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1 Introduction

The initial formulation of the evolution equation for the leading order approximation in nonlinear elas-
ticity in the weakly nonlinear regime goes back to [Lar83]. Moreover, Lardner identified the appropriate
scaling for nonlinear effects to appear in the leading order approximation, which in our case is €2. This
evolution equation is termed the amplitude equation. Hunter derived the analogous results for first order
hyperbolic systems in his paper [Hun89]. The amplitude equation for nonlinear elasticity turns out to be
a nonlocal Burgers type equation, and the argument to solve it goes back to Benzoni-Gavage. We want to
stress that all of this body of work is primarily devoted to constructing approzimate leading order solutions
to equations, not the exact solution itself. So one of the main goals in geometric optics is to show that the
constructed approximate solution is close to the exact solution and that the exact solution exists on a time
interval independent of . To make the notion of close precise, one typically takes a limit of the form:

lim e™“||ug
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where ¢ is a small parameter corresponding to the wavelength in (0, 1], Ug,p 18 the approximate solution and
u® is the exact solution, and « is a positive number chosen so that both g, and u® are both O(g%). If this

app
limit is 0, then the difference between ug,, — u® is a higher order remainder term.

In this paper we construct arbitrarily high order approximate Rayleigh wavetrains in the context of
nonlinear elasticity. More specifically, we are analyzing a Saint Venant-Kirchhoff material on a half plane.
The equation for the deformation of such a material is given by:

R+ V- (Voo(Ve)) =0

on y > 0, and satisfying traction boundary conditions on y = 0:

s3]

where f,g are smooth functions, periodic in %Ct for some c. o(V¢) denotes the stress, and is given by
o(V¢) = ATr EI+2uFE, where E is the strain given by F = %(thzSVqS— I). X\ and p are the Lamé constants.

We supplement this with the initial condition ¢(0,z,y) = (;), i.e. there is no initial deformation.

In order to have surface waves in nonlinear elasticity, we choose ¢ < 1 such that the Lopatinski matrix,
which is discussed in more detail in the discussion after (34), given by:

2 — 02 2(,«)2
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is singular, where c is a Rayleigh frequency, r > 2 is a known constant determined by the Lamé constants,
and w? = c? — 1 and w3 = é — 1, in each case w; are pure imaginary numbers with positive imaginary part.
The w; are the eigenvalues of a linear operator roughly corresponding to the linear part of the equations of
nonlinear elasticity. This operator is discussed in more details in Section 4. From this, the kernel can be

calculated and it is spanned by <fz> where ¢? = —wjwy and ¢ > 0. We set 3 := (—c,1). A useful relation

between ¢ and c can be derived from the following argument. Since By, is singular, its determinant is 0,
and therefore we have the following equality:

(2 - 02)(02 —2) —dwiws =0
Upon a slight rearrangement of the terms and substituting in ¢ = —wjws, we have that:
(2 - ) =44
Since ¢ < 1, 2 — ¢? > 0 and ¢ > 0 shows that:

2 —c*=2q. (2)



These particular wavetrains are surface waves arising from the breakdown of the uniform Lopatinksi con-
dition, which fails in a controlled manner. In our case we seek surface waves of finite energy, which arise
from the failure of the Lopatinski condition. This is explained in more details in Chapter 7 of [BGS07]. One
of the nice properties of wavetrains is that an arbitrary number of correctors can be constructed, and the
oscillatory part of each corrector has an exponential decay in the fast variable Y = £ where y is the variable
normal to the boundary. As a remark, these correctors are not fully localized on the boundary in that part of
them do not decay exponentially away from the boundary. This is contrasted with the pulse case where only
one corrector can be constructed. The error analysis, that is showing that a nearby exact solution exists,
will be carried out in a future work.

One of the most closely related works is [CW16]. In that paper, both approximate and exact pulses solu-
tions were constructed for a Saint-Venant Kirchhoff material. In addition, they showed that the approximate
solution was close, in the sense described above, to the exact solution. Their techniques can also be slightly
modified to give an approximate solution in the wavetrain case and show that is close to the exact solution
as well. However, the technique used in the error analysis in the [CW16] paper only work for 2 dimensional
problems because the (singular) Kreiss symmetrizer has not been constructed in 3 dimensions'. The issues
with the Kreiss symmetrizer are described in more details in [CGW14]. This paper is the first step in using
an alternative approach, based on a theorem due to Gues, that requires arbitrarily high order approximate
solutions. Moreover, this technique also seems likely to work in three spatial dimensions. Unfortunately, the
Gues method cannot be applied to pulses because one needs a high order approximate solution which cannot
be constructed for pulses. The fact that only one corrector can be constructed for pulses in this particular
problem turns out to be fairly typical behavior as discussed in [CW13]. The reason only one corrector can be
constructed is because, in the pulse case, there are integrals over # in the non-compact set R, as opposed to
wavetrain case where 0 is integrated over the compact set T. For pulses, the integrals over 6 induce growth
in the variable 6, which makes it difficult to find decaying solutions.

Our method is similar to the one used in the first chapter of A. Marcou’s thesis [Marl0]. The first
chapter in her thesis is focused on first order hyperbolic conservation laws, and we modify the method used
therein. There are two major differences between our problem and the conservation laws. The first is that
the system of conservation laws is first order in space and time and also has a more complicated nonlinearity,
whereas our model of nonlinear elasticity is a second order system with a cubic nonlinearity. In addition,
her boundary conditions are of the form Cu|y,—¢ = 0, where C is a constant matrix, and we have nonlinear
boundary conditions containing first order derivatives of the solution. The second major difference is that
the right hand side for the interior equations in her case, that is the terms arising from the nonlinearities,
are all in the space S. This space is given by S = S @ S*, where S = H>([0,T] x R x R™") is the usual
Sobolev space and S* = H>([0,T] x Rx T x R*) with exponential decay in the last variable. In our case, our
nonlinearities are generically not in .S, which introduces some complications in solving for the approximate
solution. The second chapter of Marcou’s thesis is also relevant to our work. There she analyzes the leading
order term and its first corrector in a simplified version of nonlinear elasticity. In her case, the nonlinearity
is a very simple quadratic function and we have a very lengthy cubic polynomial, which has both quadratic
and cubic terms.

In order to construct our approximate solution, we suppose it has an asymptotic expansion of the form
Uepp(t:2,y) = ZQ; e*UL(t, 2, y, 2=, L) with each Uy, in S. Plugging in this asymptotic expansion yields a
series of linear partial differential equations, denoted the “cascade”. The biggest difficulty in working with
the space S is that it is not closed under products. This is a problem because the nonlinearity in the Saint
Venant-Kirchhoff material is a polynomial, and so one ends up with products of two or three elements of S.
To correct this, a Taylor series approximation to the nonlinearity is implemented. After modification, we
show that one can take IV to be any integer greater than or equal to 2 and solve for each U € S. The Taylor
approximation introduces new errors to our approximate solution, but we show that the remainder term
from this Taylor series can be “absorbed” into the preexisting error term from our asymptotic expansion.
More specifically, there is a sequence of profiles Uy, € S, k = 2, ..., N, such that the approximate solution:

N
e __ k
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1There are issues involving eigenvalues of variable multiplicity



satisfies
QRUE, +V - (L(VUE, ) + Q(VUE, ) + C(VUE, ) = eV ' By
ony>0andy=0
—Ly(VU:, ) — Q2(VUE, ) — Co(VUE, ) = eNey

app app app

for two H* functions E); and ey. This discussed in more details with Theorem 9.3.

2 Hypotheses

Let the space S be given by S = S @& S* where S = H*([0,7] x R x [0,00)) is the usual Sobolev space
and S* = H*([0,7] x R x T x [0,00)) has the additional restriction that:

[[0%u* (t,2,0,Y)||2r) < Ce % (3)

where « is a multi-index, C, and § are positive constants. This integral is taken with respect to z. As a
slight remark, note that ¢ is independent of . The intervals y € [0,00) in S and YV € [0,00) in S* contain
different variables. A given element u € S can be written as u(t,z,y,0,Y) = u(t, z,y) + u* (¢, z,0,Y), where
u € S and u* € S*. Moreover, since each u € S is periodic with respect to 6, we can further decompose u as
u(t,z,y,0,Y) = u(t,z,y) + u’ (t,z,Y) + Zn;éo u™(t, 2, Y)e™?. Later on in section 5 we will decompose the
sum further. One of the major issues with S is that it is not closed under multiplication as it is currently
defined, due to the fact that S* does not contain functions that depend on y. We also make a few definitions
related to products of elements of S.

Definition 2.1. 1) A function u is called mized if u(t, z,y,0,Y) is a linear combination of a(t, z,y)b*(t,z,0,Y)
for some a € S and b* € S*.
2) Let v € S. The oscillatory part of v, denoted v°*¢ is given by:

0S¢ = Z ’Un(t, z, Y)eine
n#0

3) If v is a product of two elements uy,us € S then we set:

v(t, z,y) == Yh_r>noo ui(t,x,y,0,Y)us(t,z,y,0,Y)

This is the space that [Marl0] used in her paper, and from her paper we can borrow some of its basic
properties.

Proposition 2.2. 1) Ifu € S, then u(t,z,y) = Ylim u(t,z,y,0,Y).
— 00
2) S and S* are both closed under multiplication.
S)IfF eSS, F=3% F(t,x,Y)e™ then IF = Dm0 I,F™e™ s an element of S* where I,F™ is of
the form for n >0

/YOo exp(inA(Y — s))F"(t,x, s)ds

or
Y
/ exp(in\(Y — 8))F"(t,x, s)ds
0
and, if n <0,
/ exp(in\(Y — 5))F"(t,z,s)ds
Y
or

Y
/0 exp(inA\(Y — 8))F"™ (¢, x, s)ds

where \ is a complex number with non-positive imaginary part.
4) If v is mized, then v(t,z,y) = 0.



Proof. See [Mar10] for full details of 3). O

In the nonlinearity of the Saint-Venant model, we have products of elements of S. Therefore, we are
interested in exchanging mixed terms with a sequence of elements of S* and a remainder that is not in S.
To this end, let @ € S and b* € S* and Taylor expand g with respect to y to find:

1
a(t,z,y)b*(t,z,0,Y) = a(t,x,0)b" + 0ya(t,z,0)yb" + ... + E@;Q(t, z,0)y"b" + Ry (t,2,y,0,Y)

The next step is to multiply and divide by powers of € which turns the above equation into:

1 n n+1
a(t,z,y)b*(t,2,0,Y) = a(t,x,0)b" + dya(t, z, 0)y§b* + ...+ —lagg(t,x, O)yn%b* + ;ﬁRn(Lx,y, 0,Y)
n!

To complete this process, we use our ansatz ¥ = g to transform the equation into:
1
a(t,z,y)b*(t,x,0,Y) = a(t,z,0)b" + Oya(t,z,0)eYb" + ... + —'(“);Lg(t,x, 0)e"Y"™b* + " R, (t,2,9,0,Y)
n!

Of course RS, € S, but since we are constructing approximate solutions given by power series in €, we can
take the order of the term R, to be large enough that it is absorbed into the error terms coming from the
expansion as explained in more details in 9.

Remarks 2.3. 1) In order to close S under products we could redefine S*, in a slight abuse of notation, to be
H>(t,x,y,0,Y) with the same exponential decay in' Y. This approach, however, introduces new difficulties
in determining the profiles. For example, two portions, Uy o and Uy p, discussed in Section 5, are determined
by their traces on y =Y = 0. Therefore, extending S* to include dependence on y makes defining Uy, o and
Ui.n on the interior somewhat ambiguous.

2) u’(t,x,y,Y) is the Fourier mean of u, however, it is common notation in geometric optics for u to be the
(Fourier) mean. In order to avoid confusion, we not refer to either u or u® as the mean of u.

3 Cascade of Equations

In the following discussion let € be a small parameter. Starting from the equations of the Saint-Venant
Kirchhoff model of nonlinear elasticity in two spatial dimension:

8¢+ V- (Voo (V) =0 (4)
ony>0andony=0:
. - (t,x
(Voo (veni = 1] = 26,0, L2 o)
where n = —¢§ = _01 , G is a smooth function periodic in 6 = @, and ¢ denotes the deformation of

the material. V¢ is given by the following expression:

V(b — |:am¢l(t7x7y) 3y¢1(t,x,y)

8m¢2 (tv xz, y) ay¢2 (t7 z, y)
and o(V¢) = ATr(E)I + 2uE where E = %thzSVqS — I where A and p are the Lamé constants. The Saint-
Venant Kirchhoff model is this particular choice of stress, o and strain £. We choose the initial conditions
on ¢ to be ¢(0,z,y) = (x,y). It is important to note that Voo (Ve) is a cubic polynomial in V. Let
o(t,z,y) = U(t,z,y) + (x,y) where we assume that the norm of U is small. U denotes the displacement of
the material. From this, it is apparent that V¢ = VU + I where I is the 2x2 identity matrix. Plugging in
this relation between ¢ and U turns (4) into:

02U +V - (L(VU) + Q(VU) + C(VU)) = 0 (6)



on the interior where L is a linear function of VU, @ is a quadratic function of VU and C' is a cubic function
of VU. Notice that @ and C' are given by 2x2 matrices, and so V-Q(VU) = 0,Q1(VU) + 0,Q2(VU) where
Q; denotes the jth column of Q). A similar expression holds for C, with C; denoting the columns of the C
matrix. On the boundary, U satisfies:

—Ly(VU) — Qa(VU) — Co(VU) = [ﬂ (7)

where Ly(VU), Q2(VU), Co(VU) denote the second column of the 2x2 matrices L(VU), Q(VU), and
C(VU) respectively.
Suppose that U is given by the following ansatz:

N
Ue(t,ilf,y) = ZenUn(tvxayaxeﬂY:%,a:%“ (8)

n=2

where each U, is in the space S, and N is a sufficiently large positive integer. As a small remark, notice
that the lowest order term in this expansion is O(g?). Suppose we have U (t, z, v, ““:Ct, ), and we apply 0, .

From the chain rule, this results in 0,U¢ = 0, U¢ + é@gU €. Applying similar logic to the other derivatives,
suggests we make the following substitutions for the derivatives in (6):

aw—>a,+§ag ay—>ay+éay 8t—>6t—§89

Introducing this expansion for U¢ and modified derivatives into (6) and (7) and collecting powers of &
gives the following cascade of equations:

Hy_
Ly = () o)
ony,Y >0andony=Y =0:
h—
= (1) (10)

where Hy_1,Ky_1,hi_1,ki_1 are the terms containing the nonlinearities and all the lower order profiles.
The interior equation is the coefficient of €¥~2 and the boundary equation the coefficient of e*~1. The L’s
and [’s are defined below as:

Lyy = <62 0 g 020— 1> Do — (rg 1 TE 1) Doy = ((1) 2) vy (11)
Lpy = 204 (207" g) Dyo — (rf Y 1) [Ony + Do) — ((2) ;r) D,y (12)
Lawi= Oy — (g ?) Dy — (r 0 ' 1) Buy — (é S) By, (13)
= (TEQ é) 0y + (é S) Dy (14)
I, = (r v , é) 0, + (é 2) a,. (15)

For consistency, Hy_1,K,_1 € S* is a necessary condition since Lyf(Uy) € S* because U, is independent
of the fast variables Y and 6. Observe that there is no constraint of the form hy_1,kir_1 € S*. This is
because we are only interested in the traces of the hr_1,ki_1’s on the boundary y = Y = 0. In principal,
there is no reason for Hy_; € S*, however, this is true by our choice of U;_, and some modifications that
are discussed in more details later on. The key difference is that in Marcou, the terms are only quadratic in
the previous profiles, and here there are both quadratic and cubic terms and have significantly more terms



than the quadratic terms appearing in her work. To be more precise, (Hg_1, Kx—1), as in (9), is given by
the following expression:

Hp 1\
(K“) =—Lps(Us1) = Las(Us-2) + Y AU Up) + D Apas(UiU)) Z As (U3, U)
i+j=k—2 i+j=k—1 i+j=k

+ Z Afff(Uiij) + Z Bssss(Ui7UjaUk) + Z stss(UlyUvan)
i+j=k+1 l+m+n=k—2 I+m+n=k—1

+ Y BresUnUn U+ > Bypps(UnUn U+ > Byppp(UnUn, Un)
l+m+n=k l+m+n=k+1 l+m+n=k+2

(16)

and (hg—1,kk—1), as in (10), is given by the expression:

Iy
(k‘k 1) =—1s(Uk-1) Z Q2(0p,v; O, y)(UZ,U ) — Z [QQ(aG,Y§8x,y)(Ui»Uj) +Q2(8I’y;89’y)(Ui’Uj)]
k=1 iti=k+1 i+j=Fk
Z Q2(0x,y; 02,4) (Ui, Uj) — Z C2(96,v;09,y3 90,y ) (Ui, Upn, Un)—
i+j=k—1 +m+n=k+2

> [Co0y: 00,y 02) (U1, U, Un) + Co(Bo,y'5 0.y 9.y ) (U, U, Un)+

l+m+n=k+1

+ 02(693,11; 80,Y; a@,Y)(Ula Uma Un)]

- Z [02(80,Y78m,y;am,y)(UlaUmaUn) +C2(ax,y§80,Y;am,y)(UlaUmaUn)+
l+m-+n=k

+ CQ(aaj,y7 8x7y7 397y)(Ul, Um, Un)}
_ Z CZ(a'v,y;a:p,y;aa:7y)(Ul,Um7Un) + (fk—l)

l+m+n=k—1 Jk—1
(17)

where the @);’s are quadratic functions of two profiles and the C};’s are cubic functions of three profiles that
are derived in the following manner. Recall that in (6) we had V - Q(VU) = 0,Q1(VU) + 9,Q2(VU) with
@1 the first column of @ and Q- the second One useful property of @ is that it is bilinear, and so we can
write Q;(VU) = Q;(VU,VU) = Q;(0s,y; 03,4) (U, U) where in the third statement we placed the derivatives
into a separate set of arguments. The ﬁrst pair of derivatives act on the first profile in the argument, and
the second derivative pair acts on the second argument. This is to make it easy to swap the slow derivatives
Oy for the fast derivatives dg y. As an example, Q2(0;,y; 99,y )(U;, U;) is a linear combination of terms like
Oyu;i0gvj, 0,00y uj, Oyv;09v; for U; = (Z) The cubic functions C7, Cy are derived in analogous manner.

The A and B functions are related to the @ and C functions by the following relations:

Agsr(Us, Uj) == 09[Q1(0o,y5 09,y ) (Us, Uj)] + Oy [Q2(0o,y; O,y ) (Us, Uj )] (18)

Afps = 09Q1(09,v;0ry) + Oy Q2(0py, 0z y) + 09Q1(0x,y; 0py) + Oy Q2(0r.y, O,y )+ (19)
0:Q1(00,y;00,y) + 0yQ2(00,y, 00,y )

Afss = 00Q1(0r,y; Oz.y) + OvQ2(0zy, Ory) + 0:Q1(0ry; 0,y) + 0yQ2(0r.y, o,y )+ (20)
0:Q1(09,y; Os, y) + 0yQ2(09,y , Or.y)

Asss (U, Uj) 1= 02[Q1(0a,y; 02,y) (Ui, Uj)] + 0y[Q2(0z,y5 0,4) (Ui, Uj)] (21)



Byyrs = 00C1(09,y;09,v;00,y) + Oy Ca(0gy;0p,y;0,y) (22)
Biis = 09C1(09,v; 00,y 0zy) + Oy Ca(0,v;00,v; Op,y) + 09C1(09,v; O,y Op,y) + Oy C2(09,y; 0z y; 0p.v)
+ 09C1(0z,4; 00,y 00 y) + Oy C2(0yy; 0 yv; Op,y) + 0:C1(09,v; O,y 0p.y) + 0yC2(Dg.yv; 0o,y ;g y)
(23)
Bffss = 8901 (80,1/; a:r,y; ax,y) + aYC2 (89,Y§ a:n,y; az,y) + 8001 (az,y; a&,Y; 8z,y) + aYCQ (ax,y§ a@,Y; 89:,y)
+ 0;C1(09,v;00,v; On,y) + 0yC2(00,v;00,v; 03,y)02C1(00,y; Oz,y; Op.v) + 0yC2(0g.v; Oz.y; Oa,v)
+ 8201 (81',3;; aG,Y; aH,Y) + 8y02 (ax,y; aO,Y; 89,Y)8901 (ax,y§ 6x,y; 89,Y) + 0y Cs (8a:,y§ 81‘,3;; aG,Y)
(24)
stss = 8901(89:,11; am,;tﬁ az,y) + aYCZ (8a:,y§ am,;tﬁ az,y) + a:xzcl (GO,Y; 6a:,y§ 8@:,y) + ayCQ (80,1/; a:r,y; aa:,y)
+ 0:C1(0z,y300,v; Oz,y) + 0yC2(; 0n,y3 0p,y3 On y) + 0 C1(0a,y5 Onys Opy ) + 0yC2(0s,y3 Oz Do,y )
(25)
Bssss = 8101 (aw,ya aJ,,ya 6L,y) + 83;02 (61,,5/7 8.L,y7 auL,y) (26)

Notice that for a given natural number k and assuming that Ays; and Bjsy are coefficients of €, the
following inequalities hold:

ApprUs,Uj) = i+j=k+3 = 2<4,j<k+1

Bffff(Ul,Um,Un) = [l+m+n=k+4 = 2<Ilmn<k

this ensures that Hy_1 only depend on the profiles Us, ..., Ux_1 since Hy_1 is the coefficient of eh=2. Moreover,
from these bounds, we observe that cubic terms do not appear until the equations for Uy.

4 General Properties

Consider the following set of equations:
Lp(U) =F (27)

where y,Y >0andony=Y =0
lyU)=G (28)

with F' € S*. We seek solutions U = (u,v) € S, and since U is expected to be in S it has a Fourier series.
Using the Fourier series, we can write the interior equation, for n # 0, as:

dyyu™ —in(r — 1)oyv" — n*u™ = fJ' (29a)
rOyyv"™ —in(r — 1)dyy™ — no™ = f2 (29b)

where F™ = (fI, f3) is the nth Fourier mode of F', and similarly u™,v™ are the nth Fourier modes of w, v
respectively. On the boundary we have:

Oyu" —inv™ = g7 (30a)
royv" + (r — 2)inv"™ = g% (30Db)

where g7 is defined analogously to the f7'. Introducing U= (U,0yU) and F= (0, F), the previous second-
order system can be rewritten as the first order system:

(g é) O (a%n) = (Fon) (31)

where the 2x2 matrices B and D are given by:

: 0 1-r rP—c 0
B:m<1_1 0> D(ﬁ):n2< 0 1_02)



Where = (—c,1) as before. Note that the matrix on the interior is now 4x4 and the boundary operator is
0 I
D B

. 2 JR— JR— . .
eigenvalues wi = ¢ — 1, w3 = < — 1, w3 = wy and wy = Wy and corresponding eigenvectors:

represented by a 2x4 matrix. Set G(8,n) = ( ) . This matrix can be diagonalized, with pure imaginary

—Ww1 1
_ 1 o wo _ — o —
R1 (TL) = 77:71(4)% Rz(n) = inw2 Rg(n) = R1( n) R4(7’L) = RQ( n)
nwi inw3

To return from the first order system to the original problem, we make the following definition:

r = <_‘1/J1) To = <(j2) and rs = fl T4 = ’FQ

This amounts to taking the first two components of the R;.
Decaying solutions to the homogeneous problem, L (Uy) = 0 are given by:

Up=Y Upt,zY)em
n#0

where the U]’ are given by the formulas:

inwsY (32)

Un o1 (t, 2;n)e™ Y ry 4+ oo (t, v n)e™2Y ry  for n >0
h — inwsY

os3(t,x;n)e r3 + oa(t,z;n)e ry form <0

where the ¢; are scalar functions to be determined satisfying o3(t,z,n) = &1(¢,2, —n) and o4(t,z,n) =
aa(t,z, —n) for n < 0. This condition is to ensure that U}, is a real valued function. Suppose for the moment
that G™ is identically 0, this simplifies (30) to:

0 —in 1 0\rn
<(r—2)in 0 O T)U =0

To simplify notation somewhat, the matrix corresponding to the boundary operator will be notated C(3, n).
Using the homogeneous solution for n > 0, we see that the boundary conditions give:

CB.or(0) R -+ 0a(i) ] = o ()C(B,m) s + ox(m)C(B. ) e = [C18,m) s, OB (T1607) (33)

where the ¢ and = dependence of the o; have been suppressed. The 2 by 2 matrix [C(5,n)R1, C(8,n)Rs] is
given by the following expression:

—c? 2w

[C(8,n) R, C(B,n)Rs] = in (22w1 2 2) — inByo,. (34)

Hence the boundary conditions in 33 can be rewritten as:

C(B,n)[o1(n)R1 + o2(n) Re] = inBrop (Z;EZ;)

Recall that we chose ¢ such that Br,, is singular. Its kernel is spanned by <fzq>’ where ¢ = —wiws and

g > 0. The fact that By,p, is singular implies that there is a nontrivial decaying solution to the interior
equation satisfying trivial boundary conditions; since the kernel is one dimensional, it follows that solutions

of this form have the following form:
o1(t,z;n)\ ) wWo
(02@, x; n>) = albin) <q> (35)



for some scalar function « to be determined. Returning to equation £31) briefly, after diagonalizing the
matrix with left eigenvectors, notice that decaying particular solutions, Up, of the interior equation have the

form:
inw; (Y —s Fn
f e ] ( )

~ f einw; (Y —s) pn

(t, n)ds for j=1,2andn >0
(t,
Up = J
(
(

(n)
o i(n)ds for j=3,4andn >0 (36)
f einwi F; (n)
(

f eznw](Y Q)F’n

tstjnds forj=1,2and n <0
t,z,s)R;(n)ds for j=3,4andn <0

where [ = LJF " and L; are the left eigenvectors of G(3,n), where G(3,n) is defined in the discussion
after (31). The vectors L, are also chosen to satisfy L;R; = §;;.
For n = 0, the equation (29) simplifies to:

Opu\ _ (A _ (L (R
royo’) \fs) L+ ) T\

since F' € S*, which implies F = FY = 0, and so a particular solution of (29) is given by:

_ fy = t x,y,2)dzds (37)

vP —7fy fs *(t,z,y, z)dzds
Notice that the above equation only gives information about u*,v*. This is because u, v are eliminated by
Oy, and so the above equation is insufficient to determine u,v. Moreover, we cannot solve for ©° and v° in

Sif f . f, #0, since 1;(U) € S*. This is also apparent from formula (37), because if F # 0, then we have
that u%*, v%* grow quadratically in Y.

5 Order of Construction
In the next few sections, we shall split the Uy’s into five portions, U, (t,z,y), UX*(t,2,Y), Uk.a(t,,0,Y),
Uk,h(t,:pﬁ, Y)7 and Ukyp(t,.’t, 0, Y), i.e. Uk(t, x,vY, 9, Y) = Qk + Ulg* + Uk_’oé + Uk,h + Uk,P~ Ug*(t, (E,Y) is a
0
particular solution to Ly (U*) = (IH(IE_i) and is given by:

— Hl(c)* 1 t T, Y,z )
/ / < 1RO (1,1, 2) dzds (38)
There is not very much flexibility to force UP* to satisfy boundary conditions since it is a particular solution.
It turns out that generically Hy_1, K1 € S due to the presence of mixed terms, and so we have to modify
Hy_1,Kj_1 to be in S. This will be done with a procedure outlined in section 9.

Uk n(t,z,0,Y) is a sum over non-zero Fourier modes and solves the homogeneous interior equation with
non-homogeneous boundary conditions, i.e. it satisfies:

Liy(Ug,n) =0

onY >0andonY =0:

osc

h
Ly (Uk,n) = (k'é;}) —1(Uk,p)
k—1
From this, we know that U}'; has the general form for n > 0 from formula (32):

inw1Y

Uiy = o1k(t,zsn)e r1+ oo,k (t, x; n)emw2Yr, (39)

As discussed in 4, the boundary conditions for Uy, is given by inBrop (gl . Since Brp is singular, there
2

is no a priori reason that the boundary conditions for Uy ; can be satisfied. However, due to the choice of
Uk—1,o as explained in more detail in Section 6, this equation can be solved for Uy j in terms of Uy p and



the boundary forcing in the following manner. After some algebra, we found in section 4, see (34) and the
surrounding discussion, that lz(Uy ;) could be written as:

02k

1@l = inben (74 = (1) - om0 (40)

Since Brop has a one dimensional kernel, it follows that By, has a one dimensional image, and so the right
hand side of (40) can be written as:

inBrop ("Lk(t’ z; ”)> ) < q > (41)

o921 (t, x;n) w1

where <5 ) is a basis of the image of By, and 7 is a scalar function. There is some slight ambiguity in
1

determining oy 5, and o2 because the kernel of By, is non-trivial. For the sake of definiteness, fix a nonzero
Ul,k (t7 x; ?’L)

vector v € C2 such that v L ker Brop and then set
oo.1(t, x;n)

> = ok (t, z;n)v for some scalar function oy.

Then we have that Bropyv = C ((j > for some C € C and C # 0 and so we have that:
1

T (t, x)
inC

Gk(tax; n) =

(42)

Uk,o(t,x,0,Y) solves the homogeneous interior equation with homogeneous boundary conditions, that is,
Uy« satisfies:

Lif(Uka) =0 (43)
andonY >0andonY =0
lf(Uka) =0 (44)
The form of Uy o is given by:
Ui o(t,z,Y) = ay(t, z; n)[wgem“’lyrl - qemwyrg} (45)

for n > 0 and for n < 0, U, = U,;_g ay is given by the solution to the amplitude equation given in
Proposition 6.1.
Finally, Uy p(t,2,0,Y) is 0 for n = 0 and for n > 0 is given by the formula:

Y einwl(Y—s) einwg(Y—s)
Uip= / w1 Hp_ — 7K} |ri + ———5—[H}_y + rwa K} q]rads
0

—_2iw1c2n 22’_w202n )
¥ emen(r ) n n einwa(Y—s) n n
* /OO W[_MH’G—I =K _4]rs + W[Hk—l — rwo K} _1]rads

It can be verified from the properties of H,_1, the L;’s and r;’s that U, 3 = U,?P, which ensures that Uy, p is
a real valued function. Moreover, 3) of Proposition 2.2 guarantees that Uk.p is'in S* if Hp ,Kp_1€85% It
turns that generically Hy_1, Kx—1 € S, this issue will be analyzed in more detail in section 9. As with U™,
there isn’t much flexibility in Uy p. While we could choose other particular solutions, there is no guarantee
that any choice will satisfy the boundary conditions. This is why we chose Uy ;, specifically to ensure that
the boundary conditions can be satisfied.

The first element to determine is Uy, p because it only depends on the previous profiles via (46). From there,
the second portion to determine is Uy, which is given by (42). The third portion to determine is Uy q,
where ay, is given by the solution to (35), and it is chosen specifically to be able to solve for Ujy1 p, in terms
of Ugy1 p and the boundary forcing. Next, we determine U,S* with the formula (38). Finally, the last element
is U;, which can be solved for using the constraint H;,, = K; ,, =0 on y,Y > 0 and boundary conditions

coming from . .
- Hk—1> <hk—1)
dY = 47
|G K o

10



ony =Y =0, where H) , is the n = 0 Fourier mode. To derive this, take (38) and substitute into the
boundary conditions (30) and setting n = 0 gives:

o_ (10 H,g [t z,y, 2) [T (H)_|(t,2,0,2) (R ()
[lf(Uk)] B < aY Klg 1 t Ty, % ) dZdS|Y:0 B 0 Klg—l(tvxvovz) dZ N klg—l(t"T)

(48)
Observe that the interior equation for U, comes from Hy1, Ki11, which are the first H’s that contain the

term Lgs(Uy). The boundary conditions come from hy, ki, since these contain the term I5(Uy).

Remark 5.1. There is a little bit of flexibility in the order because U;S* is only dependent on the previous
profiles, so it could be determined before Uy p, Uy p, or Uy o. The rest of the order is fized because Uy p,
depends on Uy, p, Uk o depends on both Uy p and Uy p, and U, can depend on Uj;.

6 The Amplitude Equations

As discussed in the previous section, we need to solve an amplitude equation in order to determine Uy, q.
To derive this, we use the duality relation shown in [BGC12]:

/ h- L"WdY — (h- C™W)|y—o :/ L™ "h-wdY — (C™"h - W)|y—o (49)
0 0

where L™ and C™ denote the nth mode of the Fourier transform of L;y and [y respectively, and h, w are
sufficiently smooth L?([0,00)) vector functions. More specifically, L™ and C™ are the following differential

operators:
n c? —r? 0 . 0 r—1 1 0
L :”2< o e-1) "1 o0 )W lo )0

n._ 0 1 1 0
C .—m(r_2 0>+(0 >5Y

Notice that this relation is derived by an integration by parts. Recall from section 4 that there is a non-trivial
solution satisfying both L;;(U) =0 and I;(U) = 0. Let £(n,Y") be given by the following vector function:

T(n,Y) := wee™ 1Y 1y (n) — g2 ry(n) for n > 0 and t(—n,Y) = #(n,Y) for n < 0 (50)

It is easy to check that both L"f(n,Y) = 0 and C"#(n,0) = 0. In order to get the amplitude equation
for ay, we make the substitutions #(n,Y") for h and UI?+1 for w. This allows us to prove the analogue of
proposition 2.1 in [CW16].

Proposition 6.1. (49) is equivalent to for k = 2:
Ca
Oray + aaxoéz + H(B(az, az)) = G2(f2, 92) (51)

where ‘H denotes the Hilbert transform with respect to 6 and B is the bilinear Fourier multiplier given by:

— 1

Blag, ag)(n) := —

Z b(—n,n —n',n")as(t,z;n — n')as(t, z;n) (52)

47e
0 n’#0

where cg, ¢, are constants and b(ni,n2,n3) is giwven in [CW16]. For k > 3, the amplitude equation is given
by:
Cy
Opavy, + ?8zak + H(B(O[z, ak) + B(Oé]€7 OQ)) =Gy, (53)
0

In addition G is a function of the boundary forcing and, G;, j > 3 is a nonlinear function of (fr—1,gk—1)

and Us, ..,Uj_1. We have that co := =27 fooo |£(1,Y)|2dY where T # 0 is a fized frequency and c, is constant
defined below.

11



Proof. Recall from section 3 that L™ (U}, ;) = (gﬁ) and C"U}, | = (Zﬁ
k k

using the properties of #(n,Y’), we see that the equations takes the following form:

/OOO t(n,Y)- (?2) dY —£(n,0) - (Z%) = (54)

From the definitions provided in section 3, we can partially expand H}', K}}, h}, kj; to show that the above
equation is equivalent to:

). Substituting this into (49) and

/ooo F(n,Y) - (Lgs (U] + [Ap s Us, U] + [Ag (U, Un)]" + Ny (Us, o, U -1))dY — F(n, 0)

n

(LU = [Q2(Bo.y: 00 ) U, U — Q2o 005 ) (Uss U™ + Na(Uss oo U 1) + <§%>>|y:y=o —0

where the N;’s are nonlinear functions dependent only on the profiles Us, ..., Ux_1 and [f]™ denotes the nth
Fourier mode. Using the decomposition Uy, = U, +UP*+Ug o, + Uk n+Ug, p, where Ui ), = ag(t,z,n)t(n,Y),
and the fact that both @2 and Afss are bilinear, we can modify the above to:

/O°° £(n,Y) - ((Lps(Ur,o)]™ + [Afr (U2, Ura)]" + [Asr 7 (Uk o, U2)]")dY —

n

5(n,0) - (L (Un.a)]" = [Qs(Un, Un )" = [Qa(Ukas Ua)]" + N(Usy oo Up_1) + <£%>)|y_y_o —0

Notice that Us and Uy, o, have the same form, and so modifying the derivation given in [CW16] to account
for the Fourier series completes the derivation. The derivatives on the Qo functions have been dropped for
notational simplicity. We also note that c, is given by:

Cp = /Oo £(1,Y) - (A;(n) + AT (n)E(1,Y)dY + 2Im /OO £(1,Y) - Aj(v)0yt(1,Y)dY (55)
0 0

with the A; defined in [CW16]. Since Uy, is only acted by fast derivatives, U,, is annihilated and hence does
not need to be determined. The remaining terms are in principle determined by integrals of Us, ..., Ux_1 and
therefore can be absorbed into the function N. As a remark, this derivation only shows that the amplitude
equation derived above is a necessary condition to be able to solve for U41,. It turns out that is also a
sufficient condition as well, which is a result due to [CL55]. O

Another remark is that there is an alternative way to derive the amplitude equation. Recall that the
original form of the amplitude equation was equation (49). The duality relation is convenient for deriving the

amplitude equation, but it is somewhat unintuitive. Recall that C(8, n)ﬁ e = nBrop (Z;Z) A calculation

)

shows that the cokernel of By, is spanned by (q wg). Therefore, an equivalent form of equation (51) is
given by:

(@ ) ((1F) - comiza.e) o (56)

This equation, while much more intuitive than (51), makes it more difficult to determine the amplitude
equation. At first glance, (56) does not seem to contain ag, but hy, ks contains ls(Ux—1) and Ugtq,p
contains an integral of Ui_1_p and therefore both terms contain Ug_1 . The algebra to get from (56) to (51)
or (53) is much more difficult than going from (51). This proposition shows that the amplitude equation is a
necessary and sufficient condition to solve for Uyy1 5. Referring to [CW16] and [Hun06], we get the following
proposition showing that the amplitude equation is well-posed.

Proposition 6.2. There exists an integer m dependent only on the spatial dimension d such that for every
m € N with m > m and every R > 0 there exists a T = T(m, R) such that if ||ag||gm < R, then there exists
a unique o € C([0,T); H™(R4™1 x T;Z) to equations (51) and (53) satisfying a|i—o = .

12



7 Analysis of U,
The leading profile, Us, satisfies the following equations:
Lyf(U2) =0 (57)

ony,Y >0andony=Y =0:
1 (Us) =0 (58)

The main result of this section is the following proposition:
Proposition 7.1. The leading order profile Us is given by Ua(t,x,y,0,Y) = Uz o(t,2,0,Y).

Proof. We follow the procedure outlined in section 5.
1) The first portion of U to determine is Uy p. From section 4 and equation (46), it is clear that Us p
vanishes identically.
2) Next, we determine Us ;. In a similar fashion U, j also vanishes from formula (42). To see this, observe
that (Zésc) —1f(Uz,p) = 0, and so we have that the right hand side can be written as }_, , T2(¢, z, n)ein?
1
where 75(t,z,n) = 0 for all n.
3) The next portion to determine is Us o, where Ug',, = aa(t, 25n)(wae™ Y 1y — gei™2Y ry) for n > 0 and a
similar expression for n < 0. To do this, we need that the following condition on y =Y = 0 is satisfied:
. Ao -~
C.mia = () - COMTLp € (3, (59)

The right hand side in the equation is only dependent on Us , though it is important to observe that Us p
is unknown at this point. Recall from Section 4 that the 0:‘?}1 for n > 0 is of the form o1 (¢, z;n)R1(n) +
o13(t,z,n)
o9,3(t, x,m)
singular. Therefore, there is no a priori reason why the above equation should be solvable, but if this
constraint is not satisfied it is impossible to solve for Us ;. Recall from formulas (17), (46), and (42) that
Us, appears on both sides of equation (59). The equation for s is derived in proposition 6.1 from (56) so
that we can solve for Us p, and the solution of that equation is given in proposition 6.2.

The next component of Us is UJ*, which can be calculated from equation (57) with n = 0:

Oyy (“g> =0 (60)

vg*

oa2(t,z;n)Ra(n), and from the calculation in (34), C(B,n)ljgzh is by Brop ( ) and that Brep is

Since we want US* to decay at infinity, this means we must choose UJ* = 0, as the above equation only has
linear functions as solutions. At this stage Us is completely known, and the only remaining component to
determine is Us. The constraint to solve is Hz = K3 = 0, which using (16) can be expanded as:

H
(Ifi) = Asps(Ua, Ua) + Ayys(Uz,Us) + Ay (Us, Ua) + Byypp(Uz, Uz, Uz) — Lss(Uz) — Lys(Uz) =0 (61)

Now, A;7(Us,Us) is a sum of terms like dg [0y uz0gvs] and since Oy u, = 0, this implies that 0[Oy u20vs) €
S* because Jyvs is also in S*. Therefore, Ylim Aspp(Us,Us) = Apsp(Us,Us) = 0, similarly, Assr(Us,Usz) = 0.
— 00 —_— —_—

This leaves the equation:

—Ls(Us) — Lss(Uz) + Afps(Ua, Us) + By fff (U2, Us,) =0 (62)

on y > 0. Since each derivative in Ly, contains either 0y or 0y it follows that:
Lys(Us) = Lys(Us + Us) = Lys(Us) € §*

This simplifies (61) into:
Lss(Uz) = Agys(Uz, Us) + By (Us, Uz, Us) (63)
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Byst5(Usz, Uy, Us) is comprised of terms like dy [OguaOy v20guz] € S*, so in a similar fashion to Ay ¢(Us, Us),
By5¢(Uz, Uy, Uy) € S*. The remaining nonlinear term Ay ¢,(Uz, Us) is more complicated because it contains
mixed terms, e.g. something of the form Oy [0,v20gus]. Fortunately, there is no product of two elements of
S appearing in Ajys(Us, Us), so its limit as Y — oo is 0. Thus, our final simplification of (61) is given by:

Ly (Q2) =0 (64)

The boundary conditions for u,, v, come from the formula (47):

/Ooo (%2) (t,z,0,s)ds = (Z;é) (t,z,0,0). (65)

Substituting in the definitions and since HY, K are independent of @ gives the following formula:
/ —[Lss(U2)]° 4 0y [Q2(0o,y5 09,y ) (U, U2)]°dY = —[15(U2)]° — [Q2(06,v; 0o,y ) (Ua, Us)]"
0

U9* = 0 implies that —L ts(Uy) = 0 since any fast derivative eliminates the dependence on U,. Computing
the integral with the fundamental theorem of calculus gives:

—[Q2(8p,y3 0,y ) (Ua, U2)]® = —[l5(Us)]° — [Q2(Da,v; 96,y ) (U2, Us)]°

which reduces to [;(Uy) =0 ony =0. Le(Uz) =0 o0ny >0 and I,(Uy) =0 on y = 0 combine to show that
U, = 0, which shows that Uy = Us ., completing the construction of U,.
O

8 Analysis of Uj

The second profile, Us, satisfies:
H
Ly (Us) = ( Kj) (66)
ony,Y >0andony=Y =0:

1 (Us) = (Zj) . (67)

The construction of Us is similar to, but easier than, the construction of the general term. The similarity
comes from the fact that the interior equation and boundary conditions are no longer homogeneous. The
reason the construction of Us is easier than a general Uy comes from the observation that Ho, Ko € S,
whereas it is common for higher k to have Hy_1, K1 € S, let alone Hy_1, Kj_; & S*.

Proposition 8.1. There profile is a Us € S satisfying (66) ony,Y >0 and (67) ony=Y =0.

Proof. 1) From (16), we observe that Ha, Ko are purely functions of Uy € S* and so it follows that Hy, Ko €
S*. Therefore, we can use equation (46) to determine Us p.
2) Next, we need to determine Us ;. From section 4, we know that U??,h has the form for n > 0:

inwiY inw2Y r

n
Ug,h = 01,3€ r1 + 02 3€ 9

and U;h for n < 0 is given by Ui‘:h = U37,?, and we set U:?,h, = 0. To determine o 3 and o2 3, we “extend”

Oy Us p,
boundary condition (67) gives, for n > 0:

Usp, and Us p to 03,}1 = < Us,h ) and a similar expression for ﬁgvp. Substituting in U}]h and ﬁgfp into the

N Ko N
c.mig = (1) - co.mi (68)
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At this point everything on the right hand side of (68) is known. In section 4, we calculated that C(8, n)ﬁ??h =

nBrop (g;i) In order to be able to solve this, we chose U; , such that (Zg%) - C(B, n)f]gtp € ImC (3, n).

Solving (68) with formula (42) determines the scalar functions o1 3,02 3, which gives Us .

3) We can determine Us o by solving the amplitude equation given in proposition 6.1, which completes the
construction of Us 4, since the amplitude equation is only dependent on the boundary forcing and Us.

4) Next, U* can computed from the formula (37), which is only dependent on U, and hence is known
completely.

5) Finally, we need to determine U,. To start, the interior equation for Us is given by:

Hy=K;=0 (69)
Substituting in the definitions of Hy, K provided in (16), we get the following:

H
(Ki) =—Lys(Us) = Los(Us) + Agss(Us, Un) + Ay 15 (Uz, Us) + Agpo(Us, Un) + Ay (Us, Us) (70)

+Bjffs(Ua, U, Us) + Bypsp(Us, U, Us) + Byys§(Us, U, Us) + By ss(Uz, U, Uz) =0

In Ly, every derivative has either 0y or 0y, and so Lfs(Us) € S*. Observe that every term in the nonlinearity
contains a factor of Us, and therefore every term is either mixed or in S*. Therefore the limit as Y goes
to oo of the nonlinear functions in (70) is 0. We can decompose Lgs(Us) into Lss(Us) + Lss(Us), with the
latter term in S*. Therefore, the interior equation ultimately simplifies to:

Lyss(Us) =0 (71)

The boundary conditions for Us come from the formula (47):

(k)= () @

Substituting in the definitions of Hs ,K3, hs and k3 into (72) we get the following;:

/ [—L#s(Us) — Los(Ua) + Apps(Ua, Us) + Ap s (Ua, Us) + A (Us, Us) + Byypp(Us, Uz, Uz)|’dY =
0

[—1s(Us) — Q2(09,v; 09,y ) (U2, Us) — Q2(0s,v; 0,y ) (Us, Uz) — Q2(0p,y; Oz,y) (U2, Ua)
— Q2(02.y; 09,y) (U2, Uz) — C2(9g.y; 9. 0.y ) (U, Ua, Us)]°

To simplify this lengthy expression, recall that the A’s and B’s are related to the @’s and the C’s as described
in formulas (18) and (22) respectively. The first term we look at is the cubic term [By s (Us, Uz, Us)]°, which
expands as follows:

(73)

/[Bffff(U27U2»U2)]0dY:/ [09C1(0,v; p,v; Do,y ) (Ua, Uz, Us)+0y C2(0g,y; Op,y; Do,y ) (Us, Uz, Us)]°dY
0 0

(74)
Since C1(99,v;00,v; 09,y ) (U2, Us,Us) is a product of derivatives of a periodic function, it follows that it can
be represented by a Fourier series. Therefore, [09C1(dp,y;0p.v; 09y )(Uz,Us, U2)]° vanishes. In addition,
(C2(8g,v; Og.y; 00,y (U2, Uz, Us))]° is exponentially decaying in Y so the integral in (74) evaluates to:

/ 105C1 (D0, 0o.y'; Doy ) (U, Us, Us) + By Ca(Du.y: Do,y Doy ) (Us, Uz, Us)°dY =
0
— [C2(90,v509.y5 09,y ) (U, Ua, Us)|°

(75)

0

3
kS )
Afpr(Us, Us) term in Hs, K3 cancels with the Q2(0g,v; 0p,v)(Us, Usz) in hs, ks, the A¢fs(Us, Us) term cancels
with the Q2(0z,y; 09,y )(Uz, Us) + Q2(09,v; Oz,y)(Uz, Uz) term and so on. This reduces (73) to the following:

Notice that the right hand side of the integral is a term appearing in In a similar fashion, the

/0 T Lpa(Us) — Laa(U)dY = [, (Us)]° (76)
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Another simplification we can implement comes from L., containing no derivatives with respect to 6 and
U? = 0, which implies [Lss(Us)]® = 0. Next, Lys(Us) = L#s(U3) and so we get the final form of the boundary
conditions:

L) = W08 = [ L)y (77
Combining (71) and (77) gives a unique solution for U, which completes the construction of Us.

Remark 8.2. One of Marcou’s goals in the second chapter of her thesis is to show that Us # 0. This
conclusion is reached after quite a bit of algebra to show that the left hand side of (77) is not 0, and hence
neither is Us. Us # 0 is an example of “internal rectification”, see [2, MarcouJor more details.

O

9 Analysis of Uy

Ideally, we would like the general term Uy to satisfy:

Hy_
Ly = () (79
ony,Y >0andony=Y =0:
hg—
b = (1) (79)

with the functions Hy_1, K1 are defined in terms of Us,...,Ui_1 via formula (16), and hy_1,kr—1 are
defined using formula (17). However, Hj_1, K1 are generically not in S because S is not closed under
products. So for instance, the term 0, (9yus0pvz) from Ajs,s(Us,Uz) is not in S since ug # 0, which implies
that Hs, K5 ¢ S. To bypass this issue, we can use the fact that U, is H°°. This allows us to Taylor expand
as follows:

1
0z (0yuzOgva) = Og[(us(t, z,0) + Oyus(t,z,0)y + ... + E@;gg(t, x,0)y" + Ry (t,x,y))0pv2]

where R, (t,z,y) ¢ S. From here, we can multiply each term by powers of £ in the expansion for us to
rewrite the above as:

1 n
0, 0y 300v2) = Dy (g (t,,0) + Dyt (82,0 2y + o g (8,2,0) Sy” o €™ R (2,) Do

From here, we can use our ansatz Y = £ to simplify the above to:
1 n n n n
0z (0yuzOgva) = Og[(us(t, z,0) + Oyus(t,z,0)eY + ... + aayyg(t, z,0)e"Y" 4+ " R, (t,2,9,Y))Opva)

As before in section 2, every term in the above expansion is in S* except 0, Ry (t,z,y)0pv2, which expo-
nentially decays with respect to Y. Recall that Hj is a coefficient of *, but this expansion has terms with
e,e%, ... as coefficients. This means that 0,[0,u; (¢, x,0)eY dguvo] is “absorbed” into Hg, and in a similar fash-
ion Oy [8§g3(t,:c,0)52Y289v2] is absorbed into H7 and so on. For the R,, ¢ S term, we can choose n large
enough that is a coefficient of say ¢V ~!, where N is the highest profile to determine, which effectively means
that R,, only appears in the error term. The upside to this argument is that we replaced a term not in S
with a sequence of terms in S*, the downside is that we have changed Hy, K} for every k past the one we
are currently interested in.

Remarks 9.1. 1) This Taylor series approach introduces significant complications if one tries to take the
limit as N — oo, but fortunately we do not need to do this.

2) For each R, discussed above, we have that the trace vanishes identically on the boundary. Moreover, each
term in the modified Hi_1’s and Kj_1’s that came from this Taylor expansion also vanish on the boundary.
In addition Ylgnoo R, =0 since each R, contains a factor of an element in S*.
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osc,m

For an explicit example, we can write H*¢ = H.°“P + Hy where HZ°“? is the part of H2%¢ in S* and
HZ*“™ represents the mixed terms. Using the Taylor expansion argument above, we can write:

€N7274yN7274

Hgsam — M570 + €YM571 + ...+ mM57N_2_4 + 5N71*4Rg5c (80)
where Ms ,, denotes 9 Hy*“™ (t,,0,0,Y). Now the power of Rg* is N —1—4 since Hj is a coefficient of *,
so eV 71745 et = ¢N=1 and so the remainder term R2*¢ appears in the error term. Notice that eYMs, € 5%

is a new term appearing in Hg*¢, %52Y2M572 is a term in H$°¢ and so forth. Doing the same thing for each
5 <k < N gives the modified H}*¢’s:

1

k—2-4
my M5 k—2-4 (81)

. 1
H2%0 = HSP + My_10+YMy_21 + EYQMkfs,z + .+
Observe that the sum of the two numbers in the subscript of M; ; is k — 1. A similar argument holds for
Kp*¢ as well as Hgil and K,g’il. This procedure modifies the cascade of equations into:

/

Lys(Ur) = @:) (t,z,0,Y) (82)

where by construction H;_,, K} _, € S*. Since we are only interested the trace of the hy, kj functions on
y =Y = 0, there is no need to modify them. Therefore the same equation (10) is also satisfied. In this
modified setting the pieces of our decomposition Uy = U, + U* + Uy, + Ug, p + U, o now satisfy:

Ly (Up) = <Hk—1> (83)
2= (il

Ly @) =0 15(0) = (152 ) = 1) (5)

Lif(Uka) =0 1f(Uka) =0 (85)

Lys(UY) = (H’:%*) (86)
) K~y

i [ ()~ ()

where the first equation is on y,Y > 0 and the second, if present, is on y = Y = 0. There are two main
results to this section, the first being:

Proposition 9.2. For each 2 < k < N, there exists a sequence of profiles U, € S satisfying Ly¢(Uy) =

H, hp_
(KZ:) ony,Y >0 and l;(Uy) = (k:i> ony=Y =0
Proof. We already showed this for U; and Us in sections 7 and 8 respectively.
Assume that Us, ..., Ux_1 are completely known. We use the procedure given in 5.
1) Uy, p is given by the integral formula presented in (46), and since H;,_; and K},_, are known functions of
Us, ..., Ui_1, it follows that we know Uy p via formula (46).

2) As before, (Z’g;j) —17(Ug,p) doesn’t need to be in the image of Brep,. Our choice of Uy_1 o ensures that
k—1

this function lies in the image of By,,,. Therefore, it is valid to determine Uy, j, with formula (42). Therefore,

we know Uy p, as a function of the lower order profiles.

. . . . Hy_
3) In order to determine Uy ., we need to ensure that the amplitude equation derived from ( Kk 1) and
k-1

. H, . -

the one derived from < K’7_1> have the same dependence on the amplitude «j. This is true because the
k—1

only places Uy, appears in Hy_1, Kj_1 are in the terms Ly4(Uy), Aysr(Us,Uy), and Afrr(Ug,Usz). None of

these functions contain any terms that are mixed, and so are unchanged when exchanging Hy_1, K1 for
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Hj,_,,Kj,_,. It should be mentioned that the amplitude equations will in general not be the same, but the
only differences are in the G, functions discussed in 6.1. Therefore we can solve for ay.

4) UY* is given by formula (38) using the modified Hj,_,, K} _; in place of the original Hy_1, Kj_1.

5) First, we analyze the interior equation for U, given by H),; = K}, = 0. Recall that Hj , and K}
are derived from Hyq, Kpy1 by replacing mixed terms with elements of S* and adding in corresponding
terms from lower order mixed terms in the procedure discussed at the beginning of this section. Moreover,
since both mixed terms and elements of S* limit to 0 as Y — oo, we have that:

Hyy = ﬂ;9+1 Ky = K;c-i-l (88)
We can partially expand the definition of Hy and K, to get the following equation for Uj:

—Lss(Ug) — Lys(Ugs1) + Ay ps(Uk, U2) + Asps (Uk, Uz)+
Byrrs(Uy,Us, Us) + Bypyy(Uz, U, Uz) + Bygpp(Uz, Ua, Ug) + N(Uz, ..., Ug—1) = 0

(89)

Where N is a known nonlinear function of the lower profiles. As in section 8, we have that Ls(Uiy1) € S*
and each cubic nonlinearity is in S* as well. In addition, every term in Ay s (U, Uz) is either in S* or mixed
because Us € S*. Therefore, we can write (89) as:

Lss(Uy) = N(Us, ..., Up—1) (90)

Observe that at this point, every term in the right hand side is known at this point. Moreover, starting at
Hg, Ky, the function NN is not 0 since Hg, K contains a term like 9,[0,u30,v5] # 0.
Next, we look at the boundary conditions given by:

[ G- () 2

Notice that here, the distinction between Hy, Kj and Hj, K, is important. This because the terms coming
from the Taylor expansion of the lower order mixed term do not integrate to 0, even though they vanish at
Y =0 and as Y — oco. Fortunately, the part of Hy, K dependent on Uy are elements of S*, and so we can
partially expand (91) to get the following:

/ [~ Lss(Ur) + Apps(Ur, U) + Ap 5 (Uz, Up) + N1(Us, ..., Up—1)]°dY =
0

— [Ls(Uk) — Q2(0a,y; 0p.y) Uk, Us) — Q2(9p.y; 9.y ) (U, Uy) + No(Us, ..., Ux—1)]°

where the IV;’s are known nonlinear functions of the lower order profiles. A similar argument to the one
presented in 8 allows us to simplify the above to the final form of the boundary conditions:

(92)

LW = L0 + [ Lp(U)Y + [N (U Vi) (93
0

Using both (90) and (93), we find that U, is uniquely determined via a Fourier-Laplace transform and the

initial condition U(0, z,y) = 0. This completes the construction of Uy, and thus, it completes the inductive

step. Therefore we have a unique sequence of profiles Uy, in S satisfying (36) and (10). O

To motivate the second main result in this section, suppose for the moment that solutions to the unmod-

ified problem Ly (Uy) = ([h(rkl) ony,Y>0andony=Y =0, [;(Uy) = (Zk1> existed for k = 2,..., N.
k—1 k—1

We can form an approximate solution Ug,, by Ug, (t, 2, y) = Zszz fUL(t, 2z, y, 2=, ¥). Putting Ugpp into
the original system (6) and (7) gives, on y > 0:

RUE, + V- (L(VUS, )+ Q(VUS, )+ C(VUS, ) =

app app app app

N 94
kzﬂﬁk_2(Lff(Uk) - (%i)) +eN T Ey 59
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where E is the error term arising from the approximate solution. By construction of U, we have that

Upp
(94) simplifies to:
N-
U, + V- (L(VU;,,) + Q(VU;,,) + C(VU;,,)) =" "Ey (95)
On y = 0, substituting in V. and Ug,, and following a similar argument gives:
—Ly(V.Ug,,) — Q2(VeUs,,) — Co(VeUs,,) — [ﬂ =cVey (96)

where ey is the corresponding error term on the boundary.
In the preceding discussion, we assumed that we had Uy that solved (9) and (10), these however, do not
exist in S. Fortunately, we can recover similar statements to (95) and (96).

Theorem 9.3. Let Uy, k =2,...,N be given by proposition 9.2. Then on y > 0, we have:

RUL,, + V- (L(VUS,,) + Q(VUS,,) + C(VUS,,)) =" 'Ey (97)
and on y = 0:
CLa(VUE,)) — Qa(VUE,,) — Co(VUE, ) — E } _ Ney (98)

where Ug,,(t,z,y) = Zk o Ui(t, z,y, 2=t ¥) and EY is given below.

Proof. First, we look at the interior equation. Plugging in U, into (6) gives:

aQngp+v (L(VUg,,) + Q(VU;,,) + C(VU;,,)) =

app app app
_ Hy— _ (99)
3Ly (00 - () + e b
k=2

as before. Here, the Hy_1, K_1 appearing are the unmodified nonlinearities defined in (16). Decompose
Up as Uy, = U + U,g* + Uk,p + Uk, p + Uk, as in the proof of 9.2. We have that L;;(Ug,a), Lyf(Uy), and
L§¢(Ug,p) are identically 0 for each k = 2,.., N. This simplifies (99) to:

N
Hj,_ _
> R (Lyp(Ukp + UR) - (K’; 1))+5N 'En (100)
k=2 N

Next, we look at the oscillatory part:

N osc
>t 2 Ur) — gkt )+ =R (101)
k=2 -

By construction Uy, p satisfies:

o0sc,p yk—2-4
Lys(Uy,p) = (Kosc,p) +My_10+YMg_21+ ...+ mM5,k—2—4 (102)
and we also have the following formula for Hp*¢, Kp%9:
Hpse N _ (HZP 1 900 N—k—2—1 posc
osc | = vsep | F Mp_10+eYMy_11+ €Y Mp_10+4+...+¢ RY*¢ (103)
K Ky—3 2!

For k < 4, we set My ; = 0 for every j. Substituting in (102) and (103) into (101) gives:

N o Hosc,p 1 o4

kz:sz ((Kgscl,p> +Mk 10+YMk 2,1 + ...+ my M5,k7274)—

N HPsOP ) eN—k—2-2y N-k—2-2 NP
kz (Kzscl,p>+Mk 1,0 +eY M _ 11+§€YM1€ 1,2+ ...+ (N—k—2-2) My_1,n—2+¢€ RY*))

4 eNTLEgse
(104)
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We can collect the remainder terms, Zgzﬁ eN _1RZS_61, and add them into the error term yielding:

N

B = B = R (105)
k=6

This sums starts at k = 6 because Hs, K5 were the first Hy_1, Kx_1 to be modified. Next, we collect the
terms involving Ms ;, after factoring out e*:

2

—4

N—4

1 1

gk(ﬁYkMM_Q) - § ekHYkM&k_g =0 (106)
k=0

~
Il

0

Doing this for each M} ; gives the result stated in (97). Similar analysis holds for ZQIZQ e =2(Lyp (U2 —

(k)

osc 0
On the boundary, we have [ (U ) = (21](3;1) — 1 (Ug,p) and L (UY*) = <Z§_i), so the result follows from
the discussion preceding this proposition. As an aside, the error terms are not in .S, but fortunately this is

not necessary. O
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