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ABSTRACT
GUSTAVO DE VASCONCELLOS DIDIER: Studies in Stochastic Processes: Adaptive
Wavelet Decompositions and Operator Fractional Brownian Motions
(Under the direction of Vladas Pipiras)

The thesis is centered around the themes of wavelet methods for stochastic processes,
and of operator self-similarity. It comprises three parts. The first two parts concern partic-
ular wavelet-based decompositions of stationary processes, in either continuous or discrete
time. The decompositions are essentially characterized by uncorrelated detail coefficients
and possibly correlated approximation coefficients. This is of interest, for example, in sim-
ulation and maximum likelihood estimation. In discrete time, the focus is somewhat on
long memory time series. The last part of the thesis concerns operator fractional Brownian
motions. These are Gaussian operator self-similar processes with stationary increments,
and are multivariate analogues of the one-dimensional fractional Brownian motion. We es-
tablish integral representations of operator fractional Brownian motions, study their basic

properties and examine questions of uniqueness.
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CHAPTER 1

Introduction

The thesis is centered around the themes of wavelet methods for stochastic processes
(Chapters 2 and 3), and of operator self-similarity (Chapter 4). The wavelet analysis of
a random process involves expressing it in terms of a wavelet basis. Orthogonal wavelet
bases usually provide expansions with “almost” uncorrelated coefficients. Several other non-
orthogonal wavelet bases were constructed leading to exactly uncorrelated coefficients, for
example, for fractional Brownian motion. Contributing to this body of work, we introduce
here novel wavelet-based decompositions for stationary processes, in either continuous or
discrete time. Called Adaptive Wavelet Decompositions (AWD), their detail coefficients
are also uncorrelated but approximation coefficients are possibly correlated. Chapter 2
concerns AWD in continuous time. Approximation coefficients in these AWD have to be
taken correlated as only such will approximate a stationary process at hand, an important
property known as the “wavelet crime”. In Chapter 3, we extend AWD to discrete time
processes. Correlated approximation coefficients in these decompositions allow to have
shorter filters in the associated Fast Wavelet Transform-like algorithm. This is particularly
relevant when dealing with long memory and near unit root time series. In either continuous
or discrete time, because of uncorrelated detail coefficients, AWD can be used in simulation
of Gaussian stationary processes, and in maximum likelihood estimation.

In discrete time, AWD are especially suitable when dealing with long range dependent
time series. When exploring multivariate analogues of AWD, we found that, surprisingly,
multivariate long range dependence and related multivariate fractional Brownian motions
have been little explored. Fractional Brownian motion (FBM) is a generalization of Brow-

nian motion to the case where the increments are correlated. It is closely related to long



range dependence, since its increments are often used as discrete-time models for long range
dependent data. FBM is characterized by three properties: it is a Gaussian process; its in-
crements are stationary; and its distribution scales across time according to a (fractional)
parameter, a property called self-similarity. The appropriate multivariate version of FBM is
the so-called operator fractional Brownian motion (OFBM). This process is also Gaussian,
has stationary increments, and its distribution scales across time according to a matrix,
a property appropriately called operator self-similarity. Chapter 4 is a more systematic
study of OFBMs. We establish spectral and time-domain representations of OFBMs, and
look into the relation between the (operator) self-similarity parameter and the character-
ization of the law of the process. With a view toward the analysis of multivariate long
range dependent time series, we also study the cross spectrum of OFBMs. Finally, we an-
alyze questions of uniqueness of the representation of OFBMs, and explore the symmetry

structure of bivariate operator self-similar Gaussian processes.



CHAPTER 2

Gaussian stationary processes: adaptive wavelet
decompositions, discrete approximations and their
convergence

2.1 Introduction

Consider a real-valued Gaussian stationary process X = {X(t)}+cr having the integral

representation

X(t):/Rg(t—u)dB(u):/Reimﬁ(x)dé(x), (2.1)

where g € L2(R) is a real-valued function, called a kernel function, g € L?(R) is its Fourier

transform defined by convention as

ila) = [ e gtudn

{B(u)}ucr is a standard Brownian motion and {B(z)}ser = {B1(z) + iBa(z)}scr is a
complex-valued Brownian motion satisfying By(z) = Bi(—x), Ba(z) = —Ba(—z), = > 0,
with two independent Brownian motions {B1(x)}z>0 and {Ba(x)}.>0 such that EB;(1)? =
EB5(1)? = (47)~!. (The latter conditions on B(z) ensure that the second integral in (2.1)
is real-valued and has the same covariance structure as the first integral in (2.1).) Many
Gaussian stationary processes, especially those of practical interest, can be represented
by (2.1). See, for example, Rozanov (1967) and others. The covariance function R(t) =

EX(t)X(0) of X and its Fourier transform are given by

1

—[GP(-t), R() = [G()>, (2.2)

R() = (9% 9")(t) = 5



where gV (u) = g(—u) is the time reversion operation and * stands for convolution. The
Fourier transform ﬁ(x) is also known as the spectral density of X. Note, however, that the
two rightmost expressions in (2.2) are not meaningful for general g € L?*(R) because the
function R may be neither in L?(R) nor L!(R).

Under mild assumptions on g and in a special Gaussian case, Theorem 1 of Zhang and

Walter (1994) states that a Gaussian process X in (2.1) has a wavelet-based expansion

X(t) = i ajn0’ (t =277 n) + i i djn ¥ (t —27n), (2.3)

n=—oo j:J n=—oo

for any J € Z, with convergence in the LQ(Q)—sense for each t. Here, ay = {ajn}nez,
dj = {djn}j>snez are independent N'(0,1) random variables. The functions ¢/ and 7 are

defined through their Fourier transforms as
0 () = G(z) 2777 (277x), W(w) = G(z) 277/% (27 a), (2.4)

where ¢ and v are scaling and wavelet functions, respectively, associated with a suitable
orthogonal Multiresolution Analysis (MRA, in short). For more information on scaling
function, wavelet and MRA, see for example Mallat (1998), Daubechies (1992), or many

others. Moreover, the coefficients a;,, and d;,, in (2.3) can be expressed as

Ajmn = /RX(t)HJ(t - 2_jn)dt, djm = /RX(t)\I’](t - 2_jn)dt, (25)

with the functions 6; and ¥;, “dual” to 67 and U/, defined through

6;(@) = gx) 12792 6(277z), Wj(w) =Gla) T 2792 (2 ). (2.6)
Zhang and Walter (1994) call (2.3) a Karhunen-Loeve-like (KL-like) wavelet-based expan-
sion. It is discussed in several textbooks, for example, Walter and Shen (2001), and Vi-
dakovic (1999). The sum Y, a;,07(t —27/n) in (2.3) is interpreted as an approximation
term at scale 277, and the sums Y. d;, ¥/ (t — 27/n), j > J, are interpreted as detail

terms at finer scales 277, j > J. The KL-like expansion is related to the wavelet-vaguelette



expansions of Donoho (1995), the expansions of Benassi and Jaffard (1994), and others,
where J = —o0 in (2.3) and hence the first approximation term in (2.3) is absent.

Though the approximation term Y a;,07(t —277/n) in (2.3) involves independent
N(0,1) random variables aj, which are convenient to deal with in theory, the term is
also unnatural in one important respect. It is customary with wavelet bases that not only
an approximation term but also the respective approximation coefficients, the sequence
ajyn in this case, approximate the signal at hand. The sequence a;, does not have this
property because it consists of independent random variables and hence cannot approximate
a typically dependent stationary process X (¢). In this work, we modify the approximation

terms as
o0

> agab’(t—2""n) = i Xj,®/ (t —277n) (2.7)

n=—oo n=—oo

so that the new approximation coefficients X ; = { X, }necz now have this property, namely,
272X 1~ X (1) (2.8)

in a suitable sense, as J — oo, where [z] denotes the integer part of = € R.
In the relation (2.7) above,
5 0(8) o appggtpy 0@
o7 () = —~L 9 126(2 Tr) = ——F— 2.9
(=) gs(277z) o ) gs(277x) (2.9)
with the discrete Fourier transform g;(y) of a sequence g; = {gs,}. (A discrete Fourier

transform of g = {g,,} is defined by

o0
g(z) = Z gne "z € R,

n=—oo

and is periodic with the period 27.) The random sequence X = {X,} in (2.7) is defined

as

X;(z) = gs(z)as(z) (2.10)



in the frequency domain. Moreover, we expect that

Xjn= / X()®;(t — 27 n)dt, (2.11)
R
where
B,(z) = <W)2_J/2$(2_Jx). (2.12)

The relation (2.7) can be informally and easily verified by taking Fourier transforms on
both sides of the expression.
It is well-known (e.g. Daubechies (1992) in the deterministic context) that (2.8) is a

property of the corresponding wavelet basis functions. When
G2 7x) =22 L a1, (2.13)

we have (/ﬁj(x) ~ 2_J/2$(2_J:c) ~ 277/2 for large J (typically, 5(0) = [go(t)dt = 1) and

hence, by (2.11), we expect that

72 2J/2 ~ eI~
22X, = o X(x)e ™ " (z)dx
R
1 R o
o X (z)e™ 2 iy = X2 7n).
T JR

Q

The conditions for (2.7) and (2.8) will thus involve the function Gy given in (2.13).
Though the modification (2.7) appears small, it is fundamental and important in several
ways, and surprisingly leads to many research questions. First, the convergence allows for
several applications, for example, simulation and maximum likelihood estimation, at the
reconstruction and decomposition use of (2.3) with (2.7), respectively. In this chapter, we
study only the issue of simulation. We show in Section 2.6 that there is a nonstandard
Fast Wavelet Transform algorithm relating the sequences X; = {X,} across scales. It is
nonstandard in the sense that the low- and high-pass filters entering the algorithm depend
on the scale parameter j. The algorithm is convenient in simulation since independent,
N(0,1) random variables d;, (the detail coefficients in (2.3)) need to be generated to

produce an approximation at finer scale. Convergence of X; to the process X is ensured



by the property (2.8). In fact, as shown in Section 2.7, this convergence is exponentially
fast in j and almost sure uniformly on compact intervals. Dependence of the convergence
speed and the type of approximation involving X; on the smoothness of X is also studied
in Section 2.7, and turns out to be quite complex.

Maximum likelihood estimation not considered here, refers to the following. The prop-
erty (2.8) is known in the wavelet literature as “wavelet crime”. It is used, in practice, to
replace the approximation coefficients X, at finest scale by the normalized observations
279/2X(277n). Assuming a model for X and hence for X}, as in maximum likelihood esti-
mation, the approximation sequence X; can be transformed (by the corresponding wavelet
transformation) into independent, N(0, 1) detail coefficients at coarser scales and approxi-
mation coefficients at coarsest scale. This can be viewed as a factorization of the covariance
matrix of X; and could be used in maximum likelihood estimation. For more details, see
Chapter 3, where we study analogous wavelet decompositions in discrete time. Let us also
note that none of these applications are possible having the decomposition (2.3) alone.

Second, the wavelet-based decomposition (2.3) with (2.7) can be viewed as a general-
ization to stationary Gaussian processes of a particular wavelet decomposition of fractional
Brownian motion established in Sellan (1995), Meyer et al. (1999). This extension is sig-
nificant for several reasons. Self-similarity (of fractional Brownian motion, for instance)
and wavelets have long been considered closely related, with the articles above being one
example. Our extension shows that self-similarity (though an important special case) is not
necessary to make some of these connections. Also, we work in the general framework of
Gaussian stationary processes. We formulate conditions on sequences X; to have (2.7) and
(2.8) in general. This is quite nontrivial by itself. In particular, we want our conditions
to include some natural discrete time approximations X; to continuous time processes X
such as AR(1) time series approximations X; to the Ornstein-Uhlenbeck process X. Most
of the conditions used in this chapter are stated in Section 2.3 and several examples are
considered in Section 2.4.

Third, more generally, the decompositions (2.3) with (2.7) are examples of decompo-
sitions of stationary Gaussian processes with independent coefficients such as the usual

Fourier representation or the Karhunen-Loéve expansion. These decompositions have a



convenient multiresolution structure where a process is viewed as an approximation term
superimposed by finer and finer details, and are characterized by other nice properties such
as (2.8). Such wavelet decompositions (apart from (2.3)) have largely been missing in the
literature at a fundamental level. We hope that our work will help filling in the current gap.
Comparing (2.3) to (2.3) with (2.7), we have already noted that none of the above appli-
cations are possible having (2.3) alone. In defense of (2.3), these decompositions are in the
spirit of decompositions of discrete time signals used in Signal Processing, where signals are
decomposed into subbands with uncorrelated coefficients. For example, this is a necessary
condition to achieve a suitable optimality in coding. But because the decompositions (2.3)
lack the “wavelet crime” property (2.8), they are not that useful in practice.

Fourth, we study whether the wavelet bases in (2.3) and (2.3) with (2.7) are Riesz, which
are the bases preferred in the nonorthogonal context. We show in Section 2.9 that both
bases, in fact, are Riesz under additional assumptions. This provides a partial answer to
the above question which was asked but kept open since Zhang and Walter (1994). Though
the results on Riesz bases may appear to bear little relation to Probability, we see them as
key if one has to manipulate with the decompositions (2.3) and (2.3) with (2.7).

Fifth and last, this work raises many more questions. As mentioned above, in Chapter
3 we study analogous wavelet decompositions in discrete time. Pipiras (2004) explored a
similar decomposition for a non-Gaussian self-similar process called the Rosenblatt process.
We also plan to consider multidimensional X (¢), with either ¢ € R™ (or Z™) or X (t) € R".

The decomposition (2.3) with (2.7) can be viewed as being more general than (2.3) —
becoming (2.3) when X; = a; are independent, N(0,1) random variables. For this reason,
both decompositions should be viewed under one framework. This is the view taken in the

following definition and in Chapter 3.

Definition 2.1.1. Decompositions (2.3) and (2.3) with (2.7) will be called Adaptive Wavelet

Decompositions.

Adaptiveness refers to the fact that the basis functions are chosen based on the depen-
dence structure of the underlying stationary Gaussian process.

The rest of the chapter is organized as follows. In Section 2.2, we briefly introduce



a wavelet basis to be used in wavelet-based decompositions. In Section 2.3, we state the
assumptions on the discrete deterministic approximations gy and the functions g. In Sec-
tion 2.4, we consider several examples of Gaussian stationary processes and their discrete
approximations. The KL-like wavelet decomposition (2.3) and its modification (2.7) are
proved in Section 2.5. In particular, we reprove the decomposition (2.3) because inaccurate
assumptions were used in Zhang and Walter (1994). We show that there is a FWT-like
algorithm relating {X;,} across different scales in Section 2.6. In Sections 2.7 and 2.8,
we examine convergence of discrete random approximations X ; and illustrate simulation
in practice. Section 2.9 concerns questions on Riesz bases. Finally, in Appendix A, we

consider integration of stationary Gaussian processes.

2.2 Wavelet bases of L*(R)

We specify here a scaling function ¢ and a wavelet ¥ which will be used below. There
are many choices for these functions. We shall work with particular Meyer wavelets (Meyer
(1992), Mallat (1998)) because of their nice theoretical properties. The results of this
chapter and their proofs rely on specific nice properties of the selected Meyer wavelets.
Other wavelet bases could be taken, e.g., the celebrated Daubechies wavelets, and are being
currently investigated. Meyer wavelets are also used in Zhang and Walter (1994), Meyer
et al. (1999) and others.

Let S(R) be the Schwartz class of C*°(R) functions f that decay faster than any poly-

nomial at infinity and so do their derivatives, that is,

lim tmd /(*) =0,
[t|—o0 dt™

for any m,n > 1. We can choose a scaling function ¢ € S(R) satisfying



The corresponding CMF w has the discrete Fourier transform

V20(22), 2| < 2m/3,
0, |z| > 27/3.

u(x) =

The wavelet function ¢ associated with ¢ is such that ¢ € S(R) and

D(a) = \2 0 (g) & (g) with 9(z) = e~ ®a(z + 1), (2.14)

where v is the other CMF. One can verify that, for the Meyer wavelets,
1/2

B =% (3(5) - dw?) (2.15)

In particular, J(w) = 0 for || < 27/3 and |z| > 87/3. The collection of functions ¢(t —

k),20/24 (27t — k), k € Z,5 > 0, makes an orthonormal basis of L?(R).

2.3 Basis functions and discrete approximations

Let g € L?(R) be a kernel function appearing in (2.1), and g5 = {gJn}nez, J € Z, be
sequences of real numbers such that g; € [?(Z). Following Section 2.1 (see, in particular,
(2.13)), we shall think of g as a discrete (deterministic) approzimation of g at scale 277.

A discrete approximation g; € [?(Z) induces a discrete (random) approzimation Xy =

{Xn} defined by (2.10), that is,

Xon= Y GrkGsn—k (2.16)

k=—o00

in the time domain, or symbolically
Xy(z) =gs(z)as(z) (2.17)

in the frequency domain, where a; = {aj,} are independent N(0,1) random variables
(Gaussian white noise). As J — 0o, we expect that 27/2X 7274 approximates X (t) de-

fined by (2.1). Conversely, we may think that a random discrete approximation X; of X

10



given by (2.1) can be represented by (2.16) with a sequence g;. Hence, X also induces a

deterministic discrete approximation g of g.

We will make some of the following assumptions on g and g;. Let L} (R) consist of

functions which are in L? on any compact interval of R. Set also

Note that, with the notation (2.18), expressions (2.9) and (2.12) become

O () = (G(2772) " 2772027 n),  By(x) = Gy(2T2)27 2927 x)

ASSUMPTION 1: Suppose that

ail E L%OC(R)'

ASSUMPTION 2: Suppose that, for any J € Z,

GJ7 Gjl € L%OC(R)'

ASSUMPTION 3: Suppose that, for any Jy € Z,

0% (G y(2))P
max max_ sup Sup |~ —
p=—1,1k=0,1,2 J>Jo |w|<4rw/3 ox
ASSUMPTION 4: Suppose that, for large |z|,
kg const
glx)| _comst 0y o
Ok |z[FH1

ASSUMPTION 5: Assume that, for large J,

|G7(0) — 1| < const 277,

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

As explained below, Assumptions 1 and 2 ensure that the basis functions used in decom-

11



positions are well-defined. Assumptions 3, 4 and 5 will be used to establish the modification

(2.7) and to show that X ; is an approximation sequence for X in the sense of (2.8).

Observe that the functions 6/ and W7 in (2.4) are well-defined pointwise through the
inverse Fourier transform since 87, W € L1(R) for § € L2(R). By using Assumptions 1 and
2, the functions 6; and ¥; in (2.6), ®/ in (2.9) and ®; in (2.12) (see also (2.19)) are well-
defined pointwise through the inverse Fourier transform as well. Moreover, 6;, ¥;, &7, ®;

are in L?(R) because their Fourier transforms are in L*(R).

Appendix A contains some results on defining integrals [ X (¢)f(t)dt. See, in particular,
the definition of a related function space Lg (R) in (A.7) of integrands f(t). Since 0;,¥; €
LZ(R), the coefficients a;,, and d;,, in (2.5) are well-defined. Using properties of integrals
developed in Appendix A, it is easy to see that a;, and d;,, are independent N'(0, 1) random

variables. Since ®; € L?] (R), the integral in (2.11) is well-defined as well.

Another consequence of the above assumptions are useful bounds on the functions

®J, W, We will use these bounds several times below.

Lemma 2.3.1. Under Assumptions 8 and 4 above, we have

C

|2*J'/2(I)j(2*ju)|7 |2*j/2q)j (279u)| < T‘UP’ u € R, (2.25)
o C92-3/2
|\]:j‘7 (2_‘]U)| S W’ (IS R, (226)

where a constant C' does not depend on j > jo, for fized jg.

Proof. By definition of ® in (2.9) (see also (2.19)) and after a change of variables, observe
that
o 1 . ~
279291 (270y) = — / e (Gj(z)) tp(x)dr, wueR. (2.27)
R

s

Since supp{@} C {|z| < 47/3}, we obtain by Assumption 3 that
1279287 (277u)| < C, wueR, (2.28)
for a constant C which does not depend on j > jg, for fixed jg. Using integration by parts

12



in (2.27) twice and Assumption 3, we have

2mu?

2
27921 (270y) = — 1 /Rei“"faiz«(}j(x))l(b(x))dx, u € R.

By Assumption 3 and properties of gg, for any j > jo,

|2—j/2q)j(2 J u)| < c /
\U’ |z|<4r/3

+]«a()) de_’ﬁw ueR.

2
(G

The bound (2.25) for ®/ follows from (2.28) and (2.29). The case of ®; is proved similarly.
To show the bound (2.26), observe from (2.4) that

27/2

i / GV r)(z)de, u€ER. (2.29)

W (27 = 5
T

Since Supp{J} C {2n/3 < |z| < 8m/3}, we obtain by Assumption 4 that

. . , 87/3 A ,
|W9 (277u)| < 027/2/ ——— <272 ueR, (2.30)
27/3 1 + 27 x
for constants C,C’ which do not depend on j > jg, for fixed jo. Using integration by parts

in (2.29) and Assumption 4, we have

W(29y) = — 22 /Re 8‘9;( (29 2)d(z )) u € R. (2.31)

2mu?

Hence, by using properties of QZ and Assumption 4, for j > jo,

. . 93/2
(Wi (27| < 02/ (sz
|ul 27 /3<|x|<87/3
_ 0/2]'/2 /871’/3 22j N 2] N 1 J
S TR Jongs \T+2%923 T 14252 14 22)

9—3/2
juf?

0%g

195
79 i >‘ .y

99 (9i
8:10(2 x)

+ [g(272) |> dz

< C//

ueR. (2.32)
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The bound (2.26) follows from (2.30) and (2.32). O

2.4 Examples

We consider here several examples of Gaussian stationary processes together with their

possible discrete approximations.

Example 2.4.1. The Ornstein-Uhlenbeck (OU) process X is perhaps the best-known Gaus-
sian stationary process. It is the only Gaussian stationary process which is Markov. The

OU process can be represented by (2.1) with

o
A4z

g(t) = Uefktl{tzo}a g(x) (2.33)

for some A > 0 and o > 0.
At this point, one can approximate either g or X. We do so for the process X because it
has a well-known discrete approximation. Observe from (2.1) and (2.33) that, for J,n € Z,

—J _ 22 o= 1227
X2 7 (n+1) =e X2 7n)+o ) Jn+1s

where {aj,}nez is a Gaussian white noise. Therefore, since we expect 2J/2XJ7[2Jt} ~ X(t),

it appears natural to consider the discrete approximation

1— 6—2)\2*J

22— _
™ (I—-e"B) ayy,, (2.34)

XJ’n = 2_J/20

where B denotes the backshift operator (not to be confused with Bm) and I = BY. In other
words, Xy is an AR(1) time series (see Brockwell and Davis (1991)).
In view of (2.33) and (2.34), the deterministic discrete approximations g; have the

discrete Fourier transforms

1— e—2>\2*"

o (- e A eminy =1, (2.35)

gs(x) =270

Furthermore, g and g, satisfy Assumptions 1 to 5. Indeed, Assumptions 1 and 2 hold

14



because, for every J € Z,

1—e22277 27\ 4ig
2\ 1 —e 277 e-iz

@) = 2 ) =20
g

(2.36)

and G}l are continuous functions on R, and thus square-integrable on compact sets.
To show Assumption 3, consider the domain D70 = {z € C: 0 < Re(z) < 277\, [Im(z)| <

47 /3}. The functions

—=2—, z¢€ C\{i2km, k € Z},

. W )
1, z =0,

and F(z)~! are holomorphic and different from zero on the open set D/ = {w € C :

inf,. oo |2 — w| < €} D D7, By setting z = 277X + iz € D%, we have G,;(z) = C;F(2)
for all J > Jy and |z| < 47/3, where 0 < ¢; < Cj < ¢g < 400 for some c¢1, c2. Hence,
Assumption 3 must hold.

Assumption 4 follows from the relation

OG(x)  o(—i)*k!

bk = Do B 0L
Finally, Assumption 5 is also satisfied because
1 — e—2x277 27\ A2—J 1 —-x2—J
Ga(0) 1] = |27/ | == ) -1]= =
27 1—e A2 1—e A2 2
1= =277 1-1-6)‘2] e’\2‘] <Gy
a2 BV A

for constants Cq,Cy > 0.

Example 2.4.2. Consider a Gaussian stationary process (2.1) with a kernel function g

having the Fourier transform

() = 1) (2.37)

15



Here,

f@) = [ plar b z) p(—ag, bi;z) ] (0, cm; ), (2.38)
kePy mePsy
hxz) =[] pldrexz) p(=dp,ex;z) [ p(0, fmi) (2.39)
ke meQa
with
p(a,byx) =iz +ia + b, (2.40)

where Py, Pa, Q1 and Qy are finite sets of indices. It is assumed that polynomials f(x)
and h(z) have no common roots, and also that Vk € Qq, e # 0, and Ym € Qa, f, # 0.
Note that the polynomials f and h are Hermitian symmetric. Hence, g is also Hermitian
symmetric and thus g is real-valued. Kernel functions g as in (2.37) correspond to rational
spectral densities (Rozanov (1967)).

To define a discrete approximation gy of g, consider first p(a, b; z), which is a “building

block” of f in (2.38) and h in (2.39). Define a discrete approximation of p(a, b; x) as
pp p
psla,b;z) =27 (1 - 6_2_Jb_2_Ji“_im) (2.41)

and also, in analogy to (2.18), set

—J —J: .

pJ(a, b; ZE) 1— 6_2 b—2"Yia—ix

Py(z) = = . 2.49
7(@) pla,b;272) iz +2-7ia +2-7b (2.42)

The form (2.41) ensures that p(a,b; x)ps(—a,b; ) and ps(0,b; ) are Hermitian symmetric
functions. Define now a discrete approximation gy of g by (2.37), where p’s in (2.38) and
(2.39) are replaced by p;’s. The function G is then given by (2.37), where p’s in (2.38)
and (2.39) are replaced by Pj’s.

We shall now verify that g and G J satisfy Assumptions 1-5. Assumptions 1 and 2 are
satisfied because the “building blocks” p~!, Py and PJ_1 for g—', Gy and G;l are continuous
functions on the real line. To show Assumption 3, it is enough to prove (2.22) for the

function P;. Similarly to the case of the Ornstein-Uhlenbeck process, we are interested in

16



the behavior of F' and F~! for z = i(z + 277a) + 277b, where |z| < 47/3 and J > Jy. So,
define the set

D70 = {z eC: 0<R(2) <2770, [3(2)| < 4% +§R(Z)‘%‘}a

and note that z = i(x + 277a) + 277b € D’ when |z| < 47/3 and J > Jy. Also, consider
the set D0 = {w € C: inf, s, |2 — w| < €}. The functions F and F~! are holomorphic
on D70 5 D’ for small enough ¢, and thus Assumption 3 holds.

Consider now Assumption 4. The condition (2.23) is satisfied for £ = 0 by the definition
of g and the implicit assumption g € L?(R) (that is, the polynomial h has a higher degree

than the polynomial f). When k = 1, note that

0g(x) _ ['(z) _ fla)h'(x)

gr  hiz)  (h(@)?

and the condition (2.23) follows since the difference between the degrees of f'(x) and h(x),
and those of f(z)h'(x) and (h(z))? increased by 1. The case k = 2 can be argued in a
similar way.

To show (2.24) in Assumption 5, it is enough to prove it for

1— e—Z*Jb—Q*Jia

2=Yia +2-7b

P;(0) =

This can be done by using standard properties of exponentials and using their Taylor ex-
pansions.
Finally, let us note that the discrete approximations gy based on (2.41) correspond to

ARMA time series X; (Brockwell and Davis (1991)).

(Non)Example 2.4.1. Let By(t), H € (0,1), be fractional Brownian motion (fBm, in
short), that is, a Gaussian H-self-similar process with stationary increments (see, for ex-
ample, Embrechts and Maejima (2002), Samorodnitsky and Taqqu (1994)). Consider a

stationary Gaussian process { X (t) }1er defined by X (t) = B (t) — Bg(t — 1) and known as

17



fractional Gaussian noise (fGn). FGn has the representation (2.1) with

1T

1 1 o 1 e—mi 1
o) = o (7 = - 0IF) L g = T (S )i, 2y

where o > 0, C(H)? = [7°((1 +t)H=1/2 —¢1=1/2)2q 4 (2H) " and C(1/2) = 1. With this
choice of C(H), EX(1)? = o

Since §(x) " = const(iz /e~ —1)(iz)~1/2 is not in L (nor in L} ) around the points
{2km,k € Z\{0}}, the function g in (2.43) does not satisfy Assumption 1. Hence, the
functions 6; and ¥; in (2.6) cannot be computed through their Fourier transforms. This is
somewhat surprising because the wavelet-based representation analogous to (2.3) with (2.7)
has been established for fBm by Meyer et al. (1999). However, it seems that one cannot do

much about this. Assumption 1 already appears to be weak.

2.5 Adaptive wavelet decompositions
We first reestablish the decomposition (2.3) of Zhang and Walter (1994) by providing a

more rigorous proof.

Theorem 2.5.1. (Zhang and Walter (1994)) Let X be a Gaussian stationary process given
by (2.1). Suppose that Assumptions 1 and 2 of Section 2.3 hold. Then, with the notation of

Section 2.1, the process X admits the following wavelet-based decomposition: for any J € 7Z,

Xt = i aj,neJ(t—szn)Jri i djn W (t —279n) (2.44)

n=-—oo j=J n=—o0
[ee] (o)
= ) DY dia¥(t—27n), (2.45)
J=—00 N=—00

with the convergence in the L?(§)-sense for each t, and independent N'(0,1) random vari-

ables ajy,d;r that are expressed through (2.5).

Proof. (Zhang and Walter (1994)) Under Assumptions 1 and 2, the basis functions 67 and
U/ in (2.44) and (2.45) are well-defined pointwise (Section 2.3). The coefficients a;n, d;n,
are well-defined, independent N (0, 1) random variables (Section 2.3). Except for more rigor,

the rest of the proof follows that of Zhang and Walter (1994). Since the proof is short, we
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provide it for the reader’s convenience.

Observe that

No 2
E(X@— 5% a2 -y Z (8 =270 )>

=—N; j=J n=—

= ( 2_2 Z X(t)aznb’(t—2""n —QZ Z X()djn ¥ (t —277n)

j=J n=—

Ny K M 2
+< T ambt-2""n)+ > Y dJ,anﬂ(t—2—jn)> > (2.46)

=M j=J n=—M

By using Appendix A and the definition of function 6/ (Sections 2.1 and 2.3), we have

EX(t)as, = EX(t) /RX(S)QJ(S —277n)ds

_ i it~ 2 ,i\—J _ 1/ i(t—2"7n)x |~ 27
= 5 [ @R =2 ) w)de = o [ e 9) PO ()i
= 21/ it=27"n)e oI /2500 (2T 2)dx = 07 (t — 27 ). (2.47)
i

Similarly, we have

EX(t)dj, = W (t —27In). (2.48)

Using (2.47), (2.48) and independence of aj,, d;,, relation (2.46) becomes

Ny K
RO)- Y ¢/t =3 Z (W7 (t —277n))2. (2.49)
n=—N1 j=J n=—

Observe from the definition of #7 that

1 . —J o~
9‘](t — 2_‘]n) = 27r/R€Z(t_2 ”)$2_J/Qg(x)¢J(2 JCC)Cll‘
= L G262 (1) - ) (@)dr = — [ g2 2p(n — 27 (u+ 1)du,  (2.50)
27 R 2m R
and similarly
Wit —27n) = ;ﬂ/ g(u)27/2p(n — 29 (u + t))du. (2.51)
R
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Since the collection of functions 27/2¢(n — 27 (u + t)), 29/2¢(n — 2j(u +1t),j>J,neZ,
makes an orthonormal basis of L?*(R) for any ¢ € R, and since R(0) = [; [g(t)[*dt, we
obtain from (2.50) and (2.51) that relation (2.49) converges to 0 as N;, M; (i = 1,2) and

K approach infinity. O

In the next result, we modify the approximation term in the decomposition (2.44) ac-

cording to (2.7).

Theorem 2.5.2. Let X be a Gaussian stationary process given by (2.1). Suppose that
Assumptions 1 and 2 of Section 2.3 hold. Then, with the notation of Section 2.1, the

process X admits the following wavelet-based decomposition: for any J € Z,

i Xyn®’(t —277n) +§: i djn W (t —277n). (2.52)

n=—oo j:J n=—oo

The convergence in (2.52) is in the L*(Q)-sense for each t under Assumption 3, and it is
almost sure, uniform over compact intervals of t under Assumptions 3 and 4. The sequence

Xy ={Xsn}tnez is defined by either (2.11) or (2.16).

Proof. We first argue that the definitions (2.11) and (2.16) of X; are equivalent. By using
Appendix A, observe that, for X, defined by (2.11) and a;,, defined by (2.5),

(XJn_ Z 97k~ k)

2
= (/X <<I>](t—2 n Z ngGJ t— ( k’)))dt)

1 N2 g2
= ﬂ/ ‘@I(Q—Jx) — > gk
R k=—N,

~ 2
9= ‘¢(2_Jx)‘ dz — 0,

as N; — oo (i = 1,2), since Y, gs,e™* converges to g;(z) in L?(—m, ) and ¢ has a compact

support.
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To show (2.52), we start with (2.44) and modify its first sum as (2.7), that is,

oo

> agab’(t—2" Z X7.®7 (t — 277n). (2.53)

n=—oo n=—oo

We first show that, under Assumption 3, the R.H.S. converges in the L?(2)-sense for fixed
t and, under Assumptions 3 and 4, almost surely, uniformly over compacts of t. Observe
that, by Lemma 2.3.1, |®7(t — 277/n)| < C/(1 + |t — 27/n|?) and, by Lemma 3 in Meyer
et al. (1999), |X | < Ay/log(2 + |n|) a.s., where a random variable A does not depend on

n. The almost sure convergence uniformly on compacts ¢t € K follows since

< o0 a.s.

> = VIog(2 + |n)
sup Y [ Xya|[@7(t =27 n)| < A sup Z
te

tek L+t -2 J”|2

n=—oo

For the convergence in L?(f2), observe that, for fixed t,

E( i 1 X 0| |®7 (t —277n) ) < CE Z

= !nP Z <
n—=——oo n=—oo
We shall now prove the equality in (2.53). Observe that, for each u,
o0
= Y 9@ (u—2""k). (2.54)
k=—o00
Indeed, arguing as above,
Fo(u Z 97x® (u—277k) — F(u) Z 97x®7 (u—27"k) (2.55)
k=—m k=—oc0

pointwise, and

- ( > gJ,ke”J’“) IO ) — P @)

et 97277 x)

in L%(R), since Y .pv , gsre *** converges to gy(z) in L?*(—m,7), and g(x)/gs(277/z) is
bounded by Assumption 3 on the compact support of ¢A5(2_J r). Hence, Fy, — 07 in L?*(R)

and #7 = F a.e. Since both F and 6” are continuous, we obtain (2.54).
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Set now, for m > 1,

<m i

(m) _ ) @ Inl=m. gy (m)

Agn = XJ,n = Z 9I kO J k-
O, ‘n| > m, k=—00

By using (2.54), we obtain that

oo o0
S dWel -2y = Y xTWel(t - 27 n). (2.57)
n=—oo n=—oo
The L.H.S. of (2.57) converges in L?(Q) to the L.H.S. of (2.53) (and, in fact, also almost
surely by the Three Series Theorem). Let us show that the R.H.S. of (2.57) converges to

the R.H.S. of (2.53). We want to argue next that

sup \X((]mn)| < Ay/log(2 + |n|) as. (2.58)

m>1

for a random variable A which only depends on J. By using the Lévy-Octaviani inequality

(e.g. Proposition 1.1.1 in Kwapienn and Woyczyniski (1992)), we have

P ( sup X)) > a> < 2P(|X%)| > a), (2.59)

m=1,...,

for any @ > 0 and M > 1. By the Three Series Theorem, Xgﬂg) — X, almost surely, as

M — oo. Hence, passing to the limit with M in (2.59), we have
P <sup |X§7Z)| > a> <2P(|Xjn| > a).
m>1 '

The bound (2.58) now follows as in the proof of Lemma 3 in Meyer et al. (1999). By using
Lemma 2.3.1 and the bound (2.58), the R.H.S. of (2.57) converges a.s. to the R.H.S. of
(2.53).

It is left to show that the second term in (2.52) converges almost surely and uniformly

on compacts. By Lemma 3 in Meyer et al. (1999),

|djnl < AV/1og(2 + |j])v/log(2 + [n])  as.,
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where a random variable A does not depend on j,n. By Lemma 2.3.1, we have

C2-3/2

W (t —277n)| = |07 (277 (27t — —
W/ ( n)| = |7 (27/( ”))’—1+|23t B

for j > J. Then, as in the proof of Theorem 2 in Meyer et al. (1999),

= = log(2 + |n|)
It — 9 ip / J/2

2 § |djn|| W7 (t — 2 |<A§ 2792, /log(2 + |4]) E 1+‘2jt T2t

j=Jn=—o0 j=J

< A" 2792\ /log(2 + |j)/log(2 + 27t]) < o0
j=J

a.s. uniformly over compact intervals of t. O

2.6 FWT-like algorithm

We show here that discrete approximation sequences X; are related across different

scales by a FWT-like algorithm.

Proposition 2.6.1. Let X; and d; be the sequences appearing in (2.52), and let u and v
denote the CMFs associated with the orthogonal Meyer MRA. Then, under Assumptions
1—4 of Section 2.3:

(7) (Reconstruction step)
XjJrl = Uj* To Xj + vj* To dj, (260)

where the filters u; and v; are defined through their discrete Fourier transforms

(z) = 95(12%) i), B(z) = G (@)o(e); (2.61)
(i) (Decomposition step)
Xj=ls (@ Xj11), dj=lo (0] * Xj41), (2.62)

where T stand for the time reversal of a sequence x, and the filters u‘} and v;i are defined
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through their discrete Fourier transforms by

(x) = 9,(22) u(z () = 1 v(z
i(a) <@+mm> @, ) <@+ﬂ@> (@) (269

The convergence in (2.60) and (2.62) is in the L*(Q)-sense, and also absolute almost

surely.

Proof. Observe first that the filters u;, v;, uf, ]d are well-defined since u;, vj, u v € L*(—m, 7).

The latter follows by writing

5(2) = Grn(@) (G5(20)) ), B5(a) = Gy (@G 0)i(a)

@(x) = G (@)L GRa)a(e), 7(@) = Giae) T g2t e) o) (2.64)

(see (2.18)), and using Assumptions 1 and 3.

(7) To show (2.60), we need to prove

o0 o
Xjpin= Y Xjktjm-or+ Y djrvjn—k. (2.65)
k=—00 k=—0o0
We first prove the convergence in (2.65) in the L?(Q)-sense. Observe that, by using (2.11),
(2.5) and Appendix A,

K 2
E (Xj+1,n - ( Z <Xj,ku]',n—2k + dj,kvj,n—zk))
k=—K

K

=E (/RX@) <‘1)j+1(75 —2777n) = Y it — 27 k)ujna

k=—K

2
— Z t—2 k:v]n 2k>dt>

= 5 | la@)]e

K

eI (2) — By(a) Z e 2Ry o
k=K
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K 2
T —i279k
—W;(z) Z e o dx
k=—K

/ e g @ T2 G0 ) - (2 Ta)2 202 ).
~ . K o 2
. Z —i2” ]kxuj,n—Qk_2 ]/2w(2—jx) Z 6_227”“:7)]',71—2]@) dr.

k=—K k=—K

Hence, it is sufficient to prove that

o0

J
§ : e~ 12 kzu]n ok + 27 ]/2¢2 Iy § : e 127 kxvjn ok
k=—o00

9;,(2772)272¢(2 7z

k=—o00

G127 )2 UtD/2 9701 (2.66)

—i27 9 Ing=
=e gj+1

with the convergence in L?(R). We only consider the case n = 2p (the case n = 2p + 1 may

be treated in an analogous fashion). Then, relation (2.66) becomes

o o

9;(277w) 2792 g(2792) N €M 0, + 27202 0) ST €T My,
m=—00

m=—0o0

=g (27 1) 27 UTD/2 g(2701g), (2.67)

The L.H.S. of (2.67) is

~ a_- N . -~ . 7 —7—1 -~ i1
gi(27ix) 27972 ¢(2*Jm)uﬂ(2 ’ $)+12L](2 i1y + )

+2—j/2$(2—jx) i}\j(Zijilx) + 6j (27]'7133 + 7[')
2

27127902 §(279) (G127 1) @@ T @) + Gy (20 T m) A2 a )

+271979/2 §(279) (G @7 10) 52T 1) + G (2w ) 02 T Tw+ )

— o~ o u2i gy (2 e 4
= Ga@ T ) (27972 (o) DA R e )

S SN O ) e ) C At e )
1272270 ) ; )
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+2712792 (G2 a)u2 T a4 m) + (2 7T2)o 2T e 4 m))-
(@@ e m) = G 27 ).

This is also R.H.S. of (2.67) since

a2 lz) + w2 le 4+ )
2

027 lz) +v(2=I e + )
2

27912 $(27 7 z) + 2792427 x)

— 2*(j+1)/2$(27j71x)
(this is the Fourier transform of the last relation in the proof of Theorem 7.7 in Mallat
(1998)) and, with y = 277~ 1z,

(27 2) a2 Tz + 1)+ P (2772)0(2 T T + 1) = d(2y)aly + 7) + v (2y)o(y + 7)

= 2723(y) (a(w)ily + ) + D)ol F 7)) =0,

where we used the relations ¢(2y) = 272¢(y)u(y) ((7.30) in Mallat (1998)), 1(2y) =
271/26(y)5(y) ((7.57) in Mallat (1998)) and 7(y)a(y + ) + 0(y)o(y + 7) = 0 (Theorem 7.8
in Mallat (1998)).

We now show that the convergence in (2.65) is also absolute almost surely. By using

Assumptions 3, 4, and integration by parts twice, we may conclude that
ujnls [ojul <CA+IRP)TY, keZ

By Lemma 3 in Meyer et al. (1999), | X, k|, |djx] < Ay/log(2 + |k|) a.s., where a random
variable A does not depend on k. The absolute convergence a.s. now follows.

(73) The proof of (2.62) follows by similar arguments. We need to prove that

(o]
Xjn = Z X1, o (2.68)
k=—o00
and
o0
din =Y Xj1505 k_2n- (2.69)
k=—o00
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To show (2.68) with convergence in the L?({2)-sense, it suffices to prove that

eiiz_j”xWQﬂ/Qa@*jx)

— §j+1(2*(j+1)x)2—(j+1)/2$(2—(j+1)x) Z €—¢k2—<j+1>xu?7k_2n_ (2.70)
k=—o00
But the R.ILS. of (2.70) is
ajﬂ(2_(j+1)x)2—(j+1)/2$(2—(j+1)x) Z e—i(2n+m)2—(j+1)mu;i’m
- §j+1(2—(j+1)w)2*(j+1)/2($(2*(j+1)x)e*inyzg;l(gf(jﬂ)w)
= 27 UHD2g(2= 04D g) =¥ G (=i pyu(2~ UtV z), (2.71)

which is also the L.H.S. of (2.70) by using ¢(2y) = 2~/26(y)u(y). The proof of the equality
(2.69) in the L?(2)-sense is similar. The absolute almost surely convergence of (2.68) and
(2.69) may be deduced by arguments analogous to those for the absolute almost surely

convergence of (2.65). O

2.7 Convergence of random discrete approximations

We will also assume the following:

ASSUMPTION 6: Suppose that there are 3 € NU {0} and a € (0,1] such that, for any

compact K,

t—s)8
|

X(t) = X(s) = XD(s)(t —s)—... — XP)(s) ( < Alt — s[5+, (2.72)

for all t € R, s € K, a.s., where a random variable A depends only on K. (As usual, f (k)

denotes the kth derivative of f.)

Note that (2.72) implies, for some random variable B,

| X () — X(s)| < Blt—s|” forallteR, se K, with y=1A(8+ «). (2.73)
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Condition (2.72) in Assumption 6 is satisfied by many Gaussian stationary processes.

It follows, in particular, from the two conditions:
X® is o-Hélder aus. (2.74)

and

X (1) <O+ [t))PT*  as. (2.75)

By Theorem and a discussion on pp. 181-182 in Cramér and Leadbetter (1967), (2.74)
follows from

/ 2212 og(1 4 2)|§(x)|2dz < co. (2.76)
0

There is also an equivalent condition in terms of the autocovariance function of a stationary
Gaussian process.
Condition (2.75) is always satisfied for stationary Gaussian processes that are bounded

on compact intervals, such as for those satisfying (2.74). In fact, a stronger condition holds:

IX(6)] < C\log(2+ [t])  aus., (2.77)

where C' is a random variable. To see this, note that the discrete-time sequence X =
SUPsekp+1) | X (t)| is stationary. Moreover, by Theorem 2 in Lifshits (1995), p. 142, for

some m € R and o > 0,
P(Xo>m+71)<2(1—®(1/0)), T>0,

where @ is the distribution function of standard normal law. In other words, the right tail
of the distribution function of X,, decays at least as fast as that of the distribution function
of standard normal law. The bound (2.77) can then be obtained as (3.15) in Lemma 3 of
Meyer et al. (1999).

We shall need some assumptions stronger than parts of Assumptions 3 and 5.
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ASSUMPTION 3*: Suppose that, for any Jy € Z,

kG
max sup sup # (2.78)
ASSUMPTION 5*: Assume that, for large J,
1G(0) — 1| < const 2~ 17 (2.79)
As in Lemma 2.3.1, under Assumption 3*, we have
1277728 ;(279u)| < _C LR (2.80)
J 14 |u|ftlal+2’ ’
where a constant C' does not depend on j > jg, for fixed jg.
In addition, we will suppose the following;:
ASSUMPTION 7: If 8 > 1 in Assumption 6, suppose that
"Gy
G (0) = o (=0, n=1...5. (2.81)

The next result establishes convergence of random discrete approximations.

Proposition 2.7.1. Under Assumptions 2,3,5 of Section 2.3 and Assumption 6 above, we
have

fu}}g ‘2J/2XJ’[2Jt} ~X(t)| <A 277 as, (2.82)
c

where K is a compact interval and A1 is a random variable that does not depend on J. If,

in addition, Assumptions 3%,5% and 7 above hold, then

Sup \QJ/QX“QJ,:] — X([271277)] < Ap2770F) a, (2.83)
€

where a random variable Ay does not depend on J.

Proof. Suppose without loss of generality that K = [0,1]. In view of Assumption 6, it is
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enough to show (2.83) or that

sup  [27/2X 5 — X(k:TJ)‘ < A2B+a) g,
k=0,...27

Note by Assumption 7 and the properties of the scaling function ¢ that

[ arestdn = (=i "850) = (i) "5 (Gl 26 )
R

oz =0,

=0

forn=1,...,3. By using Appendix A, Assumptions 5* and 6 (with (2.80)), we have

272X ;1 — X (k277)|

(t—k2=7)8

< 2J/2/ ‘X(t) CX(27) — . - XO (k2 i
5 !

Dy (t — k277)|dt
+X (k27 |G(0) — 1] < A27/? /R It — k277 |5+ ® (¢ — k277)|dt + B2~/
= A27/? /R |5+ ® s (u)|du + B2~ PTDT (setting u = 277v)

_ Wg-I(B+a) /R o|P+e 292, (2 ) | dv

< A9~ (B+a) / |U|ﬂ+a do = A"9—J(B+a)

O

According to Proposition 2.7.1, the discrete approximations 27 12X J,[27¢ converge to the

process X (t). Note also that, when § > 1, the convergence is faster on the dyadics than

on the whole interval. An interesting question is whether the faster convergence rate 5+ «

can be obtained on an interval for some other approximation based on X157y

For a function f, defined on either R or Z, consider the operator

M%

@@ =3 (1) fat ki, pen

b
Il

0
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where a, h are in either R or Z, respectively. When f = f is a function on Z, we write
APfe = (ATf)(k) and  APf = (A7f)(0).

In view of the condition (2.72), to obtain the faster rate  + a on a whole interval, it
is natural to try an approximation which includes the terms mimicking the § derivatives in
(2.72). Thus, for 5 > 1, consider the approximations
CAPX oy (8 [27H]270)P

v J/2 J/2
Xp.(t) = 272X ooy +272) 5—Jp p!
p=1

, (2.84)

with the idea that 2J/2APXJ’[2Jt] ~ X®)(£)2=/P for large J. For example, when 3 = 1,

Xiprge1 — Xipry

B, (t —[27t]277).

X1(t) = 2J/2XJ,[2Jt} +2772

When 8 =0, we get X(]’J(t) = 2J/2XJ7[2Jt}.

Although intuitive, the approximation X 3,7 in (2.84) may not converge to X(t) at the
faster rate 3+ « on compact intervals (see Remark 2.7.1 below). It turns out, though, that
a modification of (2.84) does attain that rate. In order to build such approximation, we

will make use of two auxiliary results below. For any = € R, define the function s, on Z by
sz(k)=x+k, kelZ.

Note that APs} = S7P_ (") (=1)P~*kJ, j € N (recall from above that APs) = (APs1)(0)).

Lemma 2.7.1. Foranyz € R,neN, j=0,1,...,n, we have

ARy 0 ,ifj<n,
sl =
n! , if j =n.

Proof. The relation (2.7.1) is trivial for j = 0 by basic combinatorics. Suppose by induction
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that it holds for j — 1 < n and consider the case of j < n. Then, with = 0,

A"s) = nf <Z> N (Z) (—1)%n. (2.85)

k=1

The right-hand side of (2.85) is equal to

nz(”—1> D= D=(k=1) i =1 | _nz(”_l)( 1) D=k 4 1)771

nnzjl (”_1> 1) "Dk (s +1)7- nz <n_1> [Z (n;1>(_1)(n1)kki].

k=0 k=0
By the induction hypothesis, the terms in the brackets above equal 0 since 1 < j — 1 < n.
Similarly, one can use induction and the result for j < n to show that A"s{j = nl.

For all z € R, and j < n € N, we have

Ansl = En: (Z) CURCEEDY (Z) g~ Lno (Z) (—1)"—’%1 .

k=0

If j < n, the term in the brackets above equals 0 when ¢ < j. If j = n, the bracketed term

equals n! for i = n, which concludes the proof. O

Observe from (2.83) that replacing 2J/2APXJ7[2H] by (AP, X)([27]/27) in the approx-
imation (2.84) makes an error of the desired faster rate a + 3. The next lemma shows
that, after suitable correction, (A}_, X )([27t]/27) approximates X ) ([27¢]/27) (and then
X®)(t)) at the desired rate a + 3. This correction needs to be taken into account when

considering a modification to X 3,7- The modification is considered in the proposition below.

Lemma 2.7.2. Let § € N, a € (0,1) and G C R be an open interval. If f : G — R is a
Lipschitz function of order B + « in the sense of (2.72), then, for N> p < 3, a € G, we
have

+J

Nﬁ{p(“) Z TN L angt | oher), (2.86)

as h — 0.
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Proof. By using Lemma 2.7.1, we can write

A} f(a) = ;) (1)

Thus, by (2.72),

At s@) = (@i = 3 (1) ot

P 570 p(o+d) ,
S ED (Z) (—)PES ﬁ;ii (@) s vt

" f9D(a)

7!

=1

k=0

2 ()

Define the approximation function X 3,7(t) by

where

and

Xp),g =

Proposition 2.7.2. Under stronger assumptions of Proposition 2.7.1, we have

where K is a compact interval and A is random variable that does not depend on J.

2J/2ApXJ7[2Jt]

T _ ¥ J X(p),J(t) J10—J\p
Xp(t) = Xg)g+ > —22== (t— 27277,

~ 2J/2ABXJ’[2JQ

Xy = 2" Xy, X = ——575

—J |
2 = (+5)!

sup|Xg,s(t) — X(t)| < A2~/ ag,
teK

Proof. If the relation

X(p),J _ X(p)([QJt]TJ) — O<27J(B+afp))

33

fla+kh) = fla) =Y =—=—(kh)'| + fP(a)n".

B—p
X VT g ;
+Z(<I?7J?2 TIAPSET . p=1,2,..,8—1.

(2.87)

(2.88)

(2.89)



holds for p =0, 1,2, ..., 8, then, by Assumption 6,

8 v _
Xs.() - X(D] < |Xps(t) - X(1270277) = X”“Z"ﬂ?") (t— a2y
p=1 '
y o x 2Jt 7) L Cigea
HX () - X([271277) = Y L (k- 272y = o2,
p=1

which proves (2.88).
Relation (2.89) holds for p = 0 by Proposition 2.7.1. To show (2.89) for 8 > 1, we argue
by backward induction. For p = 3, by Proposition 2.7.1 and Lemma 2.7.2, we have

2J/2AﬂXJ,[2Jt] B A,@X([QJt]Q—J)

% J
Koy = XOH27) < | — =

APX([27t]277)
+ 5=

— X(ﬁ)([QJt]g—J) — O(Q_J(ﬂ'i‘a—ﬂ)).

Assume by induction that (2.89) holds for p + 1,...,5 — 1,8 (with p > 1). Then, by
Proposition 2.7.1 and Lemma 2.7.2, we obtain that

2J/2ApXJ}[2»’t] B APX([2Jt]2_J)

J
Ko = X (78270 < |—= —

Talo— B—p J
N APX ([271)2~7) X022 X @) ([27¢2-7)

—J
27 o (p+J)!

9—Ji Apsgﬂ'

B p)}
27JjApSg+j Z (p+3),J J]ApSP-H
(p+J)

T2 Xt (274277
H

j=1

O(Q*J(ﬁJrafp))'

Remark 2.7.1. When 3 = 2, the approximation X 3,7 becomes

Xo = 2J/2XJ,[2"t]

X - X X —2X + X
+2J/2 < J,[2Jt}+21_J J,[27¢) 1 J[27t]+2 . ;,[_Q;t]—kl J,[2Jt]> (t _ [2jt]2_J>
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Lol/2 Xiprgre — 2X 741 + X oy

=L (t —[27t]277)2. (2.90)

Compare (2.90) with the approximations )?2, J given in (2.84). Observe that, if )?27 J also

converges to X at the rate 2 + «, then

O(Q—J(Q-i-a)) _ jZ—QJ B ‘)?QJ

_ 2]/2 XJ,[QJt]-',-Q - 2XJ,[2Jt]+1 + XJ,[Q"t]

N (- [2742)

or, by using (2.83) in Proposition 2.7.1,

X(([271) +2)277) —2X(([27t] + 1)277) + X ([27t]277)
27J

O(2~7(+a)y — (t —[27t]277)

or, by using Taylor expansions,
O(2773*) = (2X" (1) — X"(t2))277 (¢ - [271]277),

with t1 = t1(J) and to = to(J) that are close to t. The last relation may not be satisfied
under our assumptions, showing that one cannot expect )?2’ J to converge to X at the rate

2+ .

Although the approximations X 3,7 converge to X at the faster rate 3+ o, these approx-
imations do not necessarily have continuous paths. Indeed, it can be easily verified that
)?gJ is continuous when 8 = 1,2 but not so when 8 = 3. For a fixed § > 2, it may be
desirable to have not only a continuous but also a C#~! approximation Xp.j. Moreover,
in analogy to (2.87), in order to have the faster convergence, we would expect the p-th
derivative of the approximation Y@ J at [2‘] t]2_‘] to approximate the p-th derivative of the
process X at t.

We generally found such C%~! approximations difficult to construct. One difficulty is
the following. As in (2.87), we may seek an approximation X g ; which is a polynomial of
order (3 on an interval ([27¢]277,[27¢]277 +1). Since X 5 is globally C#~1, we would require

its derivatives Yg 7.0 =0,1,...,8 — 1, to be equal to prescribed values at the endpoints
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[27¢]277 and [27¢]277 + 1. Requiring this yields 23 equations that a polynomial X 5 ; must
satisfy. Since a polynomial of order 3 has only (4 1 coefficients, this is not possible in
general. Despite this difficulty, we have found the following general scheme to yield C#~1
approximations, at least for the first several values of 5 > 2.

To construct a C'!' approximation X 7, we could require first that its derivative

AXJ’ [2Jt}

2—J/2Y§‘)](t) = 2_J/2)?1’J(t) based on the sequence 5=

_ AXypay 1 (AXJ,DH]H AXJJM]) (t - [274277)

2—J 2—J o—J  9J

. AXJ’[QJt] A2XJ7[2Jt]
- 9—J (2—J)2

(t — [27t]277). (2.91)

Observe that, by construction using continuous approximation )?17 T YS}, is continuous.
Moreover, YS} approximates X (1 (t), and Yﬁ’, on the interval ([27¢]277,[27t]277 + 1) ap-
proximates X (?)(t). Integrating (2.91) and requiring it to be continuous yields the following

approximation

_ X iger + Xy AXj0
A2X 190y B
+(277J’[)2] (t —[278)277)2, (2.92)

Note that YZ g differs from )?27 7 by the constant term.

Similarly, to construct a C? approximation Yg’ 7, we could require that

AXJ7[2Jt]

Yélt)](t) = Xo,_s(t) based on the sequence 5=

Integrating the resulting expression and requiring it to be continuous yields

- 1 4 1 182X 90y _
X3y(t) = - Xjprgre + = Xsprge + 2 X + *7,} ] (t—[271]277)
6 6 6 2 2
1 A%X 90 Toeava L LAX puy J9—J13
ta o (= 2R 5= (- 1272 ) (2.93)
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(the subindex 2 in AsX sy is not a typo). The approximation (2.93) is C? and its
derivatives of orders p = 0, 1,2, 3 approximate those of the process X.

We expect that the above scheme yields C#~! approximations Yﬁ, g for any g > 2.
However, as explained in Remark 2.7.2 below, we cannot expect these approximations to
converge at the faster rate G+ «. This is perhaps not surprising, because the discontinuous

approximations in (2.87) are already nontrivial.

Remark 2.7.2. One cannot expect the approximation X3 ; in (2.93) to converge to X at

the faster rate 2 + «. Indeed, if this rate were achieved, we would have (see (2.90))

02773y = X, (1) — Xo.5(t)

Xyprg+e — 2X g1 T Xyjpos _
= X1 — Xgprg — 2 5 2[4 ] 2 (t—[27t]277)

or, by using (2.82),

0277+ = X (1274 + 1)277) — X([27]27)

X2+ 2)27) - 2X((2[2_{]t] +1)277) + X ([278)277) (t— [2742)

or, by Taylor expansions,
0277+ = x"(1274)27 )27 + %X”(tl)Q_zj — X"(ty)277 (t — [27]277),
with t; = t1(J) and t3 = to(J) close to t, or, by expanding X'([27¢]277) further,
0277+ )y = x'(t)27 + %X”(tl)2_2‘] — X"(t2)277 (t — [274)27).

This relation may not be satisfied under our assumptions on X.

2.8 Simulation: the case of the OU process

We will illustrate here how the results of Sections 2.6 and 2.7 can be used to simulate

a stationary process X. We consider only the case of the OU process in Example 2.4.1.
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Recall from that example that the discrete approximations taken for the OU process are

1— 6—2)\2*‘7

o (1-— (3_’\27‘]6_””)_1 (2.94)

gs(x) =270
and the corresponding discrete random approximations X are suitable AR(1) time series
in (2.34). With the choice (2.94) of approximations, observe that the filters u; and v; used

in reconstruction (2.60) become

2—1/2 iy .
i(z) = (14 e emim)g (), (2.95)

/1 + 6_2)\2—(j+1)

1 — 6_2>\2—(j+1)
2

Oi(z) = 270t/ (1— e 27 emimy~15(), (2.96)

Suppose one wants to simulate the OU process on the interval [0,1]. The idea is to
begin by generating a discrete approximation X at scale 2°. This step is easy as Xy is
an AR(1) time series. Then, substituting Xy into (2.60), one may get the approximation
X1, and continuing recursively from X; now, the approximation X; for arbitrary fixed
J > 1. Note that applying (2.60) recursively each time essentially involves just simulating
independent N(0, 1) random variables and computing filters u; and v;. Proposition 2.7.1
ensures that the properly normalized X ; approximate the OU process uniformly over [0, 1]
and exponentially fast in J.

We illustrate this in Figure 2.1 for the OU process with A = 1, ¢ = 1. The plot on
the left depicts the consecutive approximations X; from Xg at scale 20 to X ; at the finest
scale 277 with J = 11. In the right plot, we present the sup-differences between consecutive
approximations X; 1 and Xj;, 7 = 2,...,11, on the log scale. The decay in that plot
confirms that normalized approximations X j converge to the OU process exponentially fast
in J.

Several comments should be made on how approximations X; are obtained in Figure 1.
Though theoretically unjustified, we use not Meyer but the celebrated Daubechies CMF's
with N = 8 zero moments. The advantage of these CMFs is that they have finite length

(equal to 2N). In particular, the filters u; in (2.96) are then also finite (of length 2NV + 2)
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Approximations to OU process Log sup difference between approximations

diff

Figure 2.1: Approximations X ; and the logarithms of their sup differences.

for any j. The filters v;, however, are not finite and are truncated in practice, disregarding
those elements that are smaller than a prescribed level § = 10719, Let us also note that
applications of (2.60) involve more elements of X; than those plotted in Figure 1. This is
achieved by taking the initial approximation Xg of suitable length. Some indication on how
this is done can be seen from the analogous simulation of fractional Brownian motion in
Pipiras (2005).

Finally, let us indicate another interesting feature of the above simulation. Focus on the
filters v; defined by (2.96). They have infinite length and are truncated in practice. It may
seem from the definition (2.96) that v; have to be taken of very long length as j increases

because the elements Of the ﬁlter
—(+1) -+ —
(1 A2~V zx) 1 § : A2-W k _—ixk
k=0

decay extremely slowly for larger j. In fact, the opposite turns out to be true. As j increases,
the filters v; can essentially be taken of finite length 2N — 2, and things get even better for
larger j in a way!

To explain why this happens, recall (e.g. Mallat (1998), Theorem 7.4) that N zero

moments translates into the factorization

Ba) = (1 — e )N ig n(2), (2.97)
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where, in the case of Daubechies CMF v, the filters vy y have also finite length. An expla-

nation follows by observing that

—7 o0
1—e™™ Z (J) —izk _,
1— e A2 Ut iz L

or a(()j) =, a(()k) — 0, k>1, as j — oo. More precisely,

i i A2-GHD)
1 —e i@ - —e Z-'E(l — € A27Y ) _ _(1_6_)\27@#1 ie A2—(+1) (k— 1) —izk
1— 67,\2*(141)671‘3; 1— 67)‘27(j+1)€7ix p ’
=1
so that the elements a(]) k > 1, are bounded by 1 — e 277" < \2=0+D — 0, as j — oco.

2.9 Riesz bases

Both the decomposition (2.44) of Zhang and Walter and its modification (2.52) appear
to be ordinary decompositions of signals X into corresponding “bases”. These “bases” are
not orthogonal. We will show, however, that under quite general assumptions both of them

are Riesz bases of L?(R). Several remarks are in order at this point.

Remarks

1. Riesz bases (or frames, more generally) are often desirable because of numerical sta-

bilities associated with them (Daubechies (1992)).

2. One may ask why the space L?(R) is taken here whereas stationary processes X do not
have their sample paths in L?(R). One reason is that a basis is often Riesz not only
for L2(R) but also for other spaces. Hence, proving it for L?(R) is a good indication
of a Riesz basis in other spaces. (We avoided proving that they are Riesz bases in

suitable function spaces associated with X and opted for a direct proof for simplicity.)

3. Our result extends that of Meyer et al. (1999), who showed that the particular wavelet
bases used for fractional Brownian motion, analogous to (2.52), are Riesz. It also seems
that Zhang and Walter have already asked whether their bases in (2.44) are Riesz but
were not able to provide an affirmative answer (Zhang and Walter (1994), Walter and

Shen (2001)). Our result thus provides a partial answer to their open question.
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4. As indicated above, bases in both (2.44) and (2.52) turn out to be Riesz. This is
perhaps not surprising as wavelet functions are the same in both (2.44) and (2.52).
From the perspective of Riesz bases, the modification (2.52) therefore is not different

from (2.44).

We will focus on the bases associated with (2.52), and then discuss those associated

with (2.44). Recall also that a set {e;};cz is a Riesz basis of a Hilbert space H if

(7) span{e; }1ez is dense in H;

(73) there are constants Cy > Cy > 0 such that

a(Y |a1]2)1/2 <l ZalelHH <oy |al|2>1/2, (2.98)
leZ

lEZ leZ

for all sequences {a;}iez € 12(Z).

We will assume some additional regularity conditions on g(x), namely,
ASSUMPTION 8: Suppose that

(a) |g(z)| > 0 for all z € R;
(b) g € C(R);

(c) for any € > 0, there are d € R and constants C4 > C5 > 0 such that

Cslz|~% < [§(z)| < Culz|™¢, for 2] > e. (2.99)

For instance, in the case of the Ornstein-Uhlenbeck process, [g(z)|? = (1 + 2%)~! satisfies

(2.99) with d = 1. But (2.99) also does not cover a seemingly simple case where §(z) = e™*".

We consider properly normalized functions of (2.52), namely, the family of functions
(@t — k), (t—277k): k€ Z,j >0} (2.100)
as well as their biorthogonal counterparts

{®o(t — k),mi(t —277k) : k € Z,5 >0}, (2.101)
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where
W (t—277k) = 21009 (t — 277k),  n;(t —279k) = 27900, (t — 27T k) (2.102)

(the exponent d in the normalization (2.102) is the same as in the condition (2.99)). To
simplify the exposition, we will focus on (2.100), but all the upcoming arguments can be
adapted for (2.101).

The proof that (2.100) is a Riesz basis of L?(R) uses some of the arguments in Meyer
et al. (1999), and whenever convenient we will refer the reader to their original paper. We

will need the following two lemmas.

Lemma 2.9.1. Under Assumption 3, the family {®°(t —k)}rez is a Riesz basis of its closed

linear span VV in L*(R).

Proof. Condition (i) of the definition of a Riesz basis is immediately satisfied. As for (i),

we have that, for any {ax}rez € I2(Z),

2
H zk:ak(/ﬁo(t - k‘)‘ iQ(R) = % A zk:ake_ikao(x)éS\(az) dx,
and thus
~ 2
0<C it i@ Yl <[| Zade bl

<2 swp Go(@)* ) lawl?,
x€[—4m /3,47 /3] zk:

for some constant C, where the infimum and the supremum above are finite by Assumption

3 on Gy. O
Lemma 2.9.2. Under Assumptions 3 and 8, for j € Z and {ax }rez, {bx}rez € 1*(Z), there

exists a unique sequence {cytrez € 1*(Z) such that

S ar®(t—270k) + > b (t—27k) =Y @ Tt — 270 ). (2.103)
k k k

Moreover, the induced map from 1?(Z) x 1*(Z) to I>(Z) is an isomorphism.
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Proof. We adapt here the proof of Lemma 5.3 in Meyer et al. (1999). In terms of Fourier

transforms, (2.103) may be expressed as
NEAYY A(x>Aj _A< x )Aj+1
a<—2j><1> () +b 55 )7 (x)=c¢ BYESY I (), (2.104)

where @, b and ¢ are, respectively, the 2m-periodic extensions of the discrete Fourier trans-

forms of {ay}, {bx} and {cx}. Set
& () = U ()@ (2), 7 (2) = VI (2)@7F (x),

where, for z € (—m,m),

_ Gj1(27 Uy

V=

a(27Utz) and  VI(z) = 299G, (27U Dg)p(27 U y)
with the Meyer CMFs u and v. Then, the relation (2.104) may be rewritten as
a(22)U7 (2741 2) + b(22) VI (27 2) = E(a),

which implies that ¢ can be obtained from @ and b. Moreover, by Assumption 3, U7 (2/+1z) =
Gj1(2)G;(2z) " Y(x) and VI (29H1a) = 299G, (2)g(27  a)0(z) are L?(—m, 7) functions,
and thus so is ¢.

Conversely, consider the family of matrices { M (x)},¢(—x,x), Where

Ui (291 ) Vi(2itiz)

Iz +m)) VI (w+ )

These matrices are invertible, since

det[M(z)] = 271 fffﬂ*l(%fg;g% T (e)ite + ) — e + o) (2105)
2 G"“(xc);fj;;)@ 1) G0 (1 4+ m)) (—2e ) (2.106)
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is bounded away from zero by Assumption 3 on G and Assumption 8 on g. Thus, @ and b

can also be recovered from ¢ by using

a(2z) a2z + ) a(x)

b(2z) b(2(z + ) x + )

Equivalently, for example,
a(2x) = G (20)(~2¢~) (Gya (@) 0 + m)(e) + Gy (o + ) B(@)ela + 7))

and thus by Assumptions 3 and 8, ¢ € L?(—x,7), we get that @ € L?(—m, 7). Similarly,
be L?(—7, ). O
The following proposition is the main result of this section.

Proposition 2.9.1. Under Assumptions 3 and 8, the family (2.100) is a Riesz basis of
L3(R).

Proof. For j € Z, denote by V7 the closure of span{®/(t — 277k),k € Z} and by W/ the
closure of span{n’(t — 277k),k € Z}. By Lemma 2.9.2,

Viewl =vith (2.107)

which is a direct but not orthogonal sum. By using the fact that ®J (z) # 0 for |z| < %”
and Cfﬂ(a:) = 0 for |z| > 2T, and by proceeding exactly as in Meyer et al. (1999), Lemma

5.3, we have that

(e.¢] o0
Vi C it m VIi=V° and U V7 is dense in L*(R). (2.108)
j=0 j=0

Therefore, from (2.107) and (2.108), the space V° D,>o W7 is dense in L?(R), which gives

us part (i) of the definition of a Riesz basis.
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Suppose at the moment that there exist constants Co > C7 > 0 such that

o (X6 Fe IS bt -2 <oo(322 bik)l/2 (2.109)

k 320 k 320 kE j§>0

for any sequence {b; .} € I?(Z), where for simplicity we write |- || instead of ||- || ;2(r). Then,

since the family {®°(t — k), k € Z} is a Riesz basis of V° by Lemma 2.9.1, we have

DoIETEES ) S

k j3>0
0 1/2 1/2
< V(|| Zaae-nl[ 4 pwra-2n][) T <0 (Cd+ D38
k j7>0
for some constant C, which establishes the R.H.S. inequality of (2.98). The L.H.S. inequality
of (2.98) may be shown in the following way. As proved in Zhang and Walter (1994), Lemma
1, {0°(t—k),k € Z} with 0" in (2.4) is a Riesz basis of the space U" it generates. Moreover,

the functions {6°(t—k), 0o (t—k),n/ (t—277k),n;(t—279k), k € Z, j > 0} satisfy the relations
/ 0°(t — k)Oo(t — K')dt = Oy, / P (t— 279k (t — 279K )dt = 61— jn O ppmiry s
R R

/ 0°(t — k)ni(t — 277K )dt =0 and / Wt —27k)0(t — K)dt =0, j>0.
R R

Then, for any sequences {ax}, {b;r} € [*(Z), we can write

Zak—i-zz /R(zk:akeo(t—k:)+Zij,knj(t—2—jk)>-

E §>0 k §>0

. <Z apfo(t — k) + D> bimi(t — 2%)) dt
k

k 320

< HZak(w(t—k)+Zij,knf(t—2ﬂk H HZakeo (t=k)+ D> bjwni(t—2~ Jk)H
k k520

k 320

<0H2ak00t— +Zzb1k77 (t—277k) H(Zak"i'zz Jk)1/2

k 320
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for some constant C' > 0, and hence

(Zak+zz ) HZakOOt— 4+ 3> byt -2 Jk;)H (2.110)

k j>0 k j>0

Consider now a sequence {ry} € I2(Z) and define

Since

H&\HLQ(—W,W) = H?go_lHLQ(—ﬂ'ﬂT) = H?Gal §_1||L2(—7r,7r)7

Assumptions 3 and 8 imply that there exist constants C' and C’ such that
C’ ’ﬂ ’LQ(—W,T() < H/CL\‘ ’LQ(—T(,TI') < C/‘ ’ﬂ ’LZ(—TI',TI') (2111)

(in particular, the R.H.S. inequality shows that the corresponding sequence {ay} is in I2(Z)).
Consider now the extensions of a, 7 and gy to R by 27m-periodicity. From the equality

@ =79,  and Assumption 8, we get 730 =G 6, and thus

> @0t —k) = ap’(t k), (2.112)
k k

where the above equality is in the L?(R) sense. So, from (2.110), (2.111) and (2.112), we

have

Hzméot— )+ 30> bt -2 JkH>C(Zrk+ZZ )

k 720 k j>0
for some constant C' > 0, and thus we have established (2.98).

It remains to prove (2.109). Observe that

IS S aur =270 = 5 [ [T a2t a2 50)| ota) P

k j>0 k j>0
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which, by using (2.99), can be bounded from above and below (up to a constant) by

1 ) o o~ 2
o [ [ aste s maiaamin iy
TIR 750

9

/\ZZW w ey 312y e = || 303 a2 a(@t - )|

k 720 k j>0

where J_d(x) = (ia:)_dﬁ(x). Then, (2.109) follows from the relation (5.9) in Meyer et al.
(1999). O

Proposition 2.9.2. Under Assumptions 8 and 8, the family
{6°(t — k), (t —277k), k € Z,j > 0}

is a Riesz basis of L*(R).

Proof. In the proof of Proposition (2.9.1), we have already established part (ii) of the

definition of Riesz basis. Part (i) is given in Zhang and Walter (1994), Lemmas 1-3. O
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CHAPTER 3

Adaptive wavelet decompositions of stationary time
series

3.1 Introduction

Wavelet methods generally refer to an array of concepts, ideas and techniques that are
used in Signal Processing, Pure Mathematics, Theoretical Physics, and many other areas.
Initially developed under various names and by different research communities, these meth-
ods started to converge in the 1980’s producing a genuine revolution in their understanding,
use and applications (Daubechies (1992), Mallat (1998), Akansu and Haddad (2001)). These
developments were also greatly intertwined with those in Statistics where wavelet shrinkage
of Donoho and Johnstone (1994, 1995) and others has become commonplace in problems of
denoising.

Time Series Analysis, viewed rather as a subdiscipline of Statistics than a part of Signal
Processing, has benefitted from wavelet methods as well (see a nice monograph on the
subject by Percival and Walden (2000)). Despite a lengthy wavelet theory of treating
time series as general signals, truly successful applications of wavelets oriented to Time
Series Analysis are not many. Several studies examine the wavelet variance of stationary or
stationary increments time series (Section 8 in Percival and Walden (2000)). Wavelets also
proved useful to analyze and synthesize long memory time series (Section 9 in Percival and
Walden (2000), as well as Abry et al. (2003), Pipiras (2005), Moulines et al. (2006)) and
in connection to unit roots (Fan and Gengay (2006)). Other applications but in continuous
time, concern locally stationary time series (Mallat et al. (1998), Nason et al. (2000)),

multifractal processes (Ossiander and Waymire (2000), Resnick et al. (2003), Jaffard et al.



(2005)). Wavelet analysis of quite general stationary and nonstationary random processes
can be found in Cambanis and Masry (1994), Cambanis and Houdré (1995), Krim and
Pesquet (1995), Averkamp and Houdré (1998).

An appealing property when using wavelets in Time Series Analysis is the decorrelation
property of detail (wavelet) coefficients. Though this fact has by now become an integral
part of the “folklore” (and can be formalized to some degree), there are not too many
statistical studies exploring it in depth. The most studied is probably the case of long
memory time series. See, for example, Dijkerman and Mazumdar (1994), Craigmile and
Percival (2005). But even this case, as seen from these references, is not quite simple. A
related difficulty with decorrelation is that dependence, though weak(er), is still present
and needs to be taken into account in rigorous studies. For example, for a continuous-
time stationary process {X(t)};cr and orthogonal wavelets 1, x(t) = 27/24(27t — k), the
correlation structure of detail coefficients dj, = [p X (t)1;,(t)dt can be expressed (under

mild assumptions) as

1 ~ ~ = _
By = [ | Rt = spsuttvy s dtds = 5= [ Ra)dy(e)iyn @),

where R(u) = EX (u)X(0) is the autocovariance function and f(z) = Jg €™ f(u)du is the
Fourier transform of f. Dealing with such covariance structures exactly is generally quite
difficult and hence one often opts for assuming complete decorrelation (see, for example,
Veitch and Abry (1999)).

In this chapter, we introduce and examine here particular wavelet-based decompositions
of time series where detail coefficients are uncorrelated. We focus on stationary times series
in discrete time. As in Chapter 2, the resulting decompositions will generally be called
Adaptive Wavelet Decompositions (AWD, in short). The adaptiveness refers to the fact
that the wavelet basis (or associated filters) is chosen based on the correlation structure
of a time series. In particular, we suppose in this work that the correlation structure of a
time series is known. This is also reflected in our applications, namely, Maximum Likelihood
Estimation (MLE) and Simulation based on AWD. In MLE, the known correlation structure

is that of a fitted time series model. Knowing the correlation structure, however, may be
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too restrictive for other applications.

MLE, in particular, has greatly motivated this chapter. Several authors have previously
considered wavelet-based MLE for stationary or stationary increment time series (Section 9
in Percival and Walden (2000), Jensen (1999), Moulines et al. (2006)). These MLE (except
Moulines et al. (2006)) use orthogonal wavelet decompositions, and are approximate in
the sense that a complete decorrelation of detail coefficients is assumed, and the variance
of detail coefficients at a scale (octave) is taken approximate. We sought to provide a

wavelet-based MLE which removes these assumptions or such that
e detail coefficients are decorrelated,
e their variance is taken exact
and also, as in the previous cases, MLE such that it is
e practical to implement,
e computationally efficient,
e not affected by polynomial trends.

MLE based on AWD is a step toward obtaining such MLE. It is not totally satisfactory yet
because dealing with polynomial trends and some types of stationary time series presents
difficulties. (Difficulties with polynomial trends result from the boundary effect when ap-
plying AWD to finite data.)

The idea of seeking particular wavelet or other bases with uncorrelated coefficients is
obviously not new. The classical, non-wavelet example is that of the Karhunen-Loeve (KL)
bases, possessing other optimal properties as well. But except special cases, the KL bases
are not found explicitly and they do not annihilate polynomial trends. The Signal Pro-
cessing literature offers a number of alternative decompositions in both wavelet (subband)
and other contexts. It is typically assumed that all coefficients in these decompositions are
uncorrelated because this is generally considered a necessary condition for coding optimal-
ity. (With uncorrelated coefficients, coding gain is no longer possible.) See, for example,

Vaidyanathan and Akkarakaran (2001) and the references therein. Similar decompositions
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oriented to Statistics and Probability, and in continuous time can also be found in Zhang
and Walter (1994), Benassi and Jaffard (1994), Donoho (1995), Ruiz-Medina et al. (2003),
Meyer et al. (1999).

As in Chapter 2, AWD considered here have uncorrelated detail coefficients but also
allow approximation coefficients to be correlated. This extension appears to be particularly

relevant in at least two situations of interest, namely,
1. long memory,
2. near unit roots.

It is quite intriguing that these are exactly the two situations where orthogonal wavelet
decompositions were found particularly useful (see the discussion with the references above).
Correlated approximation coefficients allow, in particular, to have associated low and high
pass filters (which can be thought of as AWD basis in discrete time) of practically small
length. The number of zero moments of the underlying orthogonal wavelet basis plays
here a fundamental role. Having small filter length is important at the boundary (border)
when dealing with finite data. The gain in length is minimal, if any, in other situations
that we know of (explaining perhaps why AWD were not considered earlier, since the above
situations have gained increased attention fairly recently). The extension provided by AWD
is also interesting for several other reasons discussed below. In its approach, this study is
also closest to our parallel work on AWD in continuous time in Chapter 2. Despite some
similarities, however, the focus and contents of this work are very different from those in
Chapter 2.

Another conspicuous example of representations with uncorrelated coefficients are spec-
tral (Fourier) representations. We were also motivated by the question of what their ap-
propriate counterparts in the “wavelet domain” are. AWD introduced here offer one such
possibility.

The rest of the chapter is organized as follows. In Section 3.2, we gather some basic
notions and facts on time series and wavelets that will be used throughout the chapter.
In Section 3.3, we introduce and examine Adaptive Wavelet Decompositions (AWD) of

stationary time series. Examples are considered in Section 3.4. Applications of AWD and
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proofs can be found in Sections 3.5 and 3.6, respectively.

3.2 Preliminaries on time series and wavelets

We focus throughout on stationary time series X = {X,},ez in discrete time. Sta-
tionarity refers to the 2nd order (wide-sense) stationarity, that is, the case when, for any
hez,

EXpinXp = EXiXo=:7k), keZ, (3.1)

where r is the autocovariance function. We suppose, in addition, that a time series X is
Gaussian. (In this case, decorrelation is equivalent to independence.) This assumption is
not restrictive. Since the law of a Gaussian time series is determined by second moments,
our arguments can be based only on the second moment considerations. After removing
Gaussianity, the same arguments then apply to 2nd order stationary time series. Most of
our applications, however, assume Gaussianity.

We will also work only with linear time series

o
Xn = Z agen—i = (a*€)y, n e, (3.2)
k=—0oc0
where a = {a} € [?(Z) and * denotes the usual convolution. In the Gaussian case, € = {e, }
are independent, A/(0, 1) random variables. We will refer to such € as a Gaussian white noise
(sequence). One of the main tools we will use is the spectral representation of X in (3.2)

(see e.g. Brockwell and Davis (1991)):
2 2r
Xn :/ e dW (w) :/ e a(w)dZ(w), n €Z, (3.3)
0 0

where W(w), w € (0,2r), is a Gaussian, orthogonal (independent) increment, complex-

valued process such that EdW (w)dW (w') = [a(w)[*dwlj,—yy /27, Z(w), w € (0,2),

is a Gaussian, orthogonal (independent) increment process such that EdZ(w)dZ(w') =
dwly—yry/2m, and

aw)= Y ape ™, we (0,2m), (3.4)

k=—o00
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is the discrete Fourier transform of a sequence a € [?(Z). The quantity |a(w)|?/27 is known

as a spectral density of X. Observe also that

where {71} = {z_i} stands for reversal in time of a sequence {zy}.

In regard to wavelets, since we work in discrete time, we will use the so-called Conjugate
Mirror Filters (CMF) associated with an orthogonal Multiresolution Analysis (MRA). See,
for example, Mallat (1998). These are a low pass filter v = {u,} and a high pass filter

v = {v,} satisfying a number of properties. In particular, for any w € R,

(w)? + [a(w + 7)|* = 2, (3.5)
(w) = e ™a(w + ) (3.6)
and hence
[B(w)|? + [o(w + 7)* = 2, (3.7)
u(w)v(w) + u(w + m)v(w +m) = 0. (3.8)

Popular CMF are those of Daubechies with N zero moments, N > 1. For fixed N, these
filters are of finite length 2/V. It is also known (e.g., Mallat (1998), p. 241) that, with N

zero moments and finite length CMF,

a(w) = (1+ e )Ny y(w), v(w) = (1 —e )N n(w), (3.9)

with ug, n, vo,n of finite length as well.
CMF w and v appear in the (orthogonal) Fast Wavelet Transform (FWT) of a deter-
ministic sequence x = {z,}. Setting ap = x, at the decomposition step, one defines the

approximation and detail coefficients as

a; =9 (E* aj_l), dj =9 (5* aj_l), 71=12,..., (310)
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where (|2 ) = x9r is the downsampling (decimation) by factor 2 operation. At the

reconstruction step, one has
a; = ux To Qj41 + v To dj+1, 7=0,1,..., (3.11)

where (T2 ) = 71 /21 {even &k} + 01fodd &} is the upsampling by factor 2 operation. One can

easily verify that

#(5)+ f(% +7)), (2 2)(w) = 7(2w). (3.12)

The time series and wavelet decompositions are considered above on the index set Z.
We shall also consider below the case of a finite index set 0,1,...,7 — 1, with 7' =27, In

this case, the convolution * above is often replaced by the circular convolution ®, and the

discrete Fourier transform of z = {xg, x1,...,27_1} becomes
T-1 o
Fw) =S ape * at w= Tj j=0,...,T—1. (3.13)
k=0

In particular, with these modifications, (3.10) is considered for j = 1,...,J, and (3.11)
continues to hold for j =0,1,...,J — 1. When z and y are of arbitrary (possibly infinite)

length, the circular convolution is defined as

per

r®y=a"" @y’ with, eg., " = Z$k+nT-
n

One has (z ® y)(w) = Z(w)y(w), where z and y can be of arbitrary length.
The time series vectors Y = {Yp....,Yp_1} that are natural in the context of circular

convolutions, are

Y,=0b®€)y,, n=0,...,T-1, (3.14)

where € = {€g, ..., er_1} are independent, N'(0, 1) random variables and b = {by,...,br_1}
is a vector. These time series vectors are also stationary (in the sense that EY;Y; = EYY;_;

with 0 < ¢ < j < T — 1) but not every stationary vector can be written this way. The
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covariance matrix (E(Y;Yj), i,j = 0,...,T — 1) is, in fact, circular. Conversely, under
mild assumptions, a Gaussian vector Y with a circular covariance matrix can be written as

(3.14). If ry is the autocovariance function of Y, observe also that

ry =b®b, Fy(w) = [bw)]? (3.15)

3.3 Definition and basic properties of AWD

We shall use below the following general result of its own interest. See Section 3.6 for a

proof.

Proposition 3.3.1. Let a,b € I?(Z) be arbitrary filters and u,v € [*(Z) be CMF. Define

Oy(w) = (ba(?j))>a(w), Vi(w) = < aéu))a(w), (3.16)

and

U, (w) = W), Viw) =aw)iw). (3.17)

Suppose that ﬁd, 1765, ﬁr, Vr € L%(0,27) and the corresponding filters
Ug, Vg, Uy, Vo € 11(Z0). (3.18)

(1) (Decomposition step) If X = a* e is a stationary time series with a Gaussian white
noise €, then

Y = (Ud*X)a n=la (Vd*X)7 (319)

are such that Y = bx £ is a stationary Gaussian time series with a Gaussian white noise &,
and n is a Gaussian white noise, independent of £ and hence of Y.

(79) (Reconstruction step) If Y and n are the independent time series obtained in (i)
above, then

X=Ux1aY +Vpx Tan. (3.20)

Remark 3.3.1. The results (i) and (i) can be informally explained as follows. Writing
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X (w) = @(w)e(w), observe that

—~ =

Ug(w) X (w) = b2w)a(w)e(w), Va(w)X (w) = 5(w)e(w).

Hence, by using (3.12), the Fourier transforms of the R.H.S. of (3.19) are

o — o —
o — o —

Lo (Ta* X)(w) =b(w)ls (ux)(w), |2 (Vax X)(w) = ls (vxe)(w).

Similarly, the Fourier transform of the R.H.S. of (3.20) is
Oy (w) Y (20) + ¥, (w)ij(2w) = a(w) ((w)E(2w) + 7(w)if(2w)

= a(w) (wr 12 &+ vx 127 (w).

(3.21)

If € is a Gaussian white noise, it is easy to verify that its discrete (orthogonal) wavelet

transform leads to approximation coefficients & =|5 (uxe€) and detail coefficients n =] (vxe)

which are two independent Gaussian white noise sequences. The equation ux To £+ v Ta 1

is just the usual reconstruction of e.

Remark 3.3.2. Another interpretation of Proposition 3.3.1 is to say that the set of filters

(Uq, Vq,U,, V,) form a perfect reconstruction filter bank (see, for example, Brockwell and

Davis (1991), p. 259). Indeed, by Theorem 7.8 in Mallat (1998), this is so if and only if

~ —~ ~

Ug(w)Up(w + 7) + Vag(w)Vp(w + ) = 0,

The L.H.S. of the first relation is

a(w + ) (

=) B (w + ) + D(w)o(w + Tr)) :

which is 0, since the term in the parentheses is 0. The second relation can be proved

similarly. Note also that Proposition 3.3.1 is not a consequence of perfect reconstruction
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because filtering involves (random) time series.
The following result is a simple consequence of Proposition 3.3.1.

Corollary 3.3.1. Let X° = a° x € be a Gaussian, stationary time series with a® € 1?(7)

and a Gaussian white noise €. For j > 1, let also

o €1%(2) (3.22)

and

Gl) = (ed )i, 7 = (s )9 (3.23)

where u,v are CMF. Suppose that ﬁg, 17d] € L?(0,27) and the corresponding filters
Ul vieiizm), j>1. (3.24)
(1) (Decomposition step) For j > 1, let
X7 =1y UgX77Y, € =1y (Vi X7, (3.25)

Then, for j > 1,

X/ =al xé (3.26)

with a Gaussian white noise €/, and &, j > 1, are independent, Gaussian white noise
sequences, and €’ (hence XJ) and &, § < J, are independent.

(73) (Reconstruction step) If, in addition,
- (W) y JUTRI
_ _ 2
), T) =) (3.27)

are such that (773, Ve L?(0,27) and the corresponding filters

ULV ell(2), (3.28)
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then

=Ulx 1o X9 4 Vix 1 €01 j>0. (3.29)

Definition 3.3.1. The decomposition of a stationary time series X = X° into the series
X7, &1, 5> 1, in Corollary 3.3.1 will be called Adaptive Wavelet Decomposition (AWD, in
short) of a stationary time series X. We will refer to X/ as approrimations and to & as

details.

Remark 3.3.3. AWD can be easily extended to cyclic time series Y = Y0 = a° ® ¥ given
by (3.14) of length 2. Consider

—l @YY, J=ls(VieY ™), j=1,..,J (3.30)
at decomposition, and
YI=Ul® 1, Y/ +Vie 1, &%, j=0,...,J-1, (3.31)

at reconstruction. Then, & are independent, Gaussian white noise sequences of length 2777,
and Y7 = a/ ® € are circular time series with Gaussian white noise sequences €/ of length
273,

In practice, only finite data Xg, X1, ..., X7_1 are available and hence AWD cannot be

applied (supposing also that a is known). For finite data X0 = (Xo, X1,...,X7r_1) with

T =27, consider the following time series vectors:
=L Ty XY, &= (VieXi™Y), j=1,.,J (3.32)

These relations differ from those in (3.25) by the presence of circular convolution ®. In
particular, observe that the series )Zj,gj have now length 2777, Observe also that X7 ,Ej
are well-defined as long as U é, Vdj € 11(Z) which is the assumption (3.24). Moreover, it can

be verified that
X' =Ul® 1, X' +Vie 1, &1, j=o0,...,J -1 (3.33)
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The idea behind (3.32) is the following. If U7, Vdj have short length (or decay fast to
0), and the length T is large, then most elements of X1, E I are computed as in AWD (and
hence those of X1 are akin to a! x ¢!, and those in ¢! are independent). Only those few
coefficients that are at the end of the time series vector X° (affected by the border, or under
the border effect) are different from those in AWD. More generally, the elements of X 7, gj

unaffected by the border are computed as in AWD.

Definition 3.3.2. The decomposition of a stationary vector X0 = (X0, X1,...,Xp_1) with

T = 27 into the vectors X7,&/, j=1,...,J, in (3.32) will be called approzimate AWD.

Remark 3.3.4. Using circular convolutions in (3.32) at decomposition can be viewed as
one way of dealing with the boundary when having finite data. More precisely, approximate
AWD of X = X0 = (X0, X1,...,X7r_1) is the usual AWD applied to the infinite time series
obtained by extending observations periodically outside the boundary. Other ways are, for
example, to consider observations outside the boundary as zero, or to extend periodically the
vector (Xo, X1,...,X7r—2, X711, X71_9,...,X1). Using circular convolutions is convenient

analytically.

Remark 3.3.5. Another perspective on approximate AWD concerns covariance factoriza-

tion. If X0 = (X0, X1,...,Xr_1) with T'= 27 is a Gaussian stationary sequence, let
Y= (&, (3.34)

be a 1 x T vector consisting of details §~J and last approximation Y7 in approximate AWD.
Write
Y = XM (3.35)

for an invertible matrix M. Most of the details gj are approximately independent, N (0, 1)

random variables. Hence,

where Id is the identity matrix, and the variance of Y7 is ignored for simplicity. By using
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(3.35),
EXYX0 = (M‘W(Efﬂ?) M~ ~ (MY M, (3.36)

which is an approximate factorization of the covariance matrix of X0, Observe also that

the matrix M is not orthogonal.

Note from Definition 3.3.1 that AWD are quite general in the choice of moving average
filters a’, and hence the corresponding time series X7. In fact, AWD can be defined for
many different choices of a’’s but only some of them will have desired properties. These

properties can be suggested by an application at hand or other considerations, for example,
(a) X7 and &, j > J > 1, consisting of uncorrelated (independent) variables,
(b) Ué, V? U, V¢ decaying to zero fast, or
(¢) X7 being natural approximations to X at scale 2.

The property (a) is important in Signal Processing as it is typically associated with opti-
mality in coding (see Section 3.1). In the applications considered here, we were motivated
by (b), in view of approximate AWD (see the discussion preceding Definition 3.3.2). In

regard to (c), one natural approximation of a series X at scale 27 is
X7 = {X3) }rez. (3.37)
In particular, if @°(w) = @(w) enters the spectral representation (3.3) of X, then
‘ 1/ . ,
@ (w) = 5(zzﬂ(%) +aﬂfl(% +7)) (3.38)

is associated with the spectral representation of X7. See Example 3.4.2 below for further
discussion on (c).

An important property of any AWD is that details &/ ignore polynomial trends up to
the order of the number of zero moments. Analogous fact is well-known for orthogonal
wavelet decompositions. (In discrete time, this follows immediately from Theorem 7.4, (iv),
in Mallat (1998).) We show that it continues to hold here as well (see Section 3.6 for a

proof).
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Proposition 3.3.2. Suppose that the underlying orthogonal MRA has N zero moments
with factorization (3.9). Let p, = p(n) where a polynomial p is of degree D < N. Consider

AWD with decomposition filters Ug, VU{ such that \Ug Vdjn| < Cj|n|~P72, where C; is a

7n’?|

constant. Then, for any j > 1,
& (p) =0, (3.39)

where £ (p) are details in AWD when applied to the polynomial p.

3.4 Examples of AWD

We provide here several examples of AWD. We would like the associated set of filters
U g, Vdj UL, Vi to decay to zero fast (see (b) following Remark 3.3.5). For some time series,
this turns out to be possible when the number of zero moments of the underlying MRA
increases. Note from the examples below that we use the term “decay” in a rather loose

sense.

Example 3.4.1. (FARIMA(0,5,0)) Let X be a Gaussian FARIMA(0,s,0) time series with

€ (—1/2,1/2) (s #0), that is, X = a x € with a Gaussian white noise € and
a(w) = (1—e w)* (3.40)

(see, for example, Brockwell and Davis (1991), p. 520, or Beran (1994)). The case s €
(0,1/2) corresponds to the so-called long memory, generally considered more difficult to
deal with.
Consider AWD with
@’ (w) = a(w), (3.41)

for any 7 > 1, and focus on the definition (3.27) of Uﬂ, V. Note that

g(% N ((11 - :_;?)_ss (1+e7™)" = Zf Ve, (342)
,d(w) _ (1 71w —s Z 71wk (343)

k=

are the two filters entering (3.27). These filters, in fact, decay extremely slowly: one can
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show by using the Stirling’s formula that, as k — oo,

(5) R e R

e vk .

—

(For example, when s € (0,1/2), the second filter is not even summable.)

It is therefore quite surprising that, in fact, the resulting filters Ul , 1% may decay to
0 very rapidly. As mentioned above, this results from the number of zero moments of the
underlying orthogonal MRA. Letting N denote the number of zero moments and using

(3.9), observe that
Up(w) = Ul(w) = (14 e ™)y Ny y(w), Vi(w) = Viw) = (1 —e ™) 5N n(w).

By (3.42)—(3.44), we now have

(14 e~w)s+N = Z flgs-&-N)e—iwk with f(S+N (—1)’€LN_1,
k=0 I'(-s—N)

! Z e with g (3.46)
k= k I'(s—N)’

as k — oco. Comparing (3.46) with (3.44), we see that these filters now decay rapidly when
N is large.

The latter observation by itself does not show that the resulting filters U,, V, in (3.45)
decay faster as N increases because up y and vp y also grow in size (not length). To see
that U,,V, indeed decrease faster with N, consider Table 3.1. In this table, we provide
lengths of U, V, truncated at a priori specified cutoff levels § for various choices of N and
Daubechies CMF. The value s = 0.25 is considered. The filters uo y can be found in Table
6.2 of Daubechies (1992), p. 196. Observe from Table 1 that the effect of increasing N is
really substantial. For example, when § = 1077, the length of truncated V, goes from 4066
with N =1 to 40 when N = 10. It should also be noted that the results of Table 3.1 are not
sensitive to the value of s. In particular, the change in the results is small as s approaches

1/2.
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Length of truncated filters
Filters | Cutoff € N=1 N=3 N=6| N=10
1077 706 77 38 35
U, 10710 | =~ 1.5 x 10% 375 89 56
107 | ~2.5x 108 5577 440 140
1077 4066 114 44 40
V. 1010 ~ 2 x10° 696 108 63
10715 | ~1.5x108 | ~ 14 x 10* | 557 160

Table 3.1: Lengths of truncated filters U, and V,. at cutoff §
with s = 0.25 and the Daubechies MRA with N zero moments.
We discussed above the decay of reconstruction filters UZ , V}j . Similar conclusions can
be reached for decomposition filters U J , Vdj in (3.23) by writing, for example, in the case of

J
Ud,

<%((25))>(1 + e—iw)N =(1+ eiw)s(l +e—iw)N =(1+ eiw)s-i-Ne—in'

In conclusion, if fast decaying filters U g, Vdj , Ul , Vi are needed, the AWD with (3.40) appears

to be a suitable choice for FARIMA(0, s,0) time series.

Remark 3.4.1. The faster decay in (3.46) has also the following simple explanation that
is useful more generally. According to (3.42)—(3.44), the elements f,gs) of (1+ e ) =

a(w)/a(2w) decay as
5 kfsfl

(=)

Application of the filter (1 +e~™)" to (14 e~™)* corresponds to taking sums in blocks of

77~ (1)

—~

size N. Since f,is) oscillates and decays, the sums will become smaller. A similar explanation

with difference instead of sums applies to the elements g,(gs) of (1 —e~™w)=s,

Example 3.4.2. (AR(1),MA(1)) Let X be a Gaussian AR(1) time series, that is, X = ax*e

with a Gaussian white noise € and
a(w) = (1 — aje”™)7 1, (3.47)

where —1 < a; < 1 (a1 # 0). The case of a; = %1, not considered here, corresponds to unit
roots, and the case of a; close to £1 (—1 < a; < 1) is referred to as near unit roots.

If only the decomposition of X is of interest (as, for example, in maximum likelihood
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estimation), consider AWD with

dw)=1, j>1. (3.48)
Then,
Uk(w) = (1 — are™)ai(w), V)(w) = (1—a1e™)i(w) (3.49)
and
U3 (w) = a(w), Vi(w)=dw), j>2. (3.50)

Hence, the corresponding filters U’ , Vdj are of short and finite length (supposing that u and
v are such). Note also that, in this case, all approximations X7 and details &/ are Gaussian
white noise sequences.

Suppose now that the reconstruction of X is also of interest. With the choice (3.48),

09w) = T, W) = (3.51)
and
Ul (w) =a(w), V{(w)=58(w), j=>1. (3.52)

When a; is close to 0, the elements of (1 —aje~™)~t = 3" ale™™* decay to zero rapidly
and hence the filters U, V,? can be taken of short length in practice. When a is close to +1,
however, the decay of a} is much slower, resulting in longer filters U?, V,°. Zero moments
are not helpful for U when 0 < a1 < 1, and for VY when —1 < a; < 0 (see Remark 3.4.1
above).
When 0 < a; < 1, the decay of UT0 can be improved by considering a different AWD.
Take AWD with
@ (w) = (1 —a¥ ey 1 (3.53)
so that

. .y (w)

Ul(w) = (1+ a%je_iw)a(w)a Vi (w) = PRy T Jj=0. (3.54)
— a3

T

In this case, Ul are also of finite and short length. The larger number of zero moments
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make the filter V7 decay faster, especially when a; is close to 1. We illustrate this in Table
3.2 in the following way. Let v be the Daubechies CMF with N zero moments so that its
length is 2N. The filter VTO is obtained by convolving the sequence (1, a1, a%, ...) with the

filter v. Note that the (2N + j)th nonzero element of the convolution is
a{c = a{(l, aiy ..., a%N_l)v/, j >0,

and decays as a geometric sequence. In Table 3.2, we provide the absolute values of the
(2N)th nonzero element of the filter V¥ for various choices of the parameter a; and the
number of zero moments N. In parentheses, we provide the value of a%N for comparison.
Note that, when a is closer to 1, the filter V. indeed decays much faster (in the sense
of being closer to 0 overall) with the increasing number of zero moments. For smaller aq
(a1 = 0.5 in Table 3.2), this effect is no longer present.

Note also that, with the choice (3.53) for AWD, the approximations X7 become AR(1)

time series with the parameters a?’. The decomposition filters associated with (3.53) are

Sioy . w(w)

U)(w) = TP VI(w) = (1 — a? &™) (w). (3.55)
1

When a; is close to 1, the filters Ug can also be seen to decay faster with the increasing
number of zero moments.

When —1 < a7 < 0 and especially when a; is close to —1, the AWD with (3.53) is not
helpful because the decay of V2 (VTj with j = 0) is not affected by the increasing number
of zero moments. This occurs because, in simple terms, the elements of (1 — aje”™)~1 =
S0 (=1)¥|a1 ke~ oscillate and the difference operator (1 —e~")N does not make them
decrease to 0 faster (see Remark 3.4.1). In this case, the AWD with (3.48) is probably the
best one can do. Note that, with (3.48), increasing the number of zero moments make the
filters U? decay faster. This does not affect V,? and, the closer a; is to —1, the longer V°

should be taken in practice.

We discussed above the case of AR(1) time series. Suppose now that X is an MA(1)
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Size of the (2/V)th nonzero element
ai | N=1 N=3 N=6 N =10
0.5 | 0.3535 0.0267 0.0007 7.9 x 1076
(0.25) | (0.0156) (0.0002) | (9.5 x1077)
0.7 | 0.2121 0.0089 0.0001 2.8 x 1077
(0.49) (0.1176) (0.0138) (0.0007)
0.9 | 0.0707 0.0004 32x1077 | 85 x 101
(0.81) (0.5314) (0.2824) (0.1215)
0.999 | 0.0007 | 5.5x 10719 [ 3.9x 1075 | 3.8 x 10710
(0.998) (0.994) (0.988) (0.9801)

Table 3.2: The (2N )th nonzero element of the filter V,? for various choices of
a1 and the Daubechies MRA with N zero moments.

time series, that is, X = a * € with
a(w) =1+ bre™™, (3.56)

where —1 < b; < 1 (by # 0). Since a(w) in (3.56) is reciprocal to that in (3.47), our discus-
sion above also covers the case of MA(1) time series. For example, reconstruction filters for
AR(1) time series now become decomposition filters for MA(1) time series. Equivalently,

AWD for MA(1) time series is applied at decomposition with either
dw)=1, j>1,

or

@(w)=1—(=b)¥e ™, j>1.
It is also clear that our discussion can be extended to more general ARMA(p, q) time series.

Remark 3.4.2. If X? is an MA(1) time series with a(w) = 1+ be™™, -1 < b < 1
(b1 #0), or XY = €, + bie,_1 with a Gaussian white noise {¢,}, then X7 in (3.37) are all

(up to a constant) Gaussian white noise sequences or
@ (w) = 1. (3.57)

If X0 is an AR(1) time series with a(w) = (1 — aje”™®)"!, -1 < a; < 1 (a; # 0), or
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XY =€, +arep—1 +a2€p—2+ ..., then X7 in (3.37) are associated with

@ (w) = (1 — a¥ e71w) 1, (3.58)

Observe that (3.57) and (3.58) are exactly what was proposed for AWD at reconstruction
for MA(1) and AR(1) time series in Example 3.4.2 above.

3.5 Applications of AWD

We consider here applications of AWD to simulation (Section 3.5.1) and MLE (Section

3.5.2). Simulation uses AWD at reconstruction and MLE uses AWD at decomposition.
3.5.1 Simulation

Suppose that the time series X of length 27 is desired. It can be simulated using AWD

through the following steps:

1. For j =0,1,...,J — 1, determine the largest length L; of the reconstruction filters
U,Z, V¢ truncated at a chosen cutoff level § > 0. Let ﬁﬂ, 17rj, 7=0,1,...,J—1, be the

reconstruction filters Uﬂ , W truncated to have length L ; each.
2. Use some simulation method to generate the time series vector X7 of length L + 1.

3. Apply the reconstruction scheme (3.29) recursively J times with the truncated recon-
struction filters ﬁﬂ, ‘7,:7 and taking into account the border effect to obtain the time

series X0 of length 27.

Several observations regarding these steps are in order. Implementation of the first step
depends on the time series to simulate. For example, in the case of (3.45), the reconstruction
filters are the same for all j. The second step refers to the fact that the application of
the reconstruction scheme (3.29) requires some initial approximation X7. We take j = .J
because X7 can be taken of the smallest possible length L; 4+ 1 in order to apply the
simulation scheme (3.29). The time series X can be simulated by a popular Circular
Matrix Embedding (CME) method (Dietrich and Newsam (1997)) or, since L is often

small, by the Durbin-Levinson algorithm (Brockwell and Davis (1991)). For the third step,
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observe that applying the scheme (3.29) with (77:]*1, 17;]*1 to X of length L;+1, we obtain
2(Lyj+1)—1—Lj = L;+2 observations of the time series X”/~! which are unaffected by the
border. Here, 2(Lj+ 1) —1 is the number of observations after the operation T2 and (—L )
takes into account the border effect. By repeating this argument, the number of observations
of the resulting time series X° which are unaffected by the border, is Ly + 27 > 27,

Simulation based on AWD is of interest because it is very fast. Modulo computation
of the truncated reconstruction filters (773 , ‘7}] and simulation of the initial time series X7,
the simulation algorithm based on AWD is of the computational order O(27). The CME
method based on FFT is of the slower order O(2”log2”). This obviously is relevant only
for simulation of really long time series.

In simulation above, however, it is necessary to generate a time series at initial coarsest
scale (by some other method) and to deal with boundary in a quite nontrivial way. This
could be avoided at the expense of making an approximation if convolutions in AWD are
replaced by circular convolutions. In other words, consider a time series X0 of length 2%

defined recursively by (3.31), that is,
XF=Ur® 19 XM + VE@ 19 5, k=0,...,K -1, (3.59)

where §’~”« are independent, Gaussian white noise sequences of length 25=%  and XK =

af @ e = (Y, aX)el is of length 1. The scheme (3.59) is easy to implement. But is X0

n
close to the desired time series X = X in any way?
To answer this question, note by Remark 3.3.3 that X0 can, in fact, be represented as
X0 = ¢ ® ¢ with a Gaussian, white noise sequence € of length 2%. As X%isa cyclic time

series, it does not approximate a stationary time series X°. Observe also by (3.15) that

- ~ 2mm
P(w) = [a(w)?, w= oK m=0,...,25 -1,

and

1 oK _1 )
LTI n
fo(n)ZTK PR
=0

m=

2

ﬁ)<2”—m> , (3.60)

2K

where 7 is the autocovariance function of X°.
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It may appear from (3.60) that, as K — oo,

1 2m
() ~ — / 730 (1) 2dw = r0(n), (3.61)
2 0

where 0 is the autocovariance function of X°. The approximation (3.61) indeed occurs but

only at n sufficiently smaller than 2%. For example, if n < T and [a"(w)|? is smooth in w,

then

10(m) ~ |</2“Z‘\| 0 = [ (Y |1 s et ()

2K 7 oK

1 on 251

, 2mmn (| /2T |2
b e — |85 ) [ g ey ()
Ola®(w)[? | 2 02 27T
< sup [AE@IE2T D @22 3.62
TN R e T N G (3.62)

which is small when 7/2% is small. This suggests that the first 7' values of X0 can be
used to approximate X°, with the resulting error in autocovariance being of the order
T/2K by (3.62). The use of the first generated values in the context of orthogonal wavelet
decompositions can also be found in Percival and Walden (2000), Section 9.2, but without
the explicit connection to circular time series and the resulting error (3.62) above.

As we expect @/(0) = 3 al, = oo for long memory time series (this is the case, for
example, for FARIMA(0, s,0) time series in Example 3.4.1), the discussion and arguments
above need to be modified. One way to do this is to set @/(0) = 1. Application of (3.59)
then yields X0 with

1, w =0,
a’(w), otherwise.

2

The error (3.62) could be studied in a similar way though, because [a°(w)|? is no longer

smooth at w = 0, its decay would be slower than 7'/27.
3.5.2 Maximum likelihood estimation

The approximate covariance factorization (3.36) discussed in Remark 3.3.5 naturally

leads to the following Gaussian MLE based on AWD. Given the vector of observations
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X0 = (X0, X1,...,X7_1), the negative log-likelihood is (up to additive and multiplicative
constants)

log [Zg| + X035, 1 XY, (3.63)

where f]g is the covariance matrix of the model with unknown parameters 6, and |- | denotes
the determinant. As in Remark 3.3.5, a vector }N/}; of detail coefficients in approximate AWD

can be written as

Yy = XM, (3.64)

for a matrix My which depends on the model parameters 6. By (3.36), f]e_l ~ MyM) and

hence the expression (3.63) is approximately equal to
log |Zg| + YaYj. (3.65)

Observe that |§]9| cannot be immediately simplified because the matrices My are not orthog-
onal. To simplify this determinant, one can make a classical approximation of Grenander

and Szego (1958), and consider
T 2w o
7T/ log |ag(w)|dw + YyYj. (3.66)
0

MLE based on AWD is achieved by minimizing this expression with respect to unknown
parameters 6.

In Tables 3.3-3.4, we present MLE results based on AWD in several time series mod-
els, namely, AR(1), FARIMA(O0, s,0), FARIMA(1, s,0) and MA(1). In the Model column,
we indicate the AWD used for MLE through @’(w), and the type of optimization method
used (grid search or the Matlab functions fminsearch |, fminbnd ). We tried different
optimization methods because some results were sensitive to their choice, in particular, for
FARIMAC(1, s,0) models when using AWD (Table 3.3). We also consider a non-Gaussian,
exponential distribution for the generated error terms in the MA(1) case (Table 3.4) and,
for FARIMA(0, s,0) model, we report results with a superimposed linear trend —1 4 0.5¢

(Table 3.3). The results are reported throughout in terms of the bias and the square root
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of the mean squared error of the estimators. (These are computed based on 1000 Monte
Carlo replications.) For comparison, we also present MLE results based on standard Whit-
tle approximations (Chapter 6 in Beran (1994)) and orthogornal wavelet decompositions
(Percival and Walden (2000), Jensen (1999)). In the latter case, in particular, the variance

of the detail terms at scale 27, j = 1,...,J, is approximated by

9j+1  p2m/27H! )
o ), s |a(w)|*dw. (3.67)

The sample size T is the length of the considered time series, and N denotes the number
of zero moments of the underlying Daubechies MRA.

The results of Tables 3.3-3.4 suggest that MLE based on AWD works quite well. It
is generally comparable to Whittle MLE and is superior to it in the AR(1) case with
a1 = £0.9. It is generally superior to MLE based on OWD which is likely to be the result
of the approximation (3.67). Note also that increasing the number of zero moments (from
2 to 6) have generally made little difference in the results for AWD. Observe from Table
3.4 that trend is not ignored by MLE based on AWD. This occurs because of the boundary
effect. We have tried several other ways of dealing with the boundary (mentioned in Remark
3.3.4) but the results did not lead to improvement. We are presently exploring finer MLE
based on AWD where only coefficients unaffected by the boundary are considered, or where

proper adjustments to the coefficients at the boundary are made.

3.6 Proofs of the main results

PROOF OF PROPOSITION 3.3.1: The condition (3.18) ensures that the time series in
(3.19) and (3.20) are well-defined (Theorem 4.10.1 and Remark 1 in Brockwell and Davis
(1991), p. 154-155).

(1) We shall use the spectral representation (3.3) of the time series X. By Theorem

4.10.1 in Brockwell and Davis (1991), we obtain that

(1. @aex) = [ 7 T ) w2 w) = ([+] ) 20 (20 (w)dZ ()

n
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= /27r eiQ”wg(w)le (w)
0
with
47y (w) = a(%)w(%) + a(% + w)dZ(% +7), we(0,2m).
Similarly,
( la (Vax X))n = /Ozﬂ ™M 47, (w)
with

dZs(w) = @dZ(%) —1—@(% + ﬂ)dZ(% + 7T), w € (0,2m).

To prove (i), it is enough to show that Z; and Zs are orthogonal increment processes with

E|dZy(w)|* = EldZs(w)|? = dw/2r and satisfying EdZ;(w)dZs(w') = 0. This follows by

using the properties (3.5), (3.7) and (3.8) and orthogonal increments of Z as

EdZy(w)dZ;(w')

/ — /

=(5)a(g)Eaz(3)ar() a5 +)a(g ) paz(G + n)iz( +a)
= () +[#(5 +)I) Foreemen = Gotmun
EdZy(w)dZy(w') = %1{1”:10,},

by similar arguments, and

/ /

EdZy (w)dZa(w') = <a(1§>6<g) + a(% + w)@(% + 7r>> Z—:l{w:w/} =0.

(71) We establish (3.20) only at even times n = 2s. (The case n = 2s + 1 can be proved

in a similar way.) Using the spectral representation of Y above, we obtain that

U 12 Y )= (L2 U 5Y)s = ;/02” e'sv (ﬁr (%) + ﬁr(% + 7T> )g(w)dZﬂw)
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17 T
= 2/ eﬂswa(w)a(w)le@w)—i—/ e a(w + 7)a(w + 7)dZ; (2w)
0 0
1 2m
-1 / MG () ii(w)dZy (2w).
0
Similarly,
1 2r
Vix12Y ) = 2/ e""a(w)v(w)dZs(2w).
0
Hence,

(U 12Y )+ (Vix 12Y)n =
o inw- 1 [P _ o nw P~ —
/0 e a(w) <2u(w)le(2w) + 2v(w)ng(Qw)) _/0 e a(w)u(w)dZ (w) = X,
a(w)dZ, (2w) 4+ v(w)dZy(2w) = |t(w)|?dZ (w) + t(w)a(w + 7)dZ(w + )
+[0(w) PdZ (w) + B(w)o(w + 7)dZ(w + 7) = 2dZ(w).
O

PROOF OF PROPOSITION 3.3.2: We will establish first that approximations X7/ = X7(p)

and details &/ = ¢/(p) are well-defined. In fact, we will show that
X7 < C1+n)P, (3.68)

where a constant C' may depend on j. This bound is trivial for j = 0 since X* = p is a

polynomial of degree D. Suppose that (3.68) holds for j — 1 and consider it with j. Then,

X3 < SN0 X T <003+ KD TP+ | — KD
k k

< Co Y (L+ KNP+ [nl” + [KIP) < C(1 + |n))”,
k
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where constants C; may depend on j. Using (3.68) and the assumed bound for Vdj ny the
argument above also shows that &/ is well-defined.

To prove (3.39), we will first establish the formula

211 j
o 1 ~ w w nmw
_ k ~
Xiw) = o ZO {kHl d<2j+1_k—|—bn7k)}p<2j+2j_l), (3.69)
n= =

where b, ;, € [0,27). Since p is not in [*(R), the use of p has to be clarified. Here and below,
equations in the “spectral domain” should be interpreted through the “time domain” where,
in particular, all products of Fourier transforms should be regarded as convolutions. The

relation (3.69) is trivial for 7 = 1. Assume it holds for j — 1 and consider it for j. Then,

—_—

b (@3 0w = 3 (T3

2311

3 3 T il + %)

Ak w b w s nm
d(2J+1 P M) (23 2i—1 +2J’*2>)

1 v d w  2nm
_ 71k
T2 ZIO kHl<U (29+1 k+b”"“) <2J+2j—1)
n= =
~ w S Nw  (2n+ D7
+Ud<2j+1—k+b"k)p(2ﬂ+ 2i1 ))
1327 w w nmw
_ Tk
=5 L 10 (g )5+ 55)
n= =
Since
. 1 /=7w 7w ~
J P J( = -1 2 I (= 1=
o -3 (WGP (5) + TG +m2 (5 7))
and
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and

ool + ) o on

Observe that, by using (3.69), the relation (3.70) follows from

5(2i-1 w 2nm\\ o/ w 2nm
U( ( T 1))p(2+23 1)

J .
= Do (@ 1) [T+
k=2

O(1w)pw) = 0(21w)p(w)

N (= e*)Vpw') = 0,

since (1 — e ™" )Np(w') = 0. A similar argument applies to (3.71). O
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CHAPTER 4

On operator fractional Brownian motions

4.1 Introduction

Fractional Brownian motion (FBM), denoted By = {Bg(t)}er with H € (0,1), is a

stochastic process characterized by the following three properties:
(i) Gaussianity;
(ii) self-similarity with parameter H;
(iii) stationarity of the increments.

By self-similarity, it is meant that the law of By scales as

{Bu(ct)}ier £ {¢" Bu(t)}ier, (4.1)

where ¢ > 0. By stationary increments, it is meant that the process

{Bu(t+h) — Bu(h)}er

has the same distribution for any increment size h € R. It may be shown that these three
properties actually characterize FBM in the sense that it is the unique (up to a constant)
such process for a given H € (0,1). FBM plays an important role in both theory and
applications, especially in connection to long range dependence (Embrechts and Maejima
(2002), Doukhan et al. (2003)).

We are interested here in multivariate counterparts of FBM, called operator fractional

Brownian motions (OFBMs). In the multivariate context, OFBM By = (B1,H,..., By u)*



= {(B,u(t),...,Bpu(t))" € R",t € R} is a collection of random vectors. It is also Gaussian

and has stationary increments. But self-similarity is now replaced by
(ii’) operator self-similarity.

A multivariate process By is called operator self-similar (0.s.s.) if (4.1) holds, where H is an
invertible operator (for a general discussion, see Subsection 4.2.3). Operator self-similarity
extends the usual self-similarity and was first studied thoroughly in Laha and Rohatgi (1982)
and Hudson and Mason (1982). The theory of operator self-similarity bears a resemblance
to that of operator stable measures (see Jurek and Mason (1993) and Meerschaert and
Scheffler (2001)).

Examples of OFBMs have been studied in the past. They arise and are used in the con-
text of multivariate time series and long range dependence (see, for example, Chung (2002),
Marinucci and Robinson (1999, 2000)). Another context is that of queueing systems, where
reflected OFBMs model the size of multiple queues in particular classes of queueing models,
and are studied in problems related to, for example, large deviations (see Konstantopou-
los and Lin (1996), Delgado (2007), Majewski (2003, 2005)). Other related papers study
particular classes of OFBMs from a theoretical perspective (see, for example, Mason and
Yimin (2002), Maejima (1994)).

Despite a growing interest in OFBMs, there is not a work that examines the general
class of OFBMs, and a number of questions for OFBMs remain open. We address some
of these questions here. More specifically, we establish integral representations of OFBMs
(Section 4.3) and study their basic properties. In the multivariate case, the three properties
(i), (ii’) and (iii) do not characterize the distribution of OFBM. The derivation of integral
representations of OFBMs is therefore quite different from the univariate case. We prove
that OFBMs have a rigid dependence structure among components which we call Dichotomy
Principle (Section 4.4). Finally, we also study questions of uniqueness for OFBMs (Section
4.5). It is known since the fundamental work of Hudson and Mason (1982) that the exponent
H for the same o.s.s. process is typically not unique. We will examine here the results of
Hudson and Mason (1982) for particular classes of OFBMs. Appendix A contains some

known results on commutativity of operators, and Appendix B concerns the exponential of
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a matrix in Jordan normal form.

4.2 Preliminaries

We begin by introducing some notation and by considering some preliminaries on the

exponential map and operator self-similarity that are used throughout the paper.
4.2.1 Some notation

In this paper, the notation and terminology for finite-dimensional operator theory will
be prevalent over their matrix analogues. However, whenever convenient the latter will be
used.

All with respect to the field R, M (n) or M (n,R) is the vector space of all nx n operators
(endomorphisms), GL(n) or GL(n,R) is the general linear group (invertible operators, or
automorphisms), O(n) is the orthogonal group of operators O such that OO* = I = O*O
(i.e., the adjoint operator is the inverse), SO(n) C O(n) is the special orthogonal group
of operators with determinant equal to 1, and so(n) is the vector space of skew-symmetric
operators (i.e., A* = —A). The sign * always indicates the adjoint operator, regardless of
whether the underlying field is R or C. Matrix-wise, it should be interpreted as transposition
or Hermitian transposition, accordingly. Otherwise, the notation will indicate the change to
the field C. For instance, M (n, C) is the vector space of complex endomorphisms. Whenever
it is said that A € M(n) has a complex eigenvalue or eigenspace, one is considering the
operator embedding M (n) <— M (n,C). We will say that two endomorphisms A, B € M (n)
are conjugate (or similar) when there exists P € GL(n) such that A = PBP~!. In this
case, P is called a conjugacy. The expression diag(Ai, ..., A,) denotes the operator whose
matrix expression has the values A1, ..., A\, on the diagonal and zeros elsewhere. An operator
U € M(n,C) is said to be unitary when UU* = U*U = I. An operator A € M(n,C) is
said to be normal if it commutes with its adjoint, that is, AA* = A*A. By the Spectral
Theorem, an operator A € M (n,C) is normal if and only if there exists an orthonormal
basis of eigenvectors of A for the underlying vector space. If the normal operator A € M (n)

is self-adjoint, then such basis can be written with purely real coordinates.
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4.2.2 The exponential map

The meaning of the expression ¢ in (4.1) with ¢ > 0 and H € M(n) is given through

the notion of exponential map by setting ¢/ := exp(log(c)H), where

exp(4) = T
k=0

and this infinite series converges for all A € M(n) (see also Hausner and Schwartz (1968),

pp. 59-60). A few remarks about the exponential map are of importance here.

(R1)

(R2)

Loosely speaking, an exponential map
exp:g— G

takes a vector space of operators ¢ C M(n) into a closed subgroup G C GL(n) of

operators. In this sense, it de-linearizes the vector space. For example,
exp(M(n)) € GL(n), exp(so(n))=S0(n). (4.2)

In other words, the exponential of any operator is invertible, and the exponential of
any skew-symmetric operator is an orthogonal operator with det = 1 (and vice-versa).
Whenever well-defined (as in (4.2)), the inverse of the exponential map, appropriately

called log map, may be considered.

More precisely, let G be a closed (sub)group of operators. Denote by g = T(G) the

tangent space of G, i.e., the set of A € M(n) such that
Gn

-1
A= lim R for some {G,} C G and some 0 < d,, — 0.

n—oo n

In this sense, ¢ is, in fact, a linearization of G in a vicinity of I.

It can be shown (Jurek and Mason (1993), pp. 15-16) that the exp map takes g
into G. The relation between G and g may be pictured as a hyperplane (the latter)

touching a manifold (the former) at I. The group operations on GL(n) are infinitely
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differentiable, so GL(n) is a Lie group. The tangent space M (n) endowed with the
Lie Bracket [A, B] = AB — BA is a Lie Algebra.

(R3) It is not true in general that exp(A + B) = exp(A)exp(B). This relation holds if
A and B commute; however, commutativity is not a necessary condition (Horn and

Johnson (1991), p. 435).
(R4) Tt is easily seen that, for invertible P, ePAPT! — peAp-1,

4.2.3 Operator self-similar processes

The definition of operator self-similarity is as follows.

Definition 4.2.1. A stochastic process {X(¢)}cr on a finite-dimensional vector space V
(typically, R™) is said to be operator self-similar (o0.s.s.) if it is continuous in law at each
t # 0 and if for every ¢ > 0 there exists a linear operator A(c) on V' and a vector a(c) in V

such that

(X (ct)hier £ {A(C)X (t) + a(c) ek (4.3)

Throughout the paper, we will assume all processes to be proper, i.e., for each ¢ the
distribution is not contained in a proper subspace of V. Furthermore, we will only consider
what is called strictly o.s.s. processes, in the sense that a(c) = 0 (see Corollary 3, Hudson
and Mason (1982)).

Theorems 1, 2 and 3 in Hudson and Mason (1982) give the general relation between
A(c) in (4.3) and an (operator) exponent H for the o.s.s. process X. They provide the
conditions for the existence, the non-uniqueness and the restrictions on such operator H.
For the reader’s convenience, we will state and briefly relate them here.

The first theorem says that, just like in the univariate case, A(c) in (4.3) can be inter-

preted in terms of a scaling law.

Theorem 4.2.1. (Hudson and Mason (1982): Existence of H) Let {X (t)}1er be a proper

0.s.s. process. Then, there exists an operator H such that, for each ¢ >0, (4.1) holds.

An operator H that satisfies (4.1) is called an exponent of the process X, and the set
of all such H is denoted by £(X).
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The non-uniqueness of H satisfying (4.1) depends on the symmetry group G; of X,

which is defined as follows.

Definition 4.2.2. The symmetry group of an o.s.s. process X is the set GG; of operators

A € GL(n) such that

(X (D) }er £ {AX (1) }rer (4.4)

Theorem 4.2.2. (Hudson and Mason (1982): Non-uniqueness of H) Let {X (t)}icr be a

proper o.s.s. process. Then, for any H € £(X),
E(X)=H+T(Gy), (4.5)
where T(G1) = WLW ™! for some positive-definite operator W and some subspace Lo of

so(n). Consequently, X has a unique exponent if and only if Gy is finite.

It turns out that the symmetry group (7 is always compact, which implies that there
exists a positive definite self-adjoint operator W and a closed subgroup Oy of O(n) such
that G; = WO W ! (see, for instance, Hudson and Mason (1982) pp. 285, 289). A process
X that has maximal symmetry, i.e., such that G; = WO(n)W =1, is called elliptically

symmetric.

Theorem 4.2.3. (Hudson and Mason (1982): Admissibility of H) H € M (n) is an expo-

nent for some o0.s.s. process X if and only if
(i) every eigenvalue of H has non-negative real part;

(ii) every eigenvalue of H having null real part is a simple root of the minimal polynomial

of H.
If H € M(n) satisfies the conditions in Theorem 4.2.3, it is called admissible.

4.3 Integral representations of OFBMs

In the univariate case, for fixed H € (0,1), the law of FBM is unique up to a constant.

This follows in a standard way by using H-self-similarity and stationarity of the increments
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as

EX(s)X(t) = %(EX(t)z + EX(s)* - E(X(t) — X(s))?)

_ EX(1)?
2

{7+ (s = [t — s}

The same arguments cannot be applied in the case of OFBM. In fact, for OFBM,

EX(t)X(s)* + EX(s)X(t)*

— EX(1)X()" + EX(s)X(s)" — B(X() - X(8))(X(t) — X(s))"
— (7D L)+ 57D 1|7 — [ — | T(L D]t — 5|7

and it is not true in general that EX (¢t) X (s)* = EX(s)X (t)*. In this sense, a given operator
H does not characterize the law of OFBM. This also does not exclude the case where two
different Hs lead to the same OFBM, and we will see in Section 4.5 below that this may
happen.

Even though a fixed H does not determine the law of OFBM, an alternative character-
ization can be sought through integral representations of OFBMs. In the univariate case,

it is well-known that FBM has the spectral representation

1 | ~
_ —(H-1/2)

where B(z) = B () + iBy(x) is a complex-valued Brownian motion such that Bj(—z) =
Bi(z) and By(—x) = —Bs(z), and Co(H) is a normalizing constant (see, for instance,
Samorodnitsky and Taqqu (1994), p. 328). The representation (4.6) also yields the law of
FBM, and sheds light on its structure (that is, it says how it can be built from the usual
BM). It is therefore natural to try to obtain integral representations for OFBMs. This is

done through a number of results given next.

Definition 4.3.1. We will say a function f : R — C" is operator-homogeneous of degree
K € M(n) if, for ¢ > 0,
flex) =c&f(x), zeR. (4.7)
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As with ordinary homogeneity, all operator-homogeneous functions of the same degree

differ only by an operator constant, which is their value on the sphere. In fact, from (4.7),
flo)=c&f1)=cfA4, ¢>0, Ae M(n,C),

fle) = (=o)%f(=1) = (~0)¥B, ¢<0, Bec M(n,C).

For our purposes, the value of f at zero is defined arbitrarily. Consequently, any operator-

homogeneous function of degree K can be written in the form
f(x) =2KA+25B. (4.8)

In Theorem 4.3.1 below, we establish integral representations of OFBMs in the spectral

domain. Before that, we state a technical lemma.

Lemma 4.3.1. Let {Y (z)}per € C" be an orthogonal-increment process, and set Fij(dx) =

Eﬁ(dw)?}(dx), where i,5 =1,....,n and Y; is a component of Y. If Fy(dx) and Fjj(dx) are
absolutely continuous with respect to the Lebesgue measure over a given interval, then so is

Proof. A consequence of the Cauchy-Schwartz Inequality. 0

Theorem 4.3.1. Let {Bg(t)}ier be OFBM with o.s.s. exponent H, where the real parts of

the characteristic roots of H are in the interval (0,1). Then,

{Br(t)}her 2 { /R eitx. 1 (z3:P A+ m:DZ)dé(x)}

P (4.9)

teR’

where D = H — 1(1/2), A € GL(n,C), A is the matriz whose entries are the complex
conjugates of the entries of A, and B(z) := By(x)+iBs(z) is a complez-valued multivariate

Brownian motion satisfying By (—z) = By (), By(—z) = —Ba(z) and EdB(x)dB(z)* = dx.
Proof. For notational simplicity, set X = Bp. Since X has stationary increments, we have

X () — X(s) = /R et e

1T

Y (dz), (4.10)
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where ?(dm) is an orthogonal-increment random measure in C" (see Doob (1990)). Since
Re(hg) > 0 for all & = 1,...,n, then X(0) = 0 a.s. (see Maejima and Mason (1994)).

Therefore, X can be represented as

X(t) = /R elt;_l?(dx). (4.11)

Moreover, since X is Gaussian, ?(dm) is a Gaussian random measure. Let
Fx(dz) = EY (dz)Y (dz)*

be the multivariate spectral distribution of )N/(d:n) The rest of the proof goes in three steps:
(i) showing the existence of a spectral density function,

(ii) decorrelating the measure ?(da:) by finding a filter based upon the spectral density

function,

(iii) showing that the filter is an operator-homogeneous function.

Step (i): Since X is o.s.s. with exponent H,

itx_l

Y (dx). (4.12)

mmi&/e

R X

On the other hand, through a change of variables v = cx,

ity _ 1 ~
X(ct) < / V(e dv). (4.13)
R (A%
In differential form, this means that
HY (dz) £ ¢V (¢ Ldw) (4.14)
or, equivalently,
Y (cdax) 4 Y (d). (4.15)
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Thus, Fx ([0, c]) can be written as
EY ([0,e))Y ([0, c])* = ' Fx ([0, 1)) ("), (4.16)

for ¢ > 0 without loss of generality. By Lemma 4.3.1, it suffices to prove that the individual
F;; are absolutely continuous. By the explicit formula for ¢/~ the individual entries
Fx([0,¢])i; in the expression on the right-hand side of (4.16) are linear combinations (with
complex weights) of terms of the form

(log(0)" 1,

o, k=1n, 1EN (4.17)

(or their respective conjugate), or identically zero for ¢ > 0. Thus, Fx(c) is differentiable
in ¢ over (0, 00) since Fx ([0, c])ij = Fx(c)ij — Fx(0)sj.

We want to prove that EN/(O) = 0 a.s. We now proceed as in Maejima and Mason
(1994). Since the real part of the eigenvalues of I — H are strictly greater than zero, then
by Proposition 2.1.(ii) in Maejima and Mason (1994) we have || t!=# || — 0 as t — 0, where

| .|| is the (complex) operator norm. Thus, by equation (4.15),

d

Y@ I = 1Y) [ < [T 1Y) | =0 ast—0.

So, }7(0) =0 a.s., as claimed.
Now note that

Vie) L

Y(c) = 7y (1), (4.18)

and since

=Y @) <) Y@ | =0 as e —0,

we also have

JdHY (1) -0 as ¢—0 (4.19)

(the same argument holds for Y (—¢)). Thus, (4.18), (4.19) and the fact that Y is Gaussian
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imply that
Y(c) 50=Y(0) as c—0

(i.e., Y is L2-stochastically continuous at zero). Therefore,
Fx([-¢,c]) =0 as ¢— 0,

because
C

Fx([=¢,d) :E(/ dff(x))(/c dif(x))*

—C —C

_ E(/O dY (z) + /Ocd?(x)) (/0 Ay (z) + /OC df/(:v))*

—C —C

:E(/_Ocd?(x))(/_idf/(x))*+E(/Ocd?(x))(/ocd?(x))*—>o as ¢ — 0,

where the third equality follows by the orthogonal increments of Y. This implies that
Fx(O) — Fx(o_) = lirr(l) FX(C) — Fx(—c) = liH(l) Fx([—c, C]) = 0.

As a consequence, for all i = 1,...,n we have that Fj;(c) is differentiable for ¢ # 0 and

continuous at zero. Thus, a multivariate spectral density function fx(x) exists.

Step (ii): Since fx(z) is positive definite Hermitian-symmetric for every x, the Spectral
Theorem yields a square root @(z) of fx(z). Let dB(z) be a complex-valued multivariate
Brownian motion as in the statement of the theorem. The random measure a(z)dB(z) is

equal (in distribution) to Y (dz), since
E(a(z)dB(z)dB(z)"a(z)") = a(z)a(z)*dz = fx(z)dz = Fx(dz).

This implies that X can also be represented as

X(t) 2 /R ¢ zx_la(:v)dé(m). (4.20)
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Step (iii): By rewriting (4.14) with a(z)dB(z), we obtain that

Ha(z)dB(z) L a(f)cm/?)czé(x),
c
whence
a(cx) = ¢ Pa(x). (4.21)
This means that a is operator-homogeneous of degree K = —D, which implies it has the
form (4.8) and representation (4.9) holds. O

We next obtain integral representations of OFBMs in the time domain. We will use
the following elementary result. We write f € L?(R, ]R”Q) for a matrix-valued function f
when [p[f(u) o f(u)]du < +oc0, where A o B := trace(A*B). The Fourier transform of
f € L2(R,R™) is defined as f(z) = Jp e f(u)du.

Lemma 4.3.2. Let f,g € LQ(R,R"Q). Then, the Plancherel identity holds, i.e.,

= F(2)g(x)* dx
[ st n = o [ Fwi) as, (122

where j? and g are the component-wise Fourier transforms of f and g.

Theorem 4.3.2. Let {Bp(t)}ter be OFBM with o.s.s. exponent H. Then,

(Balhiex £ { [ (0= = (2 + (=0 = (0?IN) aB)} . (423)

teR

where D = H — I(1/2), (M,N) € (GL(n) U{0}) x (GL(n) U {0})\{(0,0)} and B(u) is a

real-valued, multivariate Brownian motion.

Proof. Let X and X denote the processes on the right-hand side of (4.9) and (4.23), re-
spectively. It suffices to show that the covariance structures of X and X are the same. For

simplicity, we only consider X in (4.23) with N = 0 and show that it has the representation
(4.9).

91



As in the univariate case, one can show that

/ ((t N u)f . (_U)E) e T g0 (efitoc _ 1)‘w|7(D+I)P(D + I)eisign(ac)7r(D+I)/27
R

F(K):/ e T dy
0

converges absolutely if the characteristic roots of the operator K are greater than zero.

Then, by Lemma 4.3.2,

—i8T __ ite .
_ i (6 1)(8 1) (’x‘_DF(D + I)ezsgn(x)ﬂ(D-i-[)/Z)MM*'
2m Jr |z

_(e—isign(x)w(D*+I)/21—x(D + I)* |I”_D*)d$

This is also the covariance structure for X in (4.9) with A := I'(D 4 I)e!*P+D/2p7.

Note also that for X to take values in R™, it is necessary that (M,N) € (GL(n) U
{0}) x (GL(n) U {0})\{(0,0)}. In fact, any operators M,N € M(n,C) have the form
M = My + Mo, N = N; + iNo, where Mj, Mo, N1, No € M(n) (actually, we must have
M or N1 € GL(n), otherwise X cannot be a proper process in R™). By considering the
expression (4.23) with M := M, N = ]v, it follows that )Z'(t) € R” for a given t if and only
if o <((t —u)? — (—u)P) Mo+ ((t — )P — (—u)l_))N2> dB(u) = 0, which does not hold a.s.

unless My = Ny = 0. ]

Remark 4.3.1. For what operators H is the time domain representation (4.23) of OFBM
well-defined? Let D = H — (1/2)I. The integral (4.23) is well-defined as long as the
integrand is in L?(R). Using the Jordan form of D = PJP~! where P € GL(n,C) and J
is in Jordan normal form with the eigenvalues d;, [ = 1,...,n of D, the square-integrability

follows if |t —u|/ — | — |’ is in L?(R). By Appendix B.2, it is enough to have the functions

(log [t —ul)™|t —u|™ — (log | — u[)™] — u|® (4.24)
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in L?(R), where m = L..,ng,

and nj 4 is the size of the Jordan block Jg, of D. The

functions (4.24) are in L?(R) when d; € (—1/2,1/2).

4.4 Dichotomy principle

As in the univariate case, increments of OFBM are stationary and have a special name.

Definition 4.4.1. Let {Bg(t)}ter be an OFBM. The increment process
d
{YH(t)}tET = {BH(t + 1) - BH(t)}teT, where T' = Z or R,

is called Operator Fractional Gaussian Noise (OFGN).

From Theorem 4.3.1, the spectral representation of OFGN in continuous time is

Vu()her £ { /R e 1 (277 A+ 2= A)dB(x) }

1T

4.25
R (4.25)

where D = H — (1/2)I. Then, the spectral density of {Yx(¢)}ier is

‘eix . 1’2

W@IDAA*%ID* + 2 PAA P, zeR, (4.26)

fu(z) =

since the cross terms are zero.

In discrete time, observe that

o0

EYy(0)Yg(n) = /027r e Z fyy (z+2nk)dz, n€Z. (4.27)

k=—o00

Then, the spectral density {Yy(n)}ner is

o0

gvy () = 2(1 = cos(z)) Y

k=—o00

1

+ (z + 2rk) P AA (2 + m):D*), z € (0,27). (4.28)

The form (4.28) of the spectral density leads to the following result.
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Theorem 4.4.1. Let H be a normal operator with eigenvalues hy, l = 1,...,n, such that
1/2 <Re(hy) <1, l=1,...n. (4.29)

Let gy, (x) = {gv,(x)i;} be the spectral density (4.28) of OFGN in discrete time. Then,
either

(1) gvy(x)ij diverges as x — 0, or

(ii) ng(I')Z'j =0,z¢€ (0,27T).
Proof. Let D = H — (1/2)I and denote the eigenvalues of D by di,...,d, € C. By the
assumption, 0 < Re(d;) < 1/2. Since D is normal,

P = Pdiag(z=%, ... =) P*,

where P € U(n). Therefore, each term of the summation in (4.28) involves the matrix

expression

P diag((z + 27k) ™%, ..., (z + 21k) %) P*AA* P diag((z + 2nk)~ 4, ..., (z + 2nk) %) P*,

whose entries are linear combinations of products of the complex power functions (z +
27k)~ 4, ..., (z +27mk)~% and their complex conjugates. The behavior of gy, () as = — 0
is governed by the term

2(1 — cos(x))
)

P diag(z™%, ...,2~%) P*AA*P diag(z™", ...,z~%) P*.

Asz — 0T, w — 1. Therefore, since Re(d;) > 0 for [ = 1,...,n, gy, (x);; diverges as

a power function as x — 07 unless it is identically zero over the entire spectral domain. [

Remark 4.4.1. We expect Theorem 4.4.1 to hold in the general case where the character-
istic roots hq, ..., hy, of H all have real parts between 1/2 and 1. Indeed, using the explicit
form for 7, where J is a Jordan block (see (B.9)), each term in the summation (4.28) is a

linear combination of functions of the form (log |z|)™|z|~%, where d; = h; — 1/2.
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The range 1/2 < h; < 1 is known as that of long range dependence. Theorem 4.4.1 thus
states that, if OFGN is long range dependent in the sense of (4.29), then cross correlation
between any two components is characterized by the following dichotomy: it is either long
range dependent (with diverging cross spectra at zero) or identically equal to zero. From
a practical perspective, this means that the class of OFGN may not be flexible enough to

capture multivariate long range dependence structures.

4.5 On the non-uniqueness of exponents

Theorem 4.2.2 states that the class £(X) of exponents of an o.s.s. process X may contain
more than one operator, and that this depends on the symmetry group G; of X through
its tangent space T'(G1). We examine here GG and related questions of (non-)uniqueness

for particular classes of OFBMs (Section 4.5.2). We start with some preliminary remarks.
4.5.1 Preliminary remarks

The idea that operator exponents are not unique can be understood from at least two
inter-related perspectives: properties of operator (matrix) exponents and distributional
properties of 0.s.s. processes. From the first perspective, consider for example matrices of

the form

0 s
€ so(2),

—s 0

where s € R. Being normal, these operators can be diagonalized as Ls = PAsP*, where
P € O(2) and Ay = diag(is, —is). In particular, exp{ Lo} = I, since exp{i2wk} = 1. Since

L, and Ly commute for any s, s’ € R, this yields

€xp (Ls) = exp (L27rk) €xp (Ls) = exp (L27rk + Ls)a (430)

and shows the potential non-uniqueness of operator exponents from purely operator (matrix)
properties. Note also that the situation here is quite different from the 1-dimensional case:
in one dimension, the same is possible but only with complex exponents, whereas here the
operators Lo,i have all real entries.

From the perspective of distributional properties, we illustrate several ideas through the
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following simple example.

Example 4.5.1. (Single parameter OFBM) Consider OFBM By with exponent H =
diag(h,...,h), h € (0,1), and M = I, N = 0 in the representation (4.23). It will be called
a single parameter OFBM. Note that, in this case, EBy(t)Bu(s) =: I'(t,s) = I'xn(t, )],
where T'; (¢, s) is the covariance structure of a univariate FBM with parameter h. Since By
is Gaussian, O € G if and only if OI'(¢,s)O* = I'(t,s). In the case of single parameter
OFBM, this is equivalent to OO* = I or, since O has an inverse (By is assumed proper),
0O0* = O*0 = I. In other words, G; = O(n), that is, single parameter OFBM is elliptically
symmetric, and

E(By) = H + so(n).

Thus, the exponents for a single parameter OFBM are not unique. From another angle,
for a given ¢ > 0 and L € so(n), we have Llog(c) € so(n) and hence exp{Llog(c)} = c* €
O(n) = Gy. Then,

{Bi(ct)her £ {"Bu(t)her £ {" " By () her £ {7 By (t) e,

which also shows that the exponents are not unique.

4.5.2 Symmetry group and non-uniqueness of exponents in the case n = 2

We study here questions of non-uniqueness in the case n = 2. This case is natural to
consider first because G; € WO(n)W ! (see Section 4.2.3) and orthogonal operators in
O(n) can be quasi-diagonalized in terms of 1- and 2-dimensional orthogonal operators. The
case n = 2 has also been studied separately in a related work on operator stable measures
(Hudson and Mason (1981)).

We have already remarked that the symmetry group (7 of o.s.s. processes is contained
in a set WO(n)W~! for some positive definite self-adjoint operator W. This implies that

the symmetry group of the o.s.s. process

X(t) := W X(¢) (4.31)
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is contained in O(n). Theorems 4.5.1, 4.5.2 and Lemmas 4.5.1, 4.5.2 below shed light on
the structure of Gaussian o.s.s. processes of the form X or, equivalently, for the cases where
W = I. In particular, these results also apply to OFBMs, which are Gaussian. The proofs
of the results below often use Appendix B.1 on commutativity of operators. Note also that,
for a Gaussian process X with Gy C O(n), we have O € G if and only if OT'(t, s) = I'(¢t,s)O
for s,t € R, where

L(t,s) = EX(t)X(s)
is the covariance structure of X.

Theorem 4.5.1. For a 2-dimensional, Gaussian, o.s.s. process X as in (4.31), SO(2)NGy

(i) {1,-1I}, or
(il) SO(2).

Proof. Note that the eigenvectors of any rotation SO(2)\{I,—I} must be of the form

2 1 9 1
uzie” , v:£€2ﬁ , (4.32)

where 7 and (3 are arbitrary angles in [0, 27). Assume there is a rotation O € SO(2)\{I,—I}
such that O € G;. This O must commute with f(t, s) for every s,t € R. Since the eigen-
values of O are different, then by Corollary B.1.2 in Appendix B.1.2, f(t, s) must have the
same Jordan canonical form structure as O. Therefore, I'(t, s) = Udiag(I'1 (¢, s), T2 (t, s))U*,
for U := (u,v) and two univariate functions I'y (¢, s) and Ts(¢,s). This shows that I'(¢, s)

commutes with any other rotation in SO(2). O

Theorem 4.5.2. For a 2-dimensional, Gaussian, 0.5.S. process X as defined in (4.31),

(O@2\SO2)) N Gy is:
(i) 0, or

(ii) {R1, R2}, where Ry, Ry are the reflections around two given orthogonal azes, or
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(i) O(2)\SO(2).

Proof. Assume f(t,s) commutes with a reflection R;. Then, it also commutes with the
corresponding reflection Ry. If 1~“(t, s) commutes with a third reflection R, it must commute

with all O(2)\SO(2), since R3 must have different (real, orthonormal) eigenspaces. O

Lemma 4.5.1. There is no 2-dimensional, Gaussian, 0.5.s. process X as in (4.31) such

that G = 30(2) U {Rl, RQ}, where Ry, Ry € 0(2)\50(2)

Proof. If G1 = SO(2) U {Ry, Ry}, then I'(t,s) must have the same eigenspaces as SO(2).
If T(, s) also commutes with Ry, then it must also commute with all O(2)\SO(2), since in

this case it must be diagonalizable with two equal real eigenvalues. O

Lemma 4.5.2. There is no 2-dimensional, Gaussian, o.s.s X as in (4.31) such that Gi =

{I,—I} UO2)\SO(2).

Proof. It Gy ={I,—1}U(O(2)\SO(2)), then I'(t, s) cannot have more than two reflections
R1, Ry without being diagonalizable with two equal eigenvalues. This implies G; = O(2).
[

Theorems 4.5.1, 4.5.2 and Lemmas 4.5.1, 4.5.2 combined give the following theorem on

the classification of 2-dimensional, Gaussian, 0.s.s. processes.

Theorem 4.5.3. 2-dimensional, Gaussian, 0.s.s. processes can be classified according to
the symmetry group G1 under four types, namely, the ones whose G1 is conjugate by a

positive definite operator W to
(Ia) {Iv _I}}
(Ib) SO(2);

(IL.a) {I,—1,R1, Ra}, where Ry and Ry are the two reflection operators associated with a

pair of orthogonal eigenspaces;
(ILb) O(2).

Only processes of types (I.b) and (I1.b) have non-unique exponents.
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Definition 4.5.1. When a symmetry group G is of the type (L.a), (I.b), (I.a) or (ILb),
we will say that it (or the corresponding o.s.s. process) is minimal, rotational, trivial or

maximal, respectively.

The next results will provide additional insight into the structure of exponents of Gaus-

sian, o.s.s. process X. We shall use the following theorem due to Maejima (1998).

Theorem 4.5.4. (Maejima (1998)) There exists Hy € £(X) such that

HoA = AH,

for all A € G;.
The following simple result will also be useful.

Lemma 4.5.3. If £(X) is not unique, then T(G1) = Wso(2)W =L for some positive definite

operator W .

Proof. If £(X) is not unique, Theorem 4.5.3 implies that WSO(2)W~! C Gy for some
positive definite . Therefore, T(G1) = WLW ~! is a non-trivial subspace of Wso(2)W .
The only subspaces of Wso(2)W ! are {0} and Wso(2)W ~! itself, which implies the result.

O
The next result clarifies the structure of exponents when £(X) is not unique.

Theorem 4.5.5. Let Hy be the commuting operator in Theorem 4.5.4, and let W be a
positive definite operator Gy such that G1 = WOW =L for some O C O(2). If £(X) is not
unique, then

Hy = WUdiag(h, h)U*W ™1, (4.33)

where the columns of U € U(2) are eigenvectors of SO(2). In particular,

E(X) = W(Udiag(h, h)U* + so(2))W 1. (4.34)

Moreover, for any H € £(X), W LHW is normal, and H = Re(h)I € £(X).

99



Proof. If £(X) is not unique, then by Theorem 4.5.3, Hy commutes with W.SO(2)W 1. In
particular, Hy commutes with WOW ! for O € SO(2)\{I,—I}. Such O is diagonalizable
with two complex conjugate eigenvalues, which implies that the eigenspaces of WOW ~!
have dimension one. By Corollary B.1.2 in Appendix B.1.2, the eigenspaces of WOW !
are also eigenspaces of the operator Hy. Thus, Hy can be written as WUdiag(hy, ho)U*W 1L,
Note that W~ HoW € GL(2,R). Therefore, since h1, hy are also the characteristic roots of
the operator Udiag(hi, h2)U*, we have h; = hgy, and thus (4.33) holds. Since £(X) is not
unique, Lemma 4.5.3 yields T(G1) = Wso(2)W 1, which gives (4.34).

For H € £(X), W='HW is normal by using (4.33). In particular, we may choose the

operator exponent H := Hy + WL,Im(h)W_l = Re(h)I, where

L—Im(h) =

The unique exponent of the trivial case is described next.

Theorem 4.5.6. Let Hy be the commuting operator in Theorem 4.5.4, and let W be a
positive definite operator G such that G1 = WOoW ! for some O C 0(2). If Gy is trivial,
then

Hy = WOdiag(hy, ho)O*W L.

where O € SO(2), and hy, hy are the two eigenvalues of Hy. In particular, W= HoW is

normal.

Proof. As in the proof of Theorem 4.5.5, Hy must commute with WR{W ! and W R, W 1!,
where R; and Ry are two reflections as in Theorem 4.5.3. Finally, note that R; and Rs can

both be diagonalized with the same real orthonormal eigenvectors, and eigenvalues 1 and

-1. ]

The following proposition and several examples specifically concern OFBM.
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Proposition 4.5.1. Up to a positive definite operator, every mazimal symmetry 2-dimensional

OFBM is a single-parameter OFBM.

Proof. Let X be a maximal OFBM and I'(¢,s) = EX(¢)X (s)*. We may suppose without
loss of generality that G; = O(2). Since I'(¢, s) commutes with all O(2), there is y(¢,s) € R
such that

L(t,s) =~(t,s)I. (4.35)

Observe next that

D(ct,cs) = ¢oD(t, 5)cMo

where Hj is the operator given by Theorem 4.5.4. Since Hy must commute with all O(2),

it must be of the form Hy = hI for some h € R. As a consequence, cfoctli = ¢2Ho,

v(ct,cs) = 2y(t,s) and y(t,t) = t2hv(1,1) =: t*"02. By using the symmetry of I'(¢, s) and

the stationarity of the increments, when (without loss of generality) ¢t > s > 0,
(t =)o = EIX(t = 5)X(t — 5)"] = E[(X(t) = X (s))(X(t) — X(5))"]

—EX()X ()" —EX(s)X(t)* — EX()X (s)* + EX(s)X (s)*
=TD(t,t) = (s, t) = T(t,s) + (s, s) = t*"o>T — 20 (s,t) + s*"o?1.

This yields
2
g
v(t, s) = ?(m?h + s/ — |t — s*1), st eR,

which proves the result in view of (4.35). O

Example 4.5.2. If the covariance structure I'(¢, s) of OFBM can be diagonalized as

diag(y1(t, 5), 72(t, s)),

where 71 (t, s) # 72(t, s) for some s,t € R, then G is of trivial type. Indeed, for A € GL(2),
the equation Adiag(v1(t,s),v2(t,s))A* = diag(y1(t, s),v2(t, s)) gives the solutions G; =
{I,—1I,diag(1,—1),diag(—1,1)}. We obtain this kind of I'(¢, s), for example, by taking the
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time-domain representation of OFBM with M = I, N =0, and H = diag(h1, h2) € GL(2),
hi# hg,and 0 < by < 1,1=1,2.

Theorems 4.5.5 and 4.5.6 show that if GGy is trivial, rotational or maximal, then there
exists positive definite W such that W~1HW is normal, where H is any operator in £(X).

This can be used in the construction of a simple example of OFBM with minimal symmetry
group.

Example 4.5.3. If

then OFBM has the minimal symmetry group. Indeed, if there exists positive definite W
such that WHW ! = A, where A is normal, then H = W—1AW is diagonalizable over C

(contradiction).

Observe that OFBMs in Examples 4.5.3, 4.5.2 and 4.5.1 are of minimal, trivial and
maximal types, respectively. The next example provides OFBM of rotational type. Thus,

classes of all four types of 0.s.s. processes in Theorem 4.5.3 are non-empty.

Example 4.5.4. Consider OFBM given by the integral representation (4.23) with H =
diag(h,h), M € SO(2) and N = I. Let f 4 (t,u) = (t — u)}}r_l/2 — (—u)i_l/Q, fn—(t,u) =

(t—w)""? — (—w)"V? and
gl(ta 5) = / fh,-i—(tau)fh,-‘r(s’u)du = / fh,—(tau)fh,—(‘S?u)dua
R R

92(t73):/th,—l—(tau)fh,—(S,u)du.

Note that, for suitable constants C}, 5;“ and s,t > 0,
gi(t,s) = Cu(t" + 5™ — [t = s["), ga(t,s) = Cu(=t*" + [t = 5| (15 ))-
The covariance structure of such OFBM can be expressed as

I(t,s) = 2g1(t,$)I + ga(t, s) M + ga(s, t)M™.
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Then, O € G, if and only if 6I‘(t, 3)5* =T(t,s), or
201(t, $)(00* — I) + go(t, s)(OMO* — M) + go(s,t)(OM*O* — M*)* = 0. (4.36)
For t > s, %gg(s,t) = 0. Then,
0 ~~, 0 ~ ~
2-01(t,5) (00" = I) + —ga(t, s)(OMO* — M) = 0.
ot ot
By integrating this back from 0 to ¢, we obtain that

291(t, 5)(00" — I) + ga(t, s)(OMO* — M) = 0. (4.37)

In particular, comparing (4.36) and (4.37), M* = OM*O*. This yields M = OMO*, and
hence, in view of (4.36), OO* = I. The last relation implies that O € O(2). Hence,

MO = OM and, since M € SO(2), this happens only with O € SO(2). Thus, G1 = SO(2).
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APPENDIX A

On the integration of continuous-time stationary Gaussian
processes

Let {X(¢)}ier be a Gaussian stationary process given by (2.1). We define here the
integral

/R X () f(t)dt, (A1)

for suitable functions f and state its properties as used throughout the paper. Our strategy
will be to define (A.1) both pathwise and as an L?(f2) limit and to show that the two
definitions coincide in relevant cases. In the pathwise case, the integral (A.1) will be denoted
by Z.,(f) (i.e. defined w-wise), and, in the L?(f2) case, it will be denoted by Z(f).

For simplicity, we assume that the sample paths of X are continuous. Path continuity
is not a stringent assumption since, by Belayev’s alternative (Belayev (1960)), either the
sample paths of a Gaussian stationary process are continuous or very badly-behaved in the
sense of possessing discontinuities of the second type.

Assume first that f(t) = Y71 filj,s,)(t) is a step function. For such function, the

stochastic integral (A.1) may be defined pathwise as the ordinary Riemann integral

zw(zn: Fillus) = Zn: / " X0 (A.2)
i=1 i=1 7%

Lemma A.0.4. The integral (A.2) has the following properties: for step functions f, fi
and fa, and with the notation Z(f) = Z,(f):
(P1) Z(f) is a Gaussian random variable with mean zero.

(P2) The following moment formulae hold:

PP = 5 [ @) PIf@)Pd (A3)

Blr)] = 5 [ @k R (A4)
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1

Elzinxm] = o /R et |g() 2 Fl)d. (A.5)

(P3) For real ¢ and d, Z(cf1 + df2) = c¢Z(f1) + dZ(f2).

Proof. Property (P3) is elementary. It is enough to prove properties (P1) and (P2) in the

case of indicator functions f = 1j43), f1 = 1, 5,) and fo = 1i4, 5,). By using Lemma A.0.6

(1) = /R [ / "ot —

Property (P1) is immediate since Z,,(1[,)) is an integral with respect to Brownian motion.

below, we have

dB(u) a.s. (A.6)

We now turn to property (P2) and show first (A.4), of which (A.3) is a special case. By

using (A.6) and the notation fi1 = 114, 4,), f2 = L{gyp,), (A.4) follows from

b1 b
EZo(Lay 61))Zw (g 5)) —/R </ g(t—u)dt> (/ g(t—u)dt)du

= [ gt = - [ @) Fae)lg(o) P,

To show (A.5), note that, by using (2.1), (A.6) and the notation f = 1j,4),

b
EX(T(10p) = [ o= ( [ ats- u)ds> du

\Y _ 1 itr | -~
= [t =)+ ") witu = - [ e fa)lglo)aa.
O

An extension of the integral (A.1) to more general functions f can be achieved by an

argument of approximation in L?(Q). Consider the space of deterministic functions

~{rer®: [ 1Pl i < ) (A7)

with the inner product

(f1, fo) 1, / fi(z g(z)|*d. (A.8)
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Denote also

I% = {Iw(f) : f is a step function}, (A.9)

equipped with the ordinary L?(f2) inner product

Zo(f1)Zu(f2). (A.10)

The space Z% and the restriction of Lg to step functions are isometric since, for elementary

functions f1 and fs,

T.(f1)T. / Fi (@) Fol) [§() 2z = (1, fo)ra (A1)

Thus, a natural way to define the integral Zy for a given f € LZ is to take a sequence of
step functions [,, that approximate f in the Lg norm, and set Z(f) as the corresponding
L?(Q) limit of Z,,(,). We address the question of the existence of such a sequence of step

functions in the following lemma.

Lemma A.0.5. For every function f € LE(R), there is a sequence {l,} of step functions

such that || f — ln”Lg — 0.

Proof. This result can be proved as Lemma 5.1 in Pipiras and Tagqu (2000). For the
reader’s convenience, we indicate here the main steps of the proof. Moreover, the proof of
Lemma 5.1 in Pipiras and Taqqu (2000) contains a small error (see the argument before
Case 2 on p. 274 in that paper) and needs to be modified slightly.

As in Pipiras and Taqqu (2000), it is enough to show the result in Case 1: f is an even
function and, more specifically, such that f(w) = 1j_1,3(x), and Case 2: f is an odd function
and, more specifically, such that J?(a:) = i(1p11(7) — 1j_1,09)(z)). We briefly consider Case 1
only.

In Case 1, write first

~ 2
~ T

x

Let U(x) be the function on = € R such that U(z) = z1_1 j)(z) for x € [k, k] and U(7) is
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periodic with period 2k, where k > 2. Suppose € > 0 is arbitrarilly small. Since § € L? and

|U(x)| <1, we can fix k such that

2 [9(x) [
/|$|>k|U(x)| dr <

Then,
2| f — In||22 < / U(z) — wly(z )y2|9( )" dr + €. (A.12)
g R LU

The functions I, are now constructed as follows. As shown in Pipiras and Taqqu (2000),
there is a sequence of trigonometric functions Uy (z) =377 u;e™*/k such that

(1) D, [Un(@)] < const,

(73) sup,, |Un(z)| < const |z|, for small |z|,

(731) Uy (x) — U(x) except at discontinuity points of U(x).

Then, by the Dominated Convergence Theorem, we obtain

/\U ),2|9(x)| dz — 0. (A.13)

~

In view of (A.12) and (A.13), it is enough to observe that U,(z) = zl,(x) for some step

functions [,,. O

Given f € Lg, we may use Lemma A.0.5 to define (A.1) as
To(f) = lim(L*(92)) Lo, (ln), (A.14)
where {l,,} is a sequence of step functions such that || f —I,|| 2z — 0. This definition does not

depend on the approximating sequence of f. The integral Z(f) has the following properties.

Theorem A.0.7. The map Iy : f — Lo(f) defined by (A.14) is an isometry between the
spaces LY and ITx = {To(f) : f € L3}. Moreover, To(f) = T.(f) a.s. for step functions
f, and the integral Zo(f) satisfies the properties (P1), (P2) and (P3) of Lemma A.0.7 with
I(f) = To(f) and f, f1, f2 € L.

Proof. The proof is omitted as being standard once we have Lemma A.0.5. O
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Remark. Relation (A.5) in property (P2) can be seen as a particular case of (A.4) with
fa(u) := 64(u), where the latter stands for the Dirac delta at u = t. For such fa, ]?Q(x) =

(/S;(l‘) = ¢~ and note that [, |f2 29(2)Pde = [; [§(z)]?dz < oc.

It is possible to define (A.1) also pathwise for more general integrand functions. As
discussed in Section 2.7, for a Gaussian stationary process {X(¢)}icr, we have, almost

surely,

H < Cy1og(2+ [t]), teR, (A.15)

where C' is a random variable. Consider the space

L= {f € IX(R) :/R\/log(2+ E1F(0))dt < o). (A.16)

For f € L, in view of (A.15) we may define

_ / X0 f(t)dt
R

pathwise as an improper Riemann integral. It is reasonable to expect the integrals Z,(f)

and Zy(f) to coincide a.s. at least for suitable integrands f.
Proposition A.0.2. For f € LN L2, Ir(f) = Z,(f) a.s.

Proof. Note that Zo(f) = Z,(f) for a step function f. Take a sequence of step functions
{l,} such that ||f — lnHLg — 0. We know that [|Z2(f) — Za(ln)l[z2(0) — 0. It is therefore

enough to show that ||Z,(f) —Z.,(In)||z2¢(q) — 0 as well. This follows by using Lemma A.0.6
g L2(Q) Y g

B| [ xe) <>>dtr

B( [ ([ ot = waB) .o - renar)

B( [ ([ ot =)t = renar)anu)

= [ (] st =0 - sopae) du= [ (9" = pi)) du

below since

12 (f) = Zo(tn)ll 20) =
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1 =N _—
~ o | B@PIG =T @)Pds = 1 fluz — 0

The next lemma was used several times in the appendix above.

Lemma A.0.6. Let {X(t)}ier be as in (2.1) with continuous sample paths and f € L be

an a.e. continuous bounded function, where L is defined in (A.16). Then,

L0 = [ Xswa = [ ([ att=wan) s

:/R(/Rg(t—u)f(t)dt)dB(u) a.s. (A.17)

Proof. Suppose first that f is bounded. From the definition of improper integral, Z,(f) =
limg— 400 Zo(f1[—q,q) a.s. We will first show that (A.17) holds for f1,_, o), where a > 0 is
fixed. Let Il = {—a =ty < t; < ... <t, = a} denote a partition of the interval [—a,a]. By
the a.e. sample path continuity of X () f(¢), the discretization -, o X (tg)f(tk)(te+1 — tk)
converges t0 Z,(f1[_q,q]) a.s. as [|II]| — 0. The discretization is an L*(Q2) random variable,
and it suffices to prove that it also converges in L?({)) to the integral on the R.H.S. of
(A.17). Write

S Xt} tr1 — 1) = | G(w)dBw),

trell

where Gri(u) = 32, 17 9(tk — w) f(tg)(tk41 — t). Observe that

Gr(w) = Y e ™G(—a) f(t) (brr1 — t)- (A.18)

trell

As ||IT]| — 0, (/}}I(ac) converges pointwise to §(—x)(f1/[;:z])(x), which is the Fourier trans-

form of (g" * (f1j_qq))(u) = Jg 9(t — u)f(t)1|_qqdt =: G(u). Furthermore,

Gu(@)| < [5(=2) 32 e () tsa — )| < C i) (A.19)

trell

since f is bounded. Since g € L?(R) by assumption, the Dominated Convergence Theorem

implies that Gri(x) converges to G(z) in L2(R). This yields that Jz Gri(u)dB(u) converges
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to [z G(u)dB(u) in L*(), and proves (A.17) for f1j_,,. To show (A.17) in general, it is

enough to prove that

/R ( / "t —u) F(t)de)dB(u) /R ( /R ot — w)f(t)dt) dB(u). (A.20)

—a

Taking Fourier transforms, this is equivalent to

| BRI 0 = Hla) Pz = 0.

—

The convergence follows from the Dominated Convergence Theorem since f1j_,q(z) —
fla) for all z € R (use £ C L'(R)) and |f1_,q (@) < [|fllz-
For the case of unbounded f, just consider a sequence of truncated integrands f, :=

J1{f)<n) and apply again the Dominated Convergence Theorem.
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APPENDIX B

Supplementary material on linear operators

B.1 On the commutativity of operators

The characterization of the commutativity of operators is a well-known problem in
Linear Algebra (see, for instance, MacDuffee (1946), p. 89, or Taussky (1953)). More
precisely, given an operator A, the problem is to find the set C(A) of operators that commute
with A. C(A) is called the centralizer of A.

From now on, F represents an n-dimensional vector space with field F, and £(E,F) is
the space of endomorphisms on E (F is included in the notation to stress what particular
field is taken). In particular, £(E,R) is isomorphic to M(n). A vector v € E\{0} is said
to be an eigenvector for A € L(E,F) if there exists A € F such that Av = Av. \ € F is said
to be an eigenvalue when there exists a vector v € E\{0} such that Av = Av. For a given
eigenvalue A € F, the subspace E) := {v € E; Av = \v} is said to be the eigenspace of A
corresponding to A.

Note that sufficient conditions for commutativity are usually easy to obtain.

Example B.1.1. Assume A, X € M(n) are two diagonalizable operators with (individu-
ally) distinct eigenvalues. A and X commute if they have the same eigenspaces, since, in
this case,

A=PDyP!, X=PDxP! (B.1)

for diagonal D4 and Dx, and diagonal matrices commute. Note that P in (B.1) is not
unique.

Eigenvalues with multiplicity greater than 1 introduce the multi-dimensionality of eigen-
spaces. For instance, the Identity commutes with every (e.g., diagonalizable) operator A
because it can be diagonalized through any basis of R™, and in particular, the eigenvector

basis of A.

Still in the context of diagonalizable operators, the sharing of eigenvectors - equivalently,
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of 1-dimensional invariant subspaces - is also a necessary condition, as Theorem B.1.3 below
shows. The intuition behind it is clear: the order of the application of operators does not
matter if and only if they act as scalars - which are algebraic entities that commute - upon
the same 1-dimensional (invariant) subspaces of R™.

In the general case of any two operators A, X € M (n), the complexity of the matter
increases, because the dimensions of the eigenspaces may not add up to n (see Subsection

B.1.2). The next proposition give a general necessary condition for commutativity.

Proposition B.1.1. Let A, X € L(E,F). If X commutes with A, then each eigenspace of

A is invariant by X.

Proof. Let E) be an eigenspace of A associated with the eigenvalue A € F. Then, Av = \v
implies that
A(Xv) = X(Av) = X (W) = AM(Xv),

ie., Xve E).
O

A case of particular interest is when the eigenspace of A is 1-dimensional. Then, one
can immediately obtain an eigenvector for X, which, depending on the context, may be

used in the construction of an eigenvector basis of X (as in Section 4.5).

Corollary B.1.1. Under the assumptions of Proposition B.1.1, if the eigenspace Ey of A

is 1-dimensional, then there exists n such that Xw = nw for all w € E).

Proof. Since E) is unidimensional, then X (E)) has dimension either zero or one. In the
former case, F) is an eigenspace of X with eigenvalue n = 0. In the latter case, choose
some arbitrary v in Ey. The vector Xv can be written as nv for some n # 0. Likewise, any

other vector w € E) can be written as o(w)v for some o(w) € F. Therefore,
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Note, however, that the subspace F) in Corollary B.1.1 may not be the eigenspace of
the operator X associated with the eigenvalue A. For instance, if X = Identity, the entire
E is the eigenspace associated with the eigenvalue 1.

In Subsection B.1.1, necessary and sufficient conditions for commutativity are obtained
in the classical setting of self-adjoint operators. This case is of interest not only because
it is familiar to most readers but also because the discussion of commutativity can be
carried out directly in terms of eigenvectors and eigenspaces, a fact related to the Spectral
Theorem. In Subsection B.1.2, necessary and sufficient conditions for the commutativity of
any two operators are obtained. The matrix perspective is predominant because it facilitates
understanding of the issues involved. Subsection B.1.1 is based on Lima (1996), chapters
12 and 13, whereas Subsection B.1.2 is based on Gantmacher (1959), chapter 8, and Lima

(1996), appendix.
B.1.1 The case of self-adjoint operators

Since our general discussion of commutativity involves the use of invariant subspaces,
we opted for not directly using the Spectral Theorem in this subsection. This will make
more clear at what point self-adjointness is indeed necessary (see also Remark B.1.2).

We begin by showing (Proposition B.1.2) that every A € L(E,R) has an invariant
subspace of dimension 1 or 2. Equivalently, either there exists a non-null vector u € E such
that Au = Au or there exist linearly independent u,v € E such that Au and Av are both
linear combinations of u and v, i.e., Au = au + fv, Av = yu + dv.

To show this, we first prove Lemma B.1.1, which states there exists an irreducible monic
polynomial p of degree 1 or 2 such that the Ker(p(A)) is non-empty (a monic polynomial is
a polynomial whose coefficient of the highest order term is 1). The proof of Lemma B.1.1
makes use of the Fundamental Theorem of Algebra, which implies that every monic real
polynomial is decomposable as the product of irreducible monic polynomials of the first and
second degrees. Here, one should remember that an irreducible second degree polynomial
does not have real roots.

Denote p(z) = ap + a1z + ... + ap2”, and p(A) = apl + ;1A + ... + a, A™.

Lemma B.1.1. Let A € L(E,R). There exists an irreducible monic polynomial p of degree
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1 or 2 and a non-null vector v such that p(A)v = 0.

2

Proof. The space L£(E,R) has dimension n?, and therefore the operators I, A, ..., A" are
linearly dependent. This means there exist aq, a1, ..., ,,2, of which at least one is not zero,
such that

ool + A+ ..+ anzA"2 =0.

Let ayy, be the highest-indexed non-zero coefficient. If we set 3; = «;/a;,, we obtain a monic
polynomial

q(z) = Bo+ Bz + .. + P14 2™

such that ¢(A) = 0. By the Fundamental Theorem of Algebra, we can factor ¢(x) =

q1(z)...qx(x), where each g;(z) is a monic irreducible polynomial of degree 1 or 2. Therefore,

q(A) = qi(A)... qr(A) = 0,

which implies there exists ¢ € {1,...,k} such that g;(A) is not invertible. Therefore, there

exists a non-null v such that ¢;(A)v = 0. To finish the proof, just set p = ¢;. O

Proposition B.1.2. Any A € L(E,R) has an invariant subspace of dimension 1 or 2.

Proof. Let p be the polynomial given by Lemma B.1.1. If p(z) = = — A, then p(4A)v =
(A—IX)v =0, and thus we obtain a 1-dimensional invariant subspace.

Alternatively, if p is of degree 2, then we can write it as p(z) = 2% + ax + b, a,b € R.
This means that p(A)v = A%v + aAv + bv = 0, and thus, A(Av) = —a(Av) — bv. Thus,
the subspace generated by v and Awv is invariant by A. Furthermore, this subspace must
be 2-dimensional. In fact, assume by contradiction that v and Av are linearly dependent.

Then, there exists A € R such that Av = Av, and thus
0= A%+ adv +bv = N2v + alv + bv = (A2 + a) + b,

which implies A + aX +b = 0. This is impossible, since the irreducible second-degree

polynomial p has no real root.
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Although Proposition B.1.2 proves the existence of a 1- or 2-dimensional invariant sub-
space for an operator A, it is not clear whether A has an eigenvector basis. This is where

self-adjointness comes into play. We now prove a simple fact about self-adjoint operators.

Lemma B.1.2. Let E be a vector space with inner product, and let A € L(E,R) be self-
adjoint. If X and X' are two distinct eigenvalues of A, their respective eigenvectors v and v’

are orthogonal.

Proof. This follows by self-adjointness and the fact that A\ — X # 0, since

A = XM) (v, 0"y = Qw,v") — (v, V') = (Av,v) — (Av,v) = 0.

O]

The next proposition shows the existence of an orthonormal basis of eigenvectors for a
self-adjoint A in the case where F is 2-dimensional. Note that the existence of an invariant

subspace as stated in Proposition B.1.2 is, in fact, necessary for the argument to work.

Proposition B.1.3. Let E be a 2-dimensional vector space with inner product, and let
A € L(E,R) be a self-adjoint operator. There exists an orthonormal basis {ui,us} C E of

eigenvectors of A.

Proof. Let {v,w} be an arbitrary orthonormal basis of E. Due to the symmetry of the

matrix representation of A, we have

Av=av+bw and Aw = bv+ cw.

Thus, the eigenvalues of A are the roots of the polynomial p(\) = A% — (a+c) A+ (ac—b?). If
the discriminant is zero, then b = 0, a = ¢ and thus A = al, which implies that every non-
null vector in F is an eigenvector of A. If the discriminant is greater than zero, then A; and
Ao are real and distinct roots. Thus, A— A1 and A— )Xo are both non-invertible. Therefore,
there exist eigenvectors ui,us of A, ie., Au; = Au; and Aug = Aoug (without loss of
generality, we can assume wu; and ug have norm 1). Since the eigenvectors corresponding to

distinct eigenvalues of a self-adjoint operator are orthogonal (Lemma B.1.2), {uj,us} C E
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is an orthonormal basis of eigenvectors of A.

O

Proposition B.1.4. Let E be a vector space with inner product. Every self-adjoint operator

A€ L(E,R) has an eigenvector.

Proof. By Proposition B.1.2, there exists a 1- or 2-dimensional subspace V' C E which is
invariant by A. If dim(V) = 1, then every non-null vector v € V is an eigenvector of A. If
dim(V') = 2, then by applying Proposition B.1.3 to the restriction A : V' — V of A to the

invariant subspace V', we obtain an eigenvector of A. ]

Remark B.1.1. What Proposition B.1.4 ensures is the existence of an eigenvector when we
are restricted to the field R (for instance, in this context a rotation in SO(2)\{I, -1} does
not have an eigenvector, although Proposition B.1.2 still holds). Over the field C, the exis-
tence of an eigenvector is an immediate consequence of applying the Fundamental Theorem
of Algebra to the polynomial det(A — AI), and does not depend on specific assumptions on

A such as self-adjointness.

Proposition B.1.5. Let E be a vector space with inner product. If the subspace V. C E is

invariant by the linear operator A € L(E,F), then V= is invariant by the adjoint A*.

Proof. Let w € V, v € V+. Note that (A*v,u) = (v, Au) = 0, since V is invariant by A.

Thus, A*v € V1. O
Proposition B.1.5 yields the following result.

Proposition B.1.6. Let E be a vector space with inner product, and let A € L(E,R) be a

self-adjoint operator. If the subspace V is invariant by A, then so is V1.
We can now prove the main result of this subsection.

Theorem B.1.1. Let E be a vector space with inner product, and let A, X € L(E,R)
be self-adjoint, linear operators. A and X commute if and only if there exists a basis of

common eigenvectors.
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Proof. Let uy, ..., u, be a basis of common eigenvectors of A and X. Let A, ..., A2 be their
respective (possibly repeated) A eigenvalues, and let A, ..., \:X be their respective (possibly

repeated) X eigenvalues. Take a vector v =Y 1" | au; € E, o; € R, and write

XAv = XA(En:aiuZ) = <Zn:ai/\f{/\f‘ui) = (Zn:ai/\f‘/\;-xui)

=1 =1 =1

= AX(;aiui) = AXw.

For the converse, as a consequence of Proposition B.1.4, there exists an eigenspace E),
of A with associated eigenvalue A\;. Now assume A and X commute. By Proposition B.1.1,
E,, is invariant by X. By Proposition B.1.4, X has an eigenvector w € E),, which must
also be an eigenvector of A. Thus, w is a common eigenvector of A and X. By Proposition
B.1.6, the subspace span(w)J- C F is invariant by both A and X, so the argument can
repeated to obtain a new common eigenvector in this subspace. So, by repeatedly applying
Proposition B.1.6, we obtain a basis of common eigenvectors.

O]

From the matrix perspective, Theorem B.1.1 states that two self-adjoint linear operators
A, X commute if and only if there is a basis from which we can construct a matrix O € O(n)

that simultaneously diagonalizes A and X, i.e.,
A=0D40" and X =O0ODxO".
As in the more general case of diagonalizable operators, the commutativity of A and X is

related to the fact that diagonal matrices commute.

Remark B.1.2. The Spectral Theorem for F with inner-product and field R states that
A € L(E,R) is self-adjoint if and only if there exists an orthonormal basis of eigenvectors of
A. So, one could have proved Theorem B.1.1 by directly employing the Spectral Theorem

in place of Proposition B.1.4.

Remark B.1.3. All the discussion in this subsection may be easily extended to the case
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of normal operators. Of course, this involves dealing with complex vector spaces. See, for

instance, Gantmacher (1959), chapter 9.

B.1.2 The general case

Over complex vector spaces, eigenvalues and eigenvectors always exist (see Remark
B.1.1; in particular, 1-dimensional invariant subspaces always exist, as an extension of
Proposition B.1.2). However, the dimensions of the eigenspaces of A € M (n,C) do not gen-
erally add up to n since the geometric dimension of a characteristic root (i.e., the dimension
of the associated eigenspace) may be less than its algebraic dimension (i.e., its multiplic-
ity). This implies that in general operators are not diagonalizable and the Spectral Theorem
(even for normal operators) does not hold. The closest one can get to diagonalization is
the so-called Jordan canonical form (also known as Jordan normal form; see, for instance,
Lima (1996), p. 340, or Lang (1987), p. 262). Every matrix A € M (n,C) is conjugate to a

matrix J whose diagonal is made up of so-called Jordan blocks. Each Jordan block Jy, has

the form
AN 0 0 0
1 N 0 0
=10 1 N 0 |, (B.2)
0 0 1 X

where )\; is a root of the characteristic polynomial of A, and there can be more than one
block with the same value A; on the diagonal. Jordan blocks commute, since they are lower
triangular Toeplitz operators. This already points to the general form of C(A), in the sense
that this set must encompass more matrices than only those that can be reduced to Jordan

canonical form through the same conjugacy P € GL(n,C) as A. For instance, for

A0 O
A=11 )X 0 |,
0 1 X\
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C(A) must include all 3 x 3 lower-triangular Toeplitz matrices

a 0 0
b a 0 ) a,b,cE(C.
c b a

The problem of finding commuting matrices is a particular case of that of finding the

non-trivial solutions X € M (m,n,C) to the equation
AX =XB, AeM(m,C), Be M(n,C). (B.3)
We can write the elementary divisors of A and B as
A=A)PL, A=) (A= AP, pr+pe+ ..+ pu=m,

()‘ - :Ufl)ql7 ()‘ - MQ)(D’ sy (>‘ - Mv)qv> QHt+e+..+tq@p=n

(for the definition of elementary divisors, see Gantmacher (1959), p. 193). Let I*) denote
the k-dimensional Identity, and H*) denote the (nilpotent) matrix with ones on the first

subdiagonal and zeros elsewhere. The reduction to Jordan canonical form yields
A=UAU"', B=VBV~! (B.4)
for conjugacies U,V , where
A = diag(\I®) + HEV A 1P 4 gP0),

B= diag(py 1) + H@D |, 100 4 F(a))y,

If we set

X =U"'xV,
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then (B.3) can be written as

AX = XB, (B.5)

which is simpler to deal with, since A and B are in Jordan canonical form. Now, X can be
partitioned into blocks X5 (without the “~” for notational simplicity), a = 1,...,u, 5 =
1,...,v, corresponding to the quasi-diagonal form of A and B. Accordingly, X,g is of
dimension p, X gg, since it right multiplies a Jordan block of dimension p, X p, on the left-
hand side of (B.5), and left multiplies a Jordan block of dimension ¢ x g3 on the right-hand
side of (B.5).

By block multiplication, we obtain
Mol Pe) 4 HPYX 5 = X 5(upl %) + HO)) o =1, u, B=1,...,0.

Equivalently,
(Nﬁ - )\a)Xa,B = HaXa,B - XagGﬁ, (Bﬁ)

where H, := HP), Gg:= H(as),

Thus, for given «, 3, there are two cases to consider.

(i) Ao # pg: By iterating equation (B.6) r — 1 times, we get

I8 T r g T
(9= 3o Xap = 3 (17 (1) HZ X,

o+T1=r

By the nilpotence of H, and G, if we take r > p,+gg—1, then each term of the summation
has either HZ = 0 or GE = 0. Since Ay # g, then X3 = 0.

(ii) Ao = pg: In this case, we can rewrite (B.6) as
HoXop = XopGp. (B.7)

Set Xog = [zik], i = 1,...,pa, k =1,...,qg. For the sake of illustration, assume without

loss of generality that p, > gg. Since
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00 ... 00 00
10 0 0 Lo
H, = 0 1 0 0 ) Gﬁf 01
0 0 10 00
PaXPa
we have
0 0 0
T11 T12 T1,q3
H\ X5 = T91 29 L2,q3
.f[fpa_l,l mpa—l,Q xpa—Ltm
T12 r13 .- Tlgg
T22 r23 ... T2
XapGp = "
Tpa,2 Tpa,3 Lpa,as
and hence
T11 0 0 0
T21 11 0 0
31 x21 T11 0
Xog =
Tpadl  Tpa—1,1 T21 T11
0 0 0 0
0 0 0 0
In particular, when p, = g3,
Cap 0
c c
Tpa :Xaﬁ_ aﬁ ”
o—1
cépﬁ ) C,aﬁ Cap
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Therefore, for p, # gz we can write

T
Xop = i when po > q3, and X, := (Tp,,0) when p, < gg.

0

We will say that in any of these cases X,z is in regular triangular form.

As for the count of number of arbitrary parameters, let d,3()\) be the greatest common
divisor of the elementary divisors (A — Aqy)P*, (A — pg)%. Also, let d,3 be the degree of
dag(A). In the case Ao # g, 6o = 0, and in the case Ay = g, dog = min(pa,qs).
Therefore, d,5 gives the number of arbitrary parameters in X,3. Thus, the number N of

arbitrary parameters in X is ) o_; Zgzl 0ap- We proved the following theorem.

Theorem B.1.2. Let
A:=UAU" = Udiag\I®) 4+ HPY |\, 1P 4 gyy—1
B:= VBV~ = Vdiag(u I'") + H@) | 1, 10) 4 Fga)yy—1,
The general solution of AX = XB is given by
X=UX;zV71,
where X ;5 is the general solution to the equation
AX = XB.

X35 18 decomposed into blocks Xop of size pa X qg, where a = 1,...,u, B =1,...,v.

If Ao # pg, then Xopg = 0. If Ao = g, then Xqp is a lower triangular matriz.

X35, and therefore also X, depends linearly on N = Yooy Egzl dap arbitrary param-
eters ci,...,cn, where 0qp5 is the degree of the greatest common divisor of (A — A\y)P* and

(A —pg)®. In particular,

N
X = ZCij.
j=1
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Each matriz X; is a solution to AX = X B by setting c; to 1 and the remaining terms c to

0.

Note that if A and B do not have common characteristic roots, i.e., if the polynomials
det(AI — A) and det(\] — B) are co-prime, then N = 0, and thus the only solution is X = 0.

We now apply the theorem to an example in the case A = B.

Example B.1.2. Assume A has the elementary divisors

A=AD)L A =A% (A =22)% (A=X2), A1 # Ao (B.8)

Then, C(A) is made up of operators conjugate to

a 00 0] 00 0100710
b a 0 0 | h 0 0 ] 0010
¢c b a 0O | kK h O] 0 0] O
d ¢ b al| I k h |O0OO0]oO0

by some conjugacy P € GL(n,C), where the blocks on the diagonal above correspond to

the Jordan blocks of A = PJP~! in the block diagonal matrix .J.
The general form of C(A) is given in the theorem below.

Theorem B.1.3. Let A be an operator in M(n,C) whose representation in Jordan form
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contains m Jordan blocks, with conjugacy P € GL(n,C). Then, C(A) is made up of opera-

tors P-conjugate to

A =[A4;jlij=1,..m,

where g” 1s either the null matrix or an arbitrary reqular lower triangular matriz depending

on whether \; # \j or \; = A;j.

Remark B.1.4. The cases described in Example B.1.1 and Theorem B.1.1 follow from
Theorem B.1.3 by imposing the pertinent restrictions both on A and on the set of solutions

X.

The following result - an immediate consequence of Theorem B.1.3 - complements Ex-

ample B.1.1 and Corollary B.1.1.

Corollary B.1.2. Assume A € M(n,C) has pairwise different characteristic roots. Then,
if we denote by P € GL(n,C) the matriz whose columns are non-null eigenvectors p1, ..., pp

of A, we have

C(A) = {X € M(n,C); X = Pdiag(\1,..., \n)P~ 1, \; € C}.

B.2 The closed form of the exponential of a matrix in Jordan

canonical form

We develop here the expression for

JF(log 2)*

2 = exp(Jlog z) = Z x ,

k=0
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where J is a matrix in Jordan canonical form. Let Jy be a Jordan block of size ny, whose

expression is given in (B.2). It can be shown that

)\k
(vt
(s
(e

() N7 (

k
ny—2

0 0 0 0
AE 0 0 0
Ak AF 0 0
))\k—? (116) )\k—l )\k 0
. . 0
))\k—nx+2 (/16) )\k—l )\k

where, by convention, M) =0 when k < j (see, for instance, Liitkepohl (1993), p. 460).
J

Now, note that

() £ () e

k=0 J k=j
1 J
_ (052) oA
7!
Therefore,
2 0 0
(log z) 2 2 0
s (10%12)2 2 (log 2) 2 2
(10312)3 A (10%12)2 2 (log2)2)
(logz)™ " X (logz)"x~2 X
(nx—1)! (-2~
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