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ABSTRACT

NATHAN PENNINGTON: The Lagrangian Averaged Navier-Stokes equations with

rough initial data

(Under the direction of Professor Michael Taylor)

Turbulent fluid flow is governed by the Navier-Stokes equations, given in their incom-

pressible formulation as

(0.0.1) Ou~+ (u-V)u —vAu = —Vp,

where the incompressibility condition requires div « = 0, v is a constant greater than
zero due to the viscosity of the fluid and w is the velocity field of the fluid.

Because of the difficulty of working with the Navier-Stokes equations, several different
approximations of the Navier-Stokes equations have been developed. One recently derived
approxmation is the Lagrangian Averaged Navier-Stokes equations, which are given in

their incompressible, isotropic form as

(0.0.2) O+ (u-Vu+div 7%(u) — vAu = —(1 — o*A) ' Vp.

This thesis will focus on three main areas. First, we seek local solutions to the
Lagrangian Averaged Navier-Stokes equations with initial data in Sobolev space H"P(R™)

with the goal of minimizing r. We generate these results by following the program of [6]

ii



for the Navier-Stokes equations. Following results of [8], we are able to turn the local
solution into a global solution for the n = 3, p = 2 case.

Secondly, we seek solutions to the Lagrangian Averaged Navier-Stokes equations for
initial data in Besov space B}, again following the broad outline of [6]. Finally, we
get a global result for Besov spaces in the p = 2 case and a qualitatively different local

result for general p by modifying the results in [18] for the homogeneous generalized

Navier-Stokes equations.
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CHAPTER 1

Introduction



1.1. Introduction

The incompressible Navier-Stokes equations govern the motion of incompressible flu-

ids and are given by

(1.1.1) Ou+ (u-V)u —vAu =0,

where A is (essentially) the Laplacian, v is a constant greater than zero due to the
viscosity of the fluid, and u is a velocity field, which means u(¢, x) is the velocity of the
particle of fluid located at position x a time of ¢ units after the fluid is put in motion.
These equations are derived from the Euler Equations, and setting v = 0 would recover
the Euler Equations.

The Navier-Stokes equations govern the behavior of many physical phenomena, in-
cluding ocean currents, the weather and water flowing through a pipe. The question of
global existence for the Navier-Stokes equations is one of the most significant remain-
ing open problems in mathematics, evidenced by its naming by the Clay Mathematics
Institute in 2000 to be one of the seven Millennium Prize Problems.

Because of the intractability of the Navier-Stokes equations, several different equa-
tions that approximate the Navier-Stokes equations have been studied. A recently derived
approximating equation is the Lagrangian Averaged Navier-Stokes equations (LANS).
The LANS equations come from the Lagrangian Averaged Euler (LAE) equations in the
same way that the Navier-Stokes equations come from the Euler equations. Like the
Euler equations, the LAE equations are the geodesics of a specific functional. For the

Euler equation, this is the Energy functional. For the LAE equations, the functional is



derived via an averaging process, with the averaging occurring at the level of the ini-
tial data. For an exhaustive treatment of this process, see [14], [15], [12] and [9]. For
the convenience of the reader, we briefly summarize a special case of the derivation in
Section 2.1. In [13] and [21], the authors describe the physical implications of the averag-
ing process that generates the LANS equations and discuss the numerical improvements
use of the LANS equation provides over more common approximation techniques of the
Navier-Stokes equations.

Like the Navier-Stokes equations, the LANS equations have both a compressible and
an incompressible formulation. The compressible LANS equations are derived and stud-
ied in [10]. The incompressible LANS equations exist most generally in the anisotropic
form, and are derived and studied in [9]. We will consider a special case of these
anisotropic equations called the isotropic incompressible LANS equations. One form

of the incompressible, isotropic LANS equations on a region without boundary is

O+ (u-Vu+div 7% = —(1 — o?A) 'grad p + vAu
(1.1.2)

divu =0, u(t, x)]=0 = ¢(x),

where o > 0 and ¢ is the initial data. The Reynolds stress 7% is given by
(1.1.3) 7%u = *(1 — &*A) ' [Def(u) - Rot(u)]

where Rot(u) = (Vu — Vu®)/2 is the antisymmetric part of the velocity gradiant and
Def(u) = (Vu+ VuT) /2. Lastly, (1 — a?A) is the Helmholtz operator.

Setting v = 1, we write (1.1.2) as

Ou — Au+ P*(div - (u ® u) + div 7%u) = 0,
(1.1.4)

re€R" n>2 1t>0, ul0) =¢=P%



where u = u(t) : R* — R", A = P*A\, u® u is the tensor with jk-components u;u; and
div - (u ® u) is the vector with j-component >, O(u;ux). P® is the Stokes Projector

defined as

(1.1.5) PYw) =w — (1 —a?A) 'grad f

where f is a solution of the Stokes problem: Given w, there is a unique v and a unique

(up to additive constants) function f such that

(1.1.6) (1—a?A)w+grad f = (1 —a*A)w

with div v = 0. For a more explicit treatment of the Stokes Projector, see Theorem 4 of
[15].

The averaging process has a smoothing effect on the resulting PDE. In [8], this
smoothing is exploited to show the existence of a global solution to (1.1.2) for initial
data of any size in H>?(R3). This is in stark contrast to the case for the Navier-Stokes
equations, where discovery of such a global existence result is one of the great remaining
open problems in mathematics.

Our work here has two main goals. First, we seek local solutions to the LANS
equations outside the L? setting, specifically by assuming our initial data is in Sobolev
space H"P or in Besov space By ,. Secondly, we seek to minimize the assumed regularity
of the initial data. We will begin by mirroring the approach used for the Navier-Stokes
equations in [6], which will give short time solutions in the class of weighted continuous
functions in time and the class of integral norms in time. Later we will follow the work

of [18] and get similar results, but only for Besov spaces.



The paper is organized as follows. In Chapter 2 we briefly describe the derivation of
(1.1.2), including the construction of the inner product whose geodesics satisfy (1.1.2).
Chapter 3 considers the case of initial data in Sobolev spaces H™P(R™) and Chapter 4
considers initial data Besov spaces B, ,. In Chapter 5 we give a proof extending local
results in Besov space Bj , to global results, and in Chapter 6 we get additional Besov
space results that are qualitatively different from those obtained in Chapter 4.

We conclude this introduction with special cases of the theorems proven throughout
the paper. Our first two sets of results are analogous to those proven in [6]. Our first

result is a special case of Theorem 3.2.1, and comes from setting ' = 1 in (3.4.18).

THEOREM 1.1.1. For any ¢ = P € H"™ there is a T = T(¢) > 0 and a unique

solution to (1.1.2) such that
(117) u € ér,p N C'(a;k:,c

provided the parameters (with r = n/p+0b) satisfy (3.4.19). If ||¢l|p is sufficiently small,

T = 0.

The function spaces C and cot C' are defined in Section 3.2. We record two additional

special cases that illustrate our “best” result.

THEOREM 1.1.2. Let r =n/p, n < p, and n > 2. Then for any ¢ = P*¢ € H"P(R")

there is a T =T () > 0 and a unique solution to (1.1.2) such that

(1.1.8) u € Crp N Clamn/p)/21,p

This case emphasizes that we can achieve a local existence result for regularity arbi-

trarily close to zero if we allow sufficiently large p. We contrast this with the result from



[6], which gives local existence for the standard Navier-Stokes equations with initial data
in H™/P~LP(R™).
We also record the result in the special case n = 3 and p = 2, which requires a

different choice of parameters.

THEOREM 1.1.3. For any ¢ = P%p € H3?%(R?) there is a T = T(p) > 0 and a

unique solution to (1.1.2) such that
(119) u € 63/272 N 01/4;272.

In Theorem 3.6.1, we extend this special case to a global existence result. For the
details, see section 3.6. We compare this with the result in [8], which holds for initial
data in H32.

Our next series of results generate solutions to (1.1.2) in a slightly different functional
setting. Like our previous results, we begin with a special case of the main Theorem

eorem J3.7.1) obtained by setting 6" =1 1n (3.9.4).
Th 3.7.1) obtained b ing b’ =11in (3.9.4

THEOREM 1.1.4. For any ¢ = P*p € H™ there is a T = T(p) > 0 and a unique

solution to (1.1.2) such that
(1.1.10) w € BCO([0,T) : H™") N L*((0,T) : H*)

provided the parameters (with r = n/p+0b) satisfy (3.9.5). If ||¢ll-p is sufficiently small,

then T' = oo. Lastly, we have that solutions depend continuously on the initial data.

We also state a further special case.



THEOREM 1.1.5. Let r = n/p and assume p > 5/4 and 2 < n < 5/4+ p. Then for
any ¢ = P*p € H"P(R"™) there is a T =T () > 0 and a unique solution to (1.1.2) such

that
(1.1.11) w € BC([0,T) : H™?) N L*((0,T) : H*™)
where k = 5p/4+1 and a = 8p/5.

We note that the case n = 3 and p = 2 satisfies these conditions, and that Theorem
3.6.1 extends the result in this case to a global solution.

Our next set of results are similar to the first two sets in that they are analogous to
the results in [6]. This time, in addition to changing the equation under consideration
from the Navier-Stokes equations to the LANS equations, we also change our initial data
from Sobolev spaces to Besov spaces. From Section 4.1 we have a special case of Theorem

4.3.1:

THEOREM 1.1.6. With the parameters satisfying (4.4.4), for any ¢ = P*p € B,

there is a T =T (p) > 0 and a unique solution to (1.1.2) such that

(1.1.12) w € CrpyN Cohe

and Theorem 4.5.1:

THEOREM 1.1.7. Provided the parameters satisfy (4.7.4), given ug € B} , with r =

n/p+ b there exists a T > 0 and a unique solution u to (1.1.2) such that

(1.1.13) we BC(0,T): B,,)NL7((0,T) : B,).



In Section 5.1 we prove that local solutions in certain Besov spaces are actually global

solutions. We state Theorem 5.2.1:

THEOREM 1.1.8. Let u be a solution to (1.1.2) with initial data uy € B;q where r > 2

such that
(1.1.14) u € BC([0,T) :Bqu)ﬂY,

where Y s either LU(B;:;n/z) o1 Co14n/2,2,¢ With 0 < a <1 and 1 < 0. Then the local
solution is a global solution.
Alternatively, with X either L"(B;:;"/HE) or Coiinjateng andn —r —e <0, we get

that the local solution is a global solution with no restriction on r.

In Section 5.2, we prove another local existence result with initial data in Besov space

using an alternate construction. We record here the Theorem to be proven:

THEOREM 1.1.9. Let 4 < ¢ < oo. Let 2 < p < oo. Let r = n/p+ 2/q, and let
ug € By . Also assume 2 <1 +2/q. Then there evists a T' = T(up) > 0 and a unique

solution u of (1.1.2) such that

(1.1.15) ueXNZ
where
(1.1.16) X =0(0,T): B;q)7 7 =14 ((O,T) : B;";?/Q) .

We also note that for ug,vo € B} ,, the corresponding solutions u(t),v(t) will satisfy

[u —vl[xnz < Clluo — vol| By, -



CHAPTER 2

Lagrangian Averaging



2.1. Derivation of the Lagrangian Averaged Navier-Stokes equations

For the convenience of the reader, we recall from [8], [9], [14], and references therein
the derivation of (1.1.2). Section 2.2 gives an analytic derivation the bilinear form that
defines our averaging. Section 2.3 provides the underlying geometry necessary to recast
the bilinear form as a Riemannian metric. In Section 2.4, the Lagrangian Averaged Euler

Equations are derived as geodesics of this Riemannian metric.

2.2. Lagrangian Averaging

In this section, we follow [8] and [9] in describing the Lagrangian Averaging procedure.
We begin with a bounded region M in R?® with boundary OM and let, for s > 5/2, D7,
denote group of volume preserving diffeomorphisms of M with H*® regularity. See section

2.3 for a more thorough description of this group. We let
(2.2.1) X*={ue H*(M)|divu=0,u-n=0on oM}

We let S denote the unit sphere in X*, and for any uo € X*, we let u(t, z) denote the

corresponding solution to the Euler equations with initial velocity ug. We define
(2.2.2) Uy = up + ew

where w € S and ¢ € [0, o] where « is a small positive number. We let u(¢, x) denote the
solution to the Euler equations with initial velocity ug. We remark that u® also depends
on w, but we suppress this in the notation.

Now let n(t, ) be the Lagrangian flow of u(¢, x), which means for each t, n(t) = n; :

M — M, n(0,z) = x, and n satisfies

(2.2.3) om(t,x) = u(t,n(t,z)).

10



We define 7 similarly, so

(2.2.4) om°(t,x) = u(t,n°(t, x)).

We next define £°(t, z) to be the function that satisfies

(2.2.5) =& om

which means for each ¢, & : M — M. Note that since n°(¢,x) = n(¢,z), we have that
&, z) = x for all t > 0. & is called the Lagrangian fluctuation volume-preserving
diffeomorphism.

We next define the Eulerian velocity fluctuation about u by

(2.2.6) u'(t,x) = digus(t,x) »
and define the Lagrangian fluctuation by
(227) €(t,1) = —-&5(1,2)
- o de e=0
We similarly define
d2

(2.2.8) u'(t,x) = dTguE(t,x) B
and

4 d2
(229) 5 (t,x) = dT€ (t,Z‘) o

Lastly, we remark that by (2.2.4), we have

(2.2.10) —n(t,z)| =&t ).

e=0

11



Differentiating (2.2.5) with respect to ¢ gives

(2.2.11) w(t,n°(t, @) = (0.£°)(t n(t, x)) + VE(E,n(t, x)) - ult, n(t,z))

where V is the space-gradient and we used (2.2.3) and (2.2.4). Differentiating (2.2.11)

with respect to € and evaluating at € = 0 gives

u'(t,n(t, x)) + (Vu)(t,n(t, @) - §'(t,n(t, z))
(2.2.12)

=0 (t,n(t,x)) + VE(t,n(t, x)) - u(t, n(t, )

where we used (2.2.10).

Writing this result in a more compact form, we get
(2.2.13) u' =0+ (u- V)¢ = (¢ V)u.
By a similar calculation, we get
(2.2.14) u'=0¢"+ (u-V)E" —2(& - V)u' — VVu(¢, ¢
where VVu(¢',¢') is given in coordinates by
(2.2.15) VVu(E, &) = uly e,

where subscripts indicate coordinate derivatives and superscripts indicate component
functions.
With this framework, we now define our averaging operators. Following [9], we have

a probability measure m on the unit sphere S in X*, and we define

(2.2.16) < f>= l/a/f(a,w),uda.
@ Jo Js

12



We call this the average of the function f. Next we define the averaged action operator

S by

_ 1 [T
(2.2.17) S =< —/ / |OmF Pdzdt > .
2 0 M

Before making use of these averaged quantities, we note that by expanding u® about

e =0, we get

(2.2.18) ut(t,z) = u(t,z) + eu'(t, ) + %62u”(t, z) + O(e?).
To proceed, we make two assumptions. First, we assume

(2.2.19) '+ (u-V)¢ — (& -V)u=0

and secondly we assume that

(2.2.20) 0" + (u- V)" =0.

These assumptions are called the generalized Taylor hypothesis to order O(g?). See
equation 4.5 in [8] and equation (18) in [9] for a more thorough treatment of these
assumptions.

Applying the first assumption to (2.2.13) gives ' = 0 and applying both assumptions
to (2.2.14) gives u” = —VVu(¢,¢'). Combining this with the power series expansion

(2.2.18) we get
€ 1 2 v
(2.2.21) u® =u(t,x) — 5 VVvu(, ).
Recalling that 0;n° = u® and using (2.2.21) to evaluate (2.2.17), we get
L/ ’ L, 1ol 3y)2
(2.2.22) — lu(t,x) — =e*VVu(&', &) + O(e”)|"dxdt pude.
20 Jo JsJo Jm 2

13



The integrand can be re-written as

u(t,2) — 3VVu(E, &) + O
(2.2.23) =(u,u) — e*(u, e°VVu) + %(VV@L, VVu) + O(e?)
=(u,u) — e*(VVu(&, &), u) + O(?)
where (-, ) denotes the inner product on M. Integrating with respect to ¢, we get

(2.2.24) /s/o /M[(u,u) — 2(VVu(€, &), u) + O(a®)|dzdtp.

Next, we re-write VVu(¢',£') as VVu : F, where F' is defined by F' = £’ ®¢’. Because

I has no dependance on ¢, we have

(2.2.25) /Fu =< F>.
S

We finally note that F' is the only term in (2.2.24) with dependance on w, which means

(2.2.24) becomes
(2.2.26) %/0 /M[(u,u) — a?(VVu :< F > u) + O(a*)|dzdt.

To derive the isotropic version of the Lagrangian Averaged Euler Equations, we make

the assumption that < F' > is equal to the identity matrix, and thus
(2.2.27) VVu('e) :< F >= Au.
Using (2.2.27) and truncating to O(a?), S becomes
_ 1 [T
(2.2.98) S:—/‘/KMM—a%AmwMMt
2Jo Ju

In subsequent sections we will use this operator to derive the Lagrangian Averaged

Euler equations, but first we require some geometry.

14



2.3. Manifold Structure on Groups of Diffeomorphisms

In this section we outline the construction of a manifold structure on subgroups of the
topological group of diffeomorphisms. Unless otherwise indicated, this construction (and
additional details) can be found in [4]. We begin with a compact Riemannian manifold
M and a vector bundle 7 : E — M. For s > 0 we define H*(E) to be the set of all
sections r such that r € H*(M, E), where we recall r € H*(M, E) if r € H*(U, E) for
each coordinate chart U. By the Sobolev imbedding theorem, if £ > 0, n is the dimension
of M and s > n/2 + k, then H*(E) C C*(F) which means each element r € H*(E) is
defined pointwise. Similarly, for s > n/2 + k we define H*(M, N) to be the space of
mappings from M to N that are H® in each coordinate chart.

Next, we assume N is compact and has no boundary. Then for any f € H*(M,N)

we define the tangent space at f by

(2.3.1) TyH*(M,N)={g€ H*(M,TN) :mog = f}

where m : TN — N is the projection map from the tangent space of N onto N. Then

TH*(M,N) is defined by

(2.3.2) TH*(M,N) =|JT;H*(M,N).
f

We note that the map gy defined by g(x) =0 € TN is an element of Ty H*(M, N).
To give H*(M, N) a manifold structure, we will construct an exponential map. First,
we choose a point y € N. Then we have an exponential map exp, : T,N — N. Because

N is compact and has no boundary, this map can be extended to a map exp: TN — N.

15



Next, for any f € H*(M, N), we define exp, : TyH*(M,N) — H*(M, N) by

(2.3.3) (expy g)(m) = exp(g(m)),

where m € M. interested We note that

(2.3.4) expy gy (x) = exp(0f@)) = f()

where O, indicates the origin in Ty, M. Thus exp; provides a chart structure from
some neighborhood of g; onto a neighborhood of f. This gives H*(M, N) a manifold
structure.

Setting M = N and defining C! to be the set of C! diffeomorphisms of M, we define
D$ = H*(M,M)(C'. D* can be shown (see [4]) to be a topological group with the
group operation being function composition on the right, and this operation is C'*°.

With e defined as the identity diffeomorphism, we have that X € T,D? is equivalent
to the condition that X (m) € T,,M for all m € M, which means T,D* the space of all
H? vector fields on M. Since right multiplication (function composition on the right) is
smooth, right invariant vector fields exist, and a right Lie Bracket can be defined at e by
viewing elements X € T,D? as vector fields on M.

This procedure can be extended to manifolds M that are not compact and do have
a boundary, and it can also be shown that D*® has many of the natural properties one
would expect of a Lie Group, in particular that vector fields on D*® have flows that are

one-parameter subgroups of D*. These details can be found in [4].

16



2.4. Geometric Derivation of the Lagrangian Averaged Euler Equations

In this section we construct a functional on paths through a particular subgroup of
the topological group D?® constructed in the previous section. This product will be similar
to (2.2.28), and our ultimate goal will be to derive an equation for the critical points of
this functional. We call this equation the Lagrangian Averaged Euler equation.

As in the previous section, we will assume M is a compact Reimannian manifold with-
out boundary with the metric denoted by g(-,-). D?® is the topological group described
in the previous section. We follow the arguments used in [14] to address this issue in a
more general setting. We let D7, (where p is a volume element on M) denote the space
of volume preserving diffeomorphisms of M, and observe that this is a closed subgroup
of D*. The volume preserving assumption gives that 7. D;, is the space of divergence free
vector fields on M, where e is the identity map.

s we define X to be the 1-form

We begin with some notation. For any X € T.D},

dual to X. Next, we define the operator S by S(w) = (d + §)w, where w is a differential
form, d is the exterior derivative, and § is the L? adjoint of d. Then we define S by
S(X) = S(X) where X is a vector field.

With our notation established, we let X, Y € T.D;, and define a bilinear form on the

fiber T. D}, by

<X)Y > = / 9(X(2), Y (2)) + g(S(X)(2), S(Y)(x))du
(2.4.1) M

= [ 9(X(@), V@) + @*((5"S)(X)(w). Y (@)

We note that S* = S (where * denotes the formal L? adjoint) and we set S*S = —A

where A denotes the Hodge Laplacian viewed as an operator on vector fields instead of

17



on forms (see Chapter 2, section 10, of [16]). We re-write (2.4.1) as
(2.4.2) C XY 5= / (1 — 2 A)X (2), Y (2))dp.
M
Having defined the form on the fiber 7, Dj,, we define the form on the fiber T,,D;, by
(2.4.3) <X, Y >,=<Xop LYop !>,

for any ¢ € D;. Since (1 —a?A) is a self-adjoint positive operator on divergence free L?
vector fields, this construction defines a right-invariant metric on Dy,

Now that we have constructed a right-invariant metric, our goal is to find geodesics
for this metric. For any smooth curve v : [a,b] — D;,, we define a curve u : [a,b] — T, D,

as follows. For each ¢,

(2.4.4) —v(t) =0 : M —-TM

where 04(z) € Ty, ()M and v; = v(t) € D;,. We then define u(t) = u; by
(2.4.5) ui(x) = bi(v; ' (2))

where v; ! denotes the inverse of the diffeomorphism v,. We recall that, for each t, u, is
a vector field on M.
With this construction, the Euler-Poincare Reduction Theorem (Theorem 2.5.1) gives

that v is a geodesic of (2.4.3) if u is an extreme point of the reduced action functional L

defined by

(2.4.6) L(u) = % / " < (), ult) > di.

To derive a formula for the extreme points of the functional L, we begin by choosing

a fixed end-point (f.e.p.) variation f of v. We recall that an f.e.p. variation is a smooth
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map f : (—¢,¢) X [a,b] — M with the property that f(s,t) = v(t) € D, for each s and
f(0,t) = v(t). The fixed end point condition means f(s,a) = v(a) and f(s,b) = v(b) for

each s, which in turn implies

(2.4.7) —Sf(s,a) = disf(s,b) =0

for any s. We define <L f(s,t)|s—0 = dv(t) € Ty D;, and (2.4.7) gives dv(a) = dv(b) = 0.
Then we define a variation h of u by h(s,t) = us(t) € T.D;, where h(0,t) = u(t).

From Proposition 5.1 and Theorem 5.2 of [7], we have

(2.4.8) du(t) = d%h(s, t)]s=0 = O (6v 0o v 1) (t) + [u, dv o v (2).

Using this framework, the reduced action functional becomes

(2.4.9) L(u(s)) = = / < ug(t), us(t) >, dt
and we have

EL(U(S)) = /b < u(t), u(t) >, dt

s=0

//9((1—a2A)u(t,x),5u(t7x))d'udt
(2.4.10) -y

=[] at=a2ayutt.). 06000 b)) dc
" / /M (1 = a2AYu(t, 2), [u, v 0 v~ (t, 2) )dpdt.

To deal with the first term, we use integration by parts and the properties of fixed

end point variations to get

/ / g((1 — a*A)u(t, z),0,(6v o v™1)(t, z))dudt
(2.4.11) o oM

_ / /M —g(Oh(1 = 2Au(t, ), (50 0 v ) (E, 2))dpudt.
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For the second term in (2.4.10), we use Proposition 2.6.2 and the fact that Def (X) =

VX 4+ (VX)' to get
g(Bu, L,0vov ) = g(L:Bu,évov!)
(2.4.12) = —g(L,Bu+ (Vu+ (Vu)' + (div u)I)Bu,dvov™ ")

= —g(VuBu — Vg,u + V,u+ (Vu)' Bu,dvov™)
where we set B = (1 — a?/A) and we used the assumption that div u = 0. Using (2.4.11)
and (2.4.12) in (2.4.10), we get

(2.4.13) iL(u(s))

b
y = —/ < 0,Bu+ V,Bu + (Vu)'Bu,évov™t >, dt.
S a

s=0

This gives that u is an extreme point of the functional only if
(2.4.14) O+ P*B YV, Bu + (Vu)' Bu] =0
which implies
(2.4.15) O+ B V,Bu + (Vu)' Bu] = —B 'grad p

where we have used Proposition 2 of [14] in an analogous fashion to the use of the Hodge
decomposition for the classical Euler equations (see 17.1 of [16]). This is our first form
of the Lagrangian Averaged Euler equations.

In [14], this process is applied to more general M (including considering boundary
data) and several additional geometric and analytical results, including existence of the
critical points, are obtained.

Specializing to the case where M is a region in R", we see that the averaged action
operator S (see (2.2.17)) coincides with our reduced Lagrangian L. We conclude this

section describing the form the Lagrangian Averaged Euler equations take in this context.
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Since (Vu)'u = grad(%|ul?), (2.4.15) becomes
1
(2.4.16) O+ BV, Bu + grad(§|u|2) — *(Vu)!(Au)] = =B 'grad p.

Combining the two terms involving the gradient and relabeling the pressure accordingly,

we have
(2.4.17) O+ BV, Bu — o*(Vu)!(Au)] = —B *grad p,

where 5% is defined by (2.6.10).

Next, we use Proposition 2.6.3 and get
(2.4.18) O+ B7HB(V,u) + div (8%(u)) + o’grad g] = —B 'grad p.
Relabeling the pressure to include the new gradient term, this simplifies to
(2.4.19) O+ Vou + (1 — o) Hdiv (8%(u) = —(1 — a?A) 'grad p.

Our last observation is that div ((Vu)* - (Vu)') is (up to a constant) equal to the

gradient of the scalar function Trace((Vu) - (Vu)'), so (2.4.19) becomes
(2.4.20) O+ Vu +div (7%(u)) = —(1 — o®*A) 'grad p

where the pressure term has again been modified and 7% is defined in Section 1.1 (ab-
sorbing the constant into «). To get the Lagrangian Averaged Navier Stokes equations

in the form of (1.1.2), we simply add the viscosity term.
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2.5. Euler-Poincare Reduction Theorem

THEOREM 2.5.1. Let G be a topological group which admits smooth manifold structure
with smooth right translation and let L : TG — R be a right invariant Lagrangian. Let
g = T.G and let | : g — R be the restriction of L to g. For a curve n(t) through G,
define a curve u(t) through g by u(t) = n(t) o (n(t))~'. Then the following are equivalent:

(1) the curve n(t) satisfies the Euler-Lagrange equations on G.

(2) the curve n(t) is an extreme point of the action functional

(2.5.1) S(n) = / Lin(t), 0(t))dt

for fixed end point variations.

(3) the curve u(t) satisfies the Euler-Poincare equations

d ol ol
2.5.2 2 — _ad =
(25.2) dou gy
where the coadjoint action ad;, is defined by

(2.5.3) < adiv,w >=< v, [u,w| >

where u,v and w are in g, where < -, - > s the metric on g and the bracket is
a right lie bracket.

(4) the curve u(t) is an extremum of the reduced action functional

(2.5.4) s(u) = / H(u(t))dt

for variations of the form

0 d on 4
(2.5.5) %u(&t) = E(E on )+ [gau}-
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2.6. Differential Geometry Computations

We begin this section with the computation of the L? adjoint of the Levi-Civita

connection.

PROPOSITION 2.6.1. Let X,Y be vector fields on a Riemannian manifold M with

Levi-Civita connection V. Then
(2.6.1) (Vx)Y =-VxY — (div X)Y

where (Vx)* denotes the L? adjoint of Vx as an operator on vector fields.

To prove this, we begin with a compactly supported vector field Z, and we have

/g((VX)*Y, Z)dV = /g(Y, VxZ)dV
(2.6.2)

- / Xg(Y, 2) - o(VxY. Z)

where the last equality is the zero-torsion condition of the metric. We observe that
(2.6.3) /Xg(Y, 2)dV = /X(gjijZk)dV = —/div X(gjpY?ZF)dv

where the last equality is an application of integration by parts. Using (2.6.3) in (2.6.2),

we get
(2.6.4) / oY, VxZ) + g(VxY, Z)dV = — / o((div X)Y, Z)dV

which proves the Proposition.

Our next calculation is of the adjoint of the Lie Derivative on vector fields.
PROPOSITION 2.6.2. Let X,Y be vector fields on a Riemannian manifold M. Then

(2.6.5) LY =—LxY — (TX)Y
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where L% denotes the L? adjoint of Lx, T is the operator defined by TX = (div X)Y —

2Def (X)Y and Def (X) is a tensor of type (1,1) given by

(2.6.6) S(Lxq)(V. Z) = g(Def (X)Y, 2).
To prove this, we will need the fact that

(2.6.7) Lxg(Y.Z) = g(Vy X, Z) + g(Y,V,X).

This is equation (3.31) in Chapter 2 of [16]. Using (2.6.4) and (2.6.7), we have that
/g(T(X)Y, Z)dV = /g(—(div X)Y, Z) — g(2Def (X)Y, Z)dV
- / oY, VxZ) + g(VxY, Z) — g(Vy X, Z) — g(Y. V5 X)dV
(2.6.8)
:/g(Y, V)(Z - VzX) + g(Z, VXY - VYX)dV

_ / 4V [X, Z)) + g(X. Y], Z)dV = / oY, LxZ) + g(LxY, Z)AV

which proves the proposition.

Our next set of results apply to the special case M = R"™.

PROPOSITION 2.6.3. Let B = (1 — o?/\) for some a > 0 and let u : R* — R" such

that divu = 0. Then
(2.6.9) V.Bu — (V) (Au) = B(Vu) + div (8*(u)) + o grad f
for some function f to be specified and for

(2.6.10) B%(u) = o*(VuVu + Vu(Vu)' — (Vu)'Vu).
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To prove this, we begin with the observation that

B(V,u) = Vo — o (Vayu + Vo (Au) + 2 Vo,u0ku)
(2.6.11) :
= V.Bu — a*(Vauu + 2 Z V9,u0ku).
k

In indices, the last term is

(2.6.12) —a” () bl + 2(ufuiy))
7,k

where lower indices denote partial derivatives and upper indices denote coordinate func-
tions.

We next write div (4%(u)) in indices and get

2 i 0 i ko k_ ok k
(2.6.13) a g ujkuk+ukujk U] —uzu]]+u]kuk—l—u ul,.
j7k

Since div u = 0, we have

(2.6.14) Opdivu =0, ul =) uly =0
J J

which means

(2.6.15) > upd ul =0

k J
for any 7, so (2.6.13) becomes
(2.6.16) a ZZujkuk wiut — b+ ul ukk

1]]

Next, we define f = 1 >, 10;ul* and we have that the 7" coordinate of grad f is
1 1
(2.6.17) ai(52|aju|2) = 8i(522(u§ Zu” ub.
J ik
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Noting that the ¢ coordinate of (Vu)'(Au) is given by >°. , ufuf;, we have
(2.6.18) div (8%(u)) = a*[—grad f — (Vu)'(Au) + 0]
where v is the vector with i component

(2.6.19) > 2ubud + ulug,.
gk
Adding (2.6.11) and (2.6.18) gives

(2.6.20) B(V,u) +div (8*(u)) = V,Bu — o’grad f — o(Vu)'(Au)

which proves the Proposition.
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CHAPTER 3

Sobolev Space solutions to LANS



3.1. Sobolev space solutions to LANS

In this section we assume the initial data ¢ is in a Sobolev space H"?(R") and obtain
solutions in two different spaces of functions. In Section 3.2 we define the first of these
spaces and state our first theorem, a local existence result. In (3.3) we obtain several
necessary supporting results, and in (3.4) we prove the theorem. In (3.6) we extend the
local solution to a global solution in the special case of initial data in H™/?%(R") where
n > 3. In (3.7) we define a new functions space and state our second theorem, which is

proven in (3.8) and (3.9).

3.2. Solutions in the class of weighted continuous functions in time

We begin with a brief reminder of the definition of Sobolev spaces. For a positive

integer k, the Sobolev space H*? is defined by
(3.2.1) H"" = {f € LP: D*f € L” for all |a| < k}.

For integers k < 0, the space H*? is defined as the dual to the space H~%?', where p/
is the Holder conjugate exponent to p. For any non-integer s, the Sobolev space H*? is
defined via interpolation. See Chapter sf of [16] for a more thorough definition of Sobolev
spaces.

Now we define a more unusual space. Fixing 0 < T' < oo, for any k > 0, we define

the space

(3.2.2) Chisg = 1F €C0,T) - H*) || flliisq < 00}
where

(3.2.3) 1155, = sup{t* | f(t)llsq : t € (0,T)}.
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C’,ZS , denotes the subspace of C}l, = consisting of f such that

(3.2.4) lim ¥ f(t) = 0 (in H*9).

t—0t

If £ =0, we write 6; for BC([0,T) : H*), the space of bounded, continuous
functions from [0,T) to H*1.

We will typically write C,Z;s’q and 6; as Cj.s 4 and aqu, respectively, suppressing the
T dependance.

We now state our first theorem in its full generality.

THEOREM 3.2.1. For any ¢ = P € H"™ there is a T = T(p) > 0 and a unique

solution to (1.1.2) such that
(3.2.5) u € CrpN Cope

provided there exist a real number V' such that the list of conditions (3.4.18) is satisfied

(where v =n/p+b). If ||¢llrp is sufficiently small, T = occ.

This is similar to Theorem 2.1 in [6].
Before proving the theorem, we do some preliminary work. We begin by using

Duhamel’s principle to write (1.1.4) into the integral equation

(3.2.6) u=Tp—-G-P*div- (u®@u+7%u)))
with
(3.2.7) (Tp)(t) = ey,
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where A agrees with A when restricted to P*H*?, and

(3.2.8) G-g(t) = /Ot e =94 g(s)ds.

Our plan is to construct a contraction mapping based on (3.2.6), but first we prove

some results regarding I', GG, and the Reynolds stress term 7.
3.3. Basic Results

We begin this section by examining the Reynolds stress term.

LEMMA 3.3.1. Given any r € [1,00), 1 < q,p < 00, and q = ﬁ) where 0 < §' <

r—1 and s'p < n, we have div 7 : H™? — H"™1. Specifically, we have the estimate

(3.3.1) ldiv 7% (u)llrq < Cllull?,

We begin by recalling that a differential operator P of order m satisfies
(3.3.2) P:H" — H™™P,

which means for any u € H™P,

(3:3.3) l02(1 = a22)  ullrs2p < Cllully
and
(3.3.4) [Vullr-1p < Cllulf;p-

So we have

17 @10 = 01 = 64) " [Def () - Rot(w)]l 1.4
(3.3.5)
< Cll[Def (w) - Rot()l-1
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Recalling the definitions of Def(u) and Rot(u), we have that
(3.3.6) Def(u) - Rot(u) = (VuVu + VuVu® + Vu! Vu + Vu' Vul) /4.

Observing that |[|Vul|y, = [|[Vu® ||z, for any k, ¢ and applying Proposition 3.10.8, we get

IVuVul,-14 < C[[Vul)

r—1,p

IVuVu® -1 < ClIVull}

r—1,p

(3.3.7)
IVu V14 < C[Vulf?

r—1,p

IVu Vul||,—1q < Cl[Vull}

'f'—l,p

provided that » > 1.

Using (3.3.5) and (3.3.7) we have
[T (Wllr41.q < Cll[Def (u) - Rot(u)][lr-14

(3.3.8) < C||Vul)?

r—1,p
< Cllully,-

Since the divergence is a degree one differential operator, we get from (3.3.8) that
(3.3.9) Idiv 7%(@)[lrg < [7°(W)llr414 < Cllull7,

which proves the lemma.

This immediately gives
(3.3.10) 2l div 7 (u)llrg < CEullrp)”

which proves the following corollary.
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COROLLARY 3.3.2. div 7 : Cuip — Chging, with the estimate ||div 7(u)||zqimg <

Cllullz

a;'rip'
Our next task is establish some properties of the operator V* defined by
(3.3.11) V¥ (u,v) = divu® v+ div 7%(u, v)

where 7%(u,v) = o?(1 — a?A)"H(Def(u)) - (Rot(v)). Abusing notation, we will write
V& (u,u) = V¥(u). We also observe that V* is linear in each of its arguments. Using

that the divergence is a degree one differential operator, we have

(3.3.12) [div (u @ v)[[p-14 < Cllu @ vllpg < Cllulloplvlle,

provided b > 1,1 < ¢,p < oo, and ¢ = "p,p where 0 < ¢ < b and s'p < n. Slightly

2n—s

modifying Lemma 3.10.5 and Corollary 3.3.2, we have

(3.3.13) |div 7% (u, v)|[p—1,4 < C|div 7%(u, v)||pq < Cllullppllv

b,p b,p

provided b > 1,1 < ¢,p < 00, and ¢ = 55 where 0 < s <b—1and s'p<m.

Replacing v in the above calculation with ¢*u, we get the following proposition.

PROPOSITION 3.3.3. Leta>0,b>1,1<¢q,p < oo, and q = 2n7ips,p where 0 < s’ <

b—1 and s'p <n. Then
(3.3.14) V: Catp X Canp — Couiv1.4
with the estimate

(3.3.15) ”Va(ua U)H?a;b—l,q < ||u||a;b,p||v||a;bvp'
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Next, we observe that

(3.3.16) V*Hu) = V*v) = =(V*(u,u —v) + V¥(u — v,v)).

Using Proposition 3.3.3, we have

(3.3.17) [V (u,u = v)[lo-1,¢ < [[ullopllu —vllop
and
(3.3.18) V(= v,0) [p-14 < [[V]fopllu —vllop-

These estimates give that
(3.319)  [[V*(u(s)) = V*(v(s))ll-14 < C([[uls)llop + [0(3)l6,p) [u(s) = v(s)lop-
Multiplying both sides by ¢* and distributing through the right hand side, we get
(3.3.20) IV (u) = V) lap-14 < Clllullajzpp + 0llajz0) 10 = vllaszn.p-
The above calculation proves the following corollary to Proposition 3.3.3.

COROLLARY 3.3.4. With the same assumptions on the parameters as in Proposition

3.3.3, we have that if u,v € Ca/Q;b,q then
(3.3.21) [V (u(s)) = V() lap-1,4 < Cll[ullaszpp + [[0]las2np) I — vllaj2np-
Our next topic is the operator I.

PROPOSITION 3.3.5. Let s’ < s, 1 < ¢ < ¢" < o0, and define k" = (n/qd —n/q" +

§" —5')/2. Then T : HY — Chogr v, provided k" > 0.
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This is an immediate consequence of Lemma 3.11.3.

We now turn our attention to the operator G. Assuming s’ < s”, ¢ < ¢”, and

U € Clr.g o, we formally calculate

t
1G - ullyrgr = | / ey (5)dsl| g
0
t
< 0/ e u(s) | gl
0

t
(3.3.22) <C / (t — 5) 7RO () | g ds
0
t

= C/ (t— S)Zs_klsk,||u(5)||8’,q’d3

0

< OFH  ufy

where z = —(s" — s +n/q¢ —n/q")/2, the third line uses Lemma 3.11.2, the fourth
that u € C’k/;szﬁq/,and the last line uses Proposition 3.10.1. This result will hold provided
0<(s" =5 +n/qd —n/q")/2 <1and k' < 1, and this leads to our first result involving

G.

PROPOSITION 3.3.6. With s’ < 5", ¢ <q" and setting k" = k' — 1+ (s" — ' +n/q —

’ Znto O,I;/ "o ’UJ’Lth 0 S (8//_8/+m/q/_m/q//)/2 < 1

n/q")/2, G continuously maps OT/;S/,q e

and k' < 1 with the estimate
(3323) ||G . u”k”;s”,q” S OHqu/;S/,q/'

3.4. Proof of Theorem 3.2.1

To prove Theorem 3.2.1, we begin by constructing the nonlinear map

(3.4.1) Su=Tp - G- Pdiv (u® u) + div 7%).

34



Our goal is to show that this map is a contraction on an appropriate function space.

Using (3.3.11), ® can be re-written as

(3.4.2) Pu=T¢— G- P*(V*(u)).

Beginning with initial data ¢ € H™?(R") where r = + 4 b, we construct the space

(3.4.3) Erar = {v € Cry N Cape : |1V = T@llozp + [0llaine < M},

recalling that the definition of C’T,p and Ca;k,c requires a choice of T. Our goal will be to
show that ® is a contraction on this space for appropriate choices of parameters.

To show @ is a contraction, will will use the mapping properties of G' to send each
component space of Ep s into an intermediate space, and then use Proposition 3.3.3.
Our intermediate space will be of the form C’za;k,b/f.

Our first task is to show that ® maps Er s into Er . To do this, we need to estimate

(344) ”q)(u) - FSOHO;T,p = ||G : Pava(u)HO%T@
and
(345) ||(I)(u)||a;k,c = ||F90 -G Pava(u)Ha;ka‘

To estimate (3.4.4), we note that by Proposition 3.3.6 and that P“ is a projection,

we have that

(3.4.6) GV ullo:2 4o < ClIV ullaab-v .2
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will hold provided

022@_1+(]_?+b_(k_bl)+g_]_9>/2
20 <1
(3.4.7) 0< (n/p+b—(k—=0)+n/c—n/p)/2 <1

k=t <n/p+b

c<p.

Proposition 3.3.3 gives

(348) ||Vau||2a;k—b’,5 S C(HUHQ

a;k,c
provided

kb >1,
c>1,

(3.4.9) e= ¢
2n — s'c
0<s<k—-1
s'c < m.

These combine to give our estimate on (3.4.4). To estimate |G - P*V*(u)||ask.c, We

have

(3.4.10) IGV*ullae < CIV ull2ap-v e < Cllullz

ask,c
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will hold provided

azQa—l—f—(k:—(k—b')—l—%—%)/Q

20 < 1
(3.4.11)

c<c
0<(k—(k=V)+n/c—n/c)/2 < 1.

Using (3.4.6) and (3.4.10), we have

(3.4.12) [P (u) — FSDHO;T,p + HCI)(U)Ha;k,c < C““Hi;k,c + HF‘:DHa;k,c‘

2
a;k,c

By assumption, u € Erp , so ||ull < M?. So our last task is to estimate ||T]|4..c-

From Proposition 3.3.5, we have that
(3.4.13) [ Conyop — Cahe

ifa>0,k2%+b,c§p,and

(3.4.14) a:<ﬁ—ﬁ+k—<ﬁ+0>ﬂ

which simplifies to

(3.4.15) % =k — — —b.
&

Because 'y € C’a;k’c, there exists a T', depending only on M and the norm of the initial
data ¢, such that ||T'¢|lar. < M/2. So by choosing a sufficiently small M and an

appropriate T', we have that ® : Epy — Er .
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Now we seek to show that ® is a contraction map. Let u,v € ET"M. Then by Corollary

3.3.4 we have

[Pu(t) = Pv(t)]lrp = [|GPV U = PVE(0)) |1y
< OV = V() |l2ak-v.c
(3.4.16)

< Clllullaske + 0llag.e)llw = vllak.e

S CMHU - vHa;k,ca

and similarly we have

[Pu(t) = Qv(t)lak.e = GV = V(0))|la.c

< COVou = V(0) |l 2aik-v.2
(3.4.17)

< Clwlla.e + [1vllask.e) 1w = vllaske

< CM||u— v ake-

So for a sufficiently small choice of M, we can choose a T" such that ® sends Ep ;s into
itself and is a contraction on E7p . So by the contraction mapping principle, we have a
unique fixed point v € Ep s provided our parameters satisfy all the requisite inequalities.

Combining and simplifying these inequalities, and allowing s’ = k — 2 — b+ ' to define
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s, we get the following list of restrictions on the parameters:

l<p<e<oo
si=k—-2—-b+V
E>1,0>1, se<n

0<2a=k—n/c—b<1

(3.4.18) 0<s<k—-1
ne
l<——<
2n—s’c_p
1>b—b

1<+ _¢<2
C

2 -2 + 5

IN

3
IN

2—-b +4.

This is not optimal, because of the presence of the "extra” parameter '. However,
this version does make it easy to ascertain certain bounds on the original parameters.
For example, the second and seventh conditions require that b > 0, which provides a
lower bound of n/p on the regularity of our initial data.

To eliminate the extra parameters b, we remark that the conditions force 1 < ¥ < 2,

and our optimal case (b = 0) requires b’ = 1. So setting o/ =1, we let k =1+ b+ ¢
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define s’, and our list of conditions becomes

l<p<e<
b>0
si=k—1-0

E>1, sse<n
(3.4.19)
0<2a=k—nfc—b<1
ne

1< ——<
2n—s’c_p

n
0<—-——s<1
c

§<—<1+5.

|3

To get Theorem 1.1.2, we choose p >n,b=0,k=1, c=pand a =1—n/p. To get
Theorem 1.1.3, we choose p=c=k=2,n=3,b=0,and a = 1/4.
To get global existence for small initial data, we observe that the above calculations

for G - V only required an assumption that M be small. We also note that

IT@ellrp < llllp
(3.4.20)

IT@)ellake < llellrp

holds for any ¢ > 0. So provided ||¢||,, is sufficiently small, ¢ is a contraction on Er s
for any 7" > 0, which gives global existence of the solution.
Continuous dependance on the initial data is also relatively straightforward. Given

data ug and vy with corresponding solutions u(t) and v(t), we have

(3.4.21) u(t) —v(t) = T'ug — vo) — /0 =98 (Ve (u(s)) — V(v(s)))ds,
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which implies

lu = vllorp + lu = llask.e < lluo = vollrp + T (10 = v0)lain.c
(3.4.22)

HCUNullame + Nvllase.e) = vllam.c-
Since ||I'(uwo — v0)||ask.c + |C (||t ask.c + [|]|ask.c) can be made arbitrarily small, we get that
llu — vllosp + || — v]|ake is arbitrarily small provided ||ug — vol|,4 is sufficiently small.
We remark that the preceding argument is easily modified to fit different functional
settings. All that is necessary is establishing supporting results similar to those of the

previous section.

3.5. Special cases of Theorem 3.2.1

We begin by remarking that with n > p, choosing k = r 4+ 1/4, ¢ = p, a = 1/8,
b =1and s = n/p — 3/4 satisfies (3.4.18). Using these choices for the parameters, let

© € H™P(R") be our chosen initial data and let
(351) u € BC([O, T) : Hr,p) N 01/8;r+1/4,p

be the solution to (1.1.2) given by Theorem 3.2.1. Then, for any 0 < t’ < T, define

¢ =u(t'). Viewing ¢’ as “new” initial data, applying Theorem 3.2.1 gives the existence

of a solution v to (1.1.2) such that

(352) NS BO([O,T) : HT+1/4’p) N C(l/g;r+1/2’p

!/

where v(0) = ¢’ = u(t'). Because

(353) BC([O,T) : HT+1/4’p) N Cl/8;r+1/27p C BC([O,T) : Hr’p) N 01/8;7«4_1/471,,
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uniqueness of our solution gives that u and v are the same solution. Each iteration of this
process results in a “gain” of one-quarter of a derivative, and thus for any 0 < ¢/ < T,
u(t") € H*P for any s € R. We record this as a corollary of Theorem 3.2.1, but first we
remark that for n < p, choosing k =b+1,c=p, a=(1—n/p)/2, b =1 and s’ = 0 also

satisfies (3.4.18), so we have the same result for the n < p case.

COROLLARY 3.5.1. Let p € H"P(R"), with n > p. If n > p, let
(354) u € BC([O, T) : Hr,p) N 01/8;r+1/4,p

be the solution to (1.1.2) given by Theorem 3.2.1. Then for any 0 < t < T, u(t) €

H*P(R™) for any real s. If n < p, let
(3.5.5) NS BC([O,T) : Hr’p) N C’(l,n/p)/Q;bJrl’p

be the solution to (1.1.2) given by Theorem 3.2.1. Then for any 0 < t < T, v(t) €

H#*P(R™) for any real s.

We conclude by remarking that Theorem 1.1.2 and Theorem 1.1.3 are special cases

of this corollary.

3.6. Global Existence in Sobolev space

In this section we extend the result from Theorem 1.1.3 to a global existence result.
We recall that Theorem 1.1.3 says that, given ¢ € H%?2(R?), there exists a T and a

unique solution u to (1.1.2) such that

(3.6.1) u € Cy22 N Chyapa,
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where T' depends only on ||| ys/22(gs) and we again recall that the definition of C' implies

a choice of T'. Extending this to a global existence result follows from the following result.

THEOREM 3.6.1. Let ¢ € H3?2(R3) and let

(3.6.2) u € 6'3/2,2 N 01/4;2,2

be the unique solution to (1.1.2) with initial data ¢ on the time strip [0,T). Then there

exists a real number M such that

(3.6.3) Hu(t)||H2,2(R3) <M

for any t € (0,T).

We mimic the approach used in part (d) of Section 5 of [8]. We begin the proof by

recalling (1.1.2):

(3.6.4) Ou+ (u-Vyu+div 7% = —(1 — ?A)'Vp+vA

and stating an equivalent form (see Section 3 of [8])

0(1 — &®Au+ V,[(1 — ?A)u] — o*(Vu)' - Au
(3.6.5)
=— (1 - a*A)Au — Vp.

To start, we take the L? product of (3.6.5) with u. We get

(3.6.6) L+L+1I=J +Js
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where
I = (0,(1 — a*A)u, )
I, = (V,u,u)
(3.6.7) I; = =’ (VAu,u) + (Vu)" - Au,u))
Ji = —((1 — a®A)(Au),u)
Jo = (Vp,u).
We start with I;, which becomes

I = (Oyu,u) — o*(Ndyu, )
(3.6.8)
1
= 2ol + 0?14 ),

where we used integration by parts and that A = —A. Next, we have that
I, = (Vyu,u) = /uiuj(?iuj

1 1
=5 [ wdiul) == [ 1upaivu=o

where we again used integration by parts and the summation convention. For I3, we

(3.6.9)

begin with
Vo u-u+ (Vu)' - Au-u = ww;0; A + uiAu,;05u;
(3.6.10) = w;u;0;Au; + ujAu0ju;
= u;(0;(ui Au;)),
so I3 becomes
(3.6.11) I = (Vo Au,u) + (V)T - Au,u)) = o?(div u, u - Au) =0
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where we again used integration by parts and the fact that div u = 0. For J,, we easily

see that
(3.6.12) (Vp,u) = —(p,div u) =0,
and for J; that
(3.6.13) Ji = —((1 = a?A)(Au), u) = —(AY?u, AY?u) — o*(Au, Au).
Putting all of this back into (3.6.5), we get
e

(3.6.14) %@(HU(t)H%z +a[lu()7:2) < —(1A2u(®)]|Z2 + o Au(t)]122),

where H denotes the homogeneous Sobolev norm. This proves that ||u(t)|| ;1.2 is decreas-
ing in time.
For our next estimate, we will apply A to (1.1.2) and take the L? product with Au

to get
(3.6.15) (0, Au, Au) + (A%u, Au) + (AP*(Vu + div 7%, Au) = 0.
The first piece satisfies
1 2
and the second satisfies
(3.6.17) (A2u, Au) = (A32u, A%?) = || A32|2,.
To handle the last term of (3.6.15), we write it as

(3.6.18) (AP*(V,u), Au) + (AP%div 7%, Au) = K; + Ko.
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To proceed, we will need two inequalities. The first is the well known Sobolev em-

bedding:

(3.6.19) [l 1 < Clul| ez

provided 2k > 3. The second is called a Ladyzhenskaya inequality, and is (5.3) in [8]:

1—2/m i/m
(3.6.20) g < Clfuall 2™ a0,

where H is the homogeneous Sobolev space.
Starting with K, we have
(AP*(Vu), Au) = (AY?(Vu - u), A3?u)
< ClIA2ul 2 (| (A2 Va)ul 2 + (A 2u0) V| 2)
(3.6.21)

< Cllull g (lull o [ AVl 2 + | A ]| oo | V| 12)

< Cllullgs (Ilull < lull g + A2l 2 lfull 1) -

By Sobolev embedding and Proposition 3.10.7, we have

[ul[ e < Cllullgm < C(lullzz + [lullgr ) < Clullm + [Jull gx)
(3.6.22)

|AY2u) oo < Cllul e < C(IVul 22 + [ ) < C

Jull e+ [l e )

where k; = 3/2+ ¢ and ky = 5/2 + 0 for positive numbers ¢ and §. So (3.6.21) becomes

(AP*(Vyu), Au) < Cllullgsllull gollull e + Cllull gs llull g2 llul] g,
(3.6.23)

+ Cllull s lull e l[ull v + Cllullgs [Jull -
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By (3.6.20), we have
1/2 1/2 1/2 1/2
lull e = | Vull g < CIVull ZIVulliE < Cllull 2 |ull
k:1 1)/2 kl 1)/2
(3.6.24) lull o = [1Vull i1 < Cllull .l G270

k k
ull s = 1V ull oo < Cllull 3,2 ul| G2 7072,

Applying (3.6.24) to (3.6.23), we have

(AP*(Vu), Au) <C|lul| 52 )l %72 + Ol S22 ) 24/
(3.6.25)

3/2 3/2
+ Cllull 22 all3 + Cllull s el 3

Choosing € = 0 = 1/4, we get

(AP*(Vyu), Aw) <C|lul 21 (Jull %5 + |ul%/®)
(3.6.26)

3/2)1 113/2

+Clull s lull g + Cllell s lull 7

which finishes our K estimate. For K, we have

(3.6.27) (A(div 7%)(u), Au) < ||ul| g2 ||A(div 7%)(w)|| 2.

To estimate the second term, we remark that it is sufficient to consider A(1 —

@A)t div (Vu - Vu), and we have
|A(1 — ?A) M div (V- V) || 2 < ||div (Vu - V)| 2
(3.6.28)

< OVl ||ul] g

Plugging this back into (3.6.27) and using (3.6.22) and (3.6.24) gives
(A(div 7%)(u), Au) < Cllull3, | Vul| e

(3.6.29) < ClJullF el + e lull ge)

15/8 23/8
Clull gallel3 + lull 7l 31
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Combining (3.6.26) and (3.6.29) gives

(AP*(Vyu + div 7°u), Au) <Cllull 20 (lall 2 + [l 2/%)
(3.6.30)

3/2 3/2
Ol B2 Nl37 + Cllall sl

Applying Young’s inequality (Proposition 3.10.3) for products with p = 16/15 and p’ =

16, we get

(3.6.31) gLl + 1) < Ol + S (ol + ).
Choosing € = (4C)~1, (3.6.31) becomes

(3.6.32) Tl 22520 + Nl %) < %l + OOl + ull ).
Similarly, Young’s inequality gives

(3.6.33) Full2 [l + Clul sl < > Jlulis + CClulBn + llullfp)-
Using (3.6.32) and (3.6.33) in (3.6.30) gives

<wm®<Mﬂww+mvﬂwﬂm$%m@fumwﬁﬁww%+mwp+m%ﬁ
Finally, using (3.6.16), (3.6.17) and (3.6.34) in (3.6.15) gives

1www;s—wun+aww%+mw%+w&+mm>

(36.35) -

1

< @l + el + el + el + lela),

where the last line used (3.6.14). So, for any ¢ such that

(3.6.36) lu(®)ll g2 = CUIelE + Il + lellgn + llelzn)'?,
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we get that ||u(t)|| ;- is decreasing as a function of time at ¢. So our last task is to show

that ||ul| 52 is bounded provided

(3.6.37) lu(®)ll s < Cllelli + el + el + lellm) .
To handle this case, we again use (3.6.20), and get

1/3 2/3 1/3
(3.6.38) Ju(l 2 < Cllu)| 5 lu®ls < Cllel (el + el +lelfn+lell) .

Since the right hand side has no time dependence, we get that ||u(t)||;z2 is bounded

independent of time. Combining this with (3.6.14), we finally get
(3639) u € LOO([O, T], 6_13/2’2 N 01/4;272),
which proves the Theorem.

3.7. Solutions in the class of integral norms in time

We now seek to solve (1.1.2) in a different space. We fix T'> 0 and let M((0,7) : E)
be the set of measurable functions defined on (0,7") with values in the space E. Then we

define
T
BLY L(OT) B = {f €M(O.T) B ([ 17015, < o),
0
We now state our second theorem.

THEOREM 3.7.1. For any ¢ = P € H"™ there is a T = T(¢) > 0 and a unique

solution to (1.1.2) such that

(3.7.2) u € BC([0,T) : H™?) N L*((0,T) : H"®)
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provided the parameters (with r = n/p+0b) satisfy (3.9.4). If ||¢llp is sufficiently small,

then T' = oo. Lastly, we have that solutions depend continuously on the initial data.

This is similar to Theorem 3.1 in [6].
We will use the same basic strategy as we used in the previous argument, and we

begin with some supporting results.

3.8. Supporting Results

Our first result is Lemma 3.2 in [6] and involves the operator I'.

PROPOSITION 3.8.1. Let 1 < qp < ¢1 < 00, S¢ < s1, and assume 0 < ($1—So+n/qy—
n/q)/2 =1/c < 1/qy. Then I' maps H*% continuously into L7((0,00) : H*v9), with

the estimate

(3.8.1) (/OOO T

To begin the proof, we first observe that (s; —so+n/q —n/q1)/2 = 1/o < 1 implies

1/c
H) < Clluflseom.

$1— 8¢ < 2. So without loss of generality, we assume sy = 0 and s; € [0,2). To finish the

proof, we need the following Lemma.

LEMMA 3.8.2. Define the quasi-linear operator T’ by
(3.8.2) (Tf)(t) =t fll s,
where o4 is defined by

(3.8.3) 0<(s1+n/g—n/q)/2=1/0,.
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Then
(3.8.4) T: LI(R") — Ly, (1),
where Ly /o, o is weak-L7 space (defined in section 3.12), and I = [0, 00).

To prove the Lemma, using results from 3.12, we have

(3.8.5) Arg(T) =m({t: (TH)() > 7} =777 fII 74
Then
(3.8.6) 7 Arp (1) = (| flI 74,

which proves the lemma.

To finish the proposition, we define the quasi-linear operator K by

(3.8.7) (KN®) = [l f]

H>s1.491 .«
Using the heat kernel estimate (Lemma 3.11.2), we have that

(3.8.8) (Kf)(@t) = [le" fllasra < CEo flla = C(TF)(F),

so using the Lemma, we have that K is a quasi-linear map that satisfies

(3.8.9) K : LY(R"™) = Lyjg, 0o(I).

For the last piece of the argument, we turn to interpolation. First, since gy > 1, we

have a ¢, ¢” such that 1 < ¢’ < gy < ¢”. Now define our interpolative variable 6 by

1-6 6
+—.

! 7
q

(3.8.10) 1/q0 =
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Since 1/0, = C' 4+ n/q (where C' is a real number independent of ¢), we have

(3.8.11) l:C_l'ﬁ:(1_9)(04—”/6],)—1—9(0—{—71/(]”): 1—9+ 2,

g do Uq/ O'q//

Applying Proposition 3.12.1 (and recalling that L,, is standard L? space) finishes the
proof.

We next establish a corollary.

COROLLARY 3.8.3. For any € > 0, there exists a T which depends only on € and

||u|| grsoa0 such that

(3.8.12) (/OT letul

forall0 <t <T.

1/o
stra1 dt) <e,

This follows from dominated convergence and Proposition 3.11.3.

Next, we consider the operator V' on our integral norm space.

PROPOSITION 3.8.4. Letb > 1,1 < q,p < 00, and q = QTLTf;,p where 0 < s’ < b—1

and s'p < m. Then
(35.13) VO L((0.T) s HY) — L72(0.T) - HY)

with the estimate

(3.814) ([ etz o) "o ([ Hu(s)Hz,pds)Q/a.
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This follows directly from Proposition 3.3.3. We also have that

(Kﬁ”vﬂuwﬂ—vmww»m@g$>

2/c

2/o

B815) < ([ o+ 1)) 2 0(5) = (o) o))

< (/OT(HU(S)Hb,p + HU(S)Hb,p)”dS) " (/OT lv(s) = U(S)Hi’,pdS)

where we used Holder’s inequality and Minkowski’s inequality. This gives an analog to

2/

Corollary 3.3.4.

COROLLARY 3.8.5. With the same assumptions on the parameters as in Proposition

3.8.4, we have that if u,v € L°((0,T) : H*) then

(AﬁW%wﬁ> VeI d fﬁ
s(ATww@mm+uw@mwrm)wo(ATM@>—u@waﬂ§

Our next set of results involve the operator G.

(3.8.16)

2/

PRrROPOSITION 3.8.6. Let 1 < ¢ < ¢" < 00, ¢ < ¢, 1 < o0 < 0" < o0, and

let 1)o" = 1/0" =1 —(s" — s +n/d —n/q")/2. Then for any T € (0,00], G maps

e

L7 ((0,T) : HY) continuously into L ((0,T) : H*"").
Using Proposition 3.3.6, we observe that
(3817) |G ~~<c/ S| A=l 2y (5) | ds = CT, £ (1)

where 1/r = (" — s +m/p' —m/p")/2, I, is defined as in Theorem 3.10.2, and f(t) =

llu(t)]|s',q- Then using the Hardy-Littlewood-Sobolev Theorem (Theorem 3.10.2) with
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n=1and 1/0' —1/c" =1—1/r, we have
T 1"
(3:818) ([ 16Ul "™ < ULl < C i

where f(t) = ||u(t)||s . This completes the proof.
Our next result also involves the operator GG, but its proof is significantly more com-

plicated.

PROPOSITION 3.8.7. Let 1 < ¢ < ¢" < o0, & < §” and assume 1/¢" < 1/0 =

1—(s" =5 +n/¢ —n/¢")/2 < 1. Then G maps L7((0,T) : H*9) continuously into

i

BC([0,T) : H*1").
To prove this, we begin with a lemma.

LEMMA 3.8.8. Define H by (Hf)(s,z) = €2 f(s,z). Then

i

(3.8.19) H:L°((0,T): H" — L}(0,T) : H),
where the parameters are as in the proposition.

Our first step is to recall that, by (3.11.3), we have

/f e (g(x)dz = (45) ”/2//f k==Y /45 g ) dyda

(3.8.20) = —(47rs)_”/2//f(:v)ey_x|2/4sg(y)

. / e (1)(y)dy

We remark that this property is shared by the operator (1 — A)¥/2 for any real number

k.
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Next, we recall that the dual of the space L((0,7) : L?) is L9((0,T) : LP) (where

g and p denote the conjugate exponents to ¢ and p and 1 < p,q < o0). Then, for any

a1

g € L>((0,T): H*7"), we have

/T/ g(s,x)e* (1 — N2 f(s, 2)dxds
o Jrm

T
SC’/ / 2 (1 — N D 2g(s, ) (1 — N2 f (s, x)dads
D m

(3.8.21) <c / le*2g(s)]

ws—sta || £ (5)]

Hsl’q/ ds

’ /dS)l/g

Hs»q

el /0 12 g(8) % )7 /0 ol

Hs', q/dS)l/a

<Csup lg(s)] / o

where the last line is a slight generalization of Proposition 3.8.1. Since ¢ is an arbitrary

A

element of the dual space of L*((0,T) : H*+7"), we have

T T
(3.8.22) / 1652 £(8) | yorrds < O / L, ds)?

which completes the Lemma.
Returning to the proposition, making liberal use of the change of variables formula

and using (3.8.22), we have

IG - f(E)]]s ~—H/ =98 £ (5)ds|| g g

< / [€6=02 £(5) gl

(3.8.23) /HGSA = )l s
< ([ 18- 9.9

e / LA ds) .

which proves the proposition.
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3.9. Proof of Theorem 3.7.1

As in Section 3.4, we begin with the nonlinear map

(3.9.1) du=Tp -G - PY(V*u))

and the space F ) defined to be the space of all

(3.9.2) v e BC([0,T): H™P) N L*((0,T) : H"®)
such that
T 1/a
(3.9.3) sup [[o(t) — Tpllnp + ( / ||v<s>uz,cds) <M
0<t<T 0

Using the same argument used in Section 3.4, we get that ® will be a contraction

mapping provided the following list of conditions is satisfied
l<e<p<e<
si=k—2+b-b
E>1,0>1, sse<n
0<2/a=k—nfc—b<1

(3.9.4) 0<s <k-1

nc

ol
I

2n — s'c

1> -0

k=t <—+b<k

=3

a/2 <p<a.
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We observe that as in the previous case, these conditions require that b > 0. We also

record the simplified list that arises from setting b’ = 1:

l<ec<p<ec<

s =k—1-10

kE>1, se<n

0<2/a=k—nfc—b<1
(3.9.5)

0<k—-1-0b

2
k=1+b+— —ne
c

E—1<2ip<k
p

a/2 <p<a.

We record the result for the special case p =2, n = 3.

THEOREM 3.9.1. For any ¢ = P%p € H3?? there is a unique global solution to

(1.1.2) such that

(3.9.6) u € BC(0,T) : H¥*>?)n LY2((0,T) : H>?).

The local solution follows by choosing p =k =c=2,n=3,b=0, =5 =1 and
a=4.

The local result extends to a global result via an argument similar to the one used in
Section 3.6, and the continuous dependance on the initial data follows from the argument

in 3.4.
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3.10. Appendix

Our first result involves the Gamma function. Recall T'(z) = [~ e~"t*'dL.

PROPOSITION 3.10.1. Define

(3.10.1) B(z,y) = /Ot st — s)¥ s,
Then
(3.10.2) B(z,y) = t“””“/l%.

From equation (A.23) and (A.24) in appendix A of chapter 3 from [16], we get that

(3.10.3) /0 (1—5)""ts¥ tdu = %

The proposition follows from a straightforward change of variables calculation.

The next result we state is called the Hardy-Littlewood-Sobolev Theorem.

THEOREM 3.10.2. Ifr > 1 and 1/r=1—(1/p—1/q) for some 1 < p < q < o0, then

(3.10.4) 11 ()| Lany < CllflLe(gn)

where

(3.10.5) Lf(x)= [ [o—yl™" f(y)dy.
Rn

We also state Young’s inequality for integrals and for products.

THEOREM 3.10.3. Let 1 < p,q,r < oo andr '+q ' =p t+1. Iff€ L" and g € LY,

then f * g € LP with the estimate

(3.10.6) 1+ gllo < [[£ll+llglly-
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This is Theorem 8.9 in [5].

PROPOSITION 3.10.4. Let 1/p+ 1/q = 1. Then if a,b are positive real numbers, we
have

B
(3.10.7) ab< T+
P q

We remark that this also gives, for any e > 0,

p q
(3.10.8) (ca)l —ap< BV P
€ P glq

We now turn our attention to Sobolev space results. Our first result is a straightfor-

ward imbedding theorem.
LEMMA 3.10.5. HFTP — HFP for all k, 1 < p < oo, and € > 0.

For the case where k > 0, see [16], chapter 13, equation 6.9. The proof for the
negative k case follows by viewing the space H %? as the dual of the space H*?'| where
k > 0 and p’ is the unique real number satisfying Il) + I% =1.

Our next result is the Sobolev imbedding theorem.

PROPOSITION 3.10.6. For sp < m where 1 < p < oo and s > 0 we have
(3.10.9) HSP(R™) C L"P/(m=sp)(R™),

with the estimate ||u|mp/m—sp) < C|lulls, p.

For sp > m, we have

(3.10.10) H**(R™) ¢ L®(R") N C(R")

with the estimate ||u|| poo@ny < Cllul| grom@ny-
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For a proof, see Chapter 13, sections 2 and 6 in [16]. Our next result is another

Sobolev space result.

ProprosITION 3.10.7. Let s > 0. Then

(3.10.11) | ul

moz < ullzz + full ez,

where H denotes the homogenous Sobolev space.

To prove this, we need to bound (1 + |£]?)%. For |¢] < 1, we immediately have
(3.10.12) (L+[EP) <2° <O+ I¢P),
for a sufficiently large C'. For [¢| > 1,
(3.10.13) (L+[€]*)" < ClEP* < O+ [g*).
So we have, for all ||, that
(3.10.14) (14 [62)° < C((1+ [ + ).
Using (3.10.14), we have

(3.10.15) /(1 + Pt < O </ a? + / |§|28a2) ,

and applying Plancherel’s theorem finishes the proposition.

We next consider a Moser-type estimate for Sobolev spaces

PROPOSITION 3.10.8. Let u € H%P for any s >0, 1 < p < oco. Then

(3.10.16) l?]ls,r < Clull?,

mp

T and s' < s, s'p < m.

provided r =
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This is a straightforward consequence of the following proposition, called the Christ-

Weinstein estimate.

PROPOSITION 3.10.9. Let s > 0, 1 < 7,p1,p2,q1, ¢ < 00, and suppose that r—' =

pit gt fori=1,2. Let f € L', D°f € LP*, g € L® and D°g € L%. Then

(3.10.17) 1(f9)

|50 < ClFllpllglls.ar + ClF llspallglan-

When 0 < s < 1 this is Proposition 3.3 in [3]. The general case can be found in
Proposition 1.1 of Chapter 2 of [17].
To prove Proposition 3.10.8, we choose p; = ¢ and ¢; = ps = p in Proposition 3.10.9

and we have

(3.10.18) [wo)lsr < Cllullp, Jv]lsp + Cllu

sol[Vllpr-

By Proposition 3.10.6, |jul|,, < C||uls, provided p; = mp/(m — s'p) and s'p < m. So

we have

(3.10.19) || (uv)

sr < Cllully pllvllsp + Cllu

s,p| UHS’,p-

So for any s’ < s and s'p < m, Sobolev Imbedding gives

(3.10.20) [?[lsr < Cllull2,

mp / /
TP and 5" <'s, s'p <m.

provided r =

3.11. Semigroup properties of the heat kernel

In this section we outline some properties of the the operator e/“*. We begin by stating

two different ways this operator can be defined. We have a pseudo-differential operator
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type definition

(3.11.1) ePu(x) = /6”52&(5)6”’56[5
and a definition involving the “heat kernel”

(3.11.2) e28(z) = (dmt) " e leP /A
With this definition, we have

(3.11.3) ePu(x) = ux e (x).

These are equations 5.17 and 5.10 from Chapter 3 of [16].

Our first task is to describe the action of ¢*® on LP(R™) spaces.

LEMMA 3.11.1. Let 1 <g<p <o and s € R. Then

(3.11.4) le®ullsy < CE T ] .

Recalling that [, e'®d(z) = 1, we calculate

1/r
H (47Tt)_n/2 €—|m|2/4t||r — (47Tt>_n/2 </ 6—7“|:U|2/4tdx>

1/r
S (47{’1&)7”/2 (/ e—|x|2/4tdx)
(3.11.5) "

< (4mt) "% (4mt)™*r
< (47rt)—(1—1/7")/2_

This estimate combined with Young’s inequality (Theorem 3.10.3) proves the Lemma.
Our second Lemma requires some preliminary work. We begin by considering the

operator e** defined on the right half of the complex plane. Then for each ¢ > 0 on the
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real axis, we let v; be the circle centered at ¢ of radius at for any 0 < a < 1. By Cauchy’s

integral formula, with P(2)f = e** f, we have

(3.11.6) AP f(x) = PR() f(z) = C / (Z_—lt)kﬂp(z) f(x)dz,

t

where P*) denotes the k" time derivative of P. By Minkowski’s integral inequality, we

have

(3.11.7) || / (Z_—lt)HlP(z)f(‘)dZHpSC ﬁnmz)mnm

Tt |Z

For z € v, we have (1 — a)t < |z] < (14 a)t, so using a calculation similar to (3.11.5)

we have

1
184 POf @ < Co i, [ s
(3.11.8) B

< Ct*(n/qfn/p)/%kaHq.

So for any integer k, we have

(3.11.9) 16 fllon,, < Ct=EFan/D2) )|
Interpolating between (3.11.5) and (3.11.9) we have

(3.11.10) €2 fllgrp < == tnlamniDl) g1

for 0 < s’ < s < 2k. But since this holds for any integer k, we have almost shown the

following lemma.
LEMMA 3.11.2. For —oco < §' < §" <00 and ¢" > ¢, we have

(3.11.11) e ullgn gr < C=mIa=mId /2"~ 2|
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To prove the Lemma, we need to address the case where s’ and s” are negative. To

this end, let J; be a convolution operator whose Fourier Transform is given by
(3.11.12) J(1€) = (1 +1¢P)*?

and we recall that

(3.11.13) [ Trullsp = llullrisp.

Then for s” < 0, we have
e S ullgrgr = [[€"® T agmu]|
(3.11.14) < - m/a =) 2= 22 Tl
< Ot~ (m/d=m/d") /2= (s"—s )/2||uHs”’,q’7
which finishes the Lemma.
For notational convenience, we set r = (m/q' — m/q")/2 + (s" — s')/2 and observe
that for » > 0, the previous results show that t"e!” is a uniformly bounded set of linear

operators from H*"? into H*"¢" for small . Our next task is to describe the behavior of

this operator as t tends to 0.

PROPOSITION 3.11.3. As t tends to 0, t"e'®u tends to 0 in H*"1 for any u € H,
provided r > 0, ¢ > ¢’ and s" > s'. More specifically, with the parameters fized, for any

e > 0 there exists a T > 0 which depends only on ||u||y 4 such that for all 0 <t < T,

(3.11.15) [t | gr gn < €.

We first show this under the assumption that u € S, where S is the Schwartz space

of rapidly decreasing functions. For v € & we have that v € L? for all ¢ > 1, so in
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particular « € L7 . Using Lemma 3.11.1 we have
(3.11.16) £ €| g g < £V |

Since r > (7 — 1+)/2, this proves the result for u € S.
Now let p € H*"9 be arbitrary. Since S is dense in H*"? we choose an approximating

sequence @, € § and get

[t pllungr < 18762 = pu)llarr + 1€ pullungs
(3.11.17)

r tA
<llo—enllsqg + It e Pnll s, g7
Since ¢, approximates ¢ in the H**¢ norm, the first term can be made arbitrarily small
by choosing a sufficiently large n. By (3.11.16), [t"e'®¢,||s7. 4 can be made arbitrarily

small by choosing a sufficiently small ¢, which finishes the proof of Proposition 3.11.3.

3.12. Lorentz spaces and Weak-L”

We begin by defining Lorentz spaces. Given a measure ;1 and a measurable function

f, we define
(3.12.1) m(o, f) = p({z : [f(2)] > o}).
We next define the decreasing rearrangement of f, denoted f*, by
(3.12.2) f(t) = inf{o : m(o, f) < t}.
Then we say f is in the Lorentz space L, if and only if

(3.12.3) 11z, = ( / m(tl/pf*wczt/t) P

where 1 < p < oo and 1 < r < oo with the usual modification if » = co. We remark that

L,, = LP, in the sense of equivalent norms.
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We next recall the definition of weak-L? space. For a function f defined on an interval

I, the distribution function of f is defined by

(3.12.4) A(r)=m({tel:|f(t)>T1}).
Then we say f is in weak-LP if

(3.12.5) A (T) < C/rP

We remark that Weak-L” space is a special case of Lorentz space L,, where ¢ = oo, and

that, if 0 < f(t) < g(t) for all t € I, then

(3.12.6) [ 2g0e < 119llLq o

where || - ||z, .. is the weak-L9 norm.

The following is Theorem 5.3.1 in [1].

THEOREM 3.12.1. Let po, p1, o, q1 and q be positive, possibly infinite numbers and let

1/p=(1—-6)/po+ 0/p1 where 0 <0 < 1. Then, if py # p1,

(3'12-7) (Lpoqm Lplql)e,q = qu'
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CHAPTER 4

Besov Space solutions to LANS



4.1. Solutions to LANS in Besov Spaces

In this section we mirror the results of the previous section. Instead of assuming our
initial data is in a Sobolev space, we assume it is in a Besov space B ,. In (4.2) we give
a brief derivation of Besov spaces and list some foundational results. In (4.3) we define
Continuous-in-time Besov spaces, state our existence theorem, and prove some supporting
results necessary. In 4.4) we prove the theorem stated in the previous subsection. In (4.5)
we define the Integral-in-time Besov spaces and state our second local existence theorem.

In (4.6) we prove supporting results and in (4.7) we prove the Theorem 4.5.1.

4.2. Besov Space

We now turn our attention to finding solutions of (1.1.2) with initial data in inhomo-
geneous Besov Spaces. The inhomogeneous Besov space B, , (with s > 0) is a Banach

space with the norm

(4.2.1) 1]

By, = lflle +11£]

> S
Bp,q

where B;q is the homogeneous Besov space, which we now define. Starting with a
positive function ¢ := ¢g € S(R") supported on the annulus 1/2 < |¢] < 2, we define,
for j € Z, ¢;(£) = ¢po(277€) and observe that ¢; is supported on the annulus A;, where

A ={¢eR": 271 < |¢] < 2771}, Our next step is to define ¢); € S by

F e 858
(4.22) v == 0@

Since the Fourier Transform is invertible on S, this uniquely identifies ;.
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LEMMA 4.2.1. With v¢; and ¢; defined as above, we have that
03(6) = do(27%¢),
supp ; C A;,
(4.2.3) |DP4;(€)] < Cg279W,
j(x) = 2o (2'x),

Z Ve(€) =1 for € #0.

k=—oc0

The proof of the first relation follows the construction of ¢y and that

(4.2.4) D k() =D dr(2%€)

holds for any j. The second follows from the fact that ¢; is supported on A;, the third

is an immediate consequence of the first, and to get the fourth relation we note that
o) = F ) = [ S
k@

—Jin 2 5 zx~
(4.2.5) =2 /Zk0¢k = Sd¢

= 2_jn¢j(.’ﬂ).
To get the last relation, we observe that A; and A are disjoint if |j — k| > 2. So for

¢ € A;, we have by the second relation that

Db =) (®)
(4.2.6) h=reo h=im2
T a6 .
DY (3 R

With the Lemma finished, we define the operator A; by

(4.2.7) ANjf =+ f
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and define

j—1
(4.2.8) Si= Y A

k=—o00

We record some useful facts about these operators.
LEMMA 4.2.2. With A;f =v; x f and S; = Zf;; A; we have
D=0 if [j— K =2,
(4.2.9) Nj(DpfDig) =0 if |j— k| >4 and |i — k| <1,
Nj(Sk-1fOrg) =0 if [j — k[ = 3.
To show the first equality, we have
(4.2.10) F(LAf) = e f.

Because ﬁj is supported on A; and Uy, is supported on Ay, we get that F(A;Apf) =0

provided A;N Ay is empty, which holds provided |j—k| > 2. To show the second equality,

we have

(4.2.11) F(D5( D f £49)) () = 05 (2) (e f * ig) ().

We have

(4.2.12) i (@) (nf * g (x) = /%(fﬁ)i/?k(w — ) f(x = y)h(v)g(y)dy.

We note that the integrand of (4.2.12) is supported on
2j—1 S |.',C| S 2j+1

2k71 < |l’ . y| < 2k+1.
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Since |i — k| < 1, this support is empty if [j — k| > 4.
With these properties in hand, we now define the homogeneous Besov spaces. For
se€Rand 1 < p,q < oo we define the homogeneous Besov space B;q to be the Banach

space with norm

(4.2.14) I/

s 1/q
Bs, — < Z (2j8||Ajf||p)q)

j=—o00
with the usual modification when ¢ = oco. As stated in the beginning of this section,

Besov spaces are the normed Banach spaces defined be the norm

(4.2.15) /]

B;,, = I1fllp + [1.f]

35 s
quq

for s > 0. For s > 0, we define B,,%, to be the dual of the space By ,, where p', ¢ are the
Holder-conjugates to p, q.

We conclude by remarking that by switching the order of the L? and [? norms in the
definition of Besov spaces, we get a new space called the Triebel-Lizorkin spaces F} .
Explicitly, for s > 0, the Tribel-Lizorkin norm is defined by

1/q
B0 = 171+ (Z 2jsq|Aju<->|q> o

j=—00

(4.2.16) 7]

For s < 0, the space F}, is defined to be the dual of the space F,7,. We also remark

that H? = F,.

4.3. Weighted continuous in time Besov Spaces

Fixing 0 < T < oo, for any k£ > 0, we define the space

(4.3.1) Crispa = 1F € C(0,7) : By ) || fllksspg < 00}
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where

(4.3.2) 1 1lkis.pq = sup{t* [ £ (2)]

Bqu 1t e (O,T)}

cr denotes the subspace of C’kT;

[ consisting of f such that

S7p7q

(4.3.3) lim t*f(t) =0 (in B;).

t—0t
If £ =0, we write 62%(1 for BC([0,T) : By ,), the space of bounded, continuous
functions from [0,7’) to B, .
We will typically write C[[,  , and 6210, ¢ 8 Clispq and C p.q, Tespectively, suppressing
the T' dependance. We finish this section by stating the existence result and proving some

supporting results.

THEOREM 4.3.1. For any ¢ = P € B] , there is a T = T(p) > 0 and a unique

solution to (1.1.2) such that
(4.3.4) u € CrpyN Cotpes

provided there exist real numbers b’ and s’ such that (4.4.3)
Our first calculation is an analog of Lemma 3.3.1.

LEMMA 4.3.2. Givenr >1,1<¢g < o0 and p,p’ € (1,00) where

/ np

P :2n—s’p

s'=n(2/p—1/p)
(4.3.5)

0<s<r—1
p<2p,
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we have div 7 : B,  — BJ, .. Specifically, we have the estimate
(4.3.6) Jdiv 7 (), < Clully,

We have by Proposition 4.8.3 that

||div Ta(u)HB;,g < CHTQ(U)HB;;E
(4.3.7) < C||Def(u) - Rot(u)]| gr-1
< CIVull,. < Cllull,.

This Lemma has an immediate corollary.

COROLLARY 4.3.3. div 7% : Cippg — Chairpr.q, With the estimate
(4.3.8) ldiv 7%(w) ll2airpr.q < Cllulli.pq-

Next, we record some results for the operator V<.

PROPOSITION 4.3.4. With the parameters as in Lemma 4.3.2, we have
(4.3.9) Ve Cospag X Carspg — Coass— 1074
with the estimate

(4.3.10) |V (u,v) ||2a;s—17p’7q < ||u||a;s,p7q ||U||a;svp,tr

This follows from a calculation parallel to the one used to prove Proposition 3.3.3

with Proposition 4.8.1 replacing the Sobolev embedding results.
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COROLLARY 4.3.5. With the same assumptions on the parameters as in Proposition

4.3.4, we have that

[V (u(s)) = V(v(s)lass—1.9
(4.3.11)

< C(““Ha/Q;s,p,q + ”UHa/2;s,p,q)Hu - UHa/2;s,p,q'

This proof also directly follows the proof for Corollary 3.3.4.
For the remainder of the section, we impose the following list of restrictions on our
parameters. We have
—00 < 8§ < 81 < X0
I<g< oo

(4.3.12)
1<p<p1 <o

o=s1—50+n(1/po—1/p1).

The following proposition is an immediate consequence of Corollary 4.9.3.

PROPOSITION 4.3.6. Provided the parameters satisfy (4.3.12), we have that " : B30 = —

00/2;51,101711-

Lastly, we turn our attention to the operator GG. Using Proposition 4.8.4 and Propo-

sition 4.9.1, we have

|G - ul

t
it <C [ (=5 ulgy s
t
(4:3.13) < Cllulhpn [ (¢ =57
0

S Ot_o—/2_k+1 ||u||k33071707q

where the last inequality used Proposition 3.10.1. We record this as a proposition.

4



PROPOSITION 4.3.7. With parameters as specified in (4.3.12), 0 < o/2 < 1,0 < kg <

1, and ky = ko + 0/2 — 1, we have

(4314) ||G . u||k1;51,p1,q S CHquo;SOJ)OH‘

4.4. Proof of Theorem 4.3.1

As usual, we begin with the nonlinear map

(4.4.1) Qu="Tp—G-P*(V*(u),

initial data uo € By, and define

(4.4.2) Erar = {0 € Crpg N Cassig : 10 = Tollowpg + [0llaispg < M}

To proceed, we observe that the restrictions on our parameters forced by the results of
the previous section are identical to those from Section 3.3. So as in Section 3.4, we will
use an intermediate space Chq.s_y g, and using our now standard argument, we get that

Theorem 4.3.1 will hold provided the parameters satisfy the following list of conditions:
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0<2a=s—-n/p—b<1

0<s <s—1
(4.4.3) -
1<L~<OO
2n — s'pc

s=2—-b+b+5
1> -0

1<b+2_¢<2
D

22+ < —<2-V+¥,
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and the case where we fix b’ = 1:
l<p' <p<p

sSs=s5s—1+0

(4.4.4) 0<2a=s—-n/p—b<1

0<s <s—1

4.5. Integral-in-time Besov spaces

We now consider the integral norms in time with Besov spaces instead of Sobolev
spaces defining the “inside” space. We fix T > 0 and let M((0,7") : E) be the set of

measurable functions defined on (0,7") with values in the space E. Then we define

(4.5.1) L%®JUJ§Q={f€M«Qﬂ¢B%%(AIU@H

B, db)'7 < oo},

We will prove the following Theorem.

THEOREM 4.5.1. Given ug € B, , with v = n/p+b there exists a T > 0 and a unique

solution u to (1.1.2) such that

(4.5.2) uwe BC([0,T): B, )N L7((0,T) : B;,),
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provided there exist real numbers b’ and s’ (4.7.3) holds.

4.6. Besov Integral-in-time results

Our first result is similar to Proposition 3.8.1.

PROPOSITION 4.6.1. Let 1 < pg < p1 <00, 1 <qg< o0, —0 < 59 < 81 <00, and

assume 0 < (s1 — so +n/po — n/p1)/2 = 1/o. Then T' maps By = continuously into

L7((0,00) : Bst ) with the estimate

P1,91

(4.6.1) ITull o (0,005, ) < Cllul

P1.91/ —

Y .
BP()»QO

The proof is similar to Proposition 3.8.1. The two main distinctions are that, because
of Theorem 4.10.1, we interpolate using s, instead of pg. Also from Theorem 4.10.1, we
do not require py < o, as we did in Proposition 3.8.1.

Our next result is analogous to Proposition 3.8.6.

PROPOSITION 4.6.2. Given 1 < pg < p; <00, 1 < g < 00, —00 < 59 < 51 < 00,
l<og<oy<ooandl/og—1/o1=1—(s1—5so+n/po—n/p1)/2, for any T € (0, 0],

G sends L°°((0,T) : B ) into L7 ((0,T) : BS' ) with the estimate

Ppo,q0 p1,91

(4.6.2) |G - UHL‘TI((O,T):le ) < CHUHL"O((O,T):BSO ).

1,91 090

The proof is similar to the proof of Proposition 3.8.6 and is omitted.

PROPOSITION 4.6.3. 1 < py < p; <00, 1 < g <00, —00 < 5 < 851 < 00, and

assume 1/py < 1/o=1— (81— so+n/po—n/p1)/2 =. Then G maps L°((0,T) : B )

Ppo,q0

continuously into BC([0,T) : BS' ) with the estimate

P1,q1

(4.6.3) sup ||G - u(t)|

t€[0,T)

Byl S C||UHLU((0,T);B;g,q0)-
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Using notation established in proof of Proposition 3.8.7, we first seek to show that

(4.6.4) H:L°((0,T): B* ) — L*(0,T): B ).

Po,q0 p1,q1

The proof follows the proof of Proposition 3.8.7.
We conclude this section with results involving the operator V*. The proofs directly

follow the techniques used to prove Proposition 3.8.4 and Corollary 3.8.5.

PROPOSITION 4.6.4. With the parameters s,p,p’ and q as in Proposition 4.3.4, we

have
(4.6.5) Ve Lo((0,T) : By,) — L°*((0,7) : By,

with the estimate

2/c 2/c
(466) ([ wewenigzas) < ([ 1o, o)
COROLLARY 4.6.5. Ifu,v € L7((0,T): B; ), then
T 2/
([ veutsn - v as)
(4.6.7) OT oo 2o
< ([ oo as) ([ 1 -ulz,a)

4.7. Proof of Theorem 4.5.1

As usual, we begin by defining a Banach space Xr s to be the set of allu € BC([0,T) :

By )N L2((0,T) : By,) such that

(4.7.1) sup u(t) = Tl + o < M
and we define the operator ® by

(4.7.2) Qu(t) =T+ G(V*(u(t)))

79



.
where ¢ € B .
Again, we have the same restrictions on our parameters as in the previous integral in

time situation. We record these parameters in this situation:

l<p <p<p<oo

0<2/c=s—n/p—b<1

0<s<s—1

(4.7.3) ~
R
2n — s'p

s=2—-V4+b+s
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and as usual we record the case where O/ = 1:
l<p <p<p<oo
1<g¢g<o
s>1, s’p<n
0<2/c=s—n/p—b<1

(4.7.4) 0<s<s—1

/ np

b :2n—3’]5

§=s—1-0

4.8. Besov Space Results

We list here several results involving Besov Spaces. Our first is an embedding result.

PROPOSITION 4.8.1. Assume that € R and p,q € [1,00]. Then if 1 < ¢ < o < 00

we have that ngl C Bﬁm with the estimate

(4.8.1) 1Fllgg,, < Clf Nz, -

If1 < p; < ps <00 and By = Bo+n(1/py — 1/p2), then BS (R*) C B% (R™) with the

p1,9 p2,9

estimate

(4.8.2) W5z, < Cll sz,
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These results, with the same restrictions on the parameters, hold for the inhomogeneous

case. In addition, we have that if 5y < [ then Bgfq C Bglq, with the estimate

(4.8.3) £ 11z, < CllF Nl s -

Lastly, we note from the definition of the inhomogeneous Besov space that

(4.8.4) 1f1lze < N1 flls,
forany 1 <p,q < oo, s>0. The last two results do not hold for the homogeneous case.

We also have the following Moser-type estimate. This is Lemma 2.2 in [2].

PROPOSITION 4.8.2. Let s > 0 and q € [1,00]. Then we have

(4.8.5) 1£9ll5;, < CUF N llgls, + lgllin |l )
and
(4.8.6) 1falls;, < CUfllemllglss, , + gl fll5s,,)

where p;,r; € [1,00] and 1/p=1/p1 + 1/ps = 1/r1 + 1/rs.

Using Proposition 4.8.2 and Proposition 4.8.1, we have

“I35,, < Cllullzrs [|ul

p,q —

[|u B3, 4

s
Bplvq

< Cllullpg, , llul
(4.8.7)
< Cllul

s lulls;
Bm,q BPlvq

< Cllulls,

Pp1.49

where s > 0 satisfies p = -—22— and n(2/p; —1/p) < s. We record this as a proposition.

2n—s'p1
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PROPOSITION 4.8.3. Let s > 0 and p,p1,q € [1,00]. Then

(188) 45, < Cllulls,
! _ np
where p1 < 2p, s >n(2/py —1/p) =5, and p = T

Our next Proposition is reminiscent of the Minkowski integral inequality.

PROPOSITION 4.8.4. Let f(s) € By, for all s € (0,t) for some t > 0. Then

(48.9) HAf@@wm&SCAHﬂwH

B3, ds.

Showing this for the homogeneous Besov space follows immediately from applying
Minkowski’s integral and summation inequalities. It then follows for the inhomogeneous
Besov norm by applying Minkowski’s integral inequality to the LP component of the
Besov norm.

Next, we formally establish an isometry result. This is Theorem 8 on page 67 of [11]

THEOREM 4.8.5. Let I, = (1 — A%, Then
(4.8.10) I,: B, — B, *
18 an isomorphism.

We conclude this section by stating the Bernstein inequality.

THEOREM 4.8.6. Let « >0 and 1 < p < ¢ < oo. Then if supp f C {EeR": ¢ <

K27} for some K > 0 and some integer j, then

(4.8.11) [l < et £l
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In addition, if supp f C {§ € R™ : K129 < |¢] < K27} for some Ky, Ky > 0 and some

integer j, then
(4.8.12) CPHIUP=YD| 1|, < |[Aflg < CPHmUP=YD] £,
This is Proposition 2.3 in [18].

4.9. Heat Kernel in Besov Space

We recall that the heat kernel is defined by

(4.9.1) B f = fxels
where
(4.9.2) e28(x) = (Amt) "2 e Ie /A

Our task is to determine the action of the heat kernel on inhomogeneous Besov spaces.
We begin with an alternate construction of Besov spaces. This can be found in Chapter
3 of [11].

We let ¢; € S be a sequence of “test functions” such that ¢,(€) # 0 if and only if

§e Ry = {271 < g <241},

(4.9.3) 1DP$;(€)| < Cyp2710

for any multi-index 3, and for small ¢,

(4.9.4) |6;(€)] = C. >0

for £ € R;. where

(4.9.5) Rie={(2—e)7'2' < [¢| < (2— )2}
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Equations (4.9.3) and (4.9.4) are the main distinctions between our two constructions of
Besov spaces. We also require

(4.9.6) S ) =1

j=—o00

for € #£ 0.

We define another test function ¢ € S such that ¢(€) # 0 if &€ € {|€] < 1} and for

small ¢,
(4.9.7) 6] = C. >0

for § € {[¢{] <1—¢}.
We remark that ¢ can be chosen such that
-1
(4.9.8) &) =D b9
j=—00
We define the Besov space B, to be the normed space defined by the (quasi)-norm

o

1/q
(4.9.9) 1N, = o= fllze + (Z(Q”H% * fHLp)q>

=0
where s e R, 1 < p < o0, and 0 < ¢ < 0. For 1 < ¢ < o0, this is a Banach space.
We also have the homogeneous Besov space B;q defined by the (quasi-) norm

o 1/q
%=(ZQW@MMQ .

j=—o00

(4.9.10) /]

PROPOSITION 4.9.1. Let 1 < p' <p" < o0, —c0 < s < 5" <00, and let 0 < ¢ < 0.

Then

(4.9.11) et Aul

(ot ’_ a0
g < Ot=(8"=s"+n/p' =n/p")/ [ B -

p,q p,q
We start with the following lemma.
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LEMMA 4.9.2. Let I, = (1 — A)*/2. Then, for any j > 0, we have
(4.9.12) 2°¢; == Lg;,
where f = g means that there exists a C7, Cy such that
(4.9.13) Cif <g<Cyf.

Since ¢; € S, where § denotes the Schwarz space of rapidly decreasing functions, we
know that F*(F(¢;)) = ¢;, where F denotes the Fourier transform and F* denotes the
inverse Fourier Transform. Because I; : § — S, we have the same result for I;¢;. To

exploit this, we begin by computing F(/,¢;), and we get

(4.9.14) F(L) (&) = (1+6]*)*¢;.

Applying F*, we have

(49.15) PP @) = [+ 677260
Since ¢; is supported on the annulus 2/-! < ¢ < 271 we have

(4.9.16) / (14 [€%)2¢;(&)e™4de = / 2754 (€)e'tde = 27%¢,.
Combining these results, we get

(4.9.17) Lip; = F(F(Lsgs)) = 2°¢;,

which finishes the Lemma.
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To prove the proposition, we use the Lemma and Sobolev space heat kernel estimates

to get

e ul

) ) 1/q
s = N6 % e ull o+ (3@ 2706 % | 0)7)
P ,q
1/q

<t sy (S0 Bl )
(4.9.18)

/ 1/ s’ 1/q
< 4—(n/p'=n/p )/2||¢ * u||Lp’ +t7 (Z(QJS ||¢J * UHLP’)q)

< 1]lul

B, -
P ,q
where 0 = —(s" — ¢ +n/p' —n/p")/2.

We have an immediate corollary, similar to Proposition 3.11.3.

COROLLARY 4.9.3. With the parameters as in Proposition 4.9.1, we have
: v/21| A . _
(4.9.19) 72 f gase = 0
provided o > 0.
The proof is analogous to the proof of Proposition 3.11.3.

4.10. Besov Interpolation Results
We have the following Besov space interpolation result. This is part of Theorem 6.4.5

in [1].

THEOREM 4.10.1. Let 0 < 0 < 1 and

s*=(1—0)sg+ 0s1,

4.10.1 1 = —" 4 —,
( ) /p o o
1-0 0

Y o200

qo q1
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Then we have

(4.10.2) (B, B3 Jor = By,

P90 T Pq1

where sg # 51, 1 <p < oo, and 1 < r,qo,q1 < o0. We also have

*

(4.10.3) (B2 B Vo, =B .

P0,907 7T P1,91 PTq

where so # s1, p* = q*, and 1 < po, p1,q0, 1 < 00.

We conclude this section with Theorem 3.11.8 from [1], but first we recall a definition.
If A, B are quasi-normed spaces, we say T : A — B is a quasi-normed linear operator if

1T (a0 + a1)ll s < e(llacla + [las||a) where ¢ > 1.

THEOREM 4.10.2. Let A;, B; be quasi-normed spaces where 1 = 0,1. Suppose that

there exists a quasi-linear operator T' such that T : A; — B;. Then
(4104) T (Ao, Al)e,r — (Bo, Bl)@,r

where 0 < 6 < 1.
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CHAPTER 5

A Global Existence Result in Besov space



5.1. Global Existence with arbitrary initial data when p = 2

In our previous work with initial data in Sobolev spaces, we were able to get a global
existence result in the p = 2 case to the LANS equations. This was accomplished via
higher regularity energy estimates. To get a similar result in the Besov setting requires
significantly more work, and the goal of this section is to prove the necessary results.
This argument is inspired by the work of [18]. In Section asf, we will modify the results

of [18] in a setting more closely aligned with that paper’s original intent.

5.2. An alternate construction of Besov spaces

Our goal in this section is to follow the approach of [18] to get solutions to (1.1.2) in

the integral norm space. We begin by stating the Theorem we wish to prove.

THEOREM 5.2.1. Let u be a local solution to (1.1.2) with initial data ug € ng such

that
(5.2.1) u € BC([0,T) : Bqu) ny,

where r > 2 and Y 1s either L"(B;qmﬁ) or Co14ny2,2,4 With 0 <a <1 and 1 < o. Then
the local solution is a global solution.

Alternatively, assuming n < r+c¢, a local solution of (1.1.2) with initial data ug € ng

such that
(5.2.2) u e BC([0,T) : B;q) NnX,

where X 1is either L"(B;q'”/ﬂs) 0T Coi14n)24¢,2,4, can be extended to a global solution.
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To prove the theorem, we begin with a priori estimates. We start by recalling aspects
of our construction of Besov spaces from Section 4.2. We have that our functions 1,

satisfy

U (€) = Yo(279€),
(5.2.3)

supp ¢; C Rj,

where R; = {2971 < £ < 2771} We also have that

(5.2.4) > o) =1,

j=—o0

provided £ # 0. Our first new function is ¥, defined by
(5.2.5) W(e) =1-2 (9.
k=0
We remark that ¥(£) = 1 for £ = 0, and ¥(€£) = 0 for £ > 2. Next, we define A,u by
(5.2.6) Aju =1 *u,

and for notational convenience, we define Sy = Z?:o A;. Finally, we define the inhomo-

geneous Besov space by the norm

(5.2.7) Il

. 1/q
By, = ¥ *ulwe + (Z(2j5||AjUHqu> )
=0
forse R, 1 <p,q < 0.

In analogy with the definition of homogenous Besov spaces, we denote the second

term in the sum by B;’q, and define the notation

00 1/q
(5.2.8) lull 5, = (Z(ng\!AjU\I%p> :

Jj=0
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Recalling that homogenous Besov spaces are defined by

00 1/q
%ﬂ=<§:@ﬁwywa> 7

j=—o00

(5.2.9) Il

we remark that we can regard our new spaces as “half” of the homogenous Besov space
B,

We pause here to comment on our strategy. To achieve our global existence argument,
we need bounds on the two separate pieces of the Besov norm. We will begin working with
the more complicated piece, which is B;j’q. We use arguments inspired by the calculations
in [18].

With our notation established, we record two facts.

LEMMA 5.2.2. There ezists an M > 0 such that if |j — k| > M, then

(5.2.10)

Aj(Sk—s5fDks19) = 0.
These two facts follow from applying the Fourier Transform and recalling that zﬂj is

supported on 2771 < €] < 2771, We mention another result with the opposite emphasis.
LEMMA 5.2.3. If k and | are close together, and j is much greater than k, then

Applying the Fourier Transform, we have

~ ~

(5.2.12) fAAAMAmWQ=¢Nﬂ/¢awﬂwm@—ymw—yMy

The expression

(5.2.13) by (@) (y) f(y)ihi(a — y)g(x — y)
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will be equal to zero provided any of the following conditions are not satisfied:
2t < lz| < 9J+1
(5.2.14) 21 < [y] < 2k
211 < |z — y| < 21,

If £ and [ are close together and if j is much larger than k, then |z — y| will be of an
order similar to 27, which will violate the third condition. This proves the Lemma.
Next, we recall Bony’s notion of paraproduct (see 0.17 in Chapter 2 of [17]). We have

that fg =Trg+T,f + R(f,g), where

(5.2.15) Trg=> (Siesf)Dks1g
k:
and
(5.2.16) R(f,9) =Y (> Duf)(Drg).

Using Bony’s paraproduct and Lemmas 5.2.2 and 5.2.3, for some M, we have that

Nj(fg) < Z DNi(Sk—s5fDky19) + Z D (Sk—59Dk11f)

lj—k| <M li—kl<M
k+5
(5.2.17) + > D(Akg Y Draf)
k>j—M l=k—5
=I+II+111I.

Applying Young’s inequality and then Holder’s inequality, we have

<€ > 15l Sk—sf Driaglly
lj—k|<M
(5.2.18)

<C Y ISk flecllBriagllp,

li—kl<M
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and similarly

(5.2.19) I, <C > (1Sk-sgllooll Ak flp-
li—kl<M
k+5
(5.2.20) T, < C Y0 (O 12kglpll A llso)-

k>j—M 1=k—5

We end this section with the statement of our main Proposition.

PROPOSITION 5.2.4. Any solution u to 1.1.2 satisfies

d
(5.2.21) gilulls; < Cllull gy ul

q~
By’
provided r > 2 or

d
(5.2.22) gl < Cllull grnrselul

q...
By
provided 2 < r +¢ < 0.

We remark that the r > 2 restriction is due to the sum in I3 not being finite. See
(5.5.6) for the technical necessity of r > 2.
This proposition is very complicated, and its proof will be broken up over the next

several sections. We begin with a statement of the LANS equations:

01— ®Au+ V(1 — a*A)yu — o*(Vu)' - Au
(5.2.23)
=—v(l —a?A)Au — Vp.
Applying A; to both sides and taking the L? inner product with 2A;u, we get

(5.2.24) h+bh+L+1L=1I
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where
I = (0,(1 — &*A)Dju, Aju) e,
I = (0j(Vu(1 = &®A)u, Aju) e,
(5.2.25) Is = —a*(0 (V)T - Au, Aju) e,
I =v((1 — ®?A)ADju, ANju) e,

[5 = —(VAJP, AjU)L2.

Applying integration by parts to I; gives that
(5.2.20) = 5018l + 2420 ),
Since div u = 0, applying integration by parts to I5 gives that Iy = 0. We also have that
(5.2.27) Iy = V[(AYV2 N ju, AV u) + o2 (AL ju, AN ju)] > 0.
Plugging these results back into 5.2.24, we have

1d
1Aullf: + A2 Apullf2) < [Ta| + |Ls].

(5.2.28) 5o <

To proceed, we need to estimate I, and I3.

5.3. I, and I3 estimates

We begin with Iy, and we have by Holder’s inequality that
(5.3.1) |1 < CllAjull2l| 25 (Vu(l = o A)u) ..
To estimate the second term, we use (5.2.18), (5.2.19), and (5.2.20) to write

(5.3.2) Nj(Vu(1=a?A)u) = Jy + o + J3
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where

Ji= > Dj((Skesu-V)Apu) —a® > Aj((Sksti - V) ApprAu)

li—k|<M li—kl<M

(5.3.3) S = Z Dj(Dpgru - V)Sp_su) — Z D (Agpru - V)Sk—sAu)

li—k<M li—k|<M
=5 =5
Js= Y A (Aku > VAk+lu) —a® YA (Aku > VAk+lAu> .
k>j—M I=—5 k>j—M I=—5

For notational convenience, we define J; ;, with j = 1,2, to be the 4% of the two summa-
tions in J;. We begin with J; 5. Recalling that v; is the convolution kernel for A;, we

have by integration by parts and the incompressibility condition that

/ b3 — 1) (Sk_stu())V (ADiru(y)) dy

= / - (V(¢j($ — ) (Sk—su(y)) + %‘(33 —y)div (Sk—su(y))) ADkr1u(y)dy
(5.3.4

)
N / =V (i(x — ) (Se—su(y)) AL psruly)dy

= / —A(V@/)j(a: — y) . (Sk_5u(y)))Ak+1U(y)dy‘

Next, we use the product rule to distribute the Laplacian through the product, apply
Young’s inequality, and then take the L* norm of the pieces involving Si_su and its
derivatives. Recalling that the L' norm of ¢; and its derivatives are independent of j,

we have

1Y 25((Sk-su- V) AppaAu)|| 2
i—kl<M

(5.3.5)
<C > (ISk-sulloe + IVSesul e + | DSk sulloe) || Arsrul| 2.

lj—k|<M
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Recalling the definition of Sy_5 and using Bernstein’s inequality (Theorem 4.8.6) we

get
1> 25((Se—su- V) Ap 1 Au)| g2
(5.3.6) li—kl<M
<C Y Appaule Y 2T AL .
lj—k|<M m<k—5

For J; 1, a similar computation gives
128;((Sk—su - V) Apyru) || 2

(5.3.7) <O Sk-sull o | Apgrull e

<Ol Apsrulle D 272 Al e,

m<k—>5
So we finally get that J; satisfies
(5.3.8) < C > (1 Aeaulle > 2CTAM Al
li—k|<M m<k—5

Jo satisfies the same estimate, so we turn to J;. Using integration by parts and

Young’s inequality, we have

(5.3.9) |12 ((Apu) VA A 2 < Ol Agul| g2 || AD k1w poe.
Bernstein’s inequality gives

(5.3.10) 125 (L) V Dgea o) 12 < C2CHDED Ayl o Ayl .

Applying this to Js 5, we get
1=5

(5.3.11) Isalle < C > [Akullze Y 2P AL jul|

k>j—M I=—5
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Similar calculations on Js3; gives

=5
(5.3.12) [Jsalle < C Y ([Agullgz Y 20 EDI Ay jul| 2.
k>j—M I=—5
So J3 satisfies
=5
(5.3.13) [Ts| < C Y (1 Agullze Y 2GFPED) Ay |,
k>j—M I=-5

So we finally estimate Iy by

[Io| = Cl|Ajul|g2]|Jy + Jo + J5| 2

<ClAulle D NAkaullze > 2T A ul|

lj—k|<M m<k—5

(5.3.14)

=5

+C||Ajulle > 1 Akullze Y 2P Ay |2

k>j—M I=—5

The estimation of I3 is similar, so the details will be omitted. The key difference
between the two estimates is that, in the case of I, integrating the gradient term by
parts and applying the incompressibility condition essentially removed one of the three
derivatives from I. Because the gradient term in I3 is (Vu)” instead of Vu, this does
not work when estimating I3, and the result is the presence of an extra derivative. The

estimate for I3 is

Il < Cllojulle Yo [Apmulge Y 2852 Al
j—k|<M m<k—>5

(5.3.15)

=5

+C||Ajulle > 1 Akullze Y 28 PE AL |2

k>j—M I=—5
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Using (5.3.14) and (5.3.15) in (5.2.28) we get

d
= (18ulZ + o*| A2 Al 7)

<Ologullz Y NAknulle Y 20727 Al 2

lj—k|<M m<k—5

(5.3.16)

=5

O Ajullze Y 1 Akullze > 2 PED AL |

k>j—M I=—5

In the next section, we work on the left-hand side of (5.3.16).

5.4. Exploiting the LANS term

We remark that
(5.4.1) F(AV2 D ju) (€) = [€]d; (€)a(€).

On the support of 1, we have that €2/ < |¢| < €27, so by Plancherel’s Theorem we

have
(5.4.2) C2% || Ajul| g2 < |AY2 A u)2e < C2% || Ajul| .

Applying this to (5.3.16), we get

| =

(1+2%)— ([1A5ullz2)

=

t

< Olbgulle Y NAknulle Y 272" Agul| 2

lj—k|<M m<k—5

(5.4.3)

1=5
+C||Agulle Y (Akullze Y 28 AED Ayl .
k>j—M I=—5

If 4 (| Ajul2;) <0, then (vacuously) 244 (||Ajul|%,) is smaller than the right hand side

of (5.4.3). Alternatively, if 4 (||Ajul[2;) > 0, then we still have that 224 (]|Ajul2,) is
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smaller than the right hand side of (5.3.16). So we have

d
2% (112ul32)

< Olbgulle Y I1Bkaulle Yo 28D A ) e

lj—k|<M m<k—5

(5.4.4)

=5

O Ajulle Y 1 Akullze > 23 DED AL |

k>j—M I=—5

Computing the time derivative, this becomes

. d
P (Dul) <C Y [ Dkaullie 3 25 IMA )
lj—k|<M m<k—>5

(5.4.5) .

+C Y Akl Y 2B AL .

k>j—M I=—5

Next, we multiply both sides by ¢2777||A;ul|%," and sum over j, which gives
d q

(5.4.6) —lully, < K+ K,
dt 2,9

where

(547)  Ki=Cq) 2727 Au2 Y ([Akpullze Y 28T Al e,

J20 li—k|<M m<k—>5

and

=5
(54.8)  Ko=Cq» 29927 Aul5t Y (|Agullg2 Y 28T PED AL e,

>0 k>j—M I=—5

We remark that the 272 term in K, and K, is the result of applying this procedure

to the LANS equations instead of the Navier-Stokes equations.
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5.5. Estimating K; and K,

We begin by re-writing K; as

M
(5.5.1)  Ki=Cq> 29 Muliz > 10 ekpaullz D 28 AL,

j=>0 k=—M m<j+k—5

We start by working on the last summation. We have by Holder’s inequality that

Z 2(1+n/2)m22m72j||Amu||2

m<j+k—5
1/q 1/q
(5.5.2) <C ( Z 2(1+n/2)quAmqu> ( Z 22q/(m(j+k5)22(k5)q/>
m<j+k—>5 m<j+k—5

< I n

< Cllull gy
where ¢’ is the Holder conjugate exponent to q.

Returning to K, we have
M
(5.5.3) 51| < Cllull gyonre S o2 Multy Y Akt e,
T >0 k=—M

For the remaining summation, we have

(5.5.4)
M
DA VANt e N VAV
>0 k=—M

M
=2 2V Aull Y U2 Al
§>0 k=—M

!

q M q
<cC (Z zm'<q1>q’ymjuuié“)> (Z( > 2T<J+’f+1>2’“<’““)HAj+k+1uHLz)q>

§>0 i k=—M
-1
< Cllully ullgg, < Cllull

RT 9
BQ,q

where ¢’ is again the Holder conjugate exponent to ¢q. So we finally bound K; by
(5.5.5) Ky < Cllull%, [Jull grene.
2,9 2,9

101



Now we bound K5. We have

(5.5.6)
=5
Ky =CqYy 27279 Agullyt Y ([ Akullpz Y 20 PED AL
320 k>j—M I=—5

5
<D 27OVl Y D 20T A | | A ] 2.
J

k>—M l=-5

Using Holder’s inequality, we get
(5.5.7) K] < Cllully; K.

where

5 a\ 1/aq
659 &= ([ 3 3o a0l &) )

J k>—M l==5

Working on the exponents of 2, we have

9(r=2)j9(3+n/2)(j+k+1) _ or(i+k)g—rkg=2(j+k+1)92(k+1)o(3+n/2)(j+k+1)

(5.5.9)
or(i+k)9(1+n/2)(j+h+1) gk(2—r) 92l

Since the l-summation is finite, we replace the 2% term with a constant, and we have

(5.5.10)

5 q\ 1/q
K<c (Z ( S ook 3 <2’"<f+’f>HAj+ku\|2><2<1+"/2><j+k+’>||Aj+k+lu||m>) )

J k>—M I=-5
5 a\ 1/a
< Cllull gy (Z ( > 2 Z<2’"<ﬂ+’“>uAMu|rz>> ) .
' j k>—M I=—5

Applying Minkowski’s inequality, we get

1/q
K1 < Cllull gy 3 2077 <Z<2“j+’f>||aj+ku||2>q)
(5.5.11) b M 7

< Cllull grenr2|lull 5, A
4 k>—M
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This last sum will be finite provided r» > 2. We remark that the restriction that » > 2

could be lifted by allowing for additional regularity in the B;q'n/ ? term. Specifically, by

choosing ¢ such that 2 < r + ¢, then we would have
(5512) |K’ S Hu||B;:n/z+e||u||B£q.

So finally plugging back into the K, estimate, we get that
(5:5.13) 2] < Cllully e
provided r > 2 and
(5.5.14) Kol < Clfull el e

provided 2 < r + €.

Plugging the K; and K, estimates into (5.4.6), we finally get

q q

(5.5.15) Zllully, < Clhully, Null gy

for r > 2 and

(5.5.16) iHu\lq~ < Cllull, Null grenszte
e dt E,q - E,q BQ,q

for 2 — r — e < 0. This proves Proposition 5.2.4.

5.6. Proof of Global Existence

In this section, we will work under the assumption that » > 2, which allows the use
of the first relation in Proposition 5.2.4. The proof for the case with the other restriction

is similar.
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First, we re-write (5.5.16) as

5, < Cllulsg,

d
(561) £||u| ’uHB%J;"/z
Applying Gronwall’s inequality to (5.6.1), we get
T
(562 )z, < Clulag, exp(C [ 1u(s)|gsnrds)
’ : 0
If0<a<1, then
T
(5.6.3) / Tt luls)l gpanrads) < Cllullanen/zzg:
0
Similarly, if o > 1, then
T
(5.6.4) / ||u(s )||B1+n/zds) < C’||u||LC, B/
0
Allowing Y to represent either L”(BHn/ 2) or Cyi14n/2,2,4> €quation (5.6.2) gives
(5.6.5) lu®)ll ;< Clluol sy, M.

This calculation leads is the hardest part of the following Proposition..

PROPOSITION 5.6.1. Let u be a solution to (1.1.2) with initial data uy € B}, where

2,9

r > 2 such that

(5.6.6) we BC(0,T): By,)NY,
where Y is either L"(Bl+n/2) or Cui4nj2,,4. Then
(5.6.7) [u@)||By, < M
where M = Clluo|| 55, exp(Clully)-

104



Alternatively, with X either L"(Bé;n/ﬂg) or Cogn/2+en,q andn—r —e <0, we get

(5.6.8) we BO([0,T) : By,) N X,

with no restriction on r.

By our construction of Besov spaces, we need to show that

(5.6.9) | s u(t)||2 < M
and
2,q

To prove this, we begin by using results from Section 3.6 to get that

(5.6.11) 19 s u(®)llze < llult)l 22 < M,

which proves (5.6.9). We get (5.6.10) as an immediate consequence of (5.6.2).

Proposition immediately gives Theorem 5.2.1.
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CHAPTER 6

An alternative approach to Besov space



6.1. Alternative approach to Besov spaces

In this chapter, we consider an alternative approach to a local existence result in Besov
spaces. This method modifies the work of [18], where the author considered generalized
Navier-Stokes equations in homogenous Besov spaces. Because our non-linearity is the
sum of a degree one operator and a degree zero operator, the LANS equation is ill-suited
to homogeneous solution space methods. Thus, our work here is to adapt [18] to the

LANS equation and to adapt homogeneous results to inhomogeneous ones.

6.2. Supporting results for arbitrary data

In this section we establish some supporting results for the existence result in the

next section.

PROPOSITION 6.2.1. Let 4 < ¢ < 00 and 2 < p < oo. Let r = n/p+ 2/q and

2 <r+6/q. Assume uy € qu, and let u be a solution to 1.1.2 with initial datum wu.

Set

(6.2.1) B(t) = |lull]

La((0,t):By 1)’

Then for any T > 0,

T
(6.2.2) ) < C’Z (1= E;(qT))27|| Ajuo | +C/ B%(t)dt

0

where E;(t) = exp(—C2%t).
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To prove this, we begin by recalling equation (6.5.17), namely,

d ,
N A5ully + C27|| Al

<C Yo 2Dl Yo 20 Al

lj—k|<M m<k—5

(6.2.3)

5
+C Y 2R A, > 2 Al

k>j—M I=—5
Converting this into an integral equation, we get
[Aju(, )], SCE; ()] Ajuollp

t
0

t
+0/ Ej(t—S)NQdS,
0

where
E;(t) = exp(—C2%1),
o li—k|<M m<k—5

5

Ny= 3 200PR A, D 25| Ayl

k>j—M I=—5
Multiplying both sides by 20"+2/97  raising both sides to the ¢** power, summing over

j and integrating over (0,7), we get

(6.2.6) B(t) < My + My + M3
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where

T
M =C /0 S B ()220 A |1t
J
T .
(6.2.7) My, = C/ Z 2(T+2/Q)JQM21(t)dt
0 -
J

T
M;=C / Ny 2RI N L, (t)dt
0 X
J

and

(6.2.8)

Our task is to estimate M, My and M. We begin with M;, and observe that by

direct computation
(6.2.9) / Ej(t)dt = 0/ exp(—C2%t)dt = C27% (1 — E;(qT)).
0 0

Using this, we bound M; by

My(t) < C ) 20203272 (1 — Ey(qT)) | Djuoll

J

(6.2.10)
< CY (1= Ej(qT))279) A juol|2.
J

To estimate M, we begin with My,. For ¢ > 2, since % +§ = 1, Holder’s inequality

gives

, qt q—2 t 2
(6.2.11) < 27%0-2) (1 _ Ej(q . 2)) (/ N{J/st)
0

t 2
< 2 ¥ ( / N/ 2ds)
0
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where in the last line we used that E;(t) < 1 for ¢ > 0. Applying Holder’s inequality to
the remaining integral, we get

(6.2.12)

t 2
2—2j(4—2) (/ N{Z/st)
0

5

t ! t !
§2—2j(q—2)0/ (Z 2j+k||Aj+ku||p> ds/ ( Z 2(1+n/p)m||Amu||p> ds
0 0

k=—5 m<j+k—>5

t [ 5 a t a
<c| (Z r\Aj+ku|\p> s | ( 2 2“*”/””2‘”“(4/4”nAmqu> ds.
0 \k=-5 0 \m<jtk—5
Working on the last integral, we have
Z gHn/pima(+k)(4/a=1)) At

m<j+k—>5

= Y aWarmmalH o= tfam Ay,

m<j+k—>5

(6.2.13)

1/q
SC\\“\’g;}(qq+n/p< Z 2(1—4/Q)(m—j+k—5)q’) SCHUHB;/;M/,J.

m<j+k—5

We remark that this requires ¢ > 4. Plugging this back into (6.2.12), we have

t 2 t ¢ 5 q
(6.2.14) 2722 ( /0 Ng/2d5> <C /0 Huuq]gémw /0 (Z |ij+ku|yp> ds,
,q P

and we use this to bound Ms; by

¢ 5 ¢
(6.2.15) My < CB@)/ (Z ||Aj+k*u||p) ds,
0

k=—5

where we set 7 = n/p +2/q. Using (6.2.15), we bound M by

T t 5 q
M, < (J/ B(t) (Z 2(r+2/q)jq/ (Z ||Aj+kU||p> ds) dt
0 j 0 \k=-5

T
< C/ B(t)*dt.
0

(6.2.16)

110



Now we consider M3, and we start with M3;. As in the computation of My, we have

t 2
(6.2.17) Mz, (t) < €273 ( / Ng/%zs) :
0
Then

5
N, < C Z 2k||Aku||p Z 2(r+2/q)(j+k)2(1—4/q)(j+k)||Ak+lu||p

k>j—M l=—5
5
(6.2.18) <C Y 2RO A, T 20FROERD | A ull,
k>j—M I=—5

< Cllullggara >, 2207V A,

k>j—M

Applying this to (6.2.17) and applying Holder’s inequality, we have

. q
(6.2.19) My < 02752 (1) / ( > 2’“2<1—4/Q>’f||Aku||p) ds
0 \k>j—M
With this, we bound M3 with
(6.2.20)
M SC/ ZQ(TJr?/q)JqQ?J(q?)B(t)/ Z 2RQU=Y DR A |, | ds | dt
0 j 0 \g>j—M
T q
< C/ / (ZQT-‘:-Q/Q 2+4/q)j Z 2k (1— 4/q)k||Aku||p) )dt
0 k>j—M
T q
<c [ (Bw / (Z 2Ty 2, +ku||p> )dt
0 0 k>—M
T
< C/ B(t / HquBrJrz/qu Z k(2=r=6/q) dt
0 k>—M
T
<C / B(t)*dt,
0
provided
(6.2.21) D okt
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is finite, which will hold provided 2 < r + 6/q.
Combining (6.2.10), (6.2.16), and (6.2.20) gives the Proposition. Next, we do a similar

calculation, this time for the operator W.

PROPOSITION 6.2.2. Let 2 < p < 00 and 1 < q < oo. Define r = n/p+ 2/q, and

assume 2 < r+6/q. Then if u solves (1.1.2), then

(6.2.22) 1% < u(®)lp, < Ol s uolly + Cllull, ey

P

We mirror the construction used in the proof of Proposition 6.5.1, only instead of

applying A, to both sides of (1.1.2), we apply ¥. We get
d 5
(6.2.23) I ully < C Y 20PN Al D 25 Al
k I=—5

This expression is simpler than the one found in (6.5.17) because the application of
U annihilates the paraproduct pieces (5.2.18) and (5.2.19).

Integrating both sides we get

T 5
(6.2.24) || U xu(t)|, < C||W * ugll, + c/o > 20k A, Y 2 Ayt
k I=—5

Working on the summations, we have

5

> 20 PE Al Y 2 Aggaully
k

I=—5

5
(6.2.25) <C Z 2(1+n/(2p))k||Aku||p Z 9(14n/(2p)) (k+1) | gyl
k

l=-5

Sl gygmren 2| A,
k

We observe that, by basic algebra, 2 < n/p+8/q implies 1+n/(2p) < n/p+4/q. So, using

Besov Embedding, Young’s inequality, and the requirement that r+6/q = n/p+8/q > 2,
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we have

5

> 2PN Al Y 2 Al

k I=-5

(6.2.26) < . k(1+n/(2p)—r—2/q) ok(r+2/q)
<Cllull griaro ;2 2 1A wull,

SCHUHQB;“ZQ/T

Applying this to (6.2.24), and again applying Young’s inequality, we have

T
W ()], < Cl¥ o, + C/ HUHfBﬁ;/th
(6.2.27) 0

< O ol + Clul g1l g 2

Since our time interval I = (0,7) is finite and 2 < ¢, we finally get
(6.2.28) 19+ u()]l, < CIIP * uollp + Cllull?, iz,
L9(Bp,q™")
This finishes the Proposition.

6.3. Results for the operator F

In this section, we let F' = F(v,w) be an operator and assume [ satisfies
(6.3.1) O F — AF = —P%(v - V)w — P*(div 7%(v, w)).
We prove the following proposition.

PROPOSITION 6.3.1. Let 4 < ¢ < 00,2 < p < oo, andr =n/p+2/q, and2 < r+6/q.

Assume Fy € B;,q (where we recall Fy = F(x,0)) and

(6.3.2) v,w € LY(0,T) : Byt?7)
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for some T' > 0. Then any solution of (6.5.34) satisfies

I¥ ”qu ((0,7):B 1Y) = CZ 1= E;(qT))27| A Rl
(6.3.3)

q q
+0A\Hthﬁmﬁumm s

We start with equation (6.5.37):

d ‘
(6.3.4) %||AJF||p+C22J||AjF||p <L +1,+ I
where
(6.3.5) L=C Y 2 Apaul, S 200m A ), =1,
li—k|<M m<k—5
(6.3.6) IL,=C Z 2k+1||Ak+1v||p Z 2(1+n/p)m||Amu)||p _ 7
li—k|I<M m<k—>5
and
k+5 y
(6.3.7) Ii=C Z 2Hn/DE | A ||, Z M Apswll, = Is.
k>j—M I=k—5

Re-writing (6.3.4) as an integral equation, we have
t
638 105F 1y < CEIA R, +C [ Bt =5+ L+ Iads.

Multiplying by 2("t2/97 raising both sides to the ¢ power, summing over j and inte-

grating over the interval (0,7), we get

(6.3.9) VEIY, oy rzova < Ho Ho o Hy o+ Hy
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where

T
H =C / S B ()220 Ay ot
0 -

T
_ C/ Z 2(T+2/q)qu21(t)dt
0 X
J

(6.3.10) .
H; = C’/ Z 20 +2/0J9 F . (£)dt
0 -
j
T .
Hy = C/ Z 2(T+2/q)3qH41(t)dt,
0 -
j
and

o (1) = ( /0 B — 5)11d5>q

(6.3.11) Hy(t) = (/Ot Bt — 3)12d3>q

Hi(t) = (/Ot Bt — s)Igds)q.

Observing that the H; are similar to the M; from the previous proposition, we get

H, <C’Z (1 — E;(qT))2"|| A F|2

m<0/!MP el o de
(6.3.12)

q q
mgcérwm( N T

T
MSC/HMP
0

q
La((0,0):B :;,*;2/%”UHLq((o,t):B;#/%

dt,

which proves the Proposition.

PROPOSITION 6.3.2. Let 2 < p < 00 and 1 < q < oo. Define r = n/p+2/q, and

assume 2 < r+2/q. Then if u solves (1.1.2), then

6313) s FOlly < CIY * Rlly+ Ol 0] o gy
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As in Proposition 6.2.2, applying ¥ to our operator equation gives the following

modified version of (6.5.37):

k+5
d n
(6.3.14) S Fll, <C Y 20PN A, Y 2 A,
k>j—M I=k—5

Applying the argument used for Proposition 6.2.2 gives

(6.3.15) 1@ % Flly < CIN 5 Folly + Cllell o grsorn 101 oy,

6.4. Local Existence with arbitrary initial data
In this section we prove our local existence theorem.
THEOREM 6.4.1. Let 4 < ¢ < oo. Let 2 < p < oo. Let r = n/p+ 2/q, and let

ug € By ,. Also assume 2 < r +2/q. Then there exists a T = T(ug) > 0 and a unique

solution u of (1.1.2) such that

(6.4.1) ue XNZ
where
(6.4.2) X =C(0,T): By,), Z=L"((0,T): Bt2/).

We also note that for ug,vo € B, ,, the corresponding solutions u(t),v(t) will satisfy

[ = vllxnz < Clluo = vol 5y,

First, we will prove that the map ®(u) = u + F(u,u) is a contraction on the space
D ={ue Z:||ullz < R}, where u(t,z) = I'(t)up(x) and F(u,u) =G - V*(u). As usual,

we decompose the Z-norm as

043 Julle< (| s u(o)lgor v (/ " Jutt)
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We will denote the first piece as Z and the second as Z.

Observing that
(6.4.4) ou—Au=0

and that @(0,z) = ugp(z), a slight modification to the proof of Proposition 6.2.1 gives
that

la]} < CZ (1 — Bj(qT))27| &l
(6.4.5)
<O 28 ult < ol
j
This shows that ||u|| ; is finite. We remark that applying the Dominated Convergence
Theorem to the first inequality in (6.4.5) gives that ||a||; — 0 as T — 0.

Applying Proposition 3.8.1, we have

(6.4.6) lallz < Cllullg-2ra0 < Clluollsy,,

provided ¢ > p. By Corollary 3.8.3, we have that ||u||z can be made arbitrarily small by
choosing a sufficiently small 7. Combining these two results, we get that |||z is finite
and tends to zero as T tends to zero.

Now we consider F'. We observe that F' satisfies
(6.4.7) OF —VF =Vu)

and F'(u,u)(x,0) = 0, so Proposition 6.3.1 gives

q
Lrel T —",
(6.4.8)

< CT|ulZ < CTR?

for any v € D.
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Similarly, applying Proposition 6.3.2 gives
T
(6.4.9) N Fllz < C [ ulde < OTuly < CTR
0

So for sufficiently small R and 7', ® : 7 — Z. Now we show that ® is a contraction.

We note that
(6.4.10) Pu — Pv = F(u,u) — F(v,v) = —=(F(u,u — v) + F(u — v,0v)).
We remark that F'(u,u — v) satisfies
(6.4.11) OF — AF = V¥ (u,u —v)
and F(u,u —v)(x,0) = 0, so using Proposition 6.3.1 and Proposition 6.3.2 we have
(6.4.12) 1Py — )l < Clluly e — vl
Obtaining a similar bound for F(u — v,v) and combining the results, we have
(6.4.13) [Pu — @vz < C(|lullz + [[v]l2)[lu — vllz < CRllu = vl|z.

So for small enough R, ® is a contraction on D for sufficiently small 7. To finish the
theorem, we need to show that the solution v € C([0,7T) : By ).

We start with Proposition 6.2.2 and get
(6.4.14) 1+ w(t)ll, < O * uoll, + Cllull?, prvesa-
La(By )

For the second piece of the Besov norm, we bound E; by 1 and (6.2.4) becomes

t

1A u(- )]l <Cl[Ajuolly + C/O E;(t — 52255 Aju(-, 5) | 3ds

(6.4.15) .

+C/ Byt = s)[|A5u(, )l > 28T PTI Al 5) pds.
0

m<j—>5
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Multiplying both sides by of (6.4.15) by 2"/, raising both sides to the ¢'® power and

summing over j gives
(6.4.16) [u@)5, < Clluollgy, + N+ Ne
P,q 4

where

N, =C Z 2ZHn/piria Ny (¢)

J

(6.4.17)
Ny =C) 279Ny (t)
and
Vult) = ([ Bt - 1sutias)
(6.4.18)

¢ a
N21(t) = </ Ej(t — S)HA]qu Z 2(1+n/p)m+j||Amu||p> '
0

m<j—>5b

Estimating these terms as in Proposition 6.2.1, we eventually get
(6.4.19) lu(®llh, < Clluollzy, + ullz

which proves u € C([0,7T) : By ,).

Dependance on the initial data follows from the standard argument.

6.5. Additional Besov computations

In this section we prove two additional Besov space results.
PROPOSITION 6.5.1. Any solution u of (1.1.2) satisfies

d
(0:5.1) Sl + Callully oy, < Calullyo il
providedr e R, n>2,1<g<ooand2<p<ooand2—r—2/q<0.
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This is similar to Theorem 4.1 in [18].

We begin by writing (1.1.2) as

(6.5.2) Ou — Au+ P*(u - V)u + P*(div 7%u) = 0,

and then, for any 7 > 0, apply A, to (6.5.2) to get

(6.5.3) Ol ju+ (u-V)Aju—ADNju = —[P*Aju- Au— PYAj(div 7%)

where [+, -] represents the commutator. This differs from equation (4.9) in [18] only in the

presence of the term involving 7. Following the argument used in [18], we eventually

get

i Aull? + C2Z A ullP

S5l + C2 | Agull
(6.5.4)

<C|lAgully (H + )

where
(6.5.5) H = |[[P*Aj,u- V]ul,
and
(6.5.6) J = ||PA;(div 7%) ||,

Computing the time derivative and canceling the common ||Aju||£*1 factor, we have

d .
EHA]'UHp + C2Y|| Al
(6.5.7)

<C(H+.J)
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Since the calculations required to estimate H and J are similar (and the estimate for
H is essentially identical to the one in [18]), we will only estimate J. We remark that to

estimate J, it is sufficient to estimate | P*A;(div (1 —a?A)~H(Vu-Vu))|l,, and we have

(6.5.8) | P2 (div (1 — a*A) " H(Vu - V) [,C < |1A;(Vu - Vu)l,.

Using (5.2.18), (5.2.19), and (5.2.20), we get

(6.5.9) 10(V V)|, < Ji + o
where
(6.5.10) L <Cl > 25Skos(Vu) At Vau
lj—k|<M
and
5
(6.5.11) LI <CI Y. 206(Vu) Y ApaVul,.
E>j—M I=—5

Applying Young’s inequality and Bernstein’s inequality, we get

A<C Y IIVSkestllool VAR ull,

(6.5.12) k=M
<C Z 2P| A, Z 2| AL,
|j—k|<M m<k—5
and
5
Ll <C Y IVAle Y IV Akl
(6.5.13) k>j—M I—5

5
<C Y 22BN Al Y 2 Al

k>j—M I=—5
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Combining the estimates on J; and J, gives

7 <C Y 2 Al Y 28T A,
lj—k|<M m<k—5

(6.5.14)

5

+C Y 20PN Al Y 2 Ayl

k>j—M l=—5
Using methods similar to those in Section 5.3, we get
|H| <C Z ”Ak—HUHp Z 2(1+n/p)m||ﬁmu||p

lj—k|<M m<k—5

(6.5.15) )
+C 3D 2R A, 3 [ Apaully,

k>j—M I=—5
Since j > 0, we have
[H+ 1T <C Y 2" M Aggull, D 207D Aull,

li—k|<M m<k—5

(6.5.16) i
+O 3 2R Agully 37 2 Al

E>j—M I=—5

Applying this to (6.5.7) gives
LAY\ C2%7 || A
S 185ully + C27| Al

<C 3 A, S0 20 A,

lj—k|<M m<k—5

(6.5.17)

5
+OYD 2R A, S 2 Al

k>j—M I=—5

Multiplying both sides by ¢279||Ajul|s™" and summing over j, we get

d
(6.5.18) @HUH%@ + CqHUHqB;ZQ/q <h+1
where
M
6519) L=CS 29 au S 29 A aul, ST 20504,
j k=—M m<j+k—5
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and

(6.5.20) - ORI A 3 2 Al S ) Byl

k>j—M I=-5

We start with I;. Manipulating the powers of 2, we have

(6.5.21) 9rjq9itk+1g(l+n/pym _ 2(7"+2/qr)j¢127(J'Jrl’erl)2nm/p2mf(j+/’€*5)207

where C is a fixed finite number resulting from manipulating 27. Applying this to I;, we

have
M
(6.5.22) L <O 2 i) Aot ( > ||Aj+k+1u\|pfl,1> :
j k=—M
where
(6.5.23) La= Y 2 U9 ull,

m<j+k—5
Using Holder’s inequality for sums, we have

1/q 1/q
[1’1 < ( Z 2(n/p)qm||Amqu> < Z 2 —(j+k—5))q )

m<k+j—5 m<j+k—5

(6.5.24)

< Cllull gy

Returning to I;, we have

M
I < CH“H@%P Z2(T+2/q)j(q_l)||Aju||g_1 < Z 2(T+2/q)(]+k+1)||Aj+k+1U||p>
J

k=—M

5 g\ 1/q
6525) < ClulglalL, (Z (Z 2 “/WU||Aj+k+1u||p> )

i \k=—5

< Cllull gy ]

Sr+2/q "
BP»(I
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Now we work on /5. Manipulations similar to those used in (5.5.9) gives

(6.5.26) I <CY 2 H2/DieD || Ay |21y,

J

where

5
(6.5.27) Iy = Z QHC=r=2/0) 92/ DGR | Ay, Z 2 /DIHRED | AL
k>M I=—5
Applying Holder’s inequality gives

(6.5.28) I, < C||U||%_;};z/q‘|12,1||lq~

To compute ||I21]|1e, we use Minkowski’s inequality for sums and get

5 1/q
(6529)  Ly<C Y Moy (Z (2<T+2/q><j+’“>||A(j+k)u||p12,2)q>

k>—M l==5 7

where I 5 is defined by
(6.5.30) Ly = Q(H/P)(j+k+l)HAj+k+lqu < C”“”B;{fg < CHuHB%p,

and the last line applied Besov embedding (Theorem 4.8.1). So finally we bound || 131 ;e

by
(6.5.31) [ Z21 |0 < CH“HB;{]P”“H;@;;?/Q Z ok(2-7-2/q)
k

The last sum will be finite provided 2 < r — 2/q, and we bound I by
(6:5.32) o < Cllul gy el

Using the bounds on I; and I5 in (6.5.18), we finally get

d q q q

(65.33) Sl + Calull oy, < Cllullggppllal
which proves Proposition 6.5.1.
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Our second estimate is an operator estimate. We recall our previous constructions

for the operator F.. We let F' = F(v,w) be an operator and assume F' satisfies
(6.5.34) OF — AF = —P%(v - V)w — P*(div 7%(v, w)).
We have the following Proposition, which is similar to Theorem 4.3 in [18].

PROPOSITION 6.5.2. Let r € R and q € [1,00). Assume v,w are in
(6.5.35) L>([0,T): By,) N L([0,T) : Bt/

for 0 < T < oo. Then any solution F' of (6.5.34) satisfies

d
NG, + Ol
(6.5.36) ’

<Cg (ol olloly + ol llll )
We again observe that it is sufficient to consider (1 — a?A)~} (Vv - Vw) in place of

7%(v,w). Following [18], we have

d .
N85 Fllp + C27 | A F
(6.5.37)
<C||Aj(v-Vwll, + Cl[A;(Vv - Vw)|,.

The estimates for [|A;(v - V)wl, and [|A;(Vv - Vw)||, are similar, so we estimate

|1A; (Vv - Vw)||,. Using (5.2.18), (5.2.19), and (5.2.20), we have

(6.5.38) 12;(Vo-Vw)|, < I + I + I3

where

(6.5.39) I, =C Z 11Sk—5 V| oo | A1 Ve |,
lj—k|<M
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(6.5.40) L=C Y [SesVtllool Arpa Vo],

li—k|<M
and
k+5
(6.5.41) L=C > AVl Y Ak Vwlly).
k>j—M I=k—5

Applying Bernstein’s inequality (Theorem 4.8.6) gives

(6.5.42) L<C > Y Agawl, Y 20| A L, =T
—k|<M m<k—5
(6.5.43) L<C Y 2ol Yo 28 A |, = I
—kl<M m<k=5
and
k+5 N
(6.5.44) L <C Z 2n/DE || A ||, Z 2K A ywl|, = I
k>j—M I=k—5

We define the right hand sides of (6.5.42), (6.5.43), and (6.5.44) as Iy, I, and Is,

respectively. Next, we have

where

Hi=C Y 2w, Y 207" A0],

lj—k|<M m<k—>5
(6.5.46) Hy=C Y [Akoll, D> 20527 Aw],
j—k|<M m<k—5
k+5
Hy=C Y 20528 A, > [ Apw],.
k>j—M I=k—5
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Remarking that H; < I;, we have our bound for (6.5.38). Using this bound in (6.5.37),

multiplying by ¢2"7¢||AF||¢"!, and summing over j gives

d
(6.5.47) G IE WG, + Ol ey < Ji+Jo+ Js
where
Jy=Cq )y 27 A F|| T,
J
(6.5.48) Jo=Cq Y 27| A F| D,

J
Js=Cqy 27| A F||2 L.
J

From here, we mimic the argument used for Proposition 6.5.1 and get

d
ZIFIL, +CalFI, .
(6.5.49) ’ ’
qg—1
< (Il el gpsasa + 0l g1l 5y ) 1FN% L

Applying Proposition (3.10.4) gives

d
(6.5.50) * ,

<ol lwll G rase + w0l 10l
By g B

q
pn/p n/p Hr+2/q
Byl P,q By q

which proves Proposition 6.5.2.
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