S?ﬁh jECS

with probability at least 1 — n~%. Combining two parts together and the union argument

4
<F (Uhl\/Qpnh(nh —1)logn + \/pnh log n)
!

2, wil

z‘eCh

4
=\ pny logn ('vhl\/2nh + 1) ,
1
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for any fixed h,l € [K] with probability 1 —n~3 and

2

>

1eCp,

$(z-)

1€eCp,

4 2
[A*\/pnh logn (’thx/th + 1)]
l
< 32(2 4+ K)pnylogn/(Ni)?,
for any fixed h € [K] with probability 1 — n=3 . The last inequality uses the facts that (a +

1
b)? < 2(a? +b%), AF > \j and S v}, = — for fixed h € [K]. Using the definition of p, and
np

N = ©(npy,), we finally have

vnplogn
Z w;| < Co——,
iECh n pTL
with probability 1 —n=3. O

Lemma 3.8.6. Let g, h € [K] such that g # h. Then, for any a > 0,

Z 7z (aHp,g — | < (wi, p, — Ng>)

1€Cyq

<2ng4 exp (—Cgaann) + ng exp (—C4a2n,0n) + 16logn
C C.
+ 44/nglogn {2 exp <—23a2n,0n> + exp <—24a2n,0n> }

for some constants C3 and Cy with probability 1 —n =3,
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Proof. Fix g,h € [K] and a > 0. By (3.86) and definition of v for s € [K], we have

T (alpg — pn)* < (wi, p — pg))
=7 (a”'vg - ”hH2 < (wj, vg — Uh>)

K K
1
=7 (a\vg —p|? < 2 /\7 Z Z E;jvqa(vg — Uhl))
=1

$=1]

=171 jec,

K
1
<Z (alvg —op)? < Z = Z E;jvg(vg — vn)

K1
Z \F Z Z Eijvs(vg — Uhl))

+Z <a2’vg — v <
1=1 "1 s#gjeCs
i—1

ay
<z 5“”9 —wup|? < Eijvg(vg — vi)

ok
Rl

o
i
=T
+

-

D=
3’* -

N
Il
—

N‘]
Z Eijvg(vg — "’hl))

a

+7 <1vg — v <
2

Jj=i+1

N

+7 (agvg —u)? < Z Z 2 Eijvg(vg — Uhl))

:1 l s#gjeCs

=X;+Y, + %

where a = a1 + as and the last inequality guarantee the independence between different components
when we take summation over ¢ € G,. It is easy to check that the expectation for each term can be

bounded as

E (X;) < exp (—Cga%npn) ,
E(Y;) <exp (_C3a%npn) )

E (ZZ) < exp (_C4a%npn) s

for some constants C5 and Cy. By Bernstein inequality,
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where 0% = Var (Ziecg XZ') < ngexp (—Csainpy). Choose tg = max{% logn,4ox+/logn}, we

have 3o (X; — E(X;)) < to with probability at least 1 — n~4. Therefore,

16 C
Z X; < ngexp ( Cga%npn) + 3 logn + 4exp <—23a%n,on> \/nglogn,

i€Cy

with probability at least 1 — n~%. Similarly, we have

1
Z Yi<ng eXp Cga%npn) + 36 logn + 4exp (—C;a%npn> \/ g logn,

1€Cy

with probability at least 1 — n™%, and

16 C
Z Zi <nyg exp C4a%npn) + 3 logn + 4 exp (—;a%npn> \/nglogn,

i€Cy

with probability at least 1 — n~*. In summary, combining three parts together,

DT (alpg — pal? < (wiypn — pgy) < D (Xi +Yi + Z)

i€Cy i€Cqy

<2ng4 exp (—C’ga%npn) + ngexp (—C’4a%npn) + 16logn

C C
+44/nglogn {2 exp (;a%npn> + exp (;agnpn> }

with probability greater than 1 —n=3
O

Based on the formulation of w;, we have the following technique lemma which will be useful

throughout the proof.

Lemma 3.8.7. Let g, h € [K] such that g # h. Then, for any a > 0, i € C,

P (af g — pn]* < Cwi, p — pg)) < exp(—Csa’npy),

for some constant Cs.
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Proof. Fix i e Cy,

P (allpg — pnl® < (wi, pn — pg))

K
=P (a”g —wup* < Z wi (Vg — 'Uhl)>

=1

K K
1
=P (a'vg —wup* < E IV E g Eijvs(vg — ’Uhl)>

=1""1 s=1 jeCs

o~

<exp (—C5a2npn) )

for some constant C5 using Bernstein inequality.

Lemma 3.8.8. For all i € [n], we have

for some constant Cg with probability 1 —n=3.

Proof. Fix i € [n] and ¢ > 0, by Bernstein inequality,

I
M=

t
Pt <lwil) - Y P (< <l
=1 K
K K
t 1
<ZP<< 7*2 Ez]”sl)
=1 VK Al s=1 jeCs
K 142
2 K
<Qew |- Tl 1
-1 oF2 T 3R VrarE
142
2 K
SKexp| ==+
(/\1*)2 3\/?1/na/\f(
12
2 K
< KeXp B p + 1t 1
05y T 3R v

using the fact that
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and

1 1 1 1
< i

< <
Vs Al /naAf

3 _ 1 /logn logn
Choosing tg = Cg max{n ) T for some constant Cg, then

P(ty < i) < —-
(to < Jwil) < —

Take a union argument and we get the final result. O

In summary, in SBMs, we can view oapprox = O( ) instead of the sub-Gaussian parameter

Na/Pn

1
0 = ©(——) we used in the general theorem. Under the SSBM with K = 2, we assume
npn

(3.89)

1
Po = ?'\/ naPn, (3'90)
1
and
Pe = Ew/napn. (3.91)
0

We will first control G4 and I's. This will then allow us to control As as s grows.

Lemma 3.8.9. Conditionally on the events that the results of Lemmas 3.8.3, 3.8.4, and 3.8.5 hold,

if Gg < %, then

VEG, 2051 [logn 1
T, << 4 min <2GSF5_1 v YRGS V2Cp 1 [logn 1 +4/01G8> .
A Po C1 po n  pPo C1

PROOF: In order to bound I'y; we need to bound Hﬁgf) — pp, ||, which we do so expanding ﬁ;ls) using

{i: :21(3) = h} = Ugerr Ué,‘? as follows:

=(s)

o) _ ! _ Tgh g
A == D (i —mn) + ) %(yUg(? Bh), (3.92)
hoieU® g#h T,
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(S 1 H (S 1)”.

where ng<Z) = A( 3 ZZGU(S> y;. By Lloyd’s algorlthm for i € U h> ly; — ly; —
g

Thus, it must be the case that ||y — h || < |y e — )H Then, repeatedly using the
gh gh

triangle inequality yields

_ _ ~(s5—1 ~(s—1
Hymf} — pl < |\yU<;> - M;(f )H + Hu§f ) Ko
g g

_ A~(s— ~(s—1
< lgye — ASV + ||u§f )~
g

7] 1
<9y = moll + 1y = D 1A =
gh
<Gy = Tl + 1850 — gl + lg — AFD] + 181 — o
Ugh Ugh Ugh
C
et —— 40, A,

/MPn ?Lésh)

where the last inequality uses Lemma 3.8.3, the definition of € bound, and the definition (3.11) of

I's—1. Thus, we bound the second term of (3.92) as

~(s) A(S)

» %%(s) )l < 3 8

NE) HyU<s> B
g#h T g#h T,
~(s)
n
<)) ‘E’f) L+e+2FS_1A
g#h Ty, A/ MPn ﬁésh)
< G Ky Toh + ] ﬁgsh)eJrzﬁé?QF A
VIPn g#h (ﬁl(zS))Q g#h ﬁgzs) g#h ﬁ(S)
~(s)
KG, n
<Oy [——=+ ) %e + 2T, 1 AG,, (3.93)

n ﬁ(s) n
PnTip, g#h Ty,

where the last two inequalities are obtained via Cauchy-Schwarz inequality and the definition (3.9)

U(S) and the

of Gs. For the first term of (3.92), using the fact that {i : z; = h} = U,(l}? + Ugen Ung

definition of e,

=(s)

1 n 1
5 2 Wi )| < et | 2 W) - ) Y (- (3.94)
"h ieU,(fh> Ty Ny, Vitzi=h g#h; U()
~(s)
< Mhh 1 (CQW N C1 y n;f,f) (3.95)
N R Y

h h
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where the last inequality follows from applications of Lemma 3.8.5 and Lemma 3.8.3.

Note that, by the assumption that G5 < %,

A = = - G = = O, (3.96)
which implies
1 2 2 2 np — ﬁ,ﬁ,f
SA o ) < < ) <4/ Gs. (3.97)
~() no ) e /o N

h

Then, for all h € [K],

KGy Tgn
—(5) + Z @6 + 2F5_1AG5
NPnMy,— g#h Ty

1A — pal < &y

~(s)

1 Cor/nyp 1 C ~(s
b e (TR O o))
Al Rl ny/Pn Noz

2 2C KG 20 I
<( *v2) L =28 40T, 1 GA e+ 2, [ 2T
n ap napy,

n n
KGs 2 1
<A <€+2GSFS_1+(1+\/§)CM/ Cs | *fcﬂ/ Og")
A nopy n app

2 2
where we use A >,/ > \/7 and the second inequality is obtained using (3.97) and the
maxs n

last inequality is obtained using the definition (3.90) of p,. Thus,

I, < i +2G Ty + (1+/2)Y fGS + \/202 ;4 / lof’;". (3.98)
o 1 o

We can get another bound on I'y by rewriting ﬁgf) as

~(S 1 = ~( S
) = 5 D+ (g — ) TGE = )
Ny~ i=1

(s)

h 1
= Z ﬁﬂng@ Z (i — pz)-
gelK] ™ Ny sy,

i

3)
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Using this decomposition and Lemma 3.8.3,

~(s)

~ LD 1
18 = il < ) g =l + |5 Y (wF — pe)| e
g#h T, ny, 20—,
ﬁ(‘;) 1
g
<M) G ta e
g#h Ty nPnty,

This implies

M 1 € & 1 €
F gi S 7< I s A .
s AG +0M/mpn+A 4/616‘ +CM/napn+A (3.99)

where the last inequality uses (3.87). Finally, by using (3.98) and (3.99), we conclude that

T, < < + min 2G8r5_1+(1+\/§)vKGs+\/§C214/10g”,1+\/71G8 ,
A Po C1 po n Po a1

Lemma 3.8.10. Assume Lemmas 3.8.3, 3.8.4, 3.8.5, and 3.8.6 hold. Assume I'y < % for some
0<Cr<l1,Gs< % for all s. Define
1 3C) Cy V2C)

Pro =500 =3 Fonpe ~ a2 (npp) A~ a2 (np,) 4

and assume /31, > 0. Then

32logn

4 2 2 2
Gst1 <a exp (—Cgﬂmnpn) + ” exp (—C’4ﬁlvgnpn) + —

8 [2logn Cs Cy AT?
+ aq/ - {2 exp (*2Bionpn> + exp (2,6’5071/)” + ﬁ
2 2 1 21 321 412
< (=) (11628 ) 228, s
Bi ;napy Cs Cy n no A/Napy

PROOF:
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To control G541, we need a bound on n “;LH 2Tz Z-(SH) = h) for h,g € [K] with

h # g. Suppose g is fixed. Then for h # g,

T(si = g, 270 = 1) < Ty — )P < Ly — B512)
= T(lys — by + 1t — )91 — g + g — i)
<<yi_p’g+“g_ﬁs(18)’yi_l$g+ﬂg_ﬁ§s)>)
:I(<Hg*ﬁ§§),ug Hh > (pg — ug),ﬂg ug )y < 2y — ,“g,lih *Hg)>)

= (g — 0717 = sy — B P < 20yi — g, 1) — B5))) (3.100)
and

G502 = (g — pnl — [pn — 2372

= (Hu — (1 NN _’A‘S)”»Z
! l1tg — pa

> |1y — pal*(1 = Ts)?,

HMQ

by the definition (3.11) of I's. So,

1P g — B2 = g — pn*(1 = To)? — g — B2

> |1y — paf?((1 = T)* = T7)

= g — paf*(1 = 2T) (3.101)

HHQ

> | g — pn|*Cr,

where the last inequality is obtained using the assumption that I'y; < 172CF. For k € [K], write

Cr = ﬁ,(:) — pi. Based on the decomposition

~(s) _ ~( (s)

iy — b =, — g+ (B — ) — (B8 — pg) = (n — pg) + (Ch — &),
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we define coefficients corresponding to the two parts pj, — pg and ¢, — 4 whose reasons will be

clear later

3CH & \/EC()
e = s o= s e = T 171 3.102
b1, 2+/2npp, P, (nap, )4 bz, (napy,)V/4 ( )
and
1 1 3Co Ch V20,

Bio = =zCr — Bre — P20 — B2, = 501“ -

> 2v2m0,  (nap,)t (napa) 't

where Cj is define in equation (3.89) and C) defined in Lemma 3.8.3. Using the definition above,

Z(z =g, zz(s+1 <7 <<

)ug;%F<@i;%ﬁ$ﬁ?ﬁ

< T (Burelpg — pnl? < (yi — y§, 1 — 1g))
FT (Brollmg = pl? < CF = g, in — 1)
+ T (Boclpg — pal?® < i = ¥5,6n — ¢o))
+7( —HhHQ <Y — 19, Cn =€)
—: Ty + Tos + Toi + T (3.103)

For the first part of (3.103), we have

Tii =T (Buelmg — mnl® < Cyi = y§ 1 — p1g)) (3.104)

IT(freA<e)<T (51,6\/3 < e) (3.105)

3Cy 2 Co
<z — < =0, 3.106
(2\/2npn n o n pn) ( )

2
where the second inequality uses the fact that A > \/7 . The term related to T%; of (3.103) can be
n

bounded using Lemma 3.8.6 as follows:

Z Ty; < 2ngexp (—Cgﬂianpn) + ng exp (—C4Bianpn) + 16logn
i€Cy

C C
+ 44/ng4logn {2 exp (—235%0npn) + exp (—;ﬁignpn> }

2n n 164/nglogn  84/nglogn
< S g + 16logn + g J ;
Cs36f gnpn  Cafi  npn Cs3Bi npn — Cafi gnpn
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where C3 and Cy are constants defined in Lemma 3.8.6 and we use the fact exp(—z) < 2 for z > 0.

Based on the following result
16h = Coll < IGhL + 1€l = IS = panl + 1785 = pagll < 20GA < 20| — pgll,  (3.107)
we can bound the third term of (3.103) as

pg — pnl? < yi —yi G —Cy))

% - 3 I

112, = 1:2,=g
NI 4 F e
- ~ (A 9
ol 53 g — pn]t ' I
1 2
< Z 1 Y =y ¢ — ()
. B5 A
1:Z;=g )
-Gl 20T
< 2 Aa g S 3 g = Ngl g
/BQ,GA BQ,enpn npn,

2
using the definition of € in (3.89), the inequality (3.107) and A > \/>
n

Similarly, we can bound the fourth term of (3.103) as

— pal® <Y = g, Cn = Co)

Z Ty =

112, =g i'zi—g
52 32 A4 Z {yi — mg, Cn — Cg>)
0 1:2,=g
I¢n — ¢l
< 2 Ai max | D, wiw (3.108)
Nea ZZ—
o
/622,0A2 nPn
C31?
< M2 (3.109)
/8270'/)71 pTL

where (3.108) uses Lemma 3.8.4, and (3.109) uses the definition of 82, in (3.102). Note that (3.96),

which uses the assumption that G < 1mphes

1 1 Ng 2ng 2 AT 2,/ng 2

— <= <=2z < < .

ng an’ 6D T oan o’ A6+D T an  ayn
9 ny, N
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Combining the four parts together, we have

+1)
- _ maXZ 2 T11+T21+T32+T47,
n
h#gle[ ] 9
9 9 16logn
<2exp (—Csﬁl,gnpn) +exp (=Cufi gnpn) + —
9
logn Cs Cy o a na I'2
4 2 —— —— —7T —=
+ n, { exp < 5 Bi oMPn | + €xp 5 B1 oPn + npm s + o 1y
2 2 16 logn
<2exp (—C367 ;npn) + exp (=Cufi ;npn) + —

44/ 2 —— - r 5
+ o { exp < 5 Bionpn | +exp > Bi onpn + o + .

and
; : le + T2z + T31 + T4z
max ), (v = mAx D, Z o)
g#h Ty, g;éh i€[n Ny,
2ng 9 Ng 9 16logn
<A(s+1) exp (—0351@”/)71) + JNETE)) exp (—04,81,0”[771) + W
np, np,
\/nglogn Cs Cy na T2
4% {2 exp <—2550npn> + exp ( 51 C,npn) } s+1 A(s+1
h
4 2 32logn
S—exp (_C3ﬂf,anpn) + —exp (_045%,071/)11) + g
« « no

8 [2logn Cs Cy A2
toA T, {2 exp (—Qﬁfanpn> + exp (—QBf,anpn + 7W5pn'

Finally, we have

32logn

4 2
G <—exp (=C38% ynpn) + —exp (—CuB gnpn) + —

8 [2logn Cs Cy 41?2
+ N {2 exp (25%,onpn> + exp (2/8%,0”% + Wijn
2 2 1 21 321 4T2
S5— |5+ ) | 1+164/ OB 4 2Eoel s
517(7”04)71 Cs (4 n no /NPy,

PROOF OF THEOREM 3.5.2: In order to bound the misclustering rate As,1, we first show that

under the initialization condition (3.13), Lemmas (3.7.6)—(3.7.7) hold for all s > 1. Next we find
a bound for T'y which does not depend on s. Then we decompose Z(z; # z(SH) sl h) using

[as

(3.53) and the bound on I's. Thus, allowing us to decompose Ag;1 into three components which
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we can bound in expectation. Finally, we will use Markov’s inequality and a recursive argument to
bound the misclustering rate. Recall that we assumed p, > Cov/ K and na = C1 K logn for some
CQ, Cl > 0.

Note that if G satisfies the initial condition (3.26), it follows from Lemma 3.8.10 that

1 C
F0<i+—+4/—1Go
A Po C1

e (1 5 C1 V20 +Ci+1
TA p, 2 2y2np, /nap, (napy) /4

1 Co+ C1

57 W (3.110)
_ 1_ 3C)h B \/§CO+C]_+1 (3 111)
2 2\2np, (napy)V/4 7 ’

where the last inequality follows from the fact that np, » 1. So regardless of which initial condition

(3.26) holds, we have (3.111). Plugging (3.111) into Lemma 3.8.10 with

3Cy 2(\/500 +Ch + 1)

T T T map
yields
gmtop. 3% G V2cy 1
2 2V2npn  (nap )Vt (napp)Vt (nap,)
and

2 2 1 21 21 AT2
Gre o (2 1) (11162080 ) 32l | Al
Bi o napn \Cs ~ Cy n na \/0pn

2 2 1 2logn 32logn 413
K—= | =+ = [1+164/
(napy)'/? <C3 i C4> ( ! " ) T NG

< 0.35,
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using the fact that nap, » 1 and ln

I't

> 256. Then Lemma 3.8.9 yields
ogn

«/7 1
< C haamy + (14 v2)YEG ‘f@p \ s n

A Cy

C 1 30 Co+ C 1 4/ 0.35 2C5 1 /1
! +2(0.35)(— 0 V20 +Cit >+(1+\@) +\F2\/@
2 242np, (napy, )4 Po C1 po n
1 3Ch V20, +C1 + 1

< — — , 3.112
2 2\2np, (napy, )4 ( )

under the assumption that nap, » 1. By induction, we can show
Gs <0351T's<04 (3.113)

for all 5 > 1. Then, Ty < 0.4 = 22U/ and with Cr = L. Lemma 3.8.10 gives

B

32logn

Gsi1 < —exp (—C38%npy) + geXp (—=CuB’npy) +
« no

/21 AT
+ 8 ogn {2 exp <—C352npn) + exp <—C4B2npn)} + —
« n 2 2 /NPy,

R

where 8 = 2Cp — o(1) = 0.1 — o(1). Hence, using Lemmas 3.8.10 and 3.8.9 along with nap, » 1,

and Cr = é, for all s > 1,

|

€ ( —l—\f)f C3 o V2 Ca o 2logn
<A+0.7F5_1+p0{\/aexp( ?5 npn +ﬁexp 75 npn | + 44/ -

242 (2logn 1/4 Cs Cy 9 2T V2Cy [logn
+ \/a< - > [\/iexp <—45 npn) + exp <—4B npn)} + ( 1 + -

21
\((01)1/4+0.7>r5_1+ A g4 2080

l>

Ch

i 9G.Is 1 + 1+\F\/ﬁ \/702/) /logn

1

< £ 26Tt 14V S ‘f@p«/log”

l>

napp) Cipo

Aoy, no

nopn

for some constant ¢y using the assumption np, » 1 for all s > 1. Therefore, when np, is large

enough, we have

C cy [logn

le< —+ — ,
* 72 /nap, * 2 no
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for some constant co and all s = 2logn. Define

€2 _ /1087 (3.114)

-1—
fi A/Napy *N na

which ensures g1 <1 — 2, for all s > 2logn. Furthermore, define

B1 = Bro+ Bie
BLU = Bo + 52,(7 + 53,0 + 54,0
ﬂl,e = ﬁe + B2,e~

and

n32ap nap,’
3C
64,0 = 0
npn
2C) + 1 2C C
/81,6 = 0 aBe = 0 752,6 = 0

where the constants are defined in Lemmas 3.8.3 - 3.8.6 and (3.89). These tell us that

C2
ﬁa = /81 - ﬁl,e - /82,0 - /33,0 - ﬁ4,a =1- W - Bl,e - 62,0 - 53,0 - 54,0;
n

which implies that 5, = 1 — ¢ for some small enough constant c. We assume that C; and C5 are

large enough so that 8 > 0. We shall bound As,1 by Markov’s inequality, for which we will need a
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bound on E(As41). Combining (3.39), (3.40), 81 < 1 — 2T, and the definition above, we obtain

T(z # 20 25— b) < T(B1 ey — pn]® < 20y — paey, B — 1))
<I(
+ Z(Brelitsy — mnl® < 20y — yi, B — G)))

510
T(5% e, — pnll? < Cwis pon = gz, + G = €2))

(516

— pn|? < 2y — oy, B — GO)Y)

— pnl? < Ces i — By + Ch— C2))

(s)

where ¢, = fi;’ — pp. Define

1 ~ (s
b = 5 i =yl vn = = 5 2. — e, en = (71 — mn) — dn — . (3.115)
ny ieCff) Ny~ ieCy,
We can decompose ¢}, as
Ch=Pn+ v+ P
Using the definition of ¢, we have
1 %
lonl = |7 Z (¥i—y;)| <e (3.116)
n

By Lemma 3.8.5,

1 202 A\ 1y logn 202 Tp logn
lonll = | 5 20 —mn)| <~ = <5 . (3.117)
Ny~ iecy VPn nto Pn
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From the proof of Lemma 3.8.9,

lenl =

(" — pmn) — bn — VhH

S Z s) IyU(5 ll'h s) Z Z
g#h g#h U(5

S Z yU“) )| + =y Z RE
g#h gséhleU(S)

Ci(W2K + 2
< 26Gs + 2T 1GsA + 1 ) .
n apn

~(s)

For the first part,

Define

Jlo'

J2,<7

J3,U

B,
(JHNZL uhH2 < {w;, pp, —
P T
e,
+I(TUHHZ¢ — p? < wi, o —
B3,
+I(TUHNZ¢ — ] < (wi, v, —
Ba,
I(TUH o — ml® < (wi, dn —
1
= - Z T <5
n 4 2
he[K] =1
1
_ 1 ZI <52,
n 2
he[K] =1
1
_ 1 ZI <53,
n 2
he[K] i=1
1 n
= - Z T (
he[K] ' i=1

128

yz A(s Z Z
g#h zeU( 9
Z PN
gséh lEU(S)
(3.118)
Mz + Ch - CZ@>)
I'I'Zz>)
‘Pzz'>)
vz))
®2.))-

lptas — MF«WMzM»,
Tz — pnl* < Cwiy pp — ¢zi>> ,
ﬂ%—wwaww—%ﬁ,

47
b < = 62))



On the other hand, we can define Jy, Jo . as

L (5
D= 3 AN (Sl -l < e = e )

he[K] ' i=1

1 < B26
he= 3L z(’|
2 hez[;(]n; 2

e < e 6).
and get the bound
E(Asi1) S E(J10 + o0 + J30 + Jao + J1c + J2)Z(G)) + P(G°), (3.119)

where G is the event in which the results of Lemmas 3.8.3, 3.8.4, 3.8.5, and 3.8.6 hold. To bound
E(Ji5) in (3.119), we use Lemma 3.8.7 to get

1 S Bo
B(J10) = - Z[] Z;IP’ <2”“zi — p|* < CYF = s o — uzz->>
helk] 1=

2 2
< Kexp (—C‘rf” npn) < exp <— CBSﬂU npn> ,

using np, » 1 and K fixed. Note that by (3.118), for all h € [k],

lnl < 2G4 + 20,1 Gy + 1

VK ++/2) [2G,

apn

< 226Gy + GsA + CL (VK +V2) Gs A

nopn

< 2(A + €)\/Gy

when nap, » 1 and G5 < 0.35 as in (3.113). Then using G5 < 0.35 again,

H‘Ph — Pz “ < 4(A + 6) V Gsy
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Conditionally on G,

1 n
Da= ), )T (BZ’U ey — pn|* < Cwis pp — <Pzi>)
n 4 2
he[K] =1

4 n
< ) Y DY — e o — 2,0
he[K] 207 =1

< i (Llen-e.?)
= nﬁiaA‘l npn =
128C2Gs(A? + €2)
n2pn52270A4
128C2 A4 128C% Age?
" nfapnfi A2 nPapyfs Al
_ 64C? A, 3202 A,

~
nopnfs,  n*opifs,

1 1
(1)
Po  PoPe

N

where (3.120) follows from Lemma 3.8.4, (3.121) follows from the fact that G5 <

64C

V/napy

and the definitions of p,, p.. Hence,

E(J.Z(G)) < (pl N p01p2> E(A,).

For the third term, we bound the probability

oA
P (&”2 <Y — Bz, v — ”Zi>>

B2
<P (2% <l - v
B3, A2 4Cy [nplogn
<P< 2 < iy [T
neo Pn
A? 40y |1
<P<ﬁ?”2 < Jwi| =2 "g”>
na \| npn

using (3.117). From Lemma 3.8.8,

logn 1 |logn
. <C _— —
lwi 6max{n mapn’ n\ pn }
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1 2
EAS, and 6270_ =
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3 and

for some constant Cg with probability 1 — n™

4C: 1 4C! I
[ — v | < [wnl + s ]| < ooy [P0 < 222, [ 2B
neo Pn no nPn

under Lemma 3.8.5. Therefore,
8CyCs |logn loen 1 [logn
el — ve < 35258, |10 max{ g \/T}
no npn n\/@pn n Pn

. . . logn logn
with probability at least 1 — n~3. Choosin = 4C5C——— max , 10,
p y g B30 2Cs o {\/W }

B30 A2 1
P<;<<y§k—ﬂzm’/h—’/zi> gﬁ'

3C
0 and Bernstein inequality for sum of Bernoulli
Npn

The last term Jy, is bound using B4, =

entries similar to the proof of Lemma 3.8.8,

1 = 64,0
R M e )

he[K] =1
1 = 640' AQ
< - 7= -
< 3 oxr(GEg <)
he[K] ' i=1
I 5,0 Pn
< ¥ i3ip (el <)
he[K] ' i=1 0

for some constant C'7 using np, » 1 and K fixed.

2C
= 70, we have

Then we consider J; . and Js .. Under the definition that 3,
A/ TPn

:
7 (5 =l < e~ )
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and

Lastly, we can deal with Js . using

[¢n — CgH < 20|pn — NgH

C
and [ = O to achieve
nPn
BQ,E
7 (%l - P < e €
/BQ,E 2
ST 5 lpe = ™ < 2eUs [ pn — e
P,
< (2l < el |

<T <52’E < e> - 0.

B

Summarizing the results above,

E(As-i-l) < E(Jl,a) + E(JQ,UI(Q)) + E(Ji%,az(g)) + E(J4,a) + E(Jl,e) + E(JQ,eI(g)) + ]P)(gc)

C5 32 1 1 1 1
< exp (— 55 npn> + ( + ) E(As) + 3 + exp (—=Crnpp) + 3

8 Po  Pop?

\/% —B1e—PB2.0—B30— P10 =1—0(1) = % using the assumption np, » 1. Denote

with 8, = 1—
1

FP = — + 5 By recursion,
Po PoPe

s 1— (FP)**! Cs 2
B(As) < (FP)"B(As) + “1_fp |FPTg"Pn + exp (—=Crnpy) + 3

With p, » 1, pe » 1,

1 1 s+1
)
PoPole <2 (3.124)
1- — —
Po PoP?
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and when s > 4logn,

1 1 s 1 1 log(n*) loe | L 1 1
< + > E(As) < < + > E(AS) < (n4) g(poJrﬂopg) < —.

Po  Pop? Po PoP?

Thus, when s > 4logn,

Cs 5
E(As1) < 2exp <—18m>n> +2exp (~Crnpn) + —.

By Markov’s inequality, for any ¢ > 0,

1 2 C 2
P(As > 1t) < ;]EAS < 7 &XP (—185npn> + 7 exp (—Crnpyp) + el (3.125)
If np, < max {%27 C%} logn, choose
=e (= (0 G ) o)
=exp | — — n
) "
where C' = min {%5, 07} and we have
1
P{As; >t} < — 4 exp(—+/npn)-
Otherwise, since A, only takes discrete values of {0, %, cee 1}, choosing t = % in (3.125) leads to
1 3 5
P{As >0} =P{As; > —  <2nexp(—2logn) + 2nexp(—2logn) + — < —.
n n n
The proof is complete.
|
O

3.8.2 Community Detection in Noisy Stochastic Block Models

Here we prove Theorem 3.5.3
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Proof. Denote z € R™ : [n] — [K] as the community labels. Under the noisy SBMs described in
Section 3.5.2, we have

P(Yl] = 1) = (1 — Oy — Bn)qu-,Zj + Q.

Therefore, the observed network Y follows the Bernoulli network model with expectation
E(Y)=(1—a,—B)A* + ap, =: By.

Under Assumption 2 (c), it is easy to check that rank(By) = K and preserves the community
structure. Then we can apply similar argument as used in the proof of Theorem 1 on the embedding

matrix of Y to achieve the final results.

3.8.3 Spectral Clustering of Mixture Models

Here we prove Theorem 3.5.4.

Proof. Since X = X + W, where X is of rank K by assumption 3 and W has row-independent
sub-Gaussian error. From the proof of Theorem 3.1 in Abbe et al. (2022), we know that under

Assumption 3, all the assumptions in Corollary 2.1 in Abbe et al. (2022) hold with

1 T
= 3 —
~ 2n0max{\/si,\/;}.

Then we can apply Corollary 2.1. in (Abbe et al., 2022) to get the decomposition of UA/? as

UA'? = UAY? + 1 (WXT) UA'? + By,

1
vlogn

position the embedding matrix as:

where €3 1= [Eaa|l2—0 < [U|2— 0/ AY2|2 with probability 1 — o(1). We can further decom-

[L/Xl/2 = 6]\1/2 + E; + Eo1 + Ego,

where By = H (WX") UA~Y? and Egy = H (WW') UA~2,
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—-1/2

The matrix E; has row-independent sub-Gaussian errors with og = o|XTUA~Y/2|; where

o 3 3 - 5\1 1/2
IXTOA 2y < | K[| o A2, = (AK) W,

1/2 1/2” 1/2

using the fact that [X|2 = A" and |A

For the matrix Eo1, we would like to bound the lo_,, norm. Using the property of lo_,o, norm,
we have

MWW UA?| < (wwT) T, |AT .

2—00

and

P (| (WWT)U > t)

H2HOO

P ([ (WW ) O, |, > 1)
S B (I (WWT) U, > ).

i=1

ﬂ\

It is easy to show

max 2] < 2v25+/logn,
Sk

with probability greater than 1 — %

Define the event G as the setting where the above inequality and the inequality in 3.7.4 hold.

Then we have P(G) > 1 — 5. Assume that the event G holds. Based on the bound
— K —

1> 20l < D01 D 2 Va/vnsls
J#i s=1 jeCs,j#i

K =

|\[5”
= Z I 2 zjll2
s=1 VI el

K
< 304/d +logn Z [Vl + 2v20+/log n/v/na =: t;,
s=1
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we have
P | <(z, Z z; Uy > t)
i

i %Yl t
< J?ﬁ J > = _
( | Zm z; ngz | 22 21 Ujtl2

< J#l Jl > > E
Z7

I Zﬁ&z Zj JZH2 t
<inf e 0/t exp <29202>

%

N

P

0>0
= exp 237)
Therefore,
<z,~,2 2 U;)| < V2t404/10g(2/6),
i

with probability greater than 1 — § for each fixed [ € [K]. Following the decomposition,

=12 =1

" 12 g 2
(2, > 'zjﬁjl>> = <<sz2 zjﬁjl>)

Jj#i

K
(\ftlax/log@/é)) = 202 log(2/6) 2 t?

=1 =1

K
=202 10g(2/6) Z <30\/d+ logn Z [Vl + 2faw/logn/\/m>

<40?1og(2/6)

/—\ |

K
1
o?(d + logn) Z Z’Vsl| + 802K 0gn>

1
<9K(d+ logn) + s Og”) .

no

<4Ko*log(2/6

~—

with probability greater than 1 — K. Therefore,

|# (WwT) Ul

8logn
4
I5., < 4Ko*log(2/6) <9K(d +logn) + ) ,

no
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1

with probability 1 —nK4 using the union argument. Choosing § = 5,

we get

HH (ww7) ﬁfvl/2H2 < \/4Ka4 log(2Kn3) (9K(d +logn) + 8105”)/\&;{ —
—00

n

with probability 1 — -. Under Assumption 3, it is easy to figure out Uz = @(ﬁ), |AY2||y =
5\}/2 , A= @(1/%‘) and

€ 1= ! S) &
> Vlogn n |’

Therefore, the conditions on parameters in Theorem 3.4.1 are satisfied since

A2
Po = ) m = Q(1)7

: Ak I \k
e — (C] ,@ \/l _ = Q1 y
pe = (02\/nlogn(d+logn)) (Viogn )\1) o

under Assumption 3. Applying Theorem 3.4.1, we have that under initialization condition Gg <

(1 —€0)y/ & for some small €,

22 22 Toon 5\3/2
As < max 4 exp (_61§2> 1 €Xp | —€2 = i | exP —030g7n,K
no )\1 na3\/]0g n(d + log ”))‘1 \/ﬁakl
(3.126)

and

for all s > 4logn with probability

_ < ] 1/4)3/4
Vno Vnod/2(logn(d + logn))Y/4) (no?)VAx

O
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CHAPTER 4
Markovian Change Point Detection Models for Evolving Networks

4.1 Introduction

Networks, namely graphs with context dependent structure, offer fundamental ways to represent
relationships between objects. They play an increasingly important role in daily lives: Twitter and
Facebook social networks drive how individuals consume information and act on it; financial systems
connect economic agents distributed across locations;transportation networks and the electrical
power grid are physical networks of key import to our civilization. Analyzing these systems to
glean insight into their performance and evolution as well as vulnerability to adversarial agents
is both of great importance and significantly challenging owing to massive size and streaming
characteristics of the data in question.

A key area in the above settings are dynamic or evolving networks, namely networks that
change over time. Increasingly important in this domain are questions of anomaly detection, namely
stretches of time where the evolution of the underlying network is “atypical”. Motivations include
areas such as social networks where domain experts are interested in times where communities
split, merge or disappear (Gao et al., 2010; Ji et al., 2013; Ranshous et al., 2015) or network
neuroscience, where one is interested in changes in functional and structural connectivity of the
brain, in light of different tasks, stimulus or age (Xu and Lindquist, 2015; Khambhati et al., 2018;
Lurie et al., 2020). In the domain of statistics and applied probability, change point detection,
especially in the context of univariate time series, has matured into a vast field, for introductions
see Csorgd et al. (1997); Brodsky and Darkhovsky (1993), for more recent surveys tailored to the
high dimensional context see Wang and Samworth (2018); Fryzlewicz (2014); Jirak (2015); Cho and
Fryzlewicz (2015). Even in this more classical setting, consistent estimation especially in the setting

of multiple change points is non-trivial and requires specific assumptions see e.g. Yao (1988); in
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the area of econometric time series see Bai (1997); Bai and Perron (1998, 2003); for applications in

the biological sciences see Olshen et al. (2004); Zhang and Siegmund (2007).

Despite a significant push from applications (Ranshous et al., 2015), there is much less known

for change point detection for networks, both in terms of benchmark models or the performance of

standard estimators such as CUSUM based statistics in such settings. The last few years have shown

that in high dimensional network setting, even simple models lead to a break down of standard

estimators for change point. For example, for growing network models belonging to the so-called

preferential attachment class, it was shown in Bhamidi et al. (2018); Banerjee et al. (2018) that the

long range dependence of the initial time evolution makes the development of consistent estimators

highly non-trivial. This chapter has three main goals:

(a)

(b)

(c)

Proposal of baseline models: Evolving network models with fized vertexr set but whose
dynamics are dependent from one time step to another have been proposed in a number of
applied areas. Switching to rigorous analysis of estimators, much of the literature focuses on
models which are independent (or conditionally independent given latent parameters) across
different time steps (Wang et al., 2021; Bhattacharjee et al., 2018; Zhao et al., 2019; Padilla
et al., 2019; Enikeeva and Klopp, 2021). In this chapter we survey a number of models
motivated by applications that fall under the general class of Markovian network models with
the goal of proposing anomaly detection benchmarks. We start with change point detection

problem and then extend the framework to the less studied event detection problem.

Relationship between estimators and network dynamics: The second goal is to under-
stand the delicate interplay between the performance of standard estimators and functionals
that modulate network dynamics including relaxation time of the models before and after
change point, initial distribution, low rank underlying structure, and dependence of macro-

scopic functionals used in standard estimators, on network parameters driving the evolution.

Examples of potential phenomenon: motivated by models considered in practice, we
illustrate the diversity of potential phenomenon through a breadth of different examples.
While there are a few general results, the main emphasis is model specific calculations in

a number of cannonical models of interest. Both positive results (settings where consistent
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estimators can be formulated) and perhaps as importantly negative results, where estimators

inherit degeneracy from the driving parameters of the models are described.

4.1.1 Organization of the Chapter

We start in Section 4.2, by laying out general models of network dynamics, organized according
to different taxonomy of change point and event detection, as well as specific concrete model classes.
We describe a general class of CUSUM type estimators and their concrete forms in specific settings.
We describe the main results in Section 4.3 followed by Applications. Section 4.4 contains extensions
to temporal motifs to track changes using statistics incorporating functionals of the graph stream
at multiple time points. We provide a discussion of the relevance of this chapter, related work and

open problems in Section 4.5. The rest of the chapter contains proofs of all the results.

4.2 Change Point Models and Estimators

We outline basic notation and then describe models of interest.

4.2.1 Notation

Write Z for the set of integers, R for the real line, Ry := (0,00), N for the set of natural numbers
and let Z, := {0,1,2,...}. Write 25 L, 4, for convergence almost surely, in probability and
in distribution respectively. For non-negative function g and another function f both defined on
N, we write f(n) = O(g(n)) when |f(n)|/g(n) is uniformly bounded, and f(n) = o(g(n)) when
lim, o | f(n)]/g(n) = 0. Write f(n) = ©(g(n)) if f(n) = O(g(n)) and g(n) = O(f(n)). A sequence
of events (Ay)n>1 occurs with high probability (whp) when Pf(A,) — 1.

Throughout the chapter, we will be interested in graphs on a fixed set [n] := {1,2,...,n}
of vertices; in most cases the observed graphs will be simple (i.e. no self-loops or directed edges),
unweighted and undirected (albeit we will describe one extension of this framework to hypergraphs).
The natural space for such objects is €, := {0, 1}(;>, where each configuration x := (z;5) € Qy,
represents a graph with x;; = 1 if there is an edge present between vertex i,j else x;; = 0.
For fixed graph G € Q,, we let Ag denote the corresponding adjacency matrix of G. We will

consider a sequence of graphs G := {G; : t € {0,1,...,T}} on vertex set [n] (sometimes called a
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graph stream) observed over a discrete finite time grid and we let {A(¢) : t € {0,1,...,T}} denote
the corresponding sequence of adjacency matrices. We abbreviate CP for change point models
and ED for event detection models. Since one of the main goals of this chapter is large network
asymptotics, in most settings relevant for this chapter, implicitly the time window T' = f(n) — 0.

Unless required, we will suppress this dependence on n to ease notational overhead.

4.2.2 Markovian Change point and Event detection models for evolving net-

works

Let &2, denote the space of all irreducible, aperiodic, transition matrices on €2,. For fixed

k € &, let w, denote the corresponding stationary distribution.

Definition 1 (Markovian Change point model). Fix ¢ > 1, constants ap := 0 < o < ag <

- < ay <1 := ayy and kernels {k;: 1 <1</} with k; € &, and an initial distribution v
on §,. Consider the graph stream G := {G,:t€{0,1,...,T}} with Go ~ v and for i € [{],
{G; : t € (i1 T, ;T]} evolves like a Markov chain with kernel ;. Say that model is s-stationary

distinct if for all 1 <4 </l —1, my, # g,

The next definition deals with detection of anomalous events. For ease of exposition, we

specialize to one event in this chapter and defer a discussion of the general case to Section 4.5.

Definition 2 (Markovian Event detection model). Fix a € (0,1), k1, ko € &, an initial distribu-
tion v on Q,, and a sequence &, — 0. Consider the graph stream G = {G; : 0 < ¢t < T} with Gy ~ v
and {G; : 0 <t < o7} evolving as a Markov chain with kernel k1, for {G;: oT <t < (a + ,)T'}
evolving like a Markov chain with transition matrix ka, and then for {G; : (o + €,)T <t < T} once

again evolving using the kernel ;.

Two comments are in order. First, the motivation for the above framework are settings where
an “event” occurs in the evolution of the network which changes the dynamics for a stretch of
time that is of lower order (¢,7") than the entire time window 7', before the system regains its
original dynamics; see Definition 5 for a specific model motivated by anomaly detection. Second,
in principle the above can be viewed as a special case of Definition 1 with £ = 2 and a; = a and
agy = a + g,. However, the motivation, emphasis, and asymptotic framework is different and thus

it makes sense to qualify this as a separate model.
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We now describe concrete model classes from several disciplines that motivate our analysis. To

ease exposition we specialize to the setup with only one change point at 7 = o7

4.2.2.1 Independent Evolution:

This framework is the simplest and most rigorously analyzed in the literature (Wang et al.,
2021; Bhattacharjee et al., 2018; Zhao et al., 2019; Padilla et al., 2019; Enikeeva and Klopp, 2021).
Fix probability measures Pf; and Pfy on Q,. Let G; ~q IPfy for 0 < ¢ < oT and Gy ~;q Pfy for

al' <t<T.

4.2.2.2 Markovian Edge Independent Evolution (Grindrod and Higham, 2012):

For each distinct (undirected) pair {i,j},7 # j € [n], fix a two state transition matrix ;; on
{0,1}. Let k = ®yi,j},i#je[n)vij namely the transition matrix obtained via independent evolution
over the edges. Let &2, < &, denote the subclass of all such transition mechanisms. An

important sub-class of &, g is the following.

Definition 3 (Grid sampling of a Dynamic Stochastic Block model (Xu and Lindquist, 2015;
Peixoto, 2015; Zhang et al., 2017)). Fix K > 1, a probability mass function 7 on [K], a symmetric
connection probability matrix P := (Pa,ﬁ)a,ﬁe[K] where P, 3 denotes the probability of an edge
between vertices in communities « and [ at stationarity. Fix two additional (strictly positive,
symmetric) matrices A := (A g)a,ge[x] (normalized edge creation rates) and p := (fia,8)a,se[K]

(normalized edge deletion rates) and global time scale p,, with the relationship,

Aa,B

LB va,Be K] 4.1
s+ s [K] (4.1)

Popg =

Now consider the following (continuous time) dynamic network process {G, : s > 0}: at s = 0, each
vertex i € [n] has a community label ¢(i) € [K] chosen using m independent across vertices; in the
baseline (non-change point) model this identity does not change. For two vertices i, j € [n] with
c(i) = a, ¢(j) = B, the corresponding edge X;;(s) is a continuous time Markov chain on {0,1} (with
0 denoting absence, 1 denoting presence of the edge) and transition rates ppAs g for 0 ~» 1 and
Pnita,p for 1~ 0, independently across edges. Consider the process {G; : t = 0,1,...,T} obtained

via G; = Gy, i.e. observing the continuous time process on a discrete regular grid. Write &), ¢ sem &
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P& to be the subclass of such models. We parameterize such a model as 0 := (X, u, 7, p,) and

write Py for the stationary edge probability matrix.

Despite its simplicity, two major reasons for the ubiquity of the above model in practice include:
(A) Tractable Benchmarks for change point models: The model is mathematically tractable,
allowing one to incorporate dynamics of interest for domain scientists as well as gains from under-
lying low rank structure and secure rigorous traction in studying the performance of potentially

complicated estimators. Concrete models include:

(i) Macroscopic change models: Three major events of interest for sociologists are times
where communities split, merge or disappear (Gao et al., 2010; Ji et al., 2013; Ranshous et al.,

2015). Each of these possibilities can be incorporated into the baseline DSBM above.

Definition 4 (Macro CP in DSBM). Fix 6; # 63 € &, g sem but with the same rate p,,. Consider
one change point event in the DSBM model where the dynamics evolves as in Definition 3 with
dynamics following x; before a1 and ko after oT. We say that this change corresponds to a
community change if rank(Pp,) # rank(Pp,). We say that a potential merger change has happened

if rank(Pp, ) > rank(Py,) and a potential split has happened if rank(Pp,) < rank(Pp,).

Note that the above definitions are only a first approximation to potential events and are not
exhaustive, i.e. community changes of vertices could have happened, whilst leaving the connectivity
rank the same. Similarly a decrease in rank only suggests a potential merger of communities,

however there are other community change mechanisms which imply a decrease in rank.

(ii) Mesoscale anomalous activity: The above formulation implicitly considers only macro-
scopic changes in the network. Analogous questions of relevance to anomaly detection such as
detecting fraudulent bots in systems, is where a subset of smaller order (thus of mesoscopic scale)
than the rest of the network changes its dynamics whilst the majority of the network behaves as
before. Two major traits empirically observed for such behavior (Giatsoglou et al., 2015; Xie et al.,
2012) are (a) Trait 1: There is a small window where anomalous vertices communicate much
faster with each other than the baseline; (b) Trait 2: The end of the attack corresponds to sudden

drops in activity compared to network baseline. This motivates the next model:
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Definition 5 (Anomalous communication model). Let k € &, g sgm. Fix a subset AN, < [n]
with |AN;,| = o(n) and p;7 » p, » p;, where p,, is the network baseline rate and event windows

n

€n,1,En,2 With max;—1 2 Tey, ; — 00. Suppose:

(a) the dynamics evolves according to k for t < oT

(b) Forte (aT,(a+ep1)T], the only change is in the dynamics between pairs of vertices in AN,

where edges are created at rate p;” and deleted with rate p;!.

(c) Forte ((+en1)T, (o +ena + en2)T] the only change is in dynamics of pairs of vertices in

AN, where edges are created and dissolved at rate p;, .

(d) Fort > (a+ ey,1 + €n,2)T the network resumes evolution according to k.

(B) Propagation of chaos and approximation of more complex models: The second
reasons for studying SBM based models is that, owing to deep reasons in extremal combinatorics
(e.g. Szemaradi regularity Lemma (Szemerédi, 1975; Lovész, 2012; Komlds et al., 2000)), in the
dense, large network n — o regime, a host of complex models can be approximated by SBM
type connectivity; further many dynamics on such networks decouple and become asymptotically
independent (termed propagation of chaos (Sznitman, 1991; Bhamidi et al., 2019)) in this regime.
For example, in a number of regimes, Exponential random graph models described next, which at
first sight look nothing like an SBM, in a number of different regimes, look approximately like an

SBM in the large network limit (Bhamidi et al., 2008; Chatterjee and Diaconis, 2013).

4.2.2.3 ERGMs and Glauber dynamics:

Exponential random graph models are amongst the most widely used models in sociology and
political science, see for example (Holland and Leinhardt, 1981; Snijders, 1996; Snijders et al.,
2006) and the references therein; see (Chatterjee and Diaconis, 2013; Bhamidi et al., 2008) for large
network asymptotics for these models. To setup the model, we follow (Chatterjee and Diaconis,
2013; Lovasz, 2012). Fix a simple graph G € €, (think of G as a ”big” graph). Fix another
graph H (think of this as a small graph e.g. a triangle). Let hom(H, G) denote the collection of

homomorphisms of H into G i.e. edge preserving maps V(H) — V(G). Let |hom(H,G)| be the
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number of such homomorphisms. Define the homomorphism density:

| hom(H, G)|

HH.G) = v

We always take Hy to be a single edge. For fixed (Hy, Ho, ... Hy), constants (o, ..., Ss) and & € ),
define,

H(z) = ) Bit(H;, x).
i=0

The ERGM with the above specifications is defined as the probability measure on 2,, defined by,

po(@) = exp (n? (H(z) — ¥n(B))), €y (4.2)

where ¥, (8) = # log (Zzeﬂn exp (n*H (x))) is the normalizing factor.

Definition 6 (Glauber dynamics for ERGM). Given the Gibbs measure above, the correspond-
ing Glauber dynamics is a discrete time ergodic, reversible Markov chain on €2, with stationary
distribution p,(-). Given the current state x, the next state «’ is obtained by choosing an edge e
uniformly at random and letting @’ = @, with probability proportional p,(x.+) and '(e) = x._
with probability proportional to p,(x.—). Here x.; is the graph which coincides with x for all
edges other than e and @4 (e) = 1. Similarly x._ is the graph which coincides with @ for all edges

other than e and x._(e) = 0.

An ERGM is parametrized by (8, H) where 3 = (fo,...,08s) and H = (Hy, Hy, ..., Hs). Write

Py ErcMm for the space of Glauber dynamics corresponding to an ERGM.

Assumption 4 (Ferromagnetic assumption). For this chapter, we work in the setting where,
for an ERGM under consideration, with coupling parameters 3 = (fo,...,0s), while 5y € R,
Bi,...,Bs = 0. Write &, ergm,+ for the corresponding class of Glauber transition dynamics.

4.2.2.4 TERGMs:

The temporal exponential random graph model (TERGM) (Hanneke et al., 2010) with order

one dependence uses ERGM type distributions to directly specify dynamics of the model. Fix
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function W : Q,, x Q,, — R?% and 6 € R?. Consider the transition dynamics:

Pf (G == | Gi—1) = 7

1
VAN exp (' (z,Gi—1)), xeQ,.

Here ¥ = (Uq,W,,...,¥,) are model dependent contrast or stability functions. One concrete

example considered in this chapter, for specific choices 8 = (8ij)i<jen] and ¥ = (Vij)i<je[n] 18

U (x,z) = (nil) 2 [Bigaiya + 7 (1 = i) (1 — )]

1<j

In this case, it is easy to check that the model belongs to &, g namely edge independent evolutions.

4.2.2.5 Edge Rewiring and Scale Free Networks:

The following model was motivated by trying to study dynamics where individuals have op-
portunity to rewire their connections to more “popular vertices” (Evans and Plato, 2007; Hruz and
Peter, 2010). Fix a function f : Z; — (0,00) and m the number of edges in the system. This is
the only model in this chapter where technically the evolution happens on the space of multigraphs
(i.e. where self-loops and multiple edges are allowed). Given a graph G and v € [n], write deg(v, G)
for the degree of v in G. For a given vertex map h : [n] — R write (h)g = X, cp,) h(deg(v,G)/n
for the h-moment of the degree. Conditional on the present state x, select an edge e = {a,b} € x
uniformly at random. Select an end vertex V from a,b of this edge e at random (the vertex that
will lose an edge). Select a vertex v' € [n] (the vertex that will be connected to) with probability
proportional to f(deg(v,x))/ >, f(deg(v',x)). Remove e from « and if V' = a then replace e by

the new edge {v"¢, b} (analogous dynamics if V' = b with a replaced by b).

4.2.3 Estimators and Functionals of Markov Chains:

We now describe potential estimators belonging to the general class of CUSUM type statistics,
which are especially tractable in this setting, since they result in additive functionals of Markov

chains.

Definition 7 (CUSUM type statistics). Let G = {Gs:0 < s < T} be a graph stream. Let H

denote a normed linear Polish space with associated norm || - ||. Fix a collection of functions
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A ={A;:1<i<T} with 4; : Q, — H. Define the function,

t T
GA(t) = t(TT_ﬂ (1 Z As(gs) - %_t Z As(g8)>
s=1

s=t+1

Fix a small threshold 0 < ap « 1. Define the CUSUM based estimator (suppressing dependence of
this object on ayp):

# = argmax {||Ga(t)]] : aoT <t < (1 — ag)T}. (4.3)

A few clarifications are in order, best illustrated through concrete examples.

e.g. [Adjacency matrix based CUSUM] Let H = .¥,, be the space of all n-dimensional symmetric
matrices with either the spectral norm (denote by || - || when the context is clear) or the Frobenius
norm ||-||¢. Let A; = A where A maps a graph to its adjacency matrix. Recall the Homomorphism

densities defined above Definition 6. e.g. [Summary statistics based CUSUM]

(a) Fix d and let % = R? with the Euclidean norm. For 1 < i < d, fix graphs H; = (V;, E;). Let
A= Afor all 1 <1< T where,

A(G) = (t(H1,G),t(H2,G),...,t(Hg,G)), G e,

(b) Let H = ¢; with usual norm. Let A : Q,, — ¢; denote the map taking a network to its degree
distribution, i.e. for « € Q,, A(x) = (n! Divefn] L{deg(v, @) =k}, k =0,1,...).

The next example shows that, in principle, the functions could involve auxiliary randomization.
Given a graph G € Q,, and distinct vertices (vy,ve,...,vy) S [n]. Write G[v1,ve, ..., vy] for the
subgraph spanned by these vertices in G. e.g. [CUSUM using uniform random sampling] Fix m < n
and for 1 <t <Tlet V; = (Vi 1,...,Vym) be a uniform random sample, without replacement, from

[n]. As in Example 4.2.3, for 1 < i < d fix graphs H; = (V;, E;). Define,
Ai(G) = (U(H1, G[Vi]), t(H2, G[Vi]), - - t(Ha, G[VA])), G € Q.

In words, for each time ¢, we first sample a collection of vertices from the graph, and then the
functional measures the homomorphism density of the fixed graphs {H;},;, in the graph spanned

by the sampled vertices. Similar estimators can be constructed for other functionals such as the
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degree distribution. =~ We have not specified the relationship between samples across time; they
could be the same vertices sampled once at time zero; they could be independent samples at every
time instance etc. We conclude this Section with basic notation for expectation operators and
definitions related to Markov chain mixing. To ease notation, we mainly work in the setting of a

single change point.

Definition 8 (Expectation operator). For a graph stream G (with or without change point) with
Go ~ v and functional A : ,, — H as above (involving potentially auxiliary randomization), let

0,(A;t) =E,(A(G(t))). For the functional applied to the stationary distribution, write

0x(A) = B(AQ), G~ (4.4)

Remark 9. We remind the reader the intuition for the CUSUM statistic. Let Ay = A Vs. Recall
the function Ga(-) = GA(:) from Def. 7 and let H(-) = E(GA(:)). As a first approximation one

has H 4 ~ H 4 where,

o] @0 e 6n (A©) - (@) if <
7/ Tt (B, (A(G)) — B, (A(9))) ift > 7

(4.5)

A large part of this chapter is carefully understanding settings where the above approximation holds.
Let ¢(t) = |Ha(t)]. Clearly, if 0, (A(G)) # Ox,(A(G)), then ¢(-) attains its unique maximum at

t = 7 and this suggests that the sample estimator 7 in (4.3) should be close to 7.

Next we describe standard mixing time and spectral gap methodology for Markov chains (Al-

dous and Fill, 1995; Levin and Peres, 2017).

Definition 9 (Mixing time and absolute spectral gap for time homogeneous chains). Let (-, -) be
a transition Kernel on §),, with stationary distribution 7, and let k! denote the t-step transition
kernel. The following two functionals for measuring convergence to stationarity will be used in this

chapter:
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(a) Mixing time: Let dry denote the total variation distance between probability measures on

Qp. Let d(t) := sup,eq, drv (k'(z,-), 7). The mixing time of the chain ¢y, is defined by
tmix(€) := min{t : d(t) < €}, tmix = tmix(1/4).
Say that the convergence rate is upper bounded by p = p,, if,

:;g)n drv (k' (z, ), ™) < p', Vi1,

(b) Absolute spectral gap: For a function h : Q, — R, write w(h) := {h(x)me(dz). Let
Lo(my) = {h DT (h2) < oo} be the Hilbert space consisting of 7r-square-integrable functions,
and LY(my) = {he La(my) : mx(h) = 0} be its subspace of me-mean-zero functions. The
transition probability kernel x of the Markov chain can be viewed as an operator acting on
Lo(my). Let A € [0,1] be the operator norm of P acting on £3(m,). We refer to 1 — ) as the

absolute spectral gap of the Markov chain.

Note that by assumption of irreducibility of the underlying chains, m.(x) > 0 for all € Q,,.
For an arbitrary distribution q on €, let dg/dm, denote the corresponding density and denote the

second moment via,

Ny, i=En, << ddgﬁ)j - Legn i‘in (z)q(dz) (4.6)

4.3 Main Results

4.3.1 Consistency of the Single Change Point Estimator

We make the following assumptions on the dynamic mechanisms in each stretch of the evolution.
Note that the evolution dynamics is &1 in the first stretch of length €y = 7, initialized at vy = v
with stationary dynamics v1; = 7. Then at the change point when the distribution of the chain
is 199 = vk, the chain transitions to dynamics ko with stationary distribution v5; = 9 for a
stretch of time Ty = T'—7. Let Ny, 1, , as in (4.6) be the respective second moments of the Radon-

Nikodym density at the start of each stretch as contrasted with the stationary distribution of the
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dynamics of the network in that stretch. Recall the setting of the CUSUM statistic in Remark 9
with fixed functional A : Q,, — R4 %9 where 0, (A(G)) —0x,(A(G)) denote the average separation
under stationary in each stretch of the dynamics. Recall the definition of the truncation factor
away from the end points ag from (4.3). For i = 1,2, write v, ; for the absolute spectral gap the
transition kernel ;. Fix A : Q, — R%*% (ie. the space of di x dy real valued matrices). For

i=1,2, and any G € 2,

Let R; = supgeq, [|Wi(G)|max- Define,
S? = max  Varg, (A(G)s)-

se(d1],te[dz]

Assumption 5. We assume that for ¢ = 1,2, write

51‘ = log (Nyi707yi7ldld2n2T4) .

Write 7, = min {% m} and A — 107 (A(Q));\/%(A(g))HF as the signal strength. For i = 1,2,
we assume
(1 — ()40)3Si2(5i
T 2A2 =0 (’Y;:z) ) (4-7)
1-— (7)) RZ(Sl
(\/WT:A = 0(72,1')- (4.8)

Based on the above assumptions, we can show the consistency of the single change point

estimator 7 as follows.

Theorem 4.3.1. Consider the change point model in Definition 1 with one change point at 7 =
aT'. Consider the CUSUM based change point estimator 7 as in (4.3) with the Frobenuis norm.

Assuming oy < «, under Assumptions 5, 7 is consistent in the sense that
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as T — oo. More precisely, we have,
T—a« € < ,
nT nT
where ¢ > 0 is a model specific constant and,

4(1 — ag)3/? \/7 1
€nT = —————— max | max S26; /v ., —————R; /7, .
wT ryA ie{1,2} £0i/ ao(1—ag)T i/ T
Remark 10. The above result is general in the sense that we allow arbitrary dependence structure
between different coordinates of A(G). Under the adjacency matrix based CUSUM statistics and
edge independence assumption, we can achieve tighter bound. However, this is not the pursuit of

our current work.

4.3.2 Applications: Dynamic Stochastic Block Models

In this section, we provide some specific applications that can use the main theorem we derived
above.

In the introduction part, we have defined the dynamic stochastic block model with markovian
edge independent evolution in Def. 3. To make the model more practical, we allow community
change at time 7. We will show that under the recovery of the exact or partial community structure
(to be defined below), we can design a change point estimator 7 that achieves a much faster

convergence rate compared with the general setting.

Assumption 6. We define our change point model based on the dynamic stochastic block model

described in Def. 3.

(a) Assume there exists a change point 7 € [T]. Before or after the change point 7, the model
is parameterized with 6; := (\;, g, 7, pn) and a symmetric connection probability matrix
Pi = <P7::a/8)a,ﬁ€[Ki] Wlth

Aia

_MeB  ya, Be K], 4.9
)‘i,aﬁ + Hiap [ ] ( )

-Pi,aﬂ =
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where K; is the number of communities and ¢ = 1 and 2 corresponds to the models before

and after change point.
(b) The initial distribution is v.

(c) Before and after the change point 7, the community labels are ¢; € [K1]™ and ¢y € [K2]",

respectively.

(d) Assume p, = o(1) and min, ge(x,] {Niap + Hiap} = O(1) for i = 1,2, which is the difficult

but interesting regime.
Under the change point model on SBMs, we have the following specific formula for the absolute
spectral gap.
Lemma 4.3.2. Under the model assumption 6, for ¢ = 1,2, the spectral gap is

Toi =1 — o Bel K] {exp {—pn(Niap + Hias)}} -

In order to design a low-rank version of test statistics using the community structure, we make
the following assumption to guarantee the existence of certain global community structure even if

the community structure change at time 7.
Assumption 7. Under the model assumption 6, we consider a subclass of models.

(a) Consider a simple but practical scenerio that there exists a global community label ¢ € [K]"
where K > max{Kj, Ko}. Fori = 1,2 and any s, € [n] with ¢;(s) = ¢;(1), we have ¢(s) = ¢(I).
Then we can expand the connection probability matrices P; and Ps into f’l e REXK and

P, € RE*K hased on the new label ¢(-).

(b) For k € [K], define C;, = {i:¢(i) =k}, nx = |Cx| and 7 = ng/n. For k,l € [K], define

Ckl = {(2,]) : C(Z) = k,c(j) = l} and nrr = ‘Ckl‘

The global community structure is used to design the test statistics and we make conditions

for consistency change point estimator.

Assumption 8. Under the model assumptions 6 and 7, we have the following results corresponding

to the general Assumption 5.
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(a) Test statistic: Define A : Q, — RE*K with A(G)y = n%z De(i)=ke(j)=1 Aij where A € R™"

is the adjacency matrix of the graph G. Define the change point estimator as

7i:=argmax {||Ga(t)||r: a0l <t < (1 —ap)T}. (4.10)

(b) Mixing time and length of evolution: For i = 1,2, write

8; = log (N, g iy K20*T?) .

pP,-P
Write A = % as the signal strength and r, = min {%, m} Fori=1,2,

(1 — ap)®pts; (1 —ag)d;

L 0 (pn) , ——=2"" = 0(p,), 4.11

i ZA o (pn) aTrA o(pn) (4.11)
with p* = |Pjllmax.

Definition 10 (Exact recovery). Assume stochastic block models with community labels ¢ =
(c1,...,¢pn). Let ¢ denote the estimated labels via some community detection algorithm. We say

that the algorithm achieves exact recovery if
P (3 permutation m, é(;) = ¢;Vi € [n]) = 1 — o(1).

To ensure that spectral clustering on sum of adjacency matrices can guarantee the exact recov-

ery of global community structure, we make the following assumption.

Assumption 9. (a) Balanced communities: There exist constants ¢y and Cp such that

0<c¢y< minm, < maxm, < Cp < 1. (4.12)
ke[K] ke[K]

(b) Exact recovery: For i = 1,2, we assume that

a2y /3
llog(Nui,o,an T )] _ O(Pn)' (4.13)

Tnp}
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Under the above assumption, we can show strong consistency of spectral clustering using results

from Lei (2019).

Lemma 4.3.3. (Exact recovery of community labels) Under the model assumptions 6 and parame-
ter assumptions 7 and 9, spectral clustering via the sum of adjacency matrices A = Z;‘il A(t) with
(&

a prespecified number of communities K achieves exact recovery with probability at least 1 — =

for some universal constant c.
Assuming the global community label is recovered, the proposed low-rank test statistic based

estimator is consistent as follows.

Theorem 4.3.4. Assume that we can achieve exact recovery of the global community label ¢ €
[K]™. Under the change point model in Assumption 6 with one change point at 7 = oT". Consider
the CUSUM based change point estimator 7 as in (4.10) with the Frobenuis norm. Assuming

g < a, under Assumptions 7 and 8, 7 is consistent in the sense that

as T' — oo. More precisely, we have,

C
P(|7 —aT| >T < —,
(17 = aT| > Tens) < —

where ¢ > 0 is a model specific constant and,

o Mza) e ] | PR J (4.14)
nT = ’ ' '
’ rrA i=1,2 NminPn ag(l — Oéo)T/)n

4.3.3 Operator Norm and Random Sampling

Denote V = (V4, V,, ..., Vp) as the uniform random sampling defined in Example 4.2.3 with
V; € R™ representing a subset of m nodes at time ¢ and pu,, is the uniform sampling distri-
bution of m nodes over a total of n nodes. Recall the setting of the CUSUM statistic in Re-
mark 9 with fixed functional under uniform random sampling of m nodes A : €, x R™ — Rxd

where O, xp, (AG[V])) — Onyxpn (A(G[V])) denote the average separation under stationary in

154



each stretch of the dynamics. Recall the definition of the truncation factor away from the end

points ag from (4.3). For i = 1,2, denote t; mix(€) as the mixing time of the transition kernel k.
Assumption 10 (Independent uniform random sampling). Assume that
i.3.d.

(2) V = (Vi,Va,..., Vi) with V; &% 41,

(b) There exist real symmetric matrices Hy,; and H,, 2 such that
(AGVA]) — AGIIVY))? < HZ, for all G, G) € 2, Vi, V/ € R™, for ¢ < 7 and
(AG[V]) — AGIIVYD))? < H2, for all G;,G) € Q,,, Vi, V/ € R™, for t > .

Assumption 11 (Fixed uniform random sampling). Assume that
(a) V=V, Va,...,Vp) with Vi ~ py, and V; =V for all t € [T].

ere exist real symmetric matrices H, 1 an n.2 such that

b) Th i 1 i ices Hy,1 and H,, 5 such th
(AG[V]) — AGI[V4]))* < H?, for all G, G) € 2, V; € R™, for t < 7 and
(AGVA]) — A(GIIVA])® < H2, for all G, G} € Q,,, Vs € R™, for t > 7.

Assumption 12 (Condition on consistency). For i = 1,2, define

. 2—¢€ 2+ 2¢
Li,min = el bi mix(€) 1—¢ + (1—¢)2)"

Write §; = log ((1 = 200)dn®T Ny, o ;1)) and A = [0z, (AGIV])) = Oy (AGIV))]

T—1 T

v m} Under Assumption 10 or 11, we assume that for i = 1,2,

Denote 7, = max{

T2A2
timin = T . 4.1
min = 0 ((1 = ao>3AmaX<H2,i>6i> (415

Based on the above assumptions, we can show the consistency of the single change point
estimator 7 as follows.
Theorem 4.3.5. Consider the change point model in Definition 1 with one change point at 7 = oT'.
Consider the CUSUM based change point estimator 7 as in (4.3) with the matrix operator norm.
Assuming a9 < «, under Assumptions 10 or 11 and Assumption 12, 7 is consistent in the sense

that
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as T — oo. More precisely, we have,

c
P(|f —aT|>T < —,
(17 - oT| > Tear) <
where ¢ > 0 is a model specific constant and,
44/2(1 — ag)?/?
€n,T = T'T—A Zg{lig} {\/ti,min)\max(ﬂai)éi} .

4.3.4 Application: Subgraph Densities in DSBMs

In the introduction part, we have defined the dynamic stochastic block model with markovian
edge independent evolution in Def. 3. To make the model more practical, we allow community
change at time 7. We will show that under the recovery of the exact or partial community structure
(to be defined below), we can design a change point estimator 7 that achieves a much faster
convergence rate compared with the general setting.

Under the change point model on SBMs, we have the following specific formula for the absolute
spectral gap.

Lemma 4.3.6. Under the model assumption 6, for ¢ = 1,2, the spectral gap is

Yni=1- x| {exp {—pn(Nias + Hiap)}} -

Assumption 13. Under the model assumptions 6 and 7, we have the following results correspond-

ing to the general Assumption 5.

(a) Test statistic: Define A : ©,, x R™ — R as the mapping from a subgraph of size m to the

triangle density. Define the change point estimator as

7i:=argmax {|Ga(t)] : aoT <t < (1 —ap)T}. (4.16)

(b) Fixed random sampling: Assume that V' = (V1, Va,..., Vp) with V) ~ p, and V; = V)
for all t € [T7].
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(c) Mixing time and length of evolution: Write §; = log ((1 — 2c)n*T*Ny, o0,,)) and
A = |0y (AGIV])) = O x i (A(G[V]))]; where for i = 1,2

Omcpn (AGIV]) = =2 S0 ()1 Prs P P

m a7B,'Y€ [KZ]

~

v (T—:—)l/? } We assume that for i = 1,2,

Denote r, = max{

1 — a)3m? log(ps)6;

Theorem 4.3.7. Assume that we can achieve exact recovery of the global community label ¢ €
[K]™. Under the change point model in Assumption 6 with one change point at 7 = aT'. Consider
the CUSUM based change point estimator 7 as in (4.16) with the operator norm. Assuming ap < «,

under Assumptions 7 and 13, 7 is consistent in the sense that

as T' — oo. More precisely, we have,

C
P(|7 —aT| >T < —,
(17 =Tl > Tenr) <

where ¢ > 0 is a model specific constant and,

o= A0 00 e, [P0 i (4.18)
n,T = ? ’ '
’ reA =12 NminPn A/ ao(1 — ao)Tpn

4.4 Network Temporal Motif Based CUSUM

The above mentioned CUSUM statistics are all based on some function A mapping from a
single graph space €2, to H. For example, a typical choice would be A = A the adjacency matrix.
As we can see, the CUSUM statistics treat each graph separately. However, there are some types of
structure change where this class of CUSUM fail to capture. For instance, consider the Markovian

Edge independent evolution 3. Assume that before the change point 7, the model can be charac-
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terized by 0 := (A, p, 7, p) and after 7, the normalized edge creation rates and deletion rates are
doubled as 2A and 2u. In this case, the stationary distributions of the networks before and after 7
are the same. Therefore, the adjacency matrix based CUSUM and other similar choices probably
fail to capture such rate change. In order to capture such change, we need to use the information

about how the network changes from time ¢ to time ¢t + 1.

Definition 11 (Temporal edges and graphs). We define a temporal edge to be a directed edge
between an ordered pair of nodes with arrival time. A temporal graph is a collection of temporal
edges. Formally, a temporal graph 7" on a node set V' is a collection of tuples (u;, v;, t;),i = 1,...,m,
where each u; and v; are elements of V' and each ¢; is a timestamp in R. We refer to a specific

(ug,v;, t;) tuple as a temporal edge.

Definition 12 (§-temporal motifs). We define a k-node, l-edge, d-temporal motif to be a sequence
of [ edges, M = (uy,v1,t1), (u2,ve,t2) ..., (u, v, t;) that are timeordered within a ¢ duration, i.e.,
t1 <ty...<t; and t; — t; < J, such that the induced static graph from the edges is connected and

has k£ nodes.

Definition 13 (Generalized CUSUM type statistics). Let G = {Gs : 0 < s < T} denote a graph
stream. Let H denote a normed linear Polish space with associated norm || - ||. Fix a collection
of functions A = {A;: 1 <i<T—1} with A; : Q, x Q,, — H for some constant k. Define the

function,

t—1 T-1
GA(t) = (t _11—,)£T1_ t) (t i 1 Z As(gs,gerl) - %_t Z As(g37gs+1)> .
s=1

s=t

Fix a small threshold 0 < ag « 1. Define the CUSUM based estimator:
7:=argmax {||GA(t)]| : aoT <t < (1 —ap)T}. (4.19)

e.g. [Network correlation-based CUSUM] One simple measurement of network correlation is to
use the inner product of adjacency matrices. Let A; = A and A(Gs, Gs11) = 2, A(s)ijA(s+1)/n2.
In our setting, if A;;(t) = 1, we will encode it with one temporal edge (i, j,t). Then for network
correlation between G, and G,11, we can estimate it by searching all 2-node, 2-edge, 1-temporal

motifs given all encoded temporal edges on G5 and G, 1.
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Remark 11. Generally, the network motifs between graphs G; and G¢11 can be counted exactly

using algorithms proposed in (Paranjape et al., 2017).

Definition 14 (Generalized expectation operator). For a graph stream G (with or without change
point) with Gy ~ v and functional A : Q, x ©,, — H as above (involving potentially auxiliary
randomization), we let 0, . (A;t) = Ey (A(Gt, Ge1)). For the functional applied to the stationary

distribution, write

0.(A) = B(AG1,05)), G~ Go ~ K(Gr,-). (4.20)

With a collection of estimators A as in Definition 7, let H4(t) := IE(G a(t)) (suppressing dependence
on the initial distribution). For a single change point at 7 € (0,7"), denote 71, 7w as the stationary
distribution of the dynamics before and after 7 respectively, and k1, ko as the transition kernels of
the dynamics before and after 7 respectively. Let H A(+) represent the corresponding expectation

assuming stationary dynamics namely,

t—1 T-1
Ha(t) = (t fjlﬂ)ETlf t) (t i : ;§(A5,As+1) - ﬁ ; é(AS,ASH)) : (4.21)

where (A, Agy1) = Oy, (As(Gs, Gor1)) for s < 7 and 0(As) = Oy, (As(Gs, Goi1)) for t > 7.

Remark 12. We recall the intuition for the CUSUM statistic. When As; = A Vs, one gets

-7 T K1 — Uk 1 S
Falt) = (T = 1)\ == (Or: (A) = Ok, (A)) i< | (422)
(1= D/ =gy (O (A) = By (A) it > 7

Let ¢(t) = |H4(t)|. Clearly, if 0, (A) # Oy, (A), then ¢(-) attains its unique maximum at ¢ = 7.

Similar to the general consistency theorem, we will need the following assumptions on the
behavior of the evolutionary mechanisms in each stretch of the evolution. Note that evolution
dynamics is k1 in the first stretch of length T; = 7 — 1, initialized at v1 o = v with stationary
dynamics v1; = 71. Then at the change point when the distribution of the chain is v = VKT,
the chain transitions to dynamics ko with stationary distribution v5; = 9 for a stretch of time

%9 = T — 7. Recall the setting of the CUSUM statistic in Rem. 12 with fixed functional A :
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Qp x Qp — RUX% where O, (A) — ,,(A) denotes the separation under stationarity in each

stretch.

Remark 13. If {G;,t € [T]} is a time-homogenous Markov chain with transition kernel k, then
{(Gt,Gi41),t € [T — 1]} is also a time-homogeneous Markov chain with transition kernel of the

sample spectral gap.

Assumption 14. (a) Spectral gap: For i = 1,2, the transition kernel &; has absolute spectral

gap vy ;-

(b) Test statistic: Let A : Q, x Q, — R%*% (ie. the space of d; x da real valued matrices).

For i = 1,2, and any G,G" € Q,, with ¢’ ~ k;(G,")
Wi(G,G) = AG,G') — 0., (A).
Let R; = supg gicq, IWi(G,G’)llmax. Define,

S? = max Var, (AG,G)s)-

SE [dl] ,te [dQ]

(¢) Mixing time and length of evolution: For i = 1,2, write

k3

§; = log (Ny, g is d1dan®T?) .

611 (A(G)—6x,
Vdida

Write r, = min{ A T—1 } and A = (A(g))”F. Fori=1,2,

—T
(T—1)172° (T—7)1/2

11—« 351251
(TQOA)g =0 ('viz) ) (4.23)

(1 — CKQ)RZ'(Si %
—_— = . 4.24
T~ 0 (4.24)

The single change point estimator 7 is shown to be consistent under the above assumption.

Theorem 4.4.1. Consider the change point model in Def. 1 with one change point at 7 =

aT'. Consider the CUSUM based change point estimator 7 as in (4.3) with the Frobenuis norm.
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Assuming «g < «, under Assumptions 14, 7 is consistent in the sense that

—al —0

NI

as T — oo. More precisely, we have,
P(|# — oT| > Tenr) < —
T—« € < —,
n, T’ nT
where ¢ > 0 is a model specific constant and,
(1= ap)? S5 1
= R Ty i —— > 37, S
€n,T A lrgfﬁ)é max i Z/’yml’ a()(l = Oé())T i z/’Yn,z
The proof of Theorem 4.4.1 is similar to that of Theorem 4.3.1, so omitted here.
Then, we provide one specific application on DSBMs that can use the main theorem we derived

above. Consider the similar setting as in Section 4.3.2 but with the different rates p,1 and p; 2

before and after the single change point 7.

Definition 15. We define our change point model based on the dynamic stochastic block model

described in Def. 3.

(a’) Assume there exists a change point 7 € [T]. Before or after the change point 7, the model
is parameterized with 6; := (X, i, ™, pni) (see Definition 3) and a symmetric connection

probability matrix P; := (P; 43),, BelK] with

)\i,oz,B

_MaeB  ya, Be K], 4.25
)\i,aﬁ + Hiop [ ] ( )

-Pi,a,é’ =

where K; is the number of communities and ¢ = 1 and 2 corresponds to the models before

and after change point.

The consistency theorem 4.3.4 depends on the separation signal Hf’l — f’gHF being strictly
positive. However, there exist cases where f’l = f’g but the transition rates are different, i.e.,
Pn1 # pn2. The original single-layer CUSUM based estimator proposed in Section 4.3.2 failed
but the method based on multilayer CUSUM might work. We make the following assumption for

consistent estimation of the change point.

161



Assumption 15. Under the model assumptions 6 and 7, we have the following results correspond-

ing to the general assumptions 5.

a) Test statistic: Define A : Q,, x Q,, — RE*E*2 with
(a)

1
AG, G = - Z [AAL, (1—Aj)(1—Aj)]
c(i)=k,c(j)=l

where A, A’ € R"*" are the adjacency matrices of the graphs G and G’. Define the change

point estimator as

7:=argmax {||Ga(t)||r: a0l <t < (1 —ap)T}. (4.26)

(b) Mixing time and length of evolution: For i = 1,2, write

51’ = IOg (NV¢,07V¢,1K277‘2T4) :

Write A = [P=Pely

with
d >\z aBMiap >\z af 2
B; .5 = : : exp{—pni(Niag + 1i + (—m
i,a8 [()‘i,aﬂ T Hi,aﬂ)Q p{ pn,z( i,af3 Mz,aﬂ)} ()\i,aﬂ F Hias
)\i aBMiap Mi,a8 2:|
9 ) eXp _p 7' )\'7 +lul7 _|_ ) X
(Niag + Hiap)? t=pnildias + pias)} (/\i,aﬁ + i
Denote r, = min { (T:CI)TI/Q, (Tz;)lm } For i = 1,2, we assume that
L (4.27
— O ; .
nminrgA2 Pl
1—ap)d;
( 0> - = O(pn,i)7 (428)

\/OéQT?“TA

where p} = HﬁszaX and ngi, = minke[K]{nk}.

Based on the above assumption, we have the following consistency theorem.

Theorem 4.4.2. Assume that we can achieve exact recovery of the global community label ¢ €

[K]™ under Assumption 7. Under the change point model in Definition 15 with one change point
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at 7 = oT. Consider the CUSUM based change point estimator 7 as in (4.26). Assuming o < «,

under Assumptions 7 and 15, 7 is consistent in the sense that

as T'— oo. More precisely, we have,

C
P(|7 —aT| >T < —,
(17 =Tl >Tenr) <

where ¢ > 0 is a model specific constant and,

(1—ag)’? " 1
€T =————— Inaxmax { 4/ *0i/(MminPni), ———=01/pni ¢ -

4.5 Future Work

In the chapter, we proposed a general Markovian network change point model and surveyed
canonical examples within this subclass. We proposed multiple CUSUM-type estimators leveraging
single and multi-layer graph structures to detect the change point location. As for applications, we
use our methods on the dynamic stochastic block models to explore the minimal condition on the
rate of evolution. In the future, we plan to apply our methods to other examples, such as subgraph
densities under exponential random graph models, aiming to achieve meaningful results and deepen
our understanding of such models. In addition, we would like to build a connection between our

models and dense graph limits.

4.6 Supplementary Materials
In this section, we prove the theoretical proofs in this chapter.

4.6.1 Proof for Theorem 4.3.1

Proof of Theorem 4.3.1. Recall the definition of the estimator from (13) and the approximation of
the expectation ¢(t) = |H(t)| from Remark 9 that attains its unique maximum at ¢ = 7. The

proof then consists of the following two main steps:
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(i) Showing that |G4(t) — Ha(t)|r is uniformly small for t € [aoT, (1 — ag) T
(ii) Showing that (i) implies |7 — 7| is small.

To accomplish the first step, our main till is the following, which essentially follows from (Paulin,

2015).

Lemma 4.6.1. (Concentration bounds starting from arbitrary initial conditions) Consider a graph
stream G = {G; : 0 < t < T'} without change point (i.e. single transition dynamics across the time
window) with transition kernel &, stationary distribution 7 and absolute spectral gap =%, starting
with an arbitrary initial distribution v. Fix A : Q, — RU*%_ For G € Q, write W(G) =
A(G) — 0x(A) and define, R = supgeq, [W(G)|max and S? = maxe(q,] se[d,] Vars (A(G)st) - and let
§ = log (N, xd1dan®T*) . For a fixed real sequence a = {a(t)}]_,, and time 1 < ¢ < T there exist

a universal constant ¢ such that
P, (

€a7< = Imax dldg (Z a(t)2> 52 5/7;’;,amaX7CR\/d1d25/'y;§ s

t=1

¢
> alt)W(G)
=1

C
> € < —
- “£> = nT?
F

where

and amax,¢c = maxi<i<c |a(t)|.
Completing the proof of Theorem 4.3.1 assuming Lemma 4.6.1:
Step 1. Bounding Supsc(a,r,(1—ae)r] G A() — H (t)|p: For later reference, for any s let 6(A,)) =

0, (AG)) if s < 7 else 6(A,)) = 0r,(A(G)). Now note that if ¢ < 7, algebraic manipulations
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imply,

|Galt) — Ha(t)|r

: T
M DA B - 5 Y (A - 8
] s=t+1 F
/1D ( £ DUAWG) - BA) - 7 X (@) - B(A)
] s=t+1 F
1 & 5
+ 7 D7 (AGs) — B(Ay)) >
s=7+1 F
_ t(TT— t)T(t) t(TT— t)é’(t)

The goal of this decomposition is to divide the interval [0,7] into two homogeneous (in terms
of evolutionary dynamics) sub-intervals and apply Lemma 4.6.1. For ¢ = 1,2, recall §; as in the
Assumption 5 (c¢). Using Lemma 4.6.1 on the intervals [0,7] and [r + 1,7]. With probability

greater than 1 — O(#) , the following inequality holds for any fixed ¢ € [T, 7]

1 T—1 1 1
Y(t) < v/dida max {\/(t + (T—t)2> SEo1/7% 15 <t v T—t> R151/’Y:Z,1} ;

and with probability greater than 1 — O(#), we have

T—71 1
E(t) < \/didy max {\/(zﬂ_t)QS%(;Q//yz,Q’ T—tRQéQ/%j’Q} .
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Denote 526/ = max {S701/7;: 1, 5302/75 5} and RS/~ = max {R161/7;% 1, Rad2/7}s o} Then with

probability greater than 1 — O(#), we have

|Gat) = Halt)|r

\/dldg (max {\/< 2) 5251/% 1 < \ Tl_t> 3151/7:,1} +
T—1 "
max {\/(T_WSQ@/%,W R252/’Yn 2})

m‘”{\/ = ”"’(( == )Ré/”"}

=+/dyd2 max{ 2525 [k, <4 / 24 o ) Ré/fyn} .

Using a union argument, we have with probability greater than 1 — O(%),

sup [ Ga(t) = Ha(t)|F
te[aoT,7]

< dldgmax{«/QS%/’YmM Ré/’yn}.

Similarly, we have with probability greater than 1 — O(ﬁ),

sup  |Ga(t) — Ha(t)|r
te[r,(1—a0)T]

< dldgmax{«/ 525/')%7/\/ R5/’yn}

Therefore, with probability greater than 1 — O(%), we can have the uniform bound

sup HGA( (4.29)

te[aoT,(1—ao)T

)] r
< dldgmax{«/QSQCS/Vm Ra/%} =: Br. (4.30)
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Step 2. Bounding |7 — 7|. Recall that ¢(t) = |HA(t)|p with H4(-) as in (4.5).Then note that for

t € [apT, 7], an application of the mean value theorem shows that,

1 T—1

(1) — o(t) = 5(7 — 1) (1= ag)¥2r 12T

|07, (A(G)) = O, (A(9)) ] - (4.31)

Similarly for ¢ € [, (1 — ag)T],

|07, (A(G)) = O, (A(G))] -

where the second line uses 7 = argmaXc[a,7,(1—a0)7] |GA(t)|F and the triangle inequality. Thus

combining the above bounds with (4.31) shows that if 7 < 7,

1 . T—r
27 =7) (1 — ag)32712T [0, (A(G)) = O (A(9)) | < 2Br- (4.32)

Similarly if 7 > 7 then,

l(A ) T
—(7T—1T7
2 (1—ag)*(T-7)'2T

|07, (A(G)) = Oy (A(9)) | < 2Br- (4.33)
To guarantee the consistency of the change point estimator, require h;—ﬂ P, 0 as n, T — oo. If

7 < 7, using (4.32), it suffices to require that as n, T — o0,

|7 — 7| _ 4(1 — ag)3/271/2 Br

T ST T-7  [6m(AQ)  bm AN, "

By part (4.7) and (4.8), we see that the above convergence result holds.
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Similarly for the case where 7 > 7, under the assumptions (4.7) and (4.8), we have |TTT| —0

as n, T — oo.
Combine (4.32) and (4.33) together and plug in (4.30), then we have that under the assumptions

(4.7) and (4.8),

— 7 41 — )3
‘TTT‘g ( TZO) maxmax{4/5’25/7nz,\/7}25/%”} EnT—>O

This completes the proof of the Theorem. O

Proof of Lemma 4.6.1. Applying the change of measure from the initial distribution v to the
stationary distribution 7 before the change point 7, we have

1/2
IP,,( a(t)W(G,) >e> 1/2[ ( /e>] ,

>
where N,,m =E, ((%)2> is the Lo norm of the density ratio between the initial distribution and

the stationary distribution defined in (4.6).

Using the fact that

di dy ¢ 2
=2 (Z a(t)w(gt)ij> ; (4.34)
t=1

F  i=lj=

¢
D atyw
t=1

it suffices to achieve an upper bound on \Zgzl a(t)W(Gr)sj| for any i € [d1],j € [da].

The probability on the right hand side of (4.34) can be decomposed as

¢
- ( DlatW(Gy)| = e) =P,
t=1 F

¢ 2
< Pﬂ t 7 =
ie[drlr]lgg[dz] (Z stV (G) J) dydo

di ds
<55, (2 WG| >

i=1j5=1 t=1

168



Fix i € [d1], ] € [d2]. Applying Theorem 1 in (Jiang et al., 2018) on the above probability, we have
¢
Z gt z] =

¢/(d1d>) )

<exp | —
( 8[25_, a(t)2]15? + 20aumax,c Re/v/d1ds

where amax,¢ 1= maxi<i<c |a(t)]. Recall we have defined § = log (N, xd1dan®T*). Choosing

¢
€a,¢ = Max dyds (Z a(t)2> S2 6/7%, amax,c RV did2d /vy ¥,

we have

< 607< < C
~ Vdidy | T didoNy w024

4.6.2 Proof for Lemma 4.3.3

Proof. The proof is based on the theoretical results in (Lei, 2019).

First we introduce some notation used throughout this proof. Define A = Zthl A(t), A:‘ =
TZP,ZT for i = 1,2 and A* = A* + A3 = ZPZT with P = 7P| + (T — 7)Py, where Z is the
membership matrix for the global communities. Define the connection probability matrix removing

diagonal entries as

* — A* — diag (A*) .

Let A1 = 2> ... = Ay and AT > A5 > ... > A\ be the eigenvalues of A and A*, respectively. For

the given true number of communities K, let

A =diag (A1, Ao,..., A\g), A* =diag(A\],A5,..., A ).
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Let U and U* be the a matrix of eigenvectors such that

AU = UA, A*U* = U*A*,

The ¢5_,4 distance between U and U™ is defined as

doep (U, U*) = inf UoO - U*
200 ( ) 0eRTX1TI,10T0=I ” HQHoo

Let R = diag (4/n1, .. .M/nK) and Q = ZR™'. Then Q7Q =1 and

A* = Q(RPR)Q.

Let VAVT be the spectral decomposition of RPR. Then (QV)B(QV)” is the spectral decom-

position of A* since QV is an orthogonal matrix. As a result, the eigenvector matrix of A* s

U* = QV. By definition,
_ -
1

Ly Vie

| Vnk

~

U*

1

where V7 is the i-th row of V by definition of Q. It is clear that ﬁj‘ = [NJ;‘ if ¢ and j come from the
same cluster. Therefore, k-means can perfectly recover the communities using U*. Let Vi =

for i € Cs. Let Af = A5 = ... > A% > 0 be the eigenvalues of A*.

Using the fact that V is an orthogonal matrix, we have for any s, s’ € [K],

1 1 2 2 1
o —2dut vy = 4| — + — > > Ve _ 1
Ng Mg MaXge[]Ns ~ MaAXg A/Ts /T

By Lemma 5.1 in (Lei, 2019), in order to show exact recovery when we applying k-means

o = w5l = /o2l + o

algorithm on U, it suffices to show

~ ming 7 V2 1
o, (U,U*) < s T . 4.35
2w 6 max, /75 /1 (4.35)
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Using the assumption of balanced communities (4.12), we achieve a lower bound the right-hand

side of the above formula
minr, VI 1 e [2 1
6 maxs\/Ts/n 6\ Coyvn’

Therefore, it is enough to prove

~ 2 1 2cy
., (U,U*) <D /2L
2o 6\ Covn +/n
By the triangle inequality, we can decompose the left-hand side as
da v (U,ﬁ*) < dorp (U, U*) + dory (U*, ﬁ*) .

By definition,

o vop (U*, fJ*) = inf_ HU*O _U

< inf HU*O—U*
2—00 QeOK

op

By Davis-Kahan Theorem [(Yu et al., 2015), Theorem 2],

8K HA* _Ax
_ YRR A VBG4 (- )

* 3 ®
op e A%

inf HU*O _U*
OecOK

I

where we use the fact that A* — A* = diag (A*) and rank(A*) = K.

Since

Nic = n (rpt + (T — 7)p3) min 7, > con (rpf + (T — 7)p}) |

se[K]

we have when n is large enough

o V8K(mpi + (T —7)p3) _ 1
oo con(rpi + (T —7)p3)

o vp (U*,fj*) < inf HU*O _ U
OeOK

Combining with (4.36), it is left to prove

d2aoo (U> U*) <

Sl
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In order to prove (4.39), we are going to apply Theorem 2.4 in (Lei, 2019) and it is required to
check Assumptions 1-4 in the Theorem 2.3. In the following, we are going to check Assumptions
1-4 one by one. Define E(t) = A(t) — A*(t) with A*(t) = ZP1ZT when t < 7 and A*(t) = ZPyZ7
whent > 7. Let E= Y/ E(t),E1 =Y E(t) and E2 = 3__.  E(t).

Assumption A2: To check assumption A2, it is enough to provide an upper bound on |E||op.
Thus, it suffices to provide an upper bound on |E|op and |Es|op since |Efop < [Ei[op + [|E2]op-
To only show the proof for |Ej[lop and the proof for |Esz|op is similar so omitted. Our proof is
partially based on the techniques used in (Lei and Rinaldo, 2015). Throughout the proof we will

use the following notation.

o Define di = >licr Aij = Dljepn ST Aij(s) and d = Tnpf. Define A = 3'_, A(s), © =

22:1 O(s). Denote a;j, 0;; and w;; the (i, j) entry of A, © and W, respectively.
e Fori=1,...,n, set d; to be the degree of node i and d; = d; — Ed;, the centered degree.
e For ¢t >0, let Sy = {ve R": |v|l2 <t} be the Euclidean ball of radius ¢ and set S = S;.
The idea is to bound sup,cg ‘xTElx‘. The proof consists of three major steps.

1. Discretization. We first reduce the original problem to the problem of bounding the supremum

of 2T (A — ©)y over all pairs of vectors in a finite set of grid points in S.

2. Bounding the light pairs. This step uses a Bernstein type bound for Markov chains and an

union bound to control the light pairs.

3. Bounding the heavy pairs. In the final step, we will use a combinatorial argument on the

event that the degrees do not deviate much from their expectation.

Step 1. Discretization.
Define
T= {x = (T1,...,Tp) 65:2\/ﬁ$¢€Z,Vi},

where Z denotes the set of all integers. Then

sup‘xTElx‘ <4 sup |z Byl
zeS z,yeT
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according to lemma 2.1. in the Supplement material of (Lei and Rinaldo, 2015). For any pair of

vectors z,y € T, we have

By =a"(A - Ay = ) iy, (Auj - NT,Z-]-) :

1<i,j<n

Then we can split the pairs (z;,y;) into light pairs

£ = £la.y) = {(0,3) : eyl < \[7pia/(nlog(nT)) |

and into heavy pairs

L=L(r,y):= {(i,j) iy > \/Tp’l“*yn,l/(n log(nT)} )

Step 2. Bounding the light pairs.

In this part, we will show that the contribution of the light pairs,

sup Z ziyi B,
2YeT | (i j)eL(a,y)

can be bounded by \/ npi log(nT') /7731’1 with high probability at least 1 — -% for some universal

constant c.

Let uij = iy;1 (|zay;| < /Tpivm1/(nlog(nT))) + zjyil (|25 < A/TpFn,1/(nlog(nT))), for

1,7 =1,...,n. Then we have

Z Y B = Z wigEq 5.

(4,9)eL(z,y) 1<i<j<n

We can see that |u;;| < 24/7pivn,1/(nlog(nT)), and each term in the above formula has mean zero

when initial distribution is the stationary distribution and is bounded by 24/7p%vy,,1/(nlog(nT)).

1/2
2 6)] ,

Using the Berstein inequality for Markov chains, we have

]P’,, ( = 6> < [Nu,ﬂ-l]pﬂ'l <
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1<j

> uijE
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and

P, (

> B

1<J

= 6) <2 gng exp (—0e) II,; E (exp (Oui;Eq 45))
>

<21nfexp< 96+Z p102 2 1—5—9) 1)

z<j'7n1 Tn,1

2 50
<2inf exp (—06 + ﬂ92(1 - )1>
>0 Vn,1 Yn,1

€Vn,1
<L2exp | — ; =
87pF + 204/Tpivn,1/(nlog(nT))e

where in the third inequality, we use the fact that

D <D 2ty +afyl) <20 ) 2yl =2z)3]yl3 <2

i<j i<j 1<i,j<n

Let € = 02\/ np¥ log(nT")/yn,1 for some properly chosen cy, then we have

‘(

Therefore, using the union bound, we have

> uijE

1<J

> 02\/7in log(nT/(SQ)/fyn,l) < exp{—nlog(T)}.

P | sup Z Ty wij| > 02\/7an log(nT'/62)/vn.1
DYEL (i j)eL ()

<2exp (—(log(T) — 2log(14))n) .

Step 3. Bounding the heavy pairs.

In this part, we will show that the contribution of the heavy pairs,

sup | > miy(Avy — AT )]
TV | eL(ay)

can be bounded by 03\/ np? log(nT)/v3 . with high probability for some universal constant cs.
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First observe that

2,2
* _ LIJ A%
D myALy =] ) AL

(i)l (ig)eL Y
2.2
LiYj * 2 2 % 1
P S T3 Y5 TP
(igz)]e5|xiyj| ('Z);;ﬁ v \/TPT’YnJ/(nlog(nT)

< \/Tﬂ])ik log(nT')/Yn,1

where the second the inequality comes from the definition of £. Therefore, it suffices to show that

Z TiyiAij = O (\/Tnpik 10%(”T)/’72,1> ;

(i.j)eL
with high probability. We will only show the results for the subset of heavy pairs as
Ly ={(i,j)eL:x;>0,y; >0}.

The proof of the other three cases are similar.

To simplify the proof, we will use the following notation. For fixed (z,y) € T, define

o [ := {a:%émiéﬁ},ls = {a: Zj/_; <xi<%}, for s =2,3,...,[logy(24/n)].
o J = {B: 2\/%1 <yj<ﬁ},Jt:= {/B:%<yj<%},fort=2,3,...,[log2(2\/ﬁ)].

e ¢(I,J) : the average number of distinct edges between community sets I and J. If I and J are

disjoint, then e(1, J) = Zie[,je] Ay IfInJ# Jthene(l,J) = Z(i,j)E(IxJ)\(jmJ)z A+
Z(iaj)e([ﬁJ)2,i<j Ayj

o u(I,J)=Ee(l,J),n(I,J)=1pi|I||J|/¥n,1. We will use p and i for convenience when there
is no need to specify the dependence on I and J.

Is,J i i
o Ny = %, where fist = i (Is, Jt).

*
o = L2/, = || 2,y = R o),

To arrive the final conclusion, we will use the results from Lemmas 4.6.2 and 4.6.3.

175



Simple algebra suggests that

28+t
Z Ty Ay < 2 Z e(Is, Jy)
(i.j)eLs (s,):25+t = /TrpT 1/ log(nT)
e(l 7J 23+t
<2 Z _I(;OTPT‘ISHJH/%LJ
/JJ< 89 t)/%l,l n
(s,t):25+t2\/'m
I 223 J 22t
_ )3 A e
n n
(s,£):25Ft >0 /Tnpfyn 1/ log(nT)
Ast/ T3 /(Yn,1 log(nT'))
= 24/mnp¥ log(nT)/Vn 1 Z s el 28:;
(s,8):25Ft =7 /TnpFyn,1/log(nT)
= 2\/7‘7”6}?1 log(nT")/Yn,1 Z asPiost.

(8,1):25Ft =4 /TnpFyn 1/ log(nT)

So it suffices to show that

Z asBios = O(l/’Yn,l)'

(8,):25% >/ TnpF .1/ log (nT)

We bound this sum by splitting the pairs of (s,t) into two categories

¢ ={(s,1):2H = \Jrnpt 1/ log(nT), |1,] < |7} and

¢ = {(s,8) : 2% =y [rnptya/log(nT), |1 > 1]}

We will only prove Z( s)eC asfiost = O(1/vp,1) and the proof for C’ is similar. We further divide

the set C into two subsets.

o C1 = {(s,t) € C,2° = \/Tnp}/(yn,1 log(nT))2}.
° C2 = {(S,t) € C/Cl}

We now analyze separately each of the four cases. To show these results, we will repeatly use the

following simple facts:

Das <) J4z* <16 and )8 < 16.

) t
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Pairs in C;. In this case, we have 2°~% > /Tnp? /(7,1 log(nT)). By bounded degree lemma

4.6.2, we know that

eIy, Jv) < cally| d/yn 1,

and Ay < %. Therefore

D asBiogl ((s,t) €C) =D a5 ). Brogd ((s,t) € Cr)

(s:t) s

22t (s
:ZQSZW?A% TPt/ (Yn,1 log(nT))2~ 01 ((s,1) € C1)
s t

22t
< Yo i T {7y ot log(nD)2 0L (.)€ )

<C4ZO‘SZ \/7'”]71 /(Yn,1log(nT)) 1((s,t) € Cy)
s t

25—t

<201 )0 < 3204,

A/Tp¥ /(yn 1 log(nT))
95—t ~ Zz>0

where the third inequality uses the inequality Zt:( s1)eCs <

Pairs in Cs. In order to bound pairs in Co, we will use the second case described in the bounded

discrepancy lemma 4.6.3 and have

225 AsiA/Tnp¥ [ (Yn,1 log(nT))
QsOst = ‘I ‘ n 95+t

- e(Iy, J)2
|J¢|v/Tnp} log(nT) /.1

_ 95—t 1 oslJellog(f57)/ .1
= /Tt (Y log(nT)) log(nT) 7]
237t

65/’711,1-

<
\/Tp}/ (1 log(nT))
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Because (s,t) ¢ Cy, therefore Tt /?;;(nT)%,l < 1 and hence

s—t

asﬂtastl ((S t) € CQ C5/’7n 1 Bt 1 ((Sa t) € C2)
; Z Z /Tt /(n,1 log(nT))
95— t
< 5/ D B 1((s,t) € Ca)
; Zs: /Tt /(g1 log(nT))
< 265/Yn,1 Z B
t
< 3205/'7%,1-
This ends showing that |Eq|o Tnp7 log w ~3 . with probability greater than 1 —4/2.
p 1 n,1

Similarly, we have show that |Es|q, < C \/ — T)npi log(M) /73 5 with probability greater
than 1 —6/2.

Summing them up, we have

HEHOP < C v Tn max{\/p’l" Iog(NVl,o,m,l/é?)/ryg,l’ \/pék log(NVQ,o,Vz,l/(SQ)/’yz,l} =: E2(6)

with probability at least 1 — §. Therefore, Assumption A2 is satisfied with
A(8) = B4 (8) = B4 (8) = Ex(8) = Ex(0)

with probability at least 1 — 4.

Lemma 4.6.2Bounded degree. For ¢4 > 0, there exists constant ¢ = ¢/(¢4) such that with

probability at least 1 — exp (—c'mnp?), d; < cad/y for all .

Proof. Applying the Bernstein inequality of Markov Chains in (Paulin, 2015), we have for any
i€ [n]

]P)Tl'l( Cd/’Y) <]P)7r1 (Z E, jij = (C - 1)d/’7>

j=1
< inf exp (—(c — 1)d0/7) Wjer) E [exp (0E1,i;)]

np}0* 56 _1>
a-22

fyn,l 7”7

< inf exp (—(c —1)df/y +
0>0

c—1 "
<expy — 50 TP,
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Applying union bound and under assumption (4.13), we have

P, (Fie[n]:d; > cd/y) <nexp (d) exp (—c'd),

for some constant ¢ = /(cy). O

Lemma 4.6.3Bounded discrepancy. For ¢ > 0, there exist constants ¢ = cg(cq) and c5 =
cs(c1,c2), both larger than 1, such that with probability at least 1 — exp (—cimnp}) —n~ 2t~ for

any I, J < [n] with |I| < |J|, at least one of the following holds:

o(1.])
L AR S 66

2. e(I,J) < cgl | Log(T) /ym,1.
Proof. Assume that the event of bounded degree with constant ¢4 described in Lemma 4.6.2 holds.

If |J| = n/e, then bounded degree implies that

el) ) Medhna el
P D) s = TV A~ Tt s~ (/€)(d/3)

Otherwise, if |J| < n/e, let k be a positive number to be determined later. Denote s(1,.J) the set
of all possible distinct edges (i,j) between I and J. Again applying the Bernstein inequality of
Markov Chains in (Paulin, 2015), we have

P(e(I,J) = kp(I, J)/vn1)

<P| D Ay =k | <P DY) By = (k= DHJ|7pT

(3,9)es(1,J) (3,9)es(1,J)
< fnf exp (—=0(k — DIJ|7T/70,0)) Wi jyescr,) B (exp (0E1i;))
Tp¥|I||J]0?
mfexp( k—1) |I||J|7'p1/'yn1~|-pl’1’_‘5’9>

con () (i)

where the last inequality holds for & > 5. Fix a number ¢3 > 0, and define k(I, J) the number such

that
nt

7]

kE(I,J) = 1lcg 171 log(

A1, J) -
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Let k*(I,J) = max{5,k(I,J)}. Then we have

B(e(l,]) = K*(L, D)1, J)/1n1) < exp ( ¢ log( |”j| >>

Therefore,

IP’(H(I,J) I < ) <

nT
<exp( ¢1J] log( J>) < (—cﬁuuog : >)
7] u|z|<|J\<n/e 7]

< Z Z exp <—06g log >

h,g:1<h<g<n/e I,J:|I|=h,|J|=g

LT O () e )

h,g:1<h<g<n/e

e, 0) = K (1, D)L, J) /)

() () (v 'y)

h,g: 1<h<g<n/e

T
= Z exp <—06glogn+hlogn+h+glogn+g>
,g:1<h<g<n/e
T

T
< Z exp (—069 log oy 29 logg + Qg) < Z exp (—(06 —4)glog ng>

h,g:1<h<g<n/e g h,g:1<h<g<n/e

< Z (nT)_(CG_4) < TL_(CG_G)T_(CG_4).
h,g:1<h<g<n/e

From the above, we have e(I,J) < k*(I, J)ia(I,J)/vn,1 for all |I| < |J| < n/e with probability at
least n—(c6=6)—(c6—4),

In conclusion, if £*(I,J) = 5, then we have

e(1,J) < k(L IVAlL, J) /v = 5a(1, J) -

If k*(I,J) > 5, then we

e(l,J)
[L(I’ J)/’Yn,l

|J] nT

< WL, J) < Neg— s log(;

)-
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Assumption Al: Since A;;’s are independent random variables, Proposition 2.1 in (Lei,

2019) shows that

L1(8) = V2 (JA" 30 + B (8)) = V2 (|A* 5, + E2(9)),

B0 4+ A () + |A ]y, _ 2E5(0) + A%,
N N5 ’
with |A%], ., < (7p] + (T = 7)p3)v/n =: Tp.
Assumption A3: By proposition 2.2 in (Lei, 2019), in order to check Assumption A3, it is

enough to find aw(d), az(d) > 0 such that for any 6 € (0, 1), vector w € R™ and each k such that
Efw < as(0)|w]e + az(6)Jwl:

with probability at least 1 — 4.
Without loss of generality, assume |w|, = 1, Elw = E{kw + E;kw. For arbitrary initial

distribution v and € > 0,

P, (|ELyw]| > €) < N2, [2Px (EL jw > €)]'
< J\/’l}/ﬁl 2ienf0 [exp(—0e) E(exp {GE{kw})]l/2
>

= N7, nf [2exp(—0e) E(exp{8 Y wEq})]"?
0>0 -1

= N7, inf [2exp(—0e)TI ) E(exp{fw; > Eqp(t)})]Y?
6>0

s=1
2% 2]
< ./\/37/7%1 inf[2 exp(—60e)IT}_ exp{mﬁz(l _ o0 )_1}]1/2
6>0 ’Yn,l 77'L71
2%
< N, it exp(~0e) expt 2T g2y 2 yaype
0>0 Tn,1 Tn,1

< VN2 exp{— 1 }
= v 8|w|37p¥ + 20e
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Therefore, taking |w] into consideration

|E{k'w| < max{\/STp’l" log( SAZ;VQ’M ) 20 log( 8/\([;' L)

v, v,

8N, 8N,
<\/8Tpi‘log( 52 )/ malwlz +20log(—=5) /1 |w]lee,

with probability at least 1 — §/2. Similarly, we can show that

8NV2 0,V2,1

8N,
[ES pw| < max{\/ (T — 7)p§ log(—252%) /2| w2, 20log(—53"25) /ym [ ] o}

8N, 8N,
< \/8(T — 7)p3 log(—"53"%) /m 2 w2 + 20 log(—3572)

with probability at least 1 — 6/2. Combing (4.41) and (4.43), we have

8N, 8N,
[Ejw| < 4\/ Tp* log( 5;"“)/%||w||2 +401log(—5") /1n,2]
8Nu7r u7r1 NV20V21
with p* = max{p}, p} and log(¥55=) /7, = max{log( %) /1, log(~23"2L)

sition 2.2 in (Lei, 2019), Assumption A3 is satisfied with

8 %5 n 2NM

8 i 52Kn2/\/,, -
ba(6) = 8\/Tp* log(T’)/%.

N

Assumption A4: In our setting, the effective eigen-gap A* is A* = A\

By Weyl’s inequality,
|5\?{ — Akl <[A" - A*Hop <7pl + (T —7)p5 = Tp.
Combining (4.37) and (4.44), we have

i = (con — 1)T,.
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(4.40)

(4.41)

(4.42)

(4.43)

/n,2} By propo-

(4.44)



(4.45)

The effective condition number is defined as
¥ = min {\] /A%, 2K} <1

1(0) = Ex(8) + boo(8) + b2(9)

using the assumption that K is fixed. In the definition of Assumption A4,
= E(9) + by (9) + b2(9),

‘2%00} (E2(0) + b (8) + b2(0)) + Eo(9)

and
7(0) = {F* La(0) + Ls() + 1} n(8) + B+ (0)
2E5(5) + || A*
Ak
[P } (E2(d) + b (8) + b2(9))

{/s* +1+

<<1
—{+ X

<

Y/

} (B2(6) + bon(0) + 02(0)) + V2 (JA* |0 + B2(8)) + Ea()

Then,
o () + Lo (8) + A_(6)
<[ O
K
<o 2RO A e (0) +0,6) 4 02(0) + VA"
K
A% = M > 4(0(8) + Li(8) + A_(5)), (4.46)
(4.47)

To check

Nic = E2(8) + beo(8) + b2(6) + [A* 5,0 -
(4.48)

it is enough to show

which is satisfied under the assumption (4.13).
boo(8) [U™llg e + 02(0) [U* oy = ben (6) [UF [ 2, + B2(6),

From Remark 2.2 in (Lei, 2019), we have

<
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Using the definition of ﬁ*, we have

1 1 1
= max =
S

9 A/Ns ming 4 /7 %

T30 = max [TF > = max v > = max

V,
Vs

By (4.38),
~ N c1
U*[lason — [0 oon| <o, (U*,U*)g—,
U 2m00 = [U*l2m00| <do—on T
U220 — [U* 200 < \/1—
|\U*H2»oo\f+||U*H2aoo
1 1 -
f ming 4/ms /1~ /0’
~ c
U200 = [U* 2500 = — 7%,
~ Ccl
[U*l2—e0 =[U* 200 n

- 1 1 V2 mingm, 1
~ ming /75 \/ﬁ 12 maxg /7 f

-

Therfore, we have

[T 200 >

1
v
Then we can apply Theorem 2.5 in (Lei, 2019) and use results from (4.48) to get

C|EU*|, . C E(8)bo(5 A%,
< ” v HQ 0 + )\*{0(5) ”U*”2—>oo+ +()\1 2( ) ~|—E+(5) H )\|*2 oo}
K K K K

E(0)b2(9) | En(9) [ A5
i, i

IA

{bw@) [U* s+ b2(8) + (B2(8) + bio(8) + b2(8)) [U* sy +

boo(d) E2(5)
SR ORE

IA

IA
S = SE = R -

(4.49)

The proof is then completed. O

184



4.6.3 Proof for Theorem 4.3.4

Proof. Under the assumption 7 (c), we have v, ; = p, ming ge[x;](Aiap + Liag). Apply theorem

431 with Ry = Ry = 1, S2 = 2 fori = 1,2 and dy = dy = K. 0

4.6.4 Proof for Theorem 4.3.5

Proof of Theorem 4.3.5. Recall the definition of the estimator from (13) and the approximation of
the expectation ¢(t) = |H(t)| from Remark 9 that attains its unique maximum at t = 7. The

proof then consists of the following two main steps:

(i) Showing that |G.4(t) — HA(t)| is uniformly small for ¢ € [aoT, (1 — ap) T].
(ii) Showing that (i) implies |7 — 7| is small.

To accomplish the first step, our main till is the following, which essentially follows from (Paulin,

2015).

Lemma 4.6.4Concentration bounds starting from arbitrary initial conditions. Consider
a graph stream G = {G; : 0 <t < T} without change point (i.e. single transition dynamics across
the time window) with transition kernel k, stationary distribution 7 and mixing time tpyix(€),
starting with an arbitrary initial distribution v. Consider the random sampling V' = (V4,..., V)
with V; € R™ and fix A : Q, x R™ — R4 Agsume there exists a fixed real symmetric matrix

H,, € R%*? guch that one of the following conditions holds:

e Each V; "% 1 and (A(G[V])) — (A(G'[V']))? < H? for any G,G' € Q, and V, V' e R™,

o Vo "% 1 Vi =V and (A(G[V]) — (A(@[V])* < HE for any GG’ € Qy and V € R™,

Write W(A(G[V])) = A(G[V]) — Onxp, (A(G[V])). For a fixed piecewise-constant real sequence
a= {a(t)}tT:1 satisfying a(t) = a1 if t < Tp and a(t) = ag if t > T for some Ty € [T']. The change

point estimator is consistent in the sense that

|

T
D atW(AGIVA]))
=1

= €a,6> < 5)
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where

d v, T
€as = \/tmin [a%To + a3(T — TO)] Amax (H?2) log < '/;/’2’ )

and tpyip = mingge<1 75mix( ) <% : + (%tz)%)

Completing the proof of Theorem 4.3.5 assuming Lemma 4.6.4:
Step 1. Consider the independent random sampling where V' = (Vi, Vo, ..., Vp) with V; iid: b
where fi,, is the uniform distribution of m nodes over a total of n nodes.

Bounding supse(aor,(1-ag)r] [GA(E) — H4(t)|: For later reference, for any s let 6, =
Or,xpun (AG[V])) if s < 7 else 0, = Oy (A(G[V])). Shorten A(Gs[Vi]) as As. Now note

that if ¢ < 7, algebraic manipulations imply,

|Ga(t) — Ha(t)|
i 12 LS ey
¢ T—t s=t+1
1 1 T ~ 1 r -

i1 t)g(t).

The goal of this decomposition is to divide the interval [0,T] into two homogeneous (in terms
of evolutionary dynamics) sub-intervals and apply Lemma 4.6.4. For i = 1,2, recall §; as in the
Assumption 12. Using Lemma 4.6.4 on the intervals [0, 7] and [7 + 1,T]. With probability greater

than 1 — 0, the following inequality holds for any fixed t € [T, 7]

(1 <\/t1,mm |02+ (2 = 0 A2 o (57,

and with probability greater than 1 — §, we have

T —71 dNunT,fr
E(t) < \/t2,min ((T—t)2> )\maX(Hrzz,Q) log <5212>
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Using a union argument, with probability greater than 1 — (7 — ayT")d, we have

sup  |Ga(t) — Ha(t)]

te[aoT,T]
t(T —t) 1 1 ANy =
< min | (= 2 2(+ max 2 1
teg;gﬂ T {\/tl, [(t) t+ () t)] Amax (Hy, 1) log(—=)

T — 71 le/h‘,T,‘l‘r
+ \/tQ,min <(T—t)2> AmaX(Hz,z) IOg((gglz)}

dNy dNy T
<\/§ max {\/tl,min)\max(H%l) IOg( (527#1 )7 \/tZ,min)\max<H73,2> log((;;m)}

Similarly, we have with probability greater than 1 — ((1 — ag)T — 7)9,

sup [ Galt) — Ha(t)]

te[r,(1—ao)T]
dNI/RT , T2 ) }

dNyﬂr
g\@ max {\/tl,min/\max(Hg,l) log(Tl), \/tZ,min)\maX(Hg,Z) log( 52

Therefore, with probability greater than 1 — (1 — 2ag)T'd, we can have the uniform bound

(4.50)

sup |Gat) — Ha(t)]
tE[Oé()T,(l—OA())T]

dNy s dNunT s
<V/2max {\/tl,minAmax(HZJ) log(Tl), \/t2,min)\max(H721’2) log(p’?)} =: Br(d). (4.51)

We choose §y = W, where the above bound holds with probability greater than 1 — %
Step 2. Bounding |7 — 7|. Recall that ¢(t) = |H(t)| with H(-) as in (4.5).Then note that for

t € [agT, 7], an application of the mean value theorem shows that,

(4.52)

7)) > 4~ 1) o ms msn (AGTV]) — B (AGIVD)L.

Similarly for ¢t € [7, (1 — )T,

1 T
¢(r) = o(t) = 5(t —7) 0 o) (T 1) 2T 1071 5 1 (AGIV])) = Oy i (AGIV])) -
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Note that for ¢ € [agT, (1 — )T},

6(r) = 6(7) = | Ha()| = 1GAM + 1GAD] — [GAR) + |GaF)] - | Hal?)

< HGA(T) - FIA(T)H + HGA(%) — H (%)

)

<2 swp [Ga(t) — Ha(t)] < 2Br(d),
te[aoT,(1—ao)T]

with probability greater than 1 — —L-. The second line uses 7 = ArgMaXye[ao7,(1—ao)7] |GA ()] and

the triangle inequality. Thus combining the above bounds with (4.52) shows that if 7 < 7,

1( - T—r71
T (1 — ap)3/2712T

1071 %1 (A(GIV])) = O i (A(GIV])) | < 2B (00)- (4.53)

Similarly if 7 > 7 then,

1(A ) T
—(T—T1 -
2 (1—a)** (T -7)'2T

|01 %11 (AGIV])) = Oy i (AGIV])) | < 2B (o). (4.54)
To guarantee the consistency of the change point estimator, require h;—ﬂ P, 0 as n, T — oo. If

7 < 7, using (4.53), it suffices to require that as n, T — o0,

|7 — 7| B 4(1 — a0)3/271/2 Br(do)

T T=7 [Orixun (AGIV])) = Oy (AGIVID] .

By part (4.15), we see that the above convergence result holds. Similarly for the case where 7 > T,

: -7 P
under Assumption 12, we have % —> 0 asn,T — 0.

Combine (4.53) and (4.54) together and plug in (4.51), then we have that under Assumption

12,
T—T 442(1 — « 3/2 P
| - | < (r A 0) g?)é{\/t@mm)\max(Hii)(si} =l€pT — 0.
T ]
This completes the proof of the Theorem. O
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Proof of Lemma 4.6.4. Applying the change of measure from the initial distribution v to the
stationary distribution 7, we have

(| )=l )

where /\/,,77r =E, ((%) ) is the Lo norm of the density ratio between the initial distribution and

T T
2 W(G[Vi])| = Z W(GVi])| =

the stationary distribution defined in (4.6).

Following the idea of proof in (Paulin, 2015), we divide the time steps {1,2,...,T} where the
length each segmentation is upper bounded by the the mixing time ¢,ix(€) of the graph stream G.
Let T = [ﬁw Denote X; = G¢(V;) and

X = (Xl,XQ,...,XT) =

= (X1 Xy 0) s (K015 Xt 0) (X(T—l)tmix<e)+1v - X7))

Denote the index sets s(X;) = {(i — 1)tmix(€) + 1, ..., itmix(€)} for i <7 —1 and
S(XT) = {(Tg — l)tmix(é) + 1, e ,T}. Write At = Zies(Xt) CL(Z))(z and ST = ST = Z?zl u[lt =

2th1 a(t)X;. Without loss of generality, we assume that Ty = tmio(e) is an integer such that

the elements in X; have the same coefficient of a(t). Then Ay = Zies(Xt) a1 X; for i < Tp and
Ay = ZiES(Xt) as X; for i = Ty. Define F; = U(Xl, .. ,Xt) for t < T as the o-field generated by
the random variables X, ..., X;. Write S; — Er(Sz) = L, (]E(Sﬂft) - E(Sf\ﬁt_l)) with

AilFiy)

uMﬂ

T
E(S7F) — B(S7|Fi-1) Z
We then define a Marton coupling of X = <X1, cee XT) e Q97T as a set of couplings

(@ B, .2 13 2.2
(X(wl,...,a:“ml),X/(ml,“.,ml,ml)) c Q%T % Q%T’
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where X/| = (X/)iES(Xt) and correspondingly A, = ZiES(Xt) a(i)X]. By Proposition 2.4 of (Paulin,

i

2015), the mixing matrix of the defined coupling I" satisfies

000 0 ... 1

with the inequality meant in each element of the matrices.

We discuss the left proof based on the design of random sampling.

1. Independent random sampling. Assume V = (Vi, Va,..., Vp) with V; i 1 where p
is the uniform distribution of m nodes over a total of n nodes. Then V can be viewed as a Markov
chain whose mixing time is 0. Therefore, the mixing time of {G;(V;)}Z_, is determined by the graph
stream part G.

We can control the perturbation of the partitioned chain using the condition as

ix (€ tmix(€)t ~
A — Ay = tmf] L (- x) - E oo 1 (6= X0, 0 < o
i=tmix((t=1)+1 St a2 (K= X)), t> Ty
and
9 tmix(€)t 2
(A - A7) < Y al) (X - X))
i=tmix(€)(t—1)+1
tmix (€)t
< tmix(€)a(i)> H2 + > la(i)a(j)| H,

4, =tmix(€) (t—1)+1,i#]

a;, t<1Ty
where a(t) =
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For the Marton coupling, we have

2

T T
B A - S A7)
i=t 1=t

. 2
T
= | BQ (A — AD1{X; # X[} F)
i=t
T T
iZFt,id(i)thix(€)2H72L + Z Ft,j1 ijd(j1>&(j2)tmix(€)2ﬂv2z
i=t Ji.j2=tJ1#72
T T
—twic(€)2Hy | Y Twia(i)? + >, Tujivpa(i)a(i) | = D7
i=t Ju,je=tJ1#752

Since the above result holds for all coupling pairs (X, X’), we have

2
T T
(B(5717) ~ B(S71F)) = B AIF) - B AlF) | < D

Then we can continue to bound the matrix operator norm using Theorem 7.1 in (Tropp, 2012)

0
=2dexp<{ — o (-
8Amax (2=1 Dy)

Through some tedious calculation, we can figure out that

H2

n

T

. ~ ~ N 2 — 24+ 2
ZlﬁsmM@ﬁﬁ%+@aujm( ‘ +6>
t=1

+
l—€e (1—¢)?
2—€+ 2+ 2¢ 9
l1—e (1—¢)? "

< tmix(€)[a3Ty + a3(T — Tp)] (
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Define tyin 1= infoce<1 tmix(€) (%:E + (%J_rz;) Then we have

T
Z <t min a/lTO + a2(T TO)]H72L7

and

T
DatW(GVI])| =

2

"
< 2dexp< — .
) P { Stmim[a2To + a2(T — To)Amax (HLZ) }

(2

Define €45 = \/tmin [a3T0 + a3 (T — To) | Amax (H2) log ( Ve, w) and we get

( 6a5> <9,

which finishes the proof under independent random sampling.

T
D atyW(G[Vi])

2. Fixed random sampling. Assume V = (V1, Vo, ..., V) with Vj ~ p and V; = Vi where
w is the uniform distribution of m nodes over a total of n nodes. The idea is the same except that

we consider any fixed subset of m nodes V; = Vi = v.
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