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Abstract

JIANG CHEN: Some Topics in Large Deviations Theory for Stochastic Dynamical
Systems
(Under the direction of Amarjit Budhiraja)

In this dissertation, we study large deviations problems for stochastic dynami-
cal systems. First, we consider a family of Stochastic Partial Differential Equations
(SPDE) driven by a Poisson Random Measure (PRM) that are motivated by prob-
lems of chemical/pollutant dispersal. We established a Large Deviation Principle
(LDP) for the long time profile of the chemical concentration using techniques based
on variational representations for nonnegative functionals of general PRM. Second,
we develop a LDP for small Poisson noise perturbations of a general class of deter-
ministic infinite dimensional models. SPDEs driven by PRM have been proposed as
models for many different physical systems. The approach taken here, which is based
on variational representations, reduces the proof of the LDP to establishing basic
qualitative properties for controlled analogues of the underlying stochastic system.
Third, we study stochastic systems with two time scales. Such multiscale systems
arise in many applications in engineering, operations research and biological and
physical sciences. The models considered in this dissertation are usually referred to
as systems with “full dependence”, which refers to the feature that the coefficients of
both the slow and the fast processes depend on both variables. We establish a LDP
for such systems with degenerate diffusion coefficients.

The last part of this dissertation focuses on numerical schemes for computing in-
variant measures of reflected diffusions. Reflected diffusions in polyhedral domains are

commonly used as approximate models for stochastic processing networks in heavy
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traffic. Stationary distributions of such models give useful information on the steady
state performance of the corresponding stochastic networks and thus it is important
to develop reliable and efficient algorithms for numerical computation of such dis-
tributions. We propose and analyze a Monte-Carlo scheme based on an Euler type
discretization. We prove an almost sure consistency of the appropriately weighted
empirical measures constructed from the simulated discretized reflected diffusion to
the true diffusion model. Rates of convergence are also obtained for certain class of
test functions. Some numerical examples are presented to illustrate the applicability

of this approach.
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Chapter 1

Introduction

This dissertation contains two distinct parts. The first part, which is the main
part (including Chapter 2-5), concerns large deviation theory for stochastic dynamical

systems, while the second discusses a problem in stochastic numerics.

The theory of large deviations is concerned with the study of asymptotic expo-
nential decay rate of probabilities of “rare events”. In a typical setting, one is given
a sequence of random variables {X,,} with values in some Polish space (€, d) which,
as n — oo, converges to a non-random limit x € £. The main problem of interest is
to obtain precise upper and lower asymptotic bounds (as n — oo) on probabilities of
deviations of X,, from its limit value z, e.g. on quantities such as P(d(X,,z) > «).
A systematic treatment of this asymptotic study is given by establishing a Large De-
viation Principle (LDP) which gives precise exponential decay rates for probabilities

of the above form in terms of a suitable rate function.

The first part of this dissertation studies large deviation results for certain fam-
ilies of stochastic dynamical systems with jumps. Many models in probability and
stochastic dynamics are given in terms of noise processes that are described in terms
of Poisson random measures (PRM) and/or Brownian motions (BM). A promising
approach based on certain variational formulas to treat large deviation problems for
such stochastic systems has been initiated in [18]. These variational formulas are the
starting point of my work. We collect these formulas together with other background

results in Chapter 2.



We study two sets of applications of the variational representations of [15] to large
deviation problems for stochastic systems. The first is to the study of small noise
stochastic partial differential equations (SPDE) with Poisson noise. This is contained
in Chapters 3 and 4 of the dissertation. A family of SPDE motivated by problems
of chemical/pollutant dispersal is discussed in Chapter 3. In Chapter 4, we studied
a rather general family of SPDE models driven by PRM, and established a large
deviation result. The second application, studied in Chapter 5, concerns stochastic
averaging problems for two time scale stochastic differential equations (SDE) with

full dependence.

Although now there are many papers that treat large deviation problems for
SPDEs driven by Gaussian noises (see [15] and references therein), there are almost no
results available that systematically cover the setting of SPDEs with jumps. SPDEs
driven by PRM have been proposed as models for many different physical systems,
where they are viewed as a refinement of a corresponding noiseless partial differential
equation (PDE). For example, they have been used to develop models for neuronal
activity that account for synaptic impulses occurring randomly, both in time and at
different locations of a spatially extended neuron. Other applications arise in chemical
reaction-diffusion systems and stochastic turbulence models. We are interested in
the study of probabilities of deviations of the stochastic PDE from the associated
deterministic PDE. A systematic framework for such a study is through the theory

of large deviations. This is the topic of Chapters 3 and 4 of the dissertation.

In Chapter 3, we consider a family of SPDE driven by a Poisson random mea-
sure that is motivated by problems of chemical/pollutant dispersal. These equations
(taken from [52]) are stochastic versions of well studied convection-diffusion equa-
tions from hydrology literature for spread of a contaminant in a reservoir. We are

interested in the long time profile of the contaminant concentration. In particular, we



study the probability of deviations from the nominal behavior determined by the law
of large numbers. The model is treated separately in two settings according to values
of a parameter in Section 3.3 and Section 3.4 respectively. In both cases, estimates
on probabilities of deviations are obtained by establishing a suitable large deviation

principle.

In Chapter 4, guided by the particular problem in Chapter 3, we develop the large
deviation theory for small Poisson noise perturbations of a general class of determin-
istic infinite dimensional models. In typical settings, the solutions of these stochastic
evolution equations are not smooth. In fact in many applications of interest they
are not even random fields (that is, function valued), and therefore an appropriate
framework is given through the theory of generalized functions. In this chapter, we
extend the approach based on variational representations [18] that has been very suc-
cessful for obtaining large deviation results for infinite dimensional systems driven
by Brownian noises to SPDE models driven by PRMs. As in the Brownian case the
focus here is on the small noise problem, which in the Poisson setting means that the
jump intensity is O(e™!) and jump sizes are O(e), where € is a small parameter. We

consider a rather general family of models of the form

X, = X5+/ A(s, X5) ds—l—e/ / s, X5, “dsdv), (1.0.1)
where N¢ ' is the compensated PRM, associated with a PRM N¢ ' on [0, T] x X with

a o-finite mean measure ¢ 'Ar ® v, where Ar is the Lebesgue measure on [0, 7] and

v is a o-finite measure on the locally compact space X.

As noted previously, a key issue with a Poisson noise model is the selection of
an appropriate state space, since there is little spatial regularity. However, many
of these foundational issues have been satisfactorily resolved in [52], where pathwise
existence and uniqueness of SPDE of the form (1.0.1) are treated under rather general

conditions. We find that the estimates developed in [52] for establishing the well-



posedness of the equation are precisely the ones that are key for the proof of the
large deviation result as well. We provide verifiable conditions on the model data
in (1.0.1) under which a large deviations principle holds. The paper based on this
chapter (joint work with A. Budhiraja and P. Dupuis) has appeared in Stochastic

Processes and their Applications [11].

Chapter 5 is devoted to stochastic systems with two time scales. In this chapter,
we study large deviation properties of stochastic differential equations with coeffi-
cients that are governed by rapidly oscillating pure jump processes. Such systems
arise in a variety of applications from stochastic networks, mathematical finance,
stochastic control and optimization; see for example [88] and references therein. The
precise mathematical model consists of a two component Markov process (X€, Y¢)
with values in G = R? x L, where L is a finite set which without loss of gener-
ality we take to be a finite additive group, and ¢ > 0 is a small parameter. The
process X¢ between consecutive jumps of Y is a diffusion with coefficients b(z, y)
and a(z,y), and Y is a pure jump process described in terms of the jump intensity
function ¢(x,y) and the transition probability kernel R(z,y,dy). More precisely, if
(X<(0),Y<(0)) = (z,y) € RYx L, denoting by 7 the first jump instant of Y, on [0, 7),

the process X ¢ satisfies
AX(t) = b(X(t),y)dt + Vea(X(t),y)dW (t),

where W is a d dimensional Brownian motion. Furthermore,

P(r>t| o{X(s),5 < t}) = exp {—1 /Ot c(Xf(s),y)ds}

€

and
PYr)edy| X(r—) =2,Y(r—) =y) = R(z,y,dy).

Thus the pair (X€ Y*¢) describes a jump-diffusion, where the diffusion component

(i.e. X¢) has “small noise” while the jump component Y has jumps at rate O(1/€).



It is well known (cf. [73]) that as e — 0, X¢ converges to the solution of an ODE
i = b(z), where for fixed x, b(x) is given in terms of the invariant distribution of
a L valued Markov process whose jump intensity function and transition kernel are
c(x,-) and R(x,-,-) respectively. In this chapter we establish a LDP for {X ¢} as
€ — 0. One of the key challenges, particularly in the proof of the lower bound, is to

handle the possible degeneracy of the diffusion coefficient.

Starting point of our analysis is a representation for the pair (X¢, Y) through a

stochastic evolution equation given in terms of a suitable Poisson random measure.

dX“(t) = b(X(t),Y(t))dt + v/ea(X (), Y(£))dW (), X(0) = mo;

dY<(t) = / o K(XE(), Y(t), P)NY(dr x dt), Y(0) = yo.

The function k and the intensity of N'/¢ are of course related to the functions c(-, )
and R(-,-,-). This representation enables us to use the variational formulas for func-
tionals of Brownian motion and PRM obtained in [18]. Using techniques from the

theory of weak convergence and stochastic averaging, we then establish a LDP for

{Xe}e>0-

The second part of this dissertation consists of Chapter 6, in which we study a
numerical scheme for invariant distributions of constrained diffusions. Constrained
diffusion processes in polyhedral domains have been proposed as approximate models
for critically loaded stochastic processing networks. Many performance measures for
stochastic networks are formulated to capture the long term behavior of the system
and a key object involved in the computation of such measures is the correspond-
ing steady state distribution. There are now several results that prove, for certain
generalized Jackson network models, the convergence of steady state distributions of
stochastic networks to those of the associated limit diffusions. Indeed, one of the

main motivations for introducing diffusion approximations in the study of stochastic



processing systems is the expectation that diffusion models are easier to analyze than
their stochastic network counterparts. Then an important question is how to compute
the stationary distribution of reflected diffusions. Classical results of Harrison and
Williams [48] show that under certain geometric conditions on the underlying prob-
lem data, stationary densities of reflected Brownian motions have explicit product
form expressions. However, once one moves away from this special family of models

there are no explicit formulas and thus one needs to use numerical procedures.

The objective of this chapter is to propose and study the performance of one such
numerical procedure for computing stationary distributions of reflected diffusions in
polyhedral domains. We propose and analyze a Monte-Carlo scheme based on an
Euler type discretization of the reflected SDE using a single sequence of time dis-
cretization steps which decrease to zero as time approaches infinity. Appropriately
weighted empirical measures constructed from the simulated discretized reflected dif-
fusion are proposed as approximations for the invariant probability measure of the
true diffusion model. Almost sure consistency results are established that in par-
ticular show that weighted averages of polynomially growing continuous functionals
evaluated on the discretized simulated system converge a.s. to the corresponding
integrals with respect to the invariant measure. Proofs rely on constructing suitable
Lyapunov functions for tightness and uniform integrability and characterizing almost
sure limit points through an extension of Echeverria’s criteria for reflected diffusions.
Regularity properties of the underlying Skorohod problems play a key role in the
proofs. Rates of convergence for suitable families of test functions are also obtained.
A key advantage of Monte-Carlo methods is the ease of implementation, particularly
for high dimensional problems. A numerical example of a eight dimensional Skorohod
problem is presented to illustrate the applicability of the approach. The paper [12]
based on this chapter (joint work with A. Budhiraja and S. Rubenthaler) is currently

under revision for Mathematics of Operations Research.



Chapter 2

Preliminaries

The theory of large deviations is concerned with the study of asymptotic expo-
nential decay rate of “rare events”. Consider for example, a Poisson process on a
probability space (€2,.%,P) with constant rate 7. By law of large numbers, we know

that, for each t > 0, %”t)

— ~t, a.s., as n — oo. This in particular implies that
IP’(|% —t| > €) — 0, for ¢ > 0. Theory of large deviations gives us detailed

information about the rate of this convergence. In particular, it can be shown that

N(nt)

P(| — t| > €) ~ e 0at=dbtrec)}

where I : R, — [0, 00] is the, so called, rate function given as (see [33])
t
1= ot g 1ons(s) - o66) + s
g:f(;t ~vg(s)ds=z 0
and I(F) = inf,cp I(x), for a Borel set F¥ C R;. The infimum is taken over mea-
surable maps ¢ : [0,t] — R,. Such an estimate is obtained by establishing the

so called “Large Deviation Principle” (LDP) for the collection of random variables

{ N (nt)

n

}nen, a precise definition of which is given in Section 2.1. A LDP in fact yields
similar estimates for a more general family of sets than unions of intervals. One
can similarly establish a LDP for the family of D([0,7] : R, ) valued random vari-
ables {N"},en = {@ : t € [0,T)}nen with a corresponding rate function. Here
and throughout, notation not introduced in the chapter can be found in the list of
notation and symbols on page x. A well known result in the theory of large devia-

tions, known as the Contraction Principle, says that, if a family of S valued random



variables {X"} satisfies a large deviation principle with rate function I, and f is
a continuous map from S — S’ (here S and S” are Polish spaces), then {f(X™)}

satisfies a large deviation principle with rate function J, where

Jy)=inf{I(z):x € f ' (y)}, yes.

This result along with the LDP for N™ tells us that continuous functionals of the
scaled Poisson process N™ obey a LDP. Many models in probability and stochastic
dynamics are built in terms of functionals of Poisson random measures (PRM) and/or
Brownian motions (BM). However, frequently the functionals of interest are not con-
tinuous. Furthermore in many situations the functionals may depend on the scaling
parameters and hence one needs to handle a sequence of functionals. A promising
approach based on certain variational formulas to treat large deviation problems for
a family of stochastic dynamical systems driven by PRMs and /or Brownian motions,
has been initiated in [15]. These variational formulas described in Section 2.2 will be

the starting point of our work.

2.1 Large Deviation Principle and Laplace Principle.

Let {X¢ e > 0} = {X} be a family of random variables defined on a probability
space (£2,.%,P) and taking values in a Polish space (i.e., a complete separable metric
space) €. Denote expectation with respect to P by E. The theory of large deviations
is concerned with events A for which probabilities P(X € A) converge to zero expo-
nentially fast as € — 0. The exponential decay rate of such probabilities is typically

expressed in terms of a “rate function” I mapping £ into [0, 0o].

Definition 2.1.1 (Rate function). A function I : £ — [0, o00] is called a rate function
on &, if for each M < oo the level set {x € £ : I(x) < M} is a compact subset of £.

For A € B(E), we define I(A) = inf,c4 I(z).



Definition 2.1.2 (Large deviation principle). Let I be a rate function on £. The
sequence {X¢} is said to satisfy the large deviation principle on &, as € — 0, with

rate function [ if the following two conditions hold:

1. Large deviation upper bound. For each closed subset F' of &,

limsupelogP(X® € F) < —I(F).

e—0

2. Large deviation lower bound. For each open subset G of £,

limiglfelog]P’(X6 €G)>-I1(G).
e—

If a sequence of random variables satisfies a large deviation principle with some
rate function, then the rate function is unique. In many problems one is interested in
obtaining exponential estimates on functions which are more general than indicator

functions of closed or open sets. This leads to the study of the Laplace principle.

Definition 2.1.3 (Laplace principle). Let I be a rate function on €. The sequence
{X<} is said to satisfy the Laplace principle upper bound (respectively lower bound)

on &, as € — 0, with rate function I if for all h € Cy(E),

e—0

limsup elog E {eXp {—%h(Xﬁ)]} < —inf{h(z) + I(2)},

and, respectively,

liminf clog B {exp {_%h(m} } > _inf{h(z) + I(2)}.

zel
Laplace principle is said to hold for {X¢} with rate function [ if both the Laplace

upper and lower bounds are satisfied for every bounded continuous function h.

One of the main results in the theory of large deviations is the equivalence between
the Laplace principle and the large deviation principle. For a proof we refer the reader

to Section 1.2 of [33].



Theorem 2.1.1. The family { X<} satisfies the Laplace principle upper (respectively
lower) bound with a rate function I on &€ if and only if {X} satisfies the large
deviation upper (respectively lower) bound for all closed sets (respectively open sets)

with the rate function I.

2.2 Infinite Dimensional Brownian Motions and Poisson Ran-

dom Measures.

In this work we are primarily interested in large deviation behavior of stochas-
tic dynamical systems driven by a Brownian motion (possibly infinite dimensional)
and/or a Poisson random measure (PRM). Key ingredients in our proofs will be
certain variational representations for nonlinear functionals of infinite dimensional
Brownian motions and general PRM’s [14, 15, 18]. Using such variational represen-
tations, general large deviation principles have been developed in [15, 18], which will
be the starting point of our study. In this section, we summarize the variational

representations and large deviation results from [15, 18].

2.2.1 Infinite Dimensional Brownian Motions and a Varia-

tional Representation.

Let {f;}2, be an infinite sequence of independent, standard, one dimensional,
{#;}-Brownian motions given on the filtered probability space (2,.7,P,{%#}). We
denote the product space of countably infinite copies of the real line by R*. Endowed
with the topology of coordinate-wise convergence, R* is a Polish space. We will
consider the Brownian motions on a fixed finite time interval [0, 7']. Then g = {§;}2,
can be regarded as a random variable with values in the Polish space C([0,T] : R*)

and it represents the simplest model of an infinite dimensional Brownian motion.

10



We call a function f: [0,7] x Q — R elementary if there exist a,b € [0,T],a < b,
and a bounded {.%, }-measurable random variable X such that f(s,w) = X (w)1(/(s).
A finite sum of elementary functions is referred to as a simple function. We denote
by .7 the class of all simple functions. The predictable o -field & on [0, T] x € is the
o -field generated by .. For a Hilbert space (H, (-,-)), a function f : [0,7] x Q — H
is called an H valued predictable process if it is & /B(H) -measurable. Let Z5(H)
be the family of all H valued predictable processes ¢ such that fOT l|p(s)|]?ds < oo
a.s., where || - || is the norm in the Hilbert space H. We denote by [y the Hilbert

space of real sequences a = (a;) satisfying ||a||* = Y 0, a?

< 00, with the usual inner
product. Note that in the case H = ly, u € Po(H) = Ps(la) can be written as

w={u;}2, , where u; € Z5(R) and ) .2, fOT lu;(s)]?ds < oo a.s.

The following variational representation for functionals of an infinite dimensional

Brownian motion is taken from [15] (see also [14]).

Theorem 2.2.1. Let f € M,(C([0,T] : R*)). Then,

g9 = nt (3 [ s+ s (54 [ asas)).

u€ P (l2)

This result and its variants have been used in several studies of large deviations
for small noise stochastic dynamical systems [5, 15, 17, 23, 30, 31, 61, 63, 69, 71, 74,
81, 86, 89, 90].

2.2.2 Poisson Random Measure and a Variational Represen-

tation.

Let X be a locally compact Polish space. Let M rc(X) be the space of all measures
v on (X, B(X)) such that v(K) < oo for every compact K in X. Endow M p¢(X) with

the weakest topology such that for every f € C.(X) (the space of continuous functions

11



with compact support), the function v — (f,v) = [; f(u)dv(u), v € Mpc(X) is
continuous. This topology can be metrized such that Mpc(X) is a Polish space (see
e.g. [18]). Fix T' € (0,00) and let X¢ = [0,7] x X. Fix a measure v € Mg (X), and

let vp = Ay ® v, where A7 is Lebesgue measure on [0, T7.

We recall that a Poisson random measure n on X7 with mean measure (or intensity
measure) vy is a Mpe(Xr) valued random variable such that for each B € B(Xr)
with vp(B) < oo, n(B) is Poisson distributed with mean vp(B) and for disjoint
By, ..., By € B(Xr), n(By), ...,n(By) are mutually independent random variables (cf.
[49]). Denote by P the measure induced by n on (Mpc(Xr), B(IMpc(Xr))). Then
letting M = Mpc(Xr), P is the unique probability measure on (M, B(M)) under
which the canonical map, N : Ml — M, N(m) = m, is a Poisson random measure with
intensity measure vp. With applications to large deviations in mind, we also consider,
for 6 > 0, probability measures Py on (M, B(M)) under which N is a Poisson random
measure with intensity fvy . The corresponding expectation operators will be denoted
by E and Ey, respectively. We now present a variational representation, obtained in
(18], for —logEg(exp[—F(N)]), where F' € M,(M), in terms of a Poisson random

measure constructed on a larger space. We begin by describing this construction.

Sometimes, the analysis of large deviation properties for a process is simplified
considerably by a convenient control representation for the exponential integrals ap-
pearing in the Laplace principle. In contrast with the case of Brownian motion, the
formulation of a useful representation is not immediate for Poisson noise. With a
Poisson random measure, one needs a control that alters the intensity at time ¢ and
for jump type z from that of the underlying PRM to essentially any value in [0, 00)
in a non-anticipating fashion. To accommodate this form of control, we augment the
space of jump times and jump types by a variable r € [0, 00), and consider in place

of the original PRM one whose intensity is a product of vy and Lebesgue measure on

12



r. The desired jump intensities can then be obtained by “thinning” this variable.

More precisely, we let Y = Xx [0, 00) and Y7 = [0, T]x Y. Let M = Mpc(Yr) and
let P be the unique probability measure on (M, B(M)) under which the canonical map,
N : M — M, N(m) = m, is a Poisson random measure with intensity measure vy =
AT ® V ® Ao, With Ao, Lebesgue measure on [0, 00). The corresponding expectation
operator will be denoted by E. Let F; = o{N((0,s] x A) : 0 < s <t, A € B(Y)},
and let F; denote the completion under P. We denote by P the predictable o-field
on [0,T] x M with the filtration {F; : 0 < ¢ < T} on (M, B(M)). Let A be the class
of all (P ® B(X))/BJ0, 0o)-measurable maps ¢ : Xy x Ml — [0, 00). For ¢ € A, define

a counting process N¥ on Xp by

N((0,4] x U) = / / Lowtewy (NN (dsdedr), ¢ € [0,T),U € BX). (2.2.1)
(0,e]xU J(0,00)

N¥ is then the controlled random measure, with ¢ selecting the intensity for the
points at location z and time s, in a possibly random but non-anticipating way.
When ¢(s,z,m) = 0 € (0,00), we write N = N% Note that N’ has the same
distribution with respect to P as N has with respect to Py. Define [ : [0, 00) — [0, c0)
by

I(ry=rlogr—r+1, r€]|0,00).

For any ¢ € A the quantity

LT(go):/X l(p(t, z,w))vr(dtdx) (2.2.2)

is well defined as a [0, oo]-valued random variable. The following is a representation

formula proved in [18].

Theorem 2.2.2. Let F' € M,(M). Then, for 6 >0,

—logEg(e "™y = —log B(e TN = inf E [0Lr(p) + F(N?)] .

1
e
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2.2.3 Representations for Functionals of both a PRM and an

Infinite dimensional BM.

One can combine Theorems 2.2.1 and 2.2.2 to obtain variational representations
for a joint functional of a BM and a PRM. We begin by constructing a suitable
probability space. As before, denote the product space of countable infinite copies of
the real line by R*, and recall that with the topology of coordinate-wise convergence
R is a Polish space. We denote the Polish space C([0,7] : R*) by W and denote
by V the product space W x M. Let V = W x M. Abusing notation from Section
222, let N : V — M be defined by N(w,m) = m, for (w,m) € V. The map
N :V — M is defined analogously. Let 8 = {3;}32, be coordinate maps on V defined
as Bi(w,m) = w;. Analogous maps on V are denoted again as 8 = {f3;}2°,. Define
Gy = o{N((0,s] x A),Bi(s) : 0 < s <t Ae B(X),:>1}. For § > 0, denote by Py

the unique probability measure on (V, B(V)) such that under Py:

1. {B;}52, is an i.i.d. family of standard Brownian motions.
2. N is a PRM with intensity measure fvyp.

3. {Bi(t),t € [0, T]}, {N((0,t] x A),t € [0,T]} are G,-martingales for every i > 1,
and A € B(X) with v(A) < oc.

Define (P, {G,}) on (V,B(V)) analogous to (Pg, {G;}) by replacing (N, fvs) with
(N, ) in the above. Throughout we will consider the P-completion of the filtration
{G;} and denote it by {.%;}. We denote by P the predictable o-field on [0,7] x V
with the filtration {% : 0 < t < T} on (V,B(V)). Let A be the class of all
(P®B(X))/B[0, 00) measurable maps ¢ : X7 x V — [0, 00). For ¢ € A, define Ly (y)

and the counting process N¥ on Xp as in Section 2.2.2.
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As in Section 2.2.1, we define Ps(ly) = P, as

Py = {¢ = {1 }32, : ¢y is P/B(R) measurable and /T |1 (s)|[2ds < oo, a.s.IP} :
0

and set U = P, x A. For o € P, define Ly(p) = %fOT | (s)]|*ds and for u =
(1, p) € U, set Lp(u) = Lp(p) + Ly(¥). For 1 € Py, let ¢ = (B7) be defined as
BY(t) = Bi(t) + fg Yi(s)ds, t € [0,T], i € N. The following result is taken from [18].

Theorem 2.2.3. Let F € My(V). Then, for 6 >0,

—logEg(e FOM) = _1og B(e FEN)) = inf _E[eET(uHF(ﬁW,N%].
u=(p)eU

2.3 Some General Large Deviation Results.

In this section, we summarize the main large deviation result of [18] that is ob-

tained as a consequence of Theorem 2.2.3.

Let {G}c>0 be a family of measurable maps from V to U, where U is some Polish

space. We will present below a sufficient condition for large deviation principle to

hold for the family Z¢ = G¢ <\/Eﬁ, eNEfl), as € — 0. Define
gN = {f e L2([0,T] : Io) : Lo(f) < N}.

Then SV is a compact subset of L2([0,T] : I,) with the weak topology on the Hilbert

space. We will throughout consider SV endowed with this topology. Also, let
SN ={g: Xy = [0,00) : Ly(g) < N}. (2.3.1)

A function g € SV can be identified with a measure v§. € M, defined by v4(A) =
[ 9(s,x)vr(dsdx), A € B(Xr). This identification induces a topology on SV, under
which SV is a compact space. The latter is essentially a consequence of the super-
linear growth of [ and the lower semi-continuity property of relative entropy, as is

shown in the following lemma.
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Lemma 2.3.1. For every N € N, {v4.: g € SV} is a compact subset of M.

Proof. One way to metrize the topology on M, described in Section 2.2.2 (making M
a Polish space), is the following. Consider a sequence of open sets {O;, j € N} such
that O; C Oj41, each O; is compact, and U2, 0; = Xr (cf. Theorem 9.5.21 of [72]).
Let ¢;(x) = [1 — d(z,O;)] vV 0, where d denotes the metric on Xp. Given any p € M,
let 19 € M be defined by [du/du] (z) = ¢;(x). Given p,v € M, let

[e. 9]

d(p,v) = Zz—j Hﬂ(j) _ VU)HBL’

J=1

where ||-|| 5, denotes the bounded, Lipschitz norm on Mp(Xr):

| u9 - ,,(j)HBL

—sup{ [ gau ~ [ g 110 < 1170 - £0)] < day) for il oy €% ).

It is straightforward to check that d(u,r) defines a metric under which M is a
Polish space, and that convergence in this metric is essentially equivalent to weak
convergence on each compact subset of Xr. Specifically, d(j,, 1) — 0 if and only if
for each 7 € N, ug ) 1Y) in the weak topology as finite nonnegative measures, i.e.,

for all f € Cy(Xr)

faud — [ fdp?.
X X

Let p,, = V3. We first show that {u,} C M is relatively compact for any sequence
{gn} C SN. For this, by using a diagonalization method, it suffices to show that
{ug )} C M is relative compact for every j. Next, since ug ) are supported on a
compact subset of Xp given as K7 = {z]p;(x) # 0}, to show {9} © M is relative
compact it suffices to show sup,, ,u%j ) (X7) < oo. The last property will follow from

L1(g,) < N, for all n, and the super-linear growth of I. Specifically, let ¢ € (0, 00)

16



be such that z < ¢(I(2) + 1) for all z € [0, 00). Then

sup 1) (Xr) = sup | ¢;(v)gn(v)vr(dv)

n XT

< sup /Kj gn(V)vr(dv) < (N + vp(K7)) < 0.

n

Next, suppose that along a subsequence (without loss of generality, also denoted
by {in}), pn — . We would like to show that p is of the form v, where g € SV.
For this we will use the lower semi-continuity property of relative entropy. The result
holds trivially if ;4 = 0. Suppose now p # 0. Then there exists j, € N such that for

all j > jo, infen 47 (0;) > 0. For j > jo, define
Cj — (4) X =] (4) Cj
v (Xr), vp=vp'/d;

d =pI(Xp), @ =upP/d;

o, = (Xg), @ =pV/d,.

Then #,, i and i/ are probability measures, and

R) = 5 [ [loaa0) + 1ou(5)| (o) 0he(a)

n n

1 o

) [[(gn(v)) + gn(v) = 1] &5 (v)rr(dv) + log(z)
1 c ¢

Since p¥) — 1@, we have ¢}, — ¢}, Thus by the lower semi-continuity property of

relative entropy,

R(j#||7) < liminf R(i}||7),)
n—r00

<liminf LN+ 1- & 4 log(S)
1m int — —_ — og(—
T n—oo ), 0771 g@%
1 c c
< —-N+1——+log(—) < o0 2.3.2
) ) g(CL) (2.3.2)
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Thus p9) is absolutely continuous with respect to V;j ). Define ¢/ = duY)/ du;j ) and
g = ¢’ on O;. Tt is easily checked that g is defined consistently, and that u = 4.

Also by a direct calculation,

R(ﬂ(j)HDj(“j)) _ CJl/X l(g(v))p;(v)vr(dv) +1 — ;—J + log(cg]-).

Combining the last display with (2.3.2), we have [, 1(g(v))¢;(v)vr(dv) < N, for all

j. Sending j — 0o, we see that g € SV. The result follows. O

Throughout we consider the topology on SV obtained through the above iden-
tification making it a compact space. Let SV = SN % SN with the usual product
topology. Let

UN ={u=(,¢) €U :u(w) € SN, P a.cw}.

Finally, let S = (Jys, S and S = [y, SV. The following is the main condition for

a large deviation property to hold for Z¢ = G°¢ (\/Eﬁ, eNefl).

Condition 2.3.1. There exists a measurable map G° : V. — U such that the following
hold.

1. For N € N, let (fu,9n), (f,g) € SY be such that (fn,gn) — (f,g) as n — oo.

G° (/0 fn<s)ds,ygn> g (/0 f(s)ds,yg) |

2. For N € N, let u, = (e, 0.), u = (¥, ) € UN be such that, as ¢ — 0, u,

Then

converges in distribution to u. Then

G (ﬁﬁ + /0 | we(s)ds,eN51“"€> = g ( /0 | zp(s)ds,y;) .

For ¢ € U, let Sy = {(f,9) €S: ¢ =G°([f; f(s)ds,v§)}. Let I : U — [0,00] be
defined by

I(¢)= inf {Lr(q)}, ¢€U. (2.3.3)

q=(f,9)€Sy
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The following theorem from [18] gives the large deviation principle for {Z¢}.s¢

under Condition 2.3.1.

Theorem 2.3.1. For e > 0, let Z¢ be defined as Z¢ = G¢ <\/EB, €N€71> and suppose
that Condition 2.3.1 holds. Then I given in (2.3.3) is a rate function on U and the

family {Z¢} o satisfies a large deviation principle, as € — 0, with rate function I.

Large deviation results of functionals that depend only on a PRM follow as a
special case of Theorem 2.3.1. For future reference we record this special case below.

Let

UYN ={pc A:po(w) e SN, Pacuw}

Let {G}eso be a family of measurable maps from M to U. The following is the

analogue of Condition 2.3.1.

Condition 2.3.2. There exists a measurable map G° : Ml — U such that the following
hold.

1. For N €N, let g,,g9 € SN be such that g, — g as n — co. Then
GO () = G ().

2. For N € N, let o., 0 € UV be such that, as € — 0, @, converges in distribution

to w. Then
G° <€N€71%> = g° (V7).

For ¢ € U, define Sy, = {g € S: ¢ = G°(v%)}. Let I : U — [0, 00] be defined by

I(¢) = inf {L(g)}, ¢€U. (2.3.4)

The following theorem is an immediate consequence of Theorem 2.3.1.
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Theorem 2.3.2. For e > 0, let Z¢ be defined as Z¢ = G¢ (eN€71>, and suppose that
Condition 2.3.2 holds. Then I defined as in (2.3.4) is a rate function on U and the

family {Z}~o satisfies a large deviation principle, as € — 0, with rate function I.
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Chapter 3

A Stochastic Partial Differential Equation Model for Spread
of a Pollutant

3.1 Introduction.

In hydrology literature (see [43] for example), ordinary differential equations
(ODEs) of the following type are often used to model the spread of a pollutant

in a river or air, or the water quality in a basin or reservoir:
DA¢p -V -V¢ —ap+Q =0.

Here ¢(z) represents the water quality or chemical concentration at location x; A is
the Laplacian operator modeling the diffusion of the chemical; D is the coefficient
capturing the strength of the diffusion effect. The term V' - V¢ models the convection
term, here V is the gradient operator and V' is the velocity vector. The scalar o > 0
can be interpreted as the rate of dissipation of the chemical and ) > 0 is the “load”

or pollutant issued from outside.

The above deterministic equation models the steady state density profile of the
pollutant and does not take into account any temporal or stochastic variability. A
dynamic stochastic model for pollutant spread described through a stochastic partial
differential equation (SPDE) driven by a PRM was studied in [52]. We begin by
describing this model in a one dimensional setting, where it describes the evolution
of a pollutant deposited at different sites along a river. We will then present some

time asymptotic results that describe the long term profile of the pollutant through



certain law of large number (LLN) type results. Our goal in this work is to study
probabilities of deviations from the nominal behavior, described through the LLN,
by establishing a suitable large deviation principle. Theorem 2.3.2 will be a crucial

ingredient in our proofs.

3.2 Dynamic SPDE Model.

The model considered here describes spread of concentration of undesired chemi-
cals which are released by several different sources along a river. Suppose that there
are 1 such sources located at different sites kq, ..., € [0,1], where the interval [0, ]
represents the river. These sources release chemicals according to independent Pois-
son streams N;(t), with rate f;, i = 1,...,r, and with random magnitudes A’ (w),
j €N, i=1,..r, which are mutually independent with magnitudes in the i** stream
having common distribution Fj(da). The chemicals released by the i stream are
deposited uniformly over (k; — €;,k; + €;),i = 1,...,7. We assume without loss of

generality that Ul_; (k; — €;, ki + €;) € [0,1].

Formally, the model describing the evolution of concentration is written as follows:

0 0? 0
gu(t,x) :D@u(t, x) — V%u(t, x) — au(t,x)
j

r j 2.1)
Al(w) 3
+ Z Z 2@ 1()451'761',/11"‘1’61)<x>1t:7-ij(w)7
=1 3

where Tij (w), j € N are the jump times of N;. The equation is considered with a

Neumann boundary condition on [0, [].

The above equation can be regarded as a stochastic partial differential equation
driven by a Poisson random measure with solutions in the dual of a suitable nuclear

space. The Poisson random measure N driving the equation is a random measure on
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the space Ry x [0,1] x R given as
N([0,t] x A x B) Z1A Ki 213 (Al(w)), t>0, AeB([0,1]), B € B(R,),

and the intensity measure of N is given as

vo([0,] x Ax B) =ty 1a(ri) fiFi(B), A€ B([0,1]), BeBRy), t>0. (322)
i=1
We now describe the solution space for the equation in (3.2.1). We begin with

some basic definitions (see [52]).

Definition 3.2.1. Let £ be a vector space. A family of norms {||- ||, : p € No} on &
is called compatible if for any p,q € Ny, whenever {z,,} C £ is a Cauchy sequence
with respect to both || - ||, and || - |4, and converges to 0 with respect to one norm,
then it also converges to 0 with respect to the other norm. The family is said to be

increasing if for all x € £, ||z]|, < ||z||, whenever p < q.

Definition 3.2.2. A separable Frechet space @ is called a countable Hilbertian
space if its topology is given by an increasing sequence || - ||,, n € Ny, of compatible
Hilbertian norms. A countable Hilbertian space ® is called nuclear if for each n € N
there exists m > n such that the canonical injection from ®,, into ®,, is Hilbert-

Schmidt, where @y, for each k € Ny, is the completion of ® with respect to || - .

If &, {®,}nen, are as above, then {®,},en, is a sequence of decreasing Hilbert
spaces and & = N2, ®,,. Identify &) with &y using Riesz’s representation theorem,
and denote @/, (the dual of ®,,) by ®_,, and corresponding norm by || - ||, n € Ny.
Then {®_,}nen, is a sequence of increasing Hilbert spaces, @ (the dual of ®) is

sequentially complete and &' = U2 (@ _,, (see Theorem 1.3.1 of [52]).

A natural Countable Hilbertian Nuclear Space (CHNS) associated with equation
(3.2.1) is described as follows (see [52]).
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Let p € Mg|0,1] be defined as

p(A) = / e 2 dr; A€ B|0,l],
A

where ¢ = 5%. Let H = L*([0,1],p). Then {¢;}en, defined below defines a complete

orthonormal system on H of eigen-functions of L which is defined as

02 0
L=Dgs Vo (3.2.3)

with Neumann boundary condition with corresponding eigenvalues denoted by {—X\;}jen,-

oo(z) = @/%, pj(x) = \/?ecw sin <%x + ozj) ;

a; = tan_l(—]l—:), j=12 .

. 2
No =0, )\jZD(C2—|—(JT7T) )

For ¢ € H and n € Z, let

o0

16112 = (6, ,)*(1 + A))™",

J=0

where (¢, 1) is the inner product on H. Define
®={pecH:|d||, <o0,VneZ},

and let ®,, be the completion of ® with respect to the norm ||-||,. Note that &, = H,

and it can be checked that ® is a CHNS.

We consider SDEs driven by PRMs with solutions in duals of nuclear spaces.

Namely, we consider a SDE of the form

t t
X, = Xo +/ A(s, Xs)ds +/ /G(S,XS, v)N (dsdv) (3.2.4)
0 0 Jx

on the dual ® of a CHNS @, where A : R, x & — &' G : R, x &' x X — &' are

measurable maps, X is a locally compact space, N(dsdv) is a PRM on R, x X with
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intensity measure A ® v, A is the Lebesgue measure and v is a o-finite measure on

(X, B(X)), and N(dsdv) is the compensated random measure of N, i.e.

N([0,] x B) = N([0,t] x B) — tv(B),

VB € B(X) with v(B) < oo. Theorem 6.3.1 of [52] gives sufficient conditions on A

and G under which (3.2.4) has a unique solution.

For the equation in (3.2.1), X = [0,{] x Ry and the measurable maps A and G do
not depend on the first variable and first two variables, respectively. More precisely,
A:d" — & and G : [0,!] x Ry — &' are given as

- a; fi
2€i

Ki+E€;
/ o(y)p(y)dy, ¢ d,uecd,

Ki—€;

A(w¢) = ulLg) - aulg] +

o [rita d = z';‘:la"'?
Gl = | B Jemed PP = s " (@a) € [0,0xRy, $ € B,

0 otherwise
where a; = fR+ aFi(da), L is defined as in (3.2.3). Note that the operator —L on H is
positive definite and self-adjoint. With this notation, equation (3.2.1) can be written

in the form of (3.2.4) as

t t
U = ug + / A(ug)ds + / / G(z,a)N(dsdzda). (3.2.5)
0 0 J[0]xRy

Using Theorem 6.3.1 of [52], (3.2.5) has a unique ®’-valued solution. More pre-
cisely, let (Q2,.%,P,{%#}) be a filtered probability space on which is given a Poisson
random measure N with intensity measure vy as in (3.2.2), such that N([0,¢] x A x
B) —15([0,t] x A x B) is a {.%,} martingale for all A € B([0,!]), B € B(R) satisfy-
ing v5([0,t] x A x B) < 00, t > 0; and let uy be a %, measurable ¢’ valued random
variable. Then there exists a unique {.%#;} adapted ®" valued process {u;}+>¢ such

that V¢ € ®, the following integral equation is satisfied,

wié] = wlol + [ Aw)lolds + [ /[ o Gl @GN sdzda). (32
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In fact, for the setting considered here, it follows from Theorem 7.3.1 of [52] that if

up € H a.s., then u. € D([0,00), H) as..

We can also use Green’s function to represent the solution. The Green’s function

of the operator L with Neumann boundary conditions is given by

o0

p(t,xr,y) = Z Nitgi(x);(y), t>0, z,y €0,

Jj=0

In terms of p, the solution u(¢, x) can be represented as

!
ut.a) =" [ uo)plt,z, o)y
0
t a Ki+€;
+/ / e*a(t’s)fly:w (/ p(t — s,x,u)p(u)du) N(dsdyda).
0 J[0,l]x[0,00) € Ki—€;

L "7 65(y)p(y)dy for future use.

Ri—€;

We set b; = [p a*Fi(da) and ¢;(ki, ;) =

25Z

We are interested in the time asymptotic behavior of w,. This behavior is quite
different for the cases a = 0, and a > 0. Thus we consider the two cases separately

in the following two sections.

3.3 The case a = 0.

Throughout this section we will assume that a = 0. In this case, limiting behavior

of %ut, as t — oo, is studied in [52]. In particular the following result is obtained.

Theorem 3.3.1. Ast tends to infinity,
1 - .
;ut — Z fiaitho(Ki, €;)po in H, almost surely.
i=1

Note that ¢y is a constant function, thus the above result says that asymptoti-
cally, the rate of growth of the concentration at each site is the same and is given

explicitly in terms of the mean deposition magnitudes a;. This suggests that these
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mean deposition amounts can be used as a basis for regulating chemical levels. How-
ever, looking at these values alone can be misleading, and one would like to know
the probability of deviations, particularly large deviations, from the nominal values
described through the right side of the above expression. Thus it is of interest to
study the large deviation behavior of %ut as t becomes large. More specifically, we
will establish a large deviation principle for the sequence {*2t : n € N} of H valued

random variables, as n — oc.

For this study, we will use Theorem 2.3.2. For simplicity, we take the initial profile
up to be a fixed (non-random) element of H. In order to apply Theorem 2.3.2, we
will take the underlying filtered probability space to be the space (M, B(M),P,.%;)
introduced in Section 2.2.2 with X = [0, ] x [0, 00), and v(dzxda) = 1,([0, 1] xdxxda).
Let, for n € N, n,, = %N", where N™ is as introduced below (2.2.1). From Theorem
7.3.1 of [52], it follows that for each n € N, there is a unique D([0, 1], H) valued

process {u"} solving the following stochastic integral equation

. 1 t
Uy =—Thuo + ¢o / / G(z,a)[po]n.(ds, dx, da)
n 0 J[0,]]x[0,00)
o (3.3.1)
s 0 [ [ Gl s, do. da)
j:l 0 [O,Z]X[0,00)

where for u € ® and t > 0, Thu € H is defined as Tiu = e'Pu = 3772 e 'u[g;]d;.
From unique solvability of (3.2.5) it follows that {4} : 0 < ¢t < 1} has the same
distribution as {%um :0<t<1}on D([0,1] : H). Thus we will instead consider the
large deviation behavior of {4" : n € N} as a sequence of D([0,1] : H) = U valued

random variables.

We will impose the following exponential integrability condition on the magnitude

distribution of the pollutant.
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Assumption 3.3.1. There exists 6 > 0 such that

/ S Fy(da) < 0o,  Vi=1,...r

0

Due to pathwise unique solvability of (3.3.1), one can represent, for each n € N,
4" = G"(2N"™) for some measurable map G" : M — U. Define the map G° : M — U

as follows. For v € M, let

. B t
G (v) = ¢0/0 /[o,z]x[o,oo)G(wja)[%]y(d&dw’da)’

if f[o,t]x[o,l]x[o,oo) |G(z, a)][po)|v(ds, dz,da) < co. If the latter integral is infinite, we set
G°(v) =0 (i.e. the zero trajectory in D([0,1] : H)). Define I through (2.3.4).

The following is the main result of this section.

Theorem 3.3.2. Under Assumption 3.3.1, I is a rate function on U and the family
{t"}nen satisfies a large deviation principle, as n — oo, on D([0,1] : H), with rate

function 1.

The key step in the proof of Theorem 3.3.2 is the verification of Condition 2.3.2

(with "= 1). We first consider Part 1 of the condition.
Part 1 of Condition 2.3.2:

Let g,,g9 € S™ be such that g, — g. We will like to show that G° (v{") — G° (v/})

in U (recall the definition of v{ from Section 2.3). Here
t pl 0o
¢ W) =t [ [ [ Glaanlgn(s.zavr(ds,dr.da)
o Jo Jo
r t o) a Kite€;
X [ o ([ st s o) F(aas
i—1 Y0 JO % K

i€

= ¢o§¢o(/€i,€i)ﬁ /Ot /OOO agn(s, ki, a) Fi(da)ds.
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So it suffices to show that

t [e§]
/ / agn (s, ki, a)F;(da)ds —>/ / (s, ki, a)Fi(da)ds,
0 Jo

uniformly in ¢ € [0, 1] for all 4. This is shown in the following lemma.

Lemma 3.3.1. Under Assumption 3.3.1, we have

t 00
/ / agn (s, ki, a)F;(da)ds —>/ / ag(s, ki, a)Fi(da)ds,
0o Jo

uniformly in t € [0,1] for all i, as n — co.

Proof. Fix i € {1,...,r}. Let ¥ : [0,00) — [0,00) be a continuous and bounded

function such that ¥y (a) < (L A a) and

a a€l0,L];
U, (a) = (3.3.2)

0 a€[L+1,00).

Recalling the topology on S¥, we have, for every t € [0, 1],

/Ot /Ooo Vi (a)gn(s, ki, a) Fi(da)ds — /Ot /OOO U (a)g(s, ki, a)Fy(da)ds.  (3.3.3)

In order to show that the convergence in (3.3.3) is uniform in ¢ € [0, 1], we will obtain

a suitable equicontinuity estimate. Note that

o) 1 N
/ / 1(gn(s, ki, a))dsF;(da) < 7 Vi=1,..,r.Vn € N. (3.3.4)
o Jo i

We will use the following inequality. For a,b € (0, 00),

1 1
ab < e?® + ;(blogb —b+1)=e""+=I(b), Voe(1,00). (3.3.5)

g

Fix 0 <ty < t; < 1. Then, for any o € (1, 00),

Uy (a)gn(s, ki,a)F;(da)ds| < L gn S, ki, a)Fi(da)ds

<L |:(t1 — to)@g + O'lfN:| s
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where the last inequality follows from using (3.3.4) and applying (3.3.5) with a = 1

and b = g,. Equicontinuity of

0,1] 5t — /0 /000 U (a)gn(s, ki, a)Fi(da)ds

is an immediate consequence of the above estimate. Thus the convergence in (3.3.3)

holds uniformly in ¢ € [0, 1].

Next, we show that

t e8]
sup sup |/ / (Vr(a) — a)gn(s, ki,a)Fi(da)ds| -0, as L —oo. (3.3.6)
o Jo

0<t<1 n

Fix € > 0. Using (3.3.5) once again, the above quantity is bounded above by

1
sup// agn (s, ki, a)F;(da)ds
n 0 a>L
1 1 1 o)
< [ [ enmads+sw [ [ i, m.0) Fidalds
0 Ja>L n 0 Jo Jo

N
< / e’ Fi(da) + —.
a>L ofi

Let ¢ be large enough, so that % < g forall 0 > 0¢. Fix 0 > 0¢. From Assumption
3.3.1, [e’“Fi(da) < oo. Thus choosing Lo sufficiently large, we have VL > L,

Jusp, €7 Fi(da) < 5. This proves (3.3.6) and the result follows. O

As an immediate consequence of the lemma and calculations preceding it, we have

the following result.

Proposition 3.3.1. Suppose Assumption 3.3.1 holds. Then for every N € N, and

gn,g € SN, n €N, such that g, — g, as n — oo, we have G° (v{") — G° (v}) .

Next, we proceed to verify Part 2 of Condition 2.3.2.

Part 2 of Condition 2.3.2:
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Fix N € N, and let ,, ¢ € UN be such that ¢, = ¢, as n — co. We will like to
show that G" (2N") = G° (vf).

Note that

t
G" (387 () =2 Touto + 60 | / G, 0) o] = N"(ds, de, da)
n 0,1]x[0,00) n

n
1
+> b / / )@l NI =N (ds, dz, da),
Z 0l]><[Ooo @) ]] n

and

¢021/)o Ki, €) / / ap(s, ki, a)Fy(da)ds.

In order to prove the above weak convergence, the following lemma will be used.

Fori=1,...7,n € N, let ¢! (s,a) = p(s, ki, a); (s,a) € 0,1] x [0,00).

Lemma 3.3.2. Fiz i € {1,..,r}. Suppose that for all ¢ > 0, [;~e“Fi(da) < oo

Then, for j > 1,

S™(j) = sup ae M9l (s q)Fi(da)ds | — 0, a.s. as n — oo.
Pn

0<tL1

Also sup ey, Sup,en S™(j) < 00, a.s.

Proof. From (3.3.5), for each ¢ > 1,

/ / agi (s, a)Fi(da)ds
g/o e Fy(da) + // (' (s,a))Fy(da)ds

< e““F;(da —i—— a.s.
[, e+

This proves the second statement in the lemma.
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Recall the truncation function ¥y introduced in (3.3.2). Note that

< s ( / [ vt s s
0<t<1
+ sup (/ / “Anlt=s) i (s, a)Fi(da)ds>
o<t<1 \Jo Ju>r

=51(7) + 53 ()-

The second term can be bounded as follows.

= sup (/ / ae NmM=9 Qi (. a)Fi(da)ds)
0<t<1

g/ eP?Fy(da) + / / (¢! (s,a))Fy(da)ds
la|>L

=01(L, p) + 62(p).

Note that f5(p) — 0 as p — oo, and for each p > 0, 6;(L,p) — 0 as L — oc.

For the first term, for ¢ > 0, let M(c) = inf,ce ) @ Then M(c) — oo as

¢ — 00. Note that, for j > 1,

St(j) < sup (/ 1|<P%(s7a)|Sc\IjL(a)eAjn(ts)@;(&a)Fi(d@)dS)
[0,£] x[0,00)

0<t<1

+ sup ( /[ . )1%<s,a>|>cwa>eAj"“s%o;(s,a)md@ds)
0,t] x[0,00

0<t<1

t L .
<Lc sup (/ e’\j"(ts)ds> + i / 1|<p£l(s,a)|>cl(90:1(s7a))ﬂ(da)ds
o<t<1 \Jo (c) [0,1] x[0,00)

< Le n LN

Thus we have

S™(7) <ST(I) + 52(5)
Lc LN
0,(L 0 VL,p,c.
n)\ + (C)fz—i_ 1( 7p)+ 2(p)7 P, C
Finally, given ¢ > 0, choose p, s.t. 63(p) < €/4; then choose L large enough, s.t.

01(L,p) < €/4; then choose M large enough, s.t. % < €/4; next let ¢ be large

enough so that M(c) > M. Finally choose Ny s.t. if n > Ng, 55 < ¢/4. Then

S™(j) <, for all n > Ny. The result follows. O
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We now prove Part 2 of Condition 2.3.2.

Proposition 3.3.2. Let ,, ¢ € UN be such that ¢, = ¢, as n — oo. Then under

Assumption 3.3.1, we have
n 1 n 0 ©
g ﬁN ) = Go (V).

Proof. Write

G (ENW) (1) = T () + T(0) + T3 (1),

n

where, for t € [0, 1],

1

—LntUo,

To'(t)

T
& t) B ¢0/ \/(')1 ><[0 00) G<x, a) [Qbo]lepn (d87 dx7 da)?
1
=T =30 [ [ Gl L s dndo)

From the contraction property of {7;},
17 @)llo = 11> Tuswollo < ~ [luollo — 0
= ||=Thuollo < —|lu )
0 0 - Anitiollo < —ltollo
as n — oo. Thus 75* — 0in C([0,1] : H).

Next,

s NnYn
= ¢ / /[()l]xooo (x,a)[p;le” N (ds,dz, da)
KitE€; 1
=Ajn(t—s) = prnen
o [ ([ m()()dy)l{f@() Ly s, s, do

i€

1
= %Z/ / a);(Ki, €)1y (2)e" M) Z N2 (ds, dx, da)
0,l] x[0,00) n
E : (TZJ 2j ) )
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where

t
i 1
Ty = ¢j/ / a; (ki €) Ly (2)e ") = NI (ds, dx, da),
0 J[0,4]x[0,00) n
t
- . 1
7;;72 = ¢; / / a; (K, €i>1{n¢}<x)ei/\jn(t78)_n¢n(5? x, a)vr(ds, dz, da)
0,1]x[0,00) n
t 00
=0y [ [ a5, Fida)ds
0 JO

here N'¥» = N™" — ny,v; is the compensated random measure for N"" and

90;(87 Cl) = Spn(sv Ri, a)'

Assumption 3.3.1 guarantees that the condition in Lemma 3.3.2 holds. Thus

Lemma 3.3.2 gives us

HZ 2 OI5 = de Kiy €) [, (// ae Mg (s, a)FAda)als)2
< Z¢?(Hi,€i)fi25n(j>2-

Since for each j € N, S"(j) goes to zero a.s., as n — oo, and S™(j) is a.s. uniformly
bounded in j and n, and 7, V2 (i, €) < 00, we have by dominated convergence

theorem that > 77 2]’ converges a.s. in C([0,1] : H) to 0.
Next consider ng, we will show that E(supyeoq 2252, 7_’;]1||%) — 0. Define

t
= / / aly.y (2)em N (ds, dz, da),
0 J10,l]x[0,00)

then M,"’ is a martingale. Note that
i 1 —)\jnt n,j
To; (t) = ¢jv(ki, €) —e M)
Using integration by parts, we have

1 1t , t .
Zemhmt i = _/ e—Ajnde;W — )\j/ e_’\j”SMS"’st. (3.3.7)
n n Jo 0
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The first term is a martingale and thus by Doob’s maximal inequality for martin-

gales,

fot G—Ajnde:,j)Q

4_ ([ N\
< Ae([ emany)
n2
2
= ( / e / al g )Ajnst“"”(ds,dx,da))
[0,1] x[0,00)
= _2E (// a21{ni}($)ng0n(s,x,a)m(ds,d:z:,da))
[0,1]%[0,00)
= —fZ (// a’y’ (s, a) -(da)ds)
[0,00)
1 o)
< 2 (/ 65“2Fi(da)—|—]E—// l(gofl(s,a))ﬂ(da)ds).
n 0 0 Jo Jo

The last inequality is once more a consequence of (3.3.5). Using Assumption 3.3.1

and the fact that ¢, € SV, we have that E(% SUDye(o,1] fo “AmsdM™I)? goes to 0

as n — oo and is uniformly bounded in j and n. Using the summability property

> 121 V3 (Kiy ) < 0o, we now have that

> btk ) (5/0 G_Ajndesn’j) — 0, (3.3.8)
=1

in probability in D([0,1] : H), as n — oc.

Next consider the term \; [ e~ A" M7 ds, first we show E(\; [y e M MM ds)? —

0 for all ¢ € [0, 1] and is bounded in j and n. Observe that if M, is a square integrable

martingale, then for « : [0, 1] — R with suitable integrability properties,

IE(/ asts> —2//aau]EMMduds—2//asau duds

(3.3.9)
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Using this observation,

E (Aj / t e"\f”SMg’jds>
0
= 2)\? /t /S e NS e TN ( M™)2 duds
= 2)\2/ / —Ains AR (/ / a?e*™ng! (v, a) fiF, (da)dv> duds
=2nf;\JE (/ / a?e* "l (v, a / / A" dsdudv Fy(da ))
_ ﬁ]E ( / / (e=Xm=) _ 12020 (4 am(da)dv)
fz (// a’¢t (v, a) (da)d)

_ . 2
Using similar argument as used in obtaining (3.3.8), we have E ()\j f(f e‘Af”SMSWd:s)

2

goes to 0 as n — oo and is bounded in 7, n and t. This proves that

> t
=) ok e) (Aj/o ekj”sMS’jd(S) — 0, (3.3.10)
=1

in probability, as n — oo for each ¢. In order to prove uniform convergence, we use
Aldous and Kurtz tightness criteria (see [53]). Given 7 a stopping time such that

7 < M a.s. for some constant M € (0, 1], note that

j=1
0 1 s
2 Wik €)A; ~Agms MR (M) d)
g;wj(me)j(/oe /O (M) 2duds
o'} 1 o0
<y vtk ([ [ o)
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Thus
lim lim E||Z"(7 +0) — Z"(7)||z = 0,

§—0n—o0

which along with the pointwise convergence in (3.3.10) yields that Z™ — 0 in proba-
bility in C([0, 1] : H). Combining this with (3.3.7) and (3.3.8), we have Y% T — 0
in probability in D([0,1] : H). Thus we have shown that 7;* — 0 in probability in
D([0,1] : H), as n — 0.

We now show that 7" = G°(vf). For this, by a standard argument based on
Skorokhod representation theorem, we can assume without loss of generality that

©n — @ a.8., as N — 00.

Then, from Lemma 3.3.1, a.s.,

/Ot /OOO apl, (s, a)Fi(da)ds — /Ot /Ooo ayp'(s,a)Fy(da)ds, (3.3.11)

uniformly on [0, 1]. Thus
1
ﬂn(t> - gU (Vip) (t) :¢0 / G(I7 CL) [¢0]_Ncmpn (dS, d[E, dCL)
10,)x [0, X[0,00) n
+ 0 ( / Gz, a)[bolpn(s, 7. ) (ds, dz da)
[0,¢] x[0,1] x[0,00)

-/ Gl )il (s, (s, o) ).
[0,£]x[0,] X [0,00)

From (3.3.11), the second term goes to zero uniformly on [0,1] a.s as n — oo. For

the first term, notice that

2

_ 1
B|sw [ Gz, a)lgo] — N (ds, dz, da)
te[0,1] J[0,¢] x[0,1] x[0,00) n
4 _
< SE / (G, a)[60])*npurn (ds, du, da)
[0,1]x[0,I] % [0,00)

= fz% Ki, €;) // a*¢l (s, a)F;(da)ds.

The expression on the right side converges to 0 as n — 00, since

SupE// a’¢' (s,a)Fy(da)ds < oo,

neN
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from Assumption 3.3.1 (see the estimate in (3.3.8)). Thus 77" converges in D([0,1] :

H) in probability to G° (7). The result follows. O

Finally we can complete the proof of Theorem 3.3.2.

Proof of Theorem 3.3.2. From Proposition 3.3.1 and 3.3.2, we see that Condition

2.3.2 is satisfied. Theorem now is an immediate consequence of Theorem 2.3.2. [

3.4 The case o > 0.

In this section, we will assume that o > 0. This condition says that the chemical
amounts dissipate at a strictly positive rate. The following theorem from [52] shows

that, in this case, u; converges weakly to a random field.

Theorem 3.4.1. If uy € Py, then u; converges weakly in ®y to a random field
Uso. For xz € [0,1], let u(x) = Bus(x). Then u(x) is the solution of the following

differential equation

Ddz;(f) - le;E:.) —au(z) +Q(z) =0, (3.4.1)
where )
Q) = ().
= %6
Remark 3.4.1. By a solution of (3.4.1) we mean a u € ®y such that V¢ € ®
(1. oo — ot b+ 30 %5 [ oty —o.
5 46 Jri—e

The above result in particular shows that as ¢ — oo, %t — 0 in ®g, in probability
and thus in order to obtain a nontrivial time asymptotic result it is more natural to
consider time averages of the form % fOT usds. The following result establishes a law

of large numbers for such time averages.
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Theorem 3.4.2. Let ug € ®. Then, as T — o0, %fOT wgdt converges to u in ®q, in

probability.

Proof. From (3.2.6) and recalling that {¢;} are eigenfunctions of L, it follows that
r t
ut[¢j] :6_(a+>\j)tU0[¢j] + Zfiaid)j(liia Ei)e—(a-‘r}\j)t/ €(a+>\j)sd8
i=1 0

e / NG, 0) [N (ds, dr, da).
[0,£] x[0,1] X [0,00)

Thus
1 T 1 T oo )\)
_ —(a+ t
7=0
r 1 T 1 — —(a+Xj)t
+Z¢Jzzflam] /0 T T
+Z¢] / (et NGz, a)[p;]No(ds, da, da)dt
T [0, [0,]  [0,00)
=i+ T+Ts
(3.4.2)
For the first term note that
17 ||1/T ! (Tyug)dt]o < 1/T | Tyt ot < ol o et 5 0
1110 = |I= € U 0> = € Up)|jo0l = [|[Uo|l0—F—7
T J, ! T J ! Ta
(3.4.3)

as T — oo. Therefore, T goes to zero.

We next show that T3 goes to zero in probability. Write 73 as

/1 /.
E:Z(T/ a{Mtjdt) b,
j=0 0
where

O[Z — e—(a+>\j)t

M) :/ e OtNS G (2, a)[¢;]Ne(ds, dz, da).
[0,£]x[0,1] x [0,00)
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Noting that Mtj is a martingale for each j, we have from (3.3.9) that,

1 [T 2 o [T rt ‘
E (_ / OZ{Mtjdt) =7 / / 6_(a+>\j)t6_(a+>\j)SE(Ms])2d8dt.
T Jo 1 Jy Jo

Also,
E(Mg)Z — / 62(a+)\j)uG2([E, CL)[QZSj]I/(dU, de’, da)
[0,8]%[0,1] X [0,00)

= Z%Q'(/‘ii, Ei)fi/ 2Ot By (da)du

[0,s]x[0,00)
(a+>\ )s -1

_Zdj Ki, € fzz ( ) )

where recall that b; = |,

0.00) @ Fi(da).

Thus
1 /T N\
E(T / agMgdt)
0
ZW Ki, €) fibs / / (ot )t —(atr;)s . L ar
’ 2+ \j)

T e—2(a+>\J)T -1 ((1+>\

_ 2 _ 2
T2 (2(Oé+)\)2 4(044_)\)3 + Oé—l—)\ )Z'@D Ki, € fzz

2 T 1
Sﬁ(ﬁ+rﬁ+ )Z@/J (Kis €) fibi = 0,

as T'— o0o. And since Z;; w?(m,ei) <o0,Vi=1,..,r, we have

2

> 1 /T
BITIE =3 8 (7 [ warar) o 3.4.0)
7=0

Finally we argue that 7o — w in ®(. Recall that

67(a+)\j)t

oo s 1 Tl_
Ta = j i@ (Ki, i_/ —dt.
2 jzo%izlfa%(’i €>T ; at

Also, from Remark 3.4.1
o ' 1
U= ; o; ; fiaiqu(/{i) Ez‘)m
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Thus

I
—

as T' — oo, using the fact that Z;; 1#]2»(/@-, €;) < 0o. The result follows upon using

(3.4.3),(3.4.4) and (3.4.5) in (3.4.2). 0

Next we will study the large deviation behavior of % fOT udt as T becomes large.
Equivalently, one can consider the family {< fom usds : t € [0,1]} as n becomes large.
We begin by observing that for n € N, {@} },c0,1) given as the pathwise solution of

the integral equation

t
uy :/ e T, supds
0

ey NG ) 6 s, do)
[0,5] % [0,1]  [0,00)

on the probability space (M, B(M), %), where 1, = 2N, has the same distribution
as {%font usds}iep,)- Here, as in Section 3.3, X = [0,1] x [0, 00), and M, B(M), %,
and %N ™ are defined in the same way as in Section 2.2.2. We will now study the

large deviation behavior of the sequence of U = D([0,1] : H) valued random variables

{ﬂn}neN-

Note that one can represent, for each n € N, @" = G"(2N") for some measurable

map G" : M — U. Define the map G° : Ml — U as follows. For v € M, let

o) / G(zx,a)|lo;|lv(ds,dx,da), t€|0,1];
;JQH e SO ). tefo.]]
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2
G(z,a)[¢;lv(ds,dx,da)| < oco. If the latter integral is

1f2j 0 @I )

infinite, we set go(u) =0 (1.e. the zero trajectory in D([0,1] : H)). Define I through

(2.3.4).

The following is the main result of this section.

Theorem 3.4.3. Under Assumption 3.3.1, I is a rate function on U and the family
{u"}nen satisfies a large deviation principle, as n — oo, on D([0,1] : H), with rate

function 1.

As in Section 3.3, the key step in the proof of Theorem 3.4.3 is once more the

verification of Condition 2.3.2. We first consider Part 1 of the condition.
Part 1 of Condition 2.3.2:

Let g,,,g € SV be such that g, — g. We will like to show that G° (v{") — G° ().

For t € [0, 1] (integrability of the right side below is readily verified),

G" (vf") (t)

- 1
Zqﬁj N / G(x,a)[p;lgn(s, z,a)v(ds, dx, da)
oo T A Joaxoix[0,0)

I
AMg

fihs /@,el)/ agfl(s,a)Fi(da)ds,
04+)\ Z ’ [0,£] X [0,00)

=0 J =1

=
where ¢ (s,a) = gn(s, ki, a). Thus

1G° (i) (1) = G° (v]) (D)3
:Z_: a+>\ <ZM}J e /

[0,¢]x[0,00)

algl, - gim(da)ds)

T

= i (v + )\ (Z f ¢ o > (Z (/[O,t}X[O,OO) a(g; - gi)Fi(da)dS> 2)

i=1

—0,
uniformly in ¢ € [0, 1], since from Lemma 3.3.1, [, 4. 000y @(9n — 9') Fi(da)ds goes to
zero uniformly for every i € {1,...,7}, and 3 7%, ¥3(k;, €;) < 0o. Thus we have shown

the following result.
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Proposition 3.4.1. Under Assumption 3.3.1, for every N € N, and g,,g € S™,n >

1, such that g, — g, we have
g° (vy') = G° (vy)

i U.

Next, we proceed to verify Part 2 of Condition 2.3.2.
Part 2 of Condition 2.3.2:
Let ¢, € UN. Then, for t € [0,1],
1 t
gn (_]\ﬂl@n) (t) — / e—ans nsu(]ds
n 0
+nz¢j/ e_(o‘“j)"s/ NG (1 a)[¢p,] = N (du, dx, da),
=0 0 [0,5]%[0,1] X [0,00) n
and

G (vg) (t)—;@&Jr)\j;fz%(/%ﬁz) A ayp'(s,a)Fy(da)ds.

Proposition 3.4.2. Let ,, ¢ € UN be such that @, = ¢, as n — oo. Then under

Assumption 3.3.1, we have
n 1 n 0
gh| =N™" | = G° (v7).
n

Proof. Write
G" (8 (0 = T () + T + )

n
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where, for t € [0, 1],

¢
7o' (t) :/ e~ T, uods,
0

% ¢

T =3 [ e | G, 0)[6,| N, da da),
= Jo [0,5]x[0,1]  [0,00)
% ¢

T3 (t) = Z qb]/ e_(o‘+’\j)”5/ TN (1 a)[p]ngn(s, x, a)v(du, dr, da).
=0 0 [0,5] x[0,I] X [0,00)

For the first term note that, for ¢ € [0, 1],

t t
170l = | / e T, ugds]o < / €| Tstiol s
0 0

—ant

b 1—e
< luollo | e*"ds = fuol
0 an

as n — oo. Thus 7;"(t) — 0 uniformly in ¢ € [0, 1].

< ||U0||0
an

— 0,

Next, write 77"(t) as T{"(t) = > 272 b5 > iy 7'1’]“(75), where
¢
T = [ e | NI (@)G (i, 0)[0) N2 (du, d, da)
0 [0,s]x[0,1] x[0,00)

t
= P;(ki, €) / e~ (ot Ag)ns / @XM ()a N (du, da, da).
0 [0,8]x[0,1] x[0,00)

Using similar argument as in the proof of Theorem 3.4.2, we get

E(75 (1)

J
t
- (/ (a+/\')ns/ e(a+Aj)HU1M (;L‘)G(x, a) [(ﬁj]]\/'cnson(du’ dz, da))
[0,5]x[0,1] % [0,00)

I_E (/ / —(a+X;) ns o= (a+Aj)nu

I I (3)G2 0, ) g5 ) (o, d, dajiuds
[0,u] x[0,l] x[0,00)

20l (s ) ( / / (ot s (et

/ e2lathnvg2 i (4 a)ﬂ(da)dvduds) .
[0,u] x[0,00)

2
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Changing the order of integration, after some calculations, we have

E(75"(1))?

J

i H Ki, €) = ;
:{Qpi(A )Z >E (/ (1 + 672(a+)\j)n(t7v) o 267(O¢+)\j)n(t7v))a2(p;<v, &)E(da)d’l))
QT Aj)™n [0,]x[0,00)

2k e) ,
S ([ ame).
(a+Xj)*n [0,£] % [0,00)

Also note that

/ a*¢! (v, a)Fy(da)dv g/ " Fy(da)dv + = l(p),) Fi(da)dv
[0,¢]%[0,00) o

[0,¢]%[0,00) [0,¢]x[0,00)

N
< e Fi(da) + — a.s.
/[o,oo> 0 fi

Thus E(7;3(t))> — 0 as n — oo. Combining this with the observation that

% 2(k;, €) < 0o, we now have that E||7,(t)||> — 0 for all t € [0, 1].
Jj=0 7 1

In order to show uniform convergence of 7, to zero, we will use Aldous’ tightness
criteria (see [6]). Given 7 a stopping time such that 7 < M a.s. for a constant M,

note that

E(773 (7 +68) = Tij'(7))?

J

746 2
= % (ki, &)E (/ e(a“j)”s/ eletrime] (2)a N (du, d, da)ds)
T [0,s]x[0,l] x[0,00)

1
< %2'(/@'7 EZ)E |:</ 1[T,T+5](S)d8)
0
1 2
X / e~ 2atAi)ns (/ e(a“f)”“l,{i(:c)a]\fg“’”(du,dx,da)) ds
0 [0,5] x[0,] % [0,00)

1 2
<3 (i, ei)é/ e~ HatAnsg </ eletrmu] (2)a N (du, d, da)) ds
0 [0,5] [0,1] x[0,00)

1
G 61')(5/ e~ 2@t sy </ 2t nug2p ot (y, a)fiFi(da)du> ds
0 [0,s]x[0,00)

@bz(lﬂ‘, el)fzé _ (/ . )
<-L——F a*¢' (u, a)Fi(da)du | .
T 2(a+N) [0,1]x[0,00) #uit, 8)F5(da)

Using the summability of wjz(mi, €;) again, we now see that
E[| 77 (7 +6) = T (7)fs < cod,
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where ¢y depends only on M. Tightness of {7, }en in D([0, 1] : @) follows. Combing
with pointwise convergence to 0, we now have that 7" converges in probability to 0

in D([0, 1] : D).
Finally, consider 7;*:
T5'(#)

=n o [l | NG, 0)ig nls, .0l d, da)
[0,5]%[0,1]x[0,00)

:”Z% / S Z /0 eIy (1, €)), (u, a) fiFi(da)duds

=1 [ 78]X[0700)

t
030 Y e, / el / e 0PN (u, a) Fy(da)dsdu
=0 i=1 [0,¢]x[0,00) U

o0 1 s '
= —¢; > (ki Ei)fi/ (1 — e~ @tXinlt=uw)) gt (4, a) Fy(da)du.
jz:; a+X ; ’ [0,£]x[0,00)
Thus,

T3 () = G° (vF) (D)3
N 2
_ (et A)n(t—u)y i ‘
]Z_; a+)\ (ij Ki, €i) lé,t]x[O,oo)(l e )agpn(u,a)ﬂ(da)du>
(o + )\ (Z w i €) )

r 2
X Z (/ (1- e(O‘J”\j)"(t“))agofl(u,a)Fi(da)du) :
— \J[0,]x[0.00)

7=0
Once again, applying the Skorokhod representation theorem, we can assume with-

IA

out loss of generality that ¢, — ¢ a.s., as n — co. Then, using Lemma 3.3.1 and

Lemma 3.3.2 (with A; replaced by a + A; therein),

/ / — e @tXnlt=ul) i (4 q) Fy(da)du —>/ / ap'(u,a)Fy(da)du (3.4.6)

uniformly for ¢ € [0, 1], a.s., as n — 0.
Thus we have 7;" = G° (vf) in D([0,1] : H). The proposition is proved. O
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Finally we can complete the proof of Theorem 3.4.3.

Proof of Theorem 3.4.3. From Proposition 3.4.1 and 3.4.2, we see that Condition

2.3.2 is satisfied. Theorem now is an immediate consequence of Theorem 2.3.2. [
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Chapter 4

Large Deviations for Stochastic Partial Differential

Equations Driven by a Poisson Random Measure

4.1 Introduction.

Stochastic partial differential equations driven by Poisson random measures arise
in many different fields. For example, they have been used to develop models for
neuronal activity that account for synaptic impulses occurring randomly, both in time
and at different locations of a spatially extended neuron. Other applications arise in
chemical reaction-diffusion systems and stochastic turbulence models. The starting
point in all these application areas are deterministic partial differential equations
(PDE) that capture the underlying physics. One then develops a stochastic evolution
model driven by a suitable Poisson noise process to take into account random inputs
or effects to the nominal deterministic dynamics. In typical settings the solutions of
these stochastic evolution equations are not smooth. In fact in many applications
of interest they are not even random fields (that is, function valued), and therefore
an appropriate framework is given through the theory of generalized functions. A
systematic theory of existence and uniqueness of solutions (both weak and pathwise)
for such stochastic partial differential equations (SPDE) driven by Poisson random
measures has been developed in [52]. Our objective in this chapter is to study some

large deviation problems associated with such stochastic systems.

Large deviation properties of SPDE driven by infinite dimensional Brownian mo-

tions (e.g. Brownian sheets) have been extensively studied. In a typical such set-



ting one considers a small parameter multiplying the noise term and is interested in
asymptotic probabilities of non-nominal behavior as the parameter approaches zero.
This is the classical Freidlin-Wentzell problem that has been studied in numerous
papers (see the references in [16]). Earlier works on this family of problems were
based on ideas of [2] and relied on discretizations and other approximations com-
bined with ‘super-exponential closeness’ probability estimates. For many models of
interest, particularly those arising from fluid dynamics and turbulence, developing
the required exponential probability estimates is a daunting task and consequently
simpler alternative methods are of interest. In recent years an approach based on
certain variational representation formulas for moments of nonnegative functionals
of Brownian motions [16] has been increasingly used for the study of the small noise
large deviation problem for Brownian motion driven infinite dimensional systems
[5, 16, 17, 23, 30, 31, 61, 63, 68, 69, 71, 74, 81, 86, 89, 90]. The main appealing
feature of this approach is that it completely bypasses approximation/discretization
arguments and exponential probability estimates, and in their place essentially re-
quires a basic qualitative understanding of existence, uniqueness and stability (under
‘bounded’ perturbations) of certain controlled analogues of the underlying stochastic

dynamical system of interest.

Large deviation results for finite dimensional stochastic differential equations with
a Poisson noise term has been studied by several authors [83, 59, 33, 29]. For infinite
dimensional models with jumps, very little is available. One exception is the paper
[70] that obtains large deviation results for an Ornstein-Uhlenbeck type process driven
by an infinite dimensional Lévy noise. One reason there is relatively little work in the
Poisson noise setting is that approximation arguments that one uses for Brownian
noise models become much more onerous in the Poisson setting, and for general

infinite dimensional models the approach of [2] becomes intractable.
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With the expectation that it would prove useful for the study of large deviations
for SPDEs driven by Poisson Random Measures (PRM), the paper [18] developed a
variational representation, for moments of non negative functionals of PRMs, which
is analogous to the representation given in [14, 16] for the Brownian motion case. The
paper [18] also obtained large deviation results for a basic model of a finite dimensional
jump-diffusion to illustrate the applicability of this variational representation for the
study of large deviation problems for models with jumps. However the feasibility
of this approach for the study of complex infinite dimensional stochastic dynamical

systems driven by Poisson random measures has not been addressed to date.

The goal of this chapter is to demonstrate that the approach based on variational
representations that has been very successful for obtaining large deviation results for
system driven by Brownian noises works equally well for SPDE models driven by
PRMs. As in the Brownian case we study the small noise problem, which in the
Poisson setting means that the jump intensity is O(e™') and jump sizes are O(e),
where € is a small parameter. We consider a rather general family of models of the

form

Xi = X5+ / A(s, X¥) ds—l—e/ /G s, Xs_, ! (dsdv), (4.1.1)

where N is a Poisson random measure on [0, 7] x X with a o-finite mean measure
e "Ar @ v, Ay is the Lebesgue measure on [0,7] and N< ' ([0,¢] x B) = N ([0, ] x
B) — e 'tv(B), VB € B(X) with v(B) < oo, is the compensated Poisson random

measure.

As noted previously, a key issue with a Poisson noise model is the selection of an
appropriate state space, since it is natural and often convenient for there to be little
spatial regularity. However, many of these foundational issues have been satisfactorily
resolved in [52], where pathwise existence and uniqueness of SPDE of the form (4.1.1)

are treated under rather general conditions. In the framework of [52] solutions lie in
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the space of RCLL trajectories that take values in the dual of a suitable nuclear space.
This framework covers many specific application settings that have been studied in
the literature (e.g., spatially extended neuron models, chemical reaction-diffusion
systems, etc.). In a parallel with the case of Brownian noise, one finds that the
estimates needed for establishing the well-posedness of the equation are precisely the

ones that are key for the proof of the large deviation result as well.

This Chapter is organized as follows. We begin in Section 4.2 with some back-
ground results. A strengthening of the general large deviation result established in
[18] is presented. Also summarized are basic existence and uniqueness results from
[52] for SPDEs with solutions in the duals of Countably Hilbertian Nuclear Spaces
(CHNS). In Section 4.3 we study the small noise problem and state verifiable con-
ditions on the model data in (4.1.1) under which a large deviations principle holds.

Finally, the Appendix collects some auxiliary results.

4.2 Preliminaries.

4.2.1 A General Large Deviation Result.

Recall Condition 2.3.2 in Chapter 2. The first condition requires continuity in
the control for deterministic controlled systems. The second condition is a law of
large numbers result for small noise controlled stochastic systems. In both cases we
are allowed to assume the controls take values in a compact set.When applied to the

SDE (4.1.1), G¢ will be the mapping that takes the PRM into X*.

Recall the rate function defined in (2.3.4). We will state it here again for easy
reference. For ¢ € U, define S, = {g€S:¢=G6°3)}. Let I : U — [0,00] be

o1



defined by

I(¢) = inf {Lr(g)}, ¢ €. (4.2.1)

QES¢

By convention, I(¢) = 0o if S, = @.

For applications, the following strengthened form of Theorem 2.3.2 is useful. The
proof follows by straightforward modifications; for completeness we include a sketch

in the appendix of this chapter.

Let {K,, C X,n=1,2,...} be an increasing sequence of compact sets such that

U K, = X. For each n let

Ay = {peA: forall (t,w) € [0,T] x M, n>p(t,z,w) > 1/nif z € K,

and p(t,z,w) =1ifzr € K.},
and let A, = Uj;ozlflbm. Define UN = UN N Ay,

Theorem 4.2.1. Suppose Condition 2.3.2 holds with UN replaced by UN. Then the

conclusions of Theorem 2.3.2 continue to hold.

4.2.2 A family of SPDEs driven by Poisson Random Mea-

sures.

In this section we introduce the basic SPDE model that will be studied in this
work. We begin by giving a precise meaning to a solution for such a SPDE and then
recall a result from [52] which gives sufficient conditions on the coefficients ensuring

the strong existence and pathwise uniqueness of solutions.

If ® is a countable Hilbertian nuclear space (recall the definition of CHNS in 3.2.2),
and {®, },en, are the completions of ® with respect to {|| - ||n}nen,, respectively,

then {®, },en, is a sequence of decreasing Hilbert spaces and & = N> ®,,. Recall,
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we identify ®f with ® using Riesz’s representation theorem, and denote the space
of bounded linear functionals on ®,, by ®_,,. This space has a natural inner product
(and norm) which we denote by (-,-)_,, (resp. || - ||-n), n € Ny such that {®_, },en,
is a sequence of increasing Hilbert spaces and the topological dual of ®, denoted as
' equals U (@_,, (see Theorem 1.3.1 of [52]). Elements of ' need not have much
regularity. Solutions of the SPDE considered in this chapter will have sample paths
in ®'. In fact under the conditions imposed here the solutions will take values in

D([0,T]: ®_,,) for some finite value of n.

We will assume that there is a sequence {¢;} C ® such that {¢,} is a complete
orthonormal system (CONS) in @y and is a complete orthogonal system (COS) in
cach ®,,n € Z. Then {¢}} = {¢]|#;l[,,'} is a CONS in &, for each n € Z. Define
the map 0, : ®_, — @, by 0,(¢;”) = ¢}. It is easy to check that for all p € N,
0,(®) C @ (see Remark 6.1.1 of [52]). Also, for each r > 0, n € ®_, and ¢ € ®,, n[@]

is defined by the formula

[e.9]

el = (1, 6;) - (0, b (4.2.2)

j=1

We refer the reader to Example 1.3.2 of [52] for a canonical example of such a Count-
able Hilbertian Nuclear Space (CHNS) defined using a closed densely defined self-

adjoint operator on ®j. A similar example was considered in Section 3.2.

Following [51], we introduce the following conditions on the coefficients A and G
in equation (4.1.1). Let A : [0,T] x ® — @& G : [0,T] x & x X — &’ be maps

satisfying the following condition.

Condition 4.2.1. There exists pg € N such that, for every p > pg, there exists ¢ > p

and a constant K = K(p, q) such that the following hold.

1. (Continuity) For all t € [0,T] and v € ®_,, A(t,u) € ®_, and G(t,u,-) €

L*(X,v;®_,). The maps u — A(t,u) and u v+ G(t,u,-) are continuous.
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2. (Coercivity) For all t € [0,T], and ¢ € P,
24(t, 9)[0p0] < K(1+|9]]%,)-

3. (Growth) For allt € [0,T], and u € ®_,,
1At w2, < K(1+ [|ull2,)

and

L6 a0l i) < K1+l
4. (Monotonicity) For all t € [0,T], and uy,us € _,,

2 t U,1 A(t UQ) Uy — U2>

/Hatm, Gt us, )| (dv) < K]Jur — ugl|?,

We now give a precise definition of a solution to the SDE (4.1.1).

Definition 4.2.1. Let (M, B(M), P, {F;}) be the filtered probability space from Sec-
tion 2.2.2. Fix p € Ny, suppose that Xj is a Fy-measurable ®_,-valued random
variable such that E||Xo[|2, < co. A stochastic process {Xf}iepo.r) defined on M is

said to be a ®_,-valued strong solution to the SDE (4.1.1) with initial value X, if
(a) X{ is a ®_,-valued Fi-measurable random variable for all ¢ € [0, T7;
(b) X< e D([0,T]: ®_,) a.s.;

(c) there is a ¢ > p such that for all ¢ € [0,7] and u € ®_,, A(t,u) € ¢_, and
G(t,u,-) € L*(X,v;®_,), and there exists a sequence {o, },>1 of {F;}-stopping times

increasing to infinity such that for each n > 1,

TNon
/ /HG s, X5, 0)||2 v(dv)ds < 0o

o4



and

B TNon
B A X0 s < o
0

(d) for all ¢ € [0, T], almost all w € M, and all ¢ € ®

X¢[o] = Xo[o] + / A(s, X9)[p]ds + € / / 5, X< 0)[]N (dsdv).  (4.2.3)

In Definition 4.2.1, N¢ ' is the compensated version of N¢ ' as defined below
(4.1.1), with N ' having jump rates that are scaled by 1/e and is constructed from
N, as below (2.2.1).

One can similarly define a ®_,-valued strong solution on an arbitrary filtered

probability space supporting a suitable PRM.

Definition 4.2.2 (pathwise uniqueness). We say that the ®_,-valued solution for the
SDE (4.1.1) has the pathwise uniqueness property if the following is true. Suppose
that X and X’ are two ®_,-valued solutions defined on the same filtered probability
space with respect to the same Poisson random measure and starting from the same

initial condition Xj,. Then the paths of X and X’ coincide for almost all w

The following theorem is taken from [52] (see Theorem 6.2.2, Lemma 6.3.1 and
Theorem 6.3.1 therein).

Theorem 4.2.2. Suppose that Condition 4.2.1 holds. Let X, be a ®_,-valued random
variable satisfying E|]X0H2_p < o0o. Then for sufficiently large p1 > p, the canonical
injection from ®_, to ®_, is Hilbert-Schmidt, and for all such p, the SDE (4.1.1)

with initial value Xy has a pathwise unique ®_,, -valued strong solution.

4.3 Large Deviation Principle.

Throughout this section we will assume that Condition 4.2.1 holds.
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Fix p > pp and Xy € ®_,. Let X be the ®_, -valued strong solution to the SDE
(4.1.1) with initial value X,. In this section, we establish an LDP for {X*¢} under

suitable assumptions, by verifying the sufficient condition in Section 4.2.1.

We begin by introducing the map G° that will be used to define the rate function
and also used for verification of Condition 2.3.2. Recall that S = Uy>1.S N where SN
is defined in (2.3.1). As a first step we show that under Conditions 4.3.1 and 4.3.2

below, for every g € S, the integral equation

Xf:X0+/ (s, X9) ds+/ / s, X9, 0)(g(s,v) — Dv(dv)ds (4.3.1)

has a unique continuous solution. Here g plays the role of a control. Keeping in mind
that (4.2.3) is driven by the compensated measure and that equations such as (4.3.1)
will arise as law of large number limits, g corresponds to a shift in the scaled jump

rate away from that of the original model, which corresponds to g = 1. Let

||G(tauvv)||—l7
G(t,v)|lo—p = sup ——————, (t,v) € [0,T] x X.
|| ( )||0, D uG@Iip 1 ||u||_p ( ) [ ]

Condition 4.3.1 (Exponential Integrability). There ezists §; € (0, 00) such that for

all E € B([0,T] x X) satisfying vp(E) < 0o,
/ SNGEDNE—y (dv)ds < oo.
B

Remark 4.3.1. Under Condition 4.3.1, for every d € (0, 00) and for all £ € B([0, 1] x

X) satistying vr(E) < oo

/ 2211660 (dp)ds < oco.
E

The proof of Remark 4.3.1 is given in the appendix.

Remark 4.3.2. The following inequalities will be used several times. Proofs are omit-

ted.
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1. For a,b € (0,00), 0 € (1,00)

1 1
ab < e’ + —(blogb—b+1) = e’ + —I(b).
o o

(4.3.2)

2. For each 8 > 0 there exists ¢;() > 0, such that ¢;(8) — 0 as § — oo and

|z — 1| < ¢1(B)l(z) whenever |x — 1| > .

3. For each 8 > 0 there exists c3() < 0o, such that

|z — 1|* < c2(B)I(z) whenever |z — 1] < 3.

In particular, using the inequalities we have the following lemma.

Lemma 4.3.1. Under Conditions 4.2.1 (¢) and 4.3.1, for every M € N,

sup [ G0 yla(sv0) + Du(de)ds < o
X

gesSM

sup / [|G(s,v)|]o,—plg(s,v) — 1v(dv)ds < .
Xr

geSM

and

lim sup sup / [|G(r,v)||o,—p|g(r,v) — 1|v(dv)dr = 0.
020 gesM |t—s]<5 J[s,4]xX
Proof. First notice that under Condition 4.2.1 (c), we have
/ ||G(s,v)||(2)7_p1/(dv)ds < KT < 0.
X

Thus we only need to prove that

sup/ ||G(s,v)||(2)’_pg(s,v)l/(dv)ds < 00.
X

ges]W

(4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)

If £={(s,v):||G(s,v)||o,—p > 1}, then by (4.3.6) we have vr(E) < co. Also, from

the super linear growth of the function [, we can find k1, ko € (0,00) such that for
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all z > k1, © < Ral(x). Define F' = {(s,v) : g(s,v) > k1}. Then, from (4.3.2)
[ 1G G 0l ats.opwaoyis
T

=/EIIG(S7v)ll%,_pg(s,v)V(dv)dS+ 1G(s, )15, —p9(s, v)v(dv)ds

Ec

§/e‘sl”G(s,UHa—py(dv)ds—i—/l(g(s’v))y(dv)ds
B e O

+/ kal(g(s,v))v(dv)ds + Iﬁ/ |G (s, v)|[5 _,v(dv)ds.
EenF EenFe

Combining this estimate with Condition 4.3.1 and the definition of S*, we have

(4.3.3).
We now prove (4.3.4) and (4.3.5). Note that
| 16 0laslgtr.e) = Uptav)ar
[s,t]xX
=[Gl )~ 1v(de)dr
([s,]xX)NE

T / 1G(r, 0)llo—plg(r, v) — Llw(dv)dr.
([s,t] xX)NEe

Using (4.3.2) twice (once with b = g and once with b = 1), for any M, € (1, 00)

M
[ el -t <2 [ ooy agars 2
([s,t]xX)NE ([s,t]xX)NE 0
(4.3.7)

Recalling Remark 4.3.2, for any # > 0 and g € SM

/ 1G(r,0)lor—plg(r v) — 1w (dv)dr
(I, ] xX)NEe

/ G0l loplg — Llv(de)ar
(s xX)NEN|g—1|<0}

+f G )llo—plg = Lpdo)dr
([s,] xX)NEN{|g—1|>0}

1/2
< (/[ ) XHG(T, v)||37_p1/(dv)dr) V2 (0)M + ¢ () M. (4.3.8)

The inequality in (4.3.4) now follows on setting s = 0, ¢ = 7" in (4.3.7) and (4.3.8)

and using Condition 4.2.1 (c) and Remark 4.3.1.
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Next consider (4.3.5). Fix € € (0,00). Choose M, such that Mﬁo < §. Let

91 € (0,00) be such that

YIS

2 sup / MOlCE) ooy () <
([s,]xX)NE

|t75‘§(51

Now choose 6 € (0, 00) such that ¢;(6)M < {. Finally, choose &, € (0, 00) such that

€
4.

IN

1/2
sup (/ |G (r, U)Hg’_pl/(dv)dr) ca(0)N
[s,t] xX

[t—s]<2

Using the above inequalities in (4.3.7) and (4.3.8), we have for all § < min{d;, >},

sup sup [ GO0l ) — 1v(de)dr < e
[s,t] xX

geSM |t—s|<é

The result follows. O

We will need the following stronger condition on fluctuations of G' than (d) of

Condition 4.2.1. Let

Gt 0)|1—g = sup G (t, ur, v) — G(t, ug, v)]|—q
9 —q — )

u1,u2€P _g,u1 Fuz Hul - U2||,q

Condition 4.3.2. For q as in Condition 4.2.1, there exists § € (0,00) such that for

all E € B([0,T] x X) satisfying vr(E) < oo,
/ ONCEE —a (dv)ds < .
E
Remark 4.3.3. Under Conditions 4.2.1 (d) and 4.3.2, for every M € N,

sup [ IG5, 0l (gl 0) + D(do)ds < o
Xr

gesSM

and

sup / |G(s,v)||1.—¢lg(s,v) — 1|v(dv)ds < oo. (4.3.9)
X

gesM

The proof of this remark is similar to that of Lemma 4.3.1, and thus omitted.
Note that Conditions 4.3.1 and 4.3.2 hold trivially if ||G(s,v)||o.—p and ||G(s,v)]|]1,—4

are bounded in (s, v).
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Recall that p; > p is chosen such that the canonical injection from ®_, to ®_,,

is Hilbert-Schmidst.

Theorem 4.3.1. Fiz g € S. Suppose Conditions 4.2.1, 4.3.1 and 4.53.2 hold, and
that Xy € ®_,. Then there exists a unique X9 e C([0,T] : ®_,,) such that for every
¢ €,

X9[8] = Xold]+ / (5, X9)[6]ds+ / / G(s, X9, 0)[6](g(s, v) —1)w(dv)ds. (4.3.10)
Furthermore, for N € N, sup,cp 71 Supgegn || X7, < 00.
We note that in the above theorem X9 is a non-random element of C([0,7] :

®_,, ). We can now present the main large deviations result. Recall that for g € S,

vi(dsdv) = g(s,v)v(dv)ds. Define
G'(v%) = X9 for g € S, with X7 given by (4.3.10). (4.3.11)
Let I : D([0,T]: ®_,,) — [0, 00] be defined as in (4.2.1).

Theorem 4.3.2. Suppose that Conditions 4.2.1, 4.3.1 and 4.3.2 hold. Then I is a
rate function on ®_, , and the family { X }~o satisfies a large deviation principle on

D([0,T]: ®_,,) with rate function I.

We now proceed with the proofs. In Section 4.3.1 we prove Theorem 4.3.1 and in

Section 4.3.2, we present the proof of Theorem 4.3.2.

4.3.1 Proof of Theorem 4.3.1.

The proof of the theorem is based on the following two lemmas. The first lemma
is standard and so its proof is relegated to the appendix. The norm ||-|| in the lemma

is the Euclidean norm in R,
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Lemma 4.3.2. Let a,u : [0,T] x R — R? and b : [0,T] x RY — R be measurable
functions such that, for a.e. s € [0,T], the maps y — a(s,y), y — b(s,y) and

y — u(s,y) are continuous. Further suppose that for some k € (0, 00),

la(s, Il + [b(s, )l < k(L +lyll),  for all s € 0,T], y € R

T
/ sup ||u(s,y)||ds < M < oo.
0

yER?
Fiz xg € RY. Then there exists x € C([0,T] : RY) such that x satisfies the integral

equation

x(t) :x0+/0 a(s,x(s))ds—i—/o b(s,z(s))u(s,z(s))ds, (4.3.12)

and

sup ||z (t)]] < (||zol| + r(M + T))e M+,
te[0,T

Lemma 4.3.3. Let {a?, g%}aen be a sequence of maps, a® : [0,T] x R — R? and

g% :[0,T] x R x X — R4, such that the following hold.

1. For each s € [0,T] and y € R?, ¢g%(s,y, ) € L*(X,v;R?) and for each s €
0, T, the maps y — a%(s,y) and y — g%(s,y,) (from R? to L*(X,v;R?)) are

continuous.

2. For some r € (0,00) and all d € N,
2(a’(s,y),y) < w(1+lyl1*), ¥(s,y) €[0,T] x R

and
[l 0)lBvtao) < v, s € 0.7)
X

llg(s,y,0)]|

where ||g%(s,v)||o = sup,cpa Tl

3. For each d € N, there exists kg € (0,00) with

lla’(s, Il < ka1 +[lyll),  ¥(s,y) € [0,T] x R”.
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4. There is a dy € (0,00) such that for all E € B([0,T] x X) satisfying vr(E) < oo,

/ edolls (sl (dy)ds < oo.
E

Then for any d € N, ¢ € S and z¢ € R?, the equation

2% (t) :x3+/0 ad(s,xd(s))d8+/0 /ng(s,:z:d(s),v)(l/z(s,v) — Dv(dv)ds (4.3.13)

has a solution z* € C([0,T] : RY). Suppose that supyey ||7d]|* < co. Then for every

M € (0,00), there exists a Ry € (0,00) such that

sup sup ||z%(t)|]* < R, whenever ¢ € SM.
deN te[0,T]

Proof. For each d fixed, equation (4.3.13) is the same as (4.3.12) with the following

choices of a, b and u:

a(s,y) = a’(s,y),
b(s,y) =1+ ||yl

and

wts)= [ 08929 (45 0) — 1)(do).

L+ lyll

Thus in order to prove the existence of the solutions to (4.3.13), it suffices to verify
conditions in Lemma 4.3.2. The continuity of a, b and first condition in Lemma 4.3.2

are immediate. The proof of the statement
y — u(s,y) is continuous for a.e. s € [0, (4.3.14)

is given in the appendix. Finally note that

T T
/ sup [[u(s, y)||ds < / / 195, 0) ol (s, v) — 1(dv)ds < oo,
0 yeRd 0 X

where the last inequality follows from conditions (b) and (d) using a similar argument

as for (4.3.4). Thus from Lemma 4.3.2, for each d € N, there exists a ¢ € C([0,7] :
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R?) satisfying (4.3.13). Next note that

o)
~lisflP +2 | <:cd<s>, (ad<s,xd<s>> + [ g0 05,0) - 1>u<dv>)>ds
< ]+ 2 [ (a4(5) oo, () s

2 / 2(s)]) / g (s, 2(s), W] [(5, ) — 1w(dv)ds
< el + s / (1 + [[24(s) ) ds

2 / 24 ()]1(1 + [l%(s)])) / 1g(s, ) lolt(s, v) — 1w (dv)ds.

(4.3.15)
Let
F4(s) Z/Xllgd(&v)l!oW(Syv) — 1jv(dv).
Then as before, using (b) and (d), we have that
T
sup sup/ f(s)ds < oo. (4.3.16)
pesM deN Jo

Also, from (4.3.15) and using that ¢ + ¢ < 1+ 2¢* for ¢ > 0,
T ¢
el < (Nl + o7 2 [ pisyds) + [t R0e+ ar'(eas.
0 0
Thus, by Gronwall’s inequality
T .
H:L‘d<t)H2 < (Hl,gHZ —|—/€T—|—2/ fd(S)dS> elit+4f0f (S)ds'
0
Hence if sup,ey ||28||> < oo, then by (4.3.16)

sup sup sup ||z%(t)||* < oo.

»eESM deN te[0,T)

The lemma follows. O

We are now ready to prove Theorem 4.3.1.
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Proof of Theorem 4.3.1. We first argue the existence of the solutions to (4.3.10). Let
M € N be such that g € S™. Recall the CONS {¢}} defined by ¢} = ¢, ||gz§k|\;1 € P,
that was introduced in Section 4.2.2. Fix d € N and let 7 : ®_, — R? be the mapping
given by

m(u), =ul@h], k=1,2,....d

and denote m(Xy) by z¢. Define a? : [0, 7] x R? — R? and ¢ : [0,7] x R x X — R?
by
d
al(s,z)p = A (8, Z%cbj_p) [97]
j=1
and
d
gd(s’ Z, /U)k =G (Sa Z xj¢j_p7 U) [d)i]
j=1
It is easy to verify that a? and g¢¢ satisfy the assumptions of Lemma 4.3.3, and

therefore there exists z? € C([0, 7] : RY) which satisfies (4.3.13) with 1 replaced by

g. Define the ®_,-valued continuous function X, associated with z¢, by

d

X = (a)ne”.

k=1

Then with £y, as in Lemma 4.3.3, we have

sup sup ||Xtd||2_p < R (4.3.17)
deN te(0,T]

Recalling the definition of u[¢] from (4.2.2), let v¢ : ® — @' be a mapping given
by
d
V= ulgllor”.
k=1

Let, for d € N, A?: [0,T] x ® — & and G¢: [0,T] x ® x X — & be measurable

mappings given by

Ad(sau) = ’YdA(Svfydu) and Gd(sauav) = ’de(S7’ydu7U)‘
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Then X¢ solves

X2[¢] = X2[4]+ / (s, X)[glds-+ / / G(s, X, 0)[6)(g(s, v)~ L) (dv)ds, ¢ € .

We now argue that for each ¢ € ®, the family {X%[¢|}4en is pre-compact in
C([0,7] : R). From (4.3.17), we have

d telo,T]

sup sup X716 < sup s IXE el < Vulill <o (4315)
Now we consider fluctuations of X4[¢]. For 0 < s <t < T,
| X{[g] — X{[0]]
/ A%(r, X9 [ |dr—|—/ /|Gd r X 0) ()] 1g(r,v) — 1[p(dv)dr
/ 1A%, XD 1ol + / L6 Xl elblatr.o) = v(de)ar

Also, for (s,u) € [0,T] x ¢’

d
1A% s, w2, = || Y Als, ") [67]6r”
k=1

d
= {1> " Als, v"u) (6],
k=1

=" (A(s, 1 u)[0]])”

< [JA(s, 7" w2,
<K (1+]1y"ll?,)
<K (14 lull?,)
where for the second equality we use the observation
ulgflo; ! = ulghle;”, Yue d', p,qg>0,
and the last inequality follows on observing that

Iy *ul2, < lul2,, ¥p>0.
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Similarly,

1G5, u,0)[12, = | D Gls 7w, v) @] "

d
k=1
3 (G, v) )

< |IG(s, 7", )| 2,

-p

Combining the above estimates we have

IX¢70] — XU < 1Ml VE /T ot — 5)
116111+ v/Far) / / 1G(r,0)lo—»lg(r, v) — L|p(dv)dr-

By Lemma 4.3.1 we now see that

limsup sup |XZ[¢] — X%[¢]| = 0. (4.3.19)
6=0 deN [¢t—s|<s

Combining (4.3.18) and (4.3.19) we now have that the family {X?[¢]} is pre-compact
in C([0,T] : R) for every ¢ € ®. Combining this with (4.3.17) we have that { X9} e is
pre-compact in C([0,T] : ®_,,) (cf. Theorem 2.5.2 in [52]). Let X be any limit point.
Then by the dominated convergence theorem and the definitions of A% and G? (see
Lemma 6.1.6 and Theorem 6.2.2 of [52]), X satisfies the integral equation (4.3.10).

Note that the argument also shows that whenever g € S™, sup,(, 7 H)N(tHQ_p < Rum.

Next, we argue uniqueness of solutions. Suppose there are two elements X and X

of C([0,T] : ®_,,) such that both satisfy (4.3.10). Then, using Condition 4.2.1 (d),
I = 1, = 2 [ (A0 X) = Al X)X~ X
+ 2/; /X<G(s,5<s,v) G, Xy 0), Ky — X o(g(s,0) — Dw(dv)ds
<K [ 15

t
o / 1%, — X7, / 1G5, 0)]1alg(5,0) — Lp(dv)ds.
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Also, by Remark 4.3.3,

/0 /X||G(s,v)\|1,_q|g(s,v) — 1|p(dv)ds < .

An application of Gronwall’s inequality now shows that || X, — )_(tHQ_q = 0 for all

t € [0, T]. Uniqueness follows. O

4.3.2 Proof of Theorem 4.3.2.

From Theorem 4.2.2 and by the classical Yamada-Watanabe argument (cf. [49]),
for each € > 0, there exists a measurable map G : M — D([0,7] : ®_,,) such that,
for any PRM n° " on [0, 7] x X with mean measure e '\ ® v given on some filtered
probability space, G¢(en® ') is the unique ®_,, valued strong solution of (4.1.1) (with
N¢ ' replaced by i€ ' =n¢  —e N\ ® v) with initial value Xy, where p; is as in the
statement of Theorem 4.2.2. In particular, X¢ = G*(eN< ') is the strong solution of
(4.1.1) with initial value Xy on (M, B(M), P, {F;}). In view of this observation, for

proof of Theorem 4.3.2; it suffices to verify Condition 2.3.2.

We begin with the following lemma.

Lemma 4.3.4. Fiz N € N, and let g,,g € SV be such that g, — g as n — co. Let

h:[0,T] x X = R be a measurable function such that

/X |h(s,v)|*vr(dvds) < oo, (4.3.20)

and for all 65 € (0, 00)
/ 20y (duds) < oo, (4.3.21)
B

for all E € B(]0,T] x X) satisfying vp(E) < oco. Then
/X h(s,v)(gn(s,v) — 1)vr(dvds) — g h(s,v)(g(s,v) — 1)vr(dvds) (4.3.22)

as n — Q.
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Proof. We first argue that given e > 0, there exists a compact set K C X, such that

Sup/ |h(s,v)||gn(s,v) — 1|r(dv)ds < e. (4.3.23)
[0,T]x Ke

n

For each 8 € (0,00) and compact K in X, the left side of (4.3.23) can be bounded

by the sum of the following two terms:

T) = sup (s, 0)l|gn(s,v) = v (dv)ds,

n /([O,T]ch)ﬂ{lgn—1|>/3}
and

Ty = sup |h(s,v)||gn(s,v) — 1|v(dv)ds.

n /([UvT]XKC)ﬂ{lgnlléﬁ}
Consider T first. Then for every L € (1,00)

Ty < sup / (5, 0)|ga (5, ) — 1| (dv)ds
n J([0,T]xK)N{|gn—1|>B}N{|h|<1}

+ sup h(s,v)||gn(s,v) — 1|lv(dv)ds
|

n /([OﬁT] xK)N{lgn—1>B}N{|h|=1}

Ssup/
n J((0,7]xK)N{|gn—1]>B}N{[h|<1}

1
+ 2/ ey (dv)ds + — sup/ [(gn(s,v))v(dv)ds.
(0.7 KN |hl1} Lon Jxr

n

|gn(s,v) — 1|v(dv)ds

where the inequality uses (4.3.2) twice (with b = g, and b = 1). Using inequality (b)

of Remark 4.3.2, the first term on the right side above can be bounded by

c1(B) sup/X 1(gn(s,v))v(dv)ds < ¢1(B)N.

n

Therefore,

1
T < (B)N + 2/ ey (dv)ds + = N.
(0, TIxK<)N{|A|>1} L

Now choose § sufficiently large so that ¢;(8)N < €/6, L be sufficiently large so
that N/L < €/6. Note that from (4.3.20), vr{|h| > 1} < oo and so by (4.3.21),

f\h\>1 eHMsyr(duds) < oo. Thus we can find a compact set K; C X such that

2/ ety (duds) < €/6.
((0,T]x K§)N{|h|=1}
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With g chosen as above, consider now the term 7T5. We have, using the Cauchy-

Schwartz Inequality and inequality (c) of Remark 4.3.2, for every compact K,

T S/[O,T]ch |h(s,v)[Pv(dv)ds x cy(B) sup /XT l(gn(s,v))v(dv)ds

S/ |h(s,v)[Pv(dv)ds x ca(B)N.
[0,T]x K¢

By (4.3.20), we can choose a compact set Ky, such that T; < ¢/2 with K replaced by
K,. Thus by taking K = K; U K5, we have on combining the above estimates that
Ty + T, < €. This proves (4.3.23).

In order to prove (4.3.22), it now suffices to show that, for every compact K C X,

/[()T]xK h(s,v)(gn(s,v)—1)vp(dvds) — h(s,v)(g(s,v)—1)vr(dvds). (4.3.24)

[0,TIxK
Fix a compact K C X. From (4.3.20), we have that [ ., . [h(s,v)[vr(dvds) < cc.

Thus to prove (4.3.24), it suffices to argue

AT} Kh(S,U)gn(S,U)VT(dUdS) — h(s,v)g(s,v)vr(dvds). (4.3.25)

[0,TIxK
When h is bounded, (4.3.25) can be established using Lemma 2.8 in [9]. For complete-
ness we include the proof in Appendix. For general A (which may not be bounded),

it is enough to show

sup/ | (s, 0) | Lin> 390 (s, v)vr(dvds) — 0, (4.3.26)
[0,T1x K

n

as M — oco. We have

sup/ \h(s, )| 1{n=0139n (5, v)vr(dvds)
0,7x K

n

1
< sup/ eL|h(s’”)u(dv)ds+—sup/ 1(gn(s,v))v(dv)ds
n (o m)x )N nl>01) Lon Jxy
1
§/ eHhEy (dv)ds + —N.
(10,71 K) {1} L

Given € > 0, we can choose L large enough such that N/L < €/2. Also, since

/ ey (duds) < oo,
[0,T]x K
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we can choose M large enough such that f([ Lik(so)ly(dv)ds < €/2, for

0,7 x K)n{|h|>M} ©
all M > M. Thus for all M > Mo, sup,, [io 77,5 [R(s, V) [Ljpzarn(s, v)vr(dvds) < e.

Since € > 0 is arbitrary, (4.3.26) follows. This proves the result. O

We now proceed to verify the first part of Condition 2.3.2. Recall the map G°
defined in (4.3.11).

Proposition 4.3.1. Fiz N € N, and let g,,g € S be such that g, — g as n — oo.
Then

G (vy) = G° (v7).

Proof. Let X™ = G° (v9"). By Theorem 4.3.1, there exists a constant & € (0, 0o) such
that

sup sup ||X7||_, < &. (4.3.27)
n  te[0,T7]

Using similar arguments as in the proof of Theorem 4.3.1 (cf. (4.3.18) and (4.3.19)),
we have, for any ¢ € P,

sup sup | X7'[g]] < oo.
n  te[0,T]

Also,
[X70] = X2l < [0l VEVT+ 5t =)
el + V) [ [ 1600l 0) = (o)

Using (4.3.5) in Lemma 4.3.1 we now have that

limsup sup [X7[¢] — X['[¢]| = 0.

0 n |t—s|<s

This proves that the family {X7[¢]} is pre-compact in C([0,7] : R) for every ¢ € ®.

Combining this with (4.3.27), we have that {X"},cy is pre-compact in C([0,T] :

®_,) (see Theorem 2.5.2 in [52]). Let X be any limit point. An application of the
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dominated convergence theorem shows that, along the convergent subsequence,

/OtA(s,Xs")w]ds — /Ot A(s, X,)[¢]ds (4.3.28)

as n — co. Furthermore, using the convergence of X to X, Condition 4.2.1 (d) and

(4.3.9), we have that

/ / 5, X, 0)[¢)(gn(s,v) — 1)v(dv)ds — /OtAG(S,Xs,U)[¢](9n(S,U) — Dv(dv)ds
— 0.

(4.3.29)

Here we have used the inequality
G(S, X;Lv U)[¢] - G(S7X87 U>[¢] < ||G(S7U)||L—q sup ||Xv;I - XSH—Q
te[0,7
along with inequality (4.3.9) in Remark 4.3.3.
Also, from (4.3.27), we have that for some x; € (0, c0)
(G (s, X, 0)[0)] < w1l |G(s,0)[lo,pr ¥(s,0) € X

Combining this with Condition 4.2.1 (c¢) and Remark 4.3.1, we now get from Lemma

4.3.4 that, as n — oo,

// 161(gn(5,v) — D)(dv) ds—>// 61(g(s,v) — Dw(dv)ds.

(4.3.30)
Combining (4.3.28), (4.3.29) and (4.3.30) we now see that X must satisfy the integral
equation (4.3.10) for all ¢ € ®. In view of unique solvability of (4.3.10) (Theorem
4.3.1), it now follows that X = G° (+%). The result follows. O

We now proceed to the second part of Condition 2.3.2. As noted in Theorem

4.2.1, it suffices to verify this condition with U™ replaced with ¢/™.
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Recall from the beginning of this section that X¢ = QE(GNE_l) is the strong
solution of (4.1.1) with initial value X, on (M, B(M), P, {F;}). Let ¢. € UM, define
Y. = 1/, and recall the definitions of N and #p from Section 2.2.2. Then it is easy
to check (see Theorem I11.3.24 of [50], see also Lemma 2.3 of [18]) that

& (Ye) =

exp {/ log(ve(s,2))N(ds dx dr) + / (—ve(s,x) + 1) vp(ds dx dr)}
(0,t]xXx[0,e—1] (0,t]xXx[0,e=1]

is an {ft}—martingale. Consequently

Q% (G) = /Ggf(@be)dIP’, for G € B(M)

defines a probability measure on M, and furthermore P and Q% are mutually abso-
lutely continuous. Also it can be verified that under Q%., e N ¢ '¢c has the same law as
that of eN¢ ' under P. Thus it follows that X¢ = G*(eN¢ '#<) is the unique solution

of the following controlled stochastic differential equation:
X = X0+/ s, X¢) ds—i—/ / s, X<, ENE_I‘Pe(deU) - V(dU)dS) . (4.3.31)
Proposition 4.3.2. Fix M € N. Let p.,p € UM be such that Ye converges in

distribution to o, under P, as € — 0. Then G*(eN¢ ') = G° (1%).

Proof. If X¢ = G*(eN¢ '#<), then as just noted, X¢ is the unique solution of (4.3.31).
We now show that the family {X}.. of D([0,T]: ®_,,) valued random variables is

tight.
We begin by showing that for some ¢, € (0, 00)
sup E sup ||X€|]2 < 00. (4.3.32)

0<e<eg 0<t<T

Recall that ¢, is defined by 0,(¢;”) = ¢7 for the CONS {¢;",j € Z}. By Ito’s
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formula,

t
XS, =1%ol + 2 / As, X)[6,Xds

+2// (5, X50), X) (e — Dv(dv)ds
b [ (166 R0l + 26 X0, X))

X (Ne_l‘pe(dsdv) - e_lgoey(dv)ds>

/ /||G 5, X 0)|2, e (dv)ds.

For completeness we include the proof of (4.3.33) in the appendix.
For the second term in (4.3.33), we have by Condition 4.2.1 (b) that
t R R t R
2 [ A X0, X0s < K [ (14 1K), )ds
0 0
Also, using a + a? < 1+ 2a? for a > 0

G(s, X5 0), X _p(pe — Dr(dv)ds

S

1G (s, X¢, 0)]|- e e
_/0 ; H(L A XS XSl =pl e — v (dv)ds

L+ |1 Xell-

t
< / (1+2|XP,) ( / 16, )l —ploe — 1|u<dv>) ds
t
YAl ( 11660l lec - 1|u<dv>) s,
0 X

where L; = sup,cgm fXT |G(s,v)||o,—plp — 1|v(dv)ds < oo, from (4.3.4).

For the last term in (4.3.33), we have

//HG 5, X 0|2, oo (dv)ds

Gs,X;U 2 .
= [Tt
o Jx G IXL,)

t
<2 [ %) ([ 1660l eia)) ds
0 X

t
< et 2 [ IKR, (GG 0 paian) ds
0 X
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where Ly = sup,cgom fXT |G (s, )15, _ppv(dv)ds < oo, from (4.3.3).

We split the martingale term as M; = M} + M?, where

/ / e (s, X2 0|, (N7 (dsdv) — g (dv)ds)
and
M? = / / (€G(s, X, v), XY, (Nﬁ‘lwé (dsdv) — e*lgoeu(dv)ds) .
We now use the following Gronwall inequality:
If n and ¢ > 0 satisfy n(s) < a+ /OS n(r)w(r)dr for all s € [0, 1],

then n(t) < aelo ¥(e)ds
Using this inequality, the above estimates, and Lemma 4.3.1, we have that for some

constants L, Ly € (1, 00),
sup HX€||2 < L3 <L4+ sup |M}|+ sup |M2|> (4.3.35)
0<s<t <s<t 0<s<t

for all e € (0,1) and ¢ € [0,T].

For the term M}, we have, for € € (0, 1)

E sup |[M,|
0<s<T
<E / /HeG 5 X )P NP (dsdv)

/ 16G (s, X< )12, per(dv)ds
< ZE/ /HEG s, X< v )2 e  per(dv)ds
<46E/ (1+||X6H2 (/HGS U)HO PV (dv)) ds

<168 [ |Gl 0l rtde)ds + 468 sup [1XIE, [ 116G, 0)IR _eatdo)ds
Xr 0<s<T Xr

<4eLy(1+E sup ||)~(§||2_p)
0<s<T

(4.3.36)
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Next consider the term M?. From the Burkholder-Davis-Gundy inequality, we have

that

E sup |M]]

0<s<T

<4E[M?)

g 1/2
< 4k {/ /4€2<G(S,X§_, v), X§—>2_pN€1%(dsdv)}
0 X
! 1/2
=4 {/ /462HG(3’Xi_,v)Hz_pHXE_HZ_pNE1%(dsdv)}
0 X

T 1/2
gsE{sup e, [ f e2\|G<s,X;_,v>H2_pr“pe(dsdv)}
0 X

0<s<T

1 .
< TE sup || X¢||?, + 1286’ LsE (/ /HG s, X<, )|, N “"E(dsdv))

8 3 0<s<T

8L LB sup (K12, + 128 L4E (/ /||G 5 X o (dv)ds)
3

0<s<T

1
<87E sup HXEH +256€LaLs(1+E sup || X¢|% )

3 0<s<T 0<s<T

(4.3.37)

For the fifth inequality, we have used the AM-GM inequality vab < 5+ g with a =
o SWosser || XE|2, and b = 32Lse? [ [, [|G(s, X¢_, 0)||2,N"#(dsdv). Combin-
ing (4.3.35), (4.3.36) and (4.3.37) we now have

1
(E sup || X< ) (1 — 4eLyL3 — 256€Ly L3 — g) < L3Lyg+4LyL3 + 256 L, L3.

0<s<T
Choose €y small enough so that max{4eyLy L3, 256€q Lo L3} < %. Then for € < ¢y, we
have that

8
E sup [[X{||2, < =(LsLa+4LoLs + 256L>L3).

0<s<T

This proves (4.3.32).

In view of the estimate in (4.3.32), to prove tightness of {X}.<., in D([0,T] :
®_,), it suffices to show that for all ¢ € ®, {X¢[}]}c<q, is tight in D([0,T] : R). For

the rest of the proof we will only consider ¢ < ¢y, however we will suppress ¢, from
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the notation. Fix ¢ € ®. Let

Cf:/ As, X9)] ds—i—/ / s, X5,0)[¢](pe — Dv(dv)ds

M =e / / s, X<, 0)[0] N #<(dsdv).

To argue tightness of C* in C'([0, 7] : R), it suffices to show (cf. Lemma 6.1.2 of [52])

and

that for all 7 > 0, there exists 6 = §, > 0 such that

sup P ( sup |Cf — C5l > 7') < T (4.3.38)

0<e<eg 0<B—a<d

Fix 7 > 0. Then for arbitrary 6 > 0,

sup]P’( sup |C;—C§\>T>

0<B—a<d

= Sup]P( sup / A(s, X9)| ds+/ / s, X<, 0)[0](¢e — Dv(dv)ds| > T)
€ 0<fB—a<d
g - T
< supIP’( sup / A(s, XJ)[g)ds| > —)
€ 0<f—a<d 2
—i—supIP’( sup / /G s, X< v — v (dv)ds| > Z)
0<B—a<d 2

< SlelpiE (5 sup ‘A s Xg)[cﬁ]) )

o | 0 55— i

From (4.3.32) and Condition 4.2.1 (c), it follows that

2
< oQ.

Thus we can find d; > 0 such that for all 6 < ¢y, the first term on the last line of
(4.3.39) is bounded by 7/2.

+ sup IE ( sup
0<f—a<é

)

(4.3.39)

sup E < sup A(s,Xf)[(b]

e 0<s<T
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Now we consider the second term:

‘/[ 8] XG(S’X;U)M(% — D (dv)ds

< lléll, (1+ sup HX;H_p) [ 1660l Uvtaids
0<s<T [a, 8] xX

< lolly (1+ s 11551, ) sup sup [ G0l ylg = 1ol
0<s<T [5,¢] xX

geSM |t—s|<5
Then from (4.3.5) in Lemma 4.3.1 and (4.3.32), we can find d, > 0 such that for all
d < dy, the second term on the last line of (4.3.39) is bounded by 7/2. By taking
d = min(d, 02), (4.3.38) holds and the tightness of {C*}.<., follows.

Next consider M¢. We have

E (M°) —e]E/ / (s, X5, 0)[8])2pev(dv)ds

< 2¢[|g|[,(1 +E sup |[X5[2,) sup / 1G(s,0)|[5 —piev(dv)ds.
0<s<T X

peSM

(4.3.40)

Using Lemma 4.3.1, we have E supg . (M€), goes to 0 as € — 0. Then by Theorem
6.1.1 in [52], for any ¢ € ®, the sequence of semimartingales X¢[¢] = Xo[¢] + Cs + M
is tight in D([0,77] : R). It then follows from (4.3.32) and Theorem 2.5.2 in [52] that
{X}ecq, is tight in D([0,T] : ®_,,).

Now choose a subsequence along which (X €, ©e, M€) converges in distribution to
(f( ,©,0). Without loss of generality, we can assume the convergence is almost sure
by using the Skorokhod representation theorem. Note that X¢ satisfies the following

integral equation

X¢[g) :X0[¢]+/ A(s, X9)| ds+/ / s, X<, 0)[0](¢e — Dv(dv)ds + M.

Along the lines of Theorem 4.3.1 and Proposition 4.3.1 (see (4.3.28) — (4.3.30)), we

see that X must solve
Xilo) = Xolol + [ A, Xfds + [ [ Gl Keco)lell = Dotanyis
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The unique solvability of the above integral equation gives that X = G° (1/“2’), thus

we have proved part 2 of Condition 2.3.2, i.e., G¢(eN< #) = G° (v%). O
We are now ready to prove the main theorem.

Proof of Theorem 4.3.2. Using Propositions 4.3.1 and 4.3.2, Theorem 4.3.2 is an im-

mediate consequence of Theorem 4.2.1. O

4.4 Appendix.

Proof of Theorem 4.2.1.

Proof. Proof follows by modifying arguments for the lower bound and upper bound

in the proof of Theorem 4.2 of [18].

Lower Bound. Following the proof of Theorem 2.8 in [18], it is easy to see that

—clogE (e*(lF(ZE)> is bounded below (actually equal to)

inf & [LT(SO) 4 Foge (eNE_l‘P)] , (4.4.1)

peU
where U = U N217/~1 N The rest of the proof for the lower bound is as in Theorem 4.2

of [18].
Upper Bound. Fix § € (0,1) and ¢y € U such that

I(¢o) + F(do) < qlfelﬂfj([(@ + F(¢)) +9.
Choose g € Sy, such that Ly(g) < I(¢o) + 9. Note that g € Sy, implies ¢g = G° (1/4.).
Define
1
g(t,x) Vv —} An  forx e K,,
1 else.
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Then g, € Ay, C Ap. By the monotone convergence theorem, Lr(g,) T Lr(g).

Recalling from the proof of the lower bound that —eloglE (exp (—e 1F(Z9)))

equals the expression in (4.4.1),

lim sup —elog E <€76_1F(ZE)) < Ly(ga) + limsup E [F oG* <6N6_19">]

e—0 e—0

< Lr(gn) + FoG" (vg"),

where the last inequality follows on observing that since g, € U for some N, we
have by assumption that, for each fixed n, G(eN¢ '9n) = G° (14"), as € — 0. Sending

n — 00, we have

limsup —clog B (7)) < Lr(g)+ Fog (vf)
< (o) + 6+ F oG (1)
= I(¢o) + F(¢o) + 0
< inf(I(¢) + F(¢)) + 20.

ol

Since § € (0,1) is arbitrary the desired upper bound follows. This completes the

proof of the theorem. O

Proof of Remark 4.3.1.

Proof. Let E € B(Xr) be such that vp(E) < oco. Fix 62 € (0,00), and define
F={(s,v) € Xy : ||G(s,v)||o,—p > 02/01}. Then

/ NGy () ds — / 211G, () ds + / G001 () ds
E ENF

ENFe

< / e‘sl”G(svv)H(Q),py(dv)ds—i—e‘sg/‘sl/ v(dv)ds
ENF ENFe

< / NGNS o (dv)ds + €2/ vp(E) < .
E

The remark follows. ]
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Proof of Lemma 4.3.2.

Proof. The proof proceeds through a standard Picard iteration argument. Define
2°(t) = x¢ for all ¢ € [0, T]. Define x™(t) iteratively as
t t
" (t) = xg —i—/ a(s, " 1(s))ds +/ b(s, " (s))u(s, " (s))ds, t€0,T].
0 0

Then

t

2" (®)]] < |Jol] + / lla(s, 2" (s))]|ds + / [b(s, 2" (5))u(s, 2" (5)) | ds
< Yol + / R(L+ |27 ()| )ds + / w1+ 15 sup s ) s
< onu+m<M+T>+m/0 " 0+ s (s, )] s

Let L = |[xo|| +K(M +T), a(s) = 1 +sup, |[u(s,z)||, and B(t) = fot a(s)ds. Then a
recursive argument shows that for all ¢ € [0, 7],

2 n
IOl < L+ LG + B2 + -+ LB

and thus

sup sup ||z"(t)|| < Le™®) < LerM+TD), (4.4.2)
n  t€[0,T]

Similarly
t t
") = 2" < [ llas,a" 2 )dr+ [ bt utr o )l
t
< R(14 Le"™MH ) (t — 5) + k(1 4 L") / sup ||u(r, y)||dr,
s Y

and therefore

limsup sup [[z"(¢) —a"(s)|| = 0.
0—0 o [t—s|<6

Together with (4.4.2) shows that the sequence {z"} is pre-compact in C([0,T] : R?).
Let = be a limit point of some subsequence of {z"}. Then using the continuity
properties of the functions a, b and u with respect to  and the dominated convergence

theorem, it is easy to check that x satisfies (4.3.12). The lemma follows. O
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Proof of (4.3.14).

Proof. Let y, — 4, Yn,y € R%L We will like to show that u(s,y,) — u(s,y) for a.e.
s € 0,T]. Note that, since ) € SM, f[O,T]XX [(W(s,v))v(dv)ds < M. Thus there exists
T, C [0,T], with Ap(T§) = 0 and such that

/Xl(w(s,v))u(dv) < oo, VseT;.

Also, from arguments similar to those in the proof of Lemma 4.3.1,

/X 11g%(s,v)||o|t(s,v) — 1|v(dv)ds < .

Consequently, there exists Ty C [0, 7], with Ap(T4) = 0 and such that

/ Hgd(s,v)HoW(s,v) — 1|y(dv) < 00, Vs € Ts. (4.4.3)
X
Let T = Ty NTy and fix s € T. Define Fs(s) = {v € X : |[¢(s,v) — 1] < S} for

B € (0,00). Then

= g1(5,9n, V) s,v) — 1)v(dv g'(5, 9, ) s,v) — 1)v(dv
on) = [ AR 00~ 1vta >+/WE e (w(s.o) ~ o)

= u1<57yn) + u2(57 yn)'
From part (c¢) of Remark 4.3.2, for all v € Fj(s),
[¥(s,v) = 11> < ea(B)U(w (s, ).

Thus [¢(s, ) —1]1p,s (1) € L*(X,v;R). From assumption (a) in Lemma 4.3.3 we now

see that, for all such s, uy(s,y,) — u1(s,y), as n — 0.

For us(s,y,), we have

M S, V) — dSU s . v) —
T T (@) = D) < llg'(s o)l (s, 0) ~ 11

From (4.4.3), the term on the right hand side is v-integrable. Furthermore, v(F§) — 0
from the super linear growth of . Thus us(s,y,) converges to 0, uniformly in n, as
S goes to 0o. The term uy(s,y) can be treated in a similar manner. Thus we have

shown that, for all s € T, u(s,y,) = u(s,y). Since Ap(T¢) = 0, the result follows. O
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Proof of (4.3.25) when h is a bounded and measurable function.

Proof. We can assume without loss of generality that fK gvr(dsdv) # 0 and

[3 gnvr(dsdv) # 0, for all n > 1. Define probability measures " and 7 as follows:

() = v} (-ﬂK), o) = vi(-NK)

My, m

where m, = [, govr(dsdv) and m = [, gur(dsdv). If 0(-) = VZT('&[;), then @ is also a

probability measure. We have

R"|0) = [ 1og (”T(mgn) L g (asa)

m?’L n
1 VT(K)
— | (Ug,) + gn — Dvp(dsdv) + log 221
mn/K“g”g Jordsdv) + log 22
N K K
§_+1_VT( >—i—logVT( )
My My, my,

Noting that m,, — m, we have that there exists constant a such that sup, .y R(7"||6) <

a < 00. Also note that 7" converges weakly to 7. From Lemma 2.8 of [9], we have

1 1
—/ h(s,v)gn(s,v)vr(dvds) — — h(s,v)g(s,v)vr(dvds),
My J0,T)xK m Jo,1)xK
which proves (4.3.25). O

Proof of It6’s formula in (4.3.33).

Proof. Here we will give the proof for a simpler case when X, satisfies the following

integral equation, the proof of (4.3.33) being very similar to this case:

t t
X = Xo +/ A(s, Xs)ds +/ / G(s, X,_,v)N(dsdv).
0 0 Jx

For j € N,

Xiltyou] = Xaltyos) + [ Al X000+ [ [ Gl X 00,0, N dsdo).
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Note that

Xilbps) = (Xis 65)—p = [105]1-p(Xi, 6;7)

SO
00

D lloilp(Xal8pes))® = D (X, 6772, = lIXI12,
j=1

=1

If &;(t) = Xi[0,0;], then &;(t) satisfies

&(t) = &(0) /a] ds+//bﬂsv (dsdv).

where a (s) = A(s, X;)[0,¢;] and ¥/ (s,v) = G(s, Xs—,v)[0,0;]. Applying It6’s formula

(cf. Theorem 2.5.1 of [49]) to the real valued semimartingale &;(¢), we have
ff(t) 5(0)—1—2/ a’(s JISTE ds+2//b’sv§] —)N (dsdv)

// (5, 0)]* N (dsdv) + // 5, 0)2v(dv)d

Note that || X[, = 2272, [|¢;][7€3(t). So for the second term in (4.4.4), we have

(4.4.4)

ZII%IIW 8)&;(s lecbgll A(s, X)[0p951 Xs[0p 5]

— A(s, X.) Z ||¢j||§Xs[0p¢j]0p¢j]

Lj=1

A5, X,) z||¢j||;<xs,¢j>_p||¢j||2_p¢j]

_ (s X,) z<xs,¢ﬂ>-p¢?]

= A(s, X,)[0,X].
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Also, we have

> sl (s, 0)&(s—) =

Jj=1

Finally, notice that

S llosl (s

||¢J|| G(s, Xs—,v)| p¢j]Xs—[9p¢j]

HG%H (G5, Xsmy ), 05)p(Xsms §5)

I
M 11 11

(G(s, Xomyv), 05 7) - p(Xamy 057)

1

= (G(s, Xo—,v), Xs")p.

<.
Il

) = Z 165115 (G (s, Xom, 0)[6,05])°

= il (G(s, Xo—,v), 65) )

j=1
00 Y )
Z S Xs yU)s ¢] >—p)

J=1

=|G(s, Xo—, 0)|[2,.

Combining the above equalities with (4.4.4), we have

t t
X012, = |1 Xol 2, + 2 / A(s, X.)[0,X Jds +2 / / (G(s, X, 0), X, )N (dsdo)
0 0 X

t ¢
+/ /||G(3,Xs_,v)||2_p]v(dsdv)—l—/ /||G(S,XS_,U)||2_pl/(dv)ds
0 Jx 0 Jx

The result follows.
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Chapter 5

Large Deviations for Degenerate Small Noise Diffusions with

Fast Markov Modulated Coefficients

5.1 Introduction.

We consider a two component Markov process (X¢, Y¢) with values in G = R? x L,
where € > 0 is a scaling parameter and L is a finite set, with infinitesimal generator

L€ given as

L (p @ v) (@,y) =6 () (b(z, ) Ve(w) + 5 Tr(aa” D) (x) )

() 42y 16 - eI v.d9),

€
where ¢ is a twice continuously differentiable function on R, ¢ is a function from L
to R, V is the gradient operator and D? is the Hessian matrix. Here a,b, c and R are
suitable functions, in particular c is strictly positive and R is a transition probability
kernel on (R? x L) x B(LL). Roughly speaking, the process X¢ between consecutive
jumps of Y€ is a diffusion with coefficients b(z,y) and y/ea(z, y), namely denoting by

7 the first jump instant of Y, on [0, 7),
AX(t) = b(X(t),yo)dt + Vea(X (), yo)dW (t),

where W is a d dimensional Brownian motion and (X¢(0), Y(0)) = (zo,%0) € R¢ x L.
The process Y€ is a pure jump process with jump intensity function ¢ 'c(x,y) and

transition probability kernel R(x,y,dy), in particular, with 7 as above,

€

P(r>t| o{X(s),5 < t}) = exp {—1 /Ot c(Xf(s),yO)ds}



and

P (Y(r) edy | X(7—) = 2,Y(7=) = vo) = R(x, 40, dy).

A precise stochastic evolution equation for (X€, Y ) will be given in Section 5.2. This
pair describes a jump-diffusion, where the diffusion component (i.e. X€¢ ) has “small
noise” while the jump component (Y ) has jumps at rate O(1/¢). Classical Averaging
principles [42, 73] show that, under conditions, as € — 0, X¢ converges in probability
in C([0, T] : R?) (the space of continuous functions from [0, 7] to R? with the uniform

topology), to the solution of an ‘averaged’ equation

d§(t) - _
7l b(&(t)),  £(0) = o,

where b(z) = J. 0(z, y)pa(dy) and for each z € R?, p, is the invariant measure of a L
valued Markov process with jump intensity c(z,-) and transition probability kernel

R(z,-,").

In this work we are interested in the study of a large deviation principle(LDP)
for {X}e0, as € — 0, in C([0,7] : R?Y). Such multiscale systems arise in many
applications in engineering, operations research and biological and physical sciences
(see [87] and references therein). Large deviation results of the form studied here, in
addition to providing probability estimates for non typical events, are a starting point
in developing efficient importance sampling algorithms for Monte-Carlo estimation
of probabilities of rare events (see [37] and references therein). Large deviation re-
sults associated with averaging principles for stochastic dynamical systems have been
studied by many authors [39, 40, 42, 32, 78, 58, 80, 79, 60, 56]. The models consid-
ered in the current work are usually referred to as systems with “full dependence”.
This refers to the feature that the coefficients of both the slow and the fast process
depend on both variables. Earliest results on large deviations for multiscale systems
are due to Freidlin[39, 40], see also [42]. They, in particular, treat the case where the

functions ¢ and R do not depend on x (i.e. c(z,y) = c(y), R(z,y,dy) = R(y,dy))
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and a = 0. These papers also consider the case where the two components are given
through a system of diffusion equations of the form
AX(t) =by (X(1), V(1))
1 1 (5.1.1)
dY “(t) ==bo(X(t), Y(t))dt + —=aa(Y(t))dWs(t),
€ Ve
where W5 is a Brownian motion and by, by, as are suitable coefficients. In this case
although there is a “full dependence” in the sense described above, the fact that the
diffusion coefficient as only depends on the fast variable makes the analysis signifi-
cantly more tractable since by appealing to Girsanov’s theorem one can reduce the
problem to a setting where the evolution of the fast variable does not depend on the
values of the slow variable. Such a reduction is not possible in the setting considered

in the current work. The paper [79] is closer to the setting considered in our work in

that, in [79], the equation of the fast variable takes the form

dY*(t) = %bg(XE(t), Ye(t))dt + %@(Xe(t), Y<(£))dWa(t)

and thus a Girsanov transformation that gets rid of full dependence is not possible.
However there is a key difference in that, in the current work one has to contend with
two forms of asymptotic behavior: small noise effects in the dynamics of X¢; and
stochastic averaging effects from the fast variable, whereas in [79] only the latter needs
to be understood. Furthermore, we consider here a model where the fast variable is
a jump process while [79] considers the setting of diffusions. Finally our proofs are
very different from those in [79] which rely on a delicate two level time discretization,
whereas the proofs in the current work largely bypass any discretization. Our proofs
are based on recent variational representations for functionals of Brownian motions

and Poisson random measures, obtained in [18].

Large deviation problems for systems with averaging are closely related to those

associated with homogenization problems [41, 3, 36]. In these problems one usually

87



formulates a single equation, with two scaling parameters € and ¢, of the form

AX<(t) = Ecl (Xﬁ(t), X ;(t)) +o (Xe(t), X ;(”)} +eay (Xe(t), X }”) A, (1),

where W, is a Brownian motion and aq, ¢1, ¢y are suitable functions. In the special

case when § = ¢, this can be rewritten, on defining Y*(¢t) = Xz(t) and by (z,y) =

c1(z,y) + ca(z,y), as an averaging system of the form
dX(t) =by (X (), Y(t))dt + Vear (X (t), Y(t))dWi(t),

dY<(t) :%bl (X<(t), YE(t))dt + \%al(mt), Y1) dW (2).

This model is once again a system with ‘full dependence’ where the diffusion coef-
ficient of the fast variable depends also on the slow variable. However there is one
key difference from the models studied in [41, 3, 36] from the systems considered
here (apart from the fact that the fast component in our setting is a jump process),
namely in all these works the diffusion coefficient a; is taken to be uniformly nonde-
generate. The main challenge with dealing with degenerate a; is obtaining suitable
regularity properties of the local rate function (see (5.5.4)) that is used in the proof
of the lower bound of the LDP. Roughly speaking our approach is as follows. We
regularize the local rate function by adding a small viscosity term in the evolution of
the slow system in the form of 0B, where B is a standard d dimensional Brownian
motion independent of the original driving noise W, and o is a small parameter. We
then first prove a large deviations lower bound for the regularized system and then
send 0 — 0 to recover the lower bound for the original system. Allowing for degen-
erate diffusion coefficients is important for applications, specially when one considers
infinite dimensional noise terms. Although not considered here, we believe that tech-
niques developed here will be useful for obtaining large deviation results for infinite

dimensional systems with averaging (see e.g. [22]) as well.

The chapter is organized as follows. In Section 5.2 we introduce the key assump-

tions and then state our main result (Theorem 5.2.3). Section 5.3 shows that the
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function I defined in (5.2.11) is a rate function on C([0,7] : R?). In Section 5.4 we
prove the large deviation upper bound and in Section 5.5 we prove the lower bound.
Theorem 5.2.3 follows on combining the results of Sections 5.3, 5.4 and 5.5. Appendix

collects proofs of some auxiliary results.

5.2 Mathematical Preliminaries and Main Result.

We assume without loss of generality that L is a finite additive group whose zero

element is denoted by 0. The following is our first assumption on the coefficients.

Assumption 5.2.1. (1) ¢ is a bounded measurable map from G to [0, 00).

(2) For each y,y' € L, a(-,y),b(-,y), c(-,y) and R(-,y,y’) are Lipschitz functions

from RY to R4 R R, and R, respectively.
Remark 5.2.1. Assumption 5.2.1 (2) in particular says that, for some x; € (0, 00)

[b(z, y)| + la(z, y)| < K2 (1 + |z]), for all (z,y) € G.

Under Assumption 5.2.1 (1), one can construct (see [73] page 104) a finite measure

6 on ([0, 1], B[0,1]) and a measurable function k& from R? x L. x [0,1] to L such that

O0fr: k(z,y,r) # 0} = clz,y),

0{r:y+k(z,y,r) € B} = R(z,y,B)c(x,y), (z,y) €G, BC L\ {y},

where R(x,y, B) =) ,.5 R(x,y,y). Denote

y'EB

Eyy={r:k(z,y,r) #0}, and EY, = {r: k(z,y,r)+y =y}, (z,y,9) € R*xLxL.

Then using the boundedness of ¢ and Lipschitz property of ¢ and R, one can assume

without loss of generality that 6 and k are constructed in a manner that for some
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Ky € (0,00)

sup  [O(EY,AEY, ) + 0(EuyABa )] < kol — ], (5.2.1)

(y,y")eXLXL
where A denotes the symmetric difference operator. Furthermore one can assume

without loss of generality that

0(0EY,) + 0(0E,,) =0 V(z,y,y) € R* x L x L. (5.2.2)

Let N be a Poisson random measure (PRM) on [0, 1] x R, x R, with intensity

measure 0 @ A\, ® A\, where A\, denotes the Lebesgue measure on R,. Then

_ 1
NY<(dr x dt) = N(dr x dt x [0, =])

€

is a PRM on [0,1] x R} with intensity measure 26 ® Aw. In terms of this PRM, the
evolution of (X Y*) can be described through the unique pathwise solution of the

following system of equations.
State Dynamics.

dX(t) = b(X(t),Y(t))dt + Vea(X(t),Y(t))dW(t), X(0) =x¢ (5.2.3)
dy<(t) = / k:(Xe(t),Ye(t),r)Nl/e(dr X dt), Y(0) = yo (5.2.4)
rel0,1]
where W is a d dimensional Brownian martingale on some complete filtered proba-

bility space (€, F,P, {F;}) which also supports the Poisson random measure N such

that

N(A x [0,t] x B) — t0(A)\oo(B)
is a {F;} martingale for all A € B[0,1] and B € B(R,) with A (B) < 0.
For each fixed z € R?, the operator II, acting on M(L), defined as

Mad(y) = —c(z, y)d(y) + clz,y) / 6(2)R(x,y,dz), y € L, é € M(L),
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describes the generator of a IL valued Markov process. Let

J] ' Ys 2 ZR z y Z 1(%%?/)7 n > ]-u Rl(l'7y, Z) = R(I7y, Z) (525)

y' €L

be the n-step transition probability kernel of the embedded chain. Let ¢ = card(L)
and define

¢
(,; = min E w2y, 2), a:igfozx;

y,z€L

Ay mn(a:y) A= 1nf)\

y€eL
Ay = A = sup A,
= maxc(z, ), SUp

From Assumption 5.2.1 (1) we see that A < co. Let
T={(y,y) e LxL: R(z,y,y') > 0 for some = € R%}

and let

inf min R(x = K3.
nf, mmin (2,9,9') = ks

We will make the following ergodicity assumption.

Assumption 5.2.2. a >0, A > 0 and k3 > 0.

Assumptions 5.2.1 and 5.2.2 will be taken to hold throughout this work and will

not be mentioned in the statement of various results.

The following is an immediate consequence of our assumptions. For the proof of

the second statement in the theorem, see proof of Lemma 5.2.1 in the Appendix.

Theorem 5.2.1. For each x € RY, there is a unique invariant probability measure, p,
for the L valued Markov process with generator11,,. Furthermore, inf, cga mingep, p,.(y) =

£>O.

Define
b(a) = / b, y)pa(dy).
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The following lemma ensures that equation (5.2.6) below has a unique solution. Proof

of this result is given in the Appendix.

Lemma 5.2.1. The function bis a Lipschitz map on compact subsets of R.

The proof of the following theorem follows as that of Theorem 8 in Chapter 2 of
[73].

Theorem 5.2.2. Fiz (z9,y0) € G. Let (X<, Y*) solve the system of equations (5.2.3)-
(5.2.4). Then as e — 0, X¢ converges uniformly on compacts in probability to the

unique solution of

— == b)), £0) =z (5.2.6)

Let U = C([0,T] : R?). Then the solution X¢ of system (5.2.3)-(5.2.4) can be
regarded as a U-valued random variable. The main result of this work establishes
a large deviation principle (LDP) for X¢, as ¢ — 0, in the space U. In rest of this

section we formulate the rate function for { X<}, and state our main result.
Rate function.

Denote by My the space of all finite measures on [0, 1], endowed with the usual
topology of weak convergence. For n € Mp and x € R?, consider a IL valued Markov

process with infinitesimal generator II, defined as

o(y) = —c"(x,y)d(y) + ¢"(x, y) /IL o(2)R"(z,y,dz), y € L, € M(L), (5.2.7)

where

é”(x,y) = /[01] 1{r:k(z,y,r)¢0}n<dr)u

én(x7y)Rn<$a Y, B) = /[ | 1{r:y+k(x,y,r)€B}77(d7n)a ($7y) € G7 BCL \ {y}
0,1
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We set R"(x,y,y) = 0 for all (z,y) € G. Also, when &(z,y) = 0, by convention we
take R"(v,y,1/) = R(z,y,y). Define R'(z,y, A) = 3, ., R'(x,y,y) for all A C L.

Note that with the above notation
0 =11, &(x,y) = c(x,y), B(x,y,9) = R(x,y,¢), (z,y,y/) € R* x L x L.

Define [ : [0,00) — [0,00) as I(z) = zlogz —z + 1 and let | : Mp — [0, 0] be
defined as

I(n) = / l(d—n)(r)é’(dr), if n << @ and l(@) is 0 -integrable .
01 dof deo
Otherwise we set (1) = co.
Denote by P; the space of finite measures () on
[0,T] x L x Mp x R = Hyp
such that

Q(a,b) x Lx Mp xR =b—a, foral0<a<b<T.

In other words, denoting the marginal distribution on the i** coordinate of Hy by
Qu), @ is in Py if and only if Q1) = A, where X is the Lebesgue measure on [0,7].
For notational simplicity, we will denote a typical (s,y,n,z) € Hy as v. For £ € U,

let A¢ be the family of all ¢ € P; such that

/H |21°Q(dv) < oo; (5.2.8)
ft) =z + /H b(E(s), 1)Q(dv) + /H a(€(5),4)2Q(dv): (5.2.9)

and
/H I 6(y)Q(dv) = 0 V¢ € M(L), V¢ € [0,T), (5.2.10)
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where H; = [0, ] x Lx M [0, 1] xR?. Then the rate function for the family {X¢ ¢ > 0}

is defined to be

I(¢) = inf {/HT B|z|2 +Z(n)} Q(dv)}. (5.2.11)

QE.A&

The following is the main result of this work. Recall that a function Z : U — [0, o]
is called a rate function on U if it has compact sub-level sets, namely for every

a € (0,00), the set {€ € U:Z(§) < a} is a compact subset of U.

Theorem 5.2.3. The map I is a rate function on U and {X} ., satisfies a large

deviation principle, as € — 0, on U with rate function I.

Rest of the paper is organized as follows. In Section 5.3 we show that I is a rate
function on U. Given this result, to complete the proof of Theorem 5.2.3, it suffices

to show that for all F' € Cy(U)

lim —elog {exp (—%F(Xﬁ))] = f{F(©) +1©)}, (5.2.12)

e—0

In Section 5.4 we show that the left side of (5.2.12) is bounded below by the right
side (the upper bound) and in Section 5.5 we prove the reverse inequality. Theorem

5.2.3 follows on combining the results of Sections 5.3, 5.4 and 5.5.

5.3 Compact Level Sets.

In this section we will prove the following result.

Proposition 5.3.1. For every M € (0,00), the set Uy = {£ € UI(§) < M} is

compact and consequently 1 is a rate function on U.

Proof. Let {,},en be a sequence in Uy, It suffices to show that {,} is pre-

compact and every limit point belongs to Uy,. Since I(¢,) < M, we have that for
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each n > 1, there exists some @),, € Ag,, such that

/HT BW + 5(77)] Qn(dv) < M + % (5.3.1)

We will now argue that:

(i) {Qn,&n}n>1 is pre-compact in Py (Hy) x U;

(ii) Any limit point {Q, ¢} satisfies the following properties.

fH[ [+ I( )] Q(dv) < M.
(b) (5.2.9) holds.

(c) (5.2.10) holds.

This will show that @ € A and I(§) < M, completing the proof.
We now give the proofs of (i) and (ii).

Proof of (i). Since LLis a compact set and (Q,,)1) = A for all n, and fHT 12]?Q, (dv) <
2(M + 1), in order to prove the pre-compactness of {@,}, it suffices to show that for

every d > 0, there exists a ¢(d) € (0,00) such that

sup Qn{(s,y,n, z) € Hr|n[0,1] > ¢(d)} <. (5.3.2)

n>1

From superlinearity of [, we see that for some ¢y € (0, 00),
nl0,1] < o1 +i(n), ¥y € My (5.33)

For fixed 0 > 0, choosing ¢(d) > CO(LSTH), we obtain from Markov’s inequality that

C%K&%mdeﬁwmaﬂ>d®}§§%(T+é;MM%MW)S&

T

This proves (5.3.2), completing the proof of pre-compactness of {Q,}.
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We next argue the pre-compactness of {,}. First, we show that

sup sup |&,(t)]* < oo.
n>1 0<t<T

Since @, € Ag,, we have

Glt) =2+ [ HE) Q)+ [ a(6a(s).0):Qu(dv).
Ht Ht
Using the linear growth condition on a, b, we have

[€n(8)] <[] + ; [6(6n(5), y)|@n(dv) + (&n(s), )l12]@n(dv)

la
H¢

(&n(5), y)PQn(dv) [ [22Qn(dv).

la
Ht Ht

<Ja] + /H 1 (6a(s)] + 1)Q@uldv) + \/
Thus

€ ()] <3lz]* + 6/5‘1)/[ ([€a(s)]* + 1)ds + 6(M + 1) (6a(s), )" Qn(dv)

la
0,t] H

<3|z)* + 65%/

mﬁmﬂuw@+mw+m@/umwuum

[0,¢]

Let A =63 + 12(M + 1)x3 and B = 3|z|> + 6k2T + 12(M + 1)k?T. Then we have

&) < A/ 1€.(s)?ds + B.

[0,¢]

By Gronwall’s inequality, we have that

sup sup |£,(t)]* < Bexp(AT) = M; < oo.
n>1 0<t<T

Next, consider fluctuations of &,. We have, for 0 <ty <t; <T,

i) &l < [ ) 0@

4 / a(Enls), 9)]|2]Qu(dv)
[to,t1]XLX M p xR?

< / i (1€0(3)] + 1)Qu(dv)
[to,t1]XLx Mp xR4

2 2
+ \//[to,tl]xmeFde a(&n(s), y)[*Qn(dv) /HT 12]2Q,.(dv)

S/{l(\/ Ml + 1)|t1 — t0| + 2/{1\/(M + 1)(M1 + 1)|t1 — t0|1/2.
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Thus

limsup sup [6a(t) — Enlto)] = 0.

020 n>1 |ty —to| <6

Pre-compactness of {¢,} in U follows, and thus the proof of (i) is complete.

Proof of (ii). Let (Q,€) be a limit point of the sequence {(Qn,&,)}n>1. Part (a) is

an immediate consequence of the lower semi-continuity of the map

@ [ |5+ i) o)

Hr

Assume without loss of generality that the full sequence converges to (Q,§). For

Part (b), note that from Lipschitz property of a and b,

/H B(Ea(s), ) — E(s), 9)]Qu(dv) + / a(6a(5),y) — al€(s), 9)]|2|Qu(dv) — 0.

Hp

as n — oo. Also (s,y,1m,2) — b(£(s),y) is a continuous and bounded map, and
(5,9,m,2) = a(§(s),y)z is a continuous map and [, [2[*Qn(dv) < 2(M + 1), from

which it follows that

/H[b(§($)>y)+a(€(8),y)Z]Qn(dV)—> [b(£(s),y) + al&(s), y)z]Q(dv).

Hr

Combining the above two convergence statements we have (b).

Next we consider part (c¢). We will use the following inequality: For u,v € (0, c0)
and o € [1,00)

uw < e’ + %(vlogv —v+1)=e""+ %l(v). (5.3.4)

A simple calculation using (5.2.1) and the above inequality shows that there exists

c1 € (0,00) such that for all 7,2’ € R% n € Mp and m € (1, 00),

sup {187(w,9) = (', y)| + |z, y) R (w,y) = O ) RO ) |
y,y' €L

|
< c1(€Mkalz — 2’| + @) (5.3.5)
m

sup 7¢(y) — Hd(y)| < c1]dloo(€™ o]z — 2’| +
ye

1%7)). (5.3.6)
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For completeness, we include the proof of above inequalities in the Appendix. From
this estimate, along with the observation that fHT I()Qy(dv) < M + 1, we obtain

that
/H <H2n<s>¢(y) - HE(S)cb(y)) Qn(dv) =0, (5.3.7)

as n — 0.

Finally, using Lemma 5.3.1 below, an application of Skorohod representation the-

orem shows that

/HT Ty ¢W)Qn(dv) = | TT,@)Q(dv). (5.3.8)

Hr

Combining this with (5.3.7), we have (c). The result follows. [

Lemma 5.3.1. Let (™, Z™,Y™) be a sequence of Mg xR L valued random variables
given on a probability space (Q, F,P), which converges a.s. to (7,Z,Y). Further
suppose that, for some C1 € (0,00), sup,>, El(n™) < Cy. Then for all ¢ € M(L),

7. 6(Y™) converges a.s. to Hﬁz¢(§7), as n — Q.

Proof. Let Q C Q be such that P(Q) = 1 and Yw € Q,
(" (@), Z"(w), Y"(w)) = (7(w), Z(w), Y (w)),
and [(7j(w)) < 0.
Using (5.3.6) we see that
05.6(Y™") — L (Y")| =0, as. (5.3.9)
Also, note that for (7, Z,Y) € Mp x R4 x L,

o(y) = —n{E-, }o(y) + > o/ )n{EY,} (5.3.10)

y'el\y
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Fix w € €. Then there exists a N = N(w) such that, ¥n > N(w), Y"(w) = Y (w),

and thus (suppressing w)

7 p(Y™) — ML (Y)| = [T (V) — ILa(Y)]. (5.3.11)

Recall from (5.2.2) that 6(9E, ) = 0. Since (7j(w)) < oo, we have that 7(dE,,) = 0.

Combining this with n™ — 7, we have that
n{E.,} = n{E.,}, V(z,y)€ R xL.
Similarly
Un{Ef,ly} - ﬁ{EZ:y}, V(z,y,9) € R* x L x L.
Using these observations in (5.3.10) and (5.3.11), we now have that
I o(Y") —» ILe(Y), as.

Combining this with (5.3.9) we have the result. [J

5.4 Large Deviation Upper Bound.

In this section we will show that for all F' € C,(U),

Jim —c log E,, [exp <—%F(XE)>] > it {F(O) + 1)} (5.4.1)

e—0

Let M denote the space of o-finite measures on [0, 1] x R, endowed with the vague
topology. With this topology, for pu,,, u € M, pu, = p, if and only if [ f(r,t)p,(drdt) —
[ f(r,t)p(drdt) for all continuous real functions f on [0,1] x R} with compact sup-
port. Let V.= U x M. Since there is a pathwise unique solution of (5.2.3)-(5.2.4),
we have that, for each ¢ > 0, there is a measurable map G¢ : V — U such that

X¢ = G(/eW,eN ).

The proof of the upper bound relies on a variational representation from [18]

which we now describe. Denote by P the predictable o-field on [0,7] x 2 with the
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filtration {F; : 0 <t < T}. Let A be the class of all (P& B0, 1]\B[0, 00)) measurable
maps ¢ : [0,1] x [0,7] x @ — [0, 00).

Let

T
Py = {zﬂ = ()L, : ¢; is P\B(R) measurable and / [0(s)Pds < o0, a.s. IP’}
0

and set U = PyxA. For ¢ € P, define Lp(¢)) = %fOT|¢(s)|2ds and for ¢ € A,
let Lr(p) = f[071}X[O7T] I(p(r,$))0(dr)ds. For uw = (1, ¢) € U, set Ly(u) = Lp(p)+
Ly ().

With this notation the variational representation of [18] says that
1
—clogE, {exp (——F(Xe))}
€
= inf E [ET(U) + FogG* (\/EW —i—/ Y(s)ds, eNel“D)} .
0

u=(1h,p)eU

(5.4.2)
In fact, a closer inspection of the proof of Theorem 2.8 of [18] shows that (5.4.2) can
be strengthened as follows. For n > 1, define

Apn = {0 € A:p(r,s,w) € [n 1, n], for all (r,s,w) € [0,1] x [0,T] x Q}

and let A, = Uleﬁbm. Also let U, = Py x Ap. Then in the equality in (5.4.2), U on

the right side can be replaced by U,.

Let for € > 0, u® = (¢°, ¢°) € U be such that

ctu o (-]

e[y o (v [ )] - O

Using the boundedness of F' and a localization argument, one can assume without

loss of generality that for some M € (0, 00),

sup Ly(u) < M. (5.4.4)
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From unique pathwise solvability of (5.2.3) - (5.2.4), it follows that

X¢=gG° (\/EW —i—/ Ye(s)ds, eNel“”E) is the unique solution of (6.1.10)-(5.4.7) .
0
(5.4.5)
For completeness, proof of (5.4.5) is included in the Appendix.

dX(t) = b(X(t), Y(t))dt + Vea(X(t), Y(t))dW (t) + a(X(t), Y(t))y(t)dt
(5.4.6)

dY*(t) = / o k(XE(), YE(), r)N <" (dr x dt). (5.4.7)

Using the linear growth property of b and a, and property (5.4.4), it is easy to

check that
supE ( sup ])N(ﬁ(t)ﬁ) < 00. (5.4.8)
>0  \0<t<T
Similarly it can be verified that for some ¢; € (0, 00),
sup sup E ( sup | X(s+1) — Xﬁ(s)|2> < A, (5.4.9)
>0 0<s<T—A  \0<t<A

for any A € [0,7]. From (5.4.8) it follows that

2

sup €E — 0. (5.4.10)

0<t<T

/0 o(X(s), V<(3))dW (s)

Fix {A.}eso such that A, — 0 and 2< — oo as ¢ — 0. Using (5.4.8) and (5.4.9) we

have that
. i b pHAOAT . ?
sup E / b(X<(s), V(s))ds — / L / b(X*(s), V<(u))duds| — 0,
o<t<T |Jo o Acs
(5.4.11)
t R B t 1 (S"FAC)/\T ~ ~ 2
sup E / o(X4(s), V¥(s))9(s)ds — / L / a(X¥(s), V() (w)dudls
o<t<t  |Jo o Ac /s
— 0,
(5.4.12)

as € — 0. Proof of (5.4.12) is given in the Appendix, and proof of (5.4.11) is very

similar to that of (5.4.12), and thus omitted.
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Adopting the convention that (Y(u), ¥ (u), ¢*(r,u)) = (Y(T),0,1), for u > T,
define Q€ € P; as

QE(AXBXCXD):/

(0,7

La(s) (Ai /:Me 13(376(@)10(776(@)1D(wE(U))dU) ds,

where, for u > 0, n°(u) € Mp is defined as

n(u)(F) :/Fgog(u,r)ﬁ(dr), F € B[0,1]. (5.4.13)

In terms of Q¢, using (5.4.10) -(5.4.12) one can rewrite the evolution of X¢ as

X(t) =z + /H b(X<(s),y)Q(dv) +/ a(X(s),y)2Q(dv) + Z<(t),  (5.4.14)

H
where

sup E|Z¢(t)]* = 0, (5.4.15)

0<t<T

as € — 0.

Also the following inequality holds

L)) = [ (Gl + ] @(av), (5.4.16)

Proof of (5.4.16) is given in the Appendix.

From (5.4.8) and using an estimate similar to (5.4.9) (in terms of stopping times)

we have that {X “}e>0 is a tight family of U valued random variables.
We will now prove the following statements:
(i) Q° is a tight family of Mp(H) valued random variables.
(i) If (X°,QO) is a weak limit point of (X¢,Q¢), then
a) fir [ 122 + i )} Q°(dv) < liminf. o Lp(uc).
(b) Equation (5.2.9) holds with (£, Q) replaced by (X°, Q).
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(c) (5.2.10) holds a.s. with (&, Q) replaced by (X°,Q°).

Proof of (i). To show the tightness of {Q}, it is enough to show that for any

d > 0, there exists ¢(d) such that the following inequalities hold.
sup EQ{(s, y,n,2) € Hr[n[0,1] > ¢(6)} < 6;

sup EQ{(s, 4,7, 2) € Hrl |z[ > c(0)} < 0.
Both of these inequalities are a consequence of (5.4.4) and (5.4.16); the proof of the
first inequality follows from similar argument as in the proof of (5.3.2) while the proof

of the second inequality is immediate on using Markov’s inequality.

Proof of (ii). Part (a) follows as in the proof of Proposition 5.3.1. Consider now
part (b). Assume without loss of generality that (X¢,Q°) — (X° Q) a.s. Then,
once again, as in the proof of Proposition 5.3.1, we have that

JRCSOMERTEOMELATE
= | B(X(5),y) + a(X(s),9)2]Q°(dv).

Hr
Combining this with (5.4.14) and (5.4.15), we have part (b).

For part (c), we first estimate the difference between [, TI% (8)¢(y)QE(dV) and

f(f 7™ ¢(Y<(u))du. By a change of the order of integration, we have

Xe(u)
[ o= [ 3 / )

Also, we have

T e _ [ ‘W) e
[ e = [ [ e s



Using (5.4.4) and (5.3.5), there exists ¢ € (0, 00) such that, for any m € [1, 00)

/H t %, ., ¢W)Q (dv) — / I SV () du

0

Ae 1 u (( ) ~

- 77~' u €
/0 Ae/o %0V (w))dsdu

xS

A Ae u—Ae
t+A 1 t 6( ) )

- 7’]~ u €
/t A /U_AE HXe(S)Qb(Y (u))dsdu

T
<ce™|A] + ce™ sup | X(s) — X(s)| + £/ [(n(u))du
m Jo

|s—s/|<Ac,5,5'€[0,T]

< +

A u
1 () e
/o 5/0 HXE(u)qﬁ(Y (u))dsdu

ne(u) 4 yre _e(u) e
I 674 (w)) = T (Y ()| dsdl

+

for all t € [0,T]. Thus

L W o@ta) = [T o7 )

lim sup
e—0

T
< lim sup [cem lim sup sup sup | X(s) — X°(s")| + < sup/ l(né(u))du]
0

m—00 e—=0  |s—s/|<Ae,s,s'€[0,T] €0 m e>o0

c T, .
< limsup — sup/ [(n(u))du
0

m—oo 1M >0

—0 (5.4.17)

where the second inequality follows on noting that {X¢ e > 0} is an equicontinuous
family and the final equality follows from (5.4.4). Also, using It6’s formula, we have

d(Y(t)) — b(yo)

OV (u=) + k(X (u), Y (u=), 7)) = (Y (u=))N+#" (drdu)

I
S—

[0,1]x[0,¢]

OV (u=) + k(X (u), Y (u=), 7)) = (Y (u=))N+# (drdu)

I
—

[0,1]x[0,t]

+ /[o 1]x[0,4 S(Y“(u) + k(X (u), Y(u), 7)) — ¢(Y5(U))%¢E(r7 w)0(dr)du

B ] OV (u=) + k(X (), Y(u=), 7)) = (Y (u=)) N (drdu)
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Rearranging terms,
/0 T 6(F () du
= (o(Y(t) = élw0))
e o ) RO, V() 70) = 90V )] N ),

which clearly converges to 0 in probability, as ¢ — 0. Combining this observation

with (5.4.17), we have

/ H}E(S)Qﬁ(y)Qﬁ(dV) — 0 in probability.
H

Finally using the estimates in (5.3.6) and Lemma 5.3.1 once more, we have

/Ht HnXO(s)‘b(y)Qo(dV) =0 as,
which completes the proof of part (c) and hence that of (ii).

From (i) and (ii) we now have that {Q¢} is tight and if (Q°, X°) is a limit point
of (Q, X¢), then Q° Ao a.s.. Taking limit as € — 0 (along the subsequence) in

(5.4.3), we now see that

1
liminf —elogE, |exp (——F(XE))}
e—0

€

> ([ [gleP+im] @) + Fi)

>E| inf (/HT [%|z|2 +Z(n)} Q(dV)) +F(X°)}

| Q€EA0

~E :11(5(0) + F(XO)}
> inf [I(&) + F(£)].

£el

This completes the proof of the upper bound. [
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5.5 Large Deviation Lower Bound.

In this section we will show that for all F' € Cy(U),

E —elogE, [exp <—%F(X€))] < %relﬁfJ{F(f) +1(¢)} (5.5.1)

where X€ is given through (5.2.3)-(5.2.4) and I is as defined in (5.2.11). The section
is organized as follows. In Section 5.5.1, we introduce the local rate function and
a suitable regularization of the function that allows for certain approximation argu-
ments. Next, in Section 5.5.2 we give some auxiliary lemmas for the proof of LDP

lower bound. Finally, in Section 5.5.3 we complete the proof of the lower bound.

5.5.1 Local Rate Function.

In this section we will give an alternative expression for the rate function which

is more amenable for the proof of the lower bound. Let
K={q:LxBWMr)—1[0,1] | q(y,-) € P*(Mp), for all y € L},

where P*(M) is the space of all probability measures 1 on My with [ I(n)p(dn) <
oo. For ¢ € IC, let 97 : L x B0, 1] — [0, 00| be defined as

P1(y, A) = /M n(A)aly,dn), (y, A) € L x B0, 1].

Then from superlinearity of [ it follows that, for each y € IL, 9%(y, -) is a finite measure

on [0,1]. Define for ¢ as above, ¢4 : R% x L. — [0,00) and R9: R x L x L. — [0,1] as
éq(gja ?/) = / 1{r:k(z,y,r)7é0}19q(y> d?”),
[0,1]
éq(xu y)ﬁ{q(l‘7 Y, y/> = /[ | 1{r:y+k(x,y,r):y’}79q(y7 d?"), (1’7 y) € G7 y/ el \ {y}
0,1

We set R9(z,y,y) = 0 for all (x,y) € G. Also, if ¢%(z,y) = 0, by convention we take
f?q(x,y, y') = R(z,y,y’). Define }?q(x, Y, A) =D ea f%q(a:, y,y') for all A C L.
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For g € K, (z,y) € G and ¢ € M(L), define

2(y) = — &(z,y)d(y) + éq(x,y)/IL¢(Z)1%q($,y,dZ) (5.5.2)
—/HZ¢(y)q(y,dn), (5.5.3)

where I17 is defined as in (5.2.7).

For w € P(L), z € RY, let

K(w,z) = {q ek

19¢(y)w(dy) = 0, for all ¢ € M(L) }
L
Let Gy : P(L) x RY — [0, 0] be defined as
Gi(wa) = int [ [ iwaty.ane(ay).
qGIC w £B Mp
Next,for (o, z,v) € P(L) x R x R?, let

U(w,x,v) = {u:IL—>Rd

[ (atesyute) + o) wlan) = o}
L
and let Gy : P(L) x R? x R — [0, 0o] be defined as
Go(w, z,v) = ueulr;fz v){ / lu(y) } :
Let G(w,z,v) = Gi(w, x) + Ga(w, z,v), and
L(z,v) = 1171)f {G(w,z,v)}, (v,v) € R? x R% (5.5.4)
we

It will be convenient to work with a somewhat different representation for GG;. Let

K=1{9:LxB[0,1] = [0,00) : ¥(y,-) € Mp for all y € L}. (5.5.5)

Given w € P(L) and x € R, let

K(w,z) ={9 €K : /]Lﬂggb(y)w(dy) =0, for all € M(L)},
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where, for ¥ € K and € R? II? is the generator of a L valued Markov process

defined as

T(y) = —&0) (2, y)b(y) + &0 (x,y) / 6(2) R (2, d2).

Let Gy : P(L) x R? — [0, 00] be defined as

Gi(w,z) = inf / iy, ))w(dy).

Yek(w,x) J1,

The following lemma shows that Gy and G, are the same.

Lemma 5.5.1. For all (zw,z) € P(L) x R?, Gy (w,x) = G1(w, z).

Proof. For any 9 € K(w,z), q(y,dn) = dg,.)(dn) defines an element of K(w, z)

/1(19 w(dy) = //MF q(y, dn)w(dy).

Thus G (w,r) > Gi(w, z). Conversely, given a q € K(w, ), define 99 € K(w, x) as

and clearly,

Py, A) = falfamdn Hal) >0 (5.5.6)

6(A) otherwise.

Without loss of generality we can assume that [ fMF 1(n)q(y, dn)w(dy) < co. Then,
for any y with @w(y) > 0, we must have [ 1(n)q(y, dn) < oo and consequently 94(y, -) €
My for all y € L. Tt is immediate that 97 € K(zw, z). Also, using convexity of I and

applying Jensen’s inequality, we see

Gl(w,x)_/l(ﬂq y,))w(dy) < //MF q(y, dn)w(dy).

Since g € K(w, z) is arbitrary, the result follows. [
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Define, for p € U,

N Iy Lps,9)ds it [ |5]?ds < oo,
I(p) = (5.5.7)

00 otherwise.

The following proposition allows us to work with I, instead of I, when proving the

lower bound.

Proposition 5.5.1. For all p € U, I(p) > I(p).

Proof. Fix ¢ € U with I(¢) < co. For fixed €y > 0, choose @ € A, such that

o) > [ (Gl +im) ) Q) —co

Disintegrate () as
Q(dsdydndz) = Qs(dy dndz)ds.

Also, disintegrate the marginals
QY (dy dn) = Q2(y, dn)QL(dy), QY (dydz) = Q3(y, d=)Qi(dy).

s

Define 9, = Jou, N A)Q2(y, dn). Tt is easily checked that f]L (b(y)Ql(dy) =
0, for all p € M(L), a.e. s € [0,T]. Therefore

9, € K(Q}, 0(s)), forae. se[0,T). (5.5.8)

Also, let
o) = [ (et + atolo)n) [ 20200.2)) Qi

Then 9(s) = ¢(s) for a.e. s € [0,T] and using (5.2.8) it follows that

[ tpas = [ toyas < o

Define us(y) = [z 2Q3(y,dz). Then [ |us(y)]?Q(dy) < oo for ae. s € [0,77,
consequently

us € U(QL, p(s),1(s)), forae. se(0,T].
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Also,

Ql ® d 1 21 ) d
/[(;’ ]GQ( R (S)7¢(S)) s < \/[0’ ]/|Us(y)| Qs( y) S
2 Q3 d Ql dy)ds
<A)T]><]L><]Rd ’ ‘ (y, Z> S< y)

=A;;AQMW-

Similarly, using (5.5.8),

/ G1(Qs, o(s d8</ / s(y, ))QL(dy)ds
[0.,7] [0,7]

/ [(n)Q2(y, dn)Qx(dy)ds
[0,T|xLxMp

- [ iwetav)
Hr
Combining these estimates we have

ﬂwzﬁmuwﬂwm@s/ G(QL, (5)., (s))ds

[0,7]

s4f5w+ﬂmmmw<ﬂw+m.

The desired inequality follows on sending ¢, to 0. [

We will now introduce a regularization of L which will allow us to do certain

approximation arguments. For o € (0,00), define
Goo : P(L) x RY x R? — [0, o]

as
Gy (wm,z,v) = Inf |G r|?
270( ) 7?)) rleRd Q(W,ZL',’U T’) —+ 952

and let
Go(w,2,v) = Gi(w, ) + Gop(w, z,v), (w,x,v) € P(L) x RY x RY.
Finally, let
Ly(z,v) = inf {G (w,2,v)}, (z,v) € RY x R

weP(L
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Observe that

Goo(w, 2,v) < Gy(w, r,v) and Ly(z,v) < L(z,v), for all (o, r,v) € P(L)xR*xR?.

The following elementary lemma shows that L is locally bounded.

Lemma 5.5.2. For every M € (0,00), there exists a My € (0,00) such that

M,
Ly(z,v) < —20(1 + [v|?), for all 0 > 0 and (x,v) € R x R? with |z| < M.
o

Proof. Note that for o € (0,00) and (z,v) € R x R?, L,(x,v) < Go(pe, z,v)
where p, is as introduced in Theorem 5.2.1. Noting that q(y,dn) = &03(dn) €
K(ps, ), we see that Gi(ps,x) = 0. Let r = v — [} b(x,y)ps(dy). Then there exists
My € (0, 00) such that |r|* < 2My(1+|v|?) for all x € R? with |z| < M. Also, clearly
u = 0 belongs to U(p,, z,v —r). Thus

[ 2Mo(1 + [of*)

La(xvv) < Ga(pwaw>v) = G2,a<vaxav> < GQ(pmxaU - 7") + 202 - 202

The result follows. O

The following lemma is a consequence of an elementary Lagrange multiplier ar-

gument.

Lemma 5.5.3. Let K; C R? be a compact set. Then there exists a B € (0,00) such
that for every o € (0,00), ¥ € K;, v € R? and @ € P(L) there is a r € RY and

u € U(w,z,v—r), with

2
Gggw.ﬁ[?} /’u %7

7| < B(1+ |v]) and |u(i)] < 2L for all i € L.

111



Proof. For fixed (w,z,v) the equality in the above display holds for a u that

minimizes 3 >, [u(i)]*w (i) + ‘202, subject to the constraint

Z(b( i)+ a(x,t)u(i))w(i) +r =w. (5.5.9)
We set u(i) = 0 if w(i) = 0 so we can assume without loss of generality that w(i) > 0

for all + € L. For simplicity assume first that all quantities are scaler valued. Then

differentiating
LS ) () + L~ A bl ) + ale ) ee(i) 4~ v)

i€l 7

with respect to u(i) and setting the derivative to 0 we get u(i) = Aa(z,7). Also,

differentiating with respect to r we see that r = Ao?. Using this in (5.5.9) we get

v ba ()
Yo a2 (x,i)w (i) + o2

and so

v =2 bz i)w(i) v b dw(i) o

> a%(x, 1)@ (i) + o2 S a2z, i) (i) + o2

In the general vector valued case, a similar argument shows that, letting a(i) =

u(i) =

a(x, i), r=

(a(x,1));x, one can take

w(i) = a’(i)M; o — Z b(z,i)w(i)], r = o*M o — Z bz, i)w(i)],
M, Z w )+ 0%1d, A(i) = a(i)a'(i).

Finally, the result follows on observing that a,b are bounded on K; x L and for

a € R o/Mya > d%da. O

Lemma 5.5.4. Let ¢y € (0,1). Then there exists a ¢; € (0,00) such that for every

w € P(L) and xz € RY, there is a 9 € K(w, z) such that

[0 )= < Ga() + o

dﬁ(y D)

and w(y) =4~ < c1 for every y € L.
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Proof. Fix €y € (0,1). Choose ¢; € K(w,x) such that
Gilw)z [ [ it diw(y) -«
LJMp
Then ¥4 € K(w, ), and
/Z(ﬁ‘“ (y, ))w(dy) < Gi(w,x) + €. (5.5.10)
L
Now we will modify 9% as follows. Define for y € L, the measure 9(y, ) as

di(y, ) ag:y ifre E?;:y for some ¢y’ € . and H(Egjy) £ 0,

1 otherwise.

!
Y91 (y,EY )
9 Lsy)
0(EYy)

Jiw s = [ [ i ey

< [ )=tdy) < Gif,a) + o

where a¥ = . From convexity of [ and (5.5.10) it follows that

Also, IT?" = T1?. Thus ¥ € K(w, z), and so does ad, for any « € (0, 00). Denote

M=>"| > Iy EY,)+0(E.,) | =(y), andc=> 6(E

yeL \y'el/y y€eL

where E,, = [0,1]\ E,, Define 9*(y, ) = 19( ). Note that 3 Jel 0*(y, By y)w(y) =

MA;C. Also
in / (09 (y, ))w(dy) < / i3y, ))w(dy).

a>0

Next note that
o 9*(y, EY,) :
/ (0 (y, ) =Y S e ey By yeo(y) + U(a/M)e

Y
yeL y’ell/y Exy)

Denote a¥ = V*(y, EY), b = 6(EY,). Taking derivative with respect to o, and
setting it to 0, we have

log(a Z Z ay Z Z ay logby logay) (y )+013\%[M.

y€L y'ell/y yeL y'ell/y
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Solving for «, we have

/ / / clo
ZyE]L Zy’eL\y a‘g (10g bg - log CLZ )w(y> + %M
Zye]L Zy’EL\y ag w(y) + ﬁ

=3 ) aflogtyw(y) =Y > allogalw(y) + CI(EM,

yel y'el\y yel y’el\y

log(a) =

where the last equality follows on observing that the denominator in the first equality

equals M=¢ 4 17 = 1. Next note that

M
clog M
<c<900,1
() <e<ona

Z Z azl logazlw(y)

yeL y’el\y

IA
SIS

ST @ loghw(y) | < (log [0, 1))+t

L o€l
yeL y'ell\y 4

where the last inequality follows on observing that ag/w(y) < 1 for all y. Thus we

have that
a < exp {9[0, 1]+ ¢ + (log 9]0, 1])+£} =q.
e
Let ¥ = ad*. Then [, I(9(y,))w(dy) < Gi(w, ) + ¢ and

sup |w(y) 7 ‘ <q.

y€L

The result follows. O

For ¢ € (0,1), let Ps(L) be the collection of all probability measures p on L with

the property that p(i) > 6 for all ¢ € L.

Lemma 5.5.5. Given x € (0,1) and a compact set K, C R?, there exists a § € (0, 1),
By, Lo € (1,00), Iy € (0,00) such that for every o € (0,1), x € K, and v € R? there
is a w* € Ps(L), v € RY, r* € RY, w* € U(w*, 2,9 — 1), ¥* € K(w*, x), with the

following properties.
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(i) [r*] < Bo(1+ Jv]); for all y € L, |u*(y)| < Z2LHD - gpg

|v — 0| < B(K4)k, where B(Ky) = sup |b(z,y)]|.

zeKi,yell
(ii) For all y € L,
d¥* (y, -
I < %’)(w) < Lo, a.5.0. (5.5.11)
(iii) For all & € RY and y,y' € L,
4 A
"W, y) 2 8N, Y RYU(E,y,y) 2 (6, Lo)a (5.5.12)
n=1

where R Y is defined as in (5.2.5) on replacing R with R”" %), and f(6, Ly) =
(£)
Lo :
(iv) The following inequality holds

’7’*’2

(3l P + 10 ) =)+ < Lalev)(140) 4

Gy (", 2,7) < /

L

Proof. Fix x € (0,1) and a compact set K; in R% Choice of &, l, Ly will be
specified later in the proof. Given x € K, v € R and o € (0,1) choose w € P(L)
such that

Go(w,z,v) < Ly(z,v) + g (5.5.13)

From Lemma 5.5.3, we can find a r* € R? and u € U(w, z, v — r*), such that with B
as in Lemma 5.5.3, |r*| < B(1 + |v|) and |u(i)| < w for all i € L. and such that

[

5 [P + 35 = Ga(m,.0) (55.14)

Fix v < /2 and § = vp. Using Lemma 5.5.4 choose ¥ € K(w, x) such that

Af(ﬁ(y, )w(dy) < Gi(w,x) + g and Iggﬁ(w(y)dﬁc(lye’ ) < . (5.5.15)

Define ¢ € P(L x Mp) as

C(dydn) = (1 —)dg(y, (dn)w(dy) + vde(dn) p(dy).
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Then w* € P(L) defined as

w"(dy) = y ((dydn) = (1 — v)w(dy) + vp.(dy)

satisfies w*(i) > vp,(i) > 0 for all i € L, i.e. w* € Ps(L). Disintegrating ¢ as

C(dydn) = q"(y, dn)w"(dy),

we see that ¢* € K(ww*, z) and consequently ¥* = 99 € K(w*, z). Also, from (5.5.15)

/l(ﬁ* y,))w" (dy) //MF ¢ (y, dn)w*(dy)

—(1— ) / iy, )@ (dy)

<G (w,z) + Z. (5.5.16)
Next, we claim that
* . 1
5 < Cmd(g’ ) (w) < % as. 0. (5.5.17)

Similarly

This proves (5.5.17) and thus part (ii) follows with Ly = < and [y = .
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&N E,y) =9y, Bz y) =

Similarly one sees that

¢
Z RV (z,y,4') > £(6, Lo)a, for all & € R%
n=1
Thus (iii) is satisfied.
Next note that

/L ale,y)uly)w (dy) = / alz, y)u* (y) (dy),

where u*(y) = u(y)% Also

/L ale, ) ()" (dy)+ / b, y) (dy) = v+ / bz, y)(w* (dy)—(dy)) = T—1°,
where 0 = v+ [, b(z,y)(w*(dy) — w(dy)). Thus v* € U(w*,z,0 —r*). Also

- . B(1+|v
vl < sup ey = KB and fu'(y)] < D)
zeKi,yel g

@ (dy —1—72/W

This proves (i) with By = 2. Next,

2w )P dy) = = [ u) 22
Q/L 2 )L

Thus from (5.5.13) and (5.5.14)

1 2 P _1 2 |7°*|2 2 K
. “(d <= d — L (Ly(z,v) + =

<Gyo(w,z,v)+ g + kLy(z,v),

where the last inequality follows from our choice of ~.
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Combining the estimate in the above display with (5.5.13) and (5.5.16)

1 * * 7 * * T 2
3 [ lwets s [ )=t + 5k
2 JL L 20

o
1
=G,(w,x,v) + g + kL, (x,v)

<Gi(w,z) + -+ Gop(w,z,v) + Z + KLy (z,v)

<Lys(z,v) + Kk + kL, (z,v).

This proves (iv). O

Proof of the following lemma is given in the Appendix.
Lemma 5.5.6. For every m € (0,00) and 6 € (0,1) there exists a f(m,d) € (0,00)
such that whenever ¥* € K satisfies (5.5.12) and

dd*(y,-)
_— < .S. 0.
max — (w)<m a.s. 6, (5.5.18)

we have

| — ww| < B(m, )|z — 2|, for all z,2" € R

where w, is the unique invariant measure of the Markov process with generator 17"

Lemma 5.5.7. For every o € (0,00), L, is continuous on R? x RZ.

Proof. Fix o € (0,00). We will show that for every compact K = K; x Ky C

R? x RY and kg € (0, 1) there exists a € € (0, 1) such that
L,(2',v") < Ly(2,v) + ko, whenever (x,v),(2',v") € K and |z — 2'| + [v — V'] < €.

Fix such a ko and K. Let My = sup, ,jex Lo(7,v). Note that M is finite from

Lemma 5.5.2. We will specify a choice of € later in the proof. Fix (z,v) € K. We now

apply Lemma 5.5.5 with K; and k = min{2(1fr‘}wl), 323"‘10;(2[(1) } Then there are § €
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(0,1), Lo, By € (0,00), @* € P5(L), 9* € K(w*, z), r* € R and u* € U(ww*, x, 0 —17")
such that parts (i) - (iv) of Lemma 5.5.5 are satisfied. Since w* € Ps(L), we have
that

) M +1
* ) <
ma(0°(y, ) < 2

= Mg.
Also, using Lemma 5.5.6

max | (i) — @} (i) < B(Lo, 6)|x — 2|

1€l
for all 2/ € K;, where @, is the unique invariant distribution for I1%,. Let B, =

SUpP,eg, Bo(1 + |v]) Choose €y small enough so that whenever |z — 2| + |v — v'| < €

max " (i) — @73 (i)] < 4;40% A Z;?e (5.5.19)
and
=)+ [(ale ) (o) + el ) (dy) = | (alg)u(v) + b)) ()
- 3531‘
Since ¥* € K(w?,, '), we have
Gi(w3, ') < / 10" (y, )t — =) (dy) + /jw*@, ) (dy)
SpiMat [0 )= )
<P+ [0 )= (5.5.20)

Next, define

ro=(0—1) + /(a(z', y)u'(y) + b(a',y)) @y (dy) — /(a(ﬂf, y)u(y) +b(x, y))@" (dy),

note that |ro| < 22 Let 7 = r* — o, then u* € U(w sal vt — 7). Also,

16B1
* ! / ]' * | |2
GQ,U(wxlaxvv> §§ |U (y)| (dy) 2 5.9
L
1 o S Y e
<Z * 2 */ d
<5 [ 0 @Pwtd) + 5y + g+
<X [ per ) + B Gl WU (5.5.21)
—_ u _. J.
=2 )y Y78 T2 T16 T 16
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Combining estimates in (5.5.19), (5.5.20), (5.5.21), Lemma 5.5.5(iv)

L, (2',0") <Go(wl, 2’ 0v")

K 1 * % 77 qx * 71* 2
<043 [l + [0 ) ) + s
2 "2/, L 2%
Lo () + 5+ K(1+ Lo(,v))
<L,(z,v) + Ko.
The result follows. ]

5.5.2 Auxiliary Lemmas.

In this section we collect two other lemmas that will be used in the proof of the
lower bound. Let PL,,([0,7] : RY) be the space of piecewise linear maps from [0, 7]
to R? starting from xg, i.e. ¢ € U belongs to PL,,([0,T] : R?) if it is absolutely
continuous, ¢(0) = o and there exists a partition 0 = ¢ty < t;--- < t, = T such
that o(t) = @(t;+) for all t € (t;,t;41), @ = 0,---k — 1. For £ € U, let ||{||r =

SUPo<t<T |f(t) |

Lemma 5.5.8. Let ¢ € U, ¢(0) = x¢ be such that ¢ is absolutely continuous and
fOT |9(s)|?ds < 0o. Fiz o > 0. Then there exists a sequence {p,} C PL,,([0,T] : R%)

such that @, — @ uniformly and, as n — oo

/0 Lo (o (t), u(0))dt — / Lo (o(t), $(8))dt.

Proof. Let 1) = ¢ and define, for § > 0, ¢°(s) = 5! f(2—5)+ Y(u)du, and ¢°(s) =

Jy ¥°(u)du, s € [0,T]. Then s — ¢°(s) is continuous and
T T
/ [0 (s)[2ds — / [4(s)|*ds, as § — 0. (5.5.22)
0 0
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Also
(©%(5),1°(s)) = (¢(s),%(s)) for every s € [0,T] (5.5.23)

and the convergence of ¢° to ¢ is uniform. Thus, from Lemma 5.5.7,

LU(<p5(s),1p5(s)) — Ly(¢(s),1(s)) as § — 0. (5.5.24)

Combining this fact with Lemma 5.5.2 and (5.5.22) we have that

/OTL( (8), dt—>/ (1))t

Thus, in order to prove the lemma, we can assume without loss of generality that ¢
is continuous. In particular supycp {]¢(s)] + ()|} = My < co. Let K = {(z,v) :
lz| + |v| < My}. Fix k& > 0. From Lemma 5.5.7, we can find &, € (0, ) such that

whenever (z,v), (2/,v") € K and |z — 2/| + |[v — V'] < dp, we have

|Lo(x,v) — Ly (2, 0")] < € =

~—

Also, from continuity of ¢, ¢, we can find vy € (0,:2%-) such that whenever s,t €

2Mo
[0,T], |s — t| < %, we have

do

lp(s) — @(t)] < % and [4(s) — ¢(t)] <

Now consider the partition 0 =ty < t;--- < ty =T where, with k = |T'/v| + 1, t; =
iv0,7=0,1,---k—1and t, = T. Define ¢" such that ¢"(t;) = ¢(t;),i =0,1,---k—1
and is extended to [0, T'] by the linear interpolation of the points p*(t;),i = 0,1, - - k—

1. In particular,
Q" (t) = p(t;), for some t; € (t;,t;11) whenever t € (t;,t;11), i =0,1,---k — 1.

Then ¢* € PL,,([0,7] : R?) and

T

[ L. enmar - / Lo (p(t), (1))t

< Z / Lo (@R (1), () — Lolod), o0))] dt

SE()T =K
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where the last inequality follows on observing that for all s € [t;,¢;.1),i=0,1,---k—

1

Y

|0%(s) = @(s) +1¢"(s) = @(s)] <[ep(ts) — ()| + |s = til[&(t:)] + [£(s) — p(8:)]

do ~ do do -~
<= M, < — - M, = dn.
_2+% 0_2+2M0 0 0

Also, since dg < K, we have sup e 71 [¢"(s) —¢(s)| < k. Thus for an arbitrary £ > 0,
we have found a ¢~ € PL,,([0,T] : R?) such that

sup [p"(s) — p(s)| < &,
s€[0,T

/0 Lo (0" (t), ()t — / Lo(o(t), $(8)dt] < .

The result follows. O

In fact in the course of the proof of the above lemma we have established the

following result.

Lemma 5.5.9. Let ¢ € U, ¢(0) = x¢ be such that ¢ is absolutely continuous and
f0T|gb(s)|2d8 < 00. Fiz o € (0,1). Then, for every k > 0 there ezists a @~ €
PL.,([0,T] : RY) such that ||¢" — ¢llr < K, and if 0 = tog < ty--- < t, = T is the

associated partition then for all s; € [t;, t;x1], 1 =0,1,---k —1,

< K.

k—1 T
ZLU(W(SZ-), G (5:)) (tigq — ;) — /0 Lo (p(t), ¢(t))dt

5.5.3 Proof of the lower bound.

We now prove the inequality (5.5.1). We can assume without loss of generality
that F'is a Lipschitz function (See Corollary 1.2.5 in [33]). Let M € (0, 00) be such
that

[F(€) = F(E)| < Mp sup [¢(t) = £(1)], for all ,€ € U. (5.5.25)

0<t<T
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From Assumption 5.2.1(2) we have that for some d;;, € (0, c0)

maﬁi{|a(a:,y) —a(2,y)| + |b(z,y) — b(@, y)|} < digp|x — 2/|, for all z,2" € R?.
ye

(5.5.26)
Fix ¢y € (0,1). Choose & € U such that

F(&) +1(&) < nf (F(O) +1(6)} + 5.
From Proposition 5.5.1, I(&;) > 1(&;). Therefore, since L, (z,v) < L(z,v),
F I ' (s))ds < inf{F(¢) + T <
@)+ [ L&) &()ds < ELPE +1(6)} + 3

Now fix a o € (0,1). Using Lemma 5.5.9, we can now find a &* € PL,, ([0, 7] : R%)

such that ||, — £*||r < € and

(&) + i Lo (€ (1), €7 (1)) (bipr — 1) < inf {F(&) + 1)} + eo. (5.5.27)

for all s; € [t;, t;411], where 0 = to < t1--- < t;, = T is the partition over which £* is

piecewise linear. From the upper bound (5.4.1) proved in Section 5.4 we have that

N
—_

Lo(g*(si)7é*(ti))(ti+1 —t;) < 2||F||oo + 1 = M,, (5.5.28)

Il
o

Let K; = {x € R?: |z| < M}, where M = ||& ||z + 1. We apply Lemma 5.5.5 with
the compact set Ky and k = €. Let 9, Lg, [y be as in Lemma 5.5.5. Define M < oo
as

M= sup sup (b, )] +lae )l (5.5.20)
x:|z|<M yEL

Choose

. € . 1 )
dy = 5 min {1, M, 320y T 1)5([/0;5)} : (5.5.30)

where [ is as in Lemma 5.5.6. Let

My = (dip + MB(Lo, 6)) (T + ?(2]\40 + T)) + 1.
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From (5.5.27) we have that

k—1
F(&) + Z Lo(&(t:), € (t:) (in — 1) < inf{F () + 1)} + e, (5.5.31)

where, by refining the partition if necessary, we can assume without loss of generality

that max; |t;11 — t;| = A is such that

_ do
sup 5) =&MW =A< ——F—,
s,te[o,T],|t—s|gA|£ (s) = &) M exp(M;)

For j =0,1,---(k—1), let

T
and k < X + 1 (5.5.32)

my = 2Le(E°(t;), € (1)) +1, Ay = (t11-1;) and D; = (14+V2m;/8)(dusp+M B(Lo, 8)).
(5.5.33)
Then
k—1
> DjA; < M. (5.5.34)
=0

Then from Lemma 5.5.5, for each j € {0,1,---k — 1} there is a
7 € RY, wj € Ps(L), U5 € K(w],€°(ty)), rj € RY, wy € U(w}, € (1), 05 — 1))

such that for all y € L
dv;(y, )
do

|0; — f*(tj)l < B(Kj)e, forall j = 0,1,---k, and the inequalities in Lemma 5.5.5

lo

IN

(w) < Ly, as. 0 (5.5.35)

(ii) hold with ¥* replaced by ¥, and

J (10300 + 5l ) 5 + 55l < (4 @)Ll 0).€0) + o
(5.5.36)
Also note that
1 2 1 .
wox (5 [ WP, o5 [ i) <m; (5.5.31)
Denote the unique invariant measure of the Markov process with generator MY as

pi. Then, from Lemma 5.5.6,

max max | (y) — pL(y)| < B(Lo,d)|x — 2’|, for all z,2" € R% (5.5.38)

§j=0,1,-k—1 yeL
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Let o}(y,r) = dﬁfi(gy") (r), r € [0,1] and let B be a d-dimensional standard Brownian

motion that is independent of the driving noises (W, V). Define stochastic process
(X, Y, Ue), iteratively as follows. Let (X€(0),Y<(0)) = (zq,y0) and U(0) = 0.
Having defined (X¢(t),Y(t),U(t)) for t € [0,t;], define for t € (t;,t;,1],
¢ t
X(t) ZXe(tj)Jr/ b(XG(SLYE(S))dSﬂL\/E/ a(X(s), Y(s))dW (s)
t t;

J

. / (), V4(5)) 5 5) s

Vet / /E Ve(s—), r)N ¥ (dr x ds),
e (t) = <J>+fa/t‘ B(s) +r5(t—t,). (5.5.39)
where
US(t) = w (Y1), ¢5(t,r) = @5 (Y(t=),7), (5.5.40)

Finally, let Z¢ = X 4 U¢. Following the proof of Theorem I1.8 in [73], we see that
as € — 0, X¢ converges in probability (with the uniform metric on U) to & € U given

as the unique solution of the equation
a3 = ([ 00 + GO0 ) )t (5540
t€ltj,tiya], 7=0,1,--- k=1, 2(0) = xo.
Also, U¢ converges in probability (with uniform metric on U) to ¢, defined as
C(0)=0; C(t) =C(t;) + 1t —t;), t € (tj,tjaa), 5=0,1,-- k—1.  (5.5.42)

Let z = 4 4+ ¢. Then Z¢ — z in probability as ¢ — 0.

Next note that
t ) 2 T k— |
CB < sup (/ <<s>\ds) gT/ E(s)]2ds = ZZ— b — 1)
0<t<T \Jo 0 =

<2T¢? <QZL (tje1 — t;) + 1) < 2T (2My + 1) = (s(0))?,

(5.5.43)
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where the next to last inequality follows from (5.5.36) and the last inequality follows
from (5.5.28).

Next define p € U as

0(0) = 0; o(t) = olt;) — [0; — ANt —t;), t € (tj.tj0a), f=0,1,-+ k=1
Note that

t
/ ()| du < B(Ky)eo(t — 5), forall 0 < s < <T. (5.5.44)

We now estimate supg<,<p [2(t) — £*(¢)]. Note that for ¢ € [0,1,]

-0 = [ [ [ a0t~ [ b0t as
# [ ][ et mutstiotan - [ ottt s
L)+ o).

For the second term, we have for t € [0, t1],

/]L a((t), y)uo(y) o (dy) — /

La(ﬁ*w),y)uo(y)wadw'

<

[ (ata0.) ~ a(e0).0) uo<y>p2<t><dy>'

+

/}L a(€(0), y)uo(y) (P (dy) — WS(@»‘

\/§m0
)

where in the last inequality, we have used (5.5.37), (5.5.29), (5.5.35), (5.5.38) and the

<

(diip + MB(Lo,0)) |£(t) — £7(0)]

facts that wf(y) > 6 and w;(dy) = pg* (0(dy). For the first term we have similarly,

[ W) = [ W) 05| < iy + MB(Lo,5) lile) = € (O)].

L

Combining these estimates, we have on recalling the definitions of D; and A; from
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(5.5.33) and using (5.5.32), for ¢t € [0, 4],

A

)— e (0)
<oy [ fats) - 0as+ [ t|<‘<s>rds+ / Jols)lds

<0y [ i)~ € lds+ Do [ 166 s+ [ 6l + [l
<D0/ 13 (s) |ds+D0A0A+/ 1E(s |ds+/ 16(s)|ds.

Then by Gronwall’s inequality, we have

sup |2(t) — £°(t)| < (DoAoA + Ho) exp{DoAo},

to<t<ty
where for j = 0,---(k — 1), f[t o] 1(s)|ds + f[tj’tﬁl] |0(s)|ds. Similarly, we

have for t € [t1, o],

/|x (t0)|ds + |3 () — t1|+/|< |ds+/|g )/ds

/\

/ ’.CE |d$ + Dl / ‘f f*(tl)’ds + Hl + (Dvo/_X + Ho) eXp{Dvo}
< D1 / |.13 |d5 + (DlA A + Hl) (D(]Aoj\ + Ho) eXp{DoAO}
/ |[E |d8 + ((DQAO + D1A1)]\ + HO + Hl) eXp{Dvo}.

Thus by Gronwall’s inequality, we have

sup |Zi‘(t) — 5*(t)| S ((D()AO + DlAl)A + HO + Hl) eXp{Dvo + DlAl}-

t1<t<tz

Using similar estimates recursively, we have from (5.5.34), (5.5.43), (5.5.44) and

(5.5.32)
sup [#() =& (0)] < (f\i Z ) exp <ZD A )

< AM, exp(M;) + s(o) exp(M;) + eg Ay

< dy+ s(o) exp(M;) < %0 + s(o) exp(My) + e0A1,  (5.5.45)
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where A; = B(K;)T exp(M;). Combining this with (5.5.32), we have

|2(t) — £ (t;)| < 2do + s(o) exp(My) + €Ay, for all t € [t;, t;41],=0,1,--+  k — 1.
(5.5.46)

By standard arguments it follows that, as ¢ — 0,

; / oo Z s [ [tk
/ /[01 (s,7))6(dr) dS%Z/M/ Y))Pss) (dy)ds (5.5.47)

in probability, where

(we(t)ﬂpe(ta )) = (wf(t)v (pze‘(t> ))’ te [tiati-l-l)a i = 07 L k=1

Proof of the above statement is given in the appendix. Next note that

Z /+ (/ Jui(y)* pis) (dy) + ik )ds (5.5.48)

1 i1
-3 5 >5[ / ) P () — e ()
741

%/t (/L [ui (y)[*=; (dy) + |7;'2|2) ds

€
SEO —+ MQS(O') + €0A2

E1 2
+ 33 ([lutberan + ) -0, G509
=0 L g

where My = LO BLoD) (2My41) exp(My), Ay = B(K1)T M, and the last inequality follows

wo

-1

]

from our choice of dy on observing from (5.5.37), (5.5.46), (5.5.28) and (5.5.30) that
i+1 .
Z / / i () (Pl (dy) = Pl sy (dy))ds

LO’ (Z A) (2do + s(0) exp(My) + eo Ar)
B(L 9)

(QMU + 1)(2d0 + S(O’) exp(Ml) + €0A1)

—|—M ( )+€0A2.

1\3|O
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Similarly

Y [ A0~ e )s

+ X [ [i0wekyans
el 2 %) (Z_: miAZ-) (2dy + s(0) exp(My))

w3 [ [l

¢ = k—1 .
<D Mas(o) + s+ Y /IL [(0:(y) o (dy) (st — 1), (5.5.50)

Let
u(t) = (Y°(1), ¥°(¢, ). (5.5.51)

Define Z¢ = X+ U¢, where Ut = \/eo B. Let © = max{2||F ||, Mr}, where Mp is
as in (5.5.25). Then

s, [ L0z

< clogE, {exp (—EF(XG)H t clogE, [exp G@(HU;HT A 1))} |

€

Therefore,

e—0

1

lim sup —elog E, {exp (——F(XE))}
€

o—0 e—0

1
<limsup lim sup —elog E, {exp <——F(Z§))}
€

1
+lim sup limsup elog E,, {exp (—@(HU;HT A 1))} :
€

o—0 e—0

Note that, for every o > 0, as € — 0, U satisfies the Laplace principle with rate
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function

ok fy lo(s)Pds i [ @(s)[Pds < oo,
Io(g) =3 " " " (5.5.52)

00 otherwise.

A straightforward calculation now shows that

. ) 1 . ) 0202
limsuplimsupelogE, |exp | —O(||Us||r A1) || < limsup 5 T=0.
€

o—0 e—0 o—0

Thus

1 1
lim sup —elog E, {exp (——F(Xe))} < lim sup lim sup —elog E, {exp (——F(Z;))} .
e—0 € o—0 e—0 €
(5.5.53)

Now consider the expression on the right side of the above display. For (¢, ¢) € U

and v € Py let

Z(rpr) = G <ﬁW + [ wtspas N) +veon+ [ (s

where G€ is as in Section 5.4. Then by the variational representation from [18] (See

Theorem 3.1 therein) we have

)

= inf inf E, {I_/T(u) + L/OT 1v(s)*ds + F(Ze(w,wy))}

u=(1,p)eU YEP2 202

<E, {LT(uE) + L/OT 1C(s)|*ds +F(Ze(¢e,soe,<))} ,

202

where u¢ = (¢, ¢°) and ¢ are as in (5.5.51) and (5.5.42), respectively. From (5.5.47),
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(5.5.49), (5.5.50), (5.5.36) and (5.5.28) it follows that

_ 1 [T
lim supE, <LT(u€) t53 / |C(8)\2ds) < €9+ 2Mss(0) + 269 Az
0

e—0

+ZX/(wlFH<UQ )+ 5 ) (1 = )

—1
<ep + 2Mss(0) + 2e9 Az + (1 + €p) La(€*<tj)>£*<tj))(ti+l —t;) +eT

A

E

I
=)

k-1
S(]_ + T + M())GO + QMQS(O') + 2€0A2 + Z Lg(f*(t]‘), f*(t]))(tz—i-l — tz)
i=0
(5.5.54)
An application of Girsanov’s theorem shows that Z.(v¢,¢¢,¢)) = Z¢ a.s. and as

noted below (5.5.41), Z.(¢<, ¢, ¢)) = Z¢ converges in probability to z. Thus, using
(5.5.45), we have

lim sup E, [F(Z.(0°, ¢, )] < F(€") + MplClr + Mr (2

+ s(o) exp(M;) + 60A1> :
e—0 2

(5.5.55)

Combining (5.5.54), (5.5.43), (5.5.55) and (5.5.27) we have

1
limsup —elogE, {exp <——F(Z§))}
€

e—0

<1+ T+ My)eg + 2Mss(0) + 2€0 A
+ Z Lo (€ (1), € (1)) (tis1 — ti) + F(€")

5 + s(o) exp(M;) + 60A1>

Sélell[fJ{F(f) + 1)} + 24+ T + Mo+ Mp + 242 + Ay )eo
+ (Mp(1 + exp(My)) + 2Ma)s(0).

Note that the constants Mg, My, Ms, Ay, As depend only on F', the coefficients a, b,

and M (and hence on ¢), but not on o. The result now follows on sending first

o — 0 and then ¢; — 0. O
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5.6 Appendix.

Proof of Lemma 5.2.1.

In view of Assumption 5.2.1 (2), it suffices to show that p, is Lipschitz continuous

~

in z. The L valued Markov chain with transition probabilities py, = ZE R, (x,y, z),

n=1
(y,2) € L, is ergodic for each z € R?. Denote the unique invariant measure of this
chain by 7*. From (5.2.1) it follows that p;_ is Lipschitz in z and inf, ¢y, inf,cpa p;, >
0. From Lemma 3.1 in [42], 77 is given as a ratio of polynomials in {pj_}, .cr. Thus

x — w*(y) is Lipschitz for every y € L. The result now follows on noting that

paly) = 224

(from (5.2.1)) and the lower bound on ¢(z,y). O

along with the observation that = +— ¢(x,y) is Lipschitz for every y € L

Proof of (5.3.5) and (5.3.6).

Denote the set E, ,AE,, by E. Then

|€"(z, y) — (", y)| =In(Eey) — n(Ewy)| < n(E)

:/El-%(r)e(dr) S/Eemé(dr)jL%/El(%(r))@(dr)
/ 1
<eMkglr — 2| + El(n),

where the inequality on the second line follows from (5.3.4) and the last inequality

follows from (5.2.1).

Similarly,

sup  |&"(x, y) R (x,y,y) —&"(2,y) RNy, y))
y' €Ly #y

/ / m 1.
= sup [n(EY,) —n(E )| < ekaolr — 2’|+ —1(n).
y' €Ly’ #y m
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Combining the above estimates we have (5.3.5). Proof of (5.3.6) is now immediate

on observing that

2o(y) — 11, 6(y)| <|9l [€"(z,y) — (2, )|

HPloo sup |z, y) RNz, y, ) — @ y) R (2 y,y')| -
y' €Ly’ #y

Proof of (5.4.12).

Changing the order of the integration, we can rewrite the following term as

A 1 u B B
=[x [ . T ) s
SR X € “(u))Y(u)dsdu
o x [ aEe Fe dsd

Thus

t B B t s+A 5 5
/Oa(Xg(s),YE(s))@/f(s)ds—/o K/ a(X(s),Y(u))(u)duds

Ae u - - Ae u - -

<[ x e T dsan— [ 5 [ o6, T ) wdsdy
t 1 u . - . B t i u a Se s Cre u € wdsdu

n /Ael/u_& a(X<(u), Y<(u))y (u)dsdu s /U_AE (X(5), Y (u) Y (u)dsd
(t+A)NT t - ~

n / N [ a0, V) s

_ 70 4@ 47O
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For T we have
2

(1) <2 w), Y(u))e (u)dsdu

2

() (w)dsdu

<4 ( sup (|X<(s)] + 1>)2 / ™ )

0<s<t

< 8k3(sup | X(s)]? + 1) - A2M.

0<s<t

Similarly,
(T2 < 4k3(sup | X())>+ 1) - A2M.

0<s<t

Thus in view of (5.4.8), sup0<t<TE(T( )) —0,as e =0, fori=1,3.

For the second term, using the Lipschitz property of a, we have,

/ / A2alhp|X6() X<(s)|2dsdu - / / )? dsdu
Ae Ju—A. Ae Ju—A¢

< / / A2 7| X (u) — X<(s)|*dsdu - A2M,
Ae Ju—Ac

where dj;;, is as in (5.5.26). Using (5.4.9) we have

d? - -
sup E(T{)? < -22TA, sup E ( sup | X(u) — Xe(s)|2> A2M

0<t<T A2 A <t<T u—Ac<s<u
< dj, e TA2M,

which converges to 0 as € — 0. Combining the above estimates, we have (5.4.12). O

Proof of (5.4.16).

Recall that

T € _1 4 € 2 €
L) = [ WP [ e )onas

[ [5+io >]@<dv>
/T ! / |duds+/0TAie/:+Ae 1 () duds,
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where 7 is as in (5.4.13).

Similar to the proof of (5.4.12), changing the order of integration, we can rewrite

the term fH |2]2Q(dv) as

<1 T+Ac 1 T
/ / [ (u 2d5du—|—/ / u)l dsdu+/ —/ ¢ (u) | dsdu,
T AG u—Ae

where the third term is 0 using our convention that ¢¢(u) = 0, for u > T.

Also, we have

/w Ids—/Tlf u)[?dsdu.

[ e [ e
/6 1/ |dsdu—/A€ ! / < (u) Pdsdu
:/0 Ai/ [ () [2dsdu > 0.

For the second term we have in a similar manner

<1
/ 1(p(r,5))0(dr)ds — / ‘(dv) / / ))dsdu > 0.
[OvT} X [071} HT

The result follows. O

Then

Proof of (5.4.5).

Recall from the discussion below (5.4.1) that X¢ = G¢(/eW,eN¢ ') is a solution
of (5.2.3)-(5.2.4). Let ¢(r,s) = (¢(r,s))", (r,s) € R x [0,1] and let

E =exp {/ log(@“(r, 8))NY(dr x ds) + / (1 —@(r, s))@(dr)ds}
[0,1][0,] [0,1]x[0,1]

-] [ W) -y [ o) ).
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Define £ = £&;. Then &f is a {F;} martingale and consequently, Q5.(G =/ EsdP,
G € F, defines a probability measure on (2, F, {F;}) and furthermore P and QET are
mutually absolutely continuous. Also, under Qf, (v/eW + [ ¢(s)ds,eN< ') has
the same law as that of (\/eW,eN ') under P. The statement in (5.4.5) is now

immediate. ]

Proof of Lemma 5.5.6.

The L valued Markov chain with transition probabilities pf, = Zi o RY @) (2, y, 2),
(y,2) € L, is ergodic for each z € R?. Denote the unique invariant measure of this
chain by *. From (5.2.1) and (5.5.18) it follows that p;  is Lipschitz in = and
inf, e, inf ega Py, > 0. As in Appendix 5.6, we now have that = — ﬁz(y) is Lipschitz

for every y € IL. The result now follows on noting that w,(y) = along with

)(I Y)
the observation that z + ¢”"®)(z,y) is Lipschitz for every y € L (from (5.2.1) and

(5.5.18)) and the lower bound on ¢”" %) () in (5.5.12). O

Proof of (5.5.47).

It suffices to show that for each ¢ = 0, - —

1ti+1 i+1
3] |dH/ /m ol o)

K2

tiy1 tit1
/ / (pi(s,r))0(dr)ds —>/ / (dy)ds
[0,1]

in probability. Recalling the definition of ¢f and ¢ in (5.5.40) we have that to prove

the above convergences, it is enough to show that for any function g : L — R, we

/t-tiﬂg(ffe(s))ds - /t;i+1 Ag(y)Pé(s)(dy)ds

7

have
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in probability. We only consider the case i = 0 and write t; = T. Then for ¢t € [0, T],

Y€ is given through the system of equations

X(t) =X°(0) + /0 b(X(s),Y(s))ds + v/e /O a(X<(s),Y(s))dW (s)
. / (X (5). T(5)uo(*(5))ds
Ye(t Ye(s—),r N6 (dr x ds). 5.6.1
[ [ MO T (drxds). (561)

)

Note that

(I

Y€ ds—// dy )ds

<o (| [ atvispas - / [ st fanas| > )
+JP’( )P%e (s (Ay)ds — /0 t /L 9(y)p3s (dy)ds| > g)

Since X¢ converges in probability to #, with the uniform metric on U (see below
(5.5.40)), we have from (5.5.38) that

)
( st(s (dy)ds — // dy )ds| > 2)

S . )
P (||g||ooﬁ<Lo,a> sup [15°(5) = (sl > 3) 0
0<s<t
Thus we only need to show, for all ¢ € [0T7,

2

t t
E < g(Y(s))ds — / /g(y)pgze(s)(dy)ds > — 0, as € = 0. (5.6.2)
0 JL
Fix a sequence {h.}.~o such that, as e — 0,
. 3/2
he -0, — —0and — — 0.

h €
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By a change of order of integration we have,

/Otg(ffﬁ(s))ds - /Ot (hi /;Jrheg(f”(s))ds) du
< /Ohe (;/ g(Y<(s ))du) ds| + /Ohe (hie/;heg(f“(s))du> ds
AL G )

<3[|glhe

(5.6.3)

Also, for every u € [0,T], for any €y > 0, there exists a compact set K, such that,
P(||X<(u)|| € K¢) < € > 0. Following arguments along the lines in Theorem IL.7 in

[73], we have,

e ends— o [ a¥a(enas

) < wh?||gll/e+2e0] 9],
(5.6.4)

E (Emu),f/f(u)

where Eg.(,) <) denotes the conditional expectation given {X(u),Y(u)}, k de-

pends only on K, and {Y,(s)}s>, is the solution of the system of equations

t

X5 =X) + [ D00, i (o)ds + Ve [ a(R(0), T (o)

u

T / a(XE(s), V5(5))uo (V2 (5))ds,

YE(t // ), Y(s=), r)N«# V6D (dr x ds).
[0,1]
In view of (5.6.3) and (5.6.4), to show (5.6.2), it is enough to show that, for all

dsdu—/ / dy )ds

dsdu—// y)ds
1
< E
/0 ;

€ (0,77,

— 0. (5.6.5)

Next note that

(5.6.6)
du.

. /u o g(Y(s))ds — /IL 9Py (dY)
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For every u fixed,

1 u+the € he/e _
[ aonds = [ Vit s es)as.
€ u € 0

Note that, conditional on {X¢(u),Y*(u)}, {YV:{(u + €s)}ss0 is a L valued ergodic

Markov process with generator H?E whose unique invariant measure is nge . Thus

(u) (w)

by the ergodic theorem, and recalling that h./e — oo as € — 0, we have

€

uthe/e
h_e/ g(Yj(es))ds—AQ(Q)P%e(u)(dy)

Egew),vew) — 0, as e = 0.

The convergence in (5.6.5) now follows on using the dominated convergence theorem.

O
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Chapter 6

A Numerical Scheme for Invariant Distributions of

Constrained Diffusions

6.1 Introduction.

Reflected diffusion processes in polyhedral domains have been proposed as ap-
proximate models for critically loaded stochastic processing networks. Starting with
the influential paper of Reiman[66], there have been many works[65, 27, 62, 85, 55, 84]
that justify approximations via reflected diffusions rigorously by establishing a limit
theorem under appropriate heavy traffic assumptions. Many performance measures
for stochastic networks are formulated to capture the long term behavior of the system
and a key object involved in the computation of such measures is the corresponding
steady state distribution. Although classical heavy traffic limit theorems only justify
approximations of the network behavior through the associated diffusion limit over
any fixed finite time horizon, there are now several results[44, 20, 21] that prove, for
certain generalized Jackson network models, the convergence of steady state distri-
butions of stochastic networks to those of the associated limit diffusions. Such limit
theorems then lead to the important question: How does one compute the stationary
distributions of reflected diffusions? Indeed, one of the main motivations for intro-
ducing diffusion approximations in the study of stochastic processing systems is the
expectation that diffusion models are easier to analyze than their stochastic network
counterparts. Classical results of Harrison and Williams [48] show that under certain

geometric conditions on the underlying problem data, stationary densities of reflected



Brownian motions have explicit product form expressions. However, once one moves
away from this special family of models there are no explicit formulas and thus one

needs to use numerical procedures.

The objective of the current work is to propose and study the performance of
one such numerical procedure for computing stationary distributions of reflected dif-
fusions in polyhedral domains. For diffusions in R™ there are two basic approaches
for computation of invariant distributions: PDE methods and Monte-Carlo meth-
ods. PDE approaches are based on the well known basic property that invari-
ant densities of diffusions can be characterized as solutions of certain stationary
Fokker-Planck equations. For reflected Brownian motions in polyhedral domains the
papers[26, 54, 25] develop similar characterization results. The characterization in
this case is formulated for the invariant density together with certain boundary den-
sities and is given in terms of the second order differential operator describing the
underlying unconstrained dynamics and a collection of first order operators corre-
sponding to the boundary reflections. Using this characterization as a starting point
Dai and Harrison[25] develop an approximation scheme for the stationary density
by constructing projections on to certain finite dimensional Hilbert spaces that are
described in terms of the above collection of differential operators. Although PDE
methods such as above are quite efficient for settings where the state dimension m is
small, one finds that Monte-Carlo methods, based on the use of the ergodic theorem,
have advantages in higher dimensions. With this in mind, we will propose and study
here a Monte-Carlo method for the computation of stationary distributions. Approx-
imations of invariant distributions of diffusions in R™ using simulation of paths have
been studied in several works [4, 64, 76, 75, 57]. One of the key difficulties in using
simulation methods is that paths of diffusions cannot be simulated exactly and so
one has to contend with two sources of errors: Discretization of the SDE and finite

time empirical average approximation for the steady state behavior. In particular,
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the long term behavior of the discretized SDE could, in general, be quite different
from that of the original system and thus a performance analysis of such Monte-Carlo
schemes requires a careful understanding of the stability properties of the underlying

systems.

The Monte-Carlo approach studied in the current work is inspired by the papers
[4], [64], [57] which have analyzed the properties of weighted empirical measures
constructed from a Euler scheme, based on a single sequence of time discretization
steps decreasing to zero, for diffusions in R™. For multi-dimensional diffusions with
reflection one first needs to describe a suitable analog of an ‘Euler discretization step’.
In order to do so, we begin with a precise description of the stochastic dynamical

system of interest.

Let G C R™ be the convex polyhedral cone in R™ with the vertex at origin given
as the intersection of half spaces G;, i = 1,..., N. Let n; be the unit vector associated

with G; via the relation
Gi={zreR"™: (x,n;) > 0}.

Denote the boundary of a set S C R™ by 9S. We will denote the set {z € 0G :
(x,n;) =0} by F;. For x € 0G, define the set, n(x), of unit inward normals to G at
x by

n(z) ={r:|r|=1,(r,x —y) <0,Vy € G}.

With each face F; we associate a unit vector d; such that (d;,n;) > 0. This vector

defines the direction of constraint associated with the face F;. For x € 9G define

dlz) =<deR™:d= ZaidiSQiZ();‘d’:l J

i€ln(z)
where

In(x)={ie{1,2,--- ,N}: (z,n;) = 0}.
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Roughly speaking, the set d(z) represents the set of permissible directions of con-
straint available at a point € G. In a typical stochastic network setting this set
valued function is determined from the routing structure of the network and governs
the precise constraining mechanism that is used. This mechanism specifies how a
RCLL trajectory ¥ with values in R™ is constrained to form a new trajectory with

values in G, through the associated Skorohod problem, which is defined as follows.

Let D([0,00) : R™) denote the set of functions mapping [0,00) to R™ that are
right continuous and have left limits. We endow D([0,00) : R™) with the usual

Skorokhod topology. Let
D¢ ([0,00) : R™) = {¢ € D([0,00) : R™) : ¢(0) € G}.

Forn € D([0,00) : R™) let |n|(T") denote the total variation of 1 on [0, T'] with respect

to the Euclidean norm on R™.

Definition 6.1.1. Let ¢ € Dg(]0,00) : R™) be given. Then the pair (¢,n) €
D([0,00) : R™) x D([0,00) : R™) solves the Skorokhod problem (SP) for 1 with
respect to G and d if and only if ¢(0) = ¥(0), and for all ¢ € [0, c0)

(1) (t) = ¥ (t) +n(t);
(i) ¢(t) € G;
(i) [n]() < oo;
(iv) nl(t) = [ 4 Loteacydln](s);

(v) There exists Borel measurable «y : [0,00) — R™ such that v(t) € d(¢(t)), d|n|-

almost everywhere and

n(t) = /[ (),
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In the above definition ¢ represents the constrained version of 1) and n describes
the correction applied to ¢ in order to produce ¢. On the domain D C Dg([0, 00) :
R™) on which there is a unique solutions to the Skorokhod problem we define the
Skorokhod map (SM) I' as I'(¢) = ¢, if (¢,% — ¢) is the unique solution of the
Skorokhod problem posed by . We will make the following assumption on the
regularity of the Skorokhod map defined by the data {(d;,n;);i =1,2,--- , N}.

Condition 6.1.1. The Skorokhod map is well defined on all of Dg([0,00) : R™), that
is, D = Dg([0,00) : R™) and the SM is Lipschitz continuous in the following sense.
There exists a K < oo such that for all ¢1, P2 € Dg([0,00) : R™),

sup [[(d)(t) — T(2) ()] < K sup ¢ (t) — ¢a(2)]-

0<t<oo 0<t<o0

We will also make the following assumption on the problem data.

Condition 6.1.2. For every x € 0G, there is a n € n(x) such that (d,n) > 0 for all
ded(x).

The above condition is equivalent to the assumption that the N x N matrix
with (i, )" entry (d;,n;) is complete-S (see [34, 67]). When G = R7 and N = m,
it is known that Condition 6.1.1 implies Condition 6.1.2 (see [77]). An important
consequence of Condition 6.1.2 that will be used in our work is the following result

from [10] (see also [28]).

Lemma 6.1.1. Suppose that Condition 6.1.2 holds. Then there exists a g € CZ(R™)
such that

(Vg(x),d;y >1 Ve ek, ie{l,..,N}

We remark here that the function constructed in [10] is defined only on G, however

a minor modification of the construction there gives a C? extension to all of R™.
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We refer the reader to [46, 34, 35] for sufficient conditions under which Condition
6.1.1 and Condition 6.1.2 hold. For example, the paper [35] shows that if G = R7,
N = m and the square matrix D = [dy, ..., d,,] is of the form D = M (I —V'), where M
is a diagonal matrix with positive diagonal entries, V' is off diagonal and the spectral
radius of |V/| is less than 1, then both Conditions 6.1.1 and 6.1.2 hold. Here |V|

represents the matrix with entries (|V;;|), where V}; is the (7, j)-th entry of V.

We now describe the constrained diffusion process that will be studied in this
paper. Let (2, F,P) be a complete probability space on which is given a filtration
{Fi }+>0 satisfying the usual hypotheses. Let (W (t), F;) be a m-dimensional standard
Wiener process on the above probability space. For x € G, denote by X* the unique
solution to the following stochastic integral equation,

X*(t)="T (x + /'O'(XI(S))dW(S) + / b(X””(s))ds) (1), (6.1.1)
0 0

where 0 : G — R™*™ and b : G — R™ are maps satisfying the following condition.
Condition 6.1.3. There exists a; € (0,00) such that

o(z) —o(y)| + |b(x) = b(y)| < arlr —y| Vo,yeq
and

lo(@)| < a, )| <a, Vred.

Unique solvability of (6.1.1) can be shown using the above condition and the
regularity assumption on the Skorokhod map. In fact, the classical method of Picard

iteration gives the following:

Theorem 6.1.1. For each x € G there exists a unique pair of continuous {F;}
adapted process (X*(t), k(t))t>0 and a progressively measurable process (y(t))i>o such

that the following hold:
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(i) X*(t) € G, forallt >0, a.s.
(ii) For allt >0,
X*(t) = x—i—/o o(X(s))dW (s) +/0 b(X*(s))ds + k(t), (6.1.2)

a.s.

(i1i) For all T € [0, 00),
|k|(T) < oo a.s.

(iv) Almost surely, for everyt >0,
t
410 = [ Tcepeacrd ko)
0
k(t) = Jy2(s)d|k|(s), and y(s) € d(X*(s)) a.e, [d|K]).
In this work we are interested in the invariant distributions of the strong Markov
process {X*}. One of the basic results due to Harrison and Williams[47] (see also
[13]) on invariant distributions of such Markov processes says that if b and o are

constants and o is invertible, then X* has a unique invariant probability measure if

b € C° (the interior of C), where

N
C= {—Zaidi:aizO;iE{l,--- ,N}}.
i=1

This result was extended to a setting with state dependent coefficients in [1] as follows.

We introduce the following two additional assumptions. For § € (0, 00), define
C(6) = {v e C : dist(v,0C) > 6}.

Condition 6.1.4. There exists a § € (0,00) such that for all x € G, b(x) € C(9).

Condition 6.1.5. There exists o € (0,00) such that for all x € G and o € R™,

d(o(x)o’(z))a > oda.
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The following is the main result of [1].

Theorem 6.1.2. Assume that Conditions 6.1.1-6.1.5 hold. Then the strong Markov
process {X*(-);x € G} is positive recurrent and has a unique invariant probability

measure.

We remark that in [1] a somewhat weaker assumption than Condition 6.1.4 is
used, which says that b(z) € C(0) for all x outside a bounded set. In the current
work, for simplicity we will use the stronger form as in Condition 6.1.4. Conditions
6.1.1-6.1.5 will be assumed to hold for the rest of this work and will not be explicitly

noted in the statements of various results.

We now summarize some of the notation that will be used in this work. For a
closed set G C R™, we say f € C%(G), [respectively f € C?(G)] if f is defined
on some open set O D G and f is a twice continuously differentiable on O with
bounded first two derivatives [respectively compact support]. For v € P(S) and a
v-integrable f : S — R, we write [ fdv as (f,v) or v(f) interchangeably. We will
use the symbol “=" or «£7 to denote convergence in distribution. Let R™ denote
the set of m-dimensional real vectors. Euclidean norm will be denoted by | - | and
the corresponding inner product by (-,-). The symbols, g, . denote convergence
in probability and L respectively. Denote by || - || the supremum norm. A vector
v € R™ is said to be nonnegative (and we write v > 0) if it is componentwise

nonnegative.

6.1.1 Numerical Scheme and Main Results.

Throughout this work, the unique invariant measure for the Markov process { X*}
will be denoted by v. The goal of this work is to develop a convergent numerical

procedure for approximating v. We now describe this procedure.

147



Let {Ax}r>1 be a sequence of positive real numbers such that

A — 0, as k — oo and letting A, := Z)\k, A, — 00 asn — co. (6.1.3)
k=1

Note the condition is satisfied if A, = = with § € (0, 1]. Define the map S : GXR™ —
G by the relation

S(z,v) = (x4 vi)(1), (6.1.4)

where i : [0,00) — [0, 00) is the identity map. The map S will be used to construct an
Euler discretization of the stochastic dynamical system described by (6.1.2). We now

introduce the noise sequence that will be used in the Euler discretization of (6.1.2).

Let {Ug;;k € N,j = 1,...,m} be an array of mutually independent R valued
random variables, given on some probability space (€2, F,P), such that EU;; = 0
and EU,ij =1, forall ke N,j =1,...,m. We denote the R™ valued random variable

(Ukas -, Ugm)" by Uy. We will make the following assumption on the array {Uy;}.

Condition 6.1.6. For some a € (0,00),

Ee'\Uri < e forallk €N, j=1,...,m, A€R.

The above condition is clearly satisfied when Uy ; ~ N(0,1). Also, using well
known concentration inequalities it can be checked that the condition also holds if
supp(Uy, ;) is uniformly bounded (see Appendix for a proof of the latter statement).

Condition 6.1.6 will be assumed to hold throughout this work.

The Euler scheme is given as follows. Define iteratively, sequences {Xj}ren,,

{Yi }ren, of G and R™ valued random variables, respectively, as follows. Fix 2 € G.
(

Xo = o,

Yk+1 = Xk + b(Xk;))\k+1 + U(Xk)\/ )\k+1Uk+17 (615)

X1 = S( X, Y1 — Xi)
\
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Note that {Xj} is a sequence of G valued random variables. The last equation of
the above display describes a projection for the Euler step that is consistent with the

Skorohod problem associated with the problem data.

Define a sequence of P(G) valued random variables as

1 n
Vn:A_Z)‘k‘Skau n € N.
" k=1

The above random measures define our basic sequence of approximations for the
invariant measure v. In particular, they yield an approximation for any integral of

the form [, f(x)dv(z) through the corresponding weighted averages:

1 n
A—nZ)\kf(Xk_1). (6.1.6)
k=1
The following is the first main result of this work.

Theorem 6.1.3. As n — oo, v, converges weakly to v, almost surely.

The above result ensures that (6.1.6) gives an almost surely consistent approxi-
mation for v(f) for any bounded and continuous f. In fact we have a substantially

stronger statement as follows:

Theorem 6.1.4. There exists a ¢ € (0,00) such that for all continuous f : G — R

satisfying limsup,_, . e~l| f(x)| = 0, we have v,,(f) — v(f), a.s.

The key ingredient in the proof of the above almost sure limit theorems is a certain
Lyapunov function that was introduced in [19] to study geometric ergodicity proper-
ties of reflected diffusions. Using this Lyapunov function we establish a.s. bounds on
exponential moments of v, that are uniform in n. These bounds in particular guar-
antee tightness of {v,(w),n > 1}, for a.e. w. Then the remaining work, for proving
the above theorems, lies in the characterization of the limit points of v, (w). For this

we use an extension of the well known Echeverria criterion for invariant distributions
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of Markov processes that has been developed in [26, 54] (see also [10]). Verification
of this criteria (stated as Theorem 6.2.1 in the current work) for a typical limit point
vy of {v,} requires showing that, vy along with a certain collection {u,7i =1,--- N}
of finite measures supported on various parts of the boundary of GG satisfy a relation
of the form in (6.2.13). The measures {u}} are obtained by taking weak limits of
certain finite measures constructed from the Euler scheme. Although these pre-limit
measures may place positive mass away from the boundary of the domain, we argue
using the regularity properties of the Skorohod map (a key ingredient here is Lemma
6.1.1), that in the limit these finite measures are supported on the correct parts of

the boundary.

Under additional assumptions, one can obtain rates of convergence as follows. For
a > 0, set

AP = X¢ + .+l

Denote the normal distribution with mean a and variance b* by N (a,b*). For ¢ €

C3(G) (space of three times continuously differentiable functions on G) and v € R™,

let D3¢(x)(v)®* =37, . Di; pp(x)vivjvp.
For f € C*(G), define Af : G - Rand D;f : G - R;i=1,..., N as

%0'(x)D2f(x)J(m), r € G,

Af(z) = b(z) - Vf(z) +
Dif(z) =d;i-Vf(z), z€G,
where V is the gradient operator and D? is the m x m Hessian matrix.
Theorem 6.1.5. Assume that U;’s are i.i.d with common distribution . There exists
a ¢ € (0,00) such that whenever ¢ € C*(G) satisfies limy| o0 eIV (z)[> = 0, we

have the following:

. . (3/2) . .
a) Fast-decreasing step. Suppose lim,_,o 22— = 0, D¢ is bounded and Lips-
g VA,
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chitz, and

(Vo(x),d;) =0, V€ F,Vi;
(6.1.7)

D%*¢(x)d; =0, Vx e F;,Vi.
Then the following CLT holds:

VA (AG) £>/\/'(O,/ |JTV¢|2dl/).
G

(b) Slowly decreasing step. Suppose that limnﬂoo(l/\/An)Ag/z) =€ (0, +o0],

¢ € C*(G) and D3¢ is bounded and Lipschitz. Further suppose that

(

(Vo(z),d;) =0, Ve F;,Vi;

D2¢(z)d; =0,  Vx € F,, Vi (6.1.8)

\D?}k¢(x) -d; =0, Vxe€F;,Vijk.

Then we have

Anl/n<v4¢) £> N <)\m,/ ’aTV¢|2dy) ’ij\ < 00, (619)
G
An P . o~
Ao n(Ag) = if A= +o0, (6.1.10)

where

= / [ DY() (o @) ().

Note that when )\, = k%, A7(13/2)/\/A_n converges to 0 [resp. oo, A € (0,+00)],
if @ > 1/2 [resp. o < 1/2, o = 1/2]. Also note that if ¢ is a smooth function
supported in the interior of G then it automatically satisfies (6.1.7) and (6.1.8).
Our assumptions are restrictive in the sense that it does not cover the functional
f(z) = z1, but note that the theorem does cover a function f.(z) which is given
as a suitable mollification of the function z1 [[;", 1{;,>¢ that vanishes smoothly at

the boundaries. Heuristically speaking, this functional captures some properties of

the functional f(x) = x; when € is small. Another functional of interest for which

151



the theorem gives a rate of convergence is a suitable mollification of the functional

I Liz>a,p where a; > 0,9 =1,---m.

Proof of Theorem 6.1.5 is quite similar to that of Theorem 9 in [57], the main
difference is in the treatment of the reflection terms for which once more we appeal
to regularity properties of the Skorohod map and an estimate based on Lemma 6.1.1

(see proof of (6.2.19) which is crucially used in proofs of Section 6.3).

A key step in the implementation of the Euler scheme in (6.1.5) is the evaluation
of the one time step Skorohod map S(z,v). In Section 6.4.1 we describe one possible
approach to this evaluation that uses relationships between Skorohod problems and
Linear Complementarity problems(LCPs). There are many well developed numerical
codes for solving LCPs (for example in MATLAB) and we will describe in Section
6.4.2 some results from numerical experiments that use a quadratic programming
algorithm for LCPs (cf. [24]) in implementing the scheme in (6.1.5). As remarked
earlier, one of the advantages of Monte-Carlo methods is the ease of implementation,
particularly for high dimensional problems. To illustrate this, in Section 6.4.2 we
present numerical results for a eight dimensional Skorohod problem. Comparisons
with known exact formulas (from [25]) for this problem show that the scheme performs

well for small correlation values.

This chapter is organized as follows. In Section 6.2 we prove Theorem 6.1.3 and
6.1.4. Theorem 6.1.3 is proved in two steps. Section 6.2.1 shows the tightness of the
random measures {v, }, and Section 6.2.2 characterizes the limit of the measures {v, }
as the invariant measure of the constrained diffusion in (6.1.1). Section 6.2.3 gives
the proof of Theorem 6.1.4. Rate of convergence theorem (Theorem 6.1.5) is proved

in Section 6.3. Finally we conclude by describing some numerical results in Section

6.4.

152



6.2 Proofs of Theorems 6.1.3 and 6.1.4.

The proof of Theorem 6.1.3 proceeds by showing that for a.e. w, the sequence of
random probability measures {v,(w)},>1 is tight and then characterizing the limit
points of the sequence using a generalization of Echeverria’s criteria. Tightness is
argued in Section 6.2.1 while the limit points are characterized in Section 6.2.2.

Finally in Section 6.2.3, we give the proof of Theorem 6.1.4.

6.2.1 Tightness.

We begin by presenting a Lyapunov function introduced in [1] that plays a key
role in the stability analysis of constrained diffusion processes of the form studied

here (see [1, 19, 20, 21, 10, 8, 7]).
Throughout this work we will fix a § > 0 as in Condition 6.1.4.

For z € G, let A(z) be the collection of all absolutely continuous functions z :
[0, 00) — R™ defined via
2(t) =T (.73 —|—/ U(s)ds) (t), tel0,00), (6.2.1)
0
for some v : [0,00) — C(0) which satisfies

t
/ v(s)|ds < oo, for all £ € [0, 50). (6.2.2)
0

z is absolutely continuous,
A(x) =< 2:[0,00) = R™
(6.2.1) and (6.2.2) hold for some v : [0, 00) — C(0)

Define T': G — [0, 00) by the relation

T(x) = sup inf{t € [0,00): 2(t) =0}, z€G. (6.2.3)
z€A(x)
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The function T has the following properties (see [1]).

Lemma 6.2.1. There exist constants ¢,C' € (0,00) such that the following hold:

(i) For all x,y € G,
T(x) = T(y)| < Clz —yl.

(i) For all x € G, T(x) > c|lx|. Thus, in particular, for all M € (0,00) the set

{r e G:T(x) < M} is compact.

(111) Fizx € G and let z € A(x). Then for all t > 0,

T(x(t) < (T(x) —t)"

We next present an elementary lemma that will be used in obtaining moment

estimates. For k € N, let F, = o(Uy, ..., Ux). Set Fo = {0, Q}.

Lemma 6.2.2. There exist ¢1,co € (1,00) for which the following holds. Let {v;}ien
be a sequence of R™ wvalued random variables such that v; is F;_1 measurable for all
1 >1 and

esssup |v;(w)| = |viloo < 00.

w

Let S, = Z?Zl v; - U;, n € N. Then for everyr >0 andn > 1,

E max /15 < ¢ e Zimiloilz
1<i<n -

Proof. We will only give the proof for the case m = 1. The general case is treated
similarly.
From Doob’s maximal inequalities for submartingales, we have
E max "5 < 4Ee"150

1<i<n

<4 (EerS" + Ee_TS")
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From Condition 6.1.6, it follows that for every r € R,

2,,2

E (BTS”LF-nfl) S erSn_lear vs

< erSn_l ear2|vn|go

The result now follows by a successive conditioning argument. O]

Define A : [0,00) — [0,00) and j : [0,00) — Ny as
)\(S) = Ak,](s) =k, if A, <s< Ak—i—la k € Ny;

where we define Ay = 0. Define piecewise linear R™ valued stochastic process as
follows,

- t— A(t)

W(t) =Y VAU + ———LUjps1, >0,

i<j(t) VA1

Let X (t) be the solution of the following integral equation

X(t) =T (xo+/' b(X(A(s)))dH/'U(X(Ms)))dW(s)) (), t>0.

0 0

~

Clearly, X (A(t)) = X for all t > 0.
Fix p € (0,1]. Define
! A = 4)g + 161 In(cy) (6.2.4)
W= —————, = n\c ), L.
201+ p)L 0 !
where L = ¢,a7C*K? and A\ = sup;>; A;. Let V : G — R, be defined as
V() =e"T®  zed.

Lemma 6.2.3. There exist § € (0,1) and k € [0,00) such that for each ¢ € [0, p]

and for all t > 0,

E(V (X 00| Fiw) < (1= BWVH(X ) + 5 (6.2.5)
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Proof. Fix t > 0 and ¢ € [0, p]. Define £ : [A(t),00) — G as

A(t)+-
{(s) =T (Xj(t) + /)\(t) b(Xj(m)dU) (s = A(E), s = A1)

Using the Lipschitz property of the Skorokhod map (Condition 6.1.1), we have

sup 1X(s) — &(s)] <K sup / o (X (A(w))dW (u)
M) <s<A(E)+A+Xg M) <s<AE)+A+X0 | A(D)
=Kv(t,A).

Note that

A= <At+A)=A1t) <A+ .
Using this observation along with Lemma 6.2.1 (i) and (iii),

T(X(A(t+ A))) <T(EN(t+ A))) + CKi(t, A)

A

(T(X(\1)) — (At+A) = AX®))T + CKu(t,A)

IA

IN

(T(XAM)) = (A= X))" + CKp(t, A).
From the above estimate and the definition of V'(z), we now have

E(V(X(A(f + A)) U F0)
V(X (M)

< B (exp(=(1 +0) (TROM)) ~ (5~ M) + OK(1A)) [

x exp(—w(1 + O))T(X (A1) (6.2.6)

Letting, for ¢ € Ny, 0, = 0(X,), we have, for any s € [A(t), A(t) + A + Aol

)
Zfl(:sj)-(t) 0/ Aqr1Ugt1, it 0(5)Ujs) 20

(s)—-1
éj(t) 0q\/ Agt1Ugt1, i 0(5)Ujis) <0

which can be bounded by

max E Og\/ q+1Uq+1

J#®)<i<i S) S0
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Similarly,

- A " (X (AW)dV (u )< max Z 7oV AUy

(*) D<isi(s 0

And therefore

v(t,A) = sup
AL <s<A()+A+A0

/: o (X (Aw)dW (u)| <

(®)

>~  max E Uq\/ q+1Uq+17

JO<i<if
where jf = j(A(t) + A+ Ao).
Using Lemma 6.2.2, we now have that, with my = w(1 4+ ()CK

E [emorthA |.7:(t)} < ¢pemied AR < ¢pecamiar(Ato), (6.2.7)

In the case T(X(A(t))) > A — g, we have from (6.2.6) and (6.2.7) that
E(V(X(At+ A)"|F) € V(D) e =080 ¢ gmioa128),
Recalling the choice of w and A, we now see that
E(V(X(A(t+ A) | Fjp) < (1= B)V(XA@)',
where f =1 — e 31,

In the case T(X(A(t))) < A — Xg, we have

E(V(X(A(t+A) ™| Fj) < B (e F)

cam2a?(A+2X0) < Cleﬁ(A—l—Q)\o) =

< ce K.

Combining the two cases, we have (6.2.5). O

The following lemma follows from Lemma 6.2.3 through a recursive argument.

Lemma 6.2.4. There exists ay € (0,00) such that

sup E(V(XA)™?) < as. (6.2.8)
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Proof. For any t € (A, 00), we can find ¢ € (0, A] and j € N such that ¢t = ¢ + jA.
By a recursive argument using (6.2.5), we then have
E(V(X(A(1)))*) < E(V(XAE)))'*) + %
Thus
K

sup B(V (X)) < sup BV(XA@)™) + 5.

The supremum on the right side is bounded by max;<;a+a,) E(V(X;)'**), which is

finite using Condition 6.1.6, boundedness of b, o and the Lipschitz property of I'. []

Now we can prove the following lemma.

Lemma 6.2.5. Fora.e. w, sup,(V, v,(w)) < co. Consequently, the sequence {v,(w)}n>1

18 tight for a.e. w.

Proof. Let ny be such that A,, > A. Then it suffices to consider the supremum in
the above display over all n > ng. For i € Ny, define s(i) = inf{j € Ny : A; > iA}.

Then s(|A,/A]) < n and therefore, for n > ny,

n

S V) = 1 [ VEG@)

k=1 n

1 ([An/Al+DA
< / V(X (A(t)))dt.
As(ian/a)) Jo

va(V) =in

Using Lemma 6.2.3 with ¢ = 0, we have

1 (An/AJ+1DA
ot / VX))t
) Jo

As((an/a)
1 ([An/AJ+D)A R R
<o VX))~ VXA + Al
s([An/A]) JO
1 ([An/A]+1)A X
+ NN / V(X (M) (1 = B) + k|dt.
s([An/A]) JO
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Thus, rearranging terms,

3 (An/Al4+DA
—/ V(X (A(t)))dt
Ns((an/a)) Jo

1 (An/AJ+DA )
< —/0 VX (A1) = E(V(X (A + A))[Fiw)]dt

~ As(lansa)
([A/A] +1)A

+ K
As((an/a))

Next note that Aya,/a)) > [An/AJA, and, for n > ny,

Thus

([An/A]+1)A < wll+ A

sup kK
n>no Ns(lan/a))

To prove the lemma, it is now enough to show

1 ([An/AJ+DA R
sup A—/ V(X (A1) —E(V(X(A({t+A)))|Fjp)ldt < oo, ae. w.
n2no L3s([An/A]) JO
(6.2.9)
The above expression can be split into two terms:
1 (lAn/Al+DA R
| VOXA®) ~ BV + A)|F0) i
s([An/A]) JO
1 (An/AlDA .
v/ VX))~ VXA +A))dr
s([An/A]) Jo
1 ([An/AJ+DA X
+ A—/ VXAt + A))) = E(V(X A+ A)))|Fjw)]dt
s(lAn/A]) Jo
=T +1;
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Counsider the first term:

| (An/AHDA )
- | VOEA®) = VXt + )
s([An/A])
) (lAn/AJ+DA ) (IAn/AJ+DATA
:—/ V(X(/\(t)))dt——/ VX (A®))dt
As(lan/a)) As((an/a)
1 A N 1 (\_An/AJ-‘rl)A-FA N
=x———/’wxuw»ﬂ—x———/“ VE(A0))
(LAn/AJ) s([An/AD) J([An/A]+1)A

> MV(X)

(LAR/AJ ki <A

Let Z =3 ia,  <a MV (Xk-1). Then from (6.2.8), we have EZ < as(A + Ao).

Combining this with the fact that for n > ng, Ay, a)) = A1, we have that

sup 71 (w) < 00, a.e. w. (6.2.10)
n>ng
Next, consider T5:
1 (An/AJ+DA )
L=g——m— / VXA +A))) = E(V(XAE+ 8)))|Fje)ldt
s(LAn/A])
1 LAn/A] Li+1)A A .
= > / VXA +A))) = E(V(XAE+ A)))|Fje)ldt
s(an/al = Jia

From Kronecker’s Lemma (see page 63 of [38]), the last sum is bounded in n a.s. (in

fact converges to 0) if the following series is summable a.s.

i

(i+1)A .
L VRO ) - BV )1

8

Consider the sum over even and odd terms separately. For even terms, the sum

can be written as

i

=1 = s(

@k+1DA X
/ V(XA +A))) = EV (XAt + A)))|Fiw)ldt. (6.2.11)

Let

(2k+1)A R R
G [ VEROE+ ) ~ B+ )
s(2k) J2kA
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and G, = Fj(ka), then we have E(;11]|G;) = 0. Also note that &4 is G; 1 measurable.
Thus S, =Y., & is a martingale with respect to the filtration {G, }. Consequently,
by Chow’s Theorem (see Theorem 2.17 of [45]), the series in (6.2.11) is a.s. summable

if >0, E(|&]'1*) < co. Now note that

~

1 (2k+1)A R Ip
e [ VO ) - B+ )| F0)ld
s(2k) J2kA

E|| =E

21+pA1+p . 21+pA1+pa2
S AT SltlpE(V(X(t))Hp) < = Al
s(2k) s(2k)

where the last inequality follows form Lemma 6.2.4. Since Agy) > kA, we have that

=1 1 & 1

< E < 00.
§ : T+p = A1+ 1+
k=1 As(k) Al k=1 ke

This proves that the series in (6.2.11) is summable. The odd terms are treated in a

similar manner. Thus we have proved

sup Th(w) < 00, a.e. w. (6.2.12)

n>ng
Now (6.2.9) is an immediate consequence of (6.2.10) and (6.2.12), which proves the

lemma. O

6.2.2 Identification of the limit.

In this section we will complete the proof of Theorem 6.1.3 by arguing that for
a.e. w, every weak limit point of v,(w) equals v. For this we will use the following

extension of the Echeverria Criteria (see [54, 82], see also Theorem 5.7 of [10]).

Theorem 6.2.1. Let vy € P(G) and ply € Mp(F;), i =1,...,N be such that for all
feCia),
N
vo(Af) + Y up(Dif) = 0. (6.2.13)
i=1

Then vy = v.
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In order to apply the above theorem to show convergence of v, to v, we will
consider a sequence of finite measure {u? },en; @ = 1, ..., N, which, roughly speaking,
correspond to the prelimit versions of the measures {y}} that appear in the theorem

above. We now describe this sequence.

Foru e R™, v € G, r € (0,00), define, for ¢t € [0, 1],

Il
N
=
S~—
I
i~
+
—~
=
S~—
=
+
2
£

z(u, v, r|t)
x(u,v,r|t) = x(t) =T(z)(t),

y(u,v,rft) = y(t) =x(t) —z(t).

Then, one can represent the trajectory y as

Zd/ Sdlyl(s): € 0.1], (6.2.14)

where a;(s) = a;(u,v,r|s) € [0,1] and a;(s) > 0 only if x(s) € F;. Also, let, for
€ [0,1]
I (u,v,7) = (1) + t(x(1) — (1)),
(u,v,7r) /0 a;(t)dy|(t), i=1,..,N.

Finally for k£ € Ny, let

I, = II%(Upy1, Xiy Ait1), Ly = LH U1, Xis Aegr)-

For k € Ny and i = 1,..., N, define a Mp(R™) valued random variable m} by the

relation
1
(b, mi) = / Ex,[0(I)Lijdt, v € BAL(R™), (6.2.15)

where Ex|[Z] denotes E[Z|X], and BM, (R™) is the space of nonnegative bounded

measurable functions on R™.
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Forn e Nandi=1,.., N, let u’ be a Mp(R™) valued random variable defined

as
ph(A) = = S mi(A); A BE™).
The following lemma relates the above family of random measures with our ap-

proximation scheme. Recall the definition of the filtration {F} in Section 6.2.1.

Lemma 6.2.6. For every f € CZ(R™), there exists a sequence of real random vari-

ables {&/ }nen such that

i
L

1

2 Bl (Xiw) = F(X0)IA] = ; 18 (Dif) + va(AF) + & (6.2.16)

>
Il

0
and sup,, &/ (w) < oo a.s. Furthermore if f has compact support then £ — 0 a.s. as

n — OQ.

Proof. Fix (u,v,r) € R™x G x (0,00). Using the notation introduced above, we have

from Taylor’s theorem,

F) = F(0) = (VF(0),n) + 50 D)y + ol =(1)

where
Roli,y) = F(y) — F() — (Vf()oy — ) = 5y — ) D F @)y — )
and
n=n(u,v,r) = bv)r + o(v)v/ru.
Define

o) = 5 s Do 4ty — ) = D @)

then we have |Ry(z,y)| < ra(z,y)|x — y|2.
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Also

1)+ t(x(1) — (1))

(1)) = flatt)) = [ D t

_ /O VF(z(1) 4+ t(x(1) — z(1))) - (x(1) — z(1))dt
:Z/O Vf(z(1)+t(x(1)—z(l)))dt-di/o a; (t)d]y|(t).

Fix a k € Nand let v = Xy, u = Ugyq and r = A\pyq. Then

E[f(Xe1) = f(Xp)|F] = E[f (x(1)) = f(2(1)) + f(2(1) = f(0)|Fi]-

From the definition of m} in (6.2.15) and observing that {Xj, Fr} is a Markov

chain and Uy, is independent of Fy, it follows that
E[f(x(1)) = f(2(1)|Fi] = ka (Dif),
Using independence of Uy, from Fj, once more,
BIA(5(1)) — F(0)1F] =heaVF(X0), DX} + Mo (X D (X )or(Xi)
A b(X0) D F(XB(X5) + BBy Xy X+ )|

2
=Aest Af (Xi) + € (k),

where

€ (F) = 5N DX D F(XB(X0) + ElRy (X, Xi 4 i)l

and nx = N(Ups1, Xiy Arg1)-

Thus we have

E[f(Xkt1) = f(Xe)[Fi]

mﬁs (Dif) + Mg Af(Xi) + &7 (k)

Mz

N
=S D) (A S fo
. A
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Equality in (6.2.16) follows on taking & = ﬁ Sz o & (k).
We now show that sup,, & (w) < co a.s. Write
1
& (k) = S0k b(X) D F(X)b(Xx) + B[R (X, X + )| i) = €f (k) + &3 (k).

The term - Zk 0 51 (k) converges to zero because of the boundedness of b and D?f.

Consider now the contribution from & (k). Let for p € R,

1
hip) =5 sup |D? f(x2) — D*f(21)]].
r1,L2€R™
|x1—x2|<p

Then

| Ro (X, X+ 1) | < o) |
and so for some r; € (0, 00),
(€5 (k)| < Elh(m)m || Fi]
< 1P [ocki1 Akg1-
Thus sup,, £/ (w) < 0o a.s. This completes the first part of the lemma.
Finally if f in addition has compact support, we have h(p) — 0 as p — 0. Fix

e > 0. Since b, o are bounded, we can find for each 6 € (0,00), kg € N such that for

every k > kg,
|h(0(@r) Aks1 + 0 (2) v A 1Uk1) [ Lo, <0 < €.
Also, for some [, € (0,00), for all k € N,

E(|n* v, 11201 F] < L2 + ME[U L 26])  as.,

El|n*|Fe] < LAk as.

Choose 6y € (0,00) such that E[|U;|*1y,>6,] < €. Then

Z €5 (k)] < el Z i+ (1] ol Z A3/2+— Z i)

" k=kg, " k=kg, " k=kg, " k=kg,
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Thus,

1 p e

=X lEmI < D )+, <1+||h||oo>+||h||oonA S
n k=0 n

k= k=ko,

o

Sending n — oo and then € — 0, we now see that ;- " 11 (k)| — 0 as n — oco.

The result follows. 0

The following lemma shows that the left side of the expression in (6.2.16) converges

to 0 as n — oo.

Lemma 6.2.7. For every f € C(Q),

n—1
1

A_ ZE (Xk+1) — f(Xg)|Fr] = 0 a.s., asn — oo.
" k=0

Proof. We can split the sum into two terms:

n—1
S B () — f(X)IA
= 1 n—1 1 n—1
A (Elf (Xiy)|Fk] = f(Xiy1)) + A_ (f (Xky1) = f(Xk))
" k=0 " k=0
—T1 -+ T2
Note that,

~|f(Xn) = F(Xo)| = 0,

cu>

as n — oo, since f is bounded and A,, — oco. Also, using Kronecker’s Lemma,

—_

Ty = L ST BB - (X))

0

=
L
B

Il

will converge to 0 once the martingale
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converges a.s. Finally observing that E(f(X}1)|F%) minimizes the L? distance from

f(Xk41) among Fj measurable square integrable random variables,

B{M ) oo = S (VB (f(Xewr) — BU (Xewn) | 7)°

k>1 ok
1
< Z(A—ka (f(Xns1) — F(X3))?
k>1
< ||Df||mZ<Aik>2E (X1 — Xp)?
k>1
S K1 Z )\/]i-;-l
k>1 k
< 0

for some constant k1, where the last inequality follows from the observation that for

a positive sequence A, > ;o1 Aky1/ A? < co. The lemma follows. ]

Next we consider the limit of the first term on the right side of (6.2.16). We can
regard y’ to be a finite measure on the one point compactificaion of R™, denoted as
R™. In order to show that {z’} is a.s. a precompact sequence in M p(R™), it suffices
to show that u! (R™) is an a.s. bounded sequence of R, valued random variables.

This is shown in the following lemma.

Lemma 6.2.8. Fori=1,...,N,

sup i, (R™) < 0o,  a.s.

Proof. Let g € CZ(R™) be as in Lemma 6.1.1. Then for fixed (u,v,r) € R™ x G x
(0,00) and with notation as introduced above Lemma 6.2.6,

(1) = g(0)+ [ [Vglx(s)) - O0)r + (o) Vrulds
N (6.2.17)

N
i—

T Z/ di - Vg(x(s))au(s)dly](s)
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Since «;(s) is nonzero only when x(s) € F;, and (Vg(x),d;) > 1, for all = € Fj,

i€{l,.., N}, we have

ZL‘UUT Z/ a;(s)dly|(s

=1

sz/ i(s)dly | (s)

=1

2

=

[e=]

(6.2.18)

VAN

l9(x(1)) = g(v)| + [ Vgllc|b(v)r + o (v)v/rul
< IVyglleelx(1) = vl + [[Vglloo|b(v)r + o (v)v/rul
< IVl (K + Db(v)r + o(v)Vrul,

where the second inequality uses (6.2.17), and the last inequality uses the Lipschitz

property of the Skorokhod map.
Let k1 = ||Vg||oo(K + 1)ay, then from (6.2.18) we have for i € {1,..., N},

LZ: S K1 (\/ /\k+1|Uk+1| + )\k+1> . (6219)

Also note that, with a; as in Condition 6.1.3,

S?P] 2% (1) = Xi| < Kbo(Xi) M1 +0(Xp) vV M1 U1 | < Kany/ M1 |Upsr |+ Kan A,
tef0,1
(6.2.20)

and for ¢ € [0, 1],

|HZ—X]€‘ < t\xk(l) —U| +(1 —t>’2k( )—Ul < (K+1)6L1)\k+1+ K+1 1V )\k+1|Uk+1|
(6.2.21)
where 2%(t) = x(Upy1, Xi, Mex1]t), 27(t) = 2(Up11, Xi, Apy1|t). Combining (6.2.19)-

(6.2.21) we have that
Ex, (JTIf — 2*(si)|LL) < (2K + VarkimApir + @A) Aert, (6.2.22)

where ¢ : (0,00) — (0,00) is a bounded function satisfying ¢(a) — 0 as a — 0.
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Next note that Li is not equal to 0 only if there exists s € [0,1] such that
af(s) > 0, ie., 2%(s) € F;, where of(t) = a;(Ups1, Xg, Mes1]t). And in that case

7 A

(namely when x*(s) € F; for some s € [0,1]),
Dig(I;) = Dyg(2*(s)) — || D?*gl| L}, — 2" (s)| = 1 — ||D*glloo| I}, — 2"(s)]. (6.2.23)

Let Al = {w : there exists s € [0, 1] such that af(s) > 0} and
‘ inf{s € [0,1] : a¥(s) > 0} ifwe A,
sp(w) = |
1 if we Al
Then, from (6.2.22) and (6.2.23)
Ex, [Dig(TT},) Li1 4] > Ex, [Li1a;] = [|D*gllocBx, [ITT} — 2*(s})| L Ly ]
> By, [Li)] = [[D?lloc (2K + D)arriimAir + @(Apr1) A1)

Thus we have
(Dig,mj,) = /01 Ex, [Dig(1T},) L dt
= [ Ex D
> (1,mp) — ||D?glloe (2K + 1)armmiAs1 + ©(Aps1) Aett) -
Rearranging the terms, we have

(1, my) < (Dig,mj) + || D?*glle (2K + D)azmei et + @(Arr1) Aps1) -

Summing over k from 0 to n — 1 and ¢ from 1 to N, we obtain

N N
D (L) < (Dig, i) + NID?glloe (2K + Darsam + |¢leo) . (6.2.25)

i=1 =1

Using Lemma 6.2.6

> D) = 1 3 Blg(Xesr) — g (X017l — wa(Ag) — €

Since g € CZ(R™), the second term on the right side is bounded. Also from Lemma
6.2.7, the first term converges to 0 as n — oo. Finally from Lemma 6.2.6, the third

term is bounded, a.s.
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From this it follows that
N
supZu;(Dig) <00 as.
=1
Result follows on using this observation in (6.2.25). O
The following lemma will be used to show that for a.e. w, any limit point of z’ (w)
is supported on F;, 1 =1,...,N.

Lemma 6.2.9. Fizi € {1,...,N}. Let v € C*(R™) be such that ¥ (z) > 0 for all

x € R™. Suppose that there is a € > 0, such that ¢(x) = 0 if dist(x, F;) < €. Then

/w(ﬂﬁ)ui(dx) — 0, a.s. asn — o0.

Proof. We have

-1

3

) 1 .
wmerww>

" k=0
1 n—1

= EXk W(IT4) L | dt
oy 0

:j (6.2.26)

1

= By, [ G0 s)dly
n 3570 0

-1
i’ E%//mmﬁmmmmwt
" k=0

where, recall that af(s) = a;(Ups1, Xi, Mera|s) and 2%(s) = x(Ups1, X, Mer1ls),
v*(s) = y(Urs1, Xk, Mga]s). The last inequality in the above expression follows from
the fact that af(s) > 0 only when z%(s) € F; and if for such a s, I, — 2%(t)| < €,we

have by our choice of ¢ that ¢ (IIt) = 0.

Next note that
{(t, s,w) oI, — 2"(s)| > €}

C{(t,s,w): |2"(1) — 2F(s)| > e} U{(t,s,w) : |2F(1) — 2F(s)| > €},
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where 2*(t) is as introduced below (6.2.20), namely 2*(t) = z(Uy11, Xi, Aps1|t).

Also, from the Lipschitz property of the Skorokhod map,

|2%(1) — 2% (s)| < Kaydpy1 + Kaiv/ M1 |Upsa |,
|25 (1) = 2*(s)] < [2°(1) = Xi|+ | Xi — 2"(5)] < (K +1)ar A1+ (K +1)ary/Aer1 | Uspa .

{w: |ITt — 2%(s)| > € for some t,s € [0,1]} C {w : |Ups1(w)| > pr},

e/(K+1)a1)—Agy1

\/>\k+1
n—1
(W, 1) < =3 > Ex, (Uzpy 0 (8)d]y"|sdt
= o Jo

n

|'l/)|oo - < ! k k
< Ex, ( Lyuizpy [ i (s)dly Is)
2B (1 /
)]0 S ! i
< A:° > (Exk (/0 af(S)dlyk‘ls) )P(|U| > i)

From (6.2.18) it follows that for some k1 € (0, 00), sup, Ex, <f0 alf(s)d|y*|s ) < Ki.

where p, = . Using this observation in (6.2.26), we have

Also using Condition 6.1.6, E|U}J? < oo for all j > 1. Choose kg large enough so that

Apr1 < for all k£ > k.

2(K+1

Fix j > 4, then

W}loo Z \/— E|U|j)1/2 —J/2

nkko

The result now follows on observing that for some ko € (0,00), p, ir2 <K )\%rl for

all k& > k. ]

We are now ready to complete the proof of Theorem 6.1.3.

171



Proof of Theorem 6.1.3. Fix f € C?(G). Then such a function can be extended to
a function in C?(R™). We denote this function once more by f. Then from Lemma

6.2.6,

1

3
|

1

o 2B (Ke) = FX)IA] = 3w (Dif) +va(Af) + & (6:227)

b
Il

0

From Lemmas 6.2.5, 6.2.6, 6.2.7 and 6.2.8, there exists {2y € F such that P({)) = 1

and for every w € (g,

e {v,(w)}, is precompact in P(G),
o {4 (w)}, is precompact in Mp(R™), for every i = 1,..., N,
e Left hand side of (6.2.27) converges to 0,

o &/ (w) converges to 0.

Fix a w € Qp and let voo(w), pi (w), i = 1,..., N, be a subsequential limit of v, (w)
and p! (w), respectively. Then from (6.2.27) and the above observations, we have (

suppressing w )

Voo (Af) + D i (Dif) = 0.

i=1
To complete the proof, in view of Theorem 6.2.1, it suffices to argue that
/ e ()1 (@) (da) = 0. (6.2.28)

By convergence of p! to u’_, we have for every ¢ as in Lemma 6.2.9,

() pte(w)(dr) = 0.
]Rm
Therefore
/ 1F;,r(x)uio(dx) =0 Ver >0,

where F" = {x € R™| dist(z, F;) > € and |z| < r}. The equality in (6.2.28) now

follows on sending € — 0 and r — oc. [
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6.2.3 Proof of Theorem 6.1.4.

Recall ¢ from Lemma 6.2.1 and w from (6.2.4). Fix ¢ € (0,wc). We will prove the
theorem with such a choice of (. Consider an f as in the statement of the theorem.
Then there exists constant x; such that |f(x)] < r1e¢®l Without loss of generality,

we assume f > 0.

From Theorem 6.1.3, for any L > 0, we have

/(f A L)dv, — /(f ALYy as.

In order to prove the theorem, it suffices to show that

Lli_}rilosgp |:/fdl/n - /(f/\L)dun} =0
Lh_r;gO {/fdl/—/(f/\L)dz/] =0.
First, consider

sup [ / fdv, — / ( fAL)dyn] < sup / 1o fduy,

< sup (v (f > L)[wa(F91M9)

and

where p, q € (1,00) are such that p~' 4+ ¢! = 1 and the last inequality follows from
Holder’s inequality. Choose ¢ > 1 such that (¢ < wc, then from Lemma 6.2.5 we
have

sup[vn (f9)]Y4 < Ky sup[/ Sty (d)]Ve < kysup v /U(V) < oo, as.  (6.2.29)

n n

Using Markov’s Inequality, we have

P (f)
Ii/p

vi/P(f > L) <
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which using (6.2.29) converges to 0 as L goes to infinity. Combining the above three

displays, we have

sup {/ fdv, — /(f A L)dyn} — 0, as. as L — oo. (6.2.30)

Also, from Fatou’s lemma we have, for a.e. w,
/fdl/—/(f/\L)dl/:/(f—f/\L)dy
< limninf/(f — f A L)dv,
< sup/(f—f/\L)an.

Using (6.2.30) the last expression converges to 0 as L — 0o. The result follows.

6.3 Proof of Theorem 6.1.5.

We begin with a few preliminary lemmas.

Lemma 6.3.1. If ¢ € C*(G), then

n 4 4
Anvn(Ag) = NeAS(Xjo1) = 20 — (N, + > Z0 +> v )
k=1 =1 =1
with

Z0 = ¢(X,) — o(Xo),

n

No = D> VA(VO(Xi1), 0(Xk1)Us),

k=1
AR %Z/\ib(Xk—l)TD%(Xk—l)b(Xk—l),
k=1
ZE = 3 NPN(X) T DXy o (K1) Ur,
k=1
79 = 53 Ml (XU DX (o (X 1))
k=1
—E((0(X5-1)Us) " D*¢(Xj—1) (0(Xp—1)Up)| Fre—1)],
ZW = N Ry(Xpo1, Xa),

ol

=1
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and

Il
Mz

<V¢(ka1), yk71>7

n

y® = 1/1?71D2¢(Xk71)yk71,
1

)\kb(kal)TD2¢(kal)ykfla

Y.
3 I I
T

|
]

=

Sl

1

v = VY1 D?$(Xim1) o (Xy-1) U,

where Ry(x,y) = ¢(y) — d(x) — (Vo(a),y — z) — 5y — )" D?*¢(x)(y — x), and y), =
Y(Uri1, X, Ay [1).

£
Il

Proof. Denote do(Xy) = &(Xx) — ¢(Xy—1) and 6 X = Xy — X 1. We deduce from
(6.1.5) that
1
§o(Xy) =(Vo(Xi_1),0Xs) + 55}(,{’ D*¢( X3 1)6 Xy + Ro(Xp—1, Xi)

=(VO(Xi-1), 1) + AeAD(Xi-1) + VAV O(Xi1), o (X ) Vi)
+ %yg—1D2¢(Xkl)ykl + %)‘zb(Xkl)TD2¢<Xkl)b(Xkl)
M) U D265 1) (0 (X 1)T3)
— E((0(X3-1)Ui) " D*$(Xi-1) (0/(Xp—1) Up) | Fi-1) |
+ b (X)) " D2 (X )kt + A 20(Xp—1)T D?$( X1 )0 (Xi—1) U
+ VY DX 1) (Xp1)Ux + Ro(Xp_1, Xp).
The lemma follows by summing the above equality over k£ = 1,...,n and rearranging

the terms. O

Lemma 6.3.2. Let W : G — R be a continuous function such that sup, ¢y vn(W) <

00, a.s. Let ¢ € CY(Q), be such that limy o |V (x)|?/W(z) = 0. Then

1 - L T 24y
2 VRTONi), oK )U1) 5 (o, [ 167 w0 ) |
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Proof. This lemma follows from Theorem 6.1.3 using the martingale central limit

theorem, along the lines of Proposition 2 of [57]. Details are left to the reader. [

Lemma 6.3.3. Under the assumptions of Theorem 6.1.5(b), we have,

(4)
i 25 [ [ PP ),

as n — Q.

Proof. The proof is similar to that of Lemma 10 of [57] except for the treatment of
reflection terms. Using the notation above Theorem 6.1.5 and in Lemma 6.3.1, we

have

Ra(e,) = £D0(a)(y — ) + Rala ), (63.1)

with

L
Rafay) < ¢ly —al’
where L is the Lipschitz constant for D3¢. Hence
1
Ro(Xp_1, X}) = 6D3¢(Xk_1)(6Xk)®3 + 7, (6.3.2)

with

L
7| < g!5Xk!4 < KA1+ |UlY), keN,

for some k1 € (0,00). Since E|Uy|* := j4 < oo from Condition 6.1.6, we have

EZ 76| < Ka(1+ pa) Z A7
k=1 k=1

From the assumption lim, ,..(1/v/A,) > 5, /\z/2 = X € (0,+00], we deduce that

limy, oo D py )\i/ > = 400 and

lim D> ON/APP =o. (6.3.3)
k=1
Therefore,
1 - Lt
no k=1
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Now consider the first term on the right side of (6.3.2).

D?¢(Xp—1)(6X,)*°
=D $(X51) (Meb(Xim1) + VAo (X4 Uk + 1)
A2 D (X 1) (VAb(Xi 1) + (X ) UR)® + 7 (X, U)
=N DX 1) (0( X)) U™ + £ (Xio1, Us) + A2 (X1, U,

where fk(;l)(Xk,l,Uk) and f,52)(Xk,1, Ux) are defined through the second and third

equalities, respectively.

Next observe that

e From the assumptions, we have
[Ab(Xp—1) + VAo (Xp1) Ur| < ar v/ Me(JUk| + v/ Ao)-

e From (6.2.14) and (6.2.19), we have y,_, = S~ d;Li | and for some wy €
(0, 00),
L, < ko (|Ug| + 1), for all k € N

e The term L , is non zero only if there exists s € [0, 1] such that z)_;(s) € F},
where x;_1(s) = x(Ug, X1, Ar|s). And in that case, we have from (6.2.20),

the Lipschitz property of D3¢ and (6.1.8) that, for some k3 € (0, 00),

D% 6(Xp1) - di| < ks v/ Ae(Usl + 1), Vi, k.

Combining these estimates, we see that B Y7, | £ (Xp_1, Uk)| < k4 37—, A2. Using
(6.3.3) we now have

R .
INCE) Zf,gl)(Xk_l, Uk) 0. (6.3.5)
n k=1
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For the term f,EQ)(Xk,l, Uy), using the boundedness of D3¢, b, and o, it can be

casily checked that E|f{”(X,_1, Uy)| < ksA2. Thus

EZ | fo (X1, Uk)| < ks Z e
k=1 k=1

and so using (6.3.3) once again we have

1 n
—a7 2 Fo(Xi1, U) 5o. (6.3.6)
AT

Let O(X;_1,Ur) = D?¢(Xy_1)(0(Xp_1)Ux)®3. Since sup, E|O(X;_1,Up)]* < oo

and lim,,_,oo AY /(A2 = 0, we have
@ kzi; N2 1O(Xm1, Ur) — B(O(Xp—r, Uy) | Fiy)] 2. (6.3.7)
Observe that E(O(X;_1, Ug)|Fr-1) = J(Xk_1), where J is given by
J(z) = - D(x)(o(x)u)® pu(du).
Since AY? — oo as n — 0o, we can apply Theorem 6.1.3 to the measure 7, =

3/2 : : . . .
—A<31/2) >y )\k/ dx,_,- Since J is continuous and bounded, we have lim,, o 7,,(J) =

[ Jdv a.s., and the lemma follows on combining this fact with (6.3.1)-(6.3.7). O
We are now ready to prove Theorem 6.1.5.

Proof of Theorem 6.1.5. The proof is similar as the proof of Theorem 9 of [57], once
again the main difference is in the treatment of reflection terms. Using the notation
of Lemma 6.3.1, we first observe that, for any sequence of positive numbers {a, }nen
such that lim,,_, a, = 0o, we have Zr(LO) /a, — 0 in probability. This is because, from
Lemma 6.2.4, the sequence {X,, },en is tight, and consequently so is {¢(X,,) bnen as

well.

178



We also derive from the definitions of Z,sl), 72 and Z8 the inequalities

E|Z] <51 Y AID%0| |0, (6.3.8)
k=1
and
E|Z0)” <k Y MIID*|2, =23, (6.3.9)
k=1

for some k1 € (0,00), for all n > 1.

(a) Assume that lim, e (1/v/A)AT? = 0. We have lim, o0 S0, A2/V/A, = 0,
and it follows from (6.3.8) that Zfll)/\/An L% 0. We also deduce from (6.3.9), that
Z,(lj)/\/An L—2> 0, for 5 = 2,3. Consider now ZT(L4). Denoting the Lipschitz norm of

D?¢ by L, we have
L L
| Ro (X1, Xi)| < §|AXk|3 < §Q?K3()\k + V| Uk])?,

where the second inequality follows from the Lipschitz property of the Skorokhod

map (Condition 6.1.1). Thus, there exists ro € (0,00) such that, for all n > 1,

BIZO| <k N, (6.3.10)
k=1

and therefore Z.") /VA, Lo,

We now, consider Yn(j), for j =1,2,3,4.

n

YO =S V(X)) yt) = D Did(Xpm1) L.
k=1

k=1
From (6.2.19), we have |Li | < k3v/Ar(JUx| + 1). Also, for any fixed i, L} ; is not
equal to 0 only if there exists x € F;, such that || X;_1 — z|| < a1 K\x + a1 K/ A\ |Us|;
and in that case, using Taylor’s theorem and the Lipschitz property of D?¢, there

exists k4 € (0,00), such that,

|D;d(Xi—1) — Did(z) — (X1 — )" D*¢(2)d;| < k|| Xpm1 — | °.
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Combining this with (6.1.7), we have
| Dip(Xi—1)| < Rall Xpy — .

Thus we have

B[V, < ks Y N (6.3.11)
k=1
for some constant 5. Using similar arguments as above, we obtain:
E[Y9| <ksd N j=234 (6.3.12)
k=1

Thus we have that Yn(j)/\/An L 0, for j =1,2,3,4.

From Lemma 6.2.5, and recalling the definition of V' (see (6.2.1)) we have that,

for every ¢ € (0, cw),

sup/ ey, (dr) < o0,  as.
neN J @

For such a ¢, under the assumption that lim, . e~<l#l|V¢(x)|? = 0, applying Lemma

\jV—ALn iN(o,/GwTv(deu).

This completes the proof of part (a).

6.3.2, we now have

(b) Assume now that lim, 0 (1/v/A)AY? = X € (0, +00]. We then have that

n—oo n—oo

lim A®? = too and lim Z A2 /NG = 0.
k=1

As before, Z}LO)/AS)’&) L 0. It follows from (6.3.8) that ZS)/A%?’/Q) L 0, and from
(6.3.9) that 29 /AP 250, for j = 2,3.

Under the assumptions of part (b) (i.e. that D3¢ is bounded, Lipschitz and (6.1.8)

holds), we have, using similar arguments as in part (a), for some xg € (0, 0),

E[YY)| < “62)‘27 j=1,..,4;, n>1. (6.3.13)
k=1
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Thus we have that Yn(j)/AS'/Q) L—1> 0, for j =1,2,3,4.

Applying Lemma 6.3.2 once again, we have, for ¢ satisfying lim,|_,, e | Ve(z)|? =

N, ¢ T 2
i —>N(0,/G|a V| du). (6.3.14)

Also from Lemma 6.3.3

(1)
% = é /G / _DP6(x)(0(@)u)* p(du)v(dz) = —m. (6.3.15)

Now, if A < +0o, we have from the above observations that Z\’ /VA, 5o, for
7=0,1,2,3, Y\ /K, 50, for j =1,2,3,4 and

5 . (6.3.16)
The statement in (6.1.9) now follows on combining this with (6.3.14).

Finally, if A\ = +00, we have Zij)/AS’/z) LN 0, for 7 =0,1,2,3, nyj)/AS’/Q) LN 0, for
Jj=1,2,3,4 and Nn/AT(lgﬂ) 50, and (6.1.10) follows from (6.3.15). This completes
the proof of Theorem 6.1.5. O

6.4 Numerical Results.

6.4.1 Evaluation of the Euler Time Step.

A key step in simulating the sequence { X} } in (6.1.5) is the evaluation of S( Xk, Yii1—
Xk), where § : G x R™ — G is the time-1 Skorokhod map defined in (6.1.4). In this
section we describe a procedure for computing S(z, v) that uses well known relation-
ships between Skorokhod problems and linear complementary problems (LCP). We

restrict ourselves to a setting where N = m and G = R7'. We begin by recalling
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the basic formulation of the LCP (see [24]). For j € N, a j X j matrix R and a

j-dimensional vector 6, the LCP for (R, #) is to find vectors u,v € R? such that

It is well known (see [35] and [13]) that with R = [di,...,d,,], under Condition
6.1.1, for every § € R™, the LCP for (R,f) admits a unique solution (u,v) =
(L), (R,0),L2 (R,0)), and furthermore £2,(R,0) = S(0,6). Thus the evaluation of
5(0, 0) reduces to solving the above LCP for which numerous algorithms are available.
In the examples considered in the current work we used a quadratic programming
algorithm. Evaluation of S(z,0) for z # 0 can be carried out using a localization

procedure as follows.

Fix x € G and let J = In(z) = {j € {1,...,m}|(z,e;) = 0}. Let P; = {z €

R™|(z,e;) =0, Vj € J°}. Let m; : R™ — Pj be the orthogonal projection:
y(z) =2 — Z(z,q)ej.
jeJe

Suppose that |J| = p and J = {41, ...,7,}. Define a p x p matrix R; be the relation
Ry(k,l) = (msd;))s,, for k,0 = 1,..p. Let uy,v; € RP be the solution of LCP for
(Ry,ms0), ie., (us,v5) = (Ly(Ry,ms0), L2(Ry,ms0)). Once again unique solvability
of LCP for (Ry,m,0) is assured from Condition 6.1.1. Denote u; = (1, ...,7,) and

define z1(t) = x + 0t +¢ 37, n;d;;. Let
7 = inf{t > 0|In(z(t)) # In(z)}.

We define 7, = oo if the above set is empty. Then I'(x+0i)(t) = x4 (¢) for all ¢ < 7. If
71 < 0o set the initial point to be x; = x1(7;) and define the trajectory {xs(t)}i>0 in a

similar way as {z1(t)} by replacing = with x;. Set 7o = inf{t > 0|In(zy(t)) # In(z1)}.
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Then

[(z+6i)(m +t) =[xy +0i)(t) = 22(t), for all t < 7.
Define now recursively trajectory {z;(¢)} with time points 7; and end points z;(7;),
j=3,4,.... Let jo be such that 230:1 <1< fo{l 7;. Then

S(x,0) =D(z + 6i)(1) = T(x;, + 0i)(1 — Z 7).

Thus the evaluation of S(z,0) can be carried out by recursively solving a sequence

of LCP problems.

One difficulty in implementing the above scheme is the possibility that > .o, 7 <
1. However using regularity property of the Skorokhod map, we see that this occurs
only when S(z, ) is zero. Thus in the practical implementation of the algorithm we
fix a finite threshold L and carry out the above recursive procedure at most L times

and set S(x,0) =0 if Zle 7; < 1.

6.4.2 Results.

A 3-d Example with Product Form Stationary Distribution.

First, we consider a 3-d example, where the reflection matrix is of the form:

R =1+ @, where [ is the identity matrix, and @ is given as the following:

0 01 —0.2
Q=1 -01 0 0
0.2 0 0

The spectral radius of () is less than 1, so the conditions in this paper holds. Take the
drift function b(z) = [-1/2,-1/2,-1/2]" and o(z) = I, for all z € R3. According

to [47], the stationary distribution in this case is of product form: exp(1.1667) ®
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exp(1.0938) ® exp(0.8537), where exp(u) is the exponential distribution with mean
p. We set our initial point to Xy = [1,1,1]7, and simulate {Xj}?_, defined by
equation (6.1.5), taking Uy ~ N(0,1), A\, = 1/vk and n = 107. Figure 6.1 shows
the comparison between the exact distribution with the first-coordinate marginal of
the measure v, using the last 10° simulated trajectory points. Note that the actual

time span for 107 steps with a = 0.5 is about 6323, and the computation time is

2383.63s.1

Empirical CDF estimate for y1 Density estimate for y1 QQ-plot for y1
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Figure 6.1: Comparison between the sample distribution with theoretical distribution.
The left one is the comparison between the empirical cumulative distribution function
(cdf) and the theoretical cdf. The middle one is the the comparison between the
estimated density function and the theoretical density function. And the right one is
the qg-plot of the empirical quantiles versus the theoretical quantiles.

In this example, we summarize the value of A7 ([ 11y, (dz) — mean) with different
rate r evaluated for different n in Table 6.1. In Theorem 6.1.5, we prove a convergence
rate result for certain class of functions. Although the function z; is not in this class,
we could still get the convergence. And Table 6.1 will give some idea about the

convergence rate.

!'The computing time in this paper is measured in Linux system with 2.93GHz Intel processor
with algorithm implemented in Matlab.
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Table 6.1: Value of A”,( [ z1v,(dz) —mean) with different rate r evaluated for different
n.

r\n 10 10* 10° 10* 10° 10° 107
0.0000 0.2725 -0.4576 -0.2598 -0.0418 -0.0799 -0.0611 3.4349e-5
0.1000 0.3203 -0.6129 -0.3924 -0.0710 -0.1523 -0.1306 8.2415e-5
0.2000 0.3763 -0.8209 -0.5928 -0.1205 -0.2903 -0.2793 1.9774e-4
0.3000 0.4423 -1.0996 -0.8953 -0.2045 -0.5531 -0.5972 4.7445e-4
0.4000 0.5197 -1.4729 -1.3523 -0.3472 -1.0539 -1.2771 1.1384e-3
0.5000 0.6107 -1.9728 -2.0426 -0.5893 -2.0082 -2.7308 2.7314e-3
0.6000 0.7176 -2.6425 -3.0851 -1.0003 -3.8266 -5.8394 6.5535e-3
0.7000 0.8433 -3.5395 -4.6599 -1.6979 -7.2916 -12.4864 1.5724e-2

Effect of Choice of {)\;}.

Consider a two-dimensional SRBM with covariance matrix o(x) = I, drift vector

b(z) = [-1,0]" and reflection matrix

R:
-1 1

This example was considered in [25]. We consider the first moment of the z;-
coordinate. The exact value for this moment is known to be 0.5. We consider
A = k% and examine the influence of the choice of a on the numerical performance.

The results are given in Figure 6.2.

Note that in Figure 6.2, we show that how [ zquv,(dz) changes with n. This
in some sense maybe misleading, since for different «, the actual time span and
the computation time are quite different. For example, the actual time span and
computing time for a = 0.9 is 40.6 and 737s respectively, while the time for o = 0.1
is 1.1347 % 10° and 29400s. To make a better comparison, we summarize the value
of [z1v,(dx) for different o with the same computing time 1 hour, and the results
are shown in Table 6.2. In this example, the true value is 0.5, and o = 0.7 gives the

closest result.
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Figure 6.2: We consider time step sequence A, = n~% with different choice of o and
study the influence of a on numerical convergence. The thin solid line, the dotted
line, the thick solid line, the dash-dot line, and the dashed line correspond to o =0.1,
0.3, 0.5, 0.7, and 0.9 respectively. The x-axis shows the value of n while the y-axis
corresponds to [ z1v,(dx).

Table 6.2: Estimates for [ v, (dz) with same computing time of 1 hour for different
a.

o 0.1 0.3 0.5 0.7 0.9
[ z1v,(dz) 0.2565 0.4217 0.4681 0.4841 0.6218

An 8-d symmetric SRBM.

A SRBM is said to be symmetric if its covariance matrix I', drift vector u and
reflection matrix R are symmetric in the following sense: I';; =TI'j;; = pfor 1 <1 <
j<d, p=—-1forl <i<dand R;j = Rj = —rfor1 <i<j<d wherer >0 .
The positiveness of I" implies —1/(d — 1) < p < 1 and the completely-S condition of
R implies r(d — 1) < 1. In this case, It is known (see [25]) that, the first moment of

each of the component is the same, and is given by the following formula

= (d—=2)r+(d—1)rp
= 21 + 1) '
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Here we take d = 8. Then the conditions on the data yield —1/7 < p < 1 and
0 <r < 1/7. Letting p range through {—0.1,—0.05,0,0.2,0.9}, and r take value 0.1,
we obtain estimates of m; using algorithm in this work. We take A\, = k7%, aa = 0.5
and n = 107. The results are shown in Table 6.3. The results show that as the
correlation coefficient p approaches 1, the performance of the algorithm deteriorates.
This may due to the fact that as p getting closer to 1, the covariance matrix becomes
degenerate. The stationary distribution will be concentrated in a small space, which

will be harder for the simulated trajectory to hit.

Table 6.3: Estimates for m; when d = 8.

p -0.1  -0.05 0 0.2 0.9
Estimated Val. 0.131 0.137 0.163 0.414 3.205
True Val. 0.150 0.166 0.182 0.246 0.468

6.5 Appendix.

Lemma 6.5.1. Let U be a random variable with bounded support. Suppose that

EU = 0. Then there exists a € (0,00), such that

EeM < X for all A € R.

Proof. Without lots of generality we assume that |[U| < 1.

Az

Using the convexity of the function e**, we have

U+1 1-U
e’\U§ ;_ek—i— 5 e

Taking expectations in the above inequality and using Taylor’s expansion, we have

A A 2
EeMl < egte” < e

- 2

The lemma then follows on taking o = % O]
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