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Abstract

DANIEL ORR: Nonsymmetric Difference Whittaker Functions and Double Affine
Hecke Algebras
(Under the direction of Ivan Cherednik)

This dissertation is devoted to a new theory of nonsymmetric difference Whittaker
functions and the corresponding Toda-Dunkl operators for arbitrary reduced irreducible
root systems. The nonsymmetric Whittaker functions are obtained as limits of (global)
spherical functions under a variant of a limiting procedure due to Ruijsenaars and Etingof.
Under this procedure, the Toda-Dunkl operators are realized as limits of difference-
reflection Dunkl operators. We give a direct and constructive proof of the existence of
these limits. We show that the nonsymmetric Whittaker function solves the eigenvalue
problem for Toda-Dunkl operators and admits an explicit expansion in terms of the

level-one affine Demazure characters.
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Introduction

This dissertation is devoted to a new theory of nonsymmetric difference Whittaker
functions and the corresponding Toda-Dunkl operators for arbitrary reduced irreducible
root systems, generalizing the Aj;—case considered in [15, 16, 17]. Our approach is
based on a new technique involving W—spinors, which can be thought of as functions
{fw} indexed by the elements of the (finite) Weyl group W with the natural action of
W on the indices. This technique has important links to the classical harmonic analysis
on symmetric spaces and the theory of spherical, Whittaker, and Bessel functions. For
instance, W—spinors arise in the study of nonsymmetric or singular symmetric solutions
of symmetric systems such as the Quantum Many-Body Problem; see [6, 15, 31].

The theory of nonsymmetric (global) spherical functions from [9] is the starting point
of our approach; these functions are denoted by G(X, A) in Theorem 3.2.1. We introduce
the nonsymmetric difference Whittaker function €2 as the limit of G under a nonsymmetric
variant of a limiting procedure due to Ruijsenaars [32] and Etingof [18]. The function
Q) is a quadratic-type generating function for the nonsymmetric Macdonald polynomials
E, (at t = 0) for b in the weight lattice P. Moreover, the values of Q at X = ¢° for c € P
coincide with E.(A) up to an explicit factor. See Theorem 4.4.1, the main result of this
dissertation, and also Proposition 4.3.1.

Symmetric variants of © were introduced and studied in [13]. These symmetric
Whittaker functions W solve the (generalized) difference Toda eigenvalue problem and,
moreover, they simultaneously generalize the Whittaker functions from the classical har-
monic analysis on symmetric spaces [23, 37] and their p—adic counterparts from [4].

They are expressed in terms of E}, for antidominant b only (such Ej, are W—invariant).



We show that the function €2 solves the eigenvalue problem for the Toda-Dunkl opera-
tors Y}, (b € P), which we introduce as limits of the Dunkl difference-reflection operators.
Establishing the existence of the Toda-Dunkl operators is one of the central developments
of this dissertation. Proposition 5.2.1 provides a direct and constructive justification of
the existence of }//\}, via the nonsymmetric Ruijsenaars-Etingof procedure; its proof pro-
vides formulas for basic spinor Dunkl operators, including those for the minuscule weights
(which are involved even for root systems of type A—see Section 5.5 for some examples).

The nonsymmetric Whittaker function €2 leads an indirect justification of the exis-
tence of Toda-Dunkl operators (see the Remark following Theorem 4.4.1). However, this
approach is inconvenient for finding explicit formulas and does not clarify the structure
of these operators.

Via symmetrization of {2 and 37},, we recover the symmetric Whittaker functions and

Toda operators from [13]; see (4.22) and Proposition 5.4.1.

0.1. Origins

In order to motivate our approach, let us consider the case of GLx in more detail. In

this setting, the difference Toda Hamiltonian is the operator

N-1
(0.1) H=) (1-X;uX; )T +Ty,

i=1
acting on functions F' of the variables Xi,..., Xy € C*, where I'; is the translation

operator given by
Fl(F)(Xl, .. ,XN) = F(Xl,. .. ,qu, . XN)

and ¢ € C*. The operator H is equivalent (by an explicit gauge transformation) to
Ruijsenaars’ quantum relativistic Toda Hamiltonian modeling a system of /N particles on

a line with exponential nearest-neighbor interactions [18, 32].



The operator H is a certain limit of the Macdonald difference operator

L= ZHth — XJF (t e C*)

i=1 j#i
when ¢ — 0. More precisely, before taking the limit one conjugates L as follows. For any

a=(a,...,ay) € ZN = P, we set
Xy= X0 X% and T, =T%...T%.

Now let p = (N—, %, e ,—%) and consider the operator

(0-2) %(L) = (ka F—kp) L (ka F—kp)ila

where we impose the relation ¢t = ¢*. (In order for this to make sense, we should require
that kp € Z"; however, the result »(L), when expressed in terms of ¢ and ¢, depends
neither on this restriction nor on the specific choice of k.) A straightforward calculation
then shows that

(0.3) RE(L) :=lim»(L) = H.

t—0

This limiting procedure is due to Ruijsenaars [32] and Etingof [18].

n [7], Cherednik used double affine Hecke algebras (DAHAS) to realize L (and its
analogues for arbitrary root systems) as symmetrizations of Dunkl operators. The latter
are pairwise commutative difference-reflection operators indexed by a € P; for GLy,

they are denoted Y, for a € ZV. If w; = (1,0,...,0), then one has

upon the restriction to W—invariant functions. Here W = Sy is the symmetric group.



The symmetric (global) spherical function F(X,A) from [9] solves the Macdonald

eigenvalue problem. In the case of GLy, the eigenvalue problem reads:

where A = (Ay,--- ,Ay) € (C*)V. In [13], it was shown (for arbitrary root systems) that

the limit
(0.4) W(X,A) = Ilfi_r)rolepF_kp(F(X, A))

exists and solves the corresponding Toda eigenvalue problem.
Correspondingly, the nonsymmetric spherical function G(X, A) from [9] is a solution

to the Dunkl eigenvalue problem:
Yo(G(X,A) = AJ'G(X,A) (aeZV),

where we define A, as above. The main objective of this dissertation is to extend the

limits (0.3) and (0.4) to the nonsymmetric setting (for arbitrary root systems).

0.2. Perspectives

The results of this dissertation suggest the following topics for future research:

Representation theory of nil-DAHA. In our construction of the nonsymmetric Whit-
taker function €2 and the Toda-Dunkl operators 17},7 a certain degeneration of the DAHA
as t — 0 plays a fundamental role. The resulting algebra is called nil-DAHA; see Def-
inition 2.4.2. The function 2 admits an alternate characterization as the kernel of an
integral transform between irreducible nil-DAHA modules. The image of this transform,
the so-called spinor-polynomial representation, is a new addition to the representation
theory of DAHA. In the rank-one case, the spinor-polynomial representation was given
its proper representation-theoretic interpretation as a (sub-)induced nil-DAHA module
in [16]. Extending this description of the spinor-polynomial representation to arbitrary

root systems and developing a general classification of induced nil-DAHA modules are



interesting problems for future research. In the general representation theory DAHA, the
nil-DAHA is expected to play a role analogous to that of crystal bases in the representa-
tion theory of quantum groups.

Analytic theory of nonsymmetric Whittaker functions. The study of asymptotic ex-
pansions of symmetric (global) Whittaker functions—the analog of Harish-Chandra’s
expansion of spherical functions on real semisimple Lie groups [24]—was initiated by
Cherednik in [13]. More generally, the symmetric (global) spherical functions have been
studied from the same point of view in [36]. While convergent expansions are known to
exist in the symmetric setting, the exact expansion coefficients are complicated and only
indirectly described. The asymptotic theory of nonsymmetric (spherical and Whittaker)
functions is expected to lead to new insights in this direction. In addition to their own
fundamental importance, the asymptotic expansions of symmetric Whittaker functions
are particularly relevant in several of the applications discussed below.

Applications of symmetric Whittaker functions. The symmetric difference Whittaker
functions are known to have many applications, including the quantum K—theory of
flag varieties [3, 22], the theory of ¢—Whittaker processes [1], and generalized Rogers-
Ramanujan identities related to the representation theory of affine Lie algebras [14].
Furthermore, they exhibit important connections to Whittaker vectors in the represen-
tation theory of quantum groups [18, 19, 34]. The works [20, 21] provide an extensive
treatment of the G Ly—case, touching upon some of these applications (and more). The
theory of nonsymmetric Whittaker functions and Toda-Dunkl operators developed in this

dissertation is expected to enrich these directions of research.

0.3. Outline

Let us describe the contents of this dissertation in more detail. In Chapter 1, we
gather basic facts about root systems, Weyl groups, and double affine Hecke algebras.

Chapter 2 is devoted to the nonsymmetric Macdonald polynomials, their construction



using intertwiners, and their behavior under certain limits. The global spherical func-
tions, which extend the nonsymmetric Macdonald polynomials and are essential for the
construction of the nonsymmetric difference Whittaker function €2, are introduced in
Chapter 3. In Chapter 4, we formulate our main result and prove the existence of €2,
leading to an indirect proof of the existence of the Toda-Dunkl operators. Finally, in
Chapter 5, we provide a direct and constructive proof of the existence of these operators.
This proof involves certain combinatorial properties of reduced expressions in the Weyl

group and is quite interesting in its own right.



CHAPTER 1

Double affine Hecke algebras

1.1. Root systems

Fix an integer n > 1. For vectors z = (1,...,2,) and y = (y1,...,y,) in R, let
(x,y) = 191 + - -+ + Y, be their dot product. Given a € R™ \ {0}, let H, denote the

hyperplane in R™ orthogonal to a.. The reflection through H, can be expressed as
so(r) =2 — (7,0")a,

where o := 20/ (o, @).

A root system in R" is a finite subset R C R™ \ {0} satisfying the following axioms:

(1.1) R spans R",
(1.2) (a,83Y) € Z for all o, B € R,
(1.3) sa(8) € R for all o, 5 € R.

Elements of R are called roots. Note that a € R implies that —a = s,(a) € R. We will
assume, in addition, that R is reduced and irreducible. We say that R is reduced if for
any o € R, one has RaN R = {f+a}. We say that R is irreducible if it is not possible to
partition R into two nonempty, mutually orthogonal subsets.

We refer to [2] for the classification of root systems and for proofs of the following
basic properties of R.

There are at most two possible lengths of roots in R. When there are two distinct
root lengths, we refer to roots as being short and long; otherwise, all roots are called both
short and long.

The Weyl group W is the subgroup of O(n,R) generated by the reflections {s, }acr-



For any ¢ € R*, the set cR is again root system having the same Weyl group as R.
Note that the quantity («, ") is invariant under simultaneous scaling of « and §. We

assume that (a, ) = 2 for short roots . For any a € R, we set
Vo = (o,)/2, vgp={vs:a € R}

Then vg is one of the following sets: {1}, {1,2}, or {1,3}.
A chamber of R is a connected component of R" \ UyepH,. The Weyl group W acts
simply transitively on the set of chambers. The choice of a chamber C gives rise to a

partition of R into disjoint subsets R = R, U R_, where for any z € C
R+:{CVER(.CE,OK>>O}, R_:—R+.

Chambers are in bijection with bases of R. The latter are, by definition, subsets

A C R having the property that each root can be written uniquely as a sum

(1.4) > naa

acA

with either all n, > 0 or all n, < 0. Given a chamber C, determining the partition
R = R, UR_, the associated base A is the set of all @ € R, which cannot be written as
a = [+ for some 3,7 € R.. Then R, (resp. R_) consists of all roots represented as
sums (1.4) such that n, > 0 (resp. n, < 0) for all @ € A. A base of R is also a basis of
R™ and therefore any base has cardinality equal to n.

From this point on, we fix a chamber C and the corresponding base A. Write A =
{a1, -+ ,a,} and set s; = s,,. The o; are called simple roots, and the s; simple reflections.
The Weyl group W is generated by the simple reflections. In fact, W admits an explicit

presentation as a Cozeter group—namely, W is generated by si,...,s, subject to the



defining relations

(1.5) si=1 (1<i<n),

(1.6) (sisj)™ =1 (1<i#j<n),

where m — 7/m;; is the angle between «; and «;. Explicitly, m;; = 2,3,4, or 6 as
(i, af )y, ) = 0,1,2, or 3, respectively. The relations (1.6), which are typically

referred to as the braid relations, can be written as
(17) SiSjSi"' = SjSiSj"' s

where both sides consist of m,; factors.

In particular, any w € W can be written as a product
(1.8) w=sj 5,

where ji,...,5 € {1,...,n}. Define the length of w, denoted [(w), to be the smallest
for which an expression of the form (1.8) exists. An expression (1.8) having [ = I(w) will
be called a reduced expression for w. The length function on W is independent of the
choice of the chamber C, which justifies the notation [(w).

The group W has a unique element wq of longest length. This element is also uniquely
determined by the condition wy(C) = —C. The length of wy is the cardinality of R..

The dual root system is defined as R = {a" : @ € R}. One readily verifies that R"
is a root system in R™ with base {aY, -, ./} and the same Weyl group as R. Elements
of RY are called coroots.

The root lattice @ and coroot lattice Q¥ are the (additive) subgroups of R™ generated

by R and RY, respectively. Explicitly,

Q= éZai, QY = éZal\/.
i=1 i=1



Let
Qi =P Ziai, QL=E2Z:0y,
i=1 i=1
where Zy = {m € Z : £m > 0}. We also set Z-o={m € Z : m > 0}.

The weight lattice P is dual to the coroot lattice Q¥ and the coweight lattice PV is

dual to the root lattice Q:

P={beR": (ba')€ZVYa e R}, P'={becR": (ba)cZVac R}

In terms of the fundamental weights wi, ..., w, and fundamental coweights wy, ... w,

determined by

(wi,a}) =0ij, (W}, 05) = dyj,

one has
P=7w;, P'=EPwy).
i=1 i=1
Let

Pi —@Ziwh Pl_éziwlv

Elements of P (resp. PY) are called dominant weights (resp. dominant coweights). We
refer to elements of P_ and P as antidominant. An element b € P (resp. P") belonging
to a chamber (i.e., (b,) # 0 for all & € R) is called a regular (co)weight.

Let

pzzpw pV:%ZOé:ZWi,

VEVR a€ER 1<i<n
Vo=V v;=v
v _ v Vo1, 1 v o_ v
pr= p p=vip =5 ) al= w; .
VEVR acR L 1<i<n
Vo=V vi=v

For any b € P, let by (resp. b_) denote the unique dominant (resp. antidominant)
weight in the orbit W (b). For z,y € R™, we write x < y to mean that y — z € Q),, and

we write x < y if in addition z # y. For any b € P, one has b_ < b < b,.

10



We define a partial ordering < on P as follows:
(1.9) b<c <= b_<c_andif b_ =c_, then b <ec.

Note that b_ = ¢_ means that b, ¢ belong to the same W—orbit. We write b < cif b < ¢
and b # c. Note that < and < agree on P_. Within each W—orbit of P, the antidominant
weight is minimal with respect to <, and the dominant weight is maximal.

We will also use the Bruhat ordering on W, which can be defined as follows. Write
w — w' if there exists some o € R such that w = s,w’ and [(w) > [(w’). Then the
Bruhat ordering is the partial ordering > generated by these relations. In other words,

w > w' if there exists a chain w = w; = wy — -+ — w,,, = W'

1.2. Affine Weyl groups

Denote elements of R™ x R by [z, (] for x € R" and ¢ € R. The (twisted) affine root

system! associated to R is the following subset of R™ x R:

R=Ala,vaj]: € R, jEZL},

Recall that v, = (o, @)/2 and vy = 1 when a is a short root. Elements of R are called

affine roots. We extend the dot product on R™ to R™ x R trivially:

([2, €], [y, €]) := (@, ).

For any affine root & = [o, 1,j], we set a@¥ = 2a/(a, @) and vz = (@, @) /2 = v,

For any affine root a = [«v, v,j], consider the hyperplane

Hz ={z eR": (z,a) + voj = 0}.

! These are the real roots of the following affine root systems from [26]:

R A, | B, Ch D, | Esrs | Fi | Go

1 2 2 1 1 2 3
B[ A0 [ D2, [ AR, [ DV | Bgys | B | DY

11



We note that (z,a) + vaj = va((z,a") + j), so Hg is equivalently described by the
equation (x, ")+ j = 0. Let sz denote the reflection in R™ through the hyperplane Hj.

This reflection is given explicitly by the formula
(1.10) sa(z) =2 — ((z,a") + j)a = sq(x) — jau

The affine Weyl group W is the group of affine transformations of R™ generated by

the reflections {sg}; 5. Due to (1.10), one has
SaSa = T—jas

where 7, for y € R" denotes the translation 7,(z)) = z+y. One has W =W x Q, where
we identify @ with the subgroup {7, : b € Q} C W and wryw™! = Ty for any w e W
and b € (). We simply write b in place of 7, from now on.

The affine Weyl group naturally acts on the space of affine linear functions on R",
which we identify with R™ x R as follows. Given any [y, (] € R" x R, we form the affine
linear function x — (x,y)+¢. Under this identification, the action w(f)(z) = f(w!(z))

of W = wb € W on an affine linear function f, is given by

(1.11) wb([y, ¢]) = [w(y), ¢ = (b, )].

This action preserves R, since

(1.12) wb([a, vaj]) = [w(a), va(j — (b,a”))].

The actions of W on R" x R and R" defined above are compatible in the following

sense. Define

(1.13) ([z, ¢, [y, €] + d) = (z,y) + C.

12



In other words, we enlarge R” x R by adding a linearly independent element? d and we

extend the pairing by setting ([0, 1],d) = 1. Then one has

(1.14) (w([z,¢]), w(y)) + d) = ([, (], y + d).

Connected components of R™\ | J; .5 Hz are called alcoves. The affine Weyl group W
acts simply transitively on the set of alcoves. The fundamental alcove A is determined
by the inequalities 0 < (z,a") < 1 for all & € R,. The inequalities (x,q;") > 0 for
i=1,...,nand (z,9) < 1 are sufficient to describe A. Here ¥ is the highest short root
of R, i.e., the unique maximal short root with respect to the partial ordering <. One
has ¥V = 9 and ¢ is the highest root in RY. One may also characterize ¢ as the unique
short root lying in P, .

The choice of an alcove determines a disjoint union R= }NLF U é_, where for any z in
the chosen alcove R, = {|o, vaj] : (z,0") +j > 0} and R_ = —R,. From this point on,

we choose the fundamental alcove, which gives
(1.15) R, = {lo,voj] i@ € Ryyj7 >0 or a€ R_,j >0}, R_=-R,.

We identify R with the subset R x {0} C R.

The base of R determined by A consists of the simple roots {ag, ay,- -, a,}, where

oy = [—0,1]. Every affine root can be written uniquely as a sum & = >, n;q; for
n; € Z, and one has & € R, (resp. a € ]Aé,) if and only if all n; > 0 (resp. all n; <0).
Let sg = Sq,- The affine Weyl group W is generated by {s0, 81, -, Sn} subject to the

defining relations

(1.16) st=1 (0<i<n),

(1.17) (sis;))™ =1 (0<i#j<n),

2 In the notation of [26], the element d corresponds to Ag and [0, 1] to the imaginary root §. The affine
action w((y)) is the so-called level-one action (modulo ).

13



where m;; = 2,3,4, or 6 as (a;, o )(aj,a)) = 0,1,2, or 3, respectively. Thus Wis a
Coxeter group, and the Weyl group W is the subgroup of W generated by {si,...,s,}.

We define the length [(w) as the smallest [ for which there exists an expression
w = s, ---sj where ji,...,5 € {0,...,n}. For w =w € W, this definition agrees with

the one given in the previous section.

Another important characterization of the length function /(w) is the following. One

has [(w) = |A(w)]|, where
AN@):={d e Ry :w(a)eR.}=R,nu "(R.).

The following refinement of A(w) gives more information:

(1.18) Aw@) = | J \(@), where A\, (@) = {o € A(@) : vy = v}
VEVR
Define [,(w) = |A,(w)|. Then [,(w) is equal to the number of s; with v,, = v in any

reduced expression for w.

Consider the larger group W=Wx P, which is called the extended affine Weyl group.
The affine Weyl group W is a normal subgroup of /W, and one has a natural isomorphism
W/ W = P/Q. The affine action of W on R" extends to W via the translations ((x) =
x+0bfor b € P, and W acts on R* x R preserving R by (1.11). The compatibility
condition (1.14) continues to hold for these actions of w.

We extend the length function to W by defining M (@) = Ry N @ Y(R), AMw) =
Uerp A (W), 1, (W) = |A\,(W)|, and I(D) = |A\(w)] for any © € w.

In contrast to W, the group W is not a Coxeter group; it has elements of length
zero other than the identity element id. Let II denote the subgroup of W consisting of
all length zero elements. The group II can also be characterized as the stabilizer in W
of the fundamental alcove. Hence the composition II — W — /W/ w gives rise to an
isomorphism IT = W / W, since W acts simply transitively on the set of alcoves.

Therefore, one has isomorphisms I = /W/ = P/@Q. The nonzero elements in P/Q)

are in bijection with the fundamental weights w, satisfying (w,,?) = 1, which are the

14



minuscule fundamental weights. Note that (w,, ) = 1 is equivalent to w, € A. Let
O ={r:(w,0) =1} 0:=0"U{0}.

Under the composite isomorphism P/Q = II, the coset w, 4+ @ corresponds to the element

T € W defined by

-1
r oo

T, = Wyl

where u,. the unique shortest element in W such that u,(w,) € P_. Explicitly, u, = wowyg",
where wg" is the unique longest element in the stabilizer of w, in W.
Since IT preserves the fundamental alcove A, it permutes the simple roots {«p, . . . , @, },

and consequently
(1.19) T8, L =s;, where m.(q;) = q;.

We note that for r € O, one has 7,.(0g) = , and 7, ' = 7, u ' = u,~, where r* is
determined from the relation —wg () = a.-.
Any w € W can be written uniquely as w = m,w, where r € O and w € W. One has
l(w) = l(w). We call W = m,sj, - - - s, areduced expression if and only [ = I(w) = ().
Given any @ = m,w € W and any reduced expression w = s;, - - - 5j, € W, one obtains

an ordering of the A—set:
(1'20) /\<@) = { al = Qo a* = S (ajz)a SR a' = r&jilsjz(&jz) }

We will call (1.20) the A—sequence associated with the given reduced expression for w.

Such sequences are exactly those in §+ satisfying properties (i, i) of the following lemma.

LEMMA 1.2.1 ([12]). Given w € W and a reduced expression @ = TS, Sjy, form
the A—sequence using (1.20).
(i) [fa=al4+a" € §+, then a = a® for some p between q and r. The same holds if

a = caf 4+ ca” € Ry for positive rational ¢y, cs.

15



(ii) If \N(w) > a = B+§ for Eﬁ € EJF U[0,Z.], then at least one ofgﬁ belongs to

AMw) and exactly one of Eﬁ comes before a in \(W).

For arbitrary b € P, we set m, := bub’1 € /W, where u,, is defined to be the unique
shortest element of W satisfying u,(b) = b_. Thus 7, = 7, and u,, = u, for r € O'.
The element 7, can be characterized as the unique minimum length representative of the

coset of b in W/W

LEMMA 1.2.2. One has the following explicit descriptions of A—sets:

(1.21) A(b) = {[a’ vl 0<j<(®aY) if a€R, }

0<j<(®baY) if a€R_

(1.22) A(m) = {[% vejl : a€ R and 0<j<(b_,a) if u,'(a) € Ry }7

0<j<(b,av) if u'(a) € R_

(1.23) AMup) ={ a€R;: (bya)>0}.

PRrOOF. Using (1.12), it is straightforward to verify (1.21) and (1.22). For a proof of
(1.23), see [30, (2.4.4)]. O

Using (1.21), one sees that [, (b) = [, (w(b)) for any w € W and b € P. Hence
(1.24) L(b) = L(by) = 2(by, pY).
We will need some further properties of the reflections sz and their A—sequences.

LEMMA 1.2.3. Let & € R, .
(i) If B € Msa) \ {@}, then B’ = —sa(f3) belongs to N(sz) and & lies between 3 and
B in any ordering of A(sz) via (1.20).

(ii) There exists a reduced expression of the form
(1.25) Sa = 8j, " 8j,5mSj, "S5, where 0 < gy, jp,m < n,

and ji,...,jp,m>1ifa=a € R,.
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(11i) Construct the A\—sequence A(sz) using (1.20) and a reduced expression of the
form (1.25). Then one has —sz(a’) = &'~ for any 1 < i <1 = 1(sz). In particular,

a = arth,

PROOF. (i) Clearly, 3 € A(sz) and 8 + 3’ is a positive integer multiple of &. Hence
Lemma 1.2.1(4i) gives the claim.

(1) We argue by induction of [(sz), which must be odd. The claim is trivial when
l(sz) = 1. If I(sz) > 3, find some «; (0 < i < n) such that {(szs;) = I(sisa) < (sg).
Then sz(;) € R_ and sa(a;) # —a;. Hence s;s5(;) < 0 and consequently [(s;s5s;) <
l(sisa) < l(sz). By induction s;s55; = s5,() has a reduced expression of the form (1.25).
We multiply both sides of this expression by s; to complete the argument.

(24i) This is immediate from (1.20). O
Finally, we need a formula for the length [,(s,) of non-affine reflections.
LEMMA 1.2.4. Let « € Ry and

Voif vy =1 = Vg and v = Vg,
5a,y = 51/a,1/7 Nay =
1 otherwise.

Then

(1.26) (sa) = 21020 5

VaNa,w

More explicitly, one has l,(sq) = 2(a, py) — 0, for long o and 1,(sa) = 2(a, p) — Oa

for short «.

PROOF. We use the formula

(1'27) pu—w(pu): Z s

BeX (w)

as follows: 2(p,,a") = (py — sa(py),@") = 0o, + Z,BEAV(Sa) N = Oaw + Naywlu(Sa)- O



1.3. Affine Hecke algebras

Let {ti/ *Yacr be a family of indeterminates satisfying ti}/(i) = ¢1% for all & € R and
w € W. We understand ty/* as a (formal) fractional power of t,, e.g., ( 3/2)2 = to. Let

Q; be the field of rational functions in the indeterminates {ti/ Q}QG r. We write tg/ 2= t:‘)/ 2
for a = |, v,j] and t;p = t(l)/i2 fori=0,...,n.
The affine Hecke algebra H is the algebra generated over Q; by {1y, T4, ..., T,} subject

to the relations

(1.28) (T, — W Ti+ ;%) =0 (i=0,---,n),

(1.29) T/ =TT, (0<i#j<n),

where the braid relations (1.29) match those from W, i.e., they contain exactly mij
factors on each side. We note that if the parameters til /2 are specialized to til 2 =1 for
alli =0,...,n, then H can be naturally identified with the group algebra @[W]

Given a reduced expression w = s;,---Sj, € W, define Ty := T;,---T},. Since the
T; satisfy the same braid relations as the s;, the definition of T} is independent of the
reduced decomposition for w (see, e.g., [2, Chapter IV, §1, Proposition 5]). The elements
T form a basis for H over Q.

Corresponding to /V[7, we define the extended affine Hecke algebra H by adjoining the

group II to H with the additional relations
(1.30) . Tim ' =T, where () =a; (r€0,0<i<n).

More precisely, 7 is defined as the tensor product H = Q1] ®q, H with the multi-
plication between the tensor factors determined by the relations (1.30); this algebra is
commonly referred to as the smash product of II and H.

Given a reduced expression W = m,s;,---sj, € W, define T := 7,1}, --- T},, which

again does not depend on the reduced expression for w. The elements T form a basis
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for 7 and satisfy
(1.31) T Ty = Ty, provided f(ﬁﬂ)\) = E(ﬁ) + g(ﬂ)\)

In particular, for b,c € P, or b,c € P_, one has T,T. = T,,. and hence T, and T,
commute; here we use (1.24).

We define elements Y, (b € P) in H as follows. Any b € P can be expressed as
b =0y — by for by, by € P,. Define Y, := TblTb;1 for any such expression; it is easy to see
that Y} is independent of the choice of by, by. In particular, Y, = T, whenever b € P,.
The {Y}, : b € P} generate a commutative subalgebra naturally isomorphic to the group
algebra Q;[P]; denote this subalgebra by Q,[Y].

One has the relations (see [28]):

Yoy — Yo

(1.32) TY, = Yow T+ (67 = 777 Y o —1°

% A

for i=1,...,n and b€ P.

It is easy to see that the quotient (Y, — Y3)/(Y_qa, — 1) belongs to Q,[Y]. Particular

i

cases of (1.32) include:

(1.33) TY, = YT} if (b,a))=0 and i> 0,

(1.34) T =Y, if (b,a))=1 and i> 0.
PROPOSITION 1.3.1 ([28]). The sets
T, be P,weW} and {T,,Y,: b€ P,we W}

are bases of H.

The Y, provide a convenient description of the center of H:

PROPOSITION 1.3.2 ([28]). The center of H is Q,[Y]W, where we let w(Y;) = D)
forw e W and b e P.
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. o _ €] €1
For any b € P and a reduced expression b = m,s;, - - - s;,, one has Yy, = m. 15" --- T},

where

+1 ifa? >0,
(1.35) €p =

—1 ifa? <0.

and o = [aP, vpj] are from (1.20); see, e.g., [30, (3.2.10)] for a proof of this fact. The

total number of factors TjjEl with v; = v in this product is 1, (b) = 2(b, p,)).

1.4. Double affine Hecke algebras

Let H be the extended affine Hecke algebra defined in the previous section. From
now on, we denote H by Hy.

Let ¢*/?™ be an indeterminate, where m is the least positive integer with the property
that m(P, P) C Z, and let Q,; be the field of rational functions in the indeterminates
g™ and {t}*}ocr.

It is convenient to introduce additional parameters {kq}acr, Where ky ) = ko for all

a € R and w € W, and to impose the relation
to = qfﬁ.

As above, we write k, = k., provided v = v,. We also set

(1.36) Pr = Z kypy.

VEVR

Thus
q(pkvb) — q(zu kl’pl/ab) — Htl(/PX7b)

For any ring A, let A[X] be the group algebra of P over A spanned by elements

{X, : b € P} satisfying the relations

XoXp = Xaap (CL,b S P)
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More generally, for any b= b, j] where b € P and j € Z, we set X = ¢/ X,
We let W act on A[X] by

w(Xp) = Xaw),
where we use the action of W on R" x R from (1.11), treating b as [b,0].

DEFINITION 1.4.1. The double affine Hecke algebra 7 is the Q,,—~algebra generated

by Hy and Q,:[X] subject to the following additional relations:

Xsi(b) - Xb

 >0.be P
X, —1 (1>0,be P),

i % A

(1.37) T,Xy = XoumTi + (62 — ;77
(1.38) mXem ' =X (r€0,be P).

PROPOSITION 1.4.2 ([7]). The monomials {Y, T, X, : w € W, a,b € P} form a basis
for TH over Qg ;.

There exists a unique Q,;—linear anti-involution ¢ of ## satisfying:
(139) QOT;P—)T'Z<1SZSTL), Xbl—>y_b, Y, — X_,.

See [5]. We call ¢ the duality anti-involution. For H € 7, we often write H¥ := p(H).
Using Yy = TyTs, and Y, = w,T,,,, one finds that

(1.40) p(To) =T, X5", o(m) =T 12X, = X0, T, = o(m2).

1.5. Polynomial representation

The polynomaial representation of 7H is the induced module
V= Indz?j (Qqt) = T @4, Q1

where Q,; carries the action of Hy defined by T;(1) = ti/z (t>0)and m.(1) =1 (r € O).
Proposition 1.4.2 gives rise to an isomorphism V = Q,;[X]| of Q,;—vector spaces.

Under this identification, elements of FH act by difference-refiection operators, which are
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by definition operators of the form

(1.41) Y Gwlbw, ghw € Quu(X).

weW, beP

Here Q,(X) is the field of rational functions in the X, (b € P), all but finitely many

gbw are zero, and I', (b € P) are the operators
(1.42) Iy(X,) = q®9X..

We observe that the action of I'_; coincides with that of b € w.

Let us permanently identify V = Q,.[X]. We now describe the action of #{ in V
explicitly. For any H € 7#, we continue to denote by H the corresponding endomorphism
of V.

Due to the relation (1.37), the action of T; (i > 0) is given by the Demazure-Lusztig
operator:

/2 2 =1

Vs s

The action of 7, (r € O) is given by 7, = '_,, u; ', and the X}, (b € P) act by multipli-
cation operators.
The Y, (b € P) act by the difference Dunkl operators. One can describe these opera-

tors explicitly as follows. Let b = 7,s;, - - - s;, be a reduced decomposition and recall the

definition of €, from (1.35). Then

(1'43) Y, = 7TrTjEll . Tj€11 =T, ngln(el) o ngn(ﬂ)

al )
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where sgn(+1) = + and

1/2 —-1/2

t! i
(1.44) Gt =tV 4 ﬁ(l — sa) = t5"*(fa + 9a ),
ta Xzt -1 ta —1
h =V Ya= T
where f, X1 g - X!
5 o t1/2 t71/2 s
( . 5) G&—t& +ﬁ(1_3a)—t~ (f&_sozga)

We note that

Gi =sT, Gt, =Tis;, G, =sT7", and G_, =T, s
We also set G; = 2/26%:’ so that
(1.46) YL — q(b+,pk)yz -T, ngln(ez) . "zgln(eﬂ‘

Let D denote the algebra of all difference-reflection operators (1.41). TIts defining

relations are as follows:
Xy =Ty X, wX, = Xy@w, wly =Typw, for weW, a,be P.

By difference operators we mean elements of the subalgebra of D generated by Q,:(X)

and I', (b € P). There is a natural linear map
(1.47) Red: Y guX)Thw— > gouwle
weW, beP weW, be P

sending difference-reflection operators to difference operators. Clearly, Red is not a ho-

momorphism of algebras.

For f € Qu[X]", let

£f ::f(ywu s 7Ywn) = Z gb,w Fbw7 Gbw S Qq,t(X)v

weW, beP

(148) Lf = Red ,Cf Z gwab.

weW, beP
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By Proposition 1.3.2, f(Y') is central in Hy. Hence £; and L; preserve VW and coincide
upon the restriction to this space. Moreover, the L; are W—invariant difference operators,
ie., wLyw™ = Ly for any w € W. For a € P,, we define £, := L and L, := Ly for
f= ZweW/Wa X_w(a), Where W, is the stabilizer of a in .
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CHAPTER 2

Nonsymmetric Macdonald polynomials

Recall that Xp, ;) = ¢ X, for any b € P and j € Z. We also set X,(¢") := ¢®® and

Yinj) 1= ¢V, s that Y L = o(Xp).

2.1. Inner product

Let
(2.1) p=p(x) = [ —a

Using the identity
(1 taXa) ™ = 1 12X+ 2 X 4

we expand (4 as a formal Laurent series in the variables X, (i = 1,...,n) with coefficients

in the ring Z[t,|[[¢]]. We extend the action of W on Q,.+[X] to Laurent series

(2.2) f=Y X where ¢ € Q[t]l[gllla”]

beP
by setting W(f) = > ,cp o Xaw)-
For any Laurent series f of the form (2.2) (with coefficients in any ring), let (f) := co
be the constant term of f. Clearly, (u) is invertible in Q[¢,][[¢]]-
Let po = pu/{p). Then p, has coefficients in Q(q, t,), the field of rational functions in
q and t, (v € vg); see, e.g., [30, (5.2.10)] for a proof of this fact.
Let x : ¥V — V be the Q-linear involution defined by

Xl;k _ X—b7 (ql/Qm)* _ q—1/2m’ (ti/Q)* _ t—l/?

v )



Then one has p! = u, (where we extend * to Laurent series as above), while this does
not hold for p.

For f,g € V, we define the inner product

(f,9) = {f9"1o) € Q-

Clearly, (f, g) is linear in f, *—linear in g, and satisfies (f, g) = (g, f)*. We observe that
if f,g9 € Q(q,t,)[X], then (f,g) € Q(q,t,). It is straightforward to verify:

LEMMA 2.1.1. For any nonzero f € V, one has (f, f) # 0. In particular, the restric-

tion of (, ) to any nonzero subspace of V is nondegenerate.

DEFINITION 2.1.2. The nonsymmetric Macdonald polynomials are the unique ele-

ments {E} : b € P} of Q(g,t,)[X] satisfying the following two conditions:

(2.3) E, =X, + Zpchm where py. € Q(q,t,),
c-b
(2.4) (Ep, X.) =0 for c>b.

By Lemma 2.1.1, we can apply the Gram-Schmidt process to the finite-dimensional
subspaces Q(q,t,)[X. : ¢ = b C Q(g,t,)[X] to construct the Ej. This justifies their

existence and uniqueness.

2.2. Orthogonality

An immediate consequence of Definition 2.1.2 is that (Ej, E.) = 0 whenever ¢ > b.
In this section, we prove that the Ej are pairwise orthogonal and we give the formula for
their norms.

There is a unique anti-involution * of 7 satisfying
* Ty T (020), Xy X0 mp s mh) gM2m = g7 12m 2 12

This is easy to check using Definition 1.4.1. One also has Y, = Yb_l.
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PROPOSITION 2.2.1 ([7]). The representation V is x-unitary. That is,
(H(f),9) = (f.H(9)), for f.g€V and H €.
For any b € P, we set
by = my((—pr)) = b — " (pr).

Recall that wu, is the unique element of W of shortest length such that wu,(b) = b_,

m, = bu, ', and pj, is from (1.36).

LEMMA 2.2.2. For any a,b € P, one has
(2.5) Yo (Xp) = ¢ X, mod QX :c> D

We will prove Lemma 2.2.2 at the end of this section. For now, we use it to deduce

the following.

COROLLARY 2.2.3. (i) For any a,b € P, one has
(2.6) Yo(Ey) = ¢ " E,.

(i1) If b # ¢, then (Ey, E.) = 0.

PRrROOF. (i) For any fixed a € P, one combines Lemma 2.2.2 with Proposition 2.2.1
to see that {¢'**)Y,(F,) : b € P} satisfy the conditions (2.3) and (2.4). Since these

conditions determine the Ej, uniquely, the claim follows.

(71) For any a € P, Proposition 2.2.1 gives that
(2.7) ¢ N By, Ee) = (Yo(Ep), Ec) = (By, Y, ' (B.)) = ¢~ By, E).

When b # ¢, there clearly exists a such that ¢{®%) # ¢(®%) and hence (2.7) implies
(Ey, E.) = 0. a
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The values of (Ey, Ey) are given by the following theorem, which was stated by Mac-
donald in [29] (for k, € Z~¢) and proved by Cherednik in [8].

THEOREM 2.2.4 ([8]). For any b,c € P, one has

[[ (- Xoal@ )~ X))
[ovajleX(my) (1 — qj X (qpk>)

(2.8) (Ep, Ee) = 6be
We conclude this section with a proof of Lemma 2.2.2.
PrRoOOF OF LEMMA 2.2.2. It suffices to prove the claim for a € P, UP_. We consider
only a € P,, the proof for a € P_ being similar. We use (1.46) to write
Y, = q*(a’pk)F,aég e égh

for any reduced expression a = 7,sj, - - - 5;,. Modulo Q,,[X, : ¢ > b], one has

) X, if (ba) >0

tz X, otherwise.

It follows that G;l -G (Xp) = (Taer) ta)Xs, and due to (1.21) and (1.23) one has
ba)<0

H ta=gq akarugl(Pk))_

ae(a)
(b,a)<0

This gives (2.5) for a € P;. O

2.3. Intertwiners

The intertwiners are the elements

t1/2 _tf1/2
\Pi :E+1Y()21——l:[ (Z:L...,TL),
t1/2 . t_1/2
N | 0 0
\If() =q XﬁT + ﬁ,

I, = q_("J“"JT)/QXwT?Tr (red), Iy:=1.
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Recall that Yp, j = ¢77Y; for b € P and j € Z. Strictly speaking, the ¥; belong to a local-
ization of HH, but since we will apply the intertwiners to the nonsymmetric Macdonald
polynomials only, we will not be concerned with this point.

Due to (2.6), the action of ¥; on Ej, is given by ¥?, where

b n? - b 1 1 t(1J/2 - t51/2
W =1 ), W= Xyt 0
X @) =1 b Yo O T X 1

Recall that X5(¢°) = ¢®9%J. The following proposition describes the action of the
intertwiners on the nonsymmetric Macdonald polynomials. Recall the definition of d in

the extended pairing (1.13).

ProposITION 2.3.1 ([11]). Let b e P.
(i) If (b+d,a;) >0 for somei=0,...,n, then

(2.9) q¢ 2 E.= q_@tgﬂllfi-’(Eb), where ¢ = s;((b)).
(ii) If (b+d,a;) =0 for somei=0,...,n, then

(2.10) T (T)(Ey) =) E,,.
(11i) For any r € O, one has

(c,0) _(bsb)

(2.11) g~z E.=q 2 II(E,), where c¢=m.(b).

We note that for i > 0, (2.10) is equivalent to s;(Ep) = Ej.
Starting from Ejy = 1, Proposition 2.3.1 can be used to construct Ej, for any b € P,
as follows. For any reduced expression m, = m,s;, - - - s;,, form A(m,) = {&', ..., a'} using

(1.20) and set by = 0 and b, = s;,_, ---5;,((0)) for p =2,...,l. Then

(by+d,;)) = (d,@) >0, by (L22),
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and hence

(2.12) q*(bvb)/QEb = ¢m)/2 11, \p;’; .. \I;si(l)’ where /(m)/2 — H t,l,”(ﬂb)ﬂ.

v

COROLLARY 2.3.2. The coefficients of the polynomial

(2.13) I[I -dx.@) E

[,vajlEN(Ty)

belong to Zlg,t,].

PrOOF. We take a reduced expression m, = m,s;,---s; and use (2.12). We use
the following property of the elements {m, : b € P}: for any 0 < i < n, one has
(b4 d, ;) # 0 if and only if 7, @) = sim; see, e.g., [10, (1.20)] or [30, (2.4.14)]. In

particular, m» = s;,_, -+ s; and therefore
(@, —p +d) = (o, T (—p1) + d).

Hence the product in (2.13) clears all denominators in (2.12). O

2.4. Limits

Corollary 2.3.2 implies that the Fj are well defined when ¢, = 0 for all v € vg. We
denote by E the image of Ej, under this specialization. It also follows from Corollary 2.3.2

that the coefficients of E} belong to Z[q].

REMARK. As a matter of fact, the coefficients of )} are known to lie in Z, [g]. This
follows from results of Ion [25] and Sanderson [33], which identify {E,} with the char-
acters of level-one Demazure modules for the (twisted) affine Lie algebra associated to
R (i.e., for the affine Lie algebra having R as its system of real roots). The strategy
employed in [25, 33| is to establish a connection between the intertwiner construction
of E} via Proposition 2.3.1 (as t, = 0) and the Demazure character formula, which was

proved for any Kac-Moody Lie algebra by Kumar [27].
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Let us consider more systematically the behavior of 7H and V under the specialization
t, = 0. Let Q,, be the subring of Q,, consisting of those rational functions that are well
defined when t,l,/ 2=0forallve VR.

The definition of 7 given in Definition 1.4.1, while standard in the literature, is not

suited to this specialization. We therefore introduce the following normalization:

Ty= T, T =671 =1, — (1 - 1),

)

Note that the same normalization is used for both T} and T;!, so that 7;17 = t;. This
ensures that 7} and TZ’ are well defined in V when ¢; = 0.

The T} (i = 0, ..., n) satisfy the braid relations® for T} given in (1.29). Consequently,
the elements Tj; = er}l = ~Tj1, where @ = m,s;, - - - s;, is any reduced expression in /V[7,

are well defined. The quadratic relations for 7} read: (T; — t;)(T; 4+ 1) = 0.
Correspondingly, we define Y, = q*+Pr)Y, for any b € P. Note that Y,V , = g? b+ k)

DEFINITION 2.4.1. Let 7 be the qut—subalgebra of 7H generated by the elements
X, (beP), Ty (@eW), Y, (beP).
It is straightforward to check that the algebra 7 is generated over Qqﬂf by
X, (beP), T, (i>0), and II,

subject to the defining relations:

(i — (T +1) =0, Th T = BT
T.Xy = X, X ') if (b)) =1, T, Xy = X, T if (b)) =0,
er:‘i’/'fr_l = T‘J if 7T7«(Oéi) =y, 7TrXb7TT_l = Xﬂ-r(b) = Xur—l(b)q(wr*’b),

1 This is due to the fact that m;; = 2,3,4, or 6, and when m;; = 3, a; and «; have the same length and
hence t; = t;.
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where 0 < 7,5 <n, b€ P, r € O, and the braid relations contain m;; factors on each
side.
We observe that the restriction to 7 of the #{—action in the polynomial represen-

tation V preserves V := Q[ X].

DEFINITION 2.4.2. The nil-DAHA FH is defined as the specialization of 7 at t? =0
for all v € vg. More precisely, let Q, := Q(q"/?™) and define 7H to be the Q,—algebra

(2.14) = Q, ®p,, H,

where the tensor product structure is defined using the homomorphism @%t — Q, fixing

Q, and sending t/2 s 0forall v e VR.

Specializing V in the same manner, we obtain an FH{—module V := Q,1X].
We denote the images of 7} and Y; in 7 by T; and Y, respectively. Using (2.6), we

arrive at

¢ @By, if uy(a) = a_,

0, otherwise.

If (b,;) > 0 and 1 < i < n, then the intertwiner ti/Q\IJf becomes T; + 1 as t; = 0.

This has the following consequence.
PROPOSITION 2.4.3. Ifb € P_, then Ey is W—invariant.

PROOF. For 1 <i < n and any f € V, one has s,(f) = f if and only if T;(f) = 0.
When b € P_, Proposition 2.3.1 gives that £, = (T;+ 1)Esi(b) foranyi=1,...,n. Hence
Ti(Ey) =0, because T;(T; + 1) = 0. O

Next we consider the orthogonality relations (2.8) as t, = 0. We set

i=pt,=0)= [ JIQ - Xag) (@ = X'¢™), 7, =1/ (7).

aceRy j=0
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To state the counterpart of (2.8) as ¢, = 0, we will need the limits EZ of the E} as
t, — o0o. We will justify the existence of these limits below. More generally, we set
Tf = limy, o f for any Laurent polynomial or series depending on g, t,, provided the

existence of this limit. Then one has

(2.15) 7 =7, ) =0

Using this notation, (2.8) reads as follows for ¢, = 0:

(2.16) (B Be) = (BB} = 0o [ [ (1~ ).
[a,5]
where the product runs over all [—a, v,j] € A(m,) for simple a = a; € R,
Formula (2.16) provides an indirect justification of the existence of the limits EZ for
any b € P. We now give a constructive justification of this fact using the intertwiners.

We will also show in Corollary 2.4.5 that the coefficients of EZ belong to Z[qg™'].

To this end, we set

7=, (T =t 17,

Th— 7t = o0), (T = (T (t = 00) = T — 1,

(2

and, correspondingly, YJ = ¢ (@)Y, Tt is then straightforward to see that ?Z =

limy, o0 Yj is well defined and that (2.6) gives

~@hE, if uy(a) = a
—T —t q b b +
Ya(Eb) =

0 otherwise.

PROPOSITION 2.4.4. (i) Forbe P_,

_—i- — 4 —_— *
(2.17) Ey = ¢"(T, (B _wym))",
where T;p = T]/»l . ~T;l 71 is defined for any reduced expression T, = m8;, -+ S5, (and

does not depend on the choice of the reduced expression).
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(11) If (byci;) <0 and 1 <i <mn, then

T (1— gD TY(E if (ulas), p) = 1,

(2.18) Bl =1 .
(T3)'(Ey) if (up(a), p¥) > 1.
PROOF. (i) Let b € P_. We will use the formula

(2.19) E; = H tlyu(ub)—lu(wo)/z T (B ()

vevp
from [11, (3.3.24)].

We prove (2.17) by renormalizing (2.19) as follows. Note that ¢(»wo®+e)y =1 acts
as the identity on E_,, ) for any ¢ € P. Taking ¢ = ¢y, so that [,(c) = 2(c,p, ), one

therefore has
(2'20) EZ‘ — q(C,wo(b)) H 7f;lu(wo)/2—&-lu(0)/2 TU)oYc_l (E—wo(b))'
Specializing further to ¢ = p, we have Y, = T, T,,, and (2.20) becomes

By = q WO [P (B ) = ¢ VT (B_wo):

where by definition 77 =17 --- T~ ! for any reduced decomposition 7, = m.sj, -+ - 5;,.

Moving * to the right-hand side and taking ¢, — oo, we obtain (2.17).

(#7) This follows from a modification of (2.9). It is convenient to use the normalized
intertwiners G; := 1, Ly, for
/2 t;1/2

U =7 (T3) + Z}/071—_1

) 2 e
1/2 i Y
=t S R—
O Yioi-1

For simplicity, let us take here 1 < ¢ < n. In addition to the braid relations, the

normalized intertwiners satisfy G2 = 1. Hence ;! = v, 'W;s»;'. Now, when (b, ;) <

0, (2.9) gives E, ) = t; U7 Y(E,). Applying U;' = ¢ Wb to By, the first ¢!
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produces
(2 + il til/z)_l g -1
7 q(oc“bu) _ 1 3 q(a“bu)tz . 1 .

The second (left) ¥; ' produces the factor

/2 =172 _
t.'" —1t, 1 - -
<t3/2—|— i i _ 12 q _ 12 q

7((17;,1)’1) — 1
q—(ambn) _ 1> v q—(ai,bu) _ t;l v q(aiabﬁ)t;1 -1

(ai7bﬁ) — 1
Multiplying these two factors and taking t, — oo, one arrives at (2.18). Note that
up(a;) > 0 and hence ¢{®*) contains nonpositive powers of ¢, and at least one t; L

|

COROLLARY 2.4.5. The polynomials FZ are well defined for any b € P. Moreover,

the coefficients ofEZ belong to Z[q'] for any b € P.

PROOF. The existence of EZ for any b € P follows from (2.17) and (2.18). More
precisely, (2.17) gives the existence of EZ for b € P_, and (2.18) allows one to construct
EZ for any b € P starting from b_ € P_.

By Corollary 2.3.2, the denominators of the coefficients in Ej, are of products of factors

of the form

(1—¢ HtT"), where j,Zm,, > 0.

Since we already know that EZ exists, we may set ¢ = ¢, for all v when calculating the
limits of the coefficients. As polynomials in ¢, the denominators of Ej, then have leading
terms of the form +¢"t* where r;s > 0, and no higher power of ¢ can appear in the
corresponding numerators. Thus the coefficients of Ez must belong to Z[g*!].

Using (2.17), it is easy to see that EZ has coefficients in Z[g~'] for b € P_. Then
(2.18) shows that this holds for arbitrary b € P. O
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CHAPTER 3

Spherical and Whittaker functions

In this chapter, we mainly regard the parameters ¢ and ¢, as nonzero complex num-
bers. Recall that ¢, = ¢*». When discussing the convergence of infinite series, we will

assume in addition that |¢| < 1.

3.1. Gaussian

By the Gaussian we mean the Laurent series

(3.1) 7= Z ¢V X,

beP

Multiplication by 7 preserves the space of Laurent series with coefficients in Q[t][[¢"/?™]].
Recall that X;(¢") = ¢®®. Regarding X, as a function of x € C" in this way, the
Gaussian 7 converges uniformly on compact subsets of C", provided |¢q| < 1. We will
write 7, whenever we want to regard 7 as an entire function of x € C".

The main property the Gaussian that we will need is the following;:
(3.2) I,(7) = ¢ @92X-15 for a € P.
In particular, one has
(3.3) T_,,(3) = ¢ PmIPX,7
provided py € P (e.g., when k, € Z).

3.2. Global spherical function

We use the notation 7, for the Gaussian defined in terms of the variable A € C".

Correspondingly, we write A = ¢* and Ay(¢") = ¢®». We will use superscripts when



applying operators from the polynomial representation of 7 to functions of x or A. For
instance, we write T} for the action of T; on the variables \. When no superscript is
used, such operators are understood to act on the variables x.

We will also use the normalization constant

(3.4) ) =g e,

beP

When pi € P, one has

(3.5) T(g™) = q (L), where F(1) =y /2
beP

The function G(X,A) defined in the following theorem is called the global non-

symmetric spherical function.*

THEOREM 3.2.1 ([9]). (i) The series

72 B (X) Ey(A)

3.6 2(X,A;q,t) = (bg,08) /2= (pr Pk
0 ( 0 Zq (Ey, Ep)

beP
converges in the ring of formal Laurent series in X, \ with coefficients in Q[f][[qzw]].
When |q| < 1, 2 converges to an entire function of x, A\, provided t, are chosen so that
all the E, are well defined (by Proposition 2.3.2, the conditions |t,| < 1 are sufficient).
Accordingly, G(X, \) defined via

;%c?)\ —_
3.7 = G(X,A) :==2(X,A;q,t
(37) EIGXA) = (X A)

is a meromorphic function of X, A and it is holomorphic where 7,7\ # 0.

(ii) The function G(X,A) satisfies G(X,\) = G(A, X) and

(3:8) H*(G(X,A)) = (p(H))NG(X,A)) for H €W,

L This terminology reflects connections to Harish-Chandra’s theory of spherical functions on real semisim-
ple Lie groups; cf. [24, 36].
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in terms of the anti-involution ¢ from (1.39). More concretely, one has

(3.9)  TH(G(X,A) = TNG(X,A) for 1<i<n,

(3.10)  Y,(G(X,A) =A'G(X,A) and X]'G(X,A) =Y NG(X,A)) for acP.

(11i) The function G(X, ) extends the nonsymmetric Macdonald polynomials as fol-

lows. For any b € P, one has

1 — glre)tiva

b _
(311) G(quﬁ Eb q Pk H H 11—t 1q(l)k0¢+]’/a.

aER+ j=1

REMARK. The convergence of the series = from (3.6) as an entire function can be
justified using the following estimate. For any compact subset K C C", there exists a

constant C' = C'x > 0 such that
|Ey(¢®)| < CPl forall € K and be P,

where |b|? = (b,b). This estimate can be demonstrated using the intertwiner recurrence

for the Ej from Proposition 2.3.1; see, e.g., [35, Proposition 5.13].

3.3. Symmetrization

Define the symmetrizer

(3.12) Pi=> [] v/ T,

weW vevg

Then one has (see, e.g., [30, (5.5.9)])
(T, ~;")P=0="P(T; - ;).

and hence P : Q.[X] — Q,[X]". As above, we will write P* or P* to distinguish

between the variables z and \.
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The global symmetric spherical function is defined as
(3.13) F(X,A) :=P*(G(X,N)) = PNG(X,A)).

The second equality in (3.13) holds due to (3.9). The function F(X,A) is W—invariant
in both X and A, satisfies F'(X,A) = F(A, X), and for any f € Q,[X]", one has

(3.14) Liy(F(X,A) = f(NHYF(X,A), f(XTHF(X,A) = L}(G(X, A)).

Here f(X ') means we replace X; by X 4, and similarly for f(A™'). For these and

further properties of F'(X, A), we refer to [9, 13].

3.4. Whittaker limit

We assume that |¢| < 1 and k, € Z~( in this section. For any difference operator L

and any function F'(X), set
(315) %(L) = (XPkF_Pk> L(kaF—Pk)_lﬂ %<F) = XPkF—Pk(F)'
DEFINITION 3.4.1. The Ruijsenaars-Etingof limiting procedure is defined by

(3.16) RE(L) := lim »(L), RE(F):= lim »(F),

k—o0 k—o0

where we take k, € Z-o and k — oo means that k, — oo for all v € vg; equivalently,

t, — 0 for all v € vg.

This limiting procedure is a natural extension of (0.3) to arbitrary root systems. The

definition (3.16) first appeared in [13], where it was shown that the limit
(3.17) W(X,A) := RE(F(X,A))

exists for F(X,A) from (3.13). The function W(X,A) is called the global symmetric

Whittaker function. We note that W(X, A) is W—invariant in A but no longer in X.
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CHAPTER 4

Nonsymmetric Whittaker function

In this chapter we come to the main objects of this dissertation: the nonsymmetric
Ruijsenaars-Etingof limiting procedure RE?, the global nonsymmetric Whittaker func-
tion €2, and the Toda-Dunkl operators }Afb In order to construct these objects, we first
introduce the notion of W—spinors.

When discussing the convergence of limits and series, we assume that ¢ is a nonzero

complex number and that |g| < 1.

4.1. W—spinors

Given a vector space V' over any field, let F(W, V') denote the space of functions from

W to V. This space carries a natural action of W given by
(6(w)f) () = f(w ), for f e FW,V), wue V.

If V' is also an algebra over the base field, then F(W,V) inherits this structure via
pointwise multiplication, and W then acts by algebra automorphisms.

Consider the Q,,;—algebra F(W,V); in [15], elements of this algebra are called W—
spinors. For any w € W, denote by (, the characteristic function (,(u) = d,,. These
are pairwise orthogonal idempotents in F(W,V), and any element in F(W,V) can be

written uniquely as

f= Z fuwCw, where f, = f(w)€V.

weW



We refer to f, as the w—component of f. We observe that é(w)((,) = (uv» and hence for
any f € F(W,V):

(4.1) 0@)f)w = foru-

One has a natural embedding of algebras ¢ : V — F(W, V) given by

(4.2) §(F):=> F.
weWw

The image of 0 is the space of W—invariants of F(W,V), which will be denoted by
FOW, V).

We define another algebra embedding o : V — F(W, V) by
(43) oF) = 37wl (F) G

wew

Thus F' € V is W—invariant if and only if o(F') = §(F). For arbitrary F' € V we may
also write F¢ := o(F) and F? := §(F). When no superscript is used, we take the image
F? under the embedding o by default.

Generally, any endomorphism of V acts pointwise in F (W, V). For instance, given a

translation I'y, we set

Lo(f)(u) == To(f (u)).

We define

(4.4) 8(T) =T5:=> Ty,
weW

(4.5) o(T) =T§ := > Tur(t) G
wew

where we let (,, act by multiplication in F(W,V). Similarly, we let X}, act by pointwise

multiplication:

Xo(f)(u) == X (f (u)).
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REMARK. All of the constructions above can be applied to more general spaces of
functions other than V (as long as the spaces are preserved by W). For instance, one may
replace V by the field of rational functions Q,.(X), or more generally by meromorphic
functions of X € (C*)™. We will apply the above constructions in such contexts without
further comment. When considering a function F'(X), we take by default the image F*®

under the embedding g, unless otherwise specified.

Recall from Section 1.5 that D denotes the algebra of difference-reflection operators

over Q. We define a map from D to Endg, ,(F (W, Q,(X))) by
¢:glyw — o(g) o(T'y) 0(w), where g€ Qu(X), be P, we W.

It is then straightforward verify the following:

LEMMA 4.1.1. The map ¢ : D — Endg,, (F(W,Qqu+(X))) is a homomorphism of

algebras.

We obtain an action of #{ in F(W,Q,+(X)) by composing ¢ with the polynomial

representation, the latter being viewed as a homomorphism H{ — D.

4.2. Nonsymmetric limiting procedure

For a difference-reflection operator £ and a function F/(X), let

(46) %6(£) = 6(XPkF_Pk) (b(L) 5(XPkF_Pk>717

%5(F) = 6(kar_ﬂk)(Q(F))’

For instance, one has

(47) %§(Xb) — Z Ht;(ﬂwi—l(b)) Xw—l(b) ij
weWw v

(4.8) #([y) = Z Ht;(pg’w_l(b)) Ly=1() Cu;
weWw v

(4.9) 20 (w) = §(w) for w e W.
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We observe that
(4.10) L (vLw) = v’ (L)w for v,we W,

for any difference-reflection operator L.

DEFINITION 4.2.1. The nonsymmetric Ruijsenaars-Etingof procedure is defined by

(4.11) RE’(L) := lim »°(L), RE°(F):= lim »°(F),

k—o0 k—o0

where k, € Z, and k — oo means that k, — oo for all v € vg; equivalently, ¢, — 0.

This limiting procedure was defined in [15] for the root system Aj.

4.3. Calculating the limit

Recall that we assume |q| < 1. We also take k, € Z, in this section.

The global nonsymmetric difference Whittaker function is defined as
(4.12) Q(X,A) := RE°(G(X,A)).
The following proposition justifies the existence Q(X, A).

PROPOSITION 4.3.1. The limit, as k — oo, of the series F‘ipk(E(X,A;q,t)) exists;

here Z(X, A; q,t) is the series from (3.6). Accordingly,

:Yv(l) (bb)/2 “b\4Y) Eb
(4.13) QX,A) = — E q E b X —b_ Cu,s
Te N hep Eb’Eb weW

where (1) == 3", pq"Y/? and ay,, is the limit, as all t, — 0, of the coefficient of

X_wy n Ey. In particular, one has ay,, € Z[q] and gt = 1, apja = Opyp_-

PrROOF. First, one has

0(XpTopy) ()™ = g2 (3,) 1 6(0-y,),
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as operators. (Due to the W—invariance of 7,, we omit ¢ here.) Using (3.5), we arrive

that factor (1) in (4.13). It now suffices to consider the limit of
¢ "I, (o( By (X)),

or, equivalently, the limit as ¢, — 0 of

(4.14) g =PI T, (wN(E})) Gy for all we W.

Using (2.15) and Proposition 2.4.4, one sees that this limit exists and has the form

apw X—p_ Gu for ap,, as claimed. By (2.15), E_g‘ = (EZ)* Hence Corollary 2.4.5 implies

that ap. € Z[q]. O

REMARK. Alternatively, one can set

~ (z,2)
2
(X, A) = G(x, A2

Y(gP*)q

Q'(X,\) = RE°(G'(X, M),

(P-PE)
2

and take Rk, — oo for complex k,. Then %q<zém)Q(X, A) = (X, A). Using G’ instead

of G somewhat simplifies the calculation of the limit and does not influence the corre-

sponding operators acting on this function (which are studied below), since %q(xéz) is

—

W —invariant.

4.4. Main theorem

We now come to our main result, a counterpart of Theorem 3.2.1 for the global
nonsymmetric Whittaker function Q(X, A). Recall the definition of the algebra 7 from

Definition 2.4.1 and the anti-involution ¢ from (1.39).

THEOREM 4.4.1. (i) The operators RE°(H¥) acting in F(W,V) are well defined for

H € 1. For instance, the following operators are well defined:

(4.15) Y, := RE’(Y,), X,:=RE’(X,) for X,:=V?% =tt+r")X,

T, == REX(T}) for i >0, T,:= RE(TY), #,:= RE’(x?) for re O
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(ii) The function Q(X, ) satisfies

(4.16) 7(QX,A)) = TN QUX,A)) for €O,

(4.17) Ty QX A)) = THUX,A)) for 0<i<n,
and the following relations corresponding to (3.10):
(4.18)  Yu(QUX,A) = A 'Q(X,A) and Yo(QUX,A)) = X_oQ(X,A) for a€P.

(iii) Let f(q°) := f,-1(q°) for any f =" cw fuCw and c € P. Then

B o n oo 1
(4.19) A N =EMN]]]] —
g Sl
Equivalently, one has (where x* = (x,z))
_ Ey(A) - LR |
(4.20) g2 28 =5, Ee(A) N
2 By =

PROOF. Chapter 5 is devoted to a direct and constructive proof of (i). We also
sketch an indirect proof of (i) in the remark below. Assuming that (i) holds, (i) and
(i77) are direct consequences of Theorem 3.2.1 and Proposition 4.3.1. For (7i7), one uses

the formula for Ey(¢~**) from [11, (3.3.16)]. O

We call the operators Y, (b € P) the Toda-Dunkl operators.

REMARK. The existence of (X, A), which was demonstrated in Proposition 4.3.1,
provides an indirect proof of Theorem 4.4.1(i). Let us sketch this argument for the

operator Y,. One uses (3.10) as follows:

Yilg 50 B2 (X) (7)) = (V(G(X, A)) BE(A) Ay o (M),

(4.21) = (AT G(X, A) EZ(A) A p1o(A)).
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Applying »° and taking ¢, — 0, the right-hand side of (4.21) is well defined. It follows

that the action of RE°(Y;) is well defined on

(P>PR) %)

RE* (¢~ 5 EX(X) (7)) = (D ew Xoeo Gu) ()"

In general, one obtains that the action of the operators from (i) are well defined when
they are applied to linear combinations of X3, (7,)~! for regular b € P, and w € W.
The operators »°(H¥) for H € 74 have rational coefficients; nevertheless, this property

is sufficient to see that their coefficients are well defined in the limit ¢, — 0.

4.5. Symmetrization

The symmetric Whittaker function W(X, A) from (3.17) is the symmetrization of
Q(X,A). More precisely, one has
(4.22) SOWV(XA)) = Y Tu(QXA) = Y Tu(QX, A
weW weW
In particular, all W—components of the right-hand side coincide; see also (5.26) below.

Explicitly, one has

) s oo K - Ey(A)
WD = vwwlgg e T - )

We recall that E, is W—invariant! for b € P_, by Proposition 2.4.3.

For ¢ € P_, one has

which is equivalent to

(b—c)2/2E (A) . n oo 1

q b ~

(4.23) > = — =3 E.M[]]] y
ier T T2 70— g)) e ]

L For b € P_, E} coincides with the symmetric Macdonald polynomial Py(t, = 0).
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We observe that formula (4.23) results from (4.20). Indeed, when ¢ € P_, one has u, = id
and the coefficient a; -1 is nonzero only for b € P_; in this case, one has ayjq = 1 and

hence the summation in (4.23) ranges over b € P_.
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CHAPTER 5

Toda-Dunkl operators

Our main aim in this chapter is to provide a direct and constructive proof of the
existence of the operators from Theorem 4.4.1. We also consider symmetrizations of
the Toda-Dunkl operators. In Proposition 5.4.1, we show that these symmetrizations
coincide with RE limits of the symmetric operators Ly from (1.48). Finally, at the end
of the chapter we provide some explicit examples of the Toda-Dunkl operators for the

root systems Aq, Ag, and Bs.

5.1. Preparations

Recall the explicit description of Y; in terms of G given by (1.43), (1.44), and (1.45).

Recall that G§ = ;/ng and

(5.1) YE) =T, ngln(sz) . ngln(Q)a

where the €, are given by (1.35).
Given u € W and a reduced expression u = s;, - - - 55, form A\(u) = {a!,. .., a'} using

(1.20) and write s' = s,:. We will consider products of the form
(5.2) AGL,,--GL,), for 1<r<p<l,

and similar products for G; We expand such products by choosing from each Gcf either



For any f € F(W,Q,+(X)), w € W, and v € vg, we define ord;,(f) to be the order

of the w-component f, with respect to t,. For instance, if & = [a, 1/,j], then

;

0, if w™(a) >0,
(5.3) ordy, (< (fz)) =

Ov, fw (a) <0,

0, if w™(a) >0,
(5.4) ordy, (5’ (9a)) =

—(pY,w ), if wH{a)<O.

The second line in (5.3) follows from the fact that (p),w'(a)) # 0 for all w € W
provided v = v,.

For any f,g € F(W,Q,.(X)) and w,v € W, one has

(5:5) ord, (fg) = ord,,(f) + ord, (9),
(5.6) ord!,(5(v) f) = ord’-1,,(f),
due to (4.1).

For f e F(W,Q,+(X)) and w,v € W, we define
(5.7) ord” (fv) := ord’(f), Yord’ (v f) :=ord’(f).

The following proposition will be our main tool in the proof of the existence of the

Toda-Dunkl operators }7},

PROPOSITION 5.1.1. Let w € W, choose a reduced expression u = s;, ---s;,, and let
I1<r<p<l

(i) The ord’, of any product in the expansion of °(GL, --- GL.) is bounded below by

ordy, (5 (far -+ far))-
(ii) The ord”, of any product in the expansion of °(G*,. -G

by ord” (5 (far =+ foar))-

+

Top) 18 bounded below
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(iii) The Yord, of any product in the expansion of 3 (G, - - G is bounded below
by ordy, (5 (far -+ far))-

(iv) The Yord’ of any product in the expansion of %5(@;”- e G’:ap) 15 bounded below

by ord” (5 (far -+ foar)).

PrROOF. We will prove (i) only; the other statements can be proved by similar argu-

ments. The proof is based on the following lemma.

LEMMA 5.1.2. Let w € W and choose a reduced expression w = s;,---s;,. Then for

any l >1>1r>1, one has

(5.8) ord’, (3¢ (Gas fsi(ai-1y ** * fsitary)) = 0rdl (3 (fai -+ far)), where s':= s,

PROOF OF LEMMA 5.1.2. Write @ = o' (so s, = s') and take 3 = o for any

i >k >r. Using (5.3), one has

ord” (#(fs)) < Ofdzj(%(;(fsfx(ﬂ)))

unless

(5.9) v=ug w (B)<0, and w'(s.(B)) > 0.
An equivalent description of (5.9) is

(5.10) ord?, (5 (f5)) = 1 and ord?,( (f,.(5))) = 0,

Assuming (5.9) holds, there are two cases to consider: either w™(a) > 0 or w™!(a) < 0.

Suppose w(a) > 0. Then ord” (5°(g,)) = ord”, (»°(f,)) = 0. If (5.10) occurs, then
one must have (5, ) < 0. Hence s,(f) belongs to A(u) and by Lemma 1.2.1, one has
so(B) = o’ where i > j > k. Therefore, the application of s, to the product fui—1 -+ fur
reverses the positions of the factors f;, s and fg for all pairs {3, s.(3)}, where /3 satisfies
(5.10); the ord?, of any other factors in this product can only increase upon the application

of s,. This proves (5.8) when w™!(a) > 0.
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It remains to consider the case when w™!(a) < 0. We note that w™'(s.(8)) =

Sw-1(a) (W™ (B)). By (1.26), one has
(5.11) L(Sw-1(a)) < —2(pY,w @) = Sy -

(The only case when (5.11) is not an equality is v, = Vg and v = vgy.) Combining this

with (5.4) and (5.3) yields

(5.12) Ordfu(%a(ga)) > Ordz,(%é(fa)) . lu(Sw—l(a2)) — 5,,7,@'

Using Lemma 1.2.1(i7), one sees that

lu(sw—l(a)) - 51/,1/&
2

is the maximum possible number of § satisfying (5.9). In other words, (5.12) compensates
for all drops in the order coming from (5.10) when applying s, to the product fui-1 -+ for.
This establishes (5.8). O

Now we return to the proof of Proposition 5.1.1(7). We argue by induction on the num-
ber of factors of the form g, s, chosen to form a particular product in the expansion—the
base case being the product when no such factors are chosen, i.e., P? := 3¢(fap - - - far).

Let us first consider some particular cases. Suppose that just one factor of the form

Ja S, SAY Gui 8%, is chosen. In other words, take the product
Pi = %6(f04p T fa”l Jai s’ faFl T fo/“)'
Due to (5.7),

ord” (P") = ord”, (3¢ (fap - - - fait1 Gai fsitai-1) - fsiary))
= ord}, (3 (far -+ faier)) + 0rdi (3¢ (gai fs,@i-1) -+ fi(am)s
Then (5.8) gives ord” (P?) > ord” (P?), as claimed.
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Now consider the case when two factors of g, s, are chosen:

(5.13) P i= 3 (far -+ faitt Goi 8 faimt -+ fartt Gas 0 fai—1 -+ far).
Due to (5.7),

ord?,(PY) = ord!y (32 (far -+ fares Gat Staty -+ - Foar)
(5.14) X Gsi(ad) [sisi(ai-1) " feisi(ar)))-

Apply (5.6) and (5.8) as follows:

ord”, (52 (yi(as) feisi(ai-1) ** Frisiar))) = 0tQ% 4 (3 (Gas Fsi(ai-1) -+ fsiar)))

> Ord:iw(%6<faj foej*1 e fa’")) = Ord;(%é(fsi(aj) fsi(oajfl) T fsi(ocr)»-

Returning to (5.14), one then has

(5.15) ord (P7) > ord’, (5" (far -+ * fai+1 Gai fei(ai-t) = * fi(ar)))

= ord” (P) > ord’ (P").
In general, for any decreasing sequence p > iy > 19 > -+ > i, > 7, We set
pitin im 58 (hy - hy),

where h; = g,: s* whenever i € {i1,...,%,,} and h; = f.: otherwise. The same reasoning

used to arrive at (5.15) shows that
(5.16) ord? (Pi-im) > ord? (Pi-in-1),

which gives the induction step. O

5.2. Limits of Dunkl operators

Now we are ready to prove the existence of the Toda-Dunkl operators.
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THEOREM 5.2.1. The operators Y, = RE°(Yy) exist for all b € P.

Proor. We will break the proof into steps, proving that 17}, exists for the following
choices of b:

(1) b=w, (re0),

(2) b equal to a short positive root,

3) b= —w, (re0),

(4) b equal to a short negative root.
These steps are sufficient to prove the theorem, because P is generated by () together
with the minuscule weights, and @) is generated by the short roots. For a proof of the
latter assertion, see [26, Exercise 6.9].

For (1) and (2), we consider first any b € P,. Write b = m,w = m,sj, - - 5, (Il = 1(b))
in W and form a2 (1 < p < [) from (1.20). Since b € Py, one has [,(b) = 2(b, p) and
Yo =T, =m1T}---Tj. Hence Y, = ¢~ CY20) N G+ Ggl Using (4.8), we can write

- Z g e T G (G- G,

weWw
We claim that
(5.17) EW) =Y gDy G s (fae o far)
weWw

is regular at ¢, = 0 for any b € P, . Indeed, one has
q (b, pr—w(px)) Ht (b, oy —w(py))

and the exponents (b, p! — w(p,/)) count the number of @ = [, v,j] € A\, (b) such that

w™(a) < 0. This follows from (1.21) and the following counterpart of (1.27):

(5.18) py—wp)= >, o

aer, (w=1l)

Hence the regularity of £9(Y;) is immediate from (5.3).
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(1) Let b = w, for r € O; recall that w, = mu,. Using Proposition 5.1.1, where we
take u = u,, the regularity of s°(Y,, ) follows from that of £(Y,, ).

(2) Suppose b = « is any short positive root. We use the following lemma.

LEMMA 5.2.2. For any short o € Ry, there exists a reduced expression
Sy = S5 0 Sjpsmsjp T Sh

such that o = s, - - 55, (9) for some 0 <1 < p.

PrROOF OF LEMMA 5.2.2. We can write ¢ = sj, ---s;, () by choosing o, ..., a;

r

such that

(sj, -85 (@),a) ) <0, 1<i<nr

Here we are using the characterization of 9 as the unique short root lying in P,. If
B € R, is not a simple root, then 0 < s;(f) < 8 for at least one i. Thus we can find

@150 and oy, such that a = s, -+ 55, (o) and
(5.19) (Sjipr - S5, (am), o) = =1, 1 <i<p.

These inner products must equal —1 because a,, is short. Hence ¢ = s;, - - - s;,(a,) and

p < (U,p") — 1. The expression sy = s;, -+ 5j,5mSj, - - - 8;, must be reduced, because
l(s9) = 1(0) = (s0) = 2(9,p") = L;
i.e., we must have p = (¢, p¥) — 1. O

Let sy = sj, -+ 8j,5mSj, "+ Sj be a reduced expression as in Lemma 5.2.2. Let [ =
I(s9) = 2p + 1 and construct A(sy) = {a!, ..., a!'} using this reduced expression.
Note that ¥ = spsy and () = I(sy) + 1. Accordingly, A(¥) = A(sg) U {[¥, 1]}.
Due to (5.19) and (1.34), one has
Yo= (T T Ty (T T, T, - T ).

J1
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Hence, for v = s, ---s;,, we can write
v Y=g G, é;l | G[TM] é;ﬁ e G;FT+1.
We note that by (4.10) one has

(0 Y, v) = v 0 (Y,) .

Hence it suffices to prove that »° (v Y, v) is regular at ¢, = 0.

By Proposition 5.1.1(3, éi7), it is enough to consider

q_(ﬁ’pk)%(s(foﬂ T fal 'y G[;’l] fozl T foz”‘l)'

We expand this product by choosing either fiy 1) or gps.1 S, from é’[fil]'
Choosing fy,1) from C';’E;’l], we arrive at £°(Yy), which is known to be regular at t, = 0.

Thus it remains to choose gy 1] Sj,1;- This yields

qf(ﬁ,pk)%%fa,ﬂ R fa1 gp9,—1] Sv fal Tt far“)?

where we have used that I'_y gjy.1) S9,1] = 9w, —1] S9. According to (5.7), when calculating

ord; , one must move sy to the right:

Sy (fal e 'fa’““'l) = (f—al to ffal_’")sﬂv

where we have used Lemma 1.2.4(iii). By (5.4), we need to show that

(9, 0)), if w™(J) > 0,
(520) Ordqu;(%(s(fa" o farfoar f—cxlfr)) >
(0, py +w(py)), ifw (V) <0,

for any 0 < r <p.

To this end, assume first that w=' () > 0. Clearly we have (where 4, , = 4,,,)

ord”, (3 (for -+ farfoar -+ foar)) = Z Oy
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For the remaining factors in the left-hand side of (5.20), one has
P
ordy, (56 (foaret ==+ foai=r)) Z Opp + D Oy
1=r+1
This can be seen as follows. First, a?*! = o and hence, by (5.3), ord’, (3¢ (f_ar+1)) = 6,.9.
Second, for each r + 1 < i < p, at least one of w™(a’) or w™(a!~*"!) must be positive.
This follows from Lemma 1.2.1(:7), Lemma 1.2.4(i74), and the assumption w'(J) > 0.

Therefore, altogether one has

p
(521) Ordz,(%é(fw U falf—al o ffal—r)) > 51/,19 + Z 5u,ai-
=1

Finally, using Lemma 1.2.4(7), one finds that the right-hand side of (5.21) is exactly
(0, p)-

Now assume w™ () < 0. One has

(5.22) ordl, (5 (foar -+ foat=r)) = D Oy
1<i<l—r
w1l (a?)>0
and

(5.23) ord, (3 (far - fa)) = Y Gy = > Oy

1<i<r l—r+1<4i<l
w™l(a?)<0 w™H(a?)>0

The inequality in (5.23) follows from Lemma 1.2.1(4¢), Lemma 1.2.4(4i7), and the assump-
tion that w=!(9¥) < 0. In particular, if w™'(a!~"1) > 0 for 1 < i < p, then necessarily
w(a’) < 0. Putting (5.22) and (5.23) together, one has
Ordfu(%(s(far"'falf—al "'f—al*T» > Z 51/,()#"
1<i<l
w1 (a?)>0

Finally, to get (5.20), we observe that

(5.24) py+wlp))= > a

a>0,va=v
w™Ha)>0
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and consequently (9, p¥ + w(pY)) is exactly the number of & € A\, (¢) with w=!(a) > 0.
Note that since w™(¥) < 0, such @ must belong to A, (sy) \ {V}.

This completes the proof of (5.20) and hence the proof of (2) as well.

REMARK. The relation T} 'Y;T; ! = Y;, ) from (1.34), which was used at the begin-
ning of (2), is valid only when (b, ) = 1. In particular, it does not hold for b = «a,, and

1 = m. In this case,

(5.25) T Yo, Tt =Y b (¢ =, YT

m am = m

One cannot use (5.25) to pass from Y, to Y, ! in a way that is compatible with the limit
t, — 0. Nevertheless, we can reach Ya_ml, along with all the operators corresponding to

negative short roots, by starting from Y; . This is carried out in (4) below.

Before (3) and (4), let us make some general remarks about Y_,, for arbitrary b € P,.
Write b = m,s;,---s;, (I = (b)) and construct A\(b) = {a',---,a'} using this reduced
expression. Then (—b) = 7, s, (j,) - * S, (jy), Which is a reduced expression.

For 1 <p <, let

B = —b(@ ") = 5m ) St e (O i)
so that A(—b) = {B*,---, 3'}. We can write

Y., = ¢ e, G,gl e Gé — G:al e G:al g P Ty,

Hence

%5(Y—b> _ %6(G— . G:az) Z q_(b1 prtw(pr)) | S Co-
weW

We claim that

) =(fea - foa) Z g~ pitw(on) Tw-1(5) G-

weW

57



is regular at ¢, = 0. The proof is similar to that for £°(Y;) from (5.17) that was given
before step (1). One uses (5.24) instead of (5.18).

(3) In the case of b = w, (r € O'), the regularity of »°(Y_;) is immediate from that
of £(Y_y), due to Proposition 5.1.1(ii).

(4) For b equal to any negative short root —a (o € Ry), the proof is similar to (2).

Use Lemma 5.2.2 to choose a reduced expression sy = s;, -+ 8;j,5,5j, -+ - 5, such that

5.+ (=0) = —a

T

for some 0 < 7 < p. Then, starting from Y; ' = T, 75", we use (5.19) and (1.34) to get

=T, Y, 'T;

Jio

Y !

55, (9) Y_

_ 1
oy = DT T T

Yafl =T - .leyﬁflle ...T

Jr*

Then the regularity of »°(Y_,) can be shown using Proposition 5.1.1(44, iv) as in (2).

The proof of Theorem 5.2.1 is now complete. a

5.3. Remaining operators

We consider the remaining operators from Theorem 4.4.1(3).

PROPOSITION 5.3.1. (i) The operator T; = RE(T¥) exists fori=0,...,n. Moreover,

(5.26) T,=RE'(T)= > Cul(si—1) for i>0.

weW s.t.
w1 (a;)<0
(ii) For any b € P,
(5.27) X, = RE(X,) = Z X, Cu-

weW s.t.
w (b)=b4
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(i1i) For anyr € O,

A= R ) = Y (Ko T 0= X0h) o)

weWw a€X(ur) s.t.
(w=!(a),p")=1
(528) + Z (Z fv,w Cw) v fOT' certain fv,w € QQ[X]

v<u;1 weW

PROOF. (i) Using »°(s;) = s; and (4.7), we readily arrive at (5.26) for i > 0. The

case of i = 0 is significantly more involved. We have o(Ty) = ty/ TUXE Write

S
S9 =8, -85, = S5, -85, (L =1(sy9)). Let of =55, ---5; _(a;,) € A(sg) for p=1,...,1
Now
(5.29) Ty =t T2 G G use X5

By Lemma 1.2.4(7), one has [, (sy) = 2(¢, p,) — 0,,9. Hence

t(l)/Q H t;lu(sﬂ)/2 — H t;(ﬁfp\u/)""au,ﬂ‘

Returning to (5.29), we have
(5.30) OTE) =5 (G - G2 ) D a0 X ) G s
weWw
By Proposition 5.1.1(iv),
Yord (s (G~ 1 - G 0)) > ord’y (3 (fogt -+ fowt)) = > Sar-
a€A(s9)N(R\A(w™1))

The claim now follows from (5.24), the description of the sets A, (9) from (1.21), and

¥ = sp89. The tgy factor in (5.30) accounts for the case when w='(dJ) > 0, because

A(sy) = A(9) \ {[V,1]}.
(#7) By definition, X, = ¢®+70) X;: hence

7 (Xy) = Z q(brwil(b)’p"')Xw—l(b) G-

weWw
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Now (5.27) follows due to the fact that by > w™(b) for all w € W.

(#ii) Recall that ¢(m, ') = X, T,-1. Let u, = s;,---s;, be a reduced decomposition.

Wyr Uy

Construct A(u,) = {a!,...,a'} using this decomposition. Then

@(77-7«_1) _ q—(wr,Pk)XwTG‘l' . G«—&- l u-l

_al _at Ur

We have used here that I, (u,) = [, (w,) = 2(w,, p,,). Hence

2 (p(rh) = (Z g~ (@ rtw(on)) X 1() Cw) %6(Gira1 . éj@) ut,
weWw

Now, by (5.24) and Proposition 5.1.1(i4), the limit RE°(¢(mw 1)) exists. Then (5.28)

follows readily. O

5.4. Symmetrization
Recall the definition of RE from (3.15) and the operators £; and L from (1.48).

PROPOSITION 5.4.1. For any f € Q,.[X]"V, one has
(5.31) RE°(Lf) = RE(Ly),

upon the restriction to F*(W,V), the space of W—invariants of F(W, V).

PROOF. By Proposition 1.3.2, RE°(L;) commutes with RE°(T}) from (5.26) for all

1=1,...,n. Now we have the following:

LEMMA 5.4.2. An element g € F(W, V) belongs to FS(W, V) if and only if T;(g) = 0

forallt=1,... n.

PRrOOF. Applying (5.26) to g = >, ey Jw Cw gives

ﬁ(g) = Z (Gsiw — Guw) Cw-

weW s.t
wt (O&i)<0

This vanishes provided g, = ¢, whenever w™'(a;) < 0; but the latter condition is

always met by exactly one of w, s;w. O
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It follows that RE’(Lf) preserves F°(W,V). Therefore, upon the restriction to
F2(W,V), this operator has the form Y wew L G for some fixed difference operator L.

By considering the id—component of RE°(Lf) one sees that L = RE(Ly). O

5.5. Examples

For the root system A;, one has

A~

Vo =120 ((Ga+ (1= X7)6) + (—Ga + X716 )
V=V = (0= X2Ga+ 68+ (Ga = X516 ) T2 s

in terms of the fundamental weight w and corresponding simple root « and simple reflec-

tion s. See (4.5) for the definition of I'!. Upon the restriction to F°(W,V),
Y, 4+ Y, = ((1 — XN, + F,w),

which is a special case of Proposition 5.4.1. See [15] and [16, 17] for a complete treatment
of the rank-one case, including a construction of the Toda-Dunkl operators in terms of
(sub-)induced nil-DAHA module in [17].

For the root system A,, one has

Vo =2, (
(Gia + (1= X2)Co + Coy + (1= X ) Corsn + (1= X0y + (1= X1 )Cor00s,) 1
H(=Gia + X5, G = Cor = (1= X2 )Corsr + X5, Corsasn) 51
+(Csp + X;11+a2(slsg — XC:lleQsl — Xc:11+a2Cs15251) 5182
(= (G Coa) + (1= XX G X+ X s Gorsans) 515251 ).
The operator }Afw is obtained by interchanging the indices 1 and 2 of w;, s;, and «; in the

above formula. The operators Y,,, are invertible (their inverses are Y_,,), and one has
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the following special case of Proposition 5.4.1:

~

Vo YL Y 4 Y, = (1= X, + (1= X2 )T b + Ty = RE(Lu,),

upon the restriction to F°(W,V); cf. (0.1).
For the root system B, with a; long and «s short, the fundamental weight ws is

minuscule, while w; = ¢ is not. One has

Y, =T, ((Cid + G+ (1= X2 (Coasy + Corsas)
(1= X (Coy + Corsn F Coasran + Corspanss)) id
+(—(Ga 4 Cor) + X (Cop + Corsasisa) — (1= X3 )Cors
—(1 = X ) o281 52
(G + (1= X ) Corsn + X0 Consr — Xa) Corsast
Xa11+a2(1 - X(;;)CstlsQ Xa11+a2C51325132) 8281
H(=(Cor +Cop) = (1= X)) Corso + X1 = X))oy
X0 g0, Casiss T X0 Corsasy) S25152
(= (Cor F Consn) + X2 Corsy + X (1 = X3 o150
F X 0 Corsasy — Xotan (1= X0 Corsasiss) S15281

-1 1
+<C51 - Xag CS182 a1+a2C515251 + Xa1+2a2C81525182) 51523132> .
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