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Abstract

The aim of this paper is to develop a novel class of functional structural equation models (FSEMs)
for dissecting functional genetic and environmental effects on twin functional data, while
characterizing the varying association between functional data and covariates of interest. We
propose a three-stage estimation procedure to estimate varying coefficient functions for various
covariates (e.g., gender) as well as three covariance operators for the genetic and environmental
effects. We develop an inference procedure based on weighted likelihood ratio statistics to test the
genetic/environmental effect at either a fixed location or a compact region. We also systematically
carry out the theoretical analysis of the estimated varying functions, the weighted likelihood ratio
statistics, and the estimated covariance operators. We conduct extensive Monte Carlo simulations
to examine the finite-sample performance of the estimation and inference procedures. We apply
the proposed FSEM to quantify the degree of genetic and environmental effects on twin white-
matter tracts obtained from the UNC early brain development study.
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1 Introduction

This paper is primarily motivated by the development of statistical methods for dissecting
genetic and environmental contributions to functional data, such as brain structure and

function, observed from twin pairs (Panizzon et al., 2009). The twin study has been widely
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used to quantify the difference between the similarity of monozygotic twins (MZ), who have
the same genetic materials, and that of dizygotic twins (DZ), who share about 50% of their
genes (Feng et al., 2009; Neale et al., 1989; Haseman and Elston, 1970). Such difference
between MZ and DZ allows us to disentangle genetic factors from environmental factors on
a known phenotype, such as total brain volume. So far, a substantial amount of heritability
has been found in different brain volumes (Thompson et al., 2001; Posthuma et al., 2002;
Peper et al., 2007), cortical thickness in sensorimotor cortex, middle frontal cortex and
anterior temporal cortex (Panizzon et al., 2009), brain function by using functional magnetic
resonance imaging (fMRI) (Jansen et al., 2015), and white matter microstructures (Brouwer
et al., 2010; Chiang et al., 2011; Lee et al., 2015).

The aim of this paper is to develop a new functional data analysis (FDA) framework, called
functional structural equation model (FSEM), to dissect functional genetic and
environmental effects on twin functional data, such as cortical thickness, fMRI, and white
matter bundles. Specifically, for /=1, ..., nand j=1, 2, we observe a p x 1 vector of clinical
variables, denoted by X = (X, -.., X,-jp)T, and functional data, denoted by {y;{): vE€ W},
from the /-th subject of the /th twin pair, where vis a grid pointin Vo ={w, 1, ..., Vng},
which is a set of grid points in a common compact space, denoted by V. The ntwin pairs
consist of 74 MZ twin pairs for /=1, ..., mand j=1, 2, o DZ twin pairs for /= + 1, ...,
m+ mandj=1,2, and /s twin individuals for i=m +m+1, ..., n=m+m+mand j=
1. As an illustration, Figure 1(a) and (b) present the plots of two diffusion properties
including fractional anisotropy (FA) and mean diffusivity (MD) measured at 152 grid points
along the genu tract of the corpus callosum from 40 randomly selected infants in a clinical
study of neurodevelopment with 356 neonates, who have at least a twin sibling. Figure 1(c)
and (d) are the FA curves of two randomly selected MZ twin pairs and two randomly
selected DZ twin pairs. We are particularly interested in delineating the genetic and
environmental variability of these functional FA and MD data and their association with a
set of covariates of interest, such as age and gender. See Section 5 for detailed data analysis
on this data set.

The development of FDA for twin functional data represents several major statistical
challenges. First, conventional analyses of twin functional data include two steps: the
commonly used Gaussian kernel or spline for smoothing functional data and then
independently fitting a statistical model, such as structural equation model, at each grid
point. Such methods for smoothing raw functional data can change the covariance structure
of twin functional data, which is primarily associated with genetic and environmental
factors; thus, it can introduce substantial bias in estimating these factors and dramatically
increase the Type | and |1 errors as demonstrated in (Li et al., 2012). Second, although
researchers have modeled independent functional data with levels of hierarchies (Morris and
Carroll, 2006; Bathia et al., 2010; Ramsay and Silverman, 2005; Li et al., 2013; Zhang and
Chen, 2007; Zhu et al., 2012b, 2011; Guo, 2002; Scheipl et al., 2015; Chen and Mdiller,
2012; Zhu et al., 2011), their associated inference methods primarily make statistical
inferences on the mean structure of functional data and are not directly applicable to twin
data, which requires a careful analysis of the covariance structure of functional data. Some
popular statistical methods include nonparametric mixed-effects models (Gu and Ma, 2005;
Wang, 1998a,b; Wood, 2006, 2013; Zhang et al., 1998) and varying coefficient models (Fan
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and Zhang, 2008; Zhu et al., 2012a; Wu and Zhang, 2006; Huang et al., 2002). For instance,
Morris and Carroll (2006) developed general functional mixed effects models with multiple
levels of random effect functions as well as curve-to-curve deviations. See comprehensive
reviews in Shi and Choi (2011); Hsing and Eubank (2015); Horvéth and Kokoszka (2012)
and references therein. Third, according to the best of our knowledge, little has been done on
the analysis of functional data from twin studies. In Fang and Wang (2009) and Lei et al.
(2015), two generic functional data models were developed to test for familial aggregation of
functional traits, but they do not allow us to dissect genetic and environmental effects on
functional data, which are scientifically critical for twin and family studies. Moreover, in
Wang (2011), a functional mixed effects model was proposed for longitudinal family data,
but it assumes both a common environmental effect and a constant coefficient effect across
time.

We develop a functional structural equation modeling (FSEM) framework to dissect
functional genetic and environmental effects on twin functional responses and their
association with a set of covariates. Our FSEM can be regarded as a novel extension of
standard structural equation models for twin scalar responses (Neale et al., 1989; Haseman
and Elston, 1970; Feng et al., 2009; Wang et al., 2011; Rabe-Hesketh et al., 2008),
nonparametric mixed-effects models (Gu and Ma, 2005; Wang, 1998a,b; Wood, 2006, 2013;
Zhang et al., 1998), varying coefficient models (Fan and Zhang, 2008; Zhu et al., 2012a; Wu
and Zhang, 2006; Huang et al., 2002), and functional mixed effects models (Wang, 2011,
Fang and Wang, 2009; Lei et al., 2015). Our major contributions of this paper are as follows:

. FSEM not only disentangles functional genetic and environmental effects on
twin functional data, but also characterizes the varying association between
functional data and covariates of interest.

. We propose an estimation procedure based on weighted maximum likelihood
functions, which explicitly incorporate the spatial smoothness in the mean and
covariance structure of functional data. We develop an inference procedure based
on weighted likelihood ratio statistics to test the genetic/environmental effect
either at a fixed location or over a compact region.

. We use simulations and a real data analysis to show that FSEM can substantially
boost the detection power for dissecting functional genetic and environmental
effects on twin functional responses.

. We provide a comprehensive theoretical analysis of FSEM. Formally, we
establish the weak convergence of the estimated varying association functions
and the estimated genetic and environmental covariance operators, and the
asymptotic distribution of the local test statistics.

. We have developed the FSEM package by using both matlab and python and will
release it through the website “https://www.nitrc.org/” and our group website.
Our package includes a Graphical User Interface (GUI) to pack the code, also
freely downloadable from the same website.

The rest of this paper is organized as follows. In Section 2, we introduce FSEM and its
associated estimation and inference procedures. We construct weighted likelihood ratio
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statistics to test both local and global genetic effects on functional data. In Section 3, we
establish the theoretical properties of our estimation and inference procedures. In Section 4,
we carry out simulations to examine the finite sample performance of FSEM. In Section 5,
we use FSEM to dissect the functional genetic and environmental effects on the genu tract of
the corpus callosum in a clinical twin study of neurodevelopment.

2.1 Functional Structural Equation Model

We start with a simple extension of standard ACDE model (Haseman and Elston, 1970) for
twin scalar responses as follows:

V() = X[ B0 + @ () +d () + ) + e ) (D)

for i=1, ..., nand j=1,m; in which m;= 2 for /< m+n, and 1 for /> n+m, where B(V) =
BV, ---, BV) Tis a px 1 vector of coefficient functions. Moreover, ai{V) ~ MO, o ?),
c{V) ~ MO, o{V)?), di{v) ~ MO, o(?), and e{1) ~ MO, o(1)?) represent the additive
genetic, common environmental, dominant genetic, and unique environmental effects,
respectively. It is also assumed that

cov (a;(v), ap,(v) = 6,V MZ); + 0.5 X 6, (W (DZ), (2)

cov (d,,(v), d,(v) = 6, (W (MZ), + 0.25 X 5,(*(DZ),, (3)

where (MZ),(or (DZ))) is an indicator function of the event that the /-th pair of twin subjects
is MZ (or DZ). See Figure 2 for the diagram of ACDE model for twin data. Due to an
identifiability issue (Wang et al., 2011), it is common to consider two simpler models. One is
the ACE model, which only includes additive genetic, common environmental, and unique
environmental effects. The other is the ADE model, which includes additive and dominant
genetic, and unique environmental effects.

A conceptual issue associated with (1) comes from the difficulty in characterizing the
relationship between (an(V), da(V) and (ap(v), dp(V) and in dissecting functional genetic
and environmental effects. Specifically, for MZ twins, a; (V) = ap(Vv) for all vE€ V, whereas
for DZ twins, corr(an(V), ap(¥)) = 0.5 holds for all ¥€ V. The next question is how to define
a bivariate process that satisfies both conditions as vvaries in V;, while preserving spatial
smoothness in V. Similar comments hold for (V) and djp(v). To deal with such issue, we
introduce a reparametrization of ACE model for twin functional data, which reduces to the
standard ACE model at each grid point.

We introduce a new functional ACE model as a special case of FSEM as follows:
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Vi) = X0 + 1), @)

r ) = V0.5(DZ)a; i)+ {M2), + VO3(DZ);}av) + c(v) +e; i),

in which a;{v) and a{) are introduced to represent within-curve and between-curve
functional additive genetic effects on the /th twin pair. It is also assumed that

eij(v) = ¢y, G(V) + ¢ij, L(V), ®)

where ¢;;, (1) are measurement errors representing local variability and ej; 5(s) are stochastic
processes representing unique functional environmental effects.

It is assumed that a;{(V), a{V), c(v), €;;(V), and ej; (V) are mutually independent, and they
are independent and identical copies of GP(0,Z,), GP(0,Z,), GP(0,Z,), GP(0,Z, ), and
GP(0,Z¢ ), respectively, where GP(0, X) represents a Gaussian process with mean 0 and
covariance function Z(v, V). Moreover, &j.(v) and e/ ( V') are assumed to be independent
for v# V/, thatis, Zo (v V') =0 for v# V. We also denote T4V, V') = Zo o(V, V' )+Ze (v, V
"). The functional ACE model reduces to standard ACE model at each grid point. For v# V/,
we have

cov (y;;(n,y; ;") = 20V + X0+, )+ X, )1 =), (6)
cov (y,1(»), yp(v') = {(MZ); + 0.5 X (DZ)i}Za(v, V') + ZC(V, V).

To the best of our knowledge, (4) is the first FDA framework of its kind for twin functional
data and differs significantly from other models in the existing literature. Most FDA models
focus on the mean structure of functional data, while they do not dissect genetic and
environmental effects on functional data. See Wang et al. (2016) and Morris (2015) for
comprehensive reviews of various FDA models. Moreover, most existing structural equation
models developed for twin scalar responses are not directly applicable to twin functional
data. Due to these major differences, we are facing many challenges in accurately estimating
covariance functions TV, V'), Z{v, V), and £, 5(v; V) and making statistical inference on
genetic and environmental effects across all vE€ V.

2.2 Estimation Procedure

Under model (4), the primary interest is to estimate &(-), Z(:, ), Z{*, ), Z¢ &(*, *), and
{Z¢ (v, V): vE Wo}. The estimation procedure consists of three steps and the key idea of
each step is given as follows.

. Step (1): calculate the maximum likelihood estimate of &) = (6?(V)7, BWT)T
at each grid point VE Vg, denoted as &(V) = (a2(W)7, BWT)T, where

T
62 () = (62(1). 62(1), 52(V) ;
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Step (11): update the estimate of 6°(v) = (az(v),o%(v),og(v))T atall V€ Vby using
the weighted likelihood function of the estimated residuals
?l.j(v’) = yl.j(v’) - xiTjﬁ(v’) for a set of grid points V' € V4 near v, denote it as Ef((v);

. Step (111): calculate the estimates of covariance operators Z 4, -), Z{:, *), and
2e(:, ) by using the local constant regression technique (Fan and Gijbels, 1996)
based on (6).

The key idea of Step (1) is to make statistical inference at each v € V4 by using data
observed at the grid point v, which is the standard pixel-wise method. In Step (1), we
calculate the maximum likelihood estimate of é(v) based on the log-likelihood function at
the grid point v € V4, denoted as £ (&(V);Y (1)), where Y (1) are imaging measures for all
subjects at v. We will use the maximum likelihood estimates ﬁ(v) for v€ Vg in Steps (I1)
and (I11). If needed, we can employ smoothing methods (e.g., local linear) to obtain an
estimate of g(v) for all v€ V, we still denote it as ,é(v) (Fan and Gijbels, 1996; Zhu et al.,
2012b).

The key idea of Step (I1) is to make statistical inference across all vE€ Vby using data
observed at those grid points close to v. In Step (I1), we construct a weighted log-likelihood
function at each v, denoted as &, k(0?(V); R), in order to obtain an updated estimate of
o%(v), where R represents all 7;(1/)’s for v € V4. Specifically, £, x{c?(W); R) is given by
My evy K (V-WEL AP, BV );Y (V)), where K(V) is a kernel function and

Khl(v) = hl_lK(v/hl ) is the rescaled kernel function with a bandwidth /. We select the

bandwidth / by using 5-fold cross-validation.

The key idea of Step (I11) is to apply the local constant regression technique (Fan and
Gijbels, 1996) to estimate (v, V'), Z{V, V), and £, (v, V). By using the covariance
structures in (6), we minimize an objective function W,{v, V') given by

(0,0 10) = Zo01) = 0 = B, 604 v’)]ZKiZ(VO, vive V')

7 , , NI Lo v
+ ,7,2 DI [ ONTSEDMIROED WD) Kh2(V0’ Vv V)
11=1v05£v6€V0
. nl + n2 R .
+o > Z [0, v) = 05%,v,v) = Z ) Khz(vo, Vi v V),
2l:n1+lv0;r':v0€V0

2 ’ ’ ’ ’ Iy ’ -~ -~ ’
where Khz(vo, VvV )= Khz(VO - v)Khz(vo -, Uij(VO’ vO) = rij(VO)rij(VO)’ and

f/l.(vo, vo) = 7 00T n(vg) + 7 (VT 15 (v)1/2. With some calculations, we have
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> ) = [28,,0,v) = 25 0 O W], (7)

o~

2 wv)=1[- §w1(v, v+ 2§W2(v, v/ w(v,v1],

—~

Y g v) =8, v) = 8, v (v, V),

where (v, V'), Suo(V, V'), Sua(v, V), and S,.p(v, V') are, respectively, given by

1 2
w, V) = —— Ky (v vivey v,
N (N--1 - hy 0770
GG voF V9 €Yy
m.
§ Y Y X 0 2
S a.v) = U. (v, vi)K} (v, Vv, V),
0 — — 00" hy 0 0

W m=ny & 2 NeWNg l)vo;évbevo Y 2

n
1
§ oL 1 7N
S = Yogwmomn 2 UK, G vive ).
li=1"G"'G 2

Yo #* vb € VO
X 1 ny+ny 1 . )
S0 =0- X g —n 2 U "0 K o)
2t=n]+1 GG vo#véevo

Furthermore, if we set 2, V) = 0 for 1, V € V, then £{v, V) and £, (v V), which
minimize W,{v, V), are, respectively, given by

ic(v, V) = [§w1(v, V) + §w2(v, /2wy, v, (8)

o~

Y g0 V) =128 4 v) = 8 (v v) = 8,5, V)1 2w, v)]

We also select the bandwidth /, by using 5-fold cross-validation.

2.3 Inference Procedure

We propose an efficient inference procedure to test the functional genetic or environmental
effects at either a fixed location or a compact region. For the sake of space, we focus on the
genetic effects from now on. We need to introduce some notation. We use subscript *to
denote the true parameter values, say 8« vy). Let Vi =Yi{vi) = Va(vi), Yp(vi)) rand Y=Y
(VQ = Vik - Y- We denote ZMg(v,): ) as Z?Ll tog (/™M y,; 0(vk))) for all MZ
twins, where AM(y;; &) is the density of y; for the /th MZ twin pair at the grid point

Vi We define 2 6%(v); R) as

N
G
M0k = Nick; Ky, 0= 02,00, By,

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.
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Moreover, we introduce similar notation for DZ twin pairs and twin individuals by replacing
the superscript (M) by (D) and (/), respectively.

2.3.1 Local Test—To test the genetic effect at a fixed location, we formulate it as follows:

Hozag LmM=0 vs. Hl:ag mM>0. (9

We consider a likelihood ratio test statistic and a weighted likelihood ratio test statistic at v
given by

LR (v): = —2 [yn(éo(v); YO) — gn(é(v); Y(v))], vev,

WLR (1): = —2 [3’”’ K(&%’ KR -2, K(&?((v);l?)], vev.

where éo(v) and é(v) are the maximum likelihood estimates of &) under Ay and H,
respectively. Moreover, &g k(v and &%((v) are the maximum weighted likelihood estimates of
:fn,K(”%, K(v);l?) under Hy and Hy, respectively. Note that for LR(V), vhas to be in V4 since

no data is available for ¥ € V/V. In contrast, our newly proposed weighted likelihood ratio
test statistic does not require v € V4, since data can be borrowed from nearby grid points of
vin V. The asymptotic distribution of LR (V) can be similarly derived based on the results

of Self and Liang (1987). A special case is when af L >0and 03 L(» > 0, the asymptotic
distribution of LR (V) is 0.55 +0.577. The test LR (V) is similar to the test for random

effects in regression models (Wood, 2013).

A challenging issue is to derive the asymptotic distribution of WLR (V). We only give a
brief derivation for 03 L >0and 05 L > 0. We use Ag to denote the approximation cone

at a given vertex o?(v) for a given set & (Andrews, 2001; Self and Liang, 1987). In this case,
the null and alternative domains of test (9) are given by &y = {0} x (0,00)2 and &; = (0,00)3,

respectively. We approximate £, W) RA) by a quadratic function of ai(v) and then

calculate the approximation cones of &; and &, denoted as Ag, and Ag, respectively (Self
and Liang, 1987; Andrews, 2001; Zhu and Zhang, 2004). The approximation cone of &g and
&1 at o?(V) are Agy = {0} x R2and Ag, = (0,00) x RZ, respectively.

We have a quadratic approximation to WLR (V) as follows:

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.
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WLR,() =2 sup £, ("R -2 sup Z, ((6°():R) (10)
e, ) € &,
= sup [2277, (@01 R) =21 T, (T R~ sup
€Ny ’ ’ L€ Ay
1 ~ ~
2477, @) R) = 417, (@2 R)A] +0,(1),

0

where ¥ n,K(az(v); Fi) and —&,7,,<(az(|/); Fi) are the first-order and second-order derivatives of
the log-likelihood function of all data a(,n,K(aZ(v); RA) with respect to ?(1). Subsequently,
based on (10), we are able to derive the asymptotic distribution of WLR (V) presented in
Section 3.

We propose an efficient resampling method to approximate the empirical distribution of
WLR (V) as follows:

Step 1: We generate independent and identically distributed random samples, {&; 4 /
=1, ..., n}, from standard normal distribution M0, 1). Here grepresents a replication
number.

Step 2: We calculate

n

N
G 1
V7 et R) = N—leZl Ky 0= .Zl & @), B:y )
= =

NG n1 +n
tae K, - D YA A N TR
Gr=1 1 i=nj;+ 1
1 G n D, 2 R
+ N—Gk;Khlwk -0 Y g 2PGw e,

i:n1+n2+1

where #%(62(). Bv,): y,,) Ts the first order derivative of log-likelihood for the /th
twin pair for S= M,D, and /. It is important to note that 78 (s2(v); R) converges

weakly to the same stochastic process as .7 , (e« V); RA) by using the conditional
central limit theorem (Theorem 10.2 of Pollard (1990)).

Step 3: The third step is to calculate the weighted likelihood ratio

&)y _ T8 2, \p T 2. \.p
WLRW() = ) eSlk)g [2/1 FE iR -7, K(a*(v),R)/I] - eSlX)g
1 0
2/1Tf£f}((ai(v); R) - /ITJn’ (@R + 0,1

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.
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Step 4: We repeat the above three steps G times and obtain realization,
{ WLR®():¢ = 1,2, ..., G}. It can be shown that the empirical distribution of
WLRElg (v) converges to the asymptotic distribution of WLR (V). Therefore, the

empirical distribution of this realization forms the basis for the calculation of critical
values in hypothesis testing as well as power analysis.

We approximate p-value for the testing problem (9) by using

G
~c 1
papY= = D LI(WLR®(v) > WLR (v)), (11)
g=1

where 1(:) is an indicator function of an event. Note that the true ai(v) are involved in all the
calculations, and it is replaced by the &(2) k) in practice, since &% k) is a consistent

estimator of ai(v) under the hypothesis Hp.

The above resampling approach is quite efficient since the optimization in Step 3 is fast.
Consider the eigen-decomposition of .7 K(Gi(v);ﬁ) as PTDP, where Pis an orthogonal
matrix and Dis a diagonal matrix with ¢4 = &b = @5 = 0 as its diagonal elements.
Furthermore, since A[(0,00)x /2] = (0,00)x A2 and A{0}x~2] = {0}x A2 (under different
orthogonal bases), we have

WLR® o) = sup [2/1710;8 @R -Tpi|-  sup  [22TPF8 62wy R) - T Di|+0 (1)
n /16/\% n, KV % /16/\% n, KV % P
1 0

e 2
P
= Tl([f’f”’ K]l > 0),
where [P.78 K]1 denotes the first entry of P75 .

2.3.2 Global Test—We propose a test procedure to test global genetic hypotheses as
follows:

HO:f 2 »Vdv=0 vs. Hl:f 2a(sdv >0, (12)
veV veV

Note that our test procedure is not limited to the entire tract Vand can be adapted to any
subinterval of V. Let y() = (y1("), ..., wk(*)) " denote the K vector of B-spline basis, and c;
€ RX*1 pe the least square coefficients of regressing 7;1(-) — 7(-) on w(-). In practice, a

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.
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relative small K'is good enough for many applications. Throughout the paper, we set K=9
and place the spline knots uniformly in V. We consider a global test statistic as follows:

wT(Z ccT)w
ieDZ"ii
T =  max T
owll=1, (Z

T
i e MZCH€i )W

where w is a K x 1 vector. The bigger value of 7, indicates the stronger evidence of global
genetic effect.

Under the null hypothesis of no global genetic effect, {rs(-) — rp(:)}s are independently and
identically distributed across MZ and DZ twin pairs. The p-value of the test statistic 7, can
be obtained through a permutation procedure over MZ and DZ twin pairs. Specifically, for
each permutation g=1, ..., G, we randomly select 7 twin pairs as MZ twin pairs from (7 +

) MZ and DZ twin pairs and then compute the new test statistic as Tflg). Then, the p-value

can be approximated by Zgz 11(Tff’) >T)IG.

3 Asymptotic Properties

Theorem 1

In this section, we systematically investigate the asymptotic properties (e.g., convergence
rate) of various estimates and test statistics developed in Section 2. Without loss of
generality, we set V=0, 1]. The kernel function K{(V) is a symmetric density with compact
support [-1, 1]. Let u{K) = | VK(Vdvand v{K) = I VK2(V)dv, where ris any nonnegative
integer. We assume that Oy(1) and 9,(1) hold uniformly across all vin either Vor V
throughout the paper. Moreover, the sample sizes /m, and % diverge to infinity such that m/n
— aq, mIn— ay, and m/n— as, where aq >0, ap >0, and a3 = 0 such that a +ay +as
= 1. We use — 4to denote convergence in distribution and use = 4to denote weak
convergence for stochastic processes. My, o2) denotes a normal random variable with mean
yand variance o2. We state the following theorems, whose assumptions can be found in the
Appendix and detailed proofs in supplemental materials.

Suppose that Assumptions (C1)-(C4) and (C7) hold. As n— oo, the following results hold:
i Wehaven {00y -0,p)—, iy and

W V) —0,0p) = 0 (log (1 + N ).

where X( Vi) = arg minyeqo,00)x AP+2{A = AV} TQ(v{A - AV}, in which
Av) = Rv)™L I (v). Moreover, ¥ (vy) denotes a random score vector and
R(vy) Is the average Fisher information matrix at 8- vy).

i Ifo? (v) > 0ands? (v > 0, then under local alternatives H, : >(v,) = h(v,)/\/n,

we have
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2 2 1, -1,,71,1/2

Vn{e v — o ) = 4 (HIv) ™ H' )
Hn ~ 2 ~

LR (v,) — ;N (v}), D1 (N(h 1) 2 0),

X N (v), DIV (), 1) 2 0),

where (vg) = {H& Y (VOH} Y2 Wi and 1 = 11,07 1€ R <P+,
Theorem 1 (i) delineates the uniform convergence rate of é(vk) for all v € V. Theorem 1
(ii) gives the asymptotic distribution of 3§(vk) and LR (vy) under a sequence of local

alternatives when both 63 (v and 63 .(v,) are greater than zero. When /(vj) is equal to zero,

Theorem 1 (ii) reduces to the well-known results in (Self and Liang, 1987; Andrews, 2001).
Theorem 1 (ii) characterizes the local power of LR (v) as A(vy) > 0.

Theorem 2

Suppose that Assumptions (C1)-(C6) and (C7b) hold. As n— oo, the following results
hold:

L sup, ¢y VALGRO) = 620} = O (1) and i (G () = 620} =, 7 ¢ ), where k(1)

= arg minacpo,oopx RAA-Zi( W} R VAA-Zi( W)}, in which Zi(V) = Qi (V™17
«(V). Moreover, ¥ | (V) denotes a random weighted score vector and Q (V) Is the
average Fisher information matrix at ai(v).

i Ife? (v >0ands? v) > 0, then under local alternatives H, :>(v) = h(v)/Jn, we

have
2 2 Hy -1 -1, 72 o~
\/ﬁ{ga’ K(v) -0, *(V)} =y {HKJK (V)JI’K(V)JK (V)HK} X N(h K(v), D1

(NG . 1) 2 0),

H w.s.'\0s owslol N
WLR () =, — K LK KK NG 0. 1071 (NG 0.1 2 0),
H s oH

1

where Hic= [1, 0,0 and® o) = {H 75 007, o7 0HL) ™ Zhoo.

Moreover, Q1 (V) is the covariance matrix of . i (V) and Q(V)-LR1 (V) is
positive semi-definite.

Theorem 2 (i) delineates the uniform convergence rate of 8%(@) for all v€ V. Theorem 2 (ii)

2

shows that when min (62 (v}, 62 _(v)) > 0 and &7

_x(v) is asymptotically a scaled truncated
standard normal and the corresponding weighted likelihood ratio is a scaled 0.5 ﬁ +0.5 ;((2) as

well with a scale parameter smaller than one. Since &1 (1) <\2x(V) as long as 05 >0,
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K
Theorem 2 (ii) characterizes the asymptotic local power of WLR (V). An important
implication of Theorem 2 (ii) is that WLR (V) is statistically more powerful than LR (1),
since /(1) is smaller than /i(V) due to the fact that W (V) — R (1) is nonnegative definite.

the ratio of H .7 l(v)Jl,K(v)J[_{l(v)HIT( to H 7% (vHL is smaller than one. When /(1) >0,

Suppose that Assumptions (C1)-(C8) hold. The following results hold:

V{20 = T )] =, NOW (w,v,u,v)),
Vi Z ) = 2w} =, NOW v, v)),
\n {Ze, G(u, V) — Ze, G(u, v)] =y N(0, W& G(u, v, u,v)),

where W u, v, u, V), Wy, v, u, V), and W, &(u, v, u, V) are given in supplemental
document.

Theorem 3 shows the asymptotic normality of local constant covariance kernel estimators
under ultra high dense situations. The ultra high dense condition is 7= o(Ng/b), which
means that the number of tract points with observations is extremely large compared to the
sample size.

4 Simulation Studies

In this section, we present two simulation studies to evaluate the finite sample performance
of the proposed estimation and inference procedures. We run all our simulations on our
department linux cluster with configuration: DELL R815 Quad Processor AMD Opteron 16
core 2.3 GHz machines with 512GB RAM each running 64Bit Fedora Core 20. Our code is
in Matlab. We use Matlab 2013a on the linux cluster. Each replication takes around 2.5
seconds. We define three signal to noise ratios (SNRs) as follows:

SNR/)y = Aﬁ(v)dv/[ﬂ{za(v, V) + Zc(v, V) + Ze(v, v)}dv],
SNRa = [/Za(v, v)dv/[/ze(v, v)dv, SNRC = [/ZC(V, v)dv/[/ze(v, v)dv,

where 2 )= 03(\/) =2, W+ 2, [vv). We design our simulation based on the SNRs

obtained from normalized real data. Specifically, in our real data analysis, (SNR, SNR,,
SNR) is given by (93.5, 1.5, 0.6) for FA, whereas it is equal to (335.3, 1.5, 0.6) for MD.
Although SNRg s very large in real data, we reduce it in order to make it comparable with
SNR;and SNR,. Table 1 summarizes (SNRg, SNR; SNR) under different simulation
settings. The functional forms of B()s are taken from Zhu et al. (2012a) and the
eigenfunctions of the covariance kernels T v, V') and Z{v, V') are commonly used in the
literature (YYao, 2007a; Yao et al., 2005; Yao, 2007b; Yao et al., 2005; Zhu et al., 2012a).
Without loss of generality, the true £, g(v; V') is set to be a zero function.
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The first set of simulations is designed to evaluate the estimation procedure. The data were
generated from model (4), in which x;= (1, Xju, Xjp) Tand
2705 | =05, ,-05, ) ®2)

T T ,.
(xijl’xijZ) ~N((0,0)", diag(l — )+

Moreover, we set

a C

N¢ N N
a(vp) = l; &0y @) = 121 &), and cv) = 121 L)

where &;,~N(0, A}). &;~N(0,4}), and £;~N(0. 4)), in which we set Nz = N = 2 and
({25 = (A1, 45) = ¢(1,0.5) with ¢=0.05 and 0.1. Moreover, v, ..., Vy,; are equally spaced

on [0, 1] and Ng = 100. Furthermore, we set the coefficient functions and eigenfunctions as
follows:

B = B0 =(=v 00 =41 - - 04;
y/‘f = 1,1/5 = /2 sin (22v), 1//‘21 = y/T = /2 cos 2av).

We set 7= 150 (or 300), among which there are 50 (or 100) MZ twin pairs, 50 (or 100) DZ
twin pairs, and 50 (or 100) single twin individuals. We run our simulations over all
combinations of 7= (150, 300) and (¢,%,) = (0.05, 0.05), (0.1, 0.1), (0.05, 0.1), and (0.1,
0.2). We report the mean squared errors of parameter estimates over 400 replications.

As shown in Tables 2—4, the finite-sample performance of our estimators improves as
sample size increases, whereas it decreases as SNR roughly drops from 1.5 (¢= 0.05) to

0.75 (¢=0.1). The mean square errors of 8(21 x(-)and 8? k() are at the same scale since

SNR,;=SNR_,in all our settings of Example 1. Tables 2 and 3 show that the mean squared
errors of maximum weighted likelihood estimators (MWLES) are roughly half of those of

the maximum likelihood estimators (MLES). Figures 3 and 4 present the estimation results
for n=300, ¢=0.1, and Z, = 0.2. It indicates that our estimates are quite accurate even for
moderate sample sizes and are better than the maximum likelihood estimates.

The second set of simulations is designed to evaluate Type | and Il error rates of WLR (1)
and 7, We aim to show that the inference performance of our procedure is good even when
SNRgis very small. The simulated data were generated in the same way as Example 1

except that we set (11, 25) = (0.5, 1), o= 1 and 2, and (4], 43) = ¢(0.5, 1), where c (effect size)

is a scalar specified below. We set ¢ = 0 to assess the Type | error rate of various test
statistics. We set ¢=0.1, 0.2, 0.3, and 0.4 in order to examine Type Il error rate of WLR (V)
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and set ¢=0.01, 0.02, 0.03, and 0.04 in order to examine Type Il error rate of 7, at different
effect sizes. For each simulation, the significance levels were set at a = 0.01 and 0.05,
respectively, and 400 replications were used to estimate the rejection rates.

Figure 5 presents the Type | and Il error rates along the entire tract of both LR (V) and

WLR (V) for Z,= 1. An additional figure corresponding to Z,= 2 is included in the
Supplementary document. As shown in Figure 5, the Type | error rates for both test statistics
are quite accurate, whereas WLR (V) is statistically more powerful than LR (V) along the
entire tract. This result is consistent with our theoretical power calculation in Theorem 2.

Figure 6 presents the power function of 7, The rejection rates for the global test statistic
based on the permutation method are accurate for moderate sample sizes (n7 = 150 and 300)
at both significance levels a = 0.01 and 0.05. As expected, the statistical power of rejecting
the null hypothesis increases with sample size and SNR, (determined by the effect size, and
2. In contrast, the Type | error rates of the global test statistic in Fang and Wang (2009) are
close to 1 in all cases, since such statistic only tests for the joint effect of genetic and
environmental effects.

5 Real Data Analysis

The data set consists of 356 healthy twin neonates with 190 males and 166 females from the
neonatal project as part of the UNC Early Brain Development Studies between 2004 and
2014. There are 129 twin pairs (48 MZ twin pairs and 81 DZ twin pairs) and 98 unrelated
“singleton” twins - a single unpaired twin subject, in which a usable scan was not obtained
from the co-twin. The gestational ages of these infants range from 257 to 401 days, and their
mean gestational age is 289 days with standard deviation 18 days. The Diffussion Tensor
Imaging (DTI) and T1-weighted images were acquired for each subject. For the DTIs, the
imaging parameters were as follows: the six nonlinear directions at the &-value of 1000
s/mm?2 with a reference scan (&= 0), the isotropic voxel resolution = 2 mm, and the in-plane
filed of view = 286 x 192 mm?2. A total of five repetitions were acquired to improve the
signal-to-noise ratio of the DTIs.

The DTI data were processed by two key steps including a weighted least squared fitting
method (Basser et al., 1994; Goodlett et al., 2009) to construct the diffusion tensors and a
DTI atlas building pipeline (Goodlett et al., 2009; Zhu et al., 2011) to register DTIs from
multiple subjects to create a study specific unbiased DTI atlas, to track fiber tracts in the
atlas space and to propagate them back into each subject’s native space by using registration
information. Subsequently, diffusion tensors (DTs) and their scalar diffusion properties were
calculated at each location along each individual fiber tract by using DTs in neighboring
voxels close to the fiber tract. Figure 1(a) and (b) display the diffusion properties (FA and
MD) along the fiber bundle of the genu of the corpus callosum (GCC), which is an area of
white matter in the brain. The GCC is the anterior end of the corpus callosum, and is bent
downward and backward in front of the septum pellucidum; diminishing rapidly in
thickness, it is prolonged backward under the name of the rostrum, which is connected
below with the lamina terminals. It was found that neonatal microstructural development of
GCC was positively correlated with age and callosum thickness. Furthermore, twin DTI
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studies have reported high heritability of regional FA in the genu of corpus callosum
(Pfefferbaum et al., 2001; Lee et al., 2015).

The aims of this analysis are to compare the diffusion properties including FA and MD
along the GCC between male and female groups, to delineate the development of fiber
diffusion properties across time, which is addressed by including the gestational age at MRI
scanning as a covariate and, most importantly, to test the genetic effects along the GCC fiber
tract. FA and MD, respectively, measure the inhomogeneous extent of local barriers to water
diffusion and the averaged magnitude of local water diffusion. We fit model (4) to the FA
and MD values from all 356 subjects, in which x;;= (1, Gender, Age) Tand the number of
grid points Ng = 152.

Figure 7 presents the estimated coefficient functions corresponding to 1, Gender and Age
associated with FA and MD (blue solid lines in all panels of Figure 7). The intercept
functions [panels (a) and (d) in Figure 7] describe the overall trend of FA and MD. The
gender coefficients for FA and MD in Figure 7(b) and (e) are negative at most of the grid
points, which may indicate that compared with female infants, male infants have relatively
smaller magnitudes of local water diffusivity along the genu of the corpus callosum. The
gestational age coefficients for FA [panel (c) of Figure 7] are positive at most grid points,
indicating that FA measures increase with age in both male and female infants, whereas
those corresponding to MD [panel () of Figure 7] are negative at most grid points. This may
indicate a negative correlation between the magnitudes of local water diffusivity and
gestational age along the genu of the corpus callosum. These results are consistent with
those in Zhu et al. (2012b).

We have the following observations for genetic and environmental effects along the genu
tract. First, the pvalues of the global genetic effect tests on FA and MD measures are much
smaller than 0.001 for 7, indicating a significant global genetic effect. Second, Figures 8
and 9 indicate that there are large genetic and environmental effects in the middle range of
the genu tract for both FA and MD. Third, for both FA and MD, we estimated heritabilities
along the genu tract by using both FSEM and a functional mixed effects model (FMEM) in
Wang (2011). Figure 9 indicates that our heritability curves are generally higher than the
corresponding curve for FA (or MD) based on FMEM, which assumes a common
environmental effect (Wang, 2011).

Finally, we use 5-fold cross-validation to evaluate the estimation error of FSEM and that of
standard pixel-wise method (MLE). Specifically, we used the training set to estimate all the
parameters and the genetic and environmental covariance operators and their corresponding
basis functions. Then, for each subject in the test set, these basis functions were used to
estimate the genetic and common environmental components. Figure 10 presents the
estimated residual processes of four randomly selected subjects. Furthermore, the estimation
error of FSEM and that of standard pixel-wise method (MLE) are, respectively, equal to
0.001 and 0.087.
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6 Conclusions

We have developed a novel class of functional structural equation models (FSEMs) to
dissect functional genetic and environmental effects on twin functional data. We have
developed a three-stage estimation procedure to estimate varying coefficient functions for
various covariates (e.g., gender) as well as three covariance operators for the genetic and
environmental effects. We have developed an inference procedure based on weighted
likelihood ratio statistics to test the genetic/environmental effect either at a fixed location or
over a compact region. We have established the asymptotic properties of the estimated
varying functions, the weighted likelihood ratio statistics, and the estimated covariance
operators.

Many important issues need to be addressed in future research. First, although we focus on
modeling twin functional response, it is interesting to extend FSEM to functional data
obtained from family studies. Second, although it is assumed that both varying coefficient
functions and covariance operators are smooth functions, it is possible to replace such
smoothness condition by some piecewise smoothness condition (Li et al., 2012, 2011,
Polzehl and Spokoiny, 2000). Finally, it is scientifically interesting to extend FSEM to carry
out whole-genome analysis of twin functional data.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.

Acknowledgments

Dr. Zhu’s work was partially supported by NIH grants MH086633 and MH092335, NSF grants SES-1357666 and
DMS-1407655, a grant from the Cancer Prevention Research Institute of Texas, and the endowed Bao-Shan Jing
Professorship in Diagnostic Imaging. Dr. Song’s work was partially supported by NSF-DMS-1555244 and NCI P01
CA142538. Dr. Gilmore’s work was partially supported by NIH grants MH111944, MH070890, and HD053000.
The content is solely the responsibility of the authors and does not necessarily represent the official views of the
NIH or any other funding agency.

References

Andrews DW. 2001; Testing when a parameter is on the boundary of the maintained hypothesis.
Econometrica. 69(3):683-734.

Basser PJ, Mattiello J, LeBihan D. 1994; Estimation of the effective self-diffusion tensor from the nmr
spin echo. Journal of Magnetic Resonance, Series B. 103(3):247-254. [PubMed: 8019776]

Bathia N, Yao Q, Ziegelmann F. 2010; Identifying the finite dimensionality of curve time series. The
Annals of Statistics. 38:3352-3386.

Brouwer RM, Mandl RC, Peper JS, van Baal GCM, Kahn RS, Boomsma DI, Pol HEH. 2010;
Heritability of dti and mtr in nine-year-old children. Neurolmage. 53(3):1085-1092. [PubMed:
20298793]

Chen K, Miller HG. 2012; Modeling repeated functional observations. Journal of the American
Statistical Association. 107(500):1599-16009.

Chiang MC, McMahon KL, de Zubicaray Gl, Martin NG, Hickie I, Toga AW, Wright MJ, Thompson
PM. 2011; Genetics of white matter development: a dti study of 705 twins and their siblings aged 12
to 29. Neurolmage. 54(3):2308-2317. [PubMed: 20950689]

Fan, J, Gijbels, I. Local Polynomial Modelling and its Applications. Vol. 66. CRC Press; 1996.

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Luo et al.

Page 18

Fan J, Zhang W. 2008; Statistical methods with varying coefficient models. Statistics and Its Interface.
2:179-195.

Fang Y, Wang Y. 2009; Testing for familial aggregation of functional traits. Statistics in Medicine.
28(29):3611-3625. [PubMed: 19731232]

Feng R, Zhou G, Zhang M, Zhang H. 2009; Analysis of twin data using sas. Biometrics. 65(2):584—
589. [PubMed: 18647295]

Goodlett CB, Fletcher PT, Gilmore JH, Gerig G. 2009; Group analysis of dti fiber tract statistics with
application to neurodevelopment. Neurolmage. 45(1):5133-S142. [PubMed: 19059345]

Gu C, Ma P. 2005; Optimal smoothing in nonparametric mixed-effect models. Annals of Statistics.
33:1357-1379.

Guo W. 2002; Functional mixed effects models. Biometrics. 58(1):121-128. [PubMed: 11890306]

Hall P, Miiller HG, Wang JL. 2006; Properties of principal component methods for functional and
longitudinal data analysis. Annals of Statistics. 34:1493-1517.

Haseman JK, Elston RC. 1970; The estimation of genetic variance from twin data. Behavior Genetics.
1:11-19. [PubMed: 5535855]

Horvéth, L, Kokoszka, P. Inference for Functional Data with Applications. Vol. 200. Springer Science
& Business Media; 2012.

Hsing, T, Eubank, R. Theoretical Foundations of Functional Data Analysis, with an Introduction to
Linear Operators. John Wiley & Sons; 2015.

Huang JZ, Wu CO, Zhou L. 2002; Varying-coefficient models and basis function approximations for
the analysis of repeated measurements. Biometrika. 89(1):111-128.

Jansen A, Mous S, White T, Posthuma D, Polderman TC. 2015; What twin studies tell us about the
heritability of brain development, morphology, and function: A review. Neuropsychol Rev. 25:27—
46. [PubMed: 25672928]

Lee SJ, Steiner RJ, Luo S, Neale MC, Styner M, Zhu H, Gilmore JH. 2015; Quantitative tract-based
white matter heritability in twin neonates. Neurolmage. 111:123-135. [PubMed: 25700954]

Lei E, Yao F, Heckman N, Meyer K. 2015; Functional data model for genetically related individuals
with application to cow growth. Journal of Computational and Graphical Statistics. 24:756-770.

Li Y, Gilmore J, Wang J, Styner M, Lin WL, Zhu HT. 2012; Twinmarm: Two-stage multiscale adaptive
regression methods of twin neuroimaging data. IEEE Transactions on Medical Imaging. 31:1100-
1112. [PubMed: 22287236]

Li Y, Wang N, Carroll RJ. 2013; Selecting the number of principal components in functional data.
Journal of the American Statistical Association. 108(504):1284-1294.

Li Y, Zhu H, Shen D, Lin W, Gilmore JH, Ibrahim JG. 2011; Multiscale adaptive regression models for
neuroimaging data. Journal of the Royal Statistical Society: Series B. 73:559-578.

Morris J. 2015; Functional regression. Annual Review of Statistics and Its Application. 2:321-359.

Morris JS, Carroll RJ. 2006; Wavelet-based functional mixed models. J R Stat Soc Ser B Stat
Methodol. 68:179-199.

Neale MC, Heath AC, Hewitt JK, Eaves LJ, Fulker DW. 1989; Fitting genetic models with lisrel:
Hypothesis testing. Behavior Genetics. 19:37-49. [PubMed: 2712812]

Panizzon MS, Fennema-Notestine C, Eyler LT, Jernigan TL, Prom-Wormley E, Neale M, Jacobson K,
Lyons MJ, Grant MD, Franz CE, et al. 2009; Distinct genetic influences on cortical surface area
and cortical thickness. Cerebral Cortex. 19:2728-35. [PubMed: 19299253]

Peper JS, Brouwer RM, Boomsma DI, Kahn RS, Pol H, Hilleke E. 2007; Genetic influences on human
brain structure: a review of brain imaging studies in twins. Human Brain Mapping. 28(6):464-473.
[PubMed: 17415783]

Pfefferbaum A, Sullivan EV, Carmelli D. 2001; Genetic regulation of regional microstructure of the
corpus callosum in late life. Neuroreport. 12(8):1677-1681. [PubMed: 11409738]

Pollard, D. Empirical Processes: Theory and Applications. IMS; 1990.

Polzehl J V, Spokoiny G. 2000; Adaptive weights smoothing with applications to image restoration. J
R Statist Soc B. 62:335-354.

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Luo et al.

Page 19

Posthuma D, De Geus E, Baaré W, Hillek E, Pol H, Kahn R, Boomsma D. 2002; The association
between brain volume and intelligence is of genetic origin. Nature Neuroscience. 5(2):83-84.
[PubMed: 11818967]

Rabe-Hesketh S, Skrondal A, Gjessing H. 2008; Biometrical modeling of twin and family data using
standard mixed model software. Biometrics. 64(1):280-288. [PubMed: 17484777]

Ramsay, JO, Silverman, BW. Functional Data Analysis. New York: Springer; 2005.

Scheipl F, Staicu A, Greven S. 2015; Functional additive mixed models. Journal of Computational and
Graphic Statistics. 24:477-501.

Self SG, Liang KY. 1987; Asymptotic properties of maximum likelihood estimators and likelihood
ratio tests under nonstandard conditions. Journal of the American Statistical Association. 82(398):
605-610.

Shi, JQ, Choi, T. Gaussian Process Regression Analysis for Functional Data. CRC Press; 2011.

Thompson PM, Cannon TD, Narr KL, Van Erp T, Poutanen VP, Huttunen M, Lénnqvist J,
Standertskjold-Nordenstam CG, Kaprio J, Khaledy M, et al. 2001; Genetic influences on brain
structure. Nature Neuroscience. 4(12):1253-1258. [PubMed: 11694885]

Wang JL, Chiou JM, Mueller HG. 2016; Functional data analysis. Annual Review of Statistics and Its
Application. 3:257-295.

Wang X, Guo X, He M, Zhang H. 2011, Statistical inference in mixed models and analysis of twin and
family data. Biometrics. 67:987-995. [PubMed: 21306354]

Wang Y. 1998a; Mixed effects smoothing spline analysis of variance. Journal of the royal statistical
society: Series B. 60(1):159-174.

Wang Y. 1998b; Smoothing spline models with correlated random errors. Journal of the American
Statistical Association. 93(441):341-348.

Wang Y. 2011; Flexible estimation of covariance function by penalized spline with application to
longitudinal family data. Statistics in Medicine. 30(15):1883-1897. [PubMed: 21491474]

Wood SN. 2006; Low-rank scale-invariant tensor product smooths for generalized additive mixed
models. Biometrics. 62(4):1025-1036. [PubMed: 17156276]

Wood SN. 2013; A simple test for random effects in regression models. Biometrika. 100(4):1005—
1010.

Wu, HL, Zhang, JT. Nonparametric Regression Methods for Longitudinal Data Analysis. Hoboken,
New Jersey: John Wiley & Sons, Inc; 2006.

Yao F. 2007a; Asymptotic distributions of nonparametric regression estimators for longitudinal or
functional data. Journal of Multivariate Analysis. 98(1):40-56.

Yao F. 2007b; Functional principal component analysis for longitudinal and survival data. Statistica
Sinica. 17:965-983.

Yao F, Muller HG, Wang JL. 2005; Functional data analysis for sparse longitudinal data. Journal of the
American Statistical Association. 100(470):577-590.

Yao F, Muller HG, Wang JL. 2005; Functional linear regression analysis for longitudinal data. The
Annals of Statistics. 33:2873-2903.

Zhang D, Lin X, Raz J, Sowers M. 1998; Semiparametric stochastic mixed models for longitudinal
data. Journal of the American Statistical Association. 93(442):710-719.

Zhang J, Chen J. 2007; Statistical inference for functional data. The Annals of Statistics. 35:1052—
1079.

Zhu H, Brown P, Morris J. 2011; Robust, adaptive functional regression in functional mixed model
framework. Journal of the American Statistical Asssociation. 106:1167-1179.

Zhu H, Kong L, Li R, Styner M, Gerig G, Lin W, Gilmore JH. 2011; Fadtts: functional analysis of
diffusion tensor tract statistics. Neurolmage. 56:1412-1425. [PubMed: 21335092]

Zhu H, Li R, Kong L. 2012a; Multivariate varying coefficient model for functional responses. Annals
of Statistics. 40(5):2634-2666. [PubMed: 23645942]

Zhu H, Zhang H. 2004; Hypothesis testing in mixture regression models. Journal of the Royal
Statistical Society: Series B. 66(1):3-16.

Zhu HT, Li RZ, Kong LL. 2012b; Multivariate varying coefficient model for functional responses.
Annals of Statistics. 40:2634-2666. [PubMed: 23645942]

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Luo et al. Page 20

7 Appendix A: Assumptions
Before we present all the assumptions, we first introduce some notation. We set
x,= 62Dy and n1) = (na(V), 7(V)7, where
1,j0) = J0.5DZ)a,(v) + [(M2Z); + 0.5DZ) Ja ) + c(v) +¢; () for 1< 7< m+m. We set x; =

(xn) and V) = (na(V) for m +m +1 <7< n. Denote
o1(V) = 02(0) + 02(0) + 02(v), 35(V) = 62(v) + 52(v) and 63(v) = 0.562(v) + o2(v). Without loss of

generality, we assume that the parameter space for B(1) and o2(v) are R° and [0, 00)3
respectively. Furthermore, we denote Amin(A) and Amax(A) as minimum and maximum
eigenvalues of marix A.

Assumption (CO0)
,B*(v) € 8 where 8 is a open subset of /” and ai(v) € & where & is a bounded subset of [0,

00)3, The ® = & x B can be approximated by cone at 0,v) = (ai(v), B,(v) foreach veE V.

Assumption (C1)

The number of parameters pis finite. /71, m, and Ng increase to infinity. The weighted
likelihood bandwidth /; and the covariance kernel smoothing bandwidth /» converges to
Zero. m/n— ayq, /M— ay, /M— azwhere a; >0, a,>0,az=0and a; + ap + az =
1. Furthermore,

Assumption (C2)
For MZ twin pairs, the covariates x;= (X, Xp) are independently and identically distributed
with Ex; = p{"" and [[xf|eo < ©0. Moreover, £ [xx] | = o is invertible. Similar assumptions

for DZ twin pairs and single twins.

Assumption (C3)

ai{V), a(v), c{v), ej;, o(V) and ej; ; (V) are mutually independent copies of GA0,Z ),
GAO,Zy), GAL,Zy), GAOD,Z, ) and GAO,Z, ), respectively. Furthermore, e , (1) and

eji 1(v") are independent for v# v'€ V. Moreover, Z, (v, v, Z{v, v} and £, (v, v') have
continuous second-order partial derivative with respectto (v, v') € V2 and TV, V) = Ze 6V
W+Ze (v V) is Lipschitz continuous with a Lipschitz constant C, with inf e\, 2y, 1) > 0.

Assumption (C4)

Denote the Fisher information matrix at vas «&(V),

0< viélfV lmin(f(v)) < vs;pv Amax(J(v)) < © .
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Assumption (C5)

Each component of {n(V) : VE V}, {n(Wn(v): (v, v) € V&}, and {xp’ (V) : vE V}are
Donsker classes.

Assumption (C6)

The tract points in V4 are randomly generated from a density function (). Moreover, r(V)
> 0 for all v€ Vand (V) has continuous second-order derivative with bounded support V=
[0, 1].

Assumption (C7a)
log® (1 + Ng)/n— 0.

Assumption (C7b)

log® (1 + Ng)/n— 0, nh% — 0, and | log(M)I(Ngh) — 0.

Assumption (C8)

nhy — 0 and M Nghy) — 0.

Remarks

Assumption (C1) requires that /7 and 7% diverge to infinity at the same rate as 7, whereas /%
can be zero. Assumption (C2) is a relatively weak condition on the covariate vector, and the
boundness is not essential. The Gaussian process requirement in Assumption (C3) is not
necessary but for simplicity. Sub-Gaussian requirement is enough for most theoretical
arguments. In this case, we have to assume that the Kullback-Leibler distance between the
true underlying density and the proposed density family is zero in order to ensure the
consistency of quasi-maximum likelihood estimators. The smoothness condition on the three
covariance operators are quite general. Assumption (C4) is necessary for establishing the
uniform consistency of related estimators and is satisfied as long as inf <, ZJv, V) > 0 and
supyevI[ZdAv, W+ ZAv V) + ZAV, V] < oo for Gaussian process. Assumption (C5) avoids
specific smoothness condition on the sample path 7(V), which are commonly assumed in the
literature (Hall et al., 2006; Zhu et al., 2012b). Assumption (C6) is a weak condition on the
random grid points. In many neuroimaging applications, Ng is quite large compared to
sample size nand for such a large Ng, a regular grid of tract points is fairly well
approximated by a simple uniform distribution in a compact region V. For notational
simplicity, we only state the theoretical results for the random grid points. Assumptions
(C7a) and (C7b) are fairly weak conditions on (Ng, n, /). Assumption (C8) is a ultra-dense
condition, under which we can achieve \/n convergence rate for local constant estimators.

J Am Stat Assoc. Author manuscript; available in PMC 2020 January 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnuely Joyiny

Page 22

\ 0.4
o / \ 7
/ \ % o3 /
02 - e I/ \

o 0 20 30 a0 60 70 80 %0 100 o 10 20 30 a0

50 50
arclength.(c) arclongth-(d)

Figure 1.
Representative twin neuroimaging data: [(a), (b)] are fractional anisotropy (FA) and mean

diffusivity (MD) along the splenium tract of the corpus callosum from 40 randomly selected
twin pairs; and [(c),(d)] are FA measures of two randomly selected MZ twin pairs and two
randomly selected DZ twin pairs.
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1 (MZ & DZ)
1 (MZ) or V4 (DZ)
1 (MZ) or V2 (DZ)

Phenotype| Phenotype|
Twin 1 Twin 2

Figure 2.
Diagram for the structural equation model for twin data. The correlation of additive effects

(a1, a2) is 1 for MZ twin and 0.5 for DZ twin. The correlation of dominant effects (d1, d2) is
1 for MZ twin and 0.25 for DZ twin. The twin share the same common environmental effect
(c). Residual effects (el, e2) for twin are not correlated.
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Figure 3.
Simulation results for estimation performance at 7= 300, ¢= 0.1, and Z,=0.2: [(a), (b), (¢)]

are true coefficient functions, genetic and environmental covariance functions; [(d), (e), ()]
are the means of 400 corresponding estimators.
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Figure 4.

Box plot for mean squared errors of related estimators 7= 300, ¢c=0.1, and Z,=0.2.
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n = 150, rejection rates along fiber tract without genetic effect c=0

n = 150, rejection rates along fiber tract when c=0.2
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Figure 5.
Inference Performance (.= 1): [(a),(c)] are rejection rates (type | error) of the two test

statistics along fiber tract when ¢= 0 for 7= 150 and = 300; [(b),(d)] are rejection rates
(power) of the two test statistics along fiber tract when ¢= 0.2 for 7= 150 and 7= 300.
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Figure 6.
Plots of power curves (X,=1 and 2). Rejection rates of 7, based on the permutation method

are calculated at five different values of ¢ (=0, 0.01, 0.02, 0.03, 0.04) for sample size of n=
150 and 300 twin pairs (including singletons) at 5% (solid) and 1% (dashed) significance
levels.
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FA: gender

a0 60
arclength-(b)

MD: gender

95% corfidence band

Page 28
_FA:age

4
_MD: age

Plot of estimated coefficient functions of intercept [(a),(d)], gender [(b),(e)] and age [(c),(F)]
and their pointwise 95% confidence bands. The first three panels [(a),(b),(c)] are for FA and
the last three panels [(d),(e),(f)] are for MD. The blue solid curves are the estimated

coefficient functions, and the red dashed curves are the confidence bands.
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MD: Estimated Common Environmental Covariance

MD: Estimated Genetic Covariance
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Figure 8.

Page 29

FA: Estimated Unique Environmental Covariance

MD: Estimated Unique Environmental Covariance

.i2

Plot of estimated covariance structure for genetic effect [(a),(d)], common environmental
effect [(b),(e)] and unique environmental effect [(c),(f)]. The first three panels [(a),(b),(c)]

are for FA and the last three [(d),(e),(f)] are for MD.
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FA: Estimated heritability along genu fiber tract
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Figure 9.

MD: Estimated heritability along genu fiber tract
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Plot of estimated heritability along fiber tract [(a),(b)] and the corresponding —log2%()
values of tests for genetic variance existence. Panels [(a),(c)] are for FA and panels [(b),(d)]

are for MD.
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Figure 10.
Plot of residual processes after removing xl.TjB(v) in FSEM versus the estimated ones based

on FSEM from four randomly selected subjects.
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Table 1

SNRs of all simulation settings

| | SNRpl SNR,

SNR

2,=0.05 17 15 15
¢=0.05
2,=0.1 1.4 0.7 0.7

2,=0.1 0.85 15 15
2,=0.2 0.7 0.7 0.7
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